A VARIATIONAL APPROACH TO PERTURBED IMPULSIVE
FRACTIONAL DIFFERENTIAL EQUATIONS

S. HEIDARKHANI, A. CABADA, G.A. AFROUZI, S. MORADI, AND G. CARISTI

ABSTRACT. In this paper, perturbed systems of impulsive nonlinear fractional
differential equations, including Lipschitz continuous nonlinear terms, are stud-
ied. The existence of at least three distinct weak solutions is obtained based
on a recent three critical points theorem for differentiable functionals. In ad-
dition, examples are presented to illustrate the feasibility and effectiveness of
the main results.

1. INTRODUCTION

In this paper we study the following perturbed impulsive fractional differential
system

(Py7)
tD’fZl"i (a"i t)OD?lul(t)) = )‘FU«L (ta ’U,) + MGuL (tau) + hz(ul>7 te (OaT)a t 7é tj7
A(DFHED u)) (t5) = Lij(uity)), i=12,...,m
ul(O) = ul(T) =0

for 1 <4 < mn, where u = (u1,...,up), 0 < a; <lfor1<i<n, A>0,pu>0,

T >0, a; € L>([0,7T]), a; = essinfycjorjai(t) > 0 for 1 <7 < n, oD; and
¢D7. denote the left and right Riemann-Liouville fractional derivatives of order g,
respectively, n > 1, F,G : [0,T] x R™ — R are measurable with respect to t, for
all w € R™, continuously differentiable in u, for almost every ¢t € [0,T], moreover
F(t,0,...,0) = G(t,0,...,0) =0 for every t € [0, T] and they satisfy the following
standard summability condition:

(1.1)

sup (max{|F(.,&)[, |G(.,¢)I, |F£i('7€)‘7 |sz(’£)|v i=1,...,n})€ Ll([O’T])

[€]<o1

for any o1 > 0 with £ = (&,...,&,) and [¢| = />, &2, h; : R = R is a Lipschitz
continuous function with Lipschitz constant L; > 0, i.e.,

|hi(&1) — hi(&2)| < L& — &
for every &1,&2 € R, satisfying h;(0) = 0 for 1 < i < n, I,; € C(R,R) for ¢ =
1L,...on, 7=1,....m, 0 =ty <t <ty <--- <ty < tmy1 = T, the operator
A'is defined as A(:D§ (605 w) (t) = (D (6D w)(tF) — D (G0 u) (1)
where ;D3 (6D u)(t] +) = lim, it DS HEDM ) (t) and tD?f*l(thaiu)(tj_) =
lim,_,,— D3 (§D u)(t) and Dy is the left Caputo fractional derivatives of order
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o;. Here, F,,, and G, denote respectively the partial derivatives of F' and G with
respect to u; for 1 <i <n.

Let a,b be real numbers and denote by AC([a,b]) the space of absolutely con-
tinuous functions on [a,b]. For 0 < o; < 1 for 1 <i < n, f € AC([a,b]) there are
defined left and right Riemann-Liouville and Caputo fractional derivatives (see [3],
pp. 69-93, [44]) by

d d d t
qu”f(t) = %aD?i_lf(t) = %I;:aif(t) = I‘(lial)dt(/ (t — S)iaif(s)ds),
_ d . d , d, [t
DY f(t) = =Dy (1) = 2L f () = —ﬁa(/t (s =)~ f(s)ds),

1

DP ) =5 D0 =0 DP 0 = e ([ (=97 (5)ds)

and

1 b
DF ) =" D () = =D (0 = s ([ (=07 (s)as),

Note that when o; = 1, $D} f(t) = f'(t), $Di f(t) = —f'(t). The definition of the
weak solutions of the system (Pf HG) in given in Section 2.

Fractional differential equations (FDEs) have been of great interest recently. It
is caused both by the intensive development of the theory of fractional calculus
itself and by the applications of such constructions in various sciences such as
physics, mechanics, chemistry, engineering, probability, electrical networks, etc, for
details, see [1, 2, 3, 4, 5] and the references therein. Recently, the existence of
solutions to boundary value problems for FDEs have been studied in many papers
and we refer the reader to the papers [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] and
the references therein. For example, in [8] using Krasnosel’skii fixed point theorem,
the authors obtained the existence of positive solution for the FDEs. Kong in [13]
under appropriate hypotheses based on variational methods, studied the existence
of three solutions to the boundary value problem of the following form

{ i (GoDr (W (D) + 5, D77 (W (1)) + AVE(tu(t) =0, te[0,T],
uw(0) =u(T)=0

where T > 0, A > 0 is a parameter, 0 < 8 < 1, and F : [0,T] x RN — R is a given
function. Molica Bisci in [15] studied the existence of three weak solutions for a class
of nonlocal fractional Laplacian problems depending on two real parameters via a
recent abstract result by Ricceri. Galewski and Molica Bisci in [9] using variational
methods, proved that a suitable class of one-dimensional fractional problems admits
at least one non-trivial solution under an asymptotical behaviour of the nonlinear
datum at zero, their problem was as the following

{ # ((DE T (§DFu(t) — D7 H(fDgu())) + f(tu(t)) =0, ¢ € (0,71,
w(0) =u(T)=0

where o € (3,1] and f : R — R is a continuous function.

