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ABSTRACT. We classify four-dimensional para-Kéhler Lie algebras and study
their geometry showing that they are symmetric or simply harmonic special
recurrent, in the semi-symmetric case. The non semi-symmetric case allows
essentially two distinct geometries in addition to the 3-symmetric spaces, with-
out a Kahlerian counterpart.

1. INTRODUCTION

Let (M, g, J1) be a (para-)Kéahler manifold, where J1 denotes the parallel (para)
complex structure (J2 = F1d) and g(J+ X, J1Y) = £g(X,Y) for all vector fields
X,Y on M. While Kihler geometry has been intensively studied for a long time, the
interest in para-Kéhler geometry raised considerably during the last decades (see,
for example, [1, 2, 14, 18]). Besides the formal analogy in their structural definition,
there are substantial differences between Kéhler and para-Kéhler geometries. Let
04 (X,Y) = g(JL X,Y) denote the associated (para-)Kéahler 2-form. In both situ-
ations it is a closed 2-form whose orientation agrees with that of the paracomplex
structure in the para-Kéahler case and is the opposite of the orientation induced by
the complex structure in the indefinite Kahler case. The Kéahler and para-Kahler
conditions require the integrability of the associated almost (para)complex struc-
ture J1. While integrability of an almost complex structure ensures the existence of
an underlying holomorphic structure, the integrability of the almost paracomplex
structure shows that the symplectic manifold is locally diffeomorphic to a product
of two complementary Lagrangian submanifolds. Considering the induced metric
on the space of 2-forms (A%(T'M), (,))), the fundamental form Q. is a spacelike sec-
tion in the Kéhler case but a timelike one in the para-Kahler situation. Since in the
four-dimensional case the induced metric on A%(T'M) has signature (+ + — — ——)
one may expect para-Kahler structures to be more common than Kahler structures.

On the other hand, certain links between Kéhler and para-Kahler structures have
been broadly investigated in the literature. The case of anti-commuting K&hler and
para-Kéahler structures, i.e., hypersymplectic and paraquaternionic structures, has
special interest (see [3, 19] and references therein). Also the case of commuting
Kahler and para-Kahler structures is relevant in different geometric situations and
it is related to the existence of anti-K&hler structures (see, for example, [5, 15]).

Lie groups not only constitute a basic tool for producing examples, but also
are essential for the classification of homogeneous structures. Since any symplectic
Lie group is necessarily solvable [13], Ovando classified left-invariant Kahler and
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symplectic structures on four-dimensional Lie groups (see [21, 22]). The situation is
very rigid in the positive definite case and a four-dimensional homogeneous Kéahler
structure is either symmetric or isometric to the only 3-symmetric space [4, 6,
12, 20]. The neutral signature case allows other possibilities with a para-K&hler
counterpart. The description of four-dimensional para-Kéahler Lie algebras has been
recently approached in different works (see [7, 8, 24]) but it still seams not to
be clear. Working at the purely algebraic level, one equivalently describes the
decomposition of all four-dimensional symplectic Lie algebras as a direct sum of
two-dimensional Lagrangian subalgebras. Although two-dimensional Lie algebras
reduce to the Abelian algebra and the Affine one, they may behave quite differently
giving rise to a number of different geometric structures.

The curvature tensor of a (para-)Kéhler surface is codified by the Ricci operator
and the Weyl curvature operator. If the Ricci operator of a (para-)Kéhler surface
is not diagonalizable then either it is complex diagonalizable with a single complex
eigenvalue or the Ricci operator has a single eigenvalue which is a double root of
the corresponding minimal polynomial (see [15]). Moreover, the self-dual (resp.,
anti-self-dual) Weyl curvature operator of a para-Kéhler (resp., indefinite Kéhler)
surface is diagonalizable with eigenvalues {§, — {5, — {5}, where 7 denotes the scalar
curvature, and thus the possible geometries are determined by the anti-self-dual
(resp., self-dual) Weyl curvature operator. All the algebraic possibilities but W~
having complex eigenvalues are realizable as para-Kéahler Lie groups. In contrast,
not all of them are realized in the Kéhler situation (see Section 18).

The purpose of this work is firstly to describe all left-invariant para-Kéhler
structures on four-dimensional Lie groups and secondly to analyze their geometry,
thus complementing the analysis in [9] by considering homogeneous spaces with
no isotropy. The geometry of left-invariant K&hler structures obtained by Ovando
in [22] is also clarified. For a fixed symplectic structure € on a Lie algebra g we
describe all the para-K&hler structures (J, (,),{2) up to isometric automorphisms
preserving the symplectic structure and modulo reversing the metric, since in any
of these two cases the corresponding Lagrangian decomposition g = £ @ £’ is pre-
served. The different Lagrangian decompositions, being essential in the para-Kahler
setting, are explicitly described in each case.

The geometry of four-dimensional para-Kahler Lie groups naturally splits into
the symmetric and the non-symmetric cases. The latter further splits into the
semi-symmetric and the non semi-symmetric situations. The symmetric case is
summarized as follows.

Theorem 1.1. Let (G,{(,),J) be a non-flat locally symmetric four-dimensional
para-Kdhler Lie group. Then, one has two distinct situations:

(1) If the Ricci operator is diagonalizable, then one of the following holds:

(1.a) The Ricci operator vanishes and the anti-self-dual Weyl curvature op-
erator is two-step nilpotent.

(1.b) The paraholomorphic sectional curvature is a non-zero constant.

(1.c) The metric is Einstein with non-zero scalar curvature, and the self-dual
and anti-self-dual Weyl curvature operators are diagonalizable with the
same eigenvalues.

(1.d) The manifold is locally a product of two surfaces of constant Gaussian
curvature. The self-dual and anti-self-dual Weyl curvature operators
are diagonalizable with the same eigenvalues.
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(2) If the Ricci operator is non-diagonalizable, then one of the following holds:
(2.a) The Ricci operator has complex eigenvalues. The self-dual and anti-
self-dual Weyl curvature operators are diagonalizable with the same
etgenvalues.
(2.b) The Ricci operator is two-step nilpotent and the anti-self-dual Weyl
curvature operator vanishes or it is two-step nilpotent.

Structures in Assertion (1.a), which do not have a Ké&hlerian counterpart, are
realized on v4, 1, t4,—1,-1, and 04,1, and they correspond to symmetric Osserman
manifolds with non-diagonalizable Jacobi operators [17].

A para-Kéahler manifold (M, g, J) is said to be opposite para-Kdhler if there is a
para-Kéhler structure (J', g) so that JJ' = J'J. In the four-dimensional case the
corresponding Kahler forms € and ' induce opposite orientations and, moreover,
Q = JJ' is a parallel product structure. Hence, (M, g) splits locally as a product of
two oriented surfaces M = N; x Ny so that J = J; @ Jy and J' = J; & —Jo, where
J; is the paracomplex structure on N; determined by the volume form. Conversely,
a four-dimensional product of two oriented Lorentzian surfaces naturally inherits a
para-Kéhler and opposite para-Kahler structure. This is the case of the structures
corresponding to Assertion (1.d) in Theorem 1.1.

An immediate consequence of Theorem 1.1 and the results in [15] shows that
all locally conformally flat para-K&ahler structures have a left-invariant model as
follows.

Corollary 1.2. Let (M, g,J) be a locally conformally flat four-dimensional para-
Kahler manifold. Then, it is flat or locally isometric to the para-Kdhler Lie group
determined by one of the following:

(1) The symplectic Lie algebra (th,§2) determined by Q = e* + %3, with metric
() =2eloe? —2re’ ol

(2) The symplectic Lie algebra (941,K)) determined by Q = e'? — €34, with
metric (,) =2(el oe® +e?oel).

(3) The symplectic Lie algebra (tara, Q) determined by Q = e'? 4 34, with
metric (,) = L(e'oe! —edoed) — k(e?0e? —etoet).

A pseudo-Riemannian manifold (M, g) is semi-symmetric if its curvature tensor
satisfies R(X,Y)- R = 0 for all vector fields X, Y on M, where R(X,Y) acts on the
curvature tensor R as a derivation. The special significance of the semi-symmetry
condition is that a curvature tensor is semi-symmetric if it is pointwise the curvature
tensor of a symmetric space. However, the model symmetric space may change from
point to point and there are examples of semi-symmetric manifolds which are not
even locally homogeneous. Another generalization of symmetric spaces is given
by manifolds of recurrent curvature, in which case there is a 1-form & so that the
covariant derivative of the curvature tensor satisfies VR = £ ® R. Furthermore,
a recurrent manifold is said to be special if there are 2-forms a A 8 and v A § so
that the curvature tensor acting on the space of 2-forms is completely described
by R(a A B) = £ A J. Special recurrent manifolds are simply harmonic (see [23]
for more information). The local structure of special recurrent manifolds was given
in [23] showing that there exist local coordinates (z!,...,2%) so that the metric

expresses as

(1) g =V(z', 2%)dz' o da’ + 2dz' o dax* + 2dx? o da?,
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where W(z!, 2?) is an arbitrary function with non-constant 9,9, ¥, in which case is
locally symmetric. An easy calculation shows that special recurrent manifolds are
semi-symmetric since their curvature tensor reflects that of the locally symmetric
metrics corresponding to W(x!, 2?) = +(22)2. Moreover, any metric (1) is (locally)
hypersymplectic since

Ji = 0,2 @da! + 0,3 @dxt — 0,0 @da?® — 0pa @da® + 1V (0, @da! + 9,0 @da?),
Jpi = 02 @dx? + 00 @dxt — 9,0 @dr! — 0,3 @dx3 + V0,0 @da?

are anti-commuting Kahler and para-Kahler structures with corresponding sym-
plectic structures wy, = %\If dzt A dz? + dx' A dxd® — dz? A dz* and Wi =
dz' A dz* — dz? A dx®. Hence, any special recurrent manifold admits a locally
defined Kéhler structure (g, Jk) and two locally defined para-Kéhler structures
(9, Jpi) and (g, Jx Jpk ). Hypersymplectic structures on four-dimensional Lie alge-
bras were classified by Andrada [3] who showed that besides the Abelian algebra
t*, these structures may only occur on ths, ty,_1,—1 or 042. The non-flat cases are
also described in Section 11.2 and Section 17.1.2.

