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1. Introduction

The theory of equations of arbitrary order has been proposed as an adequate framework to deal
with the heterogeneity and memory effects present in the physical phenomena [1,2]. The study of
fractional integral equations is relevant by itself and also for the study of the properties of the solutions
to fractional differential equations. Linear problems for fractional equations can be addressed by
passing to integer order equations [3,4]. On the other hand, for nonlinear problems, one interesting
approach is the development of iterative techniques based on the use of upper and lower solutions [5].

The main purpose of this manuscript is to provide some results concerning estimations of solutions
to nonlinear fractional integral problems. The paper is structured as follows.

In the second section, we introduce some basic concepts involving fractional calculus, together
with some fundamental and useful results. In the third section, we describe several theorems providing
conditions ensuring that certain linear fractional integral equations with constant coefficients have
nonnegative solutions. In the fourth section, we use the previous results to adapt the classical idea
of the monotone iterative technique [5,6] for this case. In the last section, we give an example of
application in a specific nonlinear equation.

2. Preliminaries

In this section we introduce some definitions and notation that will be used for the rest of the
document. These concepts are, essentially, the fundamental notions of fractional calculus, together
with some theorems involving them. These introductory results focus on conditions ensuring the
existence and uniqueness of a solution to a fractional integral or differential equation.
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We will assume that the reader is familiar with the basic notions on Banach Spaces, together
with its classical notation, for instance, the space Ll [0, b]. Interested readers in Banach Spaces can
consult [7,8].

In the rest of the document [0, b] C R will denote a compact interval. In particular, any equation
that equals two expressions depending on t will be true if, and only if, it holds for every t € [0, b]
except, at most, for a zero-measure set. It is important to notice that, when both expressions involved
in the equation are continuous, if the equality holds for every t € [a, b] except for a zero-measure set,
then it has to hold for every t € [a, b].

Thus, when we talk about nonnegative functions in L' [0, b] we have to understand that we are
describing an element of the quotient space that admits a nonnegative representative. Analogously,
a nondecreasing function in L![0,b] will describe an element of the quotient space that admits
a nondecreasing representative. In this framework, we recall the Dominated Convergence Theorem for
the Lebesgue Integral [9].

Theorem 1 (Lebesgue Dominated Convergence). Consider a sequence of measurable functions f, on [0, b]
converging pointwise to a function f. If there is an integrable function g such that | f,| < g, then f is integrable
and, moreover, f is the limit of the sequence (f,),en with respect to the L1[0, b] norm.

On the other hand, we shall introduce some basic concepts and notation concerning fractional
calculus. Further information about fractional calculus, additional to that provided here, can be
consulted in [1,2]. We begin by reproducing the definition of the Riemann-Liouville fractional integral,
which is a natural generalization of the Cauchy formula for repeated integration.

Definition 1. We define the Riemann—Liouville fractional integral of a function f € L(a,b) with initial point

a € Rand order 5 € R as . t
5 o o1
L 0= gy [, (=9 ),

where the function T'(5), for 6 > 0, is defined as

() = / X0 le ¥ dx.
Jo

Moreover, the previous definition is extended for § = 0 as Ig+ = 1Id.

Remark 1. The main results involving the Riemann—Liouville fractional integral are that it is a continuous
linear operator from L[0,b] to itself, that it forms a continuous semigroup with respect to 8, and the law of
additivity of orders If%r I;sl+ = I{f?f‘sz holds true for any 61,0, € RT U {0}.

We also summarize the results in [3,4] about the existence and uniqueness of solutions to linear
fractional integral problems, in the following theorem.

Theorem 2. Ifg € L'[0,b], Aq,..., Ay € Rand §; > -+ - > 8, > 0, the fractional integral equation
(ALSL + -+ ApI +1d)y(t) = g(t) (1)
has exactly one solution in L'[0, b].

