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Abstract We present a new hybrid semi-implicit finite volume / finite element
numerical scheme for the solution of incompressible and weakly compressible me-
dia. From the continuum mechanics model proposed by Godunov, Peshkov and
Romenski (GPR), we derive the incompressible GPR formulation as well as a
weakly compressible GPR system. As for the original GPR model, the new for-
mulations are able to describe different media, from elastoplastic solids to viscous
fluids, depending on the values set for the model’s relaxation parameters. Then,
we propose a new numerical method for the solution of both models based on the
splitting of the original systems into three subsystems: one containing the convec-
tive part and non-conservative products, a second subsystem for the source terms
of the distortion tensor and thermal impulse equations and, finally, a pressure
subsystem. In the first stage of the algorithm, the transport subsystem is solved
by employing an explicit finite volume method, while the source terms are solved
implicitly. Next, the pressure subsystem is implicitly discretised using continuous
finite elements. This methodology employs unstructured grids, with the pressure
defined in the primal grid and the rest of the variables computed in the dual grid.
To evaluate the performance of the proposed scheme, a numerical convergence
analysis is carried out, which confirms the second order of accuracy in space. A
wide range of benchmarks is reproduced for the incompressible and weakly com-
pressible cases, considering both solid and fluid media. These results demonstrate
the good behaviour and robustness of the proposed scheme in a variety of scenarios
and conditions.
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2 Saray Busto, Laura Rio-Martin

1 Introduction

Incompressible and weakly compressible flows appear in numerous industrial and
biological applications, ranging from fluid dynamics in hydraulic systems to the
study of airflow in aeronautical engineering. The study of such flows is crucial
because of their prevalence in situations where the flow velocity is low compared
to the speed of sound, making compressibility effects small but generally not neg-
ligible. To accurately model these flows, a classical approach is the use of Navier-
Stokes equations, whose numerical solution has been extensively studied. A re-
cently developed alternative is the use of the Godunov-Peshkov-Romenski (GPR)
model for continuum mechanics, which offers a unified formulation for modelling
different media, from solids with large deformations to compressible viscous flu-
ids. The use of this model allows for capturing complex phenomena of continuum
mechanics, providing greater versatility in the simulations than former classical
approaches.

The main objective of this work is to present a novel methodology for ad-
dressing problems in the weakly compressible regime by solving incompressible
and weakly compressible formulations of the GPR first-order hyperbolic model of
continuum mechanics [39,66,74]. The compressible GPR model, which employs a
single system of hyperbolic equations, describes both solids and fluids in a unified
manner by an appropriate choice of the model relaxation parameters. This model
originates from the elastoplastic deformation model of Godunov and Romenski
[49], and was first introduced in [66]. Meanwhile, the heat equation is derived
from the model proposed by Malyshev and Romenski in [57] and implemented in
[73,72].

Since its introduction, the compressible GPR model has been successfully ap-
plied to model a variety of problems, including non-Newtonian and viscous flows,
and elastic, elastoplastic and porous solids [39,15,65,41,53,64,70,71]. In addition,
it has been extended to include the effects of electrodynamics [40], surface tension
[31] or general relativity [69], as well as to model nonlinear dispersive systems [35]
and to include solids or viscous fluids in multiphase systems [44]. Different types
of schemes have been successfully developed to solve these equations as explicit
finite volume (FV) methods [36], semi-implicit second order finite volume schemes
[14,65], high order IMEX methods [52,10], high order ADER-FV and ADER-DG
approaches [39,15,40,18], or smooth particle methods (SPH) [54].

It is noteworthy to remark that the GPR model presents a wide set of proper-
ties at the continuous level that should be conveyed to the discrete level. Firstly,
the model falls within the framework of Symmetric Hyperbolic Thermodynami-
cally Compatible (SHTC) systems so that thermodynamically compatibility at the
discrete level may also be pursued, as done in the modern family of HTC-FV and
HTC-DG schemes [22,19,2,21]. Moreover, the model presents natural involution
constraints on the curl-free property of the distortion and thermal impulse fields
that have been addressed, e.g., in [14]. We furthermore highlight the asymptotic
preserving property of the model in the fluid relaxation limit, i.e., as the corre-
sponding relaxation times go to zero, the Navier-Stokes-Fourier limit is obtained,
[39]. To the best of the authors knowledge, simultaneous preservation of all these
properties at the discrete level has not been achieved yet, and the effort is first
placed on developing efficient schemes preserving at least some of these properties.
In particular, the methodology proposed in this paper falls in the family of asymp-
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Semi-implicit hybrid FV/FE method for the GPR model 3

totic preserving schemes in the fluid limit of the model. Furthermore, analogously
to the asymptotic preserving properties of the Navier-Stokes equations in the in-
compressible limit, considering the low Mach limit, we recover an incompressible
formulation of the GPR model.

Let us note that addressing low Mach number flows using the Navier-Stokes
equations is a wide field of research where two main approaches have been initially
followed: the development of explicit density-based and pressure-based solvers. The
first family was first proposed in the framework of high Mach number flows and
has as its main shortcoming the highly restrictive time step condition related to
the pressure wave velocity in the low Mach number limit. Moreover, unless prop-
erly corrected, those schemes may present excessive numerical diffusivity due to an
incorrect scaling with respect to the Mach number, [51,33,55]. On the other hand,
the second family has been initially designed in the context of incompressible flows
and is usually based on a non-conservative formulation of the equations, leading to
important errors in the presence of strong discontinuities, [30,58]. Aiming at prof-
iting from the main advantages of both families, the first semi-implicit pressure-
based solvers were proposed in [61,85]. Since then, they have been successfully
extended to different families of numerical methods including, e.g., finite volume
approaches (FV), [32,38,7,12,80,16], discontinuous Galerkin schemes (DG), [79,
28,17,76], or hybrid finite volume/finite element methods (hybrid FV/FE), [6,25,
4,26] and hybrid finite volume/virtual element schemes (hybrid FV/VEM), [11,
8].

The same advantages and drawbacks arising in the discretisation of low Mach
number flows when using the Navier-Stokes equations could also be expected for
discretising the weakly compressible GPR model. Therefore, accounting for the
promising results obtained in the framework of the Navier-Stokes equations and
also in previous semi-implicit schemes for continuum mechanics models, [1,14], we
focus on the development of a semi-implicit scheme for the incompressible and
weakly compressible GPR models. In particular, the methodology presented in
this paper follows the seminal ideas in [6] and is based on a semi-implicit hybrid
scheme that combines finite volume and finite element methods, taking advan-
tage of the benefits of both numerical approaches. This family of semi-implicit
hybrid FV/FE schemes has been developed in the last decade aiming at solving
the Navier-Stokes equations, both for incompressible and all Mach number flows
as well as the shallow water and the MHD equations, on fixed and moving stag-
gered unstructured grids in two and three spatial dimensions [25,26,67,20,24,43,
87,56]. The procedure behind this methodology consists of splitting the system
into two parts, which decouples the pressure field from the convective system.
This division of the original system into subsystems is performed following the
Toro-Véazquez splitting technique [83]. Then, a second-order explicit finite volume
discretisation is used for the convective terms, while a second-order continuous
Lagrangian finite element scheme is employed to solve the pressure subsystem.
Moreover, within this methodology, unstructured staggered grids are considered,
similar to that described in [78,79,28]. Since we focus on the weakly compressible
regime, the semi-implicit approach further improves the stability properties and
the efficiency of the scheme with respect to classical fully explicit approaches.

This paper is organised as follows. Section 2 presents a brief review of the
original GPR model, followed by the novel derivation of the related incompress-
ible and weakly compressible GPR, formulations. Section 3 details the proposed
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4 Saray Busto, Laura Rio-Martin

numerical discretisation for both systems. In particular, the splitting performed
to get the transport and the Poisson-type pressure subsystem is described. Then,
the algorithms used to solve both subsystems are detailed, as well as the inter-
polation approach performed between the dual and the primal grids. Numerical
validation of the proposed methodology is presented in Section 4 for two and three
dimensions. The wide set of benchmarks studied includes both incompressible and
weakly compressible cases, considering both solid and fluid media. The paper closes
with some remarks and an outlook for future work in Section 5.

2 Governing equations

Before introducing the incompressible and the weakly compressible GPR models,
we start recalling the original compressible Godunov-Peshkov-Romenski model for
continuum mechanics [39,66,41], which reads

%p + % (puk) =0, (1a)
% (pui) + aixk (puiug) + Biacip + aixk (oik + wik) = pgi, (1b)
Ry a%k (tm Aim) + ug <%Aik - %AU) - —ﬁmw (1c)
%Jk + 8%& (Jmtm) + %T+ u; (%Jk — %«G) = —@Em (1d)
% (pS)—l—% (pSuk)—i-% (0Es) =1 <ﬁEAMEAM+ﬁTZ)EJkEJk)20,

(le)

0 0 0 0 0 0
% (”E)JraT;k (PEUk)‘*‘aTjk (puk)+67wk (Uiaik)‘*‘aixk (inik)+87xk% = pYili.
(1f)

In this paper, we apply the Einstein summation notation for repeated indexes.
Moreover, we denote p the density, u = (u1,u2,us3) the velocity vector and its
components, p the pressure, A = (A;x) the distortion field, given by a 3 x 3
tensor, J = (J1,J2, J3) the thermal impulse vector, S the entropy, E the total
energy, to be further described later, and g = (g1, g2,93) the gravity vector. The
non-isotropic part of the stress tensor, containing the shear and thermal stresses,
is given by:

ik = Aji 0a,(pE) = pciGisGin,  wik = Ji 05 (pE) = pcnJidy,  (2)

where ¢? and ¢7 are the characteristic velocities for the propagation of shear and
thermal perturbations while G, denotes the trace-free part of the metric tensor
Gik = AjiAjk,