Note that, in addition to the hypersymplectic structure, any special recurrent
manifold is locally para-Kéahler and opposite almost para-Kéahler, i.e., there exists
an almost paracomplex structure le> x> given by

Lk = 0 ®@da' 4 0,2 @da” — 0,3 ®da® — Oy @dat — VO, @da’

which commutes with Jp so that (g, J, ) is a locally defined almost para-Hermitian
structure with closed fundamental form €, = —dz" Adx* —dz? Adz®. Para-Kahler
and opposite almost para-Kéhler structures on non-flat Lie groups were considered
in [11] where it is shown that the corresponding Ricci operator either vanishes or
it is diagonalizable with two-dimensional kernel. In sharp contrast with the Kéahler
situation [4, 10] there are many para-Kahler Lie groups which admit an opposite
almost para-Kahler structure, even in the symmetric case.

The geometry of para-Kéahler Lie groups is quite rigid in the non-symmetric case.
One has two essentially different possibilities depending on whether the curvature
tensor is semi-symmetric or not. The semi-symmetric case is as follows.

Theorem 1.3. Let (G,{,),J) be a four-dimensional para-Kdhler Lie group which
is not locally symmetric. Then, the curvature tensor is semi-symmetric if and only
if the Ricci operator vanishes. Moreover, all these structures are recurrent and
harmonic.

The result of Theorem 1.3 also holds true in the Kahler situation (cf. The-
orem 18.3). Finally, the class of non-symmetric para-Kéhler Lie groups whose
curvature tensor is not semi-symmetric is given as follows.

Theorem 1.4. Let (G, {(,),J) be a four-dimensional para-Kdhler Lie group whose
curvature tensor is not semi-symmetric. Then, one of the following holds:

(1.a) The Ricci operator has a single eigenvalue which is a double root of the
manimal polynomial. The anti-self-dual Weyl curvature operator is three-
step nilpotent.

(1.b) The Ricci operator is diagonalizable with two-dimensional kernel. More-
over,

(1.b.d) the self-dual and anti-self-dual Weyl curvature operators have the same
eigenvalues and W~ has a double root of the minimal polynomial, or
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(1.b.ii) the self-dual and anti-self-dual Weyl curvature operators have opposite
eigenvalues and both operators W* are diagonalizable.

The only geometry in Theorem 1.4 with a K&ahler counterpart corresponds to
Assertion (1.b.ii) as shown in Theorem 18.3.

2. PARA-KAHLER LIE ALGEBRAS

A para-Kahler Lie algebra is a triple (g, J, (,)) so that
J2 :Ida <JSC, ‘]y> = 7<I,y>, VJ:Oa

for all vectors x,y € g. The para-Kéhler 2-form Q(z,y) = (Jx,y) is non-degenerate
and parallel. Thus, dQ2 = 0 and hence (g, ) is a symplectic Lie algebra which sat-
isfies Q(Jz, Jy) = —Q(z,y). Moreover, the eigenspaces ker(J £ Id) are Lagrangian
subalgebras and g = £ £’ = ker(J—1d)Pker(J+1d) is a Lagrangian decomposition
of (g,9).

Four-dimensional symplectic Lie algebras were classified by Ovando [21] and we
follow the notation therein to denote the different four-dimensional solvable Lie
algebras. For each symplectic Lie algebra (g,{2) in [21] we proceed conversely by
determining all almost paracomplex structures J = (a;;) satisfying Q(Jz, Jy) =
—Q(z,y), so that (x,y) = Q(Jz,y) determines a para-Kéhler metric. Note that all
the required conditions J? = Id, Q(Jx, Jy) = —Q(z,y) and N;(z,y) = 0, where N
is the Nijenhuis tensor Ny (z,y) = [Jz, Jy| — J[Jz,y] — J|z, Jy] + [z, y], reduce to
systems of polynomial equations on the unknowns {a,;} which we explicitly solve
in each case. We omit the details of the calculations and emphasize the different
para-Kéahler structures and their curvature.

First of all, we point out that not all symplectic Lie algebras (g, ) admit a para-
Kéhler structure. Indeed, although the following Lie algebras admit symplectic
structures, a straightforward calculation shows that none of them admits any para-
Kahler structure:

w0 [er,ea] = —es, [e1,e3] = e,

ny : [e1, 4] = —ea, [e2, 4] = —es,

tﬁ;,o,a o [e1,eq] = —e1, [e2, e4] = des, [es, 4] = —dea,

%s lene] =es e eal = e - gel» [e2, 4] = —€1 — %62, [e3, e4] = —des,

where {e1,...,e4} is a basis of each Lie algebra with § > 0. All the other symplectic
Lie algebras in Ovando’s classification [21] admit para-K&hler structures. We study
all of them separately in the subsequent sections.

3. PARA-KAHLER STRUCTURES ON taty

Let {e1, e2,e3,e4} be a basis of the Lie algebra toty determined by [e1, ea] = eg
and [es, e4] = e4. The automorphisms of the Lie algebra are given by

0 0 1 0 1 0 0 0

B 0 0 223 2924 o 221  R22 0 0
=10 0 0 0 oo ®2=1 45 g 1 o |

za1 242 O 0 0 0 243 zaa

with 294249 # 0 in the first case and 295244 # 0 in the second one. The symplec-
tic structures on toty are given by (see [21]) w = ai2e'? + aize!® + azge3* with
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aroasq # 0. It was shown by Ovando [21] that any symplectic structure (tote, w) is
symplectomorphically equivalent to Q) = e'?2+e3*+Xe'?, with A > 0. Furthermore,
the symplectic form 2, is preserved by any automorphism ®5 with zo0 = 244 = 1
(in the special case A = 0, the automorphisms ®; with 204 = z40 = 1 also preserve
the symplectic form ). Considering the action of the symplectomorphisms @5
preserving €2, one may restrict to paracomplex structures J = (a;;) satisfying one
of the following:

Case 1. ajo =0 and a4 = 0.

Case 2. a12 = 0 and ay4 # 0, in which case one may also assume a3 = 0.

Case 3. a2 # 0 and a4 = 0, in which case one may also assume a;; = 0.

Case 4. a12 # 0 and ay4 # 0, in which case one may also assume a1; = a3 = 0.
We distinguish the two possibilities corresponding to the symplectic structures 2y
(with A # 0) and g since they give rise to different geometries. In each case
we examine the compatibility of the paracomplex structure with the symplectic
structure (i.e., Q\(J-,J-) = —Qx(+,-)) and the integrability of the paracomplex
structure (i.e., the integrability of the eigenspaces ker(J F1d) corresponding to the
eigenvalues £1 of .J).

3.1. Para-Kéhler structures on (tata, Q2)) with Q) = e!? + €31 + Xel? (X £ 0).
A straightforward calculation shows that no para-Kéhler structures may correspond
to cases 2, 3, and 4 above. Hence, assume a1 = a14 = 0. Any para-Kéhler structure
(J,(,)) compatible with €, is equivalent to one of the following:

Jiter = —e1, Jues =e2, Jiez=e3, Jiieq = —ey,

()11 =2(etoe? +Xel oe® —e3oet),

(J11, ()11) {

Jioe1 = —eq + 2Xey — 2e3, Jigex = eg,
(Ji2, (s )12) : § Jizes = e3, Jiseq = 2ep — ey,
(V1o =2(er oe? + Nel oe® + 2l oe* — e oe?),
Jizer = —eq, Jizea = ex — 2ey,
(J13, (;)13) : § Jizes = 2e1 + ez + 2Xeq, Jizeq = —ey,
(V13 =2(etoe? + Nel oe® —2e?0e® —edoet).

The structures above correspond to the decomposition tory = £4; @ £]; as a
direct sum of Lagrangian subalgebras as follows:

toty = £11 @ £, = span{ea, e3} ® span{ey, e}
= L1 ® £, = span{eq, e3} @ span{es — ea, €1 + €35 — Aea}
= £13 @ £15 = span{es — ez, e1 + €3 + Aea} @ span{er, eq}.

Moreover, a straightforward calculation shows that all structures above are non-
flat and Ricci-flat with recurrent curvature (i.e., Vi;Ry; = &1; ® Ry;), with recur-
rence 1-forms given by

€11 =2(e! +€%), & =2¢% &3 =2e.

Furthermore, the corresponding curvature operators Ri; : A2 — A? acting on the
space of 2-forms are given by

Rii(et Ae?) = —Xe2 Aet = Ryi(er,es,es,er)e? Aet,  for i=1,2,3,
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from where it follows that all para-Kahler structures above are special recurrent
and thus locally modelled on (1). Hence, their curvature tensor is semi-symmetric.

Finally, the structures (J11, (, )11) admit opposite almost para-K&hler structures
compatible with the opposite symplectic form ), = e'? — e3* + (u — A)e!?, with
u € R, while the structures (Jy2, (, }12) and (J13, {, )13) do not admit opposite almost
para-Kéhler structures.

3.2. Para-Kihler structures on (tat2,Qg) with Qg = e!? + €34, Proceeding as
in the previous case, one gets that no para-Kéhler structures may exist in Case 2.
The other three cases give rise to three essentially different geometries as follows.

