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1. INTRODUCTION

Numerous processes in Physics, Engineering or Biology [11, 12] are modelled by an ordinary
differential equation type
"(t) = f(t, x(t te|0,T].
#(6) = Flt,2(0), max #(s)) ¢ € [0,7]
These class of delay functional equations are known as equation with maxima, and on it the
behavior of a solution in a time ¢ depends on the maximum value reached by this solution in a
previous interval [t — h,t], where h > 0 is a delay parameter.

In practical situations to find the solution of the equation is very difficult, so we consider
the analogous discrete of the differential equation that is used as model. This leads to the
difference equations.

In particular, we study the following first order difference implicit equation with maxima

1.1 A = I

( ) Uk f <k7Uk+1’le{k—lElk?,).(..,k+l} ul) ) ke 3

(12> U = QO(I{?,U), ke ]ha

where Aug = ugy —ug, I ={0,1,..., T =1}, I, ={-h+1,..., -1}, f € C({ xR xR, R) and

¢ € C(I x RT+h R).

A solution of this equation will be an element v = (u_p 41, ..., Uo,. .., ur) of RTT" satisfying
(1.1) and (1.2).

We look for solutions that satisfy nonlinear functional boundary conditions type
B(ug,u) =0,

with B : R x RT*" — R a continuous function.
1
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To be concise, the considered problem is the following.

(1.3) Aup = f(k, ugtr, (Qu)is1) , k € 1,
(14) U = gO(]{?,U), ke Ih7

(1.5) B(ug,u) = 0,

where function ¢ : R”*" — R is defined by

(1.6) (pu)y, == le{lgr—li).(:..,k} w, forall ke{0,...,T}.

Throughout this paper we denote by J = {—h+1,...,T}. Moreover we say that two functions
x and y defined on a discrete interval K satisfy that x < y on K if and only if x; < y, for all
k € K and we will denote

z,y]={z: K =R, x <z, <y, foral ke K}.

To deduce the existence results, we assume that there is a pair of related lower and upper
solutions, that are given by the following definition.

Definition 1.1. We define the concept of related lower and upper solutions of problem (1.3) —

(1.5) as a pair a = {a_p41,...,Q0,...,ar} and = {6_ps1,...,00,...,Pr} of real sequences
such that o < (B for all k € J,

Aak S f(k? A1, ¢Oé

(¢cv)
ABy = [(k, Brg1, (08)k+1
k

k+1) kE[
kel
akSSO(k'aOé)SSO( 76) 6 EIh

and

(1.7) B(ag,u) <0< B(fo,u), forall ué€[a,s].

It is clear that when B(ay,-) and B([fy, ) are nonincreasing then the equation (1.7) becomes
B(ag, o) <0 < B(fo, B).

This is the case, for instance, of the periodic problem (uy = ur)

B(‘Tay):x_yT

that we will refer as (PP), or the multi-point boundary conditions (ug = Z ar u(Jx))

B(Ili',y) =T — Zak y(]k)a

with a > 0 and {j,}}7_, C J.

It is important to note that in this case the dependence of function u on the values of negative
integers is also considered.

Note that initial condition uy = ¢ is also covered. In this case we must define B(z,y) = x—cq
and, as a consequence, oy < ¢y < .
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It is clear that in the above situations the definition of a lower solution and an upper
solution has no relationship so, in fact, they are not “related”. This term has only sense when
the nonincreasing character of B(ayg, ) or B(f3, ) does not hold.

If B(a, ) and B(fp, -) are nondecreasing, then equation (1.7) can be rewritten as
B(Oéo’ﬁ) S 0 S B(ﬁmoz)'
Under this formulation, in which both functions appear simultaneously, can be treated the anti
- periodic boundary value conditions (uy = —ur)
B(SE,’y) = x+yT
It is important to note that this type of boundary conditions covers nonlinear situations as
ug = max ug, with Jy C J,
keJo
or
Uug = minuy, with J; C J,
keJy
or
wo =Y gilu), Jo C J,
keJs

for suitable choices of functions gy.

We remark that, as in the case of multipoint boundary value conditions, the dependence of
function u on the values of negative integers is considered.