° 1

Gik = Gig — gGmm(sik'

The heat flux is
Gk = Ops (pE) 0, (pE) = pci, T Jy, 3)
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Semi-implicit hybrid FV/FE method for the GPR model 5

and T corresponds to the temperature

T = 0,5 (pF).
Furthermore, the shear and thermal stress relaxation functions read
1 _5 Ti
01(m1) = gponcg |A[7E, b2 (r2) = pOTOTzci, (4)

with 71 and 7 the corresponding relaxation times. The total energy E can be
divided into four terms as

E(p,u,A,J,S)=FE1(u)+ E2(A)+ E3(J)+ Ea(p,S), (5)

while in case the thermal impulse contributions are neglected, the term E3 is no
longer considered. The first contribution to the energy, Ei, corresponds to the
specific kinetic energy per unit mass,

Bi(w) = uf*. (©)

The second and third terms provide the contribution of the mesoscopic, non-
equilibrium, part of the total energy related to the material deformations and
the thermal impulse,

1 os = 1
Eo (A) = ZCEGUGU’ Es3 (J) = 50%“]“]1 (7)

The last term in (5) is the internal energy, related to the kinetic energy of the
molecular motion, that we assume given by the ideal gas equation of state

5= 2.
E = o
1 (p,5) CEEVRR
which is equivalent to consider
p
Ey(p,p) = ——— (8)
’ p(y—1)
with v = z—” the specific heat ratio at constant pressure, c¢,, and at constant

volume, ¢, .

2.1 Incompressible GPR model

To get the simplified GPR model in the incompressible limit, we proceed as for
the incompressible Navier-Stokes equations. Accordingly, we suppose the fluid to
be incompressible, homogeneous and non heat-conducting, obtaining the following
system of conservation laws:

0
drn (pur) =0, (9a)
0 0 0 0
7t (pus) + 87% (pusur) + aT;Z-p + T%Uik = pYi, (9b)
0 0 0 0 1
&Aik + e (UmAim) + uj (aTink - aTjkAij> = —WEAW (9c)

where we have furthermore assumed a constant density.
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6 Saray Busto, Laura Rio-Martin

2.2 Weakly compressible GPR model

On the other hand, a pressure-based reformulation of the entropy equation provides
a PDE system able to solve a weakly compressible medium. Since the pressure can
be written as a function of the density and entropy,

s
p=plew,
Ap d
v = — and denoting u the material derivative, we have
p
Jp _dp Opdp  OpdS 2 4. ds
ap At el It i SN | T(y—1)—. 10
8t+ NP= T apa Tasa — e dvat T r=1 5 (10)

On the other hand, from (le) and (1a), we get

s o P 10 1
a o T e 0T T a pE"k‘Hf(o

1
Fa Ea,+——FE; F .
o p Oy ) Aglia+ 05 (7_2) Ik le,)

b
1 (71
Substitution in (10) yields

8]9 0 0 2 0 2 0
ot +Ulc67p+ 7 (puk) — ¢ UkaTCkP‘f‘Ch (v— 1)T67:zk (pJk)

14 14
= — 1) | ——Fas F ——F; F .
(’7 ) (91 (7_1) A ia,, + 05 (7_2) Jk ch)

Or, equivalently,

Op
E—i—u Vp+c®V-(pu) —u-Vo+ci (y—1)T V- (pd)

=(v—1) <%EA'EA+0 (p )EJ EJ)

Therefore, the weakly compressible GPR model, where the entropy equation
has been replaced by a non-conservative pressure equation, reads:

§p+ aa (pur) =0, (11a)
gt (pui) + 8k (puiug) + aixip + % (oik + wik) = pgi, (11b)
gtAZk + 88 (umAim) + u; 88 A — W%Aij = —ﬁEAik, (11c)
%Jk 4 88 (i) + 5 9 o T+ (%Jk - %JJ) = (IT )EJk, (11d)
%+ kaizﬁ Fr (pur)— CQukaiP+CZ (O 1)Ti (pJk)

_G=Dp ( Dp
= Ey, Ea, E; FE 11le
- 01 () +9(7’) wBa (11e)
Let us remark that, due to thermodynamical compatibility, the non-conservative
pressure equation could also be obtained using the total energy conservation equa-
tion instead of the entropy equation, as shown in Appendix A.
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155 3 Numerical discretisation

156 The discretisation of the former GPR systems will be performed in the framework
157 of the hybrid finite volume/finite element approach introduced in [6,25,4,26,67,
158 23] for incompressible, weakly compressible, and all Mach number flows and the
150 shallow water equations. In particular, we are interested in the low Mach num-
10 ber limit, so we first address the incompressible GPR model (9), and we then
11 also propose a hybrid FV/FE approach for the discretisation of a pressure-based
12 formulation of (11) able to address weakly compressible flows.

163 3.1 Semi-discretisation in time of the incompressible GPR model

¢ A semi-discretisation in time of the system (9) yields

0 n
2 (o) o
1 n+1 n 0 n_n 0 n+1 9 n n
il ntl T = . = = o = - 12
A (puz puz) t 9 (pui ug) + o, ? T o Tk =P (12b)
1 0 0 0 1
L An+l n s n A'(L n Y 4n An _ 7En+1.
At ( ’Lk)—’_axk (’le zm)+ug am] ik uJ 6 z] 9?+1 (7_1) Aik

(12¢)

15 Following classical projection methods, [62,50,25], we split the momentum equa-
166 tion into two parts and gather the equations into a transport and a pressure
167 subsystem:

Transport subsystem

* n 8 a n n
pui = pu; —At (aTck (pu L gi) ) (13a)
0 0 0 1
n+1 n n n+1
A Azk—At <87 (UmAlm) + ’LLJ a 'LLJ a A W()EA“C > .
(13b)
Pressure subsystem
0 1
O (PUZ+ ) =0, (14a)
pui T = pui — At aa sp"tt, apt T =p T —p (14b)
168 Taking into account the nature of these systems, we will employ an explicit

10 finite volume approach for the spatial discretisation of (13) while (14a)-(14b) will
1o be solved implicitly using continuous finite elements.
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8 Saray Busto, Laura Rio-Martin

3.2 Semi-discretisation in time of the weakly compressible GPR model

Similarly, for the weakly compressible GPR model (11), we apply a splitting pro-
cedure following [83] and, introducing the semi-discretisation in time, we get

L n+l  n i n+l) _

ar (P =et) + D (pu*t) =0, (152)

1 5} 0 0 n

= (pui — pui’) +5 - (puz ug) + B, ik T gy Wik = P91, (15b)

]- n+1 * a n4+1 _

A (pu pul> + 8xip =0, (15¢)

1 n+1 a n n n (9 n n 8 n o __ 1 n+1

At( ) P (um Aim )+ Ox; it Oz Ay = 9?+1 (Tl)EAik’
(15d)

19} 19} 0 19} 1
n+1_ n v n _n Y gmn ni Y gyn_ Y gn)_ n—+1

(v T )+ G i) + o T4 (axj T 8xkjj) 05 ()
(15e)

1 n n 0 n 2 n 0 n Ny __ op n+1

A; P =) Fukg pt o (y = D)T 5 - (0" k) = S (Q ) (15f)

1 2 n 0 n __

AP T € UK (%ck/? =0, (15g)

RS Rpe 2 0 nt+1) _

X (p p) . (puk ) = 0. (15h)

with o

D n+1\ _ n (’Y ) n+1lrpn+1 Pn ( 1) n+1 n+1
Q) = Gy AR PR gy B

and Q = (p,u, A,J,p). As for the incompressible GPR model, gathering (15c¢)
and (15h), we get a pressure system of the form

1/ n 0 n
2 (=) g () =0, (162)
B
n+1l _ * n+1
pu; = pu; — At pr A (16b)

corresponding to a Poisson-type problem and a set of transport equations con-
taining the conservative fluxes and non-conservative products, (15a)-(15b), (15d)-
(15g).

3.2.1 Asymptotic preserving property in the incompressible limit

The GPR model is endowed with two types of asymptotic limits. On the one
hand, the fluid and solid limits of the model can be retrieved adequately setting the
relaxation times 71 and 72, a behaviour that is inherited by the weakly compressible
and the incompressible GPR models. On the other hand, for a homogeneous non-
heat-conducting incompressible medium, we get the incompressible GPR model.
This limit corresponds to the low Mach number limit of the compressible Navier-
Stokes equations when considering the fluid limit of the GPR model. Further, the
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GPR model extends this concept to the solid mechanics framework. Therefore, it
is important to construct numerical schemes compatible with this AP property
also at the discrete level. The proposed splitting approach in time verifies the AP
property in the incompressible limit by construction. Taking the incompressible
limit yields to ¢ — oo so only the terms of order ¢? are retained in the limit case
for equations (15f)-(15h). Next, assuming the medium to be homogeneous, leads

to 5
Pn (puZ'H) =0

which, together with (15¢) form the elliptic pressure problem obtained for the
incompressible model formulated in terms of p"t'. As expected, this system co-
incides with the classical pressure subsystem for pressure-based discretizations of
the Navier-Stokes equations, [25,27]. Finally, since we assume the medium to be
homogeneous and non-heat-conducting, equations (15a) and (15e) and the terms
depending on w;i can be neglected yielding also to the transport system of the
incompressible GPR model. Nonetheless, the spatial discretization employed for
the incompressible GPR model does not exactly verify the divergence free condi-
tion for the velocity field. This shortcoming is inherited by the weakly GPR model
which, in the incompressible limit, does not provide a divergence free solution up
to machine precision but it yields errors that decrease at the order of the numerical
method.