3.2.1. Para-Kdhler structures of constant paraholomorphic sectional curvature. As-
suming ajs # 0 and a4 # 0 as in Case 4, any para-Kéhler structure is equivalent
to (ng, <, >21) given by

1
Jorer = ez — ez, Jarea = —k(er +e3), Jarez = —es,
Jareq = eq — ea — K(ey +e3),

(Vo1 = K(e?oe? +etoe +2e%0e) —2eloet +2e30et — %eloel, Kk # 0,
which corresponds to the Lagrangian decomposition
tory = £o1 B L9, = span{es — ez, €1 + e3 — Leo} @ span{es, ez + Keq }.

Furthermore, the paraholomorphic sectional curvature is constant H = k.

3.2.2. Flat para-Kdhler structures. Assuming a1o = 0 and a4 = 0 as in Case 1, if
a34 = 0, then one has three inequivalent flat para-Kéahler structures as follows:

(o, (,)22) : Jage1 = —e1, Joges = es — 2eq, Joses = 2e; + ez, Jasey = —ey,
225\, /22 <7>22:2(61062*262063*63064),
J2361 = —€1, J2362 = €2, J23€3 = €e3, J2364 = —e€ey,
(J23, (; )23) L s
(,)23 = 2(et oe? —ee® oe*), =41,
(ot (o) : Joser = —e1 — 2es3, Joges = €2, Joses = e3, Joses = 2es — ey,
245 \» /24 <7>24:2(61062—'—261064_63064),

which correspond to the Lagrangian decompositions tata = £9; @ £); as follows

toty = Loo @ £, = span{e; + e3,e4 — ea} B span{er, eq}
= Lo3 @ L3 = span{es, e3} @ span{ey,eq} (e=1)
= Lo3 ® L3 = span{eq, e4} @ span{ey,e3} (e=-1)
= Lo4 & L), = span{eq, e3} @ span{e; + e3,e4 — ea}.

3.2.3. Para-Kahler and opposite para-Kahler structures. The remaining possibili-
ties corresponding to Case 1 with ags # 0 and Case 3, give rise to two families of
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para-Kéhler structures determined by

1
(s, ()2s) Joser = —-ex,  Josea = —kier,  Jases = —es,  Jases = ey,
255\, /25) ¢
(,)25 = —F%el oel + kie? oe? 4 2e3 0 e,
1 1
(J < > ) Joger = TR €2 Jagea = —k1e1, Jogez = TRy O Jages = —Koes,
265 {»)26) : .
(,)26 = ,’%161 oel + Kkie2oe? — %263 oe3 + koet oe?,

where k1k3 # 0. The corresponding Lagrangian decompositions are given by

/
toty = Lo5 @ L. = span{ey, es — k1e1} @ span{es, ea + K1e1}

= Lo6 @ Lhg = span{ey — kaes, e2 — K1e1} @ span{eq + Kaes, ea + K1e1}.

Moreover, both metrics are locally symmetric and the Ricci operators are diag-
onalizable on the basis {ey,...,es} with Ricci curvatures Ricos = diag[s1, k1,0, 0]
and Riceg = diag[ki, k1, ke, ka]. Hence, the underlying pseudo-Riemannian man-
ifolds split locally as a product of two Lorentzian surfaces of constant Gaussian
curvature Nj(k1) x L2 or Ni(k1) X Na(kz), where L? denotes the Minkowskian
plane, and thus they also admit opposite para-Kahler structures. Furthermore, the
metric (,)q6 is Einstein if k1 = ko and locally conformally flat if k1 = —ka.

4. PARA-KAHLER STRUCTURES ON thz

Let {e1,ea,e3,e4} be a basis of the Lie algebra thy determined by [eq, es] = es.
Symplectic forms on ths are of the form w = aj9e'? + aq3e'® + age!® + anze? +
agge?t with ajgaes — agzang # 0, as shown in [21]. All these symplectic struc-
tures (ths,w) are symplectomorphically equivalent to Q = e!* + ¢2? through an
automorphism of the form

Z11 zZ12 O 0
221 %22 0 0 .
o = 5 Wlth (Z112’22 — 2:12221)2:44 75 0.
231 R32 211222 — 212221 R34
241 Z42 0 244

Moreover, the automorphisms preserving the symplectic structure (ths, Q) are given
by (I) Wlth 21112%2 = ].7 2122992 =— —Z34, 221 — 0, Z42 = 232231—222234241 and Za4 = 2’%2.
A long but straightforward calculation shows that para-Kéahler structures on ths
are flat and equivalent to one of the following:

J1€1 = €1, J1€2 = —€9, J1€3 = €3, J1€4 = —€4,
(‘]1’ <7> ) : 1 4 2 3
()1 =2(—e' ce* +e*0e?),
Joey = —eg, Jaeg = —e1, Joez =ey4, Joey =es,
(JQ’ <7> ) : 1 3 2 4
(,)2=2(e' o€’ +e*0e?).
In each case, ths decomposes as a direct sum of Lagrangian subalgebras as follows:
thy = £; @ £} = span{ey,e3} @ span{es, eq}
= £o P £, =spanfes + 4,63 — €1} G span{e; + ez, e4 — €3}
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5. PARA-KAHLER STRUCTURES ON tt3
Let {e1, €2, €3, e4} be a basis of the Lie algebra ttz ¢ determined by [eq, e2] = ea.
Symplectic structures on tr3 o are given by w = a12612 + a13613 + a14el4 + a34e34
with agaasq # 0, as shown in [21]. All these symplectic structures (trs,w) are

symplectomorphically equivalent to 2 = e!? + ¢34 through an automorphism of the
form

with (233244 — 234243)% 0.
I B (233244 — 234243)2%22 #
21 0 zu3 244
Moreover, the automorphisms preserving the symplectic structure (tts o, ) are the
ones above satisfying
Dy iz9o=1, 231 =0, 241 =0, 2zaaz33 =1+ 231243 with 233 #0,
Doi200=1, 231=0, 241=0, 233=0, 243233=—1L
A straightforward calculation, proceeding as in the previous cases, shows that
any para-Kéhler structure on (rvs o, ) is equivalent to one of the following:

1, () : Jier =e€eq, Jies = —ces, Jiesz=e3, Jies=—eu,
PO ) 2 e oe etoet), =1

Jaer = %62, Jaeg = key, Joeg =e3, Joes = —ey,
(J2; (;)2) : 1,1, .1 2,2 3404
(,)o= e oe —Ke‘oe? —2e’0e, K#O,
and they correspond to the Lagrangian decompositions
ttg0 = £1 @ L) = span{es,es} @ spanfes, eq} (e=1)
= £; @ &) = span{eqz, ez} @ span{eq, eq} (e=-1)
= £5 & £, = span{es + Key, ez} @ span{es — key,eq}.

The structures (Ji, (,)1) are flat, while the structures (Ja, (,)2) are locally sym-
metric with diagonalizable Ricci operator Ricy = — diag[x, k,0,0]. Thus, the un-
derlying pseudo-Riemannian manifold splits locally as a product N x L2, where N
is a Lorentzian surface of constant Gaussian curvature Ky = —k and L? denotes
the Minkowskian plane. Hence, they are para-Kéahler and opposite para-Kéahler
structures.

6. PARA-KAHLER STRUCTURES ON tt3 _1

Let {e1, €2, e3,e4} be a basis of the Lie algebra vr3 _; determined by [e1, e2] = e
and [er,e3] = —es. Symplectic structures on trg _; are given by w = ajse!? +
aizeld + apget® + agze?® with ajgass # 0, as shown in [21]. All these symplectic
structures (rt3 _1,w) are symplectomorphically equivalent to Q = e +¢?? through
an automorphism of the form

1 0 0 0 -1 0 0 0

| 21 oz 0 0 221 0 223 O
q)l o Z31 0 Z33 0 o (DQ o 231 232 0 0 ’

241 0 0 244 241 0 0 244
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with 290233244 # 0 in the first case and 223232244 # 0 in the second one. Moreover,
the automorphisms preserving the symplectic structure (rts _1,2) are given by

D291 =0, 231 =0, =233200=1, zaa=1,
Dy 201 =0, 231 =0, 230203 =—-1, z49a=—1

A straightforward calculation shows that a para-Kéhler structure on (rvs_i,{2)
corresponds to one of the following.

6.1. Flat para-Kdhler structures on vvs _;. Assuming the component of the para-
complex structure a4 # 0, all para-Kéahler structures are flat and equivalent to

(T () { Jier = fes, Jiea = —ea, Jiez=e3, Jieq = rey,
15\ :

<’>1:%eloel+262063—564064, Kk #£ 0.

They correspond to the decomposition ttg _1 = £; & £] = span{es + kei,e3}
span{es — Ke1, ez} of (vr3 _1,82) as a direct sum of Lagrangian subalgebras.

6.2. Ricci-flat para-Kdhler structures on trz _i. On the other hand, if the com-
ponent of the paracomplex structure a;4 = 0, then any para-Kéhler structure is
equivalent to

(o, (,)2) Joey = —ey, Joeg = —es, Joeg =e3 — Kea, Jaeq = ey,
(J2=2(c'oct +e2oed) tretocd, K =0,+l.

The symplectic Lie algebra (tvs_1,€2) decomposes as a direct sum of Lagrangian
subalgebras as tr3 1 = £o ® £5 = span{ey,e3 — Sea} @ spanfer, e}

The para-Kéhler structures (Ja, (,)2) are flat if x = 0 and Ricci-flat otherwise.
Moreover, if k # 0, then the metric has recurrent curvature with recurrence 1-form
¢ =2e! (ie., VoRy = 2¢! ® Ry), and the corresponding curvature operator acting
on the space of 2-forms is given by R2(61 A 63) =2keZNet = Ry(eq, e3, €3, 61)62 A
e*. Therefore, they are special recurrent and simply harmonic manifolds locally
isometric to a metric in (1). Hence, their curvature tensor is semi-symmetric.
Furthermore, the structures (Ja, (,)2) with x # 0 admit opposite almost para-
Kihler structures compatible with the opposite symplectic form € = e!* — €23 +
peld) with u € R.