This paper is organized as follows. In Section 2, we prove the existence of at least one
solution of problem (1.3) — (1.5) lying between « and 3. In Section 3, by assuming some
suitable monotonicity properties on function B, we prove the existence of extremal solutions
of the considered problem. Moreover we present a monotone iterative technique that allows
us to approximate the extremal solutions. Finally, in Section 4, we present some examples to
illustrate the obtained results.

2. EXISTENCE OF SOLUTIONS

This section is devoted to prove the existence of solutions of a nonlinear first order boundary
value problem in which functional dependence on the boundary conditions is allowed. We
generalize the results given in [5] for the implicit non delayed case and nonfunctional boundary
value conditions, in [3] for non delayed case and in [2] for periodic boundary value problems.

The obtained result is the following.

Theorem 2.1. Suppose that there exist o and 8 a pair of related lower and upper solutions of
problem (1.3) — (1.5). Assume also that B € C(RxRT™ R), f(k,-,-) is a continuous function
in (1, Ber] X [(0Q) ki1, (08)ks1] for all k € I, and ¢(k,-) is a continuous function in [a, ]
for every k € 1.

If f(k,x,-) is nondecreasing for every (k,x) € I X [agy1, Brs1] and o(k,-) is also nondecreas-
ing for every k € Iy, then problem (1.3) — (1.5) has at least one solution u € [a, [].
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Proof. Consider the following modified problem:

(2'1) Auk - f(kap(k+17u(k+1))7($u)k+1)7 ke [7
(22) U = gD(k‘,ﬂ), k€ Iy,
(2.3) ug = p(0,uyg — B(ug, u)),

where p(k,7) = max {a;, min {r, B;}} for all & € J and r € R, and 4, du: RT*" — R are
defined as u(k) = p(k,u(k)) and ¢u(k) = ¢ o u(k) for all k € J.

First we see that Problem (2.1) — (2.3) has a solution. Clearly u is a solution of (2.1) — (2.3)
if and only if u = col(u_p41, ..., U, ..., ur) is a solution of the matrix equation

(2.4) Au= F(u),

where A = (a;;) is defined by
L, 1=y,
Q5 = —1, h—l—lg’&:j—l—l,
0, otherwise,

and F'(u) is the transpose of the vector
(90<_h + 1a ﬁ')a ) 90<_17 a)>p<0a Up — B(UQ,U)), f(0>p<1a u1)> (&u)l)a ) f(T - 17p(T7 uT)v (Q;U)T)) :

Then, we rewrite (2.4) as the fixed point equation u = A™'F(u) = Hu. Obviously, H
is a continuous map from R7*" to RT+" By definition of p there exists K > 0 such that
|Hu|loo < K. Thus, Brower fixed point Theorem implies the existence of a fixed point of H
and, in consequence, the existence of a solution of problem (2.1) — (2.3).

Let u be one of such solutions. Suppose that u 2 a in J.

From the definition of p, we have that @ € [«, 5]. Now the nondecreasing character of ¢(k, )
implies that ay < up < G, for all k& € I},.

Let jo = min {j € [ such that o; > u;} > 1. Obviously «oj,_1 < u;,—1, in consequence, since
p(k,u(k)) > oy for all k € J and f is nondecreasing in the third variable, from the definition
of ¢ and ¢ we have that

Aujofl = f(]O -1 Qg » ((Eu%o) > f(]O -1, Qo 5 (¢a)jo) = AO‘jO*l'
Thus, 0 > uj, — aj, > uj—1 — oj,—1 > 0 and we attain a contradiction.
Reasoning similarly with 3, we conclude that u € [« 3].

If ug — B(ug,u) < «p, by definition of function p, we have that ug = ap, and then, since
u € [a, f], from condition (1.7), we arrive at

ap > ag — Blag, u) > ap,
which is a contradiction.

The other inequality uy — B(ug,u) < [y holds similarly.
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Thus, every solution u of (2.1) — (2.3) is a solution of (1.3) — (1.5) and it belongs to [a, §]. O

As a direct consequence of this result we can prove the following ones

Corollary 2.1. Suppose that there exist a < 3 on J satisfying the following inequalities
Ay — [k, a1, (9a)k1) <0 < ABy — f(k, Brr1, (08)k+1), k€T

and
akéckgﬂk,kE{—h—i‘l,...,O}.

