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Abstract We present a new hybrid semi-implicit finite volume / finite element
numerical scheme for the solution of incompressible and weakly compressible me-
dia. From the continuum mechanics model proposed by Godunov, Peshkov and
Romenski (GPR), we derive the incompressible GPR formulation as well as a
weakly compressible GPR system. As for the original GPR model, the new for-
mulations are able to describe different media, from elastoplastic solids to viscous
fluids, depending on the values set for the model’s relaxation parameters. Then,
we propose a new numerical method for the solution of both models based on the
splitting of the original systems into three subsystems: one containing the convec-
tive part and non-conservative products, a second subsystem for the source terms
of the distortion tensor and thermal impulse equations and, finally, a pressure
subsystem. In the first stage of the algorithm, the transport subsystem is solved
by employing an explicit finite volume method, while the source terms are solved
implicitly. Next, the pressure subsystem is implicitly discretised using continuous
finite elements. This methodology employs unstructured grids, with the pressure
defined in the primal grid and the rest of the variables computed in the dual grid.
To evaluate the performance of the proposed scheme, a numerical convergence
analysis is carried out, which confirms the second order of accuracy in space. A
wide range of benchmarks is reproduced for the incompressible and weakly com-
pressible cases, considering both solid and fluid media. These results demonstrate
the good behaviour and robustness of the proposed scheme in a variety of scenarios
and conditions.
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1 Introduction1

Incompressible and weakly compressible flows appear in numerous industrial and2

biological applications, ranging from fluid dynamics in hydraulic systems to the3

study of airflow in aeronautical engineering. The study of such flows is crucial4

because of their prevalence in situations where the flow velocity is low compared5

to the speed of sound, making compressibility effects small but generally not neg-6

ligible. To accurately model these flows, a classical approach is the use of Navier-7

Stokes equations, whose numerical solution has been extensively studied. A re-8

cently developed alternative is the use of the Godunov-Peshkov-Romenski (GPR)9

model for continuum mechanics, which offers a unified formulation for modelling10

different media, from solids with large deformations to compressible viscous flu-11

ids. The use of this model allows for capturing complex phenomena of continuum12

mechanics, providing greater versatility in the simulations than former classical13

approaches.14

The main objective of this work is to present a novel methodology for ad-15

dressing problems in the weakly compressible regime by solving incompressible16

and weakly compressible formulations of the GPR first-order hyperbolic model of17

continuum mechanics [39,66,74]. The compressible GPR model, which employs a18

single system of hyperbolic equations, describes both solids and fluids in a unified19

manner by an appropriate choice of the model relaxation parameters. This model20

originates from the elastoplastic deformation model of Godunov and Romenski21

[49], and was first introduced in [66]. Meanwhile, the heat equation is derived22

from the model proposed by Malyshev and Romenski in [57] and implemented in23

[73,72].24

Since its introduction, the compressible GPR model has been successfully ap-25

plied to model a variety of problems, including non-Newtonian and viscous flows,26

and elastic, elastoplastic and porous solids [39,15,65,41,53,64,70,71]. In addition,27

it has been extended to include the effects of electrodynamics [40], surface tension28

[31] or general relativity [69], as well as to model nonlinear dispersive systems [35]29

and to include solids or viscous fluids in multiphase systems [44]. Different types30

of schemes have been successfully developed to solve these equations as explicit31

finite volume (FV) methods [36], semi-implicit second order finite volume schemes32

[14,65], high order IMEX methods [52,10], high order ADER-FV and ADER-DG33

approaches [39,15,40,18], or smooth particle methods (SPH) [54].34

It is noteworthy to remark that the GPR model presents a wide set of proper-35

ties at the continuous level that should be conveyed to the discrete level. Firstly,36

the model falls within the framework of Symmetric Hyperbolic Thermodynami-37

cally Compatible (SHTC) systems so that thermodynamically compatibility at the38

discrete level may also be pursued, as done in the modern family of HTC-FV and39

HTC-DG schemes [22,19,2,21]. Moreover, the model presents natural involution40

constraints on the curl-free property of the distortion and thermal impulse fields41

that have been addressed, e.g., in [14]. We furthermore highlight the asymptotic42

preserving property of the model in the fluid relaxation limit, i.e., as the corre-43

sponding relaxation times go to zero, the Navier-Stokes-Fourier limit is obtained,44

[39]. To the best of the authors knowledge, simultaneous preservation of all these45

properties at the discrete level has not been achieved yet, and the effort is first46

placed on developing efficient schemes preserving at least some of these properties.47

In particular, the methodology proposed in this paper falls in the family of asymp-48
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totic preserving schemes in the fluid limit of the model. Furthermore, analogously49

to the asymptotic preserving properties of the Navier-Stokes equations in the in-50

compressible limit, considering the low Mach limit, we recover an incompressible51

formulation of the GPR model.52

Let us note that addressing low Mach number flows using the Navier-Stokes53

equations is a wide field of research where two main approaches have been initially54

followed: the development of explicit density-based and pressure-based solvers. The55

first family was first proposed in the framework of high Mach number flows and56

has as its main shortcoming the highly restrictive time step condition related to57

the pressure wave velocity in the low Mach number limit. Moreover, unless prop-58

erly corrected, those schemes may present excessive numerical diffusivity due to an59

incorrect scaling with respect to the Mach number, [51,33,55]. On the other hand,60

the second family has been initially designed in the context of incompressible flows61

and is usually based on a non-conservative formulation of the equations, leading to62

important errors in the presence of strong discontinuities, [30,58]. Aiming at prof-63

iting from the main advantages of both families, the first semi-implicit pressure-64

based solvers were proposed in [61,85]. Since then, they have been successfully65

extended to different families of numerical methods including, e.g., finite volume66

approaches (FV), [32,38,7,12,80,16], discontinuous Galerkin schemes (DG), [79,67

28,17,76], or hybrid finite volume/finite element methods (hybrid FV/FE), [6,25,68

4,26] and hybrid finite volume/virtual element schemes (hybrid FV/VEM), [11,69

8].70

The same advantages and drawbacks arising in the discretisation of low Mach71

number flows when using the Navier-Stokes equations could also be expected for72

discretising the weakly compressible GPR model. Therefore, accounting for the73

promising results obtained in the framework of the Navier-Stokes equations and74

also in previous semi-implicit schemes for continuum mechanics models, [1,14], we75

focus on the development of a semi-implicit scheme for the incompressible and76

weakly compressible GPR models. In particular, the methodology presented in77

this paper follows the seminal ideas in [6] and is based on a semi-implicit hybrid78

scheme that combines finite volume and finite element methods, taking advan-79

tage of the benefits of both numerical approaches. This family of semi-implicit80

hybrid FV/FE schemes has been developed in the last decade aiming at solving81

the Navier-Stokes equations, both for incompressible and all Mach number flows82

as well as the shallow water and the MHD equations, on fixed and moving stag-83

gered unstructured grids in two and three spatial dimensions [25,26,67,20,24,43,84

87,56]. The procedure behind this methodology consists of splitting the system85

into two parts, which decouples the pressure field from the convective system.86

This division of the original system into subsystems is performed following the87

Toro-Vázquez splitting technique [83]. Then, a second-order explicit finite volume88

discretisation is used for the convective terms, while a second-order continuous89

Lagrangian finite element scheme is employed to solve the pressure subsystem.90

Moreover, within this methodology, unstructured staggered grids are considered,91

similar to that described in [78,79,28]. Since we focus on the weakly compressible92

regime, the semi-implicit approach further improves the stability properties and93

the efficiency of the scheme with respect to classical fully explicit approaches.94

This paper is organised as follows. Section 2 presents a brief review of the95

original GPR model, followed by the novel derivation of the related incompress-96

ible and weakly compressible GPR formulations. Section 3 details the proposed97
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numerical discretisation for both systems. In particular, the splitting performed98

to get the transport and the Poisson-type pressure subsystem is described. Then,99

the algorithms used to solve both subsystems are detailed, as well as the inter-100

polation approach performed between the dual and the primal grids. Numerical101

validation of the proposed methodology is presented in Section 4 for two and three102

dimensions. The wide set of benchmarks studied includes both incompressible and103

weakly compressible cases, considering both solid and fluid media. The paper closes104

with some remarks and an outlook for future work in Section 5.105

2 Governing equations106

Before introducing the incompressible and the weakly compressible GPR models,107

we start recalling the original compressible Godunov-Peshkov-Romenski model for108

continuum mechanics [39,66,41], which reads109

∂

∂t
ρ+

∂

∂xk
(ρuk) = 0, (1a)

∂

∂t
(ρui) +

∂

∂xk
(ρuiuk) +

∂

∂xi
p+

∂

∂xk
(σik + ωik) = ρgi, (1b)

∂

∂t
Aik +

∂

∂xk
(umAim) + uj

(
∂

∂xj
Aik − ∂

∂xk
Aij

)
= − 1

θ1 (τ1)
EAik

, (1c)

∂

∂t
Jk +

∂

∂xk
(Jmum) +

∂

∂xk
T + uj

(
∂

∂xj
Jk − ∂

∂xk
Jj

)
= − 1

θ2 (τ2)
EJk

, (1d)

∂

∂t
(ρS)+

∂

∂xk
(ρSuk)+

∂

∂xk
(ρEJk

) =
ρ

T

(
1

θ1 (τ1)
EAik

EAik
+

1

θ2 (τ2)
EJk

EJk

)
≥0,

(1e)

∂

∂t
(ρE)+

∂

∂xk
(ρEuk)+

∂

∂xk
(puk)+

∂

∂xk
(uiσik)+

∂

∂xk
(uiωik)+

∂

∂xk
qk = ρgiui.

(1f)

In this paper, we apply the Einstein summation notation for repeated indexes.110

Moreover, we denote ρ the density, u = (u1, u2, u3) the velocity vector and its111

components, p the pressure, A = (Aik) the distortion field, given by a 3 × 3112

tensor, J = (J1, J2, J3) the thermal impulse vector, S the entropy, E the total113

energy, to be further described later, and g = (g1, g2, g3) the gravity vector. The114

non-isotropic part of the stress tensor, containing the shear and thermal stresses,115

is given by:116

σik = Aji ∂Ajk
(ρE) = ρc2sGijG̊jk, ωik = Ji ∂Jk

(ρE) = ρc2hJiJk, (2)

where c2s and c2h are the characteristic velocities for the propagation of shear and117

thermal perturbations while G̊ik denotes the trace-free part of the metric tensor118

Gik = AjiAjk,119

G̊ik = Gik − 1

3
Gmmδik.

The heat flux is120

qk = ∂ρS (ρE) ∂Jk
(ρE) = ρc2hTJk, (3)
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and T corresponds to the temperature121

T = ∂ρS (ρE) .