7. PARA-KAHLER STRUCTURES ON t),
Let {e1, ea,€3,e4} be a basis of the symplectic Lie algebra t}, determined by

[61,63] = €3, [61,64] = €4, [62763] = €4, [62,64] = —€s3.

Symplectic forms on t) are of the form w = ajze!? + ag3(e!® — ) + aya(et +€23)
with a2; + a3, # 0, as shown in [21]. The automorphisms of t} are given by

1 0 0 0 1 0 0 0
O, = 0 1 0 0 or By = 0 -1 0 0 7
231 232 233 234 231 232 233 234
—Z32 231 —Z34 %33 Z32  —TZ31 R34 —Z33

with 225 + 22, # 0, from where it follows that any symplectic form is symplecto-
morphically equivalent to Q) = Ae'? + e + e23, for some A € R. We emphasize
that although there exist Kéhler structures with associated symplectic form 2 for
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A # 0 [22], a straightforward calculation shows that Q) does not support any para-
Kéhler structure for A # 0. On the contrary, there exist para-K&hler structures
whose associated symplectic structure is Qg = e + €23, In order to describe these
structures, we recall that the automorphisms preserving the symplectic structure
(vh, Q) are given by ®; (resp., P2) above with z33 = 1 and 234 = 0 (resp., 233 = —1
and 234 = 0). A long but straightforward calculation shows that any para-Kéhler
structure on (t5, {2g) corresponds to one of the different situations given by a13 # 0
or a3 = 0. While the Ricci operator is diagonalizable in the case a;3 = 0, this
does not happen when a3 # 0. If a;3 = 0, then one has three essentially different
cases depending on whether the component of the paracomplex structure a;4 = 0
or ajq # 0.

7.1. Para-Kdihler structures on v, with complex Ricci operator. Assuming the com-
ponent of the paracomplex structure a;3 # 0, then para-Kéhler structures are
equivalent to (Jy, (,)1) given by

Jiey = ey + Ges, Jiea = —Geg + fBes, Jiez = fer —aes, Jiea = aer + fes,
(V1 =ad(eloel —eoe?) +ale®oed — et oed) +2(Bel oe? — Bed o ed),
where 3 = grior and @ = 7%, with 0,8 € R, 8 # 0. In this situation t)
decomposes into a direct sum of Lagrangian subalgebras v, = £; & £] where

£, = span{ey + ae; + Pea, ez + fe; — aez},

| =span{eq — ae; — Pes, e3 — fer + aea}.

The Ricci operator is complex diagonalizable with eigenvalues —2(a 4 /5v/—1). The
underlying pseudo-Riemannian structure is locally symmetric. Furthermore, the
self-dual and anti-self-dual Weyl curvature operators are diagonalizable with the
same eigenvalues. Therefore, the metric is locally conformally flat if and only if
a=0.

We note that the Ricci tensor p; defines another para-Kéahler structure (v, Ji, p1)
with the same Levi-Civita connection as (v}, Ji,{,)1). A straightforward calcula-
tion shows that (v}, J1,p1) is Einstein of non-constant paraholomorphic sectional
curvature, and thus it corresponds (after normalization of the associated symplectic
structure) to one of the para-Kahler structures (Jy, (,)4) described below.

7.2. Flat para-Kdihler structures on th. If a;3 = 0 and a4 = 0, then one has that
para-Kéhler structures are equivalent to the flat structure

Joey = ey, Jaea = e, Joeg = —e3, Jaey = —ey,

<7>2 = _2(61 oet+e’o 63)7

(J2a <7>2) : {
so that tf, = £, @ £, = span{ey, ea} ® span{es, eq}.

7.3. Para-Kdhler Einstein structures on th of non-zero curvature. Assume that
a13 = 0 and a1y # 0. Then any para-Kéhler structure is equivalent to one of
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the following:

(s ()s) - Jsey = —Ley, Jzex = Z2e3 —ey, Jseg =es, Jzey = —req,
3\ /3) - <)>3:—%(€1061—262062>+2€2O€3+I’€€4O€4, I{#O,

a ()a) Jiey = —Ley, Juep = tes, Jyez =kes, Jieq = —keq,
45\, /4) - <7>4:_%(61061—62062>—H(€3063—64O€4)7 5#07

where the symplectic Lie algebra (v}, ) decomposes as a direct sum of Lagrangian
subalgebras

vy = L5 @ L, =span{es,eq — ke } @ span{es — kea, eq + Key}
= £, ® L), =span{es + rea,eq — rey} @ span{eyq + Kep, ez — Kea ).

The structures (Js, (, )3) have non-zero constant paraholomorphic sectional cur-
vature Hs = k.

The structures (Jy, (,)4) are Einstein with Ricy = 2xId(s# 0). Moreover, the
self-dual and anti-self-dual Weyl curvature operators are diagonalizable with the
same eigenvalues, which shows that the paraholomorphic sectional curvature is not
constant. A straightforward calculation shows that structures (Jy4, (, )4) have a com-
patible anti-Kahler structure (see [5]) defined by a complex structure J given by
Jer = eq, Jes = e4, which commutes with the paracomplex structure J;. Hence,
the structure ((,)*,Jy) is also a locally symmetric para-Kahler structure, where
(X,Y)* = (JX,Y)4 is the twin metric of (, )4. A straightforward calculation shows
that the Ricci operator Ric* has complex eigenvalues +2x+/—1 and thus it corre-
sponds to a metric in Section 7.1 after renormalization of the corresponding sym-
plectic structure.

8. PARA-KAHLER STRUCTURES ON t4

Let {e1, ez, e3,e4} be a basis of the Lie algebra t4 ¢ determined by [e1, e4] = —eq
and [es, 4] = —eq. Symplectic structures on ty o are given by (see [21]) w = a4e'*+
ao3e?3 + ange?t + asqe3? with agaaes # 0. Using the automorphisms of ty0 given
by

zn O 0 zus

P — 0 222 223 224

0 0 222 234

0 0 0 1

it follows that any symplectic form on t4 o is symplectomorphically equivalent to

Q. = e + ee?3, where € = £1. In order to describe the para-Kahler structures

observe that the automorphisms preserving the symplectic structures (r4,9, ) are

given by ® above with z1; = 1, 204 = 0, 234 = 0 and z95 = +1. A straightforward
calculation shows that any para-Kéhler structure is equivalent to

with 211222 75 O,

Jei = —e1, Jey=e9, Jesg= —e3, Jeq=ey,
(,{,)): { () =2(eloet —ceoed),
which correspond to the Lagrangian decomposition of (t4,0, €2)

ty0 = L@ L =span{es,es} @ span{ey, es}.

The structures (t4,J,(,)) are Ricci-flat and recurrent with recurrence 1-form
¢ = 2e*. Moreover, the curvature tensor acting on the space of 2-forms is given
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by R(e3 A e?) = —el Ae? = eR(e3, eq, e3,e4)e! A e?. Hence, the para-Kihler struc-
tures (v4,0,J, (,)) are special recurrent and simply harmonic, and they are locally
modelled on (1). Thus, their curvature tensor is semi-symmetric. Moreover, the
structures (J, (,)) admit opposite almost para-Kéhler structures compatible with
the opposite symplectic forms ' = e'4 — ee?® — pe34, with € R.

9. PARA-KAHLER STRUCTURES ON t4,_1
Let {e1, ez, €3, €4} be a basis of the Lie algebra vy, _q determined by

le1,e4] = —e1, [ea,eq] =ea, [e3,e4] = €3 —ea.

Any symplectic form on vy _; is of the form w = aqze’® + et + agge?* + agget

with aq3ae4 # 0, as shown in [21]. Moreover, the automorphisms of t4 _1 are given
by
211 0 O Z14
& — 0 222 223 224
0 0 Z992 Z34
0 0 0 1

from where it follows that any symplectic structure is symplectomorphically equiv-
alent to Q = e'3 4+ e?*. Moreover, the automorphisms preserving the symplectic
structure (g4 _1,() are given by ® above with 211 = 1, 200 = 1, 234 = 0 and
293 = Z14. It now follows that any para-Ké&hler structure on vy _; is equivalent to

,  with 211200 # 0,

(J < >) J€1 = —€y, J@g = €9, J63 = —Ke1 + €3, J64 = —€y4,
UL )y =2(etoe? —etoet) frePoed, wER,

which correspond to the Lagrangian decomposition v4,_1 = £& £ = span{es,e3 —
Se1} @ spanfer,es}. The structures above are flat if £ = 0. Otherwise, they are
Ricci-flat, locally symmetric and the underlying structures are locally modelled on
(1) with ¥(2',2?) = 4(2?)%2. Furthermore, the structures above admit opposite
almost para-Kéhler structures compatible with the opposite symplectic form Q' =
el —e?* 4 pe?t, with p € R.

10. PARA-KAHLER STRUCTURES ON t4 13 (—1 < 3 < 0)
Let {e1, ea,€3,€e4} be a basis of the Lie algebra vy, _1 g determined by

[61764] = —eé1, [62764] = €2, [63,64] = —fes.

Any symplectic form on this Lie algebra must be of the form w = aj2e'2 +ay4e!* +
agge®* 4+ azqe®* with agpasy # 0, as shown in [21]. Moreover, the automorphisms
of t4,_1 5 are given by

Z11 0 0 Z14
0 Z9292 0 224

0 0 233 2
0 0 0 1

from where it follows that any symplectic form is symplectomorphically equiva-
lent to = e'2 + e3*. The automorphisms preserving the symplectic structure
(ta,—1,8,Q) are the ones given by z14 = 204 = 0, 233 = 1 and 222211 = 1.