If f(k,-,-) is a continuous function in [agi1, Ber1] X [(0Q) ki1, (¢B)ks1] such that f(k,x,-) is
nondecreasing for every (k,x) € I X [ag41, Br+1], then the initial value problem

Aup = f(k, upgr, (Pu)py1), k€1,
U = Cg, ke {—h+1,...,0},

has at least one solution u € [«, 3].

Corollary 2.2. Suppose that there exist o < (8 on J satisfying the following inequalities

Aay, = f(k, aper, (0)k41) <0< ABy = f(k, Beir, (08)k+1), k € 1,
ay < SO(k'aCY) < QD(IQB) < ﬁka ke Ihu
ap < ar and [y > Br.
If f(k,-,-) is a continuous function in [agi1, Bkr1] X [(0Q)k11, (¢F)ks1] such that f(k,x,-) is

nondecreasing for every (k,z) € I X [agi1, Or+1] and ¢(k,-) is a continuous function in [«, (]
such that ¢(k, ) is nondecreasing for every k € I, then the periodic problem

Au, = f(k,ugs1, (Qu)gs1), k € 1,
u, = pk,u), k€ Iy,

g = ur,

has at least one solution u € [, (].

This result gives us an alternative existence result to the one given in [2, Theorem 3.3], where
the existence of solutions is ensured whenever ¢(k,u) = ug and f satisfies the inequalities

f(k, 1, (@) ks1) + Maggr + N(¢a)ri1r < f(k, Tpgr, (02)p41) + Magpr + N(Q2)isa

< Sk, Betrs (00)k+1) + M Brsr + N(08) k1,
for some N < M such that either (N + M)T <1or NT (1+ M)'7h < 1.

Corollary 2.3. Suppose that there exist « < 8 on J satisfying the following inequalities
AOZk - f(kuak-‘rl) (¢a)k+1) < 0 < Aﬁk - f(kjaﬁk-‘rh (gbﬁ)k—i-l)a ke -[)

&7 S (p(k,Oé) S @(kaﬁ) S ﬁka ke [ha
ag < —0Br and [y > —ar.
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If f(k,-,-) is a continuous function in [agi1, Bkr1] X [(0Q)k11, (¢B)ks1] such that f(k,x,-) is
nondecreasing for every (k,z) € I X [agi1, Br+1] and ¢(k,-) is a continuous function in [«, (]
such that ¢(k,-) is nondecreasing for every k € I, then the anti — periodic problem

Auk = f(k7uk+17 (¢u)k+1)7 ke I?
U = @(k‘lvu% ke Ih>
Up = —Uur,

has at least one solution u € [«, 3].

Whenever ¢(k,ug) = up, this last result is [1, Corollary 2.1], for the non delayed case in
which f does no depend on the third variable.

3. EXTREMAL SOLUTIONS

In this section we improve the existence result given in the previous section in the particular
case of B(z,-) was a nonincreasing function for each x € [ag, §y]. To be concise, we prove that,
if such monotonicity property holds and function ¢ is defined in I x R, under the hypotheses of
Theorem 2.1, problem (1.3) — (1.5) has the maximal and the minimal solutions lying between
a and (. Here, we say that 2* is the maximal solution in [«, 5] if any other solution y € |, ]
satisfies that y < z*. The concept of minimal solution is analogous by reversing the inequality.
We refer to the maximal and minimal solutions as extremal solutions.

As we have noted before, this result is applicable to initial, periodic and multi-point boundary
value problems.

The monotonicity condition imposed in B cannot be relaxed. To see this, it is enough to
think about the following anti - periodic boundary value problem

(3.1) Aug = g(ugyr), k€I, wu,=uyg=—up, k€l T odd,
with g : R — R defined as

4—2x, if x>1
g@) =1 20, i fo| <1
—2x—4, if z<-1.

It is obvious that a = —2 and [ = 2 are a pair of related lower and upper solutions of (3.1).
So, Theorem 2.1 ensures the existence of at least one solution u € [—2,2].

Let u be a solution of the equation

AUk = g(uk-i-l)a kel
From the fact that function f(z) = = — g(x) satisfies the following conditions:

e f is strictly increasing in (—oo, —1] U [1, +00),
o f(x)=—xforall z € [-1,1],

e f is one to one in (—oo, —5/3) U (5/3, +00),

e f[-5/3,5/3] =[-1,1].
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We conclude that the equation ug = f(z), with uy € (—1,1) has exactly three solutions, but
only one belongs to (—1,1) which is equals to —ug. The other ones are z1 = (up +4)/3 > 1
and z3 = (ug —4)/3 < —1. It is not difficult to verify that the solutions that start at z; and
xo are strictly monotone.