3. Inequalities

For the sake of simplicity, we rewrite (1) as

(T+1d)y(t) = (T4 + T- +1d)y(t) = oo(t), @)
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where T := A4 131+ +-- Anlgi, i.e., Ty is the part of the previous sum involving positive coefficients,
i.e.,, T_ is the part of the sum that involves negative coefficients, and we have denoted the source
term as o0y (t). The question is how to impose conditions on T and oy (t) ensuring that y(t), which is
the unique solution to the equation, is nonnegative on [0, b]. In the first subsection, we will state and
prove a theorem for the case of negative coefficients Ty = 0. In the second subsection we will develop
a theorem for the case of positive coefficients T_ = 0. Finally, a combined argument will allow us to
give a result for the general case when T # 0 and T_ # 0 simultaneously.

3.1. The Particular Case T+ =0

As we said before, initially, we want to establish a theorem that applies for the case T = T_.

Theorem 3. If Ay,..., Ay < 0and oo(t),no(t) are functions in L0, b] such that og(t) > no(t) at almost
every point, then the unique solution of Equation (2) associated to oo (t) is greater or equal, at almost every point,
than the one associated with 1o (t).

We will deduce the previous theorem after developing some partial results. We begin with the
following lemma, which gives a result of nonnegativity, provided that the source term is continuous
and nonnegative.

Lemmal. If Aq,..., Ay < 0and op(t) is a nonnegative continuous function in [0, b] with oy(0) > 0, then
the unique solution y of Equation (2) is nonnegative.

Proof of Lemma 1. At first, we will show that y is continuous. It can be shown inductively that, for all
nezt,
(T+1d)(y(t) —oc+To+ -+ (=1)"T"" o) = (=1)"T"0.

The right hand side (RHS) lies in the space I}, L'[0,b], provided that n is big enough. Hence,
by Theorem 2, the solution y(t) — o 4+ To + - - - + (—=1)"T" o belongs to Ij, L' [0, b]. Therefore, the
solution is continuous and, since ¢ + To + - - - + (—1)"T" ¢ is continuous, y(t) is continuous on [0, b].

Furthermore, a direct evaluation at f = 0 shows that y(0) = ¢p(0) > 0. Thus, it will be sufficient
to show that y can not have a zero in [0, b].

If y had a zero, a combination of the infimum property over the set of zeros of y, together with the
continuity of y, shows that we can choose the first zero t( € [0, b]. However, the evaluation of (2) in fy
gives a contradiction, as

(T +1d)y(to) = Ty(to) = oo(to) >0,

however, T was a negative operator. The contradiction arises as y is nonnegative in [0, ] and strictly
positive at some [0, 6], so (T +1d)y(tp) = Ty(tg) < 0. O

Corollary 1. If Ay, ..., A, < 0, and oy(t),10(t) are two nonnegative continuous functions in [0, b] with
oo(t) > no(t) and 0o(0) > 19(0), then the unique solution of Equation (2) associated to the source term oy (t)
is greater or equal, at any point, than the one associated to 1o(t).

Remark 2. Lemma 1 is still valid if o9(0) > 0. If we change the source term oy(t) by a perturbation
00,e(t) = op(t) + € in (2), where ¢ > 0, we get that the associated solution y.(t) is nonnegative. However,
(T +1d) ! is continuous (remember that T + 1d was a continuous linear bijection between Banach spaces)
s0 ye(t) converges to y in the L1[0,b] norm. Consequently, y(t) is essentially nonnegative and, since it is
continuous, y(t) is nonnegative. It is also straightforward to check that Corollary 1 is still valid if o9(0) > #0(0).

Remark 3. Lemma 1 is still valid if o is not continuous, but in L'[0,b). If we change the source term o (t)
by a perturbation oy ¢(t) in (2), such that |0y — 09|| < €, the associated solution y(t) will be a nonnegative
continuous function. As before, y(t) will converge to the solution y(t), in the L'[0, b] norm. Consequently, we
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deduce that y(t) is essentially nonnegative. It is also straightforward to check, from the previous arguments, that
Corollary 1 can be adapted for the case where oy, g are in L'[0, b], implying Theorem 3.