The para-Kéhler structures on (t4,—1 g, ) split into two different classes depend-
ing on the value of the coefficient a43 of the paracomplex structure as follows.

o = with 211222233 7é 07
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10.1. Ricci-flat para-Kdhler structures onvy,_15 (—1 < 8 < 0). Assuming a3 = 0,
the corresponding para-Kéahler structures are equivalent to one of the following:

S RARE Jiey = —e1 +rea, Jieg =ea, Jieg= —e3, Jieq = ey,
b (V1=reloel +2(etoe?+e3oet), k=0,=+1,

(J2,(;)2) : Joer = —e1, Joea = —Key +eg, Joeg=e3, Joeq = —ey,
v (Vo=re?oe? +2(etoe? —edoet), k=0,=£I.

They correspond to the Lagrangian decompositions
vy 1,5 = £1 ® L) =span{eq, eq} @ span{es, eq — %el} (k #0)
= £1 & £} = span{es, e4} & span{ey,e3} (k=0)
= £, @ £) = span{es, es — 5e1} @ spanfer, ey}
The structures above are flat if K = 0. Otherwise, they are Ricci-flat and recurrent
with recurrence 1-forms & = 2(8 — 1)e* and & = 2(8 + 1)e?, respectively. The
corresponding curvature operators acting on the space of 2-forms are given by
Ri(er Net) = k(B —2)e? Ae® = Ri(er, eq,e1,e4)e® N €3,
Ra(e?2 Aet) = k(B +2)et Ae = Ry(ea, eq,e4,e0)et A€
Therefore, the metrics above are simply harmonic and special recurrent locally
isometric to a metric given in (1). Hence, their curvature tensor is semi-symmetric.
Furthermore, the structures (Jp,{(,)1) and (Js, (,)2) admit opposite almost para-

Kiihler structures compatible with the opposite symplectic forms Q) = e!? — 34 +
pelt and Q) = e'? — 34 + pe?* respectively, where p € R.

10.2. Para-Kdhler and opposite para-Kdhler structures on vty —1 5 (=1 < < 0). If
a4z # 0, then para-Kéhler structures are equivalent to

1
Jzer = —e1, Jzea =ea, Jizez = keq, Jzeq = €3,

<7>3:261062—|—,‘£63063—é64064, Kk #£0,

(J3,(;)3) : {

so that v4_q1 3 = £3 ® £5 = span{es, e4 + %63} @ span{e;, eq — %63}.

The metrics above are locally symmetric with diagonalizable Ricci operator
Rics = diag[0,0, 3%, x3%]. Hence, the underlying manifold is locally isometric
to a product L2 x N of the Minkowskian plane and a Lorentzian surface of constant
sectional curvature K = k32, thus being para-Kéhler and opposite para-Kahler.

11. PARA-KAHLER STRUCTURES ON t4 1,1
Let {e1,ea,€3,e4} be a basis of the Lie algebra v4 _1,_1 determined by
le1,e4] = —e1, [ez,eq] = €2, [e3,e4] = e3.

Any symplectic structure on t4 _1 _1 is of the form w = ar2e’? + aqze’® + aggett +
os€2t +agae3* with a0y — 203 2 0, and all of them are symplectomorphically
equivalent to Q2 = e!? + ¢34 through an automorphism of t4 1 _1 given by

zi1 0 0 214
0 222 223 224
0 232 233 =234
0 0 0 1

b — with  211(222233 — 223232) # 0.
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Moreover, the automorphisms preserving the symplectic structure (vq,—1,—1,2) are
the ones above with z93 = 294 = 0, 233 = 1, 235 = 214290 and 292211 = 1. The
associated para-Kéahler structures split into two cases depending on whether ays # 0
or as3 = 0 as follows.

11.1. Para-Kdhler and opposite para-Kdhler structures onty,_1,—1. Any para-Kahler
structure with a4z # 0 is equivalent to

Jier = —e1, Jieg =ey, Jies=res, Jieg= Lles,
(‘]1’<’>)'{ 1.2 3..3_1.4_ .4 "

(,)1 =2etoe*+ke’oe —cetoet, K#O,
so that 41,1 = L1 ,8/1 = span{éeg + eyq, 62} D span{el,e4 — éeg}.

The structures above are locally symmetric and the Ricci operator is diago-
nalizable with eigenvalues {0,0, k, k}. Hence, the underlying pseudo-Riemannian
structures split locally as a product L? x N of a Lorentzian surface N of constant
Gaussian curvature Ky = k and the Minkowskian plane. Thus, they also admit an
opposite para-Kéhler structure.

11.2. Ricci-flat para-Kdhler structures on vy, —1,—1. Assuming a3 = 0 para-Kahler
structures on (t4,_1,_1,$2) are equivalent to one of the following, which correspond
to different geometric situations:

(J2, (;)2) Joer = —e1, Joeg = —Kep + e, Jaez =e3,  Joeg = —ey,
T ()2 =re?oe* +2(etoe? —edoet), k=0,

inducing the decomposition t4,_1 1 = £2® £y = span{es,ea — Se1 } ©spanfey, e1},

J: . Jser = —e1 + Kea, Jzep =ea, Jses = —e3, Jzes = ey,
(37<7>)' <7>3:Heloel+2(61062+63064)’ k=0,=£1,

so that the Lie algebra decomposes as
vy 1,1 = L3 D Ly =spanfeq, e4} @ span{es, es — %61} (k #0)

= span{es, e4} ® span{es, e} (k =0),
or

Jaey = kea +eq, Jyea =e3, Jyez3 =e2, Jieq =e1 — Kes,
(Ja, { )a) : 1,1, 4 4 1,.3_ .2, .4
(,)a=kr(etoet +e*oe*)+2(etoe’ —e*0e?), keER,
so that (t4,_1,-1,) decomposes as a direct sum of Lagrangian subalgebras
vy 1,1 =L, 8 L) =span{es + e3,e1 + €4 + kea} B span{es — ez, €4 — €1 + Kea}.

The structures (Js, (,)2) are flat if k = 0. Otherwise, they are Ricci-flat and
locally symmetric, thus locally modelled on (1) with ¥(x!, 2?) = +(22?)2. Moreover,
these structures admit opposite almost para-Kéahler structures compatible with the
opposite symplectic 2-form Q) = e'? — €34 4 pe?* with u € R.

The structures (Js, (,)s) are flat if K = 0 and Ricci-flat otherwise. Moreover,
they are special recurrent with recurrence 1-form &3 = —4e* and curvature operator
determined by Raz(e! Aet) = —3ke? A e3 = Rs(er, eq,€1,e4)e? A e3. Hence, these
structures are simply harmonic locally modelled on (1) and thus their curvature
tensor is semi-symmetric. Furthermore, they admit opposite almost para-Kahler
structures compatible with the opposite symplectic 2-form Q} = e!? — €34 + pe'4,
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u € R, and have an associated one-parameter family of hypersymplectic structures
(J3,Js, (,)3) given by the Kahler structures

_1

s 1 s
Jser = —"Pe3 — 5eq, Jsea = —des, Jsez3 = 5ea, Jseq = der — e,

so that JsJ3 = —J5J5 for any 6 # 0 (see also [3]).

Finally, the structures (Jy, (, )4) are flat if K = 0. Otherwise, they are Ricci-flat
and special recurrent with recurrence 1-form ¢4 = —4e* and curvature operator
given by Ra(e! Ae*) = —3ke? A e = Ry(er,eq,e1,e4)e® A 3. Therefore, they
are simply harmonic and locally modelled on (1) and hence their curvature tensor
is semi-symmetric. Moreover, these structures admit opposite almost para-Kéahler
structures compatible with the opposite symplectic 2-form Q) = e!3 + €24 + pelt
with p € R.

12. PARA-KAHLER STRUCTURES ON Ty —aq0 WITH 0 < a <1

Let {e1, ez, €3, €4} be a basis of the Lie algebra t4,_q o determined by

le1,€4] = —e1, [e2,eq4] = cea, [es, eq] = —aes.

Symplectic forms on t4 o o are given by w = a1ae™ + agse?® + agge®* + asqed?

with aggasz # 0 (see [21]) and all of them are symplectomorphically equivalent to
Q = e'* + 23 through a Lie algebra automorphism of the form

z1 0 0 z14
zoo 0 204

0
¢ = 0 0 Z33 Z34 ’
0

with Z11%22233 = 0.

Moreover, the automorphisms preserving the symplectic structure (t4,_q,q,€2) are
given by ® above with z1; = 1, 294 = 2337 = 0 and 233290 = 1. The different
classes of para-Kéhler structures on this Lie algebra arise from the cases a4; # 0
and a4; = 0, which we study separately in what follows.

12.1. Para-Kdhler and opposite para-Kdhler structures onta,_qo . Any para-Kéhler
structure with a4; # 0 is equivalent to

Jier = keq, Jieg = —eq, Jies =es, Jies = Leq,
(J17 <7> ) : { 1 1 1 4 2 3 ’

() =retoel —setoet +2e%0e’, K#0,
with Lagrangian decomposition t4,_q.o = £1 & £] = span{es, es + %61} @ span{es,
€4 — %el}. The structures above are locally symmetric and the Ricci operator is
diagonalizable with eigenvalues {0,0, s, x}. Hence, the underlying manifold splits
locally as a product L2 x N of a Lorentzian surface N of constant Gaussian curvature
Ky = k and the Minkowskian plane, and thus it also admits an opposite para-
Kahler structure.