Furthermore, the shear and thermal stress relaxation functions read122

θ1 (τ1) =
1

3
ρ0τ1c

2
s |A|−

5
3 , θ2 (τ2) =

ρ0T0

T
τ2c

2
h, (4)

with τ1 and τ2 the corresponding relaxation times. The total energy E can be123

divided into four terms as124

E (ρ,u,A,J, S) = E1 (u) + E2 (A) + E3 (J) + E4 (ρ, S) , (5)

while in case the thermal impulse contributions are neglected, the term E3 is no125

longer considered. The first contribution to the energy, E1, corresponds to the126

specific kinetic energy per unit mass,127

E1 (u) =
1

2
|u|2 . (6)

The second and third terms provide the contribution of the mesoscopic, non-128

equilibrium, part of the total energy related to the material deformations and129

the thermal impulse,130

E2 (A) =
1

4
c2sG̊ijG̊ij , E3 (J) =

1

2
c2hJiJi. (7)

The last term in (5) is the internal energy, related to the kinetic energy of the131

molecular motion, that we assume given by the ideal gas equation of state132

E4 (ρ, S) =
ργ−1

(γ − 1)
e

S
cv ,

which is equivalent to consider133

E4 (ρ, p) =
p

ρ (γ − 1)
, (8)

with γ =
cp
cv

the specific heat ratio at constant pressure, cp, and at constant134

volume, cv.135

2.1 Incompressible GPR model136

To get the simplified GPR model in the incompressible limit, we proceed as for137

the incompressible Navier-Stokes equations. Accordingly, we suppose the fluid to138

be incompressible, homogeneous and non heat-conducting, obtaining the following139

system of conservation laws:140

∂

∂xk
(ρuk) = 0, (9a)

∂

∂t
(ρui) +

∂

∂xk
(ρuiuk) +

∂

∂xi
p+

∂

∂xk
σik = ρgi, (9b)

∂

∂t
Aik +

∂

∂xk
(umAim) + uj

(
∂

∂xj
Aik − ∂

∂xk
Aij

)
= − 1

θ1 (τ1)
EAik

, (9c)

where we have furthermore assumed a constant density.141
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2.2 Weakly compressible GPR model142

On the other hand, a pressure-based reformulation of the entropy equation provides143

a PDE system able to solve a weakly compressible medium. Since the pressure can144

be written as a function of the density and entropy,145

p = ργe
S
cv ,

γ =
c2ρ

p
and denoting

d

dt
the material derivative, we have146

∂p

∂t
+ u · ∇ p =

dp

dt
=

∂p

∂ρ

dρ

dt
+

∂p

∂S

dS

dt
= −ρc2divu+ ρT (γ − 1)

dS

dt
. (10)

On the other hand, from (1e) and (1a), we get147

dS

dt
=

∂

∂t
S + uk

∂

∂xk
S=−1

ρ

∂

∂xk
(ρEJk

) +
1

T

(
1

θ1 (τ1)
EAik

EAik
+

1

θ2 (τ2)
EJk

EJk

)
.

Substitution in (10) yields148

∂p

∂t
+ uk

∂

∂xk
p+ c2

∂

∂xk
(ρuk)− c2uk

∂

∂xk
ρ+ c2h (γ − 1)T

∂

∂xk
(ρJk)

= (γ − 1)

(
ρ

θ1 (τ1)
EAik

EAik
+

ρ

θ2 (τ2)
EJk

EJk

)
.

Or, equivalently,149

∂p

∂t
+ u · ∇ p+ c2 ∇· (ρu)− c2u · ∇ ρ+ c2h (γ − 1)T ∇· (ρJ)

= (γ − 1)

(
ρ

θ1 (τ1)
EA ·EA +

ρ

θ2 (τ2)
EJ ·EJ

)
.

Therefore, the weakly compressible GPR model, where the entropy equation150

has been replaced by a non-conservative pressure equation, reads:151

∂

∂t
ρ+

∂

∂xk
(ρuk) = 0, (11a)

∂

∂t
(ρui) +

∂

∂xk
(ρuiuk) +

∂

∂xi
p+

∂

∂xk
(σik + ωik) = ρgi, (11b)

∂

∂t
Aik +

∂

∂xk
(umAim) + uj

∂

∂xj
Aik − uj

∂

∂xk
Aij = − 1

θ1 (τ1)
EAik

, (11c)

∂

∂t
Jk +

∂

∂xk
(Jmum) +

∂

∂xk
T + uj

(
∂

∂xj
Jk − ∂

∂xk
Jj

)
= − 1

θ2 (τ2)
EJk

, (11d)

∂p

∂t
+uk

∂

∂xk
p+c2

∂

∂xk
(ρuk)−c2uk

∂

∂xk
ρ+c2h (γ − 1)T

∂

∂xk
(ρJk)

=
(γ − 1)ρ

θ1 (τ1)
EAik

EAik
+
(γ − 1)ρ

θ2 (τ2)
EJk

EJk
. (11e)

Let us remark that, due to thermodynamical compatibility, the non-conservative152

pressure equation could also be obtained using the total energy conservation equa-153

tion instead of the entropy equation, as shown in Appendix A.154
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3 Numerical discretisation155

The discretisation of the former GPR systems will be performed in the framework156

of the hybrid finite volume/finite element approach introduced in [6,25,4,26,67,157

23] for incompressible, weakly compressible, and all Mach number flows and the158

shallow water equations. In particular, we are interested in the low Mach num-159

ber limit, so we first address the incompressible GPR model (9), and we then160

also propose a hybrid FV/FE approach for the discretisation of a pressure-based161

formulation of (11) able to address weakly compressible flows.162

3.1 Semi-discretisation in time of the incompressible GPR model163

A semi-discretisation in time of the system (9) yields164

∂

∂xk

(
ρun+1

k

)
= 0, (12a)

1

∆t

(
ρun+1

i − ρun
i

)
+

∂

∂xk
(ρun

i u
n
k ) +

∂

∂xi
pn+1 +

∂

∂xk
σn
ik = ρngi, (12b)

1

∆t

(
An+1

ik −An
ik

)
+

∂

∂xk
(un

mAn
im)+un

j
∂

∂xj
An

ik−un
j

∂

∂xk
An

ij=− 1

θn+1
1 (τ1)

En+1
Aik

.

(12c)

Following classical projection methods, [62,50,25], we split the momentum equa-165

tion into two parts and gather the equations into a transport and a pressure166

subsystem:167

Transport subsystem

ρu∗
i = ρun

i −∆t

(
∂

∂xk
(ρun

i u
n
k ) +

∂

∂xi
pn +

∂

∂xk
σn
ik − ρngi

)
, (13a)

An+1
ik =An

ik−∆t

(
∂

∂xk
(un

mAn
im) + un

j
∂

∂xj
An

ik − un
j

∂

∂xk
An

ij +
1

θn+1
1 (τ1)

En+1
Aik

)
.

(13b)

Pressure subsystem

∂

∂xk

(
ρun+1

k

)
= 0, (14a)

ρun+1
i = ρu∗

i −∆t
∂

∂xi
δpn+1, δpn+1 = pn+1 − pn. (14b)

Taking into account the nature of these systems, we will employ an explicit168

finite volume approach for the spatial discretisation of (13) while (14a)-(14b) will169

be solved implicitly using continuous finite elements.170
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3.2 Semi-discretisation in time of the weakly compressible GPR model171

Similarly, for the weakly compressible GPR model (11), we apply a splitting pro-172

cedure following [83] and, introducing the semi-discretisation in time, we get173

1

∆t

(
ρn+1 − ρn

)
+

∂

∂xk

(
ρun+1

k

)
= 0, (15a)

1

∆t

(
ρu∗

i − ρun
i

)
+

∂

∂xk
(ρun

i u
n
k ) +

∂

∂xk
σn
ik +

∂

∂xk
ωn
ik = ρngi, (15b)

1

∆t

(
ρun+1

i − ρu∗
i

)
+

∂

∂xi
pn+1 = 0, (15c)

1

∆t

(
An+1

ik −An
ik

)
+

∂

∂xk
(un

mAn
im)+un

j
∂

∂xj
An

ik−un
j

∂

∂xk
An

ij =− 1

θn+1
1 (τ1)

En+1
Aik

,

(15d)

1

∆t

(
Jn+1
k −Jn

k

)
+

∂

∂xk
(Jn

mun
m) +

∂

∂xk
Tn+un

j

(
∂

∂xj
Jn
k − ∂

∂xk
Jn
j

)
=− 1

θ⋆2 (τ2)
En+1

Jk
,

(15e)

1

∆t
(p̃p − pn) + un

k
∂

∂xk
pn + c2h (γ − 1)Tn ∂

∂xk
(ρnJn

k ) = Sp
(
Qn+1

)
, (15f)

1

∆t
p̃ρ − c2un

k
∂

∂xk
ρn = 0, (15g)

1

∆t

(
pn+1 − p̃

)
+ c2

∂

∂xk

(
ρun+1

k

)
= 0. (15h)

with174

Sp
(
Qn+1

)
=

ρn+1 (γ−1)

θn+1
1 (τ1)

En+1
Aik

En+1
Aik

+
ρn+1 (γ−1)

θ⋆2 (τ2)
En+1

Jk
En+1

Jk

and Q = (ρ,u,A,J, p). As for the incompressible GPR model, gathering (15c)175

and (15h), we get a pressure system of the form176

1

∆t

(
pn+1 − p̃

)
+ c2

∂

∂xk

(
ρun+1

k

)
= 0, (16a)

ρun+1
i = ρu∗

i −∆t
∂

∂xi
pn+1, (16b)

corresponding to a Poisson-type problem and a set of transport equations con-177

taining the conservative fluxes and non-conservative products, (15a)-(15b), (15d)-178

(15g).179

3.2.1 Asymptotic preserving property in the incompressible limit180

The GPR model is endowed with two types of asymptotic limits. On the one181

hand, the fluid and solid limits of the model can be retrieved adequately setting the182

relaxation times τ1 and τ2, a behaviour that is inherited by the weakly compressible183

and the incompressible GPR models. On the other hand, for a homogeneous non-184

heat-conducting incompressible medium, we get the incompressible GPR model.185

This limit corresponds to the low Mach number limit of the compressible Navier-186