3.2. The Particular Case T— = 0

Now, we describe a theorem that applies for the case where the operator T is positive, i.e., T = 0.
The main idea is to describe the solution to Equation (2) as a functional series. The convergence of
this series will be guaranteed by the first hypothesis in Theorem 4. Moreover, we will see that the
solution is positive by checking that the sum of the term at position 2k — 1 with the term at position 2k
is positive for any k € Z™. This will be ensured by the second hypothesis in Theorem 4.

Theorem 4. If Ay, ..., A, > 0and oy(t) is an essentially nonnegative integrable function in [0, b], then the
unique solution to Equation (2) is nonnegative provided that the following conditions hold:

1. ||T|| <1, g s
2. op(t) 2/0 <r(511)(t—s)511+---+r(5’;)(t—s)5n1)ao(s)ds.

Proof of Theorem 4. From (2), it is possible to deduce the equation

(T +1d)(y(t) —oo(t)) = o1(t) := =T (eo(t))-

One can proceed inductively and, in fact, the following identity will hold for any natural m € N:

(T+1d)(y(t) —oo(t) = - = om(t)) = Oy (t),

where 0; = (—1) Tioy. Tt is obvious that ¢;,(#) tends to 0 in L'[0, b] when m goes to infinity, because
|IT|| < 1. In fact, if 0p is essentially bounded, then the sequence converges uniformly. Provided that

converges, the continuity of T would ensure that (T +Id)(y — S)(t) = 0, which has a unique solution
due to Theorem 2, which has to be the trivial one. So, in summary, provided that S(t) exists, we have
that y(t) = S(t).

As we said before, the condition || T|| < 1 is enough to ensure that S(t) converges. It is enough
to check that the Cauchy condition holds for the sequence of partial sums, as L'[0,b] is complete.
To check the Cauchy condition, we have to see that |0y, + - - - 4 03, || can be arbitrarily small if N € N is
big enough and m > n > N. We use the trivial bound

lon +- -+ om| < (ITN" -+ [TI"™) - floo]l-
However the last quantity can be bounded from above by

SR Tl
11V - llooll = looll
X T[]

which can be arbitrarily small if N is big enough. In conclusion, S(t) converges and we have to prove
that it is nonnegative. To complete our task, we will use the remaining hypothesis.

It is straightforward to see that 0; is nonnegative when j is even and that 0; is non-positive when
j is odd. Thus, a good idea to prove that S is nonnegative is to show that 03; + 0311 > 0 for any
j > 0. However, 03 + 0311 = T% (0p + 01) and, since T is a positive operator, it is enough to show that
oo(t) + o1 (t) > 0. This is immediate, as it is exactly the last condition in Theorem 4. [
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Before facing the general case, where T, T # 0, we will discuss the two hypotheses in Theorem 4.
On the one hand, we rewrite the first hypothesis in computable terms. On the other hand, we give
a more restrictive condition for the second hypothesis, but it is much easier to check.

Remark 4 (About the first condition in Theorem 4). It is easy to compute explicitly the value of ||T||, that is

n Ahl

i=1 T(igay At first, we show that the previously mentioned quantity is an upper bound for | T||, since

b n L0 —1 b b n L 40;—1
ey /Ot;Alr(;)f(s)dsdt—/o / ;Alr(gi)f(s)dtds.