12.2. Ricci-flat para-Kdhler structures. Assuming aq; = 0, para-Kéhler structures
are equivalent to one of the following:

(s, (1)) : Joer = —e1, Joeg = —ez + Kes, Jaez =e3, Jaeq = ey,
B ()a=re?o0e?+2(eloe* +e20e?), k=0,+1,
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which induces the Lagrangian decompositions

!/
Y —a,a = Lo ® 22

span{es, e4} @ span{e;, ez — %62} (k #0)

= span{es, eq} B span{ey, ea} (k =0),

or
(s, ()s) Jzer =e1, Jzea = —e3, Jzez = —Kex+e3, Jzeq = —ey,
35\ :
(Vg=re3oed +2(e20e® —eloet), k=041,
so that vy oo = £3 ® £3 = span{e;, e3 — §ea} @ span{ez, eq}.
The structures (Jz, (,)2) are flat if x = 0, while structures (Js, (,)3) are flat if
either k =0 or a = % Otherwise, all the structures above are Ricci-flat and special

recurrent with recurrence 1-form given by & = 2(1 + a)e* and & = 2(1 — a)e?,
respectively, and curvature operator determined by

Ra(e? Aet) = a(l + 2a)ket A e = Ra(ea, eq,e4,€2)e! A e?,

Ra(e? Aet) = a(l — 2a)ke! A e? = Rs(es, eq,e3,e4)el Ae2.

Therefore, they are simply harmonic and locally modelled on (1), so their curvature
tensor is semi-symmetric. Furthermore, these structures admit opposite almost
para-Kéhler structures compatible with the opposite symplectic forms given by
O = et — €23 4 pe?* and Qf = e — 23 + pe®t, where p € R.

13. PARA-KAHLER STRUCTURES ON by
Let b4 be the Lie algebra generated by {ej, €2, e3, €4} with

le1,e2] =e3, ler,eq] = *%61, le2,e4] = —€1 — %62, 3, e4] = —e3.

Symplectic structures on by, which are given by w = aja(e'? — €3*) + ajge!® +
age®* with ajs # 0, are equivalent to Q. = e(e'? — 34) through a Lie algebra
automorphism

222 212 0 214
o = 0 22 0 24 with 29292 7é 0
2200204 2(212 + 2202) 204 — 2214220 735 234 ’

0 0 0 1

where € = £1 (see [21]). Moreover, the Lie algebra automorphisms preserving the
symplectic structure €2, are given by ® above with 204 = 214 = 0 and 290 = +1.
Now, one has that any para-Kéahler structure on (hy, §2) is equivalent to

Jey = —ceey, Jes =c€ey, Jez=ce3, Jeg= —cey,
(J7<’>). 1 2 3 4
() =2 o+ o),

so that they correspond to the Lagrangian decomposition by = £®£" = span{es, e3}
@ span{er,eq}. A straightforward calculation shows that the structures (J,(,))
are Ricci-flat with recurrent curvature. Moreover, the recurrence 1-form is given
by ¢ = e* and the curvature operator is determined by R(e? Ae?) = —el A e =
R(ea, e4, e, e4)et Ae3. Therefore, (hy, J, (,)) determines a simply harmonic manifold
with special recurrent curvature locally modelled on (1) and its curvature tensor
is semi-symmetric. Furthermore, (b4, J, (,)) does not admit any opposite almost
para-Kéahler structure.
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14. PARA-KAHLER STRUCTURES ON 04 1
Let 04,1 be the Lie algebra generated by {e1, es, e3,e4} with
le1,e2] = €3, [e1,ea] = —e1, [es,eq] = —e3.

Symplectic structures on 041 are given by (see [21]) w = aja(e!? — e3*) + aygel® +
ange?, with a1s # 0. The automorphisms of 04,1 are given by

Z11 0 O z14
0 Z992 0 0 .
D = ,  with 2112 0,
Z31  —214%22  F11222 234 nze #
0 0 0 1

and one has that any symplectic form w is symplectomorphically equivalent to one
of the following:

Q=2 — ¢ Q, = 2 — 3 4 2,
Moreover, the automorphisms ®; preserving the symplectic structure (94,1, $2;),
1= 1,2, are determined by the conditions
(I)l 1231 — 0, Z22211 = 1 and @2 1231 — 0, Z992 = 1, Z11 = 1.
We study the two symplectic structures separately.

14.1. Para-Kéhler structures on (d4,1,;). There are three distinct situations
corresponding to different geometries.

14.1.1. Para-Kahler structures of non-zero constant paraholomorphic sectional cur-
vature. Assume aq3 # 0. Then necessarily as3 = 0 and any para-Kéhler structure
is equivalent to
(i1, () Jier = —e1, Jues =es, Jies = —res, Jiieg = —=xes,
1154, )11) ¢
()11 =2e'oe® +rePoed —Letoet, K #0,

sothat 041 = £119L], = span{es, m—%e;;}@span{el, e4+%e3}. A straightforward
calculation now shows that the structures (Ji1, (,)11) have constant paraholomor-
phic sectional curvature H = k.

14.1.2. Locally symmetric Ricci-flat para-Kdhler structures. Set aqs = 0, agz = 0.
Then, any para-Kéhler structure corresponds to one of the following:

(J12, (; )12) : {

Jiger = —e1,  Jigea = —kep +ea, Jioes =e3, Jiges = —ey,

(M2 =re2oe? +2(eloe? +e30et), k=041,

Jiser =e1 +rKea, Jizea = —ea, Jizes =e3, Jizes = —ey,
(J137 <7 >13) : 1 1 1 2 3 4

(,Jis=re oe! —2(etoe* —e’o0e®), kK=0,%1
The structures (Ji2,(,)12) are all flat, while the structures (Jis, (,)13) are flat if
and only if Kk = 0. Otherwise, they are locally symmetric and Ricci-flat. There-

fore, their underlying pseudo-Riemannian structure corresponds to that in (1) with
U(z!, 2%) = £(2?)2. Moreover, they correspond to the Lagrangian decompositions

041 = £12 ® £y = span{es, ex — Se1} @ spanfer, es}
= £13 ® £15 = span{es, ea + %el} @ span{es,es} (K #0)
= £13® £15 = span{e;, e3} @ span{es,es} (k= 0).
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Furthermore, (94,1, J13, (,)13) does not admit any opposite almost para-Kéhler
structure.

14.1.3. Locally symmetric para-Kdhler structures with nilpotent Ricci operator. Set-
ting a43 = 0 and as3 # 0, one has that any para-Kéhler structure is equivalent to

(J14, (, )14) {

which corresponds to the Lagrangian decomposition

Juer = kea — ey, Jigea = ez, Juuez = ez, Jiges = —eq + kes,

(Ja=r(etoer +etoet)+2(eloe® +e20et), KeER,

041 =2L14 &L, =span{es + e3,e4 — €1 — kea} B span{esz — ez, e4 + €1 — Kea}.

The structures (Ji4, (,)14) are locally symmetric with two-step nilpotent Ricci op-
erator. Furthermore, the metric is locally conformally flat if and only if x = 0;
otherwise, the anti-self-dual Weyl curvature operator is two-step nilpotent.

14.2. Para-Kéahler structures on (941,2). All para-Kéahler structures are flat
in this case and they are equivalent to the structures

(J21, <, >21) : {

which corresponds to the Lagrangian decomposition

Jorer = —eq, Joreg = —ker + ez, Joiez =e3, Jaieq = —ey,

()o1 = KeZoe? +2(eloe? —e2oet+e30et), KER,

D41 = L1 B L)) = spanfes, ez — Se1} ® spanfer, eq}.
15. PARA-KAHLER STRUCTURES ON 041

Let 2, 1 be the Lie algebra generated by {e1, ea,e3,e4} with

[61762] = €3, [61764] = _%617 [62a64] =

The automorphisms of 9, 1 correspond to

—%62, [63,64] = —e€s3.

211 z12 0 214
231 = 2(211224 — Z14%21);

291 222 0 294 .
o = , with 230 = 2(212%224 — 214222),
31 Z32 Z33 A3 Z33 = 211222 — 212221 7# 0
0 0 0 1 :

Symplectic forms on 047% are given by w = a12(612 — 634) + aqge'* 4+ age?* with
aia # 0, and thus symplectomorphically equivalent to Q = e'2 — 34 (see [21]).
Moreover, the Lie algebra automorphisms preserving €2 are obtained by specializing

Z11292 — 212221 = 1, Zz14%221 — 211224 = 0, 214222 — 212224 = 0.

Now, the description of para-Kéhler structures depends on whether the component
43 7£ 0 or 43 = 0.

15.1. Para-Kdhler structures of non-zero constant paraholomorphic sectional cur-
vature. If agz # 0, then para-Kéhler structures are equivalent to

(J1v<7>1) : {

which corresponds to the Lagrangian decomposition

1
Jiey = —e1, Jieg =ea, Jieg = —req, Jieq = —:es,

<’>1:2610624—/&63063—%640647 Kk #£0,

041 = £1 @ L] = span{ea, eq — %63} @ spanfer, eq + %63}.

Furthermore, the paraholomorphic sectional curvature is constant H = k.
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15.2. Flat para-Kdhler structures. If ass = 0, then the corresponding para-Kéahler
structures are flat and they are equivalent to

(JQ, <7 >2) : {

Joer = e, Jaeg = —ea, Jaeg =e3, Jaeg = —ey,
<v >2 = 2(_61 oe?+e’o 64)7

so that 041 = Lo ® £, = span{es, e1} @ span{es, e2}.

16. PARA-KAHLER STRUCTURES ON 04 WITH A > 3, A # 1,2
Let 94,5 be the Lie algebra generated by {e1, ez, €3, e4} with the products
le1,e2] = e3, [e1,eq] = —Aer, [ez,eq] = (A —1)ea, [e3,e4] = —e3.

The automorphisms of the Lie algebra are given by

Z11 0 0 Z14
0 Z99 0 2924
o = 2112 200z with Z11%22 7é 0.
o w20 B )
0 0 0 1

Thus, any symplectic form w = a12(612 — 634) + apset® 4 agee?* with agg # 0, is
symplectomorphically equivalent to Q@ = e'? — €34, where A > 1 and X # 1,2 (see
[21]). Moreover, the Lie algebra automorphisms preserving §) are given by ® with
zo4 = z14 = 0 and 299217 = 1.