Stokes equations when considering the fluid limit of the GPR model. Further, the187
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GPR model extends this concept to the solid mechanics framework. Therefore, it188

is important to construct numerical schemes compatible with this AP property189

also at the discrete level. The proposed splitting approach in time verifies the AP190

property in the incompressible limit by construction. Taking the incompressible191

limit yields to c2 → ∞ so only the terms of order c2 are retained in the limit case192

for equations (15f)-(15h). Next, assuming the medium to be homogeneous, leads193

to194

∂

∂xk

(
ρun+1

k

)
= 0

which, together with (15c) form the elliptic pressure problem obtained for the195

incompressible model formulated in terms of pn+1. As expected, this system co-196

incides with the classical pressure subsystem for pressure-based discretizations of197

the Navier-Stokes equations, [25,27]. Finally, since we assume the medium to be198

homogeneous and non-heat-conducting, equations (15a) and (15e) and the terms199

depending on ωik can be neglected yielding also to the transport system of the200

incompressible GPR model. Nonetheless, the spatial discretization employed for201

the incompressible GPR model does not exactly verify the divergence free condi-202

tion for the velocity field. This shortcoming is inherited by the weakly GPR model203

which, in the incompressible limit, does not provide a divergence free solution up204

to machine precision but it yields errors that decrease at the order of the numerical205

method.206

3.3 Overall algorithm207

Attending to the nature of the different equations involved in (13)-(14) and (15),208

the proposed hybrid FV/FE methodology is divided into the following stages:209

– Transport stage. The equations containing the convective and non-conservative210

terms, i.e., system (13) for the incompressible GPR model and equations (15a),211

(15b), (15d), (15e), and (15f) for the weakly compressible GPR model, are dis-212

cretised explicitly using a finite volume scheme. Let us note that both systems213

can be recast in the general form214

∂tQ+∇·F (Q) + B(Q) · ∇Q = S (Q) , (17)

with Q the vector of conservative variables, F (Q) the flux term, B(Q) · ∇Q215

the non-conservative products, and S (Q) the source terms.216

– Interpolation stage. This stage is only necessary for the weakly GPR model217

where the contribution of the non-conservative product on the density deriva-218

tive appearing in the pressure equation (15g), is approximated by making use of219

an explicit finite volume approach. Moreover, the pressure intermediate value220

p̃p obtained in the dual cells during the convective stage is interpolated to the221

primal grid.222

– Pressure stage. The pressure subsystems (14) or (16) are solved using contin-223

uous finite elements.224

– Correction stage. In the case of incompressible flows, the use of the pressure225

gradient at the previous time step is not sufficient to ensure the divergence-free226

condition of the velocity field, so we must correct ρu∗ with the gradient of the227

pressure variation ∇ δpn+1. On the other hand, for the weakly compressible228
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GPR model, the pressure gradient has been completely neglected in the con-229

vective stage, so we need to incorporate its contribution once the new pressure230

is available, ∇ pn+1. Therefore, the intermediate momentum ρu∗ is corrected231

using (14b) and (16b) for the incompressible and the weakly compressible GPR232

models, respectively.233

In what follows, we introduce the spatial discretisation and provide a detailed234

description of each algorithm stage.235

3.4 Spatial discretisation. Unstructured staggered grids236

To discretise the computational domain we employ the so-called face-based or237

diamond-shaped staggered grids, [5,86,6,78]. We denote Υ = {Tκ, κ = 1, . . . ,M}238

the tessellation corresponding to the primal grid composed of M triangular ele-239

ments Tκ. Then, each triangle Tκ is divided into three subtriangles having as base240

one of the boundary edges of Tκ and the opposite vertex the barycentre of Tκ,241

denoted by xκ. Merging the two subtriangles related to a boundary edge, we get242

an interior dual cell Ci. Meanwhile, for the element edges located at a boundary243

of the domain, the related dual element is simply taken to be the corresponding244

subtriangle inside the domain. A sketch of the dual mesh construction in 2D is245

depicted in Figure 1. For a detailed description of the unstructured faced-based246

staggered grids in 3D, we may refer to [4].247

Tk

Tl

Tm

V1 V2

V3

V4

V5

Tk

Tl

Tm

V1 V2

V3

V4

V5

Fig. 1 Sketch of the face-based unstructured grids in 2D. Left: Tk, Tl, Tm are the triangles
of the primal grid and Vj , j = 1, . . . , 5 are their vertices. Right: Interior (grey elements) and
boundary (white elements) elements of the dual mesh. The boundary between the two interior
dual cells Ci and Cj, Γij, is highlighted in red.

The use of this kind of staggered grids is two-folded motivated. On the one248

hand, having a primal grid made of triangles/tetrahedra eases the tessellation of249

complex domains if compared with Cartesian grids made of quadrilaterals/hexahe-250

dra. On the other hand, the combination of two staggered grids, the primal one251

used within the pressure system discretisation and the dual one employed during252

the transport stage, avoids stability issues as the well-known checkerboard phe-253

nomenon that often appears when collocated grids are employed, [84]. Further, the254

use of this grid arrangement becomes useful for the design of a second order finite255

volume scheme with a very small stencil, as has already been shown in [25,4].256
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To complete the description of the spatial domain discretisation in 2D, we still257

need to introduce some notation to be employed in the description of the algorithm258

stages. Given a dual cell Ci, we denote |Ci| its area and Γi ≡ ∂Ci its boundary.259

Taking into account the shape of the dual interior elements, Γi can be decomposed260

into four straight edges labelled as Γij, with Ci and Cj the two dual cells sharing261

that edge. Similarly, for a boundary cell, we have three edges, two of them of the262

interior type Γij and a boundary edge ΓiΓ . Moreover, nij represents the unitary263

external normal of Γij, and ηij the length-weighted normal, i.e., ηij = nij |Γij| =264

nij ∥ηij∥ with |Γij| the length of edge Γij. Finally, Vκl, l ∈ {1, . . . , 3}, refer to the265

three vertex of a primal element Tκ and nκ denotes its outward-pointing unit266

normal.267

For the numerical results presented in Section 4, the primal simplex grids268

have been created using an external meshing software and then imported into269

the code using the mesh conversion tool FEconv, [63]. In case of 3D rectangu-270

lar domains, regular unstructured meshes are generated within the code, using a271

standard methodology based on split Cartesian meshes, as detailed in [67].272

3.5 Transport stage. Finite volume method in the dual grid273

System (17) is discretised by employing an explicit finite volume method. Accord-274

ingly, we integrate (17) on each control volume Ci and apply the Gauss theorem275

to transform the integral of the flux term into the integral of the normal flux along276

the cell boundary, yielding to277

Q∗
i = Qn

i −
∆t

|Ci|

∫
Γi

F (Qn) · ni dS+

∫
Ci

B(Qn) · ∇Qn dV−
∫
Ci

S (Q) dV

 , (18)

with Q∗ =
(
ρn+1, ρu∗,An+1

)T
for the incompressible GPR model and Q∗ =278 (

ρn+1, ρu∗,An+1,Jn+1, p̃p
)T

for the weakly compressible GPR model. In what279

follows, to describe the FV scheme, we focus on the weakly compressible GPR280

case since the incompressible one can be seen just as a subcase of it.281

3.5.1 Explicit treatment of the convective terms282

The integral of the flux term is decomposed onto the sum of the contributions of283

the normal flux along each cell boundary as284 ∫
Γi

F (Qn) · ni dS =
∑

Nj∈Ki

|Γij|FNF (
Q

n
i ,Q

n
j ,nij

)
, (19)

with Ki the set of neighbours of Ci and FNF a numerical flux function. In partic-285

ular, we employ the Rusanov numerical flux, [75],286

FR (
Q

n
i ,Q

n
j ,nij

)
=

1

2

(
F

(
Q

n
i

)
+F

(
Q

n
j

))
− αn

ij

(
Q

n
j −Q

n
i

)
, (20)

with the maximum signal speed on the edge287

αn
ij = max

{
|un

i · nij ± cs| ,
∣∣∣∣32un

i · nij ± ci

∣∣∣∣ , |un
j · nij ± cs| ,

∣∣∣∣32un
j · nij ± cj

∣∣∣∣} ,
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ci =

√
4

3
c2s +

1

4
|ui|2, (21)

for the incompressible GPR model and288

αn
ij = max {|un

i · nij ± cni | , |un
j · nij ± cnj |} , cni =

√
4

3
c2s +

2c2hT
n
i

(ρni )
2 cv

, (22)

for the weakly compressible GPR model. Besides, if we sought a first order scheme,289

Qi and Qj are simply taken as the values of Q at the two dual cells related to290

the dual edge, Qi := Qi, Qj := Qj. On the other hand, to attain second order,291

Qi and Qj must correspond to the half in time evolved boundary extrapolated292

values. More precisely, we consider the local ADER approach proposed in [25] and293

perform the following steps:294

1. Piece-wise polynomial reconstruction. Given a variable Q, we build the left and295

right reconstruction polynomials related to edge Γij as296

PL
ij (x) = Qi + (x− xi)∇QL

ij , PR
ij (x) = Qj + (x− xj)∇QR

ij . (23)

The slopes ∇QL
ij and ∇QR

ij are computed using an ENO interpolation method297

so that the final scheme is nonlinear and, therefore, circumvents Godunov’s298

theorem. Accordingly, denoting Tij the primal element containing the face Γij299

and TL
ij and TR

ij the two neighbour primal elements containing one halve of the300

dual cells Ci and Cj, the slopes are computed as301

∇QL
ij =

{
∇Q|TL

ij
if
∣∣∣∇Q|TL

ij
· (xij − xi)

∣∣∣ ≤ ∣∣∇Q|Tij
· (xij − xi)

∣∣ ,
∇Q|Tij

otherwise;
(24)

∇QR
ij =

{
∇Q|TR

ij
if
∣∣∣∇Q|TR

ij
· (xij − xi)

∣∣∣ ≤ ∣∣∇Q|Tij
· (xij − xi)

∣∣ ,
∇Q|Tij

otherwise.
(25)

The gradients ∇Q|Tij
, ∇Q|TL

ij
and ∇Q|TR

ij
are computed in the primal cells302

using Crouzeix-Raviart finite elements which have as nodes the barycentres of303

the faces that are identified with the nodes of the dual cells.304

2. Computation of boundary extrapolated data. The polynomials are evaluated305

in the barycentre of the dual edge, xij, obtaining the boundary extrapolated306

values QL
i and QR

j .307

3. Half in time evolution. A midpoint rule, combined with the Cauchy-Kovalevska-308

ya procedure to transform the time derivatives into spatial derivatives using the309

governing equations, provides the approximation of the conservative variables310

at time tn+ 1
2∆t . Further details on this methodology and the original ADER311

approach can be found, e.g. in [26,81,82]. Moreover, for recent advances in312

ADER methods, including the ADER-DG approach which avoids the Cauchy-313

Kovalevskaya procedure by introducing a local space-time predictor, we refer314

to [37,18].315

In the numerical results, Section 4, as an alternative to the ENO-based reconstruc-316

tion introduced above, we also consider the use of the min-mod limiter of Roe,317