3.3 Overall algorithm

Attending to the nature of the different equations involved in (13)-(14) and (15),
the proposed hybrid FV/FE methodology is divided into the following stages:

— Transport stage. The equations containing the convective and non-conservative
terms, i.e., system (13) for the incompressible GPR model and equations (15a),
(15b), (15d), (15e), and (15f) for the weakly compressible GPR model, are dis-
cretised explicitly using a finite volume scheme. Let us note that both systems
can be recast in the general form

2Q+V-F(Q)+B(Q) -VQ=5(Q), (17)

with Q the vector of conservative variables, F (Q) the flux term, B(Q) -V Q
the non-conservative products, and S (Q) the source terms.

— Interpolation stage. This stage is only necessary for the weakly GPR model
where the contribution of the non-conservative product on the density deriva-
tive appearing in the pressure equation (15g), is approximated by making use of
an explicit finite volume approach. Moreover, the pressure intermediate value
Dp obtained in the dual cells during the convective stage is interpolated to the
primal grid.

— Pressure stage. The pressure subsystems (14) or (16) are solved using contin-
uous finite elements.

— Correction stage. In the case of incompressible flows, the use of the pressure
gradient at the previous time step is not sufficient to ensure the divergence-free
condition of the velocity field, so we must correct pu* with the gradient of the
pressure variation V ép”T1. On the other hand, for the weakly compressible
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10 Saray Busto, Laura Rio-Martin

GPR model, the pressure gradient has been completely neglected in the con-
vective stage, so we need to incorporate its contribution once the new pressure
is available, V p"*!. Therefore, the intermediate momentum pu* is corrected
using (14b) and (16b) for the incompressible and the weakly compressible GPR
models, respectively.

In what follows, we introduce the spatial discretisation and provide a detailed
description of each algorithm stage.

3.4 Spatial discretisation. Unstructured staggered grids

To discretise the computational domain we employ the so-called face-based or
diamond-shaped staggered grids, [5,86,6,78]. We denote ¥ = {Tw, k =1,..., M}
the tessellation corresponding to the primal grid composed of M triangular ele-
ments T,,. Then, each triangle T} is divided into three subtriangles having as base
one of the boundary edges of T, and the opposite vertex the barycentre of Ty,
denoted by x,. Merging the two subtriangles related to a boundary edge, we get
an interior dual cell Cj. Meanwhile, for the element edges located at a boundary
of the domain, the related dual element is simply taken to be the corresponding
subtriangle inside the domain. A sketch of the dual mesh construction in 2D is
depicted in Figure 1. For a detailed description of the unstructured faced-based
staggered grids in 3D, we may refer to [4].

Fig. 1 Sketch of the face-based unstructured grids in 2D. Left: Ty, T;, Ty are the triangles
of the primal grid and Vj, j = 1,...,5 are their vertices. Right: Interior (grey elements) and
boundary (white elements) elements of the dual mesh. The boundary between the two interior
dual cells C; and Cj, I';, is highlighted in red.

The use of this kind of staggered grids is two-folded motivated. On the one
hand, having a primal grid made of triangles/tetrahedra eases the tessellation of
complex domains if compared with Cartesian grids made of quadrilaterals/hexahe-
dra. On the other hand, the combination of two staggered grids, the primal one
used within the pressure system discretisation and the dual one employed during
the transport stage, avoids stability issues as the well-known checkerboard phe-
nomenon that often appears when collocated grids are employed, [84]. Further, the
use of this grid arrangement becomes useful for the design of a second order finite
volume scheme with a very small stencil, as has already been shown in [25,4].
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To complete the description of the spatial domain discretisation in 2D, we still
need to introduce some notation to be employed in the description of the algorithm
stages. Given a dual cell Ci, we denote |C}| its area and Ii = 9C; its boundary.
Taking into account the shape of the dual interior elements, I'} can be decomposed
into four straight edges labelled as I3j, with C; and Cj the two dual cells sharing
that edge. Similarly, for a boundary cell, we have three edges, two of them of the
interior type Ii; and a boundary edge Iir. Moreover, nij represents the unitary
external normal of I3j, and n;; the length-weighted normal, i.e., n; = ny [[3j| =
njj ||n;|| with [I3;] the length of edge It;. Finally, Vier, [ € {1,...,3}, refer to the
three vertex of a primal element T, and n, denotes its outward-pointing unit
normal.

For the numerical results presented in Section 4, the primal simplex grids
have been created using an external meshing software and then imported into
the code using the mesh conversion tool FEconv, [63]. In case of 3D rectangu-
lar domains, regular unstructured meshes are generated within the code, using a
standard methodology based on split Cartesian meshes, as detailed in [67].

3.5 Transport stage. Finite volume method in the dual grid

System (17) is discretised by employing an explicit finite volume method. Accord-
ingly, we integrate (17) on each control volume C; and apply the Gauss theorem
to transform the integral of the flux term into the integral of the normal flux along
the cell boundary, yielding to

«_qr_ At L. " .Y QrdV —
Q- Q- (Jf(@) nlds+C/B<Q> vQav C/S(Q)dv . (8)

with Q* = (p"“,pu*,A"“)T for the incompressible GPR model and Q* =
(p"“,pu*,A”“,J”“,ﬁp)T for the weakly compressible GPR model. In what
follows, to describe the FV scheme, we focus on the weakly compressible GPR
case since the incompressible one can be seen just as a subcase of it.

3.5.1 Explicit treatment of the convective terms

The integral of the flux term is decomposed onto the sum of the contributions of
the normal flux along each cell boundary as

/f(Q”)-nids = 3 IR FYT (@ Qny) (19)
I

N; ek,

with K; the set of neighbours of C; and F NF o numerical flux function. In partic-
ular, we employ the Rusanov numerical flux, [75],

- n =n 1 -—n -_n n SN _n
FUQLQ ) =5 (F Q)+ F(Q)) —0f (@7 -Q),  (20)
with the maximum signal speed on the edge

S—n —n 3—n
S W ‘£, |00y £ e, 55 ‘ny £ ¢

o :max{|ﬁl"-nij + csl,
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4 1
¢ = gcg + 1 lui|?, (21)
for the incompressible GPR model and
aff = max {[U; - ny; £ ¢, | -y £ ¢}, ¢ = §c§+7fnh2‘ . (22)
(1) co

for the weakly compressible GPR model. Besides, if we sought a first order scheme,
Q1 and Q] are simply taken as the values of Q at the two dual cells related to
the dual edge, Q; := Qi, Q- = Qj. On the other hand, to attain second order,
Q, and QJ must correspond to the half in time evolved boundary extrapolated
values. More precisely, we consider the local ADER approach proposed in [25] and
perform the following steps:

1. Piece-wise polynomial reconstruction. Given a variable @), we build the left and
right reconstruction polynomials related to edge I3; as

Pi(x)=Qi+(x-x)VQ, Pi®=Q+x-x)VQi (23

The slopes V Qﬁ and V Q{;"’ are computed using an ENO interpolation method
so that the final scheme is nonlinear and, therefore, circumvents Godunov’s
theorem. Accordingly, denoting Tj; the primal element containing the face I
and T-liL and Tilf' the two neighbour primal elements containing one halve of the
dual cells Cj and Cj, the slopes are computed as

v o if |V L (x5 —xi)| < |V - (xi5 — xi1)]

VQ% _ Q|Tli 1 ‘ Q\Tii (xij — xi) ’ Qr,; - (x4 X)} (24)
VQr, otherwise;

voit={ Vemyi ‘VQ\T:?‘(XU = xi)| < [V Qr, - (xi —Xf)|7 (25)
VQr, otherwise.

The gradients V Q1,,, VQ‘TL and VQ'TR are computed in the primal cells
using Crouzeix-Raviart finite élements which have as nodes the barycentres of
the faces that are identified with the nodes of the dual cells.

2. Computation of boundary extrapolated data. The polynomials are evaluated
in the barycentre of the dual edge, xij, obtaining the boundary extrapolated
values QF and QjR.

3. Half in time evolution. A midpoint rule, combined with the Cauchy-Kovalevska-
ya procedure to transform the time derivatives into spatial derivatives using the
governing equations, provides the approximation of the conservative variables
at time t" + %At . Further details on this methodology and the original ADER
approach can be found, e.g. in [26,81,82]. Moreover, for recent advances in
ADER methods, including the ADER-DG approach which avoids the Cauchy-
Kovalevskaya procedure by introducing a local space-time predictor, we refer
to [37,18].

In the numerical results, Section 4, as an alternative to the ENO-based reconstruc-
tion introduced above, we also consider the use of the min-mod limiter of Roe,
[68], and the Barth and Jespersen limiter, [3].
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3.5.2 Pressure gradient in the incompressible GPR model

Let us note that the incompressible GPR model equation (12b) includes a term
on the pressure gradient at the previous time step. Contrary to what is done in
most Godunov-type methods, where this kind of term is included within the flux,
[39,22], we compute it as if it was a source term since it does not depend on the
pressure at the new time step and thus it does not need to be included in the
convective terms nor in the CFL time step restriction of the explicit subsystem.
Therefore, to approximate its contribution, we interpolate the pressure at the
previous time step, which has been computed in the primal vertex, into the dual
edges, pi;, by simply taking the average between the two vertexes of each edge.
In case one of the vertex corresponds to the barycentre of the primal element, its
value is first obtained by averaging the pressure at the three vertex of the primal
element. Finally, we compute

/Vpn dv = Z DM (26)
Ci

N; e

3.5.83 Path conservative discretisation of the non-conservative products

The non-conservative products, B(Q) -V Q, are discretised employing a path con-
servative scheme based on the straight line segment path, [59,29,46]. Accordingly,
we approximate

/B(Q")~VQ"dV:/D(§") ‘n;dS + / B(Q")-vQ'dv. (27)
I'i

C, Ci\ I

In Equation (27), the first term considers the jumps of the discrete solution
across the cell boundaries for which we employ the boundary extrapolated values
related to the face:

[p@) mas=5 ¥ B@)on, (@ -Q).  Q-Q+Q. (29
I'i

N;eK;

Meanwhile, the second term in Equation (27) corresponds to the smooth con-
tribution of the non-conservative product within the cell, which must be taken
into account to get high-order accurate schemes. To compute it, we again employ
the dual grid structure and approximate the needed gradients using a Galerkin
approach in the primal grid. Then, the gradient for the non-conservative product
contribution is computed as a weighted average of the contribution from the two
primal subtriangles composing it, i.e.,

|Ci1|
|Ci

|Ci2|
|Ci

[ B@)-vaav-ics@) (

Ci\I}

Va4 véz) (20)

with i1 and iz the two halves of cell Ci, C; = Cy, U Cy,, Gy C Ty, Ciy, C Tiy,
Ti,, T, €Y,and V Q, , V Q,, the gradients of Q computed in 7}, and T;,, respec-
tively.