On the other hand we have that f(z) = £1 if and only if u; = F1 and v; = F5/3 and the
solution that start at v is strictly monotone.

If ug € (1,2] then uy = (ug +4)/3 > 1 and, by recurrence we conclude that u;, > 1 for all
k € J, that is, u cannot be a solution of (3.1).

In an analogous way one can verify that if uy € [—2,—1) then the solutions are strictly
decreasing.

As a consequence the unique solutions of problem (3.1) in [—2, 2] satisfy that ug € [—1, 1].
In this case, one can verify that u, = (—1)* uy are the unique solutions of problem (3.1), so we
deduce that this problem has no extremal solutions in [«, [].

One can see sufficient conditions that ensure the uniqueness of solutions of non delayed
equations and develop iterative methods of approximate it in [1, 3]. Existence results under
different definitions of lower and upper solutions for this type of equations are given in [§].

Now, we prove the existence of extremal solutions.

Theorem 3.1. Under the hypothesis of Theorem 2.1, if B(ug,-) is a nonincreasing function
for each uy € |, Bo] and p(k,u) = @(k,uo) then problem (1.3) — (1.5) has extremal solutions
lying between o and (3.

Proof. From Theorem 2.1 we know that problem (1.3) — (1.5) has at least one solution in [« 3].

Let x1, 25 be two solutions of problem (1.3) — (1.5) in [, §] and define, for each k € J,
functions v(k) = max {z,(k), z2(k)} and 0(k) = min{z(k), z2(k)}.

In an analogous way to [5, Theorem 2.2], it is not difficult to verify that (v, 8) and («, ) are
two pairs of related lower and upper solutions of problem (1.3) — (1.5). As a consequence, by
using Theorem 2.1 again, we have that there exist u; € [y, 8] and uy € [a, §] two solutions of
this problem. So the set of solutions in [«, 5] is directed and, see [7] for details, it has extremal
solutions in [«, f]. O

Now, we are in a position to approximate the extremal solutions of problem (1.3) — (1.5), as
follows.

Theorem 3.2. Assume that the hypotheses of Theorem 3.1 are satisfied and also that there
exists a constant m > 0 such that

(H) f(kayv Z)+m ) S f(k:,:p,z)—i—m xz, ke ]a Okt S Yy S x S ﬁk-‘rh zZ e [<¢a)k+17 (Cbﬁ)k—kl]

Then there exist two monotone sequences in RTT" {~v,} and {5,} such that a = vy < 7, <
Op < 0o = B for every n € N, which converge (componentwise) to the minimal and the mazimal
solutions of (1.8) — (1.5) in [a, (], respectively.
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Proof. Let n € [, ]. Define G, (k,z,y) = f(k, k1, (610)k+1) + m(e1 — ), @y(k,x) =
(p(kvn0) and Bn(l’,y) = B(Iﬂ?)

We consider the following problem:
Auk = Gn<k§7uk+1, (¢U)k+1); k€ I,

(P’V]> U = wn(kau()))ke]ha
0 = Bn(UO,U).

We have that for each 1 € [, 8] and k € I function G, (k,-,-) is continuous and G, (k,z,-)
is nondecreasing. Furthermore

Gn(k;, i1, () kr1) — f(K, aipr, (0Q)kr1) = (B Megrs (00)ks1) + m(nesr — Qiyr) —
f(ks apyr, (@a)ki1) > f (R Mg, (0Q)ky1) + M1 — iyr) — f(k, arqr, (6a)iy1) > 0.

In consequence

A&k < Gn(k,akﬂ, (gboz)kH) kel

In the same way, we deduce that

Aﬂk 2 Gn(kaﬁkJrla <¢B)k+1) kel

Furthermore

ar < @k, a0) < ok, o) = ok, m) = wy(k, B) < @(k, Bo) < Br, k€ I,
and
B77<a0704> = B<040777) S B(Ojo,a/) S 0 S B(BOaﬁ) S 3(60777) = Bn(ﬁ()aﬁ)-

Let £ be the minimal solution of problem (1.3) — (1.5) in [a, #]. Such a solution exists by
Theorem 3.1. Clearly ¢ is a solution of (F%).