[68], and the Barth and Jespersen limiter, [3].318
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3.5.2 Pressure gradient in the incompressible GPR model319

Let us note that the incompressible GPR model equation (12b) includes a term320

on the pressure gradient at the previous time step. Contrary to what is done in321

most Godunov-type methods, where this kind of term is included within the flux,322

[39,22], we compute it as if it was a source term since it does not depend on the323

pressure at the new time step and thus it does not need to be included in the324

convective terms nor in the CFL time step restriction of the explicit subsystem.325

Therefore, to approximate its contribution, we interpolate the pressure at the326

previous time step, which has been computed in the primal vertex, into the dual327

edges, pnij , by simply taking the average between the two vertexes of each edge.328

In case one of the vertex corresponds to the barycentre of the primal element, its329

value is first obtained by averaging the pressure at the three vertex of the primal330

element. Finally, we compute331 ∫
Ci

∇ pn dV =
∑

Nj∈Ki

pnijηij. (26)

3.5.3 Path conservative discretisation of the non-conservative products332

The non-conservative products, B(Q) ·∇Q, are discretised employing a path con-333

servative scheme based on the straight line segment path, [59,29,46]. Accordingly,334

we approximate335 ∫
Ci

B(Qn) · ∇Qn dV =

∫
Γ i

D
(
Q

n) · ni dS+

∫
Ci\Γi

B(Q
n
) · ∇Q

n
dV . (27)

In Equation (27), the first term considers the jumps of the discrete solution336

across the cell boundaries for which we employ the boundary extrapolated values337

related to the face:338 ∫
Γ i

D
(
Q

n) · ni dS =
1

2

∑
Nj∈Ki

B(Qij) · ηij

(
Q

n
j −Q

n
i

)
, Qij = Qi +Qj. (28)

Meanwhile, the second term in Equation (27) corresponds to the smooth con-339

tribution of the non-conservative product within the cell, which must be taken340

into account to get high-order accurate schemes. To compute it, we again employ341

the dual grid structure and approximate the needed gradients using a Galerkin342

approach in the primal grid. Then, the gradient for the non-conservative product343

contribution is computed as a weighted average of the contribution from the two344

primal subtriangles composing it, i.e.,345 ∫
Ci\Γi

B(Q
n
) · ∇Q

n
dV = |Ci|B(Q

n
i )

(
|Ci1 |
|Ci|

∇Q
n
i1
+

|Ci2 |
|Ci|

∇Q
n
i2

)
, (29)

with i1 and i2 the two halves of cell Ci, Ci = Ci1 ∪ Ci2 , Ci1 ⊂ Ti1 , Ci2 ⊂ Ti2 ,346

Ti1 , Ti2 ∈ Υ , and ∇Qi1
, ∇Qi2

the gradients of Q computed in Ti1 and Ti2 , respec-347

tively.348
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3.5.4 Source term in the momentum equations349

The source term of the momentum equations is integrated on each dual cell em-350

ploying the density at the previous time step as351 ∫
Ci

ρng dV = |Ci| ρni g. (30)

3.5.5 Implicit discretisation of the algebraic source terms for the distortion and352

heat conduction fields353

The algebraic source terms related to the relaxation times may become very stiff354

in the fluid limit of the equations. Consequently, the needed time step to treat355

them explicitly may become very restrictive. To avoid this issue, an implicit dis-356

cretisation of those algebraic source terms can be performed, [10]. We assume that357

convective and non-conservative terms in (15) have already been computed. Then,358

we get the following system for the algebraic source terms:359

1

∆t

(
An+1

ik −A∗
ik

)
= − 1

θn+1
1 (τ1)

En+1
Aik

, (31a)

1

∆t

(
Jn+1
k −J∗

k

)
= − 1

θ⋆2 (τ2)
En+1

Jk
, (31b)

with360

A∗
ik = An

ik − ∂

∂xk
(un

mAn
im)− un

j
∂

∂xj
An

ik + un
j

∂

∂xk
An

ij , (32)

J∗
k = Jn

k − ∂

∂xk
(Jn

mun
m)− ∂

∂xk
Tn − un

j

(
∂

∂xj
Jn
k +

∂

∂xk
Jn
j

)
, (33)

that have already been computed explicitly using the explicit finite volume scheme.361

We note that system (31) can also be seen as a second splitting of the original362

model (11) with corresponding continuous source term subsystem363

∂tAik = − 1

θ1 (τ1)
EAik

, (34a)

∂tJk = − 1

θ2 (τ2)
EJk

. (34b)

Denoting Y = (A,J)T = (A1, . . . , A9, J1, . . . , J3)
T the vector of unknowns,364

the system (34) can be recast into an ordinary differential equation system of the365

form366

Y′(t) = g(t,Y(t)), (35)

that can be solved using classical Runge-Kutta methods as the implicit Euler367

scheme or the DIRK scheme of Pareschi and Russo, [60]. This methodology requires368

the computation of the root of G(Y(t)) = Y′(t) − g(t,Y(t)) which is performed369

using an inexact Newton algorithm, [34].370
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Focusing on the weakly compressible GPR system, once the distortion and371

thermal impulse fields are obtained at the new time step, they are used to approx-372

imate the source term contribution of the pressure equation (15f) at each cell Ci373

as374 ∫
Ci

[
ρn+1 (γ−1)

θn+1
1 (τ1)

En+1
Aik

En+1
Aik

+
ρn+1 (γ−1)

θ⋆2 (τ2)
En+1

Jk
En+1

Jk

]
dV =

|Ci|

 3ρ20c
2
s(γ − 1)

τ1ρ
n+1
i

∣∣An+1
i

∣∣ 11
3

(
An+1

i G̊n+1
i

)
·
(
An+1

i G̊n+1
i

)
+
c2h(γ − 1)ρn+1

i Tn
i

τ2ρ0T0
Ji · Ji

.
(36)

3.6 Interpolation stage375

In the weakly compressible GPR model, the pressure is computed in two steps.376

First, an intermediate value gathering the contributions of the convective terms377

and non-conservative products is obtained from solving (15f) and (15g). The ob-378

tained value is then employed within the system (16) to calculate the pressure at379

the new time step. Hence, before the projection stage, the intermediate pressure380

p̃p is interpolated from the dual cells, Ci, to the primal elements, Tκ, as381

p̃pκ =
∑
i∈Kκ

|Tκi|
|Tκ|

p̃p i, Tκi = Tκ ∩ Ci, (37)

with Kκ the set of dual cell index identifying the dual elements generated from382

the primal faces of element Tκ. Next, the intermediate pressure p̃ is computed as383

p̃κ = p̃pκ + p̃ρκ, (38)

where the contribution of the non-conservative product on the density, p̃ρ, to the384

pressure equation (15g), is computed using a finite volume approach in the primal385

grid. More precisely, we have386

p̃ρκ = − ∆t

|Tκ|

∫
Tκ

(cn)2 un · ∇ ρn dV =
∆t

|Tκ|
(cnκ)

2 un
κ ·

∑
i∈Kκ

∫
Γκi

ρni nκi dV

=
∆t

|Tκ|
(cnκ)

2 un
κ ·

∑
i∈Kκ

ρni ηκi, (39)

with387

cnκ =
∑
i∈Kκ

γ |Tκi| pnκi

|Tκ| ρni
, pnκi =

1

2

2∑
m=1

pnκim, (40)

pnκim the pressure at vertex m of edge Γκi, Γκi the primal edge of element Tκ388

used to generate Ci, u
n
κ the velocity interpolated from the dual grid to the primal389

element Tκ, following Equation (37), nκi the unitary outward pointing normal of390

Γκi, and ηκi = |Γκi|nκi.391
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3.7 Projection stage. Finite element method in the primal grid392

The pressure subsystem associated with the incompressible or the weakly com-393

pressible GPR models is solved by employing continuous finite element methods394

in the primal grid. Focusing on the weakly compressible GPR model, we substitute395

(14b) into (14a), obtaining396

1

∆t

(
pn+1 − p̃

)
+ c2 ∇·

(
ρu∗)− c2∆t ∆ pn+1 = 0.

Next, multiplying the former equation by a test function z ∈ V0,

V0 =

z ∈ H1(Ω) |
∫
Ω

z dV = 0

 ,

integrating in the computational domain Ω, and using the Green theorem, we get397

the weak problem398

Weak problem 1 Find p ∈ V0 such that399

1

c2

∫
Ω

pn+1z dV+∆t 2
∫
Ω

∇ pn+1 · ∇ z dV =
1

c2

∫
Ω

p̃z dV+∆t

∫
Ω

ρu∗ · ∇ z dV

−∆t

∫
∂Ω

ρun+1 · nz dS (41)

for all z ∈ V0.400

Similarly, for the incompressible system (14), we have401

Weak problem 2 Find δpn+1 ∈ V0 such that402 ∫
Ω

∇ δpn+1 · ∇ z dV =
1

∆t

∫
Ω

ρu∗ · ∇ z dV− 1

∆t

∫
∂Ω

ρun+1 · nz dS

for all z ∈ V0.403

Finally, we employ the second order P1 continuous finite element method to dis-404

cretise the weak problems, and the resulting algebraic systems are solved using a405

matrix-free conjugate gradient method. Let us note that the obtained weak prob-406

lems correspond to the ones arising for the incompressible and weakly compressible407

Navier-Stokes equations when the splitting procedure [83] is considered; further408

details on the applied methodology can be found in [25,4].409

3.8 Correction stage410

Once the new pressure has been obtained as the solution of the projection stage,411

the intermediate momentum is updated at each dual cell Ci using (14b) and (16b),412

for the incompressible GPR model and the weakly compressible GPR model, re-413

spectively. The involved pressure gradients are computed as414

(∇ p)i =
1

|Tκ|
∑
κ∈Ti

|Tκi| (∇ p)κ , (42)

with Ti the set of primal elements related to Ci and (∇ p)κ calculated in the primal415

cells using the P1 finite element basis functions.416
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3.9 Boundary conditions417

Before assessing the proposed methodology, we briefly introduce the main types418

of boundary conditions employed in Section 4.419

If a periodic solution is expected, we may simply employ periodic boundary420

conditions, which are implemented assuming each pair of boundaries to have a421

periodic mesh. Consequently, the vertex of the primal elements where the pressure422

is computed can be merged. On the other hand, we defined each couple of dual423

elements related through the boundary as a unique dual cell for the dual grid.424