29
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3.5.4 Source term in the momentum equations

The source term of the momentum equations is integrated on each dual cell em-
ploying the density at the previous time step as

/ P"gdV = |Ci|pe. (30)
Ci

3.5.5 Implicit discretisation of the algebraic source terms for the distortion and
heat conduction fields

The algebraic source terms related to the relaxation times may become very stiff
in the fluid limit of the equations. Consequently, the needed time step to treat
them explicitly may become very restrictive. To avoid this issue, an implicit dis-
cretisation of those algebraic source terms can be performed, [10]. We assume that
convective and non-conservative terms in (15) have already been computed. Then,
we get the following system for the algebraic source terms:

i n+l * _ 7# n+1
At (Aik Azk) - 9;1+1 (Tl)EAik ) (31a)
]- n+1 * 1 n+1
At (Jk J’“) 05 (r2) Tk (31b)
with
A = Ajly — T (um Ajm) — uj oz, Ajl +uj Er Aij, (32)
0 0 0 0
Je=Jp — — (Joup) — —T" —u? | =—Ji + —J" 33
k k O ( mum) o U (8.TJ L+ oz, J ) ) ( )

that have already been computed explicitly using the explicit finite volume scheme.
We note that system (31) can also be seen as a second splitting of the original
model (11) with corresponding continuous source term subsystem

1
atAik; = —WEA“C, (34&)
1

Denoting Y = (A, 1T = (A1,..., A9, J1,...,J3)T the vector of unknowns,
the system (34) can be recast into an ordinary differential equation system of the
form

Y'(t) = g(t, Y (1)), (35)

that can be solved using classical Runge-Kutta methods as the implicit Euler
scheme or the DIRK scheme of Pareschi and Russo, [60]. This methodology requires
the computation of the root of G(Y(t)) = Y'(¢) — g(¢, Y (¢)) which is performed
using an inexact Newton algorithm, [34].
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Focusing on the weakly compressible GPR system, once the distortion and
thermal impulse fields are obtained at the new time step, they are used to approx-
imate the source term contribution of the pressure equation (15f) at each cell Cj
as

n+1 n—+1
[ o 1 P =) ntign
g By B+~ E] Tk dVv =
/ [ o7t () A 03 (12)
2 1 +1Tn
el 3POCs( )1 (An-i-lG;rH-l) (An+1Gn+1)+ (’V ) L T
ntl ‘An+ ’7 szoTo

TP}
(36)

3.6 Interpolation stage

In the weakly compressible GPR model, the pressure is computed in two steps.
First, an intermediate value gathering the contributions of the convective terms
and non-conservative products is obtained from solving (15f) and (15g). The ob-
tained value is then employed within the system (16) to calculate the pressure at
the new time step. Hence, before the projection stage, the intermediate pressure
Dp is interpolated from the dual cells, Cj, to the primal elements, Tk, as

Twil ~
ppli - Z ||TR1| pl; TK,i - TH ﬁ Ci7 (37)
ER, H

with K the set of dual cell index identifying the dual elements generated from
the primal faces of element T,. Next, the intermediate pressure p is computed as

Pr = DPpr +Dpr; (38)

where the contribution of the non-conservative product on the density, p,, to the
pressure equation (15g), is computed using a finite volume approach in the primal
grid. More precisely, we have

~ o At
Por = —{p 1 /( ") dV:|T Z/pln'“dv

lG]C,.iI—v

At
|TK H : Z P1 Neis (39)
e,

with

2
Tiei| 1
Z ’V| m|p 1’ m 5 Z . (40)

e | Telpt

Drim the pressure at vertex m of edge Iki, ki the primal edge of element T
used to generate Ci, uy; the velocity interpolated from the dual grid to the primal
element Ty, following Equation (37), n; the unitary outward pointing normal of
Fn‘u and Nki = |Fni| Ngi.



392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

16 Saray Busto, Laura Rio-Martin

3.7 Projection stage. Finite element method in the primal grid

The pressure subsystem associated with the incompressible or the weakly com-

pressible GPR models is solved by employing continuous finite element methods

in the primal grid. Focusing on the weakly compressible GPR model, we substitute
(14b) into (14a), obtaining

1

At

Next, multiplying the former equation by a test function z € Vj,

(pn+1 —:5) + 2V (pu”) — AAt Ap™Tt =o.

Vo= zeH1(9)|/de=0 ,
0N

integrating in the computational domain 2, and using the Green theorem, we get
the weak problem

Weak problem 1 Find p € Vi such that

C%/pn+1de+At2/Vpn+l-Vde: Cig/ﬁzdv+At/pu*-vzdv
(9} 2 2 (9}

—At /pu""‘1 -nzdS (41)
an
for all z € V.
Similarly, for the incompressible system (14), we have
Weak problem 2 Find 6p™t! € Vi such that

1 1
n+1 * n+1
/V(Sp VzdV = AL /pu VzdV “ AL /pu nzdS
k) o}

o9
for all z € V.

Finally, we employ the second order P; continuous finite element method to dis-
cretise the weak problems, and the resulting algebraic systems are solved using a
matrix-free conjugate gradient method. Let us note that the obtained weak prob-
lems correspond to the ones arising for the incompressible and weakly compressible
Navier-Stokes equations when the splitting procedure [83] is considered; further
details on the applied methodology can be found in [25,4].

3.8 Correction stage

Once the new pressure has been obtained as the solution of the projection stage,
the intermediate momentum is updated at each dual cell C; using (14b) and (16b),
for the incompressible GPR model and the weakly compressible GPR model, re-
spectively. The involved pressure gradients are computed as

(Vp), = ﬁ S Tl (VD) (42)

KET;

with i the set of primal elements related to C; and (V p),, calculated in the primal
cells using the P; finite element basis functions.
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3.9 Boundary conditions

Before assessing the proposed methodology, we briefly introduce the main types
of boundary conditions employed in Section 4.

If a periodic solution is expected, we may simply employ periodic boundary
conditions, which are implemented assuming each pair of boundaries to have a
periodic mesh. Consequently, the vertex of the primal elements where the pressure
is computed can be merged. On the other hand, we defined each couple of dual
elements related through the boundary as a unique dual cell for the dual grid.
Then, the solution at the boundary cells is computed as if they were interior
elements.

Regarding Dirichlet boundary conditions, two different subcases are considered:
strong and weak boundary conditions. If strong boundary conditions are selected,
the values of the conservative variables are directly imposed as the solution in
the boundary cells. Alternatively, weakly Dirichlet boundary conditions assume
the exact solution to be located at the boundary. Hence, the fluxes and gradients
needed to compute the explicit stage are approximated by setting the given values
in the neighbouring ghost cells. For both kinds of boundary conditions, we can
further set the pressure as a Dirichlet boundary condition by defining its values
at the boundary vertex. Nevertheless, in most cases, we simply employ Neumann
boundary conditions for the pressure field.

Focusing on the fluid limit of the model and considering the presence of walls,
the velocity and pressure fields at the boundary cells are computed as for a Navier-
Stokes solver, see e.g. [26]. Nevertheless, special care must be paid to approximat-
ing the distortion field, which is left “free” at the boundary. So, a specific approach
to compute the distortion field at the neighbouring of the wall is required. We first
rewrite the distortion field equations as

1 ntl  an n 0 a n 0 n 1 nt1
7 (AT =45 + A3 D, ¥ Gy ik = gy P (49)
which corresponds to an asymptotic preserving scheme in the fluid relaxation
limit of the equations, i.e., as 71 — 0 we recover the Navier-Stokes equations, [14].
Further, this allows the flux and the non-conservative product contributions to
be reordered into two terms. The first one is linear with respect to the distortion
field, A - Vu, and is simply discretised using the gradients obtained at the dual
cells applying the Galerkin approach, i.e., as introduced for the smooth part of the
non-conservative products (29). Meanwhile, for the second term, uV A, the path
conservative methodology proposed in Section 3.5.3 is employed. Then, the term
A - Vu can be treated implicitly by including it within the source term system.
Consequently, the explicit stage of the algorithm neglects the presence of this term.
Then, instead of solving (31) for the distortion field, at the wall boundary cells,
we have the implicit system
At
AR+ mbﬁzl = Aj, (44a)
* n n 8 -~ n a n
k Tm

with the velocity gradients, V u, approximated using the Galerkin approach by
setting the known velocity at the Crouzeix-Raviart node located at the boundary
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and the previous time step velocity values at the internal nodes. Let us remark that
the use of (43) for the distortion field computation instead of the original version
in terms of a convective flux term, (13b), leads to an asymptotic preserving scheme
in the fluid limit of the model, further details can be found in [14].