The study of coupled systems involving fractional differential equations is quite
important as such systems occur in various problems of applied nature, for instance,
see [17, 18, 19, 20, 21, 22, 23, 24] and the references therein. For example, Bai
and Fang in [18] using the Krasnoselskii’s fixed-point theorem and the nonlinear



alternative of Leray-Schauder theorem in a cone, studied the existence of a positive
solution to singular coupled system of fractional order. Su in [19] based on Schauder
fixed-point theorem, obtained an existence result for a boundary value problem for
a coupled differential system of fractional order. Also, in [25] using variational
methods and critical point theory the existence of one weak solution for the system
(P)I:T’MG)7 in the case y=0and I;; =0fori=1,...,n, j=1,...,m was studied.
On the other hand, impulsive effects are common phenomena due to short-term
perturbations whose duration is negligible in comparison with the total duration
of the original process. Such perturbations can be reasonably well approximated
as being instantaneous changes of state, or in the form of impulses. The governing
equations of such phenomena may be modeled as impulsive differential equations.
In recent years, there has been a growing interest in the study of impulsive differ-
ential equations as these equations provide a natural frame work for mathematical
modelling of many real world phenomena, namely in the control theory, physics,
chemistry, population dynamics, biotechnology, economics and medical fields. In
the last few years, variational methods have been used to determine the existence of
solutions for impulsive differential equations possessing variational structures under
certain boundary conditions, see for instance [26, 27, 28] and the references therein.
Due to the great development in the theory of fractional calculus and impulsive dif-
ferential equations as well as having wide applications in several fields. Recently, the
study of fractional differential equations with impulses has been studied by many
authors using the variational methods, fixed-point theorems and critical point the-
ory, see, for instance, [29, 30, 31, 32, 33, 35, 36, 37] and the references therein for
detailed discussions. For example, Gao et al. in [31] using Schaefer fixed point
theorem, established sufficient conditions for the existence and uniqueness of solu-
tions for a class of impulsive integro-differential equations with nonlocal conditions
involving the Caputo fractional derivative. In [36] based on fractional calculus and
fixed point theorems the existence of PC-mild solutions for Cauchy problems and
nonlocal problems for impulsive fractional evolution equations involving Caputo
fractional derivative was discussed. By utilizing the theory of operators semigroup,
probability density functions via impulsive conditions, a new concept on a PC-mild
solution for the problem was introduced. In [32] existence results for the system
(Pf, MG)7 in the case p = 0 under some algebraic conditions on the nonlinear part
with the classical Ambrosetti-Rabinowitz (AR) condition on the nonlinear and the
impulsive terms were established. Moreover, by combining two algebraic conditions
on the nonlinear term guaranteeing the existence of two weak solutions, applying
the mountain pass theorem the existence of third weak solution for the system was
ensured. In [33] using variational methods the existence of infinitely many solutions
for the system (Pf MG) was discussed. In [34] under suitable hypotheses and by using

variational methods, some new criteria to guarantee that the system (P)l\P #G)7 in the
case ¢ = 0 has at least two nontrivial and nonnegative solutions are obtained.

In this paper, a class of nonlinear impulsive fractional differential systems in-
cluding Lipschitz continuous nonlinear terms is studied. Under suitable hypotheses
and by using variational methods, some new criteria to guarantee that the frac-
tional differential system has at least two nontrivial and nonnegative solutions are
obtained. In addition, an example is presented to illustrate the applicability of the

main results was discussed.
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In this paper, we establish the existence of at least three weak solutions for the
system (Pf f), in which two parameters are involved. Precise estimates of these
two parameters A and p will be given. Moreover, in our new results, we do not need
any asymptotic conditions of the nonlinear term at infinity. The proof is based on a
three critical points theorem due to Bonanno and Candito proved in [38] which we
recall in the next section (Theorem 2.1). Our main result is Theorem 3.1. Theorem
3.2 is deduced as a consequence of it. Example 3.1 illustrates Theorem 3.2. As
special cases of Theorems 3.1 and 3.2, we obtain Theorems 3.3 and 3.4 for the
scalar situation (n = 1). Example 3.2 illustrates Theorem 3.4. In Theorem 3.5, we
obtain the existence of at least two positive solutions under suitable conditions on
the nonlinear term at zero and at infinity, while finally in Theorem 3.6 we ensure
the existence of at least four non-negative solutions.

For more studies on the subject we refer to [39, 40, 41].

The present paper is organized as follows. In Section 2 we recall some basic
definitions and preliminary results, while Section 3 is devoted to the existence of

multiple weak solutions for the eigenvalue system (Pf MG)

2. PRELIMINARIES

Our main tool is a three critical point theorem due to Bonanno and Candito
that we recall here.

Let X be a nonempty set and &, ¥ : X — R be two functions. For all r, r1, ro >
infx ®, ro > 71, r3 >0, we define

e e V) U0
14 ’ wEP—1(—o0,r) (u) ’
U(v) — ¥(u)
B(ry,re) := inf su
( ! 2> u€®~1(—o0,r1) vED— 1[1':1,7“2) (I)(U) (D(u)

su _ U(u
Y(ra,73) = Puce (- 2r2+r3) ( ),

05(7’1, T2, T3) = maX{SO(Tl)v SD(TQ)v '7(7"27 T3)}'

Theorem 2.1. [38, Theorem 3.3] Let X be a reflexive real Banach space, ® : X —
R be a convex, coercive and continuously Gateaux differentiable functional whose
Gateauz derivative admits a continuous inverse on X* where X* is the dual space of
X, U: X — R be a continuously Gateaux differentiable functional whose Gateaux
deriative is compact, such that

(a1) infx & = ®(0) = ¥(0) = 0;