Then, the solution at the boundary cells is computed as if they were interior425

elements.426

Regarding Dirichlet boundary conditions, two different subcases are considered:427

strong and weak boundary conditions. If strong boundary conditions are selected,428

the values of the conservative variables are directly imposed as the solution in429

the boundary cells. Alternatively, weakly Dirichlet boundary conditions assume430

the exact solution to be located at the boundary. Hence, the fluxes and gradients431

needed to compute the explicit stage are approximated by setting the given values432

in the neighbouring ghost cells. For both kinds of boundary conditions, we can433

further set the pressure as a Dirichlet boundary condition by defining its values434

at the boundary vertex. Nevertheless, in most cases, we simply employ Neumann435

boundary conditions for the pressure field.436

Focusing on the fluid limit of the model and considering the presence of walls,437

the velocity and pressure fields at the boundary cells are computed as for a Navier-438

Stokes solver, see e.g. [26]. Nevertheless, special care must be paid to approximat-439

ing the distortion field, which is left “free” at the boundary. So, a specific approach440

to compute the distortion field at the neighbouring of the wall is required. We first441

rewrite the distortion field equations as442

1

∆t

(
An+1

ik −An
ik

)
+An

im
∂

∂xk
un
m + un

m
∂

∂xm
An

ik = − 1

θn+1
1 (τ1)

En+1
Aik

, (43)

which corresponds to an asymptotic preserving scheme in the fluid relaxation443

limit of the equations, i.e., as τ1 → 0 we recover the Navier-Stokes equations, [14].444

Further, this allows the flux and the non-conservative product contributions to445

be reordered into two terms. The first one is linear with respect to the distortion446

field, A · ∇u, and is simply discretised using the gradients obtained at the dual447

cells applying the Galerkin approach, i.e., as introduced for the smooth part of the448

non-conservative products (29). Meanwhile, for the second term, u∇A, the path449

conservative methodology proposed in Section 3.5.3 is employed. Then, the term450

A · ∇u can be treated implicitly by including it within the source term system.451

Consequently, the explicit stage of the algorithm neglects the presence of this term.452

Then, instead of solving (31) for the distortion field, at the wall boundary cells,453

we have the implicit system454

An+1
ik +

∆t

θn+1
1 (τ1)

En+1
Aik

= A⋆
ik, (44a)

A⋆
ik = An

ik −∆tAn
im

∂

∂xk
ũm −∆tun

m
∂

∂xm
An

ik, (44b)

with the velocity gradients, ∇ ũ, approximated using the Galerkin approach by455

setting the known velocity at the Crouzeix-Raviart node located at the boundary456
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and the previous time step velocity values at the internal nodes. Let us remark that457

the use of (43) for the distortion field computation instead of the original version458

in terms of a convective flux term, (13b), leads to an asymptotic preserving scheme459

in the fluid limit of the model, further details can be found in [14].460

3.10 Parallel implementation461

The code has been parallelized using the Message-Passing-Interface (MPI) stan-462

dard, [45], enabling simulations involving millions of degrees of freedom through463

domain decomposition. In this approach, each CPU handles computations within464

its assigned subdomain and exchanges necessary data with neighboring CPUs. The465

scalability of the developed algorithm is primarily conditioned by its hybrid char-466

acter. Hence, the same challenges and advantages on parallelization are observed467

when applying the proposed hybrid method to the compressible Navier-Stokes468

equations and to the GPR model, being the greater number of equations solved469

in the explicit stage of the GPR model the only difference.470

To illustrate the advantages of parallelization in the family of hybrid methods,471

a scalability study is conducted using the Taylor-Green vortex (TGV) benchmark472

in a two-dimensional domain Ω = [0, 2π]2 (see Section 4.1 for further details on473

the test setup). A strong scaling test is performed by fixing the problem size and474

measuring the wall clock time for both sequential and parallel simulations. The475

speedup S(p) and the efficiency E(p) are defined as:476

S(p) =
Tserial

Tparallel(p)
, E(p) =

S(p)

p
=

Tserial

p Tparallel(p)
, (45)

where Tparallel(p) is the execution time required by p processors, and Tserial is the477

execution time of the sequential code. Ideally, the speedup is equal to the number478

of processors, resulting in linear speedup with S(p) = p, and every processor con-479

tributes 100% of its computational power.480

All simulations in the scaling study were performed on an Intel(R) Xeon(R) Gold481

6252N CPU @ 2.30GHz. For reliable performance metrics, each simulation was482

executed 10 times, and the average runtime was used to compute speedup and483

efficiency.484

Figure 2 illustrates the strong scaling results for the TGV benchmark. The left plot485

shows the speedup computed using (45) compared to the ideal speedup from 1 to486

96 processors. The right plot displays the efficiency calculated by using (45). Even487

thought these simulations have been performed without any code optimization, the488

achieved efficiency is around 65%. The main performance bottleneck occurs in the489

solution of the pressure system, which relies on the conjugate gradient method.490

This method requires data communication between the CPUs in each iteration491

to evaluate the residual tolerance, leading to the well-documented scalability lim-492

itation of this type of problems. In contrast, the explicit stage of the algorithm493

exhibits good scalability, since each CPU independently computes the interme-494

diate values for the variables, after exchanging data with its neighbours over a495

limited number of cells adjacent to the partition interface. Finally, the implicit496

system for the source terms is local, so no information exchange between CPUs is497

required. Further details on the parallelization of hybrid methods, particularly for498

the Navier-Stokes and shallow water equations, can be found in [67].499
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Fig. 2 Left: Computed speedup compared with the ideal speedup. Right: Efficiency as a
function of processor count. In both cases, the number of processors was from 1 to 96.

4 Numerical results500

In this section, we assess the proposed methodology through classical test problems501

for incompressible and weakly compressible flows. The test cases are described502

employing the international system of units. Besides, unless stated contrary, all503

test cases are run with a variable time-stepping attending to a CFL = 0.5 so that504

stability of the explicit part of the scheme is guaranteed. Taking into account that505

the pressure subsystem and the source terms for the distortion, thermal impulse506

and pressure equations are treated implicitly, the time step restriction only depends507

on the explicit transport stage and reads508

∆t = min
Ci

{∆t i} , ∆t i =
CFL ri
|λi|max

,

with ri the incircle diameter of Ci and |λi|max the maximum absolute eigenvalue509

associated with the explicit subsystem. The eigenvalues of the transport subsystem510

for the 2D and 3D cases are approximated from the ones computed in the 1D case,511

which correspond to:512

λ ∈
{
3

2
|u| − c, |u| , 3

2
|u|+ c

}
,

where c is defined as in (21) for the incompressible GPR model, and as in (22) for513

the weakly compressible one.514

4.1 Convergence study: Taylor-Green Vortex515

As a first test case, we consider the 2D Taylor-Green vortex benchmark whose516

known exact solution for the Euler equations in Ω = [0, 2π]2 is given by517

u (x, t) =

(
sin(x) cos(y)

− cos(x) sin(y)

)
, p (x, t) =

p0
γ

+
1

4
(cos(2x) + cos(2y)) .

We run a set of simulations for the successively refined triangular grids described518

in Table 1 with both the first and second order approaches for the convective terms519

using the incompressible and weakly compressible GPR models. In particular, in520

the incompressible regime, we simply set p0 = 0, and the model parameters are521
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cs = 0 and µ = 0. Meanwhile, to test the weakly compressible code, we take522

p0 = 105, γ = 1.4, cv = 2.5, cs = ch = 0, and µ = κ = 0, yielding a characteristic523

Mach number of M ≈ 3.2 · 10−3. In all cases, the expected convergence orders are524

attained, as shown in Tables 2-3.525

Mesh Elements Vertices Dual elements

M1 128 81 208

M2 512 289 800

M3 2048 1089 3136

M4 8192 4225 12416

M5 32768 16641 49408

M6 131072 66049 197120

Table 1 2D Taylor-Green vortex. Main features of the primal triangular grids used to run
the convergence table.

Mesh

M1

M2

M3

M4

M5

M6

M7

First order scheme

L2
Ω (u) O (u) L2

Ω (p) O (p)

3.45 · 10−1 7.42 · 10−1

1.99 · 10−1 0.79 2.02 · 10−1 1.88

1.09 · 10−1 0.87 9.44 · 10−2 1.10

5.71 · 10−2 0.93 4.64 · 10−2 1.03

2.93 · 10−2 0.97 2.31 · 10−2 1.01

1.48 · 10−2 0.98 1.15 · 10−2 1.00

7.46 · 10−3 0.99 5.75 · 10−3 1.00

Local ADER scheme

L2
Ω (u) O (u) L2

Ω (p) O (p)

1.23 · 10−1 4.21 · 10−1

3.06 · 10−2 2.01 2.11 · 10−1 1.00

7.62 · 10−3 2.01 6.35 · 10−2 1.73

1.90 · 10−3 2.00 1.66 · 10−2 1.93

4.75 · 10−4 2.00 4.21 · 10−3 1.98

1.19 · 10−4 2.00 1.06 · 10−3 1.99

2.97 · 10−5 2.00 2.64 · 10−4 2.00

Table 2 2D Taylor-Green vortex. Incompressible GPR model. Spatial L2 error norms and
convergence rates at time t = 0.1.

Mesh

M1

M2

M3

M4

M5

M6

Local ADER scheme

L2
Ω (ρ) O (ρ) L2

Ω (u) O (u) L2
Ω (p) O (p)

2.30 · 10−2 1.04 · 10−1 9.40 · 101

3.23 · 10−3 2.83 2.94 · 10−2 1.82 1.55 · 101 2.60

4.54 · 10−4 2.83 7.62 · 10−3 1.95 1.78 · 100 3.12

7.71 · 10−5 2.56 1.90 · 10−3 2.00 1.74 · 10−1 3.35

1.63 · 10−5 2.24 4.75 · 10−4 2.00 1.67 · 10−2 3.38

4.00 · 10−6 2.02 1.19 · 10−4 2.00 1.71 · 10−3 3.29

Table 3 2D Taylor-Green vortex. Weakly compressible GPR model. Spatial L2 error norms
and convergence rates at time t = 0.1.