However, computing the RHS, together with a direct application of Holder's inequality, gives

Ai . (b‘si — S(si)

b n n ; b&,
| 6 (Zlm+5>> <Y wagy M

i= i=1

To conclude, we show that the previous upper bound is optimal. Given € € (0,b), we define the function xe
that takes the value L in [0, €] and 0 in [¢, b]. It is obvious that ||x¢|| = 1 and that

_ 2\6i—1
Tyl = ) s)dsdt > t S) dt.
1Txell = [ 2
0

Howewver, it is trivial to compute explicitly the previous lower bound as
i A (b— S)(Si
= T(+¢)

b15

Finally, if € goes to zero, the previous lower bound for ||T|| goes to the upper bound ) ! 5 and we

conclude that the first hypothesis in Theorem 4 can be rewritten as

zlr

o A; - bl
IT|l = E{m <1 (©)

Remark 5 (About the second condition in Theorem 4). Due to Holder’s inequality, the second hypothesis is
an immediate consequence of

. ,
oo(t) > Z Ta+3) ~e§ss€[s()1,1t%) 00(s),

that is easier to check. Moreover, if oy is a nondecreasing function, this new condition just means that

n At(s
; 1+5) L

which was already included in the first hypothesis. We observe that, for this simplification, we have also used that
0y is nonnegative. Hence, if 0y is an nondecreasing function, the second hypothesis in Theorem 4 can be removed.

3.3. The General Case Where T+, T— # 0

We will provide the proof of the following result, which allows T to have, simultaneously, positive
and negative coefficients. The theorem obtained in this section will not be used in the rest of the
document, although it is interesting by itself.

Theorem 5. If 0y (t) is an essentially nonnegative integrable function in [0, b], then the unique solution to (2)
is nonnegative, provided that the following conditions hold:
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T+ < 1 (first condition in Theorem 4).
oo(t) = Tyop(t) (second condition in Theorem 4).
IT-|| < 1and the least integral order 6; in T_ is greater than or equal to 1.

We provide the proof for Theorem 5. The idea is similar to the one used for the proof of Theorem 4,
but with some additional considerations.

Proof of Theorem 5. From Equation (2), it is straightforward to deduce

(Ts + T +1d)(y(t) —ro(t)) = pa(t) := =T (ro(t)),

where 7((t) is the unique solution to the equation (T4 + Id)y(t) = 0p(t), and where we have renamed
to(t) := op(t). We can ensure that r(t) is positive because of Theorem 4 and the two first hypotheses,
so 11 (t) will be also positive and, furthermore, nondecreasing since the least order in —T_ is greater
than or equal to 1.

One can proceed inductively and, in fact, the following identity will hold for any natural m € N:

(Ts +T- +1d)(y(t) = ro(t) = --- = rm(t)) = pms1(h),

where 7;(t) is the unique solution to the problem

(T4 +1d)rj(£) = p;(t),

which means 7;(t) = (T + Id)’lyj(t), and where ;1 (t) = —T_(rj(t)). This inductive construction
also shows that any y(#) and r;(t) are positive. This claim can be immediately proven by induction,
taking into account Remark 5 and that the least integral order in —T_ is greater than or equal to one.

Now, we should ensure that 1, (t) tends to 0 in L'[0,b] when m goes to infinity and the
convergence of

As 1y, is nonnegative for any m € N, it is trivial to obtain the following bounds,

[ (DN < (T +1d) r ()| = [ ()] = [T - [[7o,
s a (O < AT el = (T - flro.

From these bounds, since ||T—|| < 1, one can emulate the proof in Theorem 4 and conclude that
R(t) converges, that it is positive (it is a sum of positive addends), and that it is the unique solution
to(2). O

4. Nonlinear Problem

In this section, we consider the nonlinear fractional integral equation

x(t) = f(t, L x(t), ..., I x(t)). 4)

Next, we develop a suitable version of the method of upper and lower solutions for problem (4),
via the results obtained in Section 3.2. It is obvious that the solutions to (4) coincide with those
of problem

(Alz(ﬁ do Al +1d) x(t) =(ALIS + - 4 A0 x(8)

AL x(E), ., T (8)),

for any fractional operator A; Ig}F +-+ Anlgi.
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Definition 2. A function a € L[0, b] is said to be a lower solution for problem (4) if the following conditions
are satisfied:

FO IS a(t), ..., 10na(t)) — at)

admits a nonnegative and nondecreasing representative, where t € [0, b].
Similarly, we say that a function B € L'[0, b] is an upper solution for problem (4) if the following conditions
are satisfied:
& On
B() — F(t, 1L B(D), ..., 2 (1))
admits a nonnegative and nondecreasing representative, where t € [0, b].