3.10 Parallel implementation

The code has been parallelized using the Message-Passing-Interface (MPI) stan-
dard, [45], enabling simulations involving millions of degrees of freedom through
domain decomposition. In this approach, each CPU handles computations within
its assigned subdomain and exchanges necessary data with neighboring CPUs. The
scalability of the developed algorithm is primarily conditioned by its hybrid char-
acter. Hence, the same challenges and advantages on parallelization are observed
when applying the proposed hybrid method to the compressible Navier-Stokes
equations and to the GPR model, being the greater number of equations solved
in the explicit stage of the GPR model the only difference.

To illustrate the advantages of parallelization in the family of hybrid methods,
a scalability study is conducted using the Taylor-Green vortex (TGV) benchmark
in a two-dimensional domain 2 = [0,27]? (see Section 4.1 for further details on
the test setup). A strong scaling test is performed by fixing the problem size and
measuring the wall clock time for both sequential and parallel simulations. The
speedup S(p) and the efficiency F(p) are defined as:

Tserial S(p) Tserial
S(p) = ——setial iy — — , 45
(p) Tparallel (P) (p) p p Tparallel (p) ( )

where Tparallel(p) is the execution time required by p processors, and Tgerial is the
execution time of the sequential code. Ideally, the speedup is equal to the number
of processors, resulting in linear speedup with S(p) = p, and every processor con-
tributes 100% of its computational power.

All simulations in the scaling study were performed on an Intel(R) Xeon(R) Gold
6252N CPU @ 2.30GHz. For reliable performance metrics, each simulation was
executed 10 times, and the average runtime was used to compute speedup and
efficiency.

Figure 2 illustrates the strong scaling results for the TGV benchmark. The left plot
shows the speedup computed using (45) compared to the ideal speedup from 1 to
96 processors. The right plot displays the efficiency calculated by using (45). Even
thought these simulations have been performed without any code optimization, the
achieved efficiency is around 65%. The main performance bottleneck occurs in the
solution of the pressure system, which relies on the conjugate gradient method.
This method requires data communication between the CPUs in each iteration
to evaluate the residual tolerance, leading to the well-documented scalability lim-
itation of this type of problems. In contrast, the explicit stage of the algorithm
exhibits good scalability, since each CPU independently computes the interme-
diate values for the variables, after exchanging data with its neighbours over a
limited number of cells adjacent to the partition interface. Finally, the implicit
system for the source terms is local, so no information exchange between CPUs is
required. Further details on the parallelization of hybrid methods, particularly for
the Navier-Stokes and shallow water equations, can be found in [67].
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Fig. 2 Left: Computed speedup compared with the ideal speedup. Right: Efficiency as a
function of processor count. In both cases, the number of processors was from 1 to 96.

4 Numerical results

In this section, we assess the proposed methodology through classical test problems
for incompressible and weakly compressible flows. The test cases are described
employing the international system of units. Besides, unless stated contrary, all
test cases are run with a variable time-stepping attending to a CFL = 0.5 so that
stability of the explicit part of the scheme is guaranteed. Taking into account that
the pressure subsystem and the source terms for the distortion, thermal impulse
and pressure equations are treated implicitly, the time step restriction only depends
on the explicit transport stage and reads

CFL Ty
Al mas

max

At =min{At}, At =

with r; the incircle diameter of C; and |)\i|max the maximum absolute eigenvalue
associated with the explicit subsystem. The eigenvalues of the transport subsystem
for the 2D and 3D cases are approximated from the ones computed in the 1D case,
which correspond to:

3 3
ve {3t cful. gl ef

where c is defined as in (21) for the incompressible GPR model, and as in (22) for
the weakly compressible one.

4.1 Convergence study: Taylor-Green Vortex

As a first test case, we consider the 2D Taylor-Green vortex benchmark whose
known exact solution for the Euler equations in §2 = [0, 27]? is given by

_ sin(z) cos(y) _bpo 1
wot) = (St ) Gty =20 oos20) + cos(2n)).
We run a set of simulations for the successively refined triangular grids described
in Table 1 with both the first and second order approaches for the convective terms
using the incompressible and weakly compressible GPR models. In particular, in
the incompressible regime, we simply set po = 0, and the model parameters are
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cs = 0 and p = 0. Meanwhile, to test the weakly compressible code, we take
po=10°, vy =14, ¢, =2.5, cs = c; =0, and u = k = 0, yielding a characteristic
Mach number of M = 3.2-1073. In all cases, the expected convergence orders are
attained, as shown in Tables 2-3.

Mesh  Elements  Vertices Dual elements

My 128 81 208
Mo 512 289 800
M3 2048 1089 3136
My 8192 4225 12416
M5 32768 16641 49408
Me 131072 66049 197120

Table 1 2D Taylor-Green vortex. Main features of the primal triangular grids used to run
the convergence table.

Mesh First order scheme Local ADER scheme
LH(m)  Om)  Lj(p)  Op) LHy(w)  Om)  Li(p)  O(p)
M1 3.45-1071 7.42 1071 1.23-1071 4.21-101

M2 1.99-107Y 079 2.02-107! 1.8 3.06-1072 201 2.11-10! 1.00
M3 1.09-10~' 0.87 944-10"2 1.10 7.62-1073 201 6.35-10"2 1.73
M4 5.71-1072 0.93 4.64-1072 1.03 1.90-10~3 200 1.66-10"2 1.93
M5 2.93-1072 097 231-1072 1.01 4.75-10=%* 200 4.21-1073 1.98
M6 1.48-10~2 0.98 1.15-10"2 1.00 1.19-10~* 2.00 1.06-10—3 1.99
M7 7.46-107% 099 575-107% 1.00 2.97-107° 2.00 2.64-10~% 2.00

Table 2 2D Taylor-Green vortex. Incompressible GPR model. Spatial Ly error norms and
convergence rates at time ¢t = 0.1.

Local ADER scheme

Ly() O Ly Om Ly  O)
M1 2.30 - 102 1.04-101 9.40 - 10t
M2 323-107% 283 2.94.1072 1.82 1.55 - 10t 2.60
M3 454-107* 283 7.62-1073 1.95 1.78 - 10° 3.12
M4 7.71-1075 256  1.90-1073  2.00 1.74-10"!' 3.35
M5 1.63-107° 224 4.75-10~%* 2,00 1.67-1072 3.38
M6 4.00-10-% 202 1.19-100%* 2,00 1.71-1073  3.29

Mesh

Table 3 2D Taylor-Green vortex. Weakly compressible GPR model. Spatial Lg error norms
and convergence rates at time ¢ = 0.1.

The Taylor-Green vortex benchmark is also employed to numerically analyse
the asymptotic preserving property of the hybrid approach in the incompressible
limit. To this end a set of simulations for M € {l()f?’7 1074,107°, 1076} is run
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employing the second order scheme with pg € {106, 108,100, 1012}7 respectively.
Due to the large magnitude of the pressure, we have set quadruple precision arith-
metic for M = 1072 and M = 107%. In Table 4, we observe that second order of
accuracy is reached independently of the Mach number. Further, the magnitude
of the errors for the density and velocity fields is maintained as M — 0. Conse-
quently, even if not verifying the AP property strictly, for which the errors should
diminish quadratically with M, the proposed scheme overcomes one shortcoming
of many classical schemes that are not always able to attain the expected order of
accuracy when addressing very low Mach number regimes.

Mesh L% (p) O(p) L3 (V-ou) O(Vuw LHw) OM L3 O
M = 10~2 (double precision)
M1 2.30-10"2 3.85-.10"1 1.04 - 1071 9.40 - 102
M2 3.23-1073 2.83 9.34.10"2 2.04 294-1072 1.82 1.55-10%2 2.60
M3 4.54-107% 283 2.36-10"2 1.98 7.62-107% 1.95 1.78-10' 3.12
M4 7.72-1075 256 5.99.1073 1.98 1.90-1073 2.00 1.74-10° 3.35
M5 1.63-107° 225 1.50-10"2 1.99  4.75-10~*% 200 1.66-10~' 3.39
M = 10~* (double precision)
M1 230102 3.85.10"1 1.04-1071 9.40 - 104
M2 3.23-1073 2.83 9.34.102 2.04 294-1072 1.82 1.55-10% 2.60
M3 4.54-107% 2.83 2.36-102 1.98  7.62-107% 195 1.78-10% 3.12
M4 7.72-107° 2.56 5.99-1073 1.98 1.90-1073 2.00 1.74-10%2 3.35
M5 1.63-107° 225 1.50-10"3 1.99  4.75-10* 2.00 1.65-10' 3.39
M =10"° (quadruple precision)
M1 2.30-10—2 3.85.10"1 1.04-10~1 9.40 - 109
M2 3.23-1073 2.83 9.34-10"2 2.04 2.94-102 1.82 1.55-10% 2.60
M3 4.54-100% 2.83 2.36-10"2 1.98 7.62-107% 195 1.78-10° 3.13
M4 7.72-107° 256 5.99.103 1.98 1.90-1073 2.00 1.66-10* 3.42
M5 1.63-107° 225 1.50-103 1.99 4.75-107% 2.00 1.66-10% 3.32
M = 10~% (quadruple precision)

M1 2.30-102 3.85-10"1 1.04-101 9.40 - 108
M2 323-107% 2.83 9.33-10"2 2.05 2.94-10"2 1.82 1.55-10% 2.60
M3 4.54-10~% 2.83 2.36-10"2 1.98 7.62-107% 195 1.78-107 3.12
M4 7.72-107° 256 5.99.10"3 1.98 1.90-103 2.00 1.74-10% 3.35
M5 1.63-1075 2.24 1.50-10"3 1.99  4.75-107% 2.00 1.66-10° 3.39

Table 4 2D Taylor-Green vortex. Spatial Lo error norms and convergence rates at time ¢ = 0.1
for M € {10_3, 104,105, 10_6}. Results computed using the second order approach.