The Taylor-Green vortex benchmark is also employed to numerically analyse526

the asymptotic preserving property of the hybrid approach in the incompressible527

limit. To this end a set of simulations for M ∈
{
10−3, 10−4, 10−5, 10−6

}
is run528
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employing the second order scheme with p0 ∈
{
106, 108, 1010, 1012

}
, respectively.529

Due to the large magnitude of the pressure, we have set quadruple precision arith-530

metic for M = 10−5 and M = 10−6. In Table 4, we observe that second order of531

accuracy is reached independently of the Mach number. Further, the magnitude532

of the errors for the density and velocity fields is maintained as M → 0. Conse-533

quently, even if not verifying the AP property strictly, for which the errors should534

diminish quadratically with M , the proposed scheme overcomes one shortcoming535

of many classical schemes that are not always able to attain the expected order of536

accuracy when addressing very low Mach number regimes.537

Mesh L2
Ω (ρ) O (ρ) L2

Ω (∇·u) O (∇·u) L2
Ω (u) O (u) L2

Ω (p) O (p)

M = 10−3 (double precision)

M1 2.30 · 10−2 3.85 · 10−1 1.04 · 10−1 9.40 · 102

M2 3.23 · 10−3 2.83 9.34 · 10−2 2.04 2.94 · 10−2 1.82 1.55 · 102 2.60

M3 4.54 · 10−4 2.83 2.36 · 10−2 1.98 7.62 · 10−3 1.95 1.78 · 101 3.12

M4 7.72 · 10−5 2.56 5.99 · 10−3 1.98 1.90 · 10−3 2.00 1.74 · 100 3.35

M5 1.63 · 10−5 2.25 1.50 · 10−3 1.99 4.75 · 10−4 2.00 1.66 · 10−1 3.39

M = 10−4 (double precision)

M1 2.30 · 10−2 3.85 · 10−1 1.04 · 10−1 9.40 · 104

M2 3.23 · 10−3 2.83 9.34 · 10−2 2.04 2.94 · 10−2 1.82 1.55 · 104 2.60

M3 4.54 · 10−4 2.83 2.36 · 10−2 1.98 7.62 · 10−3 1.95 1.78 · 103 3.12

M4 7.72 · 10−5 2.56 5.99 · 10−3 1.98 1.90 · 10−3 2.00 1.74 · 102 3.35

M5 1.63 · 10−5 2.25 1.50 · 10−3 1.99 4.75 · 10−4 2.00 1.65 · 101 3.39

M = 10−5 (quadruple precision)

M1 2.30 · 10−2 3.85 · 10−1 1.04 · 10−1 9.40 · 106

M2 3.23 · 10−3 2.83 9.34 · 10−2 2.04 2.94 · 10−2 1.82 1.55 · 106 2.60

M3 4.54 · 10−4 2.83 2.36 · 10−2 1.98 7.62 · 10−3 1.95 1.78 · 105 3.13

M4 7.72 · 10−5 2.56 5.99 · 10−3 1.98 1.90 · 10−3 2.00 1.66 · 104 3.42

M5 1.63 · 10−5 2.25 1.50 · 10−3 1.99 4.75 · 10−4 2.00 1.66 · 103 3.32

M = 10−6 (quadruple precision)

M1 2.30 · 10−2 3.85 · 10−1 1.04 · 10−1 9.40 · 108

M2 3.23 · 10−3 2.83 9.33 · 10−2 2.05 2.94 · 10−2 1.82 1.55 · 108 2.60

M3 4.54 · 10−4 2.83 2.36 · 10−2 1.98 7.62 · 10−3 1.95 1.78 · 107 3.12

M4 7.72 · 10−5 2.56 5.99 · 10−3 1.98 1.90 · 10−3 2.00 1.74 · 106 3.35

M5 1.63 · 10−5 2.24 1.50 · 10−3 1.99 4.75 · 10−4 2.00 1.66 · 105 3.39

Table 4 2D Taylor-Green vortex. Spatial L2 error norms and convergence rates at time t = 0.1
for M ∈

{
10−3, 10−4, 10−5, 10−6

}
. Results computed using the second order approach.

4.2 Lid-driven cavity538

To analyse the behaviour of the proposed methodology in the incompressible fluid539

limit, we study the lid-driven cavity benchmark, [47]. We consider an initial fluid540

at rest with u = 0, p = ρ = 1, A = I, cs = 8, and µ = 10−2. Homogeneous541

wall boundary conditions are set in the bottom and laterals of the computational542

domain Ω = [−0.5, 0.5]2, while the upper bound is assumed to be moving horizon-543

tally with a lid velocity ulid = 1. The new hybrid FV/FE methodology is employed544
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to solve the incompressible GPR model up to time t = 10. The obtained results545

are depicted in Figure 3. We can observe a good qualitative agreement with former546

results available in the bibliography, see, e.g. [22]. Moreover, Figure 3 also reports547

the 1D cuts of the velocity field along the horizontal and vertical centerlines of the548

domain, which compare well with the reference data in [47].549
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­0.2

0

0.2

0.4

0.6

0.8

1

GPR model (Hybrid FV/FE scheme) ­ u(0,y)

GPR model (Hybrid FV/FE scheme) ­ v(x,0)
Reference solution ­ u(0,y)
Reference solution ­ v(x,0)

Fig. 3 Lid-driven cavity. Left: contour plot of the distortion component A12. Right: 1D cut
in x− and y−directions of the velocity components u2 and u1 computed using the new hybrid
FV/FE method for the incompressible GPR model (blue solid line - u1 and dark grey solid
line - u2) and reference solutions reported in [47] (blue squares - u1 and black circles - u2).

4.3 Shear motion550

We now study four shear motion tests in the computational domainΩ = [−0.5, 0.5]×551

[−0.05, 0.05] with the initial condition552

ρ (x, 0) = 1, p (x, 0) =
1

γ
, u1 (x, 0) = 0, u2 (x, 0) =

{
−0.1 if y ≤ 0,
0.1 if y > 0,

A (x, 0) = I, J = 0.

Taking the incompressible fluid limit of the GPR model by setting cs = ch = 1,553

cv = 2.5, µ ∈
{
10−4, 10−3, 10−2

}
, and κ = µ, we recover the well-known first554

problem of Stokes with a known exact analytical solution for the incompressible555

Navier-Stokes equations given by556

u2 (x, t) =
1

10
erf

(
x

2
√
µt

)
.

Since these test cases are run in a 2D domain, we set periodic boundary conditions557

in the y-direction while strong Dirichlet boundary conditions are imposed in the558

left and right boundaries. A primal triangular grid of Nx = 200 divisions is em-559

ployed for µ = 10−2 and µ = 10−3, while Nx = 400 is defined for µ = 10−4. The560

results obtained at time t = 0.4 using the hybrid FV/FE scheme with the local561

ADER-ENO approach for the convective terms are reported in Figure 4. Excel-562

lent agreement is observed regarding the exact solutions for the three viscosities563

considered.564
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As the fourth shear motion test, we set τ1 = τ2 = 1020 to obtain a 1D565

shear solid benchmark. Then, the GPR model is solved on a triangular grid of566

Nx = 400 divisions along the x-direction. The obtained 1D cut along the cen-567

terline of the domain for the velocity component u2 is depicted in Figure 4. We568

observe a good agreement with the reference solution computed employing a sec-569

ond order MUSCL-Hancock TVD-FV scheme on a one-dimensional grid of 1000570

control volumes.571
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Fig. 4 Shear motion. 1D cut in the x−direction of the velocity component u2 of the numerical
solution obtained using the hybrid FV/FE method for the weakly compressible GPR model
with the local ADER-ENO approach (blue squares). Reference solution computed with a TVD-
FV scheme on a mesh of 1000 cells (black solid line). From left top to right bottom: first Stokes
with µ = 10−2, first Stokes with µ = 10−3, first Stokes with µ = 10−4, shear solid.

4.4 Double shear layer572

As the fourth test case, we consider the double shear layer benchmark whose initial573

condition, defined in Ω = [0, 1]2, reads574

ρ (x, 0) = 1, u1 (x, 0) =

{
tanh (ρ̃(y − 0.25)) if y ≤ 0.5,
tanh (ρ̃(0.75− y)) if y > 0.5,

u2 (x, 0) = δ sin(2πx),

p (x, 0) = 0, A (x, 0) = I, J (x, 0) = 0, δ = 0.05, ρ̃ = 30.
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The numerical solution is computed using both the incompressible and the weakly575

compressible GPR methodologies with parameters µ = 2 · 10−3, κ = 4 · 10−2,576

cv = 2.5, ch = 2 and cs = 8. Further, the CFL is set to 0.1. Periodic boundary577

conditions are defined everywhere, and a computational grid formed by 2097152578

primal triangular elements is considered. Figure 5 shows the contour plots of the579

distortion field component A12 at times t ∈ {0.4, 0.8, 1.2, 1.8}. The method cap-580

tures well the very thin structures reported in the literature, e.g. [39,21] where high581

order explicit finite volume methods and thermodynamically compatible schemes582

have been used, respectively.583

4.5 Solid rotor584

We now consider the solid rotor test case to analyse further the behaviour of the585

proposed methodology in the GPR model’s solid limit, [14]. The initial condition586

ρ (x, 0) = 1, u (x, 0) =

{(−y
0.2 ,

x
0.2 , 0

)T
if ∥x∥ ≤ 0.2,

0 if ∥x∥ > 0.2,

p (x, 0) = 1, A (x, 0) = I, J (x, 0) = 0.

is defined in the computational domain Ω = [−1, 1]2. Moreover, the model pa-587

rameters are τ1 = τ2 = 1020, µ = κ = 0, and cs = ch = cv = 1.0. In Figure 6,588

we show the solution obtained with the hybrid FV/FE weakly compressible GPR589

scheme at time t = 0.3 employing the local ADER min-mod approach on an un-590

structured grid with 2975744 primal triangular elements. The provided reference591

solution has been obtained using the thermodynamically compatible finite volume592

scheme presented in [21], which solves the entropy-based formulation of the model.593

For comparison, the 1D profiles of the density, velocity, pressure, A12 and J1 fields594

along y = 0 are reported in Figure 7. A good agreement is observed for all the595

schemes presented, namely the hybrid FV/FE approach, the HTC-FV scheme in596

[21], the HTC-DG I and HTC-DG-II methods with N = 5 in [22] and a second597

order MUSCL-Hanchock FV approach run on a very fine grid, [81].598

Fig. 6 Solid rotor. Contour plots of the velocity field component u1 obtained with the hybrid
FV/FE approach (left) and the HTC-FV scheme in [21] (right).
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Fig. 5 Double shear layer. Contour plots of the distortion field component A12 obtained
with the new semi-implicit hybrid FV/FE solver at times t ∈ {0.4, 0.8, 1.2, 1.8} (from top to
bottom). Numerical results were obtained with the incompressible GPR (left) and the weakly
compressible GPR (right).
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Fig. 7 Solid rotor. From top left to right bottom: 1D cuts of the density, pressure, velocity, A12

and J1 fields along y = 0 at t = 0.3. The five schemes compared correspond to a second order
MUSCL-Hanchock FV scheme (solid black line), the HTC-FV scheme in [21] (dashed blue
line), the HTC-DG I (dash-dotted green line) and HTC-DG-II (dotted purple line) methods
with N = 5 in [19] and the new hybrid FV/FE approach (long dashed red line).
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4.6 Riemann problems599