Theorem 6. Suppose that the following conditions are satisfied:

(I)  There exist functions , B € L'[0,b] which are, respectively, lower and upper solutions for problem (4),
with w < Bon [0, b].
(II) There exist coefficients Ay, ..., Ay > 0 and orders 6y > - - > 6, > 0 such that function g, g given by

Sap(t) = fLILBM), ..., [0 B(1))
—f(t b a(t), ..., Lra(t))
FALL -+ ALl (B— ) (E),

is in L1[0, b], nonnegative, and nondecreasing, for every t € [0,b].
(III) The operator T := Aq Ig}r +---+ Anlgi, associated to the constants given in (II), fulfils || T|| < 1, which
is the first hypothesis in Theorem 4 (in this sense, recall Remark 5).

If we denote by S(«) and S(B), respectively, the solutions to the problems
(Allgl+ e ALl Id) x(t) = (Aﬂgl+ o Anlgi) a(t)
+F( (), ., ra(t)),
and
(Adlyl + -+ Al +1d) x(8) = (Adgh ++ -+ Aul ) B(E)
+F(LILA), - T B(D)),
then S(a) < S(B) almost everywhere on [0, b].
Proof. Letw = S(B) — S(a) € L'[0,b]. Then, by (II), we have, for t € [0, b],

(AL + - 4+ A0t + 1d)w(t)
= f(L IR, .. I B(t) — f(5, I a(t),..., [ia(t))
ALY+ ALl (B— @) () = gup(t),

which lies in L'[0, b]. Moreover, due to (II), we have that g, 4 is nonnegative and nondecreasing.
Finally, by the hypothesis (I1I), we get that w > 0 on [0, b], thatis, S(«) < S(B) on [0,b]. O

)
)

Now, we see how to construct two monotonic sequences from the previous upper and lower
solutions, in such a way that each of these sequences converges to a solution to (4).

Theorem 7. Suppose that f : [0,b] x R" — R is continuous and that Conditions (I) and (I1I) in Theorem 6
hold. Suppose, also, that
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(ITx)There exist coefficients Ay, ..., Ay > 0, and orders 6y > --- > 8, > 0, such that function g, & given by

3 n
gl?,@(t) = f(tr Iolg(t)rrlgﬁ—g(t))
—f(& (D), I (8)
(AL - Audg) (€ = 1) (),
is in L'[0, b], it admits a nonnegative and nondecreasing representative, and for any choice of functions we
have that « <15 < ¢ < B.
(IV) Themap M : L'[0,b] — LY[0, b] induced by f, and given by M(1)(t) = f(Igiiy(t), ey Igiiy(t)), is well
defined and continuous.
Then there exist monotone sequences () e and (Bn) pey in L0, b] such that ag = &, Bo = B. These
sequences (n) e, (Bn),en are convergent to p, oy which are extremal solutions to (4) in the functional interval

[, B].
Proof. We consider the functional interval
[, B] := {x € L'[0,b] : « < x < Bon[0,b]}.
For each fixed source term, depending on # € [«, B], we consider the following linear problem

(Allgi Fo A Id) x(t) = (Allgl+ oot Anlgi) 7(t)
+ (I (8), - T (1))

If we denote the RHS in (5) as 07, we can define the operator S as the map taking each 77 € [«, f]
into the unique solution to (5) with source term oy, It is clear that a function in L'[0,b] is a fixed point
of S if and only if it is a solution to (4).