4.2 Lid-driven cavity

To analyse the behaviour of the proposed methodology in the incompressible fluid
limit, we study the lid-driven cavity benchmark, [47]. We consider an initial fluid
at rest withu =0, p=p =1, A =1 ¢, = 8 and x = 10~ 2. Homogeneous
wall boundary conditions are set in the bottom and laterals of the computational
domain 2 = [-0.5, 0.5}2, while the upper bound is assumed to be moving horizon-
tally with a lid velocity uj;g = 1. The new hybrid FV/FE methodology is employed
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to solve the incompressible GPR model up to time ¢ = 10. The obtained results
are depicted in Figure 3. We can observe a good qualitative agreement with former
results available in the bibliography, see, e.g. [22]. Moreover, Figure 3 also reports
the 1D cuts of the velocity field along the horizontal and vertical centerlines of the
domain, which compare well with the reference data in [47].

‘GPR model (Hybrid FV/FE scheme) - u(0,y)
‘GPR model (Hybrid FV/FE scheme) - v(x,0)

08k © Reference solution - u(0,y)
I O Reference solution - v(x,0)

A} NWEET NWENE FRNEE FNNES NS SRNEE SNRT SENTS FNS P
: 01 02 03 04 05 06 07 08 09 1
Xy

Fig. 3 Lid-driven cavity. Left: contour plot of the distortion component Aj2. Right: 1D cut
in x— and y—directions of the velocity components u2 and u; computed using the new hybrid
FV/FE method for the incompressible GPR model (blue solid line - u; and dark grey solid
line - u2) and reference solutions reported in [47] (blue squares - u; and black circles - ug).

4.3 Shear motion

We now study four shear motion tests in the computational domain 2 = [—0.5, 0.5] x
[—0.05,0.05] with the initial condition

_ 1 . [ -01ify <O,
,O(X, 0) =1, p(xv O) = ;a U1 (X, O) =0, w2 (X7O) - {01 if y >0,
A(x,00=1I, J=0.

Taking the incompressible fluid limit of the GPR model by setting ¢s = ¢, = 1,
v = 2.5, u € {10_4, 1073, 10_2}, and kK = u, we recover the well-known first
problem of Stokes with a known exact analytical solution for the incompressible
Navier-Stokes equations given by

1
usg (x,t) = Eerf <2\a/sm> .

Since these test cases are run in a 2D domain, we set periodic boundary conditions
in the y-direction while strong Dirichlet boundary conditions are imposed in the
left and right boundaries. A primal triangular grid of N, = 200 divisions is em-
ployed for = 1072 and p = 103, while N, = 400 is defined for u = 10~%. The
results obtained at time t = 0.4 using the hybrid FV/FE scheme with the local
ADER-ENO approach for the convective terms are reported in Figure 4. Excel-
lent agreement is observed regarding the exact solutions for the three viscosities
considered.
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As the fourth shear motion test, we set 71 = 70 = 10%° to obtain a 1D
shear solid benchmark. Then, the GPR model is solved on a triangular grid of
N, = 400 divisions along the z-direction. The obtained 1D cut along the cen-
terline of the domain for the velocity component us2 is depicted in Figure 4. We
observe a good agreement with the reference solution computed employing a sec-
ond order MUSCL-Hancock TVD-FV scheme on a one-dimensional grid of 1000
control volumes.

Exact solution Exact solution
o1 Hybrid FV/FE Hybrid FV/FE
0.075
0.05
0.025
s 0
-0.025 f
-0.05
-0.075
-0.1 .
'0‘1250.:5” T e s o s 0‘1250.:5 S R R Y R R R P
X X
o125 Exact solution o125 Reference solution
o f Hybrid FV/FE o1k Hybrid FV/FE
0.075 f 075
0.05 0.05F
0.025 f 0.025 -
E E
-0.025
-0.05
-0.075
0.1 F
70“255 1 1 1 T | T | 1 T | N NN P N 1
0.5 04 -03 0.2 0.1 ()2 0.1 0.2 03 04 0.5 0.3 0.2 0.1 g 0.1 0.2 0.3 0.4 0.5

Fig. 4 Shear motion. 1D cut in the x—direction of the velocity component u2 of the numerical
solution obtained using the hybrid FV/FE method for the weakly compressible GPR model
with the local ADER-ENO approach (blue squares). Reference solution computed with a TVD-
FV scheme on a mesh of 1000 cells (black solid line). From left top to right bottom: first Stokes
with g = 1072, first Stokes with g = 1073, first Stokes with p = 10~%, shear solid.

4.4 Double shear layer

As the fourth test case, we consider the double shear layer benchmark whose initial
condition, defined in 2 = [0,1]?, reads

_ _ [ tanh (p(y — 0.25)) if y < 0.5,
p(x,0) =1 i (x0)= {tanh (3(0.75 — 1)) if y > 0.5,

p(x,00=0, A(x,00=I,  J(x,00=0, §=0.05,

ug (x,0) = dsin(27mz),

= 30.
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The numerical solution is computed using both the incompressible and the weakly
compressible GPR methodologies with parameters y = 2 - 1073, k = 41072,
cy = 2.5, ¢, = 2 and ¢s = 8. Further, the CFL is set to 0.1. Periodic boundary
conditions are defined everywhere, and a computational grid formed by 2097152
primal triangular elements is considered. Figure 5 shows the contour plots of the
distortion field component A2 at times ¢ € {0.4,0.8,1.2,1.8}. The method cap-
tures well the very thin structures reported in the literature, e.g. [39,21] where high
order explicit finite volume methods and thermodynamically compatible schemes
have been used, respectively.

4.5 Solid rotor

We now consider the solid rotor test case to analyse further the behaviour of the
proposed methodology in the GPR model’s solid limit, [14]. The initial condition

=y = 0)"if x| < 0.2
0)=1 0) = (0‘270.2v > Vs,
p(x,0)=1, u(x,0) {O it Il > 0.2,

p(x,0)=1, A(x,00=1I, J(x,0)=0.

is defined in the computational domain 2 = [—1, 1]2. Moreover, the model pa-
rameters are 71 = 72 = 10%°, uw=+kK=0,and ¢s = ¢, = ¢, = 1.0. In Figure 6,
we show the solution obtained with the hybrid FV/FE weakly compressible GPR
scheme at time ¢ = 0.3 employing the local ADER min-mod approach on an un-
structured grid with 2975744 primal triangular elements. The provided reference
solution has been obtained using the thermodynamically compatible finite volume
scheme presented in [21], which solves the entropy-based formulation of the model.
For comparison, the 1D profiles of the density, velocity, pressure, A12 and Jp fields
along y = 0 are reported in Figure 7. A good agreement is observed for all the
schemes presented, namely the hybrid FV/FE approach, the HTC-FV scheme in
[21], the HTC-DG I and HTC-DG-II methods with N = 5 in [22] and a second
order MUSCL-Hanchock FV approach run on a very fine grid, [81].

Fig. 6 Solid rotor. Contour plots of the velocity field component u; obtained with the hybrid
FV/FE approach (left) and the HTC-FV scheme in [21] (right).
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Fig. 5 Double shear layer. Contour plots of the distortion field component Ajz obtained
with the new semi-implicit hybrid FV/FE solver at times ¢t € {0.4,0.8,1.2,1.8} (from top to
bottom). Numerical results were obtained with the incompressible GPR (left) and the weakly
compressible GPR (right).
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4.6 Riemann problems

The behaviour of the proposed methodology in presence of strong waves including
shocks is analysed through a set of Riemann problems. We consider the compu-
tational domain 2 = [—0.5,0.5] x [—0.05,0.05] and the initial conditions given
by

VEifz <z,
Vix0) = {VR if 2 > 20

with the left and right states for the velocity, density and pressure fields defined
in Table 5 and A, = Ar =1, Jp = Jg = 0. The parameters of the weakly
compressible GPR model are set to ¢s = ¢, = 0 and p = k = 0 for the three
classical Riemann problems of the Navier-Stokes equations: RP1, RP2 and RP3.
In RP4, a weak viscous fluid with shear is considered by defining y = x = 1075
and ¢s = ¢, = 1. On the other hand, Riemann problems RP5 and RP6 correspond
to the solid limit of the equations so 71 = 72 = 10%°, and we consider ¢, = 1.0,
¢y = 2.5. Moreover, heat conduction effects are neglected in RP5 by taking ¢, = 0,
while ¢, = 1 is set for RP6.

Figures 8, 9 and 10 report the 1D cuts of the density, first component of the
velocity vector and pressure along y = 0 for RP1, RP2 and RP3. A good agreement
is observed with the known exact solution of the 1D compressible Euler equations,
[81].

Test ph plt uf u{% u% ug pL pB ze tena Ny
RP1 1 0.125 0 0 0 0 1 0.1 0 0.2 400
RP2 1 1 -1 1 0 0 04 04 O 0.15 400
RP3 1 0.125 0.5 0 0 0 1 1 0 0.1 400
RP4 1 0.5 0 0 —0.2 0.2 1 0.5 0 0.2 400
RP5 1 0.5 0 0 —-0.2 0.2 1 0.5 0 0.2 400
RP6 1 0.5 0 0 —-0.2 0.2 1 0.5 0 0.2 400

Table 5 Riemann problems. Initial condition, location of the initial discontinuity, z., final
time, teng, and number of mesh divisions on z-direction, Ng.
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Exact solution Exact solution Exact solution
Hybrid FV/FE . Hybrid FV/FE . Hybrid FV/FE

BE

05 —0'4 '0'.3 —0'2 'DI\ a OI\ 0'2 0'3 0?4 015 0.5 '0'4 —0'3 —0'2 '0'.‘ 6 0I| 0'2 0?3 014 DI5 05 —0'4 —0'3 '0'.2 —Dlvl (I) Ofl 0'2 0'3 0'4 0?5
Fig. 9 RP2 double rarefaction. 1D cut in z—direction of the numerical solution obtained using
the hybrid FV/FE method for the weakly compressible GPR model with the local ADER-BJ
approach and auxiliary artificial viscosity co = 0.1 (blue squares). Exact solution for the
compressible Euler equations (black solid line). From left to right: density, velocity component
u1, and pressure fields.