The description of the para-Kéhler structures depends on whether the component
a43 vanishes or not.

16.1. Para-Kdhler structures of non-zero constant paraholomorphic sectional cur-
vature. If aq3 # 0, then para-Kéhler structures are equivalent to

Jiep = —e1, Jiea = e, Jiez = —keq, Jieg= —%637
(J1, (1) : 1,2 3.,3_ 1,44
()1 =2eloe?+keoe —~etoe’, K#OQ,
which corresponds to the Lagrangian decomposition
040 = £1 @ L) = spanfey, eq — £e3} @ spanfer, eq + £es).

Moreover, a straightforward calculation shows that the paraholomorphic sectional
curvature is constant H = k.

16.2. Ricci-flat para-Kdhler structures. If aq3 = 0, then the resulting para-Kéahler
structures are Ricci-flat and they are equivalent to

(J < > ) : Jaer = —en Jaeg = —k €1 + €2, J2€3 = €3, Joeq = —€y,
v (Jo=2(cloe? +eoet)+re?oe?, k=0,+I,

Jzep =e1 +rKey, Jzeg = —ez, Jzez=e3, Jzeq = —ey,
(J3, (. )3) - 1,1 12 _ 03 ok
(,)s=kreloel —2(etoe* —e’oe?), k=0,%1,
with corresponding Lagrangian decompositions
040 = Lo @ L, = span{es, eq — Se1} @spanfey, eq}
= £3 @ £ = span{es, ex + %el} @ span{eyq,ea} (kK #0)
= €3 ® £4 = span{es, e} ® span{eq,es} (k= 0).
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The two structures above are flat if and only if x = 0. Otherwise, they have

recurrent curvature with recurrence 1-forms & = 2Xe* and & = 2(1 — \)e?, re-

spectively. Moreover, the corresponding curvature operators acting on the space of
2-forms are given by

Ra(e? Aet) = —k(202 — 3N + 1)el Ae® = Ra(ea, eq,e2,e4)e! A €3,

Ra(e! Aet) = kA(2X — 1)e? A e® = Rs(eq, eq,e4,e1)e® A €3,

respectively. Therefore, the corresponding manifolds are simply harmonic with
special recurrent curvature tensor, thus locally isometric to a metric given by
(1). Hence, their curvature tensor is semi-symmetric. Furthermore, the structures
(J2,(,)2) and (Js, (, )3) do not admit any opposite almost para-K&hler structure.

17. PARA-KAHLER STRUCTURES ON 049

Let 942 be the Lie algebra generated by {e1, €2, e3, €4} with Lie brackets
le1,e2] = €3, [e1,ea] = —2e1, [ez,e4] = €2, [e3,eq] = —es.

Symplectic forms on 04 2 are of the form w = aja(e'?—e3)+ayse!* +anze?® +agge?
with oy — aj4a23 # 0. Any such form is symplectomorphically equivalent to

O =e2 - Qu=e+e2, or Qy=elt -,

through a Lie algebra automorphism given by (see [21])

211 0 0 214
_ 0 222 0 224 .
® ] —EE 220 234 with - 211222 # 0.
0 0 0 1

The situation is different in each case and therefore we consider the three possibil-
ities separately.

17.1. Para-Kéhler structures on (942,). Lie algebra automorphisms preserv-
ing the symplectic structure (d4.2,21) with Q; = e'? — e3* are the ones given by ®
above with z14 = 294 = 0 and 292211 = 1. Now, we consider separately the cases
as3 # 0 and ay3 = 0, which give rise to different geometries as follows.

17.1.1. Para-Kdhler structures of non-zero constant paraholomorphic sectional cur-
vature. If agz # 0, then any para-Ké&hler structure is equivalent to

(Ji1, € )11) Juer=—e1, Juex=ez, Jues=—res, Jies= *%63,

11 11) -

h <7>11:2610624'/4,63063_%640647 Kk # 0,

so that 945 = £11®L]; = span{ey, 64—%63}@span{el, es+Les}. A straightforward
calculation shows that all these structures have constant paraholomorphic sectional
curvature H = k.
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17.1.2. Ricci-flat para-Kdhler structures. Assuming ay3 = 0, the possible para-
Kahler structures on (d4,2,€1) are equivalent either to

(J127 <» >12

) { Jioer = —ey + Kea, Jigea = ez, Jigez = —e3, Jizes = ey,

(V1o =kreloel +2(etoe? —edoet), k=0,=£l,
which corresponds to the Lagrangian decomposition

040 = L12® L, = span{ez, e4} ® span{es, e2 — %el} (k #0)
= span{es, eq} B span{e;, es} (k= 0),

Jizer = —ey, Jizea = —kep +ez, Jizez =e3, Jizeq = —ey,

(Vi3 =re?oe?+2(etoe?+edoet), k=0,+l,

(Jl?n <a >13) : {

k

where 045 = £13 ® £]3 = span{ez — §e1,e3} @ span{er,es}.

The structures (Jio, (,)12) and (Jis,(,)13) are flat if K = 0. Otherwise, they
are Ricci-flat and recurrent, with recurrence 1-forms 19 = —2e? and &3 = 4e?,
respectively. The corresponding curvature operators are given by

Riz(er Aet) = 6re? A e3 = Ria(er, ea,e4,€1)e® A e?,

Riz(e? Aet) = —3re! Ae® = Ryz(ea, eq,ea,e4)ed Aed.

Hence, these two families are simply harmonic special recurrent, locally modelled
by (1). Thus the curvature tensor is semi-symmetric and moreover, none of them
admits an opposite almost para-Kéhler structure.

Furthermore, the structures (.Ji3, (, )13) have an associated one-parameter family
of hypersymplectic structures (Ji3, Js, (, )13) which are given by the Kéhler struc-
tures

1 1
Jse1 = 5e3, Jsea = gsez + ey, Jsez = —de1, Jseqa = 5(5e1 — ea),

so that JsJi3 = —J13Js, for any § # 0 (see [3]).

17.2. Para-Ké&hler structures on (942,{2). The Lie algebra automorphisms
preserving the symplectic structure (94,2, 2) corresponding to Qs = et + e are
the ones given by ® in (2) with 294 = 234 = 0, 211 = 1 and 299 = +1. Any para-
Kahler structure on this Lie algebra satisfies ag; = 0 and different situations may
occur depending on whether as3 = 0 or ass # 0. We study each case separately.

17.2.1. Flat para-Kdhler structures. Assuming as3 = 0 and a4; = 0, any para-
Kaéhler structure is equivalent to the flat structure

Jorer = e1, Jorea = —ea, Jojez =e3, Jojey = —ey,

()o1 = 2(e?0e® —eloet),

(J21, (,)21) : {

so that 942 = £91 @ £, = span{e1, e3} & span{es, eq}.
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17.2.2. Para-Kdhler structures which are not semi-symmetric. Assuming asz = 0
and a4; # 0, para-Kéhler structures are equivalent to

(Ja2, (5 )22

) Jaser = e1 + ke, Jagea = —ea, Jagez =e3, Jazey = —ey,
()2 =reloel +2(e?0e® —eloel), K #0,

which induce the Lagrangian decomposition
042 = £9o ® £, = span{es, eq + %el} @ span{ey, e4}.

The Ricci operators are diagonalizable with eigenvalues {0, 0, 4x,4x} and the self-
dual and anti-self-dual Weyl curvature operators have the same eigenvalues. More-
over, the anti-self-dual Weyl curvature operator W~ has a double root of its minimal
polynomial. Furthermore, their curvature tensor is not semi-symmetric and hence
it does not correspond to the curvature of any symmetric space.

Assuming ao3 # 0, para-Kéhler structures are equivalent to

K 1 2
Joazer = eq, Jasea = —se3, Joges = —keq, Jazeq = feq,

_ k1 1 1.2 2 3 3 2 4 4
<7>23—§€ oe — _€e"oe€ + Ke“oe — L€ o€, '%750?

(Ja3, (s )23) : {

so that 42 = £93 ® Ly = span{es — kea, e4 + %el} @ span{es + keg, e4 — %el}.

The Ricci operators are diagonalizable with eigenvalues {0, 0, 3k, 3k} and the self-
dual and anti-self-dual Weyl curvature operators are diagonalizable with opposite
eigenvalues. Furthermore, their curvature tensor is not semi-symmetric.

Let @ be the almost product structure associated to the Ricci operator so that
@ = —1Id on kerRic and @ = Id on the orthogonal distribution corresponding to
eigenspace of the non-zero Ricci curvature. Define an opposite almost paracomplex
structure J}, = J2;Q9;, for i = 2,3. A straightforward calculation shows that .Jj,
is an opposite almost para-Kahler structure commuting with Jp; with associated
symplectic form Q5 (x,y) = (J5;x,y)2; = Qs, for i = 2, 3.

17.3. Para-Kéhler structures on (942,3). The symplectic structure (94,2, 23)
given by Q3 = e'? — €23 is preserved by the automorphisms ® in (2) with 294 =
z34 =0, z11 = 1 and 292 = £1. Considering the action of the automorphisms which
preserve the symplectic structure, the different possibilities arise from the following
cases:

Case 1. ag1 = ag3 = aq1 = 0, agz # 0, in which case one may assume ags = 0.
Case 2. a1 = 23 = Q41 — Q22 = 0.

Case 3. a21 = a3 =0, aq1 # 0, in which case one may assume a7 = 0.

Case 4. a1 = 0, asz # 0, in which case one may assume asy = 0.

Case 5. a2 # 0, in which case one may assume a3 = 0.

We study these cases separately.