Furthermore, for all n < &, it is satisfied that
A& > Gk, &rr1, (0)ks1), K€ 1, & > (k. &), k€ I, By(&,§) > 0.

Thus, from Theorem 3.1 we have that for each ) € [, {], problem () has extremal solutions
on [a,&].

Now, we define 7; as the minimal solution in [«, 5] of problem (F,).

By recurrence, we define 7,1 as the minimal solution in [y,, ] of problem (P, ). By
construction this sequence is nondecreasing in .J, in consequence there exists v € RT*! such
that

Y(k) = lim v,(k) k€ J.

n—oo

Clearly
Ay, = f(k, Vg1, (QV)gy1) k€ J.

The continuity of B and ¢ implies that ¢ is a solution of (1.3) — (1.5).
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Now, using that ¢ € [y,,£] for all n € N, we deduce that ¢ is the minimal solution of
problem (1.3) — (1.5) in [«, 5] .

Defining d,, 41 as the maximal solution in [«, §,] of problem (Ps, ) we approximate the maximal
solution in [a, f] of problem (1.3) — (1.5). O

As we have seen in the proof, the nondecreasing assumption on function f is fundamental
to ensure the validity of the result, in fact such a condition cannot be dropped as we can see
in the following example in which function f is decreasing in the third variable and, despite it
satisfies condition (H) for all m > 0, there is no solution lying between a pair of given lower
and upper solutions.

Example 3.1. Let h = 2 be fixed. Consider problem

Auk = —2(¢U)k+1, ke {0, 1}, U_1 = Uy = Us2.
It is not difficult to verify that it has a unique solution, given by the constant function zero.
Now, defining « = {—1,—1,—1,—1} and § = {1,1,—1,0}, we have a lower and an upper

solution of this problem respectively, such that o < 8 on J and for which there is no solution

in [a, A]. O

Remark 3.1. As we have noted previously, the obtained results for problem (1.3) — (1.5) are
still valid for the periodic problem (PP). In fact, we deduce, by using Theorem 3.2, existence
and approximation results for the periodic problem (PP) under the assumption (H) and the
nondecreasing character of function f in the third variable. If we consider the periodic problem
(PP) in the case of ¢(k,uy) = ug for all k € I, analogous results are obtained in [2, Theorem
3.1] by assuming in this case condition

Sk @1, (03) 1) + Mxpir + N(9@)e1 < (5, Yrr1, (09)kr1) + MYpsr + N(OY)rr1-
for some N < M such that either (N + M)T <1 or NT (14 M)~'"" < 1, whenever x < y.

When f does not depend on the third variable, Theorem 3.2 applied to the periodic problem
(PP) with ¢(k,ug) = up for all k € I), has been proven in [6].

To finish this section, we give an existence result for the periodic problem (PP), in which
condition (H) is replaced by a stronger one, in this case without assuming the existence of a
pair of lower and upper solutions. The existence result is the following.

Theorem 3.3. Assume that p(k,-) is a continuous function in R for all k € I}, that is nonde-
creasing. Assume also that f(k,-,-) is a continuous function in R x R for all k € I and that
there exists M > 0 such that f(k,&, )+ M £ is nonincreasing in &, nondecreasing in 7 and that

iggf(k’,o,m) > —o00 and sup f(k,0,2) < oo, forallk € I.

x>0
Then the periodic boundary value problem (with p(k,u) = @(k,ug)) has at least one solution.
Proof. Choose L > 0 such that L > sup{f(k,0,z): ke I, x > 0}.

Let u be a solution of

Aug+ Mugy =L, ke l, w,=@(ku), k€I, wuy=ur.
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By using the fact that the Green’s function related with operator Auy + Muy1 on the space
{u:{0,...,T} — R;up = ur} exists and is nonnegative (see [6]), this problem has a unique
solution 3 that is nonnegative on {0,...,T}.

From the fact that f(k, &, 7) + M& is nonincreasing in £, we have

ABy+ MBryr = L > f(k,0,(08)ks1) = f(k; Bry1, (98)ks1) + MBrya, k € 1.

In consequence (3 is an upper solution of (PP).