12 07p 130
Exact solution Exact solution Exact solution
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. 0sfF 125F
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x x x

Fig. 10 RP3. 1D cut in z—direction of the numerical solution obtained using the hybrid
FV/FE method for the weakly compressible GPR model with the local ADER-BJ approach
and auxiliary artificial viscosity ca = 0.2 (blue squares). Exact solution for the compressible
Euler equations (black solid line). From left to right: density, velocity component ui, and
pressure fields.

Exact solution ——— Exact solution ——— Exact solution
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Fig. 8 RP1 Sod. 1D cut in xz—direction of the numerical solution obtained using the hybrid
FV/FE method for the weakly compressible GPR model with the local ADER-BJ approach
and auxiliary artificial viscosity co = 0.2 (blue squares). Exact solution for the compressible
Euler equations (black solid line). From left to right: density, velocity component ui, and
pressure fields.
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Exact solution Exact solution Exact solution
Hybrid FV/FE © Hybrid FVFE + Hybrid FVFE

02 ——

osf

osf —_—
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Fig. 11 RP4. 1D cut in z—direction of the numerical solution obtained using the hybrid
FV/FE method for the weakly compressible GPR model with the local ADER-BJ approach
and auxiliary artificial viscosity ca = 1 (blue squares). Reference solution computed with
a TVD-FV scheme on a mesh of 128000 cells (black solid line). From left to right: density,
velocity component ug, and pressure fields.

RP4, RP5 and RP6 are tests specifically designed to assess the complete GPR
model and are characterised by having the same initial conditions but considering
different types of materials, [14]. As observed in Figure 11, the ideal fluid studied
in RP4 leads to one contact discontinuity, one shear wave and two acoustic waves.
The obtained results agree well with the solution computed employing a second
order TVD finite volume scheme on a 1D mesh formed by 128000 cells. On the other
hand, for an ideal elastic solid without heat conduction, we obtain two acoustic
waves (a left rarefaction and a right shock), two shear waves (one left and one
right going) and one contact discontinuity. The obtained results are compared in
Figure 12 against a reference numerical solution computed in a 1D grid of 25000
cells with a second order finite volume thermodynamically compatible scheme
for the entropy-based formulation of the GPR model, i.e., the scheme solves the
entropy equation instead of the total energy, see [21] for more details. Finally,
Figure 13 shows the results obtained for RP5, where the effect of the thermal
impulse is taken into account and, as a consequence, a couple of new left and
right thermo-acoustic waves arise. Also, in this case, the TVD-FV scheme for the
compressible GPR model is employed to provide a reference solution.
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Fig. 12 RP5. 1D cut in z—direction of the numerical solution obtained using the hybrid
FV/FE method for the weakly compressible GPR model with the local ADER-MM approach
and auxiliary artificial viscosity co = 1 (blue squares). Reference solution computed with an
HTC-FV scheme on a mesh of 25000 cells (black solid line). From left top to right bottom:
density, velocity component ug, distortion field component Aj1, and pressure fields.
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Fig. 13 RP6. 1D cut in x—direction of the numerical solution obtained using the hybrid
FV/FE method for the weakly compressible GPR model with the local ADER-MM approach
and auxiliary artificial viscosity co = 1 (blue squares). Reference solution computed with an
HTC-FV scheme on a mesh of 25000 cells (black solid line). From left top to right bottom:
density, velocity component ugz, distortion field component Aj;, and thermal impulse compo-
nent J; fields.



634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

30 Saray Busto, Laura Rio-Martin

4.7 2D circular explosions

We now address two circular explosion problems, one in the fluid framework and
the other one in the solid limit of the weakly compressible GPR model.

4.7.1 Fluid circular explosion

First, we consider the classical circular explosion problem based on the extension to
radial flows of the 1D Sod shock tube benchmark, [13], and whose initial condition
is given by

1 ifr<o05, B (1 ifr<o0s5,
p(x,0) = {0.125 ifr>05  U0=0 " px0)= {0.1 itfr>0.5,

A (x,0) =1, J(x,0) =0, r=/x?+y2.

The parameters of the GPR model are set to ¢s = ¢, = 0 and p = kK = 0.
The computational domain 2 = [—1,1]? is discretised with a primal mesh of
85344 triangles, and periodic boundary conditions are imposed everywhere. The
numerical results obtained with the new hybrid FV/FE scheme using the local
ADER-ENO approach are reported in Figure 14. The obtained solution shows a
good agreement with the reference solution computed employing the 1D partial
differential equation in radial direction with geometrical source terms equivalent
to the compressible Euler system and solved using a second order TVD-FV scheme
on a grid of 10* cells, [42].
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Fig. 14 Fluid circular explosion. Left top: elevated contour plot of the density field. From
right top to right bottom: 1D cut in xz—direction of the density, velocity component u; and
pressure obtained using the hybrid FV/FE method for the weakly compressible GPR model
with the local ADER-ENO approach and auxiliary artificial viscosity co = 0.5 (blue squares).
Reference solution (solid black line).

4.7.2 Solid circular explosion

To analyse the behaviour also in the solid limit, i.e., for 71 — o0, T2 — 00, we
follow [14] and set 71 = 72 = 10%°, po =1, ¢, = 1.0, ¢s = 1, ¢;, = 0.5, v = 1.4 and
the initial condition

2if r <0.5,
p(x,0)=1, u(x,0)=0, p(X’O):{lifr;O.S A(x,0)=1I, J(x,0)=0.

We run the simulation using the hybrid FV/FE scheme using the local ADER
min-mod approach and an auxiliary artificial viscosity co = 0.5. Again, periodic
boundary conditions are set in all boundaries. The results obtained at time ¢t = 0.15
with a fine grid of 1365504 primal triangular elements are reported in Figure 15.
Moreover, Figure 16 reports the 1D cuts for the density, pressure, distortion com-
ponent A1 and thermal impulse component J; along a 1D cut in xz—direction.
An excellent agreement is observed with the reference solution computed using a
second order MUSCL-Hancock finite volume scheme, [81,14].
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Fig. 15 Solid circular explosion. From left top to right bottom: elevated contour plots of the
density, pressure, distortion component Aj; and thermal impulse component J;.

4.8 3D spherical explosion

To illustrate the extension of the proposed hybrid FV/FE methodology for the
weakly compressible GPR model to the three-dimensional case, we study the 3D
spherical explosion problem already employed in [4] to assess weakly compressible
flows. The computational domain is a sphere of radius 1 centred in (0,0,0) and
discretised using a primal grid of 2280182 tetrahedra. As initial condition we set

(x,0) = 2 if r < 0.5, (x,0) = 2 if r <0.5,
PRGEI=Y 11254 r > 0.5, PSR =114 r > 0.5,

u(x,0) =0, A (x,0) =1, J(x,0) =0,

with r the distance to the origin, and the model parameters are defined as ¢s =
cn =0 and p = Kk = 0, which correspond to the fluid limit of the model. Dirichlet
boundary conditions are imposed and the numerical simulation is carried out up
to time ¢ = 0.25. Figure 17 reports the results obtained using the LADER-ENO
approach for the convective terms and auxiliary artificial viscosity co = 3. We
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Fig. 16 Solid circular explosion. 1D cut in z—direction of the numerical solution obtained
using the hybrid FV/FE method for the weakly compressible GPR model with the local ADER-
MM approach and auxiliary artificial viscosity co = 0.5 (blue squares). Reference solution
obtained with a MUSCL-Hancock FV scheme [14] (solid black line). From left top to right
bottom: density, pressure, distortion component Aj; and thermal impulse component J;.

observe a good agreement with the reference solution computed using a TVD-
FV scheme for the 1D compressible Euler equations with appropriate geometrical
source terms, [81].



676

677

678

679

680

681

682

683

684

685

34 Saray Busto, Laura Rio-Martin

2.2

r Reference solution
r Hybrid FV/FE
Y L
2
181
a 1.6
141
1.2
ey g
0 0.2 0.4 0.6 0.8 1
Mach: 005 0.1 015 02 025 03 X
22 0.5
F Reference solution F Reference solution
r Hybrid FV/FE r Hybrid FV/FE
2 0.4
18 0.3
Q 16 I 02
1.4 - 0.1 -
1.2 0
s L A R ST I B gl
0 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
X X

Fig. 17 3D spherical explosion. Left top: 3D mesh with MPI divisions and Mach number
contours. From top right to bottom right: 1D cuts along the z—axis of the density, pressure, and
velocity component u; obtained using the hybrid FV/FE method for the weakly compressible
GPR model with the local ADER-ENO approach and auxiliary artificial viscosity co = 3 (blue
squares). Reference solution obtained with a FV-TVD scheme solving the 1D Euler equations
(solid black line).

4.9 Smooth acoustic wave

One important difference between weakly compressible and incompressible flows is
the presence of acoustic waves. To analyse the ability of the proposed semi-implicit
FV/FE approach to capture acoustic waves properly we consider the smooth acous-
tic wave benchmark in [79,4]. The initial condition is defined as

p(x,00=1, u(x,00=0, p(x,00=1+e ", A=I J=0, r=1/a%+?

and the model parameters are set to p = k = ¢s = ¢, = 0. The computational
domain 2 = [0,2]? is discretised employing a primal triangular grid formed by
131072 cells, and periodic boundary conditions are defined everywhere. The second
order hybrid FV/FE scheme with ENO limiters is employed to get the solution
at time t = 1. To generate a reference solution, we consider the 1D PDE in
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radial direction with geometrical source terms equivalent to the compressible Euler
system, which is solved using a second order TVD-FV scheme on a grid of 10*
cells. Figure 18 shows an excellent agreement between both numerical results. Let
us remark that even if this test case is characterised by a low Mach number, the
compressibility still plays a primal role since we observe a steep acoustic wavefront
propagating in radial direction. Moreover, using a semi-implicit approach leads to
a CFL number depending only on the bulk flow velocity, so we circumvent the
strong time step restriction of explicit Godunov-type solvers, which is related to

the sound speed.