(ag) for every uy,us € X such that ¥(uy) >0 and ¥(uz) > 0, one has

inf U(suj + (1—s)uz) >0.
s€(0,1]

Assume that there are three positive constants r1,7s,13 with r1 < ro, such that
(az) @(r1) < B(ri,r2);
(ag) @(r2) < B(ri,r2);
(as) v(rz,73) < 5(7"1’7’2)«
Then, for each A €] (r1 =7 a(rh}%rg)[ the functional ® — AU admits three distinct
critical points uy,us,uz such that uy € ®~1(—o0,r1), ug € ®~Yry,m2) and uz €
O~ (—00, s +13).
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We refer the interested reader to the papers [13, 42, 43] in which Theorem 2.1 has
been successfully employed to the existence of at least three solutions for boundary
value problems.

We now introduce some necessary definitions and properties of the fractional
calculus which are used further in this paper.

Let C5°([0,T],RY) be the set of all functions z € C>([0,T],RY) with z(0) =
z(T) = 0 and the norm

T = max |z(t)|.
l#lloo = max J2(2)

Denote the norm of the space LP([0,T],RY) for 1 < p < oo by

1

feler = ([ totoppas)”.

The following lemma yields the boundedness of the Riemann-Liouville fractional
integral operators from the space LP([0,T],RY) to the space LP([0,T],R"Y) where
1<p<oo.

Definition 2.1. [3] Let f be a function defined on [0,7] and a; > 0 for 1 < i < n.
The left and right Riemann-Liouville fractional integrals of order a; for the function
f are defined by

D7) = e | =97 s, e o)
T
DE 10 = g [ (=07 s, e

for 1 < i < n, provided the right-hand sides are pointwise defined on [0, T, where
I'(«;) is the standard gamma function given by

+oo
INa;) = /0 2% ey,

Lemma 2.2. [44] Let 0 < a; <1 for1<i<mn, 1 <p<ocoand f € LP([0,T],RN).
Then

where oD, ** is left Riemann-Liouville fractional integral of order ;.

lloDg “ fllLe (0,6 < £l e o,y for € € [0,t], t € 0,77,

Proposition 2.3. [45] We have the following property of fractional integration:

T T
t/bDfMWMWﬁz/[J@%@W@ﬁ,C>Q
0 0
provided that w € LP([0,T],R), v € L4([0,T],R) andp > 1, ¢ > 1, %—i—
orp#Lq# 1, S+ =1+C

Definition 2.2. Let 0 < o; <1, 1 <4 < n. The fractional derivative space Ej* is
defined by the closure C§°([0, T], R), that is

Egt = C°([0,T],R)

with respect to the weighted norm

T
= (| astloDp o)t +
0 0

1
L<i4¢

T

(2.1) s Jus(D)2dt) "
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for every u; € EJ* and for 1 < i <n.

Remark 2.1. [44, Remark 3.1] It is obvious that the fractional derivative space Ej’
is the space of functions u; € L?([0,T],R) having an a;-order Riemann-Loiuville
fractional derivative o D{*u; € L?([0,T],R) and u;(0) = u;(T) =0 for 1 <i < n.

Proposition 2.4. [44, Propostion 3.1] Let 0 < o; <1, 1 <i<m and 1 < p < oo.
The fractional derivative space E§" is a reflexive and separable Banach space.

Lemma 2.5. [23] Let 0 < o; <1, 1 <i<mn. For any u; € Eg*, we have

T r 5 N3
. Ao < ———— . Xy
(22) s < a7 () aDrwoar)

moreover, if a; > %7 then

T3 T a2\
el < e[ aloDr o )

By (2.2) we can consider Ey* with respect to the norm

[

T 1
a = (/ ai(t)|on"'ui(t)|2dt) * for every u; € Egi, 1<i<n,
0

which is equivalent to (2.1).
Then we have

(2.4) S luill3s <8 fudl
i=1 i=1

and if a; > %, then

(2.5) Do lluillde < MY fuillz,
=1 =1

2
(27

with
T2o¢1
S = max ,1<i<n
Tyt ==
and
T2ai71
M = 1< < .
M a2 — 1) ==
Now, let E be the Cartesian product of n Sobolev spaces Eg*, ..., and Eg™", i.e.,

E = E§* x --- x Eg™, which is a reflexive Banach space endowed with the norm

i

n
(s s un)l =Y ualla
i=1

Obviously, E is compactly embedded in (C°([0,T7]) x --- x C°([0,T))).
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Definition 2.3. We mean by a (weak) solution of the system (Pim MG), any function
u=(uy,...,un) € E such that

n

> / ’ as(1)o D (o D vy (1)) ~ ij /0 e (0)dt

i=1 Y0
m n n T

0D ailty) T (wi(ty)vilty) — A Z/O Fy(tur(t), ... un(t))vi(t)dt
J=1i=1 i—1

(2.6) _“;/o G, (tur (1), ..o (8))v;(t)dt = 0

for every v = (vy,...,v,) € E.

The derivation details of the weak solution for the system (Pf f) are the same

with the scale case as given in [30].
Put

Hi(z) = /0 hi(§)d¢ forallz e Rand 1<i<n.