The behaviour of the proposed methodology in presence of strong waves including600

shocks is analysed through a set of Riemann problems. We consider the compu-601

tational domain Ω = [−0.5, 0.5] × [−0.05, 0.05] and the initial conditions given602

by603

V (x, 0) =

{
VL if x ≤ xc,

VR if x > xc,

with the left and right states for the velocity, density and pressure fields defined604

in Table 5 and AL = AR = I, JL = JR = 0. The parameters of the weakly605

compressible GPR model are set to cs = ch = 0 and µ = κ = 0 for the three606

classical Riemann problems of the Navier-Stokes equations: RP1, RP2 and RP3.607

In RP4, a weak viscous fluid with shear is considered by defining µ = κ = 10−5
608

and cs = ch = 1. On the other hand, Riemann problems RP5 and RP6 correspond609

to the solid limit of the equations so τ1 = τ2 = 1020, and we consider cs = 1.0,610

cv = 2.5. Moreover, heat conduction effects are neglected in RP5 by taking ch = 0,611

while ch = 1 is set for RP6.612

Figures 8, 9 and 10 report the 1D cuts of the density, first component of the613

velocity vector and pressure along y = 0 for RP1, RP2 and RP3. A good agreement614

is observed with the known exact solution of the 1D compressible Euler equations,615

[81].616

Test ρL ρR uL
1 uR

1 uL
2 uR

2 pL pR xc tend Nx

RP1 1 0.125 0 0 0 0 1 0.1 0 0.2 400

RP2 1 1 −1 1 0 0 0.4 0.4 0 0.15 400

RP3 1 0.125 0.5 0 0 0 1 1 0 0.1 400

RP4 1 0.5 0 0 −0.2 0.2 1 0.5 0 0.2 400

RP5 1 0.5 0 0 −0.2 0.2 1 0.5 0 0.2 400

RP6 1 0.5 0 0 −0.2 0.2 1 0.5 0 0.2 400

Table 5 Riemann problems. Initial condition, location of the initial discontinuity, xc, final
time, tend, and number of mesh divisions on x-direction, Nx.
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Fig. 9 RP2 double rarefaction. 1D cut in x−direction of the numerical solution obtained using
the hybrid FV/FE method for the weakly compressible GPR model with the local ADER-BJ
approach and auxiliary artificial viscosity cα = 0.1 (blue squares). Exact solution for the
compressible Euler equations (black solid line). From left to right: density, velocity component
u1, and pressure fields.
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Fig. 10 RP3. 1D cut in x−direction of the numerical solution obtained using the hybrid
FV/FE method for the weakly compressible GPR model with the local ADER-BJ approach
and auxiliary artificial viscosity cα = 0.2 (blue squares). Exact solution for the compressible
Euler equations (black solid line). From left to right: density, velocity component u1, and
pressure fields.
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Fig. 8 RP1 Sod. 1D cut in x−direction of the numerical solution obtained using the hybrid
FV/FE method for the weakly compressible GPR model with the local ADER-BJ approach
and auxiliary artificial viscosity cα = 0.2 (blue squares). Exact solution for the compressible
Euler equations (black solid line). From left to right: density, velocity component u1, and
pressure fields.
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Fig. 11 RP4. 1D cut in x−direction of the numerical solution obtained using the hybrid
FV/FE method for the weakly compressible GPR model with the local ADER-BJ approach
and auxiliary artificial viscosity cα = 1 (blue squares). Reference solution computed with
a TVD-FV scheme on a mesh of 128000 cells (black solid line). From left to right: density,
velocity component u2, and pressure fields.

RP4, RP5 and RP6 are tests specifically designed to assess the complete GPR617

model and are characterised by having the same initial conditions but considering618

different types of materials, [14]. As observed in Figure 11, the ideal fluid studied619

in RP4 leads to one contact discontinuity, one shear wave and two acoustic waves.620

The obtained results agree well with the solution computed employing a second621

order TVD finite volume scheme on a 1D mesh formed by 128000 cells. On the other622

hand, for an ideal elastic solid without heat conduction, we obtain two acoustic623

waves (a left rarefaction and a right shock), two shear waves (one left and one624

right going) and one contact discontinuity. The obtained results are compared in625

Figure 12 against a reference numerical solution computed in a 1D grid of 25000626

cells with a second order finite volume thermodynamically compatible scheme627

for the entropy-based formulation of the GPR model, i.e., the scheme solves the628

entropy equation instead of the total energy, see [21] for more details. Finally,629

Figure 13 shows the results obtained for RP5, where the effect of the thermal630

impulse is taken into account and, as a consequence, a couple of new left and631

right thermo-acoustic waves arise. Also, in this case, the TVD-FV scheme for the632

compressible GPR model is employed to provide a reference solution.633
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Fig. 12 RP5. 1D cut in x−direction of the numerical solution obtained using the hybrid
FV/FE method for the weakly compressible GPR model with the local ADER-MM approach
and auxiliary artificial viscosity cα = 1 (blue squares). Reference solution computed with an
HTC-FV scheme on a mesh of 25000 cells (black solid line). From left top to right bottom:
density, velocity component u2, distortion field component A11, and pressure fields.
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Fig. 13 RP6. 1D cut in x−direction of the numerical solution obtained using the hybrid
FV/FE method for the weakly compressible GPR model with the local ADER-MM approach
and auxiliary artificial viscosity cα = 1 (blue squares). Reference solution computed with an
HTC-FV scheme on a mesh of 25000 cells (black solid line). From left top to right bottom:
density, velocity component u2, distortion field component A11, and thermal impulse compo-
nent J1 fields.



30 Saray Busto, Laura Ŕıo-Mart́ın

4.7 2D circular explosions634

We now address two circular explosion problems, one in the fluid framework and635

the other one in the solid limit of the weakly compressible GPR model.636

4.7.1 Fluid circular explosion637

First, we consider the classical circular explosion problem based on the extension to638

radial flows of the 1D Sod shock tube benchmark, [13], and whose initial condition639

is given by640

ρ (x, 0) =

{
1 if r ≤ 0.5,
0.125 if r > 0.5,

u (x, 0) = 0, p (x, 0) =

{
1 if r ≤ 0.5,
0.1 if r > 0.5,

A (x, 0) = I, J (x, 0) = 0, r =
√
x2 + y2.

The parameters of the GPR model are set to cs = ch = 0 and µ = κ = 0.641

The computational domain Ω = [−1, 1]2 is discretised with a primal mesh of642

85344 triangles, and periodic boundary conditions are imposed everywhere. The643

numerical results obtained with the new hybrid FV/FE scheme using the local644

ADER-ENO approach are reported in Figure 14. The obtained solution shows a645

good agreement with the reference solution computed employing the 1D partial646

differential equation in radial direction with geometrical source terms equivalent647

to the compressible Euler system and solved using a second order TVD-FV scheme648

on a grid of 104 cells, [42].649
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Fig. 14 Fluid circular explosion. Left top: elevated contour plot of the density field. From
right top to right bottom: 1D cut in x−direction of the density, velocity component u1 and
pressure obtained using the hybrid FV/FE method for the weakly compressible GPR model
with the local ADER-ENO approach and auxiliary artificial viscosity cα = 0.5 (blue squares).
Reference solution (solid black line).

4.7.2 Solid circular explosion650

To analyse the behaviour also in the solid limit, i.e., for τ1 → ∞, τ2 → ∞, we651

follow [14] and set τ1 = τ2 = 1020, ρ0 = 1, cv = 1.0, cs = 1, ch = 0.5, γ = 1.4 and652

the initial condition653

ρ (x, 0) = 1, u (x, 0) = 0, p (x, 0) =

{
2 if r ≤ 0.5,
1 if r > 0.5,

A (x, 0) = I, J (x, 0) = 0.

We run the simulation using the hybrid FV/FE scheme using the local ADER654

min-mod approach and an auxiliary artificial viscosity cα = 0.5. Again, periodic655

boundary conditions are set in all boundaries. The results obtained at time t = 0.15656

with a fine grid of 1365504 primal triangular elements are reported in Figure 15.657

Moreover, Figure 16 reports the 1D cuts for the density, pressure, distortion com-658

ponent A11 and thermal impulse component J1 along a 1D cut in x−direction.659

An excellent agreement is observed with the reference solution computed using a660

second order MUSCL-Hancock finite volume scheme, [81,14].661
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Fig. 15 Solid circular explosion. From left top to right bottom: elevated contour plots of the
density, pressure, distortion component A11 and thermal impulse component J1.

4.8 3D spherical explosion662

To illustrate the extension of the proposed hybrid FV/FE methodology for the663

weakly compressible GPR model to the three-dimensional case, we study the 3D664

spherical explosion problem already employed in [4] to assess weakly compressible665

flows. The computational domain is a sphere of radius 1 centred in (0, 0, 0) and666

discretised using a primal grid of 2280182 tetrahedra. As initial condition we set667

ρ (x, 0) =

{
2 if r ≤ 0.5,
1.125 if r > 0.5,

p (x, 0) =

{
2 if r ≤ 0.5,
1.1 if r > 0.5,

u (x, 0) = 0, A (x, 0) = I, J (x, 0) = 0,

with r the distance to the origin, and the model parameters are defined as cs =668

ch = 0 and µ = κ = 0, which correspond to the fluid limit of the model. Dirichlet669

boundary conditions are imposed and the numerical simulation is carried out up670

to time t = 0.25. Figure 17 reports the results obtained using the LADER-ENO671

approach for the convective terms and auxiliary artificial viscosity cα = 3. We672
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Fig. 16 Solid circular explosion. 1D cut in x−direction of the numerical solution obtained
using the hybrid FV/FE method for the weakly compressible GPR model with the local ADER-
MM approach and auxiliary artificial viscosity cα = 0.5 (blue squares). Reference solution
obtained with a MUSCL-Hancock FV scheme [14] (solid black line). From left top to right
bottom: density, pressure, distortion component A11 and thermal impulse component J1.

observe a good agreement with the reference solution computed using a TVD-673

FV scheme for the 1D compressible Euler equations with appropriate geometrical674

source terms, [81].675
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Fig. 17 3D spherical explosion. Left top: 3D mesh with MPI divisions and Mach number
contours. From top right to bottom right: 1D cuts along the x−axis of the density, pressure, and
velocity component u1 obtained using the hybrid FV/FE method for the weakly compressible
GPR model with the local ADER-ENO approach and auxiliary artificial viscosity cα = 3 (blue
squares). Reference solution obtained with a FV-TVD scheme solving the 1D Euler equations
(solid black line).