For the construction of the sequence that was described in the thesis of the theorem, we choose
ap = &, and a4 is the unique solution to (5) associated with o,. Thus, the sequences (a; ),y and
(Bn) ey are, therefore, defined via the recurrence relation

©)

an = S(anfl)/ ,B}’l = S(ﬁnfl)/ vn 2 1
We prove the following properties:

i)  Sisnondecreasing on the functional interval [, B].

ii) The operator S maps the interval [«, B] into itself.

iii) (&), is convergent towards p and (B),,cyy is convergent towards .
iv) p, 7 are the extremal solutions to (4) in the functional interval [«, f].

To check i), consider that 77, ¢ € [a, f] are such thata <7 < ¢ < B on [0, b], then we prove that
S(n) < 8(&). Indeed, using (IIx), we find that, for ¢ € [0, ],

a(t) = oy(t) = (AL + -+ A ) S0 + F(LTLE(), . ()
— (AL A ) () = T (8, T (1)
is a nonnegative and nondecreasing integrable function. Hence, if we consider
(AL + -+ AIQ +1d) (S(&) = S()) (1) = oz (t) — 0y (1),

we can conclude that S(¢) — S(7) > 0 on [0, b] because of (III). Thus, we have proved that S is
nondecreasing.
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Now, we prove claim ii). Due to i), it is enough to show that S(a) € [«, f] and S(B) € [«, B]. We
just observe that

(Alzgl+ e Al +1d) (S(a))(t) = (Allgl+ oot Anlgz) a(t)
AT a(t), .., Dra(t)),
(Allgl+ to o Al +Id) (@)(t) = (Allgl+ oo+ Anlgi) a(t)

+ a(t).

Then, it follows that
(Alzgx e Al + Id) (S(a) — @) (1) = F(t, TN a(t), ..., ra(t)) —a(t),

which is nonnegative and nondecreasing, as « is a lower solution. Due to Condition (I1I), we conclude
that S(«) —a > 0 on [0, b]. A similar argument shows that  — S(B) > 0. Since S is nondecreasing, we
have the chain of inequalities & < S(a) < S(B) < B.

Now, to prove iii), note that («;), .y is increasing, and (), is decreasing. Indeed, we have
seen that & < S(a) < S(B) < B and that S is increasing. Thus, we have that & < S(&) < S%(a) <
S%(B) < S(B) < B. If we apply this argument inductively, we derive the monotonicity of the sequences
(an) ey and (Br),cn- We need to prove that both sequences are convergent. Without loss of generality,
we develop our argument for the sequence (&), -

We see that &, < || 4 |B| for any n € N. Thus, the sequence («y,),,cy is uniformly bounded by
an integrable function.

Moreover, for almost every t € [0, b], the sequence (a,(t)), o is well defined, increasing, and
bounded from above by B(t). Hence, for almost every t € [0, b], the sequence («;(t)),,cy is convergent.
This implies that (a,),,.y converges pointwise in L![0, b].

Due to the Lebesgue’s Dominated Convergence Theorem, we conclude that (a,), .y converges in
the L norm to some p € L1[0, b]. Analogously, we deduce that (8,),,.y converges to some 7y € L1[0, b].

To prove iv), we use that

(Allgl+ do e Al +Id) tyin(t) = (Allgl+ +ot Anlgi) (1)

o 5 (6)
+f(t It an(t), ..., Ifian(t)).

Recall that the sequence (a;,),, .y converges in the L! norm towards p. As the fractional integral

Jj . . .. .
operators IOL, and the function f, are continuous, we can take limits at both sides of (6) and conclude

(Aagh + -+ ATy +1d) p(8) = (ArTgl -+ Augt ) (1)
5 \
+ (LI, Tt p(1)).

Therefore, p is a solution to the problem (4). Similarly, one shows that < is also a solution to (4).