Reference solution
Hybrid FV/FE
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Fig. 18 Smooth acoustic wave. Left top: 2D Mach number contour plot obtained at time
t = 1. From right top to right bottom: 1D cuts along y = 0 of the density, pressure and
velocity component u; (blue squares). Reference solution computed with the TVD-FV scheme

on a grid of 10% cells (black solid line).
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5 Conclusions

We have presented a novel hybrid FV/FE methodology for solving the GPR model
for continuum mechanics on unstructured meshes. From the compressible math-
ematical model and to simulate weakly compressible flows, we have derived two
new formulations: the incompressible GPR model and a weakly compressible GPR
model. Moreover, as for the original GPR model, able to address all Mach number
flows appropriately by setting the model parameters, we can simulate both solids
with large deformations and fluids. To discretise these systems, a splitting of the
equations is performed, leading to a Poisson-type pressure system and a trans-
port system containing convective terms and non-conservative products. This last
system is solved using finite volume methods. Even if this part of the scheme is
explicit, it is independent of the fast sound velocity waves, yielding a computa-
tionally efficient scheme in the low Mach regime. Moreover, to avoid the severe
time-step restriction that may arise from the presence of stiff source terms in the
distortion field and thermal impulse equations, an implicit finite volume method
is employed for their discretisation. On the other hand, the pressure subsystem
is solved using classical finite element methods, which are well known for their
efficiency in solving Poisson-type problems. Finally, the intermediate momentum
field computed within the transport stage of the algorithm is corrected to account
for the new pressure, thus providing the momentum at the new time step. The
final methodology has been successfully assessed employing a wide range of test
cases, from solid mechanics benchmarks to the incompressible fluid limit of the
equations, including the analysis of low Mach problems featuring small shocks.

In future, we plan to extend the former hybrid methodology to deal with fluid-
structure iteration problems. To this end, following the methodology in [24] for
the Navier-Stokes equations, the hybrid FV/FE method for the GPR model will
also be developed in the ALE framework. Moreover, we plan to tackle the current
second order in space - first order in time limitation devising a high order of accu-
racy hybrid method combining DG schemes and extended IMEX algorithms, [77,
11]. One important advantage of the proposed weakly compressible method, over
all Mach number solvers, is its computational efficiency stemming from the use
of a non-conservative pressure equation which produces a linear pressure system.
However, this also yields a limitation: we are not able to deal with highly compress-
ible flows. Therefore, in future, we will extend the hybrid methodology to solve a
fully conservative formulation of the compressible GPR model, following similar
approaches to those proposed for all Mach number flow solvers in the context of
the Navier-Stokes equations, [27,9]. Finally, we have analysed the AP property
of the continuous model in the incompressible limit and shown that the proposed
method attains second order of accuracy independently of the Mach number, but
additional structural properties preserved by the continuous model are still ne-
glected. Therefore, one future line of research is focused on the development of a
hybrid methodology that exactly preserves the curl involution constraints of the
distortion and thermal impulse fields, [43,87], and we are interested on devising
a hybrid approach also verifying thermodynamical compatibility at the discrete
level, [2,21].
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A Derivation of the weakly GPR model using the total energy
equation

The GPR model for continuum mechanics is an overdetermined symmetric hyperbolic thermo-
dynamically compatible system so that the total energy equation is obtained from equations
(1a)-(1e) following the Godunov formalism, [48,49,66]. Consequently, the non-conservative
pressure equation can also be obtained by employing the energy conservation law instead of
the entropy equation, following a procedure similar to the one classically employed to get the
weakly compressible flow model from the compressible Navier-Stokes equations. More precisely,
to get (11e), we start multiplying the momentum equations by the corresponding dual variable
u; yielding

i (pui) + 2 ( )+ 2 ptu (oik + wik)
u; U u; Ui U U; u; o; wik) = pgit;,
% 9t PU; % oz, PUUE i Bxip % oz k k PGilq

P (1 2)+ P (1 ) )+ 2 i (o )
— ( =pu; — | =pusu Ui —p + ui— (O + wik) = PGit;.
ot 2p % Ay, 2P i Uk 61‘7;p By k k 14%

Summing all momentum equations, we get

o (1 1
5 (§p|u|2) + V. (5p|u\2u> +u-Vp+u-V-(oc+w)=pg- u

Subtracting this relation from the total energy equation and taking into account that

V-(eu)=u-V-o4+0-Vu, V (vu)=u-Vw+w-Vu, V- (up)=pV-u+u-Vp,
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it results
o o (1 9 1 9
— (pE) — — | = V-(pEu) = V- = \z
5 08) = 3 (3ol ) + 9 (oBw) = 7 (Lol u) + 59w
+o0-Vu+w-Vu+V-q=0.
Decomposing the total energy (5) into its four components and taking into account (6) and
the equation of state for ideal gasses in E4, (8), we get

d
7(L)+
ot \y—1

2
Since v = P and V-(pu) =pV-u+u-Vp, we obtain
p

0 1o}
V- (Lu) + — (pE2) + V- (pE2u) + — (pE3) + V- (pE3u)
v—1 ot ot

+pV-u+o0-Vu+w-Vu+V-q=0.

WbVt (= 1) (g (0B + V- (pEaw) + 3 (0Fw) + V- (0Fsw))

ot 9] ot
+pV-ut(y—1)(0-Vu+w-Vu+V-q)=0.
Hence, taking into account V- (pu) = pV-u+u- Vp, it yields
%-i-u Vp+(y—1) (é( E2) + V- ( Eu)+g( E3)+ V- ( Eu))
t p v ot pL2 pL2 at pL3 pLE3
+2 V- (pu) —Pu-Vp+(y—1)(0-Vu+w-Vu+V-q) =0. (46)

To get rid of the time derivative term on E3, we first multiply (1c) by pEa4,, , and sum over
all equations of the distortion field components, obtaining

o 0 0
pEA;, aAik +pEa,, 87% (umAim) + pEa,, uj %Aik —pEa,, u; aAij
p
———P B, B, .
01 (1) A P Ak
hence
P P P P
—F -VE E 4. —— (umAim) —um——Aim | = ———FEa., Ea.,.
Pog 2 TPV izt phay (&ck (um Aim) = um 5 ) 01 (1) kT Ak
Adding (1a) multiplied by Es2,
B2 pt By V- (pu) = 0
2 ot P 2 P =Y,
we get
O (pE2) + V- (pEau) Ea A2 L s E (47)
— . u) = — Ain—Um — ———F 4. .
ot pL2 pL2 PLA,, Orn o1 (1) A Ay,

Substituting (47) in (46), we obtain

0
- LEAH@EAM + 57 (PE3)

op 0
— -V — 1) | —pEa,, Aim—um
+u-Vp+(y )( PEAw Aim g tm g ) at

ot

+V-(pE3u)> +2V-(pu)—cPu-Vop+(y—1)(6-Vu+w-Vu+V-q)=0. (48)

Following an analogous procedure, we next substitute the time derivative term in F3. Multi-
plying (1d) by pEj, , summing up all thermal impulse equations, and adding (1a) multiplied
by E3, lead to

P P o o
— (pE: V- (pE =—pE;, Jn—um —pE;, —T — —FE;, Ej, . 49
5 (pEs3) + V- (pEsu) PETm g —tim = pEy 5 62 (ra) 2B (49)
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1022 Then substituting (49) in (48), we get

%—i—u Vp+AV-(pu)—cu-Vp+(y—1)(6-Vu+w-Vu+V-q)

0 0 o
— —1 E im m Ey Jm—uUm E; —T
(v )(P A, A " +pEy, pr +pEj, B )

p 0
=(v—1)(=——<Fa,,Ex4. ——FE; FE .
=1 (91 (r) Ain T "5 (r2) 7 J’“)
1023 Replacing £, = ciJk, Ea,, = CgAijéjk in the left-hand side of the former equation leads to

p+u~Vp+c2V~(pu)—c2u~Vp+('y—1)(U~Vu+w-Vu+V-q)

ot
. 0 0 0
—(vy—-1) (pcﬁAijijAima—mum + pciJkJma—xkum + pc,QIJ;C @T)
p P
= — 1) ——Fa., FEa. ———FE; FE . 50
(=0 (G Ba B + G B ) (50)

1024 Finally, from (2) and (3), we observe that

0 .
——u; = pc2 AmiAm; Gk

0
o-Vu=oy-—u; = Aj;0a,, (pE) Dan

0

o Ui,
Oy Oz,
0 0

P , 0

) b}
=c2— (pJpT) = ET— (pJ, 2 5 J, —T.
Ch D (pJiT) = cp, D (pJk) +cpp k(’)xk

1025 Hence

0
m — PCiJkJmium

0'~Vu+w~Vu+V~q—pc§Aijé]-kA,-m
8mk

7]
—u
8:l‘k

9] 7]
*PCiJk@T—ChTa (pJk) -

1026 Substitution in (50) yields

op ) ) , 0 ) )
— —_— - — — 1) T— (pJ]
5 T Uk p+c? . (pug) —c Ukaxkp+ch (v—1) Fr (pJk)

— (o — _r
=(v 1)(0( )EA EAik+02(T2)EJkEJk)-

1027 Hence, we have obtained the non-conservative pressure equation for the weakly compressible
1028 GPR model (11e).