4.9 Smooth acoustic wave676

One important difference between weakly compressible and incompressible flows is677

the presence of acoustic waves. To analyse the ability of the proposed semi-implicit678

FV/FE approach to capture acoustic waves properly we consider the smooth acous-679

tic wave benchmark in [79,4]. The initial condition is defined as680

ρ (x, 0) = 1, u (x, 0) = 0, p (x, 0) = 1 + e−αr2

, A = I, J = 0, r =
√
x2 + y2

and the model parameters are set to µ = κ = cs = ch = 0. The computational681

domain Ω = [0, 2]2 is discretised employing a primal triangular grid formed by682

131072 cells, and periodic boundary conditions are defined everywhere. The second683

order hybrid FV/FE scheme with ENO limiters is employed to get the solution684

at time t = 1. To generate a reference solution, we consider the 1D PDE in685
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radial direction with geometrical source terms equivalent to the compressible Euler686

system, which is solved using a second order TVD-FV scheme on a grid of 104687

cells. Figure 18 shows an excellent agreement between both numerical results. Let688

us remark that even if this test case is characterised by a low Mach number, the689

compressibility still plays a primal role since we observe a steep acoustic wavefront690

propagating in radial direction. Moreover, using a semi-implicit approach leads to691

a CFL number depending only on the bulk flow velocity, so we circumvent the692

strong time step restriction of explicit Godunov-type solvers, which is related to693

the sound speed.694
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Fig. 18 Smooth acoustic wave. Left top: 2D Mach number contour plot obtained at time
t = 1. From right top to right bottom: 1D cuts along y = 0 of the density, pressure and
velocity component u1 (blue squares). Reference solution computed with the TVD-FV scheme
on a grid of 104 cells (black solid line).
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5 Conclusions695

We have presented a novel hybrid FV/FE methodology for solving the GPR model696

for continuum mechanics on unstructured meshes. From the compressible math-697

ematical model and to simulate weakly compressible flows, we have derived two698

new formulations: the incompressible GPR model and a weakly compressible GPR699

model. Moreover, as for the original GPR model, able to address all Mach number700

flows appropriately by setting the model parameters, we can simulate both solids701

with large deformations and fluids. To discretise these systems, a splitting of the702

equations is performed, leading to a Poisson-type pressure system and a trans-703

port system containing convective terms and non-conservative products. This last704

system is solved using finite volume methods. Even if this part of the scheme is705

explicit, it is independent of the fast sound velocity waves, yielding a computa-706

tionally efficient scheme in the low Mach regime. Moreover, to avoid the severe707

time-step restriction that may arise from the presence of stiff source terms in the708

distortion field and thermal impulse equations, an implicit finite volume method709

is employed for their discretisation. On the other hand, the pressure subsystem710

is solved using classical finite element methods, which are well known for their711

efficiency in solving Poisson-type problems. Finally, the intermediate momentum712

field computed within the transport stage of the algorithm is corrected to account713

for the new pressure, thus providing the momentum at the new time step. The714

final methodology has been successfully assessed employing a wide range of test715

cases, from solid mechanics benchmarks to the incompressible fluid limit of the716

equations, including the analysis of low Mach problems featuring small shocks.717

In future, we plan to extend the former hybrid methodology to deal with fluid-718

structure iteration problems. To this end, following the methodology in [24] for719

the Navier-Stokes equations, the hybrid FV/FE method for the GPR model will720

also be developed in the ALE framework. Moreover, we plan to tackle the current721

second order in space - first order in time limitation devising a high order of accu-722

racy hybrid method combining DG schemes and extended IMEX algorithms, [77,723

11]. One important advantage of the proposed weakly compressible method, over724

all Mach number solvers, is its computational efficiency stemming from the use725

of a non-conservative pressure equation which produces a linear pressure system.726

However, this also yields a limitation: we are not able to deal with highly compress-727

ible flows. Therefore, in future, we will extend the hybrid methodology to solve a728

fully conservative formulation of the compressible GPR model, following similar729

approaches to those proposed for all Mach number flow solvers in the context of730

the Navier-Stokes equations, [27,9]. Finally, we have analysed the AP property731

of the continuous model in the incompressible limit and shown that the proposed732

method attains second order of accuracy independently of the Mach number, but733

additional structural properties preserved by the continuous model are still ne-734

glected. Therefore, one future line of research is focused on the development of a735

hybrid methodology that exactly preserves the curl involution constraints of the736

distortion and thermal impulse fields, [43,87], and we are interested on devising737

a hybrid approach also verifying thermodynamical compatibility at the discrete738

level, [2,21].739
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A Derivation of the weakly GPR model using the total energy996

equation997

The GPR model for continuum mechanics is an overdetermined symmetric hyperbolic thermo-998

dynamically compatible system so that the total energy equation is obtained from equations999

(1a)-(1e) following the Godunov formalism, [48,49,66]. Consequently, the non-conservative1000

pressure equation can also be obtained by employing the energy conservation law instead of1001

the entropy equation, following a procedure similar to the one classically employed to get the1002

weakly compressible flow model from the compressible Navier-Stokes equations. More precisely,1003

to get (11e), we start multiplying the momentum equations by the corresponding dual variable1004

ui yielding1005

ui
∂

∂t
(ρui) + ui

∂

∂xk
(ρuiuk) + ui

∂

∂xi
p+ ui

∂

∂xk
(σik + ωik) = ρgiui,

∂

∂t

(
1

2
ρu2

i

)
+

∂

∂xk

(
1

2
ρu2

i uk

)
+ ui

∂

∂xi
p+ ui

∂

∂xk
(σik + ωik) = ρgiui.

Summing all momentum equations, we get1006

∂

∂t

(
1

2
ρ |u|2

)
+∇·

(
1

2
ρ |u|2 u

)
+ u · ∇ p+ u · ∇· (σ + ω) = ρg · u.

Subtracting this relation from the total energy equation and taking into account that1007

∇· (σu) = u · ∇·σ + σ · ∇u, ∇· (ωu) = u · ∇·ω + ω · ∇u, ∇· (up) = p∇·u+ u · ∇ p,
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it results1008

∂

∂t
(ρE)−

∂

∂t

(
1

2
ρ |u|2

)
+∇· (ρEu)−∇·

(
1

2
ρ |u|2 u

)
+ p∇·u

+σ · ∇u+ ω · ∇u+∇·q = 0.

Decomposing the total energy (5) into its four components and taking into account (6) and1009

the equation of state for ideal gasses in E4, (8), we get1010

∂

∂t

(
p

γ − 1

)
+∇·

(
p

γ − 1
u

)
+

∂

∂t
(ρE2) +∇· (ρE2u) +

∂

∂t
(ρE3) +∇· (ρE3u)

+p∇·u+ σ · ∇u+ ω · ∇u+∇·q = 0.

Since γ =
c2ρ

p
and ∇· (pu) = p∇·u+ u · ∇ p, we obtain1011

∂p

∂t
+ u · ∇ p+ (γ − 1)

(
∂
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(ρE2) +∇· (ρE2u) +

∂

∂t
(ρE3) +∇· (ρE3u)

)
+c2ρ∇·u+ (γ − 1) (σ · ∇u+ ω · ∇u+∇·q) = 0.

Hence, taking into account ∇· (ρu) = ρ∇·u+ u · ∇ ρ, it yields1012

∂p
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+ u · ∇ p+ (γ − 1)

(
∂
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∂
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)
+c2 ∇· (ρu)− c2u · ∇ ρ+ (γ − 1) (σ · ∇u+ ω · ∇u+∇·q) = 0. (46)

To get rid of the time derivative term on E2, we first multiply (1c) by ρEAik
, and sum over1013

all equations of the distortion field components, obtaining1014

ρEAik

∂

∂t
Aik + ρEAik

∂

∂xk
(umAim) + ρEAik

uj
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uj
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Aij
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hence1015

ρ
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(umAim)− um

∂

∂xk
Aim

)
= −

ρ
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EAik
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.

Adding (1a) multiplied by E2,1016

E2
∂

∂t
ρ+ E2 ∇· (ρu) = 0,

we get1017

∂

∂t
(ρE2) +∇· (ρE2u) = −ρEAik

Aim
∂

∂xk
um −

ρ

θ1 (τ1)
EAik

EAik
. (47)

Substituting (47) in (46), we obtain1018

∂p
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+ u · ∇ p+ (γ − 1)

(
−ρEAik

Aim
∂

∂xk
um −

ρ
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+∇· (ρE3u)

)
+ c2 ∇· (ρu)− c2u · ∇ ρ+ (γ − 1) (σ · ∇u+ ω · ∇u+∇·q) = 0. (48)

Following an analogous procedure, we next substitute the time derivative term in E3. Multi-1019

plying (1d) by ρEJk
, summing up all thermal impulse equations, and adding (1a) multiplied1020

by E3, lead to1021

∂
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(ρE3) +∇· (ρE3u) = −ρEJk

Jm
∂
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um − ρEJk

∂
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T −
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. (49)
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Then substituting (49) in (48), we get1022

∂p

∂t
+ u · ∇ p+ c2 ∇· (ρu)− c2u · ∇ ρ+ (γ − 1) (σ · ∇u+ ω · ∇u+∇·q)
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.

Replacing EJk
= c2hJk, EAik

= c2sAijG̊jk in the left-hand side of the former equation leads to1023
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+ u · ∇ p+ c2 ∇· (ρu)− c2u · ∇ ρ+ (γ − 1) (σ · ∇u+ ω · ∇u+∇·q)

− (γ − 1)

(
ρc2sAijG̊jkAim

∂

∂xk
um + ρc2hJkJm

∂

∂xk
um + ρc2hJk

∂

∂xk
T

)
= (γ − 1)

(
ρ

θ1 (τ1)
EAik

EAik
+

ρ

θ2 (τ2)
EJk

EJk

)
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Finally, from (2) and (3), we observe that1024
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∂

∂xk
ui = Aji∂Ajk

(ρE)
∂

∂xk
ui = ρc2sAmiAmjG̊jk

∂

∂xk
ui,

ω · ∇u = ωik
∂

∂xk
ui = ρc2hJiJk

∂

∂xk
ui,

∇·q =
∂

∂xk
qk = c2h

∂

∂xk
(ρJkT ) = c2hT

∂

∂xk
(ρJk) + c2hρJk

∂

∂xk
T.

Hence1025
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Substitution in (50) yields1026
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.

Hence, we have obtained the non-conservative pressure equation for the weakly compressible1027

GPR model (11e).1028