To find the lower solution, we consider the following unique solution « (which is nonpositive
on {0,...,T}) of the periodic boundary value problem,

Aup + Mugy =R, ke l, w,=p(ku), k€I, ug=ur.

Where R < 0 is such that R < inf{f(k,0,z) : k € I, z < 0}.
As in the previous case, we verify that « is a lower solution of (PP).

Hence ay <0 < Gy for k in I and fy = ¢(k, fo) > ¢(k, ) = oy on Ij,. So, by Theorem 2.1,
we deduce the existence of at least one solution in [«, 3]. 0

4. EXAMPLES

Example 4.1. Let J; = {0,1} C I = {0,1,2}, m, n, [ € N odds and ¢, < 0 for all k € I.
Consider the following problem
(=D

Ay, = ZC o+ (Gw)e) V™, ke,

Up = Ug + Pr, k € I, up = (min{ul })™.
keJy

One can easily verify that & = {¢_p11,...,9-1,0,1,—1,0} and 5 = {¢_pi1,...,9-1,0,2,3,4}
are lower and upper solutions of the given problem, respectively. Theorem 2.1 guarantees that
there exists at least one solution of the problem between a and 3. O

For the next example, let f be a real valued continuous and nondecreasing function such
that f(0) = 0.

Example 4.2. Let m € Nodd, n € N, [ € {1,---, T}, h = 1 and C > 2. Consider the
following problem

Aup =1+ f(<(¢u)k+1)m - UZJrl)’ kel,
up = u/C.

For any given real number a such that a > 21/(C — 2), we see that a = {0,0,...,0} is a lower
solution and 3 = {a,2a,2(a + 1),...,2(a + T)} is an upper solution of the given two — point
boundary value problem. Then from Theorem 2.1 we can ensure the existence of at least one
solution of the problem between o and (. Il
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As we have seen in section 3, the monotonicity assumptions in third variable of function f
are sufficient conditions that cannot be avoided in general. However, in the following example
we present a problem in which it is exposed that such hypotheses are not necessary.

Example 4.3. Let n € N be odd, n > 3, ¢ € R such that ¢, < 0. Consider the following
problem

Aup = upp1 — ((Pu)r1)"s k€,
U = Ug+ Pk, ke Ih;
Ug = ur.

If we choose @« = {—2+ p_py1,...,—2+ ¢_1,—1,...,—1} and 8 = {2,2,...,2} are a pair of
related lower and upper solutions for the problem, and it is easy to verify that f does not
satisfy the hypothesis of Theorem 2.1, however u = {¢_p41,...,9-1,0,...,0} is a solution for
that problem lying between o and (3. U

Note that the previous example give us a solvable problem for which the conditions of
Theorem 3.3 do not hold. So the conditions imposed in such a result are not necessary.

Due to the Theorem 2.1, we have existence of solution of problem (1.3) — (1.5) if there exists
a pair of related lower and upper solutions for that problem. And it is not always easy to find
them. In next example, we want to point out that the given additional sufficient conditions on
f guarantee that the corresponding solutions of the explicit equations serve as upper and lower
solutions.

Example 4.4. Consider the problem

(4.1) Aup = f(k,ugsr, ((Pu)g1), k€,
(4.2) u, = u=0 kel

Suppose that f satisfies the following inequalities

(4.3) fk,zy) < (x+y)/2+A Vo,y>0,
(4.4) flk,zyy) > —(x+y)/2—B Vz,y <0,

for some A, B > 0.

Consider now the following problem:
Ay, = (’LL].H_l + (¢u)k+1)/2 + A, ke [,
u, = uyg=0, kel

It is easy to verify that the unique solution of this problem is strictly increasing. In consequence
it is strictly positive on {0,...,T}. So, the inequality (4.3) implies that such a solution is an
upper solution of problem (4.1) — (4.2).

By using the inequality (4.4), we have that the unique solution of problem
Aup = —(upy1 + (Qu)p1)/2— B, ke,
U = U= 07 ke Ih?

gives us a lower solution. Moreover it is strictly decreasing and negative on {0,...,T}.
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As a consequence, we have constructed a pair of lower and upper solutions of problem (4.1)
— (4.2), that are well ordered in J. The existence of solution of the problem (4.1) — (4.2) follows
from Theorem 2.1.
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