Finally, if x € L'[0,b] is a solution to (4) such that « < x < B, we use that S is nondecreasing
to conclude that o, = S§"(a) < S"(x) < S"(B) = Bn. Thus, we have that a, < x < B, for every
n € N. This implies, after taking the limits when n — oo, that p < x < 7, showing that p and y are the
extremal solutions in [a, f]. O

Remark 6. Condition (IV) can be removed if all the orders 6; > 1, the lower and upper solutions are bounded,
and f is continuously differentiable.
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It is clear that the intervals [Ig}rtx, Ig}r B] are bounded. Thus f is Lipschitz on the compact set [0,b] x
[Igi a, Igi ] x % [Igl+ a, Igi Bl. 1t is obvious that ||M(n)(t)|| is measurable, once n is fixed. Moreover, due
to the Lipschitz condition, it is straightforward to see that it is also absolutely integrable.

Now we need to prove that M is continuous. We consider a sequence 1, converging to 1 in the L1[0, b]
norm. We need to show that M(n,) converges to M (1) in the L'[0, b] norm.

At first, we observe that Igi+ 11n converges uniformly to I/, 7, since
(1ot = 1) (8 < 107 (B bn = 1) @) < || 10| (2 bra = 1) (0)

for every t € [0,b]. Hence, given any & > 0, we can consider m € N such that Igi|’7m1 — Ny | () < 6,
whenever my, my > m, for any valid subindex i € {1,...,n} and any t € [0, b].

Since f is continuous, and the intervals [Ig]+ «, Ig]+ B] are bounded, f is uniformly continuous on the

compact set [0, b] x [Igi x, Igi B] x - % [Igl+ a, Igl+ Bl. Thus, due to the last paragraph, and given any ¢ > 0,

we can consider m € N such that
o n o n
M) (1) = MOy ) (O] = |F (1047100 (8 1 () = £ (o tna (O, Ty ()] < &

whenever my, my > m, for any t € [0, b].
Thus, if we make a direct estimate with the L norm, we obtain that we can choose m € N such that

M (my ) (£) = M1y ) || < €- D,

whenever my, my > m, for any t € [0,b]. Since L[0,b] is complete, M (1) is convergent to an L[0,b]
function. The previous arguments, replacing (Hm,, Nm,) by (4, m), show that || M(#n,,) — M(n)|| tends to zero
as m — oo, implying that M(11,,) converges to M(), and that M(n) lies in L1[0, ).

5. An Example

In this final section we provide an example of application of the previous results. We will obtain
a specific value of b ensuring the existence of solutions in L![0, b], which will lie between a lower and
an upper solution, to the following problem

ﬂn—f(néwuy§Ja0;—(1—r<g>éwuo.<1—r<2)§wag.

To check (I), observe that the constant functions « = 0 and = 1 are a lower and upper solution
to our equation, respectively, for b = 1.
On the one hand, we have that

f(uéumﬁﬂw>—mw:1

Of course, this function is nonnegative and nondecreasing.
On the other hand, we have again that

) —f (t, 1§+ﬁ<t>,1§+ﬁ<t>) s

which is nonnegative and nondecreasing on [0, 1]
3 5
To check (IIx), consider the perturbation operator T = Ay - Igl+ + Ay - Igi =T(3) 12 +T (%) I
We have that

2 =1 (3) B =001 (3) 5.6,
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and (IIx) is fulfilled, since ¢ > # implies that each factor of the previous product is nonnegative and
nondecreasing. Of course, (IIx) implies (II).
To check (I1I), we compute || T|| via Remark 4. We get that

IT|| = b? + bi.

It is easy to see numerically that b = 2 implies ||T|| < 1.

Finally, (IV) holds trivially, in virtue of Remark 6: The integral orders associated to the fractional
operator are greater or equal to one, the upper and lower solutions are bounded, and the function
f(t,a,a2) = (1=T(3) a1) - (1 =T (3) a2) is continuously differentiable.

Thus, the previous problem is under the hypotheses of Theorem 7 when b = 2. In particular, we
know that the problem has at least one solution defined in [0, %], whose image lies in the interval [0, 1].
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