In this paper we assume throughout and without further mention, that the fol-
lowing conditions hold:

(H1)%<ai§1for1§i§n;
(Hz2) I;;(0) = 0 and there exists a constant L;; > 0 such that
|Iij(81) — IZ](82)| < Lij|81 — 82| for any si, Ss € R, 1<i<n, 1 <5< m;

n ST2e ~
(Hs) 21':1 (F(g:£1))2ai +Mcml|aHoo < 1where C' = maXie{1,...,n},j€{1,...,m}{Lij}
and @ = max{a;(t),t € [0,7],1 <i <n}.

Put
in{1 LT 1<i<n}
=min{l - ———M—— i1<n
y (o + D)2a; — ="
LiTQC”
p = max{l + 1<i<n},

(T(ev + 1))@’
01 =0 — MCm||d||s and g3 = p + MCm||a|| -

Proposition 2.6. Let J : E — E* be the operator defined for everyu = (uy, ..., up),v =
(v1,...,v,) € E, as

T n m
Jw)@) =3 ( / ai(®)o Dy us (o D7 vi(D)dt) + 7 D as(t;) Lo (ualt)vilty)

i=1 i=1 j=1

_;/0 hii(ui(t))v; (t)dt.

Then, J admits a continuous inverse on E*.
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Proof. Since h;(0) = 0, one has |h;(z)| < L;|z| for i = 1,...,n. So, using Lemma
2.5 we have

i(/ ai(t)]o Dy uit \dt Z/hu Yui (t)dt

=1

n n
> Z”u”ocl Z 2— ||U’l|oz7 >JZ”ul‘a,
=1 =1 =1

Moreover, from the condition (H3) we obtain

~MCmlalse Y luillz, < =M DD Lijllaillooluill

(077
=1 i=1 j=1

<D0 D alty) I uat)ui(ty) < MY Liglailloo sl

< MOml|alloc Y |luill

ag
i=1

Therefore, we have

J(u)(m:i( /OTaz<>|oD°“uz |2dt)+ZZaz I (ui (1) s ()

i=1 i=1 j=1
n T

- Z hi(wi(6))u (t)dt > 01 Z i |12
i=1 i=1

g
0
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and taking (Hs) into account, it follows that J is coercive. By using (Hs) again,
we have

T
<J(w) — J(v),u—v> = ( /O ai ()0 D& i ()0 D& (ui (£) — vi(t))dt>

s.
2 M:
I

"
NE

ai(ti)lij(uit;))(ui(t;) —vi(t;))

s
Il
_

<.
Il
—

hi(ui(t)) (ui(t) — vi(t))dt

s
Il
-

I
[
S—
}ﬂ
&

|
—
(7=
/N
o\
}ﬂ
S
Ky
—
~
N~—
=)
3
&
—
~
S—
=)
S
/-s\
<
S
—
—
SN—
|
<
7
—
~
S~—
S~—
QU
&
~

@
Il
-

+
M 3
M 3

S

&
=

=y
<.

N
&
=

S

S
=

3
<
N
=
=

e

S
—~

~

o
N

|

(4

S
=

~
<

N
=

s
I
—
<.
Il
-

\
[~]=
h
S|
F
—
&
—
~
~—
~
—
£
S
—
~
~—
<
&
—
~
~—
~
QU
~
S~—

i=1

n T
= 2 (/0 ai(t)o Dy (us(t) — vi(t))o D (ui(t) — m(t))dt)
£ 20 D ault) (i walt) = Ly vilt)) a(t5) = vilt)

(i (ui(t)) = ha(0i (1)) (ui(t) — vi(t))dt

n
Z 01 U; — Vs
> [ |
i=1

Thus, J is uniformly monotone. Hence, by [46, Theorem 26.A (d)], J=': E* - E
exists and is continuous. [l

-
Il
_

|
M s
S,

2
ag

3. MAIN RESULTS

In this section, we formulate our main results on the existence of at least three
weak solutions for the system (Pf MG)
For any ¢ > 0 we denote by Q(c) the set {(t1,...,t,) €R™: S0 [t;]* <<}

For positive constants 6 and 7 set

T
G — / max G(t,x1,...,2n)dt
0 (z1,...,2,)€Q(H)

and
G(t,l‘l, v ,.In).

G, = inf
[0,T]1%x[0,I'(2—a1)n] X+ X[0,T'(2—cxpn )n]

In the remainder of this article, for positive constant § and 7, let © and 7 be the
vectors in RN defined by

0=\0o,...,vV0) and 7= (T(2— 1), ...,[(2 — an)n),



10 S. HEIDARKHANI, A. CABADA, G.A. AFROUZI, S. MORADI, AND G. CARISTI

respectively.
Set
T T
Pias) =539 [ @@ i [ a1
’ 272T2 0 ~T
T T
+/ ai(t)(t — (1ffy)T)2(1*°‘i)dt72/ a;i(t)(t? — ATH) ~%idt
1-yT T

T
—2/ a;(t)(t* = (1 —y)Tt) ~>idt
1-yT

T
+2/ ai(t)(t?* — Tt +~(1 — 7)T2)1°‘idt}
(1-y)T

for 0 < v < %,

Ky, = max{P;(a;,7v),1 <i<n}
and

Ky = min{P;(c;,7),1 <i < n}.
Fixing four positive constants 61, 62, 63 and 7, put
(3.1)

T T
Q191 - 2M>\/ F(t, 61)dt 9102 - QM)\/ F(t, eg)dt
— i : 0 0
(5)\7G = min {W min Gel ) G92 )

T
91(93 — 92) — QM)\/ F(t, @3)dt
0

G ’
1-mT T
Kinoon? — )\(/ F(t,n)dt — / F(t,04)dt)
~T 0
TG, — G }

for 0 <~ < 1.

Theorem 3.1. Let F': [0,T] x R™ — R be non-negative. Assume that there exist
positive constants y < %, 01,02, 03 and n with 6, < 2M Konn* and M;#nz <
0> < 03 such that

(Ay)

T T T
max{fo F(t,©1)dt [, F(t,©2)dt [, F(t, 63)dt}
01 ’ 02 ’ 03 — 0o
oo JG T Pt ydt — [T F(t0y)dt

< PR
2M Kinopon?

Then, for every
Kingan®
S TR dt — [ F(t01)dt

)\EA::}
T

01 min{ 01 02 3 — 02 } [
2M ST F@e)dt [ F(t,0:)dt [ F(t,03)dt
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and every non-negative function G : [0,T] x R® — R satisfying G > 0, there exists
drg > 0 given by (3.1) such that, for each p € [0,0x.c|, the system (Pf#G) has at
least three solutions uy, uz, and uz such that max.cpo, 1) [u1(t)| < 61, maxeo, 1) [uz(t)| <
02, and maxcpo, 1) [us(t)| < 03.

Proof. Our aim is to apply Theorem 2.1 to the system (PAF:;) We take X = F
and introduce the functionals ®, ¥ for u = (uq,...,u,) € X, as follows

ui(t;)
(3.2) ®(u) Z”Uz‘a Z/ Hi(u;(t dt—i—zzal / : I;;(s)ds

=1 j=1
and

T T

(3.3) W(u) = F(t,u(t))dt+§ G(t,u(t))dt,

and we put

I(u) = ®(u) — AP (u)
for u € X. Let us prove that the functionals ® and ¥ satisfy the required conditions
in Theorem 2.1. We easily observe that infx ® = ®(0) = ¥(0) = 0. Since X is
compactly embedded in (C°([0,77]),R)", it is well known that ¥ is a differentiable

functional whose differential at the point v = (ug,...,u,) € X is the functional
U'(u) € X*, given by

@):/O ZF (t,u(t))vs(t)dt + = /ZGui(t,u(t))vi(t)dt

for every v = (v1,... ,vn) € X, and V¥ is sequentially weakly upper semicontinuous.
Moreover, @ is a Gateaux differentiable functional whose Gateaux derivative at the
point u € X is the functional ®'(u) € X*, given by

®'(u)(v) =y </0T a;(t)o Dy ui(t)o Di" vi(t) ) ZZ% Lij(ui(t))vi(t;)

i=1 i=1 j=1

n T
-3 / i (1)) vi (D)t

for every v = (v1,...,v,) € X. Furthermore, we can show that ® defined by (3.2)
is sequentially weakly lower semicontinuous. Indeed, taking the sequentially weakly
lower semicontinuity property of the norm into account and since H; is continu-
ous for ¢ = 1,...,n, it is enough to prove that >°;° ) 377 | a;(t;) o iy ) I;j(s)ds is
weakly continuous in X. In fact, for {ux = (u1k, ..., unk)} C X, if {ux} converges
to w in X, then, there exists S; > 0 such that HukHoo < 5. Therefore, we have

wik (t5) n.m ui(t;)
‘ Z Z al / Iij (S)dS — Z Z ai(t]’)/ I”(s)ds‘
i=1 j=1 i=1 j=1 0
1k( )
< ZZ las(t; / L, ()ds| < Samnllal|solfux — ufloo — 0

i=1j=1 (t5)

where Sy = maX;e(1,...n},jef1,...m}|s|<s, [1ij(8)|- So, we have |®(uy) — ®(u)| — 0,
thus @ is weakly continuous. Hence, ® is sequentially weakly lower semicontinuous
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in X. Since h;(0) = 0 one has |h;(x)| < L;|z| for i = 1,...,n. So, from (3.2) and
the condition (Hz) we have

(3. 4)

QlZ” ;| a1 = 2ZHU1
n ui(t;)
Z [lus]|2 Zﬁ” 2. +ZZ“Z / ’ I;j(s)ds
i=1 i=1 i=1 j=1
n u;(t;)
<5 3l Zﬁn wlt D) [ s
=1 i=1 j=1

= <? Z ||u1||a, + = ZZLUH%HwHUzH% ) Z HuZH

=1 j=1

a T o ZZ LZJH“ZHOOHUZ

=1 j=1

[e23

n n m

l\D\»—l

and bearing the condition (H3) in mind, it follows lim,|— 400 ®(u) = +00, namely
® is coercive. Moreover, by Proposition 2.6, (®')~! : X* — X exists and is

continuous. For 0 < v < %, define w = (wy,...,wy,) by setting
I'2—a;
Epaluy, t € [0,471,
wi(t) = E((; - ?1)773 te [7T7 (1 - V)T]a

TH(T_t)v t 6}(1 _’Y)TvT]

for 1 <i < n. Clearly w;(0) = w;(T) = 0 and w; € L2[0,T] for 1 <i < n. A direct

calculation shows that
777 th—oi t € [0,~T7,

oD iwi(t) = ¢ ST = (t =T ), t € [yT, (1 —~)TY,
D(H — (= T)1 — (= (1= )T)1), ¢ €](1 = )T, T]

for 1 < i < n. Furthermore,

T T (1-yT
| ahnrwora= [ a@opa@Pas [ T awlDrw o
0 0 Y

T

g 2 n? g 2(1—a;)
27 — —Q
+/( a;(t)]o D w;(t)2dt = 72TQ{/O ai(t)t dt

+/T ai(t)(t—vT)Q(l_‘”)dt—i—/T a;(t)(t — (1 —y)T)2 =) gt

1=-mT

T T
—2[Y a;(t)(t* —~Tt) _aldt—z/( ai(t)(t" — (1 —~)Tt) ~*dt

1-9)T

+2 ai(B)(2 = ATt + (1 = )T~ dt | = 2Py (s, )0
for 1 <i<mn. Thus, w € X and

(3.5) Jwil2, = / " 0Bl D (1) Pt = 2P(cp 1)

for 1 <i < n. By using (3.4) and (3.5) we have
Konpin* < ®(w) < Kingon?.
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Choose 11 = 3701, 2 = 33702 and r3 = 37 (03 —62). From the conditions 63 > 65,
0, < 2M Konn? and M;%vf < 03 we achieve r3 > 0 and r1 < ®(w) < ry. From
the definition of ® and considering equations (2.3), (2.5) and (3.4) one has

<I>_1(—oo, 1)

- 2
{fue X;®(u) <r} C {uEX’Z”“zHi < 7‘1}

i=1 o1
1 — 27
ue X;— ui||A, < =
{ Sl <2 }
" oM
{ueX;Znunﬁo < ”}
=1

01

= {u €X;) fuill < 91}.

i=1

N

Hence, since F' is non-negative, one has

T T
su Ft,u(t))dt < / max F(t,x1,...,x,)dt
P )/0 () ) o B8 gy T B )

ueP—1(—o0,ry

IN

T
/ Pt 0,)dt.
0

In a similar way, we have

T T
sup /0 F(t,u(t))dt§/0 F(t,©2)dt

u€EP—1(—o00,r2)

and

T T
sup )/0 F(t,u(t))dtg/o F(t,©3)dt.

ueP—1(—oo,ra+rs

Therefore, since 0 € ®~1(—o00,71) and ®(0) = ¥(0) = 0, one has

(SUPyea-1(—oo,m) ¥(1) — ¥(u)

= 1 f
(P(rl) uE‘I’_%r(l—ooWl) 5 @(u)
< SUPyed—1(—o0,r;) \Il(u)

1

T
sup /O [F(tu(t) + 5 Gt u(e)dn

ueEP—1(—o0,r1)

T1

T
F(t,0,)dt + Lo
M Jo A

01 01 ’

IN

(3.6)
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T
sup U (u) sup / [F(t,u(t)) + BG(t, u(t))]dt
ueEP—1(—o0,r2) u€P—1(—o0,r2) J0O A
¢(r2) =
T2 T2
T K o
o W/o F(t,02)dt + XG
’ 01 62
and
sup U(u)
u€P—1(—o0,ra+r3)
V(TQ’T3) =
T3
g p
sup / (F(,u(t) + PGt u(t))dt
_ u€P—1(—o0,ra+r3) JO A
= -
T K o
F(t,03)dt + =G
ot [, F
(3.8) < 2k A

01 03 — 0

On the other hand, for each u € ®~!(—o00,71) one has

ST R dt - [ F(t01)dt + 4(TG, — G*)

T
>
B(ri,re) > e
(3.9) _ L T~ [ F( 0t + §(TG, - G*)
. a Kanan .

Since 1 < 0,q, one has

T
1 Q101 — QM)\/ F(t, @1)dt
0

K< 9ar GO )

this means

T
rkGgh +/0 F(t,0,)dt

01
2M 01

<

> =

Furthermore,

1-yT

Kinoan? — )\(/

T
F(t,7)dt — / F(t,01)dt)
~T 0
o= TG, — Go ’

this means

-7 T
F(t,n)dt — / F(t,01)dt)
0

Kinoan?

> =

>
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1-yT T
(TG —G91)+(/ F(t,ﬁ)dt—/ F(t,01)dt)
T 0
(3.10) < . Rinoa? .
In a similar way, we have
T
§G92+/0 F(t,©)dt
1 <7
20, A
(1-yT T
BTG, — G")+ (/ F(t,ﬁ)dt—/ F(t,04)dt)
T 0
(3.11) < 2 Kinoa?
and
T
§G93+/0 F(t,0s)dt
0= 0) A
1-yT

(TG, — GN) + (/ F(t,ﬁ)dt—/TF(t,Gl)dt)

Kingon?

T

(3.12) <

Hence from (3.6)-(3.12), we get

a(ry,r2,13) < B(r1,72).

Now, we show that the functional Iy satisﬁes the assumption (az) of Theorem 2.1.
Let u* = (uf,...,u}) and u™* = (u}*,...,u}*) be two local minima for I. Then
w* and u** are critical points for Iy, and so, they are weak solutions for the system
(P;T f) Since we assumed F' is non-negative and since G is non-negative, for fixed
A>0and p >0 we have F(t,su* + (1 — s)u™) + {G(t, su* 4 (1 — s)u™) > 0, and
consequently, ¥(su™ + (1 —s)u**) > 0 for all s € [0, 1]. Hence, Theorem 2.1 implies
that for every

) e ] Kinoan?
f(l VT, m)dt— [ F

01 min{ 01 0 O3 — 0o }[
2M JYF@e0)dt [ F(t,0:)dt [ F(t,03)dt

and p € [0,0y @[, the functional I has three critical points u;, ¢ = 1,2,3, in X such

that ®(uy) < 71, ®(ug) < ro and ®(uz) < 72 + 73, that is, max,c(o, ) [ui(t)| < 01,

maxyeo,7] [uz(t)| < 2, and maxy¢jo,7) [uz(t)| < 3. Then, taking into account the

fact that the weak solutions of the system (Pf f) are exactly critical points of the

functional I, we have the desired conclusion. O
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For positive constants 61, 64 and 7, set

T
9191 —QMA/ F(t,@l)dt

. .
(3.13) 03 ¢ :=min {2]\4 min 0001 )
94
Q194—4M/\ dt Q194—4M/\ t @4
200 % 2G94
(1-mT T
Kinoan? — /\(/ F(t,n)dt —/ F(t,01)dt)
~T 0
TG, — G% }

where 0 < v < %

Theorem 3.2. Let F: [0,T] x R® — R satisfy the condition F(t,x1,...,2,) >0
forall (t,xzq,...,x,) € [0, T|xR™. Assume that there exist positive constants y < %

601, 04 and n with 6, < min{n?,2M Konn?} and %ﬁnz < 04 such that

(Az)
(1-)T _
max{fOT F(t, 1 dt 2f0 t @4 dt} < 01 f'yT K F(t,n)dt
601 ’ 04 01+ 2MKings n? .
Then, for every
Ne N _:} (01 + 2M K 1no2)n? ﬂmin{ 01 04 }[
o [0 R i 2M

ST F(t,©1)dt 2 [ F(t,04)dt

and every mon-negative function G : [0,T] x R* — R satisfying G° > 0, there
exists 0\ ¢ > 0 given by (3.13) such that, for each p € [0,0) o, the system
(PAF“G) has at least L‘hree solutions uy, uz, and uz such that max,cp ) |ui(t)| < 61,

maxe(o, 7] |u2(t)] <% and maxeo,r) [us(t)] < 0s.

Proof. Choose 6y = %94 and 03 = ;. So, by using (Az) one has

(3.14) Jo F(t,02)dt 2Jy P, @ \/7 —_—

) 04 04
1-T _
o [ @
01 +2MKinp n?
and
T T (1- v)T dt
(3.15) Jo F(t.©3)dt _ 2 [y F(t,04)dt o1 Syt 1)

03 — 0y 04 01 +2MKinps 772
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Moreover, taking into account that 6; < n?, by using (As) we have

1—y)T _ T 1—y)T _
o SO pdt— [ Pt 01)dt o ST Rt

>
2M Kqinoo 0> 2M K1noo n?
1-9T _

B 01 foT F(t,01)dt S 01 f')ET ” F(t,n)dt

2M K1nos 6, 2M K1ngy n?

1—~)T _ 1—~)T _

B (Q% ﬁfT K F(t,n)dt . 01 ffiT g F(t,n)dt

2M King2(01 + 2M K1ngs) n? 01 +2MKino, n? '

Hence, from (A4s), (3.14) and (3.15), it is easy to see that the assumption (A;) of
Theorem 3.1 is satisfied, and since the critical points of the functional ® — AU are
the weak solutions of the system (P/\F f) we have the conclusion. O

Now, we present the following example in which the hypotheses of Theorem 3.2
are satisfied.

Example 3.1. Consider the following system

(3.16)
DY (0 DY Pus (b)) = AFy, (w1, ug) + pGu, (ur, uz) + ha(ur), t
DY B (0 DY Bua(t)) = AFou, (ur, ug) + pGu, (ur, uz) + ho(ug), ¢
A Dy (D) ™u)) (t5) = Lj(ua(ty)), J
A(Dy "2 (5§D Bug))(t5) = Ipj(ualty)), J
u1(0) = u1(1) =0, u2(0) = uz(1) =0

where
e =l e Te2l 4f xyxe # 0,

F(.I‘l,ﬂ?g) — 67E7 Z.f Ty = 0,372 7& 07
e T=il, if x1 # 0,29 =0,
0, Zf x1 = 0,29 =0,

hi(z1) = 155 (1—cos(x1)) and ho(22) = 15 (In(1+23)) for every 1,22 € R, t1 = 3,

1

6
ty = %, L; (&) = ﬁf for every £ € R and for 4,5 = 1,2. By expressions of hy and
hy we have Hi(z1) = 155 (21 — sin(z1)) and Ha(z2) = 1i5 (v2In(1 + 23) — 235 +
2 arctan(xz)) for every 1,22 € R. Choosing v = %7 01 =10"%6,=10% and n =1,
we clearly observe that all assumptions of Theorem 3.2 are satisfied. Hence, for
every

0.5(1(0.75))* (1 — terrcizse — sxaosmo7s)e)

\e } - .
e T(25) 4 ¢ TO.2)
1 2
+318304(1 + 108(T'(1.75))2 + 5x105(F(O.75))2)
e—ﬁ + e‘ﬁ 7
1 2
1- 105(T(1.75))2 ~ 5x105(1'(0.75))2 10° [
(1(0.75))2 Jo—

for every non-negative function G : R” — R satisfying G? > 0, there exists (51\’7G >0
such that, for each p € [0,0) 5[, the system (3.16) has at least three solutions

uy, ug, and ug such that max,ejoqy|ui(t)| < 1074, max,eqo 1 [uz(t)] < 10° " and

2
max;e(o,1] luz (t)] < 108.
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Remark 3.1. When F does not depend on ¢, in Theorem 3.1 the assumption (A4;)
can be written as

mas [FO1) F(O2) F©)y o1 (1-2)Fla) ~ F(O)

0, 7 Oy 7 05 —0, 2M Kingon?
as well as
A } Kinoon? 01 min{ 01 02 03 — 64 } [
(1=29TF(n) —TF(©1)" 2TM F(01)" F(©2)" F(©3)
and
S {1 i { 0101 — 2MATF(©1) 0162 — 2MATF(Os)
: 2M GO ’ G- ’
01(05 — 03) — 2M AT F(O3) } Kinoon® = M(1 = 29)TF(7j) — TF(t,0,)) }
G ’ TG, — G% ‘

In this case, in Theorem 3.2 the assumption (As) follows the form

maX{F(@l) 2F(@4)} - 01 (1—2y)F(n)
91 ’ 94 01+ QMKlTLQQ 7’]2 ’
as well as
,1(01 +2MKyno)n* o0 . 1 04
A= } 9M(1— 29)TF(7)  2TM " { F(01)’ 2F(0y) } [
and

/04 [04
H{Qlel_QMATF((—)l) Q194—4M)\TF( 5,, 5)

5 ¢ = min{ -
\G T min m mi Gel QG%

0104 — AMATF(0y) } Kingon* = A((1 = 29)TF(7) — TF(©,))
2G04 ’ TG, — G" ‘

Remark 3.2. We observe that, in our results, no asymptotic conditions on F' and
G are needed and only algebraic conditions on F are imposed to guarantee the
existence of solutions. Moreover, in the conclusions of the above results, one of the
three solutions may be trivial since the values of F,(¢,0,...,0) and G,,(¢,0,...,0)
for every ¢t € [0,T], 1 < i < n, are not determined.

As an application of Theorem 3.1, we consider the following problem
tD%(a(t)lon‘u(t)) = Af(t,u) + pg(t,u) + h(u), t€(0,T),t#t;
(3.17) A(tD%7 (thau))(tJ) :Ij(u(tj>)7 J=12...,m,
w(0) =u(T)=0
where % <a<1L,A>0,pu>0,T>0, oDy and ;D¢ denote the left and right
Riemann-Liouville fractional derivatives of order o, respectively, ap = ess infc(o 7} a(t) >
0, f,g:[0,T] x R — R are L'-Carathéodory functions, h : R — [0, +00) is a Lips-
chitz continuous function with Lipschitz constant L > 0, i.e.,

[h(§1) — h(&2)] < LI — &
for every &1, & € R, satistying h(0) = 0, I; € C(R, R) for j =1,2,...,m, such
that I;(0) = 0 and there exists a constant L; > 0 such that

|I;(s1) — Ij(s2)| < Lj|s1 — s2| for any s1,s0 € R, forj=1,...,m,
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O=to<ti <ta< - <ty <tpmg1=1T.

Put "
F(t,z) :/ f(t,&)d¢  for every (t,z) € [0,T] x R,
0
G(t,x) :/ g(t,&)d¢  for every (t,z) € [0,T] x R
0
and N
H(z) = / h(§)d¢ for every x € R.
0
Set
B ) LTQa B 1+ LTQ(x M T2a—1
g = — 5 = 5 = 5
(T(a+1))%a," ” (F(a +1))%ao (I'(a))?ao(2a — 1)
n =0 — MCml|a|s, 02=p+ MCm|a|w
and
P(a,y) = ! / Ta(t)tz(l’a)dt + / ! a(t)(t — 7))t
% 2’72T2 ~T
T T
+/ a(t)(t — (1 —)T)21= gt — 2/ a(t)(t? —~Tt) = dt
Q=T T

9 /( a(t) (2 — (1 — 7)T) ~dt

1—~)T
T
+2/ a(t)(t? — Tt +~(1 — 7)T2)1_0‘dt}
1-yT
where 0 < v < % We suppose that
B LT2a

K=—"——+MC 1
(T(a + 1))%ao + milafloe <
where
C= max {L;
Jef{1,.. 7m}{ }

For positive constants 6 and 7 set

T

G = max G(t,z)dt and G, := inf
0 |z|<Vo [0,77x[0,T'(2—a)n]

Obviously, if g changes sing on [0, 7] then clearly G > 0.
Now, we give the following straightforward consequences of Theorem 3.1 and
Theorem 3.2, respectively.

Theorem 3.3. Let f: [0,7] xR — R be a non-negative L'-Carathéodory function.
Assume that there exist positive constants v < %, 01,05, 03 and n with 03 > 05,

01 < 2M P(a,v)n? and M 2 < 0y such that
x| Jo F(t.Vo)dt [ F(t,\/B)dt [, F(t,/05) dt}
61 ’ 6, ’ 05 — 6,

o1 ST FE T - a)n)dt — [ F(t, /0t
9MP(c,7)0a 2
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Then, for every

2
Ae N = |P(a,y)os 77
] ST EE T - a)n)dt — [ F(t /)t
01 . 91 92 93 — 92
ﬁ min { } |:

[T P /O)dt [ F(t,y/8)dt [ F(t,v/83)dt

and every non-negative L-Carathéodory function g : [0,T] x R — R, there exists
03,4 > 0 given by

T T
0161 —QM)\/ F(t,\/6,)dt 065 —QM)\/ F(t,/6)dt
0 0

0% . = min 1 min{
g — IM GO ’ G- ’

B T
01(03 — 02) — QM/\/ F(t,\/03)dt

GYs . ’

1-yT
Plaer N[ FEIE- ) / (t,\/Br)at)
~T 0
TG, — GO }

such that, for each p € (0,