17.3.1. Flat para-Kdhler structures. Assuming as; = a3 = aq1 = 0 and age # 0 as
in Case 1, if az; = 0 then the corresponding para-Kéhler structures are equivalent
to the flat para-Kahler structure given by
(st ()s) Jz1e1 = —e1, Jziea = ez, Jziez = —e3, Jz1e4 = ey,
3154, )31) :
()31 = 2(et oet + €2 0e?),

with Lagrangian decomposition 04 0 = £31 @ £4; = span{es, e4 } Gspan{es, es}. The
case where ag; # 0 is considered in Section 17.3.4.
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17.3.2. Ricci-flat para-Kdhler structures. Assuming as; = ag3 = aq1 = a2 = 0 as
in Case 2, the corresponding para-Kéhler structures are equivalent to

(']32) <v>32) : {

Jager = —es, Jzoea = —ke3 + ey, Jagez = —ey, Jzges = —key + eg,
()asz=r(e?oe?+etoet)+2(etoe? +e30e?), KER,
which correspond to the Lagrangian decomposition

040 = L£32® L4, = span{esz — 1,4 + €2 — ke1 } D span{es + e1,e4 — €3 + ke b

These structures are flat if K = 0. Otherwise, they are Ricci-flat and special re-
current with recurrence 1-form &35 = 4e* and curvature operator Raa(e? A et) =
—3rel Ae® = Rsa(es, eq,e2,e4)er Aed. Hence, the underlying structures are locally
modelled in (1) and thus their curvature tensor is semi-symmetric. Moreover, these
structures do not admit any opposite almost para-Kahler structures.

17.3.3. Para-Kdhler structures which are not semi-symmetric with diagonalizable
Ricci operator. Assuming as; = ass = 0 and agq; # 0 as in Case 3, para-Kéhler
structures are equivalent to

(J33,(,)33) {

Jazer = —ey + Keq, Jzzea = ez, Jzzez = —e3, Jzzeq = ey,
()33 = kel oel +2(eltoet +e20e3), K#N0,

so that 942 = £33 ® £54 = span{ea, e4} @ span{es, eq — %61}.

The Ricci operator is diagonalizable with eigenvalues {4k,4k,0,0} and the self-
dual and anti-self-dual Weyl curvature operators have exactly the same eigenvalues.
Moreover, W~ has a double root of its minimal polynomial, and the curvature
tensor is not semi-symmetric.

The assumption ag; = 0 and as3 # 0 as in Case 4 leads to para-Kéhler structures
equivalent to

1 2
Jaser = Gea,  Jsaea = — ez, Jauez = —rez,  Jaseq = e,
(34, (; )34)

()sa=5eloel + Le2oe? —kedoed — 2Zeloe!, K #£0,
corresponding to the Lagrangian decomposition
_ ro_ 2 2
042 = L34 @ L5, = span{es + Ze1,e3 — ke } @ span{es — Ze1, e3 + Kea}.

The Ricci operator is diagonalizable with eigenvalues {3k, 3k, 0,0} and the self-dual
and the anti-self-dual Weyl curvature operators are diagonalizable with opposite
eigenvalues. Moreover, the curvature tensor is not semi-symmetric.

Let @ be the almost product structure associated to the Ricci operator so that
@ = —Id on ker Ric and @ = Id on the orthogonal distribution corresponding to the
eigenspace of the non-zero Ricci curvature. Define an opposite almost paracomplex
structure J}, = J5;Qs;, for i = 2,3. A straightforward calculation shows that Jj,
is an opposite almost para-Kahler structure commuting with J;; with associated
symplectic form Qf; (x,y) = (J5;x,y)s; = Qo, for i = 3,4.

17.3.4. Para-Kdhler structures which are not semi-symmetric with non-diagonalizable
Ricci operator. Assuming asy = ag3 = aq1 = 0 and ags # 0 as in Case 1, if az; # 0,
one has the para-Kéhler structures

Jaser = —ey — 2e3, Jasea = 2e4 — €3 — Kes, Jzsez = e3, J3seq = ey,

(J35, (, )35): {

()35 = ke? oe? +2(etoet +2eloe? —e20ed), K ER,
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corresponding to the Lagrangian decompositions d4 9 = £35 @ £45 = span{es,es} P
span{es — ez + §ey,e3 + e1}. The Ricci operator is two-step nilpotent and the
curvature tensor is not semi-symmetric. Moreover, the anti-self-dual Weyl curvature
operator is three-step nilpotent.

On the other hand, if as; # 0 as in Case 5, then para-Kéhler structures are
equivalent to

Jsger = —e1 + k(ea +e4), Jzgea = ea,

(J36: (;)36) 1 § Jages = k(ea +es) —e3,  Jgges = ey,
()36 = (et oel +e3oed +2eloed) +2(eloet +e20e3), Kk#D0,

so that 049 = £36 ® L5 = span{es, e4} O span{es — %el +eq,e3—€1}.

The Ricci operator has a single eigenvalue %n # 0 which is a double root of the
minimal polynomial, and the anti-self-dual Weyl curvature operator is three-step
nilpotent. Moreover, the curvature tensor is not semi-symmetric. Since their anti-
self-dual Weyl curvature operator is three-step nilpotent the structures above do
not admit any opposite almost para-Kahler structure commuting with the Ricci

operator [11].

18. KAHLER LIE ALGEBRAS

Kéhler Lie algebras were classified by Ovando in [22] and the geometry of the
corresponding structures, although similar to that of para-Kéahler Lie algebras, is
more rigid, allowing less possibilities. The symmetric case is essentially the same,
but there are no left-invariant locally symmetric Ricci-flat Kahlerian structures in
contrast with Theorem 1.1-(1.a).

Theorem 18.1. Let (G, {,),Q) be a non-flat locally symmetric four-dimensional
indefinite Kdhler Lie group. Then, one of the following holds:

(1) The Ricci operator is diagonalizable and one of the following holds:
(1.a) The holomorphic sectional curvature is a non-zero constant.
(1.b) The metric is Einstein with non-zero scalar curvature.
(1.c) The manifold is locally a product of two surfaces of constant Gaussian
curvature.
(2) The Ricci operator is non-diagonalizable and one of the following holds:
(2.a) The Ricci operator has complex eigenvalues.
(2.b) The Ricci operator is two-step nilpotent.

Following Ovando’s classification, structures in Assertion (1l.a) correspond to

the Kéhler structures on the Lie groups determined by 0, 1 and D; 5, Where 6 > 0.

Kiihler structures in Assertion (1.b) correspond to the metrics (,) = a(e! oe! —e?o

e?+edoed —etoet) on t, with symplectic form Q = a(e!® —e?*). Kihler structures
which admit an opposite Kéhler structure as in Assertion (1.c) correspond to the
Kéhler structures on trz, tj 5 for 6 > 0, and the structures on vary given by
the metrics (,) = a(e! oe! + €2 0 e?) + b(e® o e + e 0 e?) with symplectic form
Q) = ae'? + be3t, where ab < 0. Kihler structures in Assertion (2.a) correspond to
the metrics (,) = a(eloel —e?oe? +e30ed —etoet) +2b(et oe? +e30et) on v with
symplectic form Q = a(e!® — e?*) + b(e!* +€23), b # 0. Assertion (2.b) corresponds
to the Kahler structures on 94 1.



26 FERREIRO-SUBRIDO, GARCIA-RIO, VAZQUEZ-LORENZO

Metrics corresponding to Assertions (1.b) and (2.a) are linked by anti-Kéhler
structures, so that they have the same Levi-Civita connection as in the para-Kahler
case. Moreover, the structures above contain locally conformally flat Kahler Lie
groups so that one has:

Corollary 18.2. Let (M, g,J) be a locally conformally flat four-dimensional indef-
inite Kdhler manifold. Then, it is flat or it is locally isometric to the Kdhler Lie
group determined by one of the following:

(1) The Lie algebra vara with the metrics (,) = a(eloel +e2oe? —edoe3 —etoet)

and the symplectic structure = a(e'? — e34).

(2) The Lie algebra t, with the metrics (,) = 2b(e! o e + €2 o e*) and the
symplectic structure Q = b(e* + €23).

(3) The Lie algebra 941 with the metrics (,) = 2a(e? o e* — e 0 €) and the
symplectic structure Q = a(e'? — e3%).

Finally, the non-symmetric case is essentially simpler than in the para-Kéahler
situation since the existence of Kéhler and opposite almost Kéahler structures is
much rigid than the corresponding para-Kahler analogue (see [10, 16]).

Theorem 18.3. Let (G, (,),Q) be a non-symmetric four-dimensional indefinite
Kihler Lie group. Then, one of the following holds:

(1) (G,{,)) is semi-symmetric if and only if the Ricci operator vanishes, in
which case the curvature tensor is special recurrent and the metric is simply
harmonic.

(2) (G,{,)) is not semi-symmetric if and only if it corresponds to the 3-symmetric
space determined by the Kihler metrics (,) = a(3e' oel +2e* o) +b(e? o
e2+e3o 63) on V4,2 with symplectic form Q = ae'™ + be?®, where ab < 0.

Assertion (1) corresponds to the metrics (,) = —c(eloel+e?0e?)—2a(eloe? +e%0
e3)+2b(eloe® —e2oet) on tf, with symplectic form Q = cel?2+a(el®—e?*)+-b(el4+e23),
where c(a?+b?) # 0, the metrics (,) = —c(eloel +-etoe?)+2b(eloe? —e30et) —2a(elo
e3+e?oet) on vy 1,1 with symplectic form Q = a(e!? + €34) +b(e!3 — e24) 4 cel?,
where c(a? 4 b?) # 0, and the metrics (,) = b(e? oe? +e* oe?) 4 2a(et 0e? +e3o0et)
on 94,2 with symplectic form 2 = be?* + a(e'* + €23), where a # 0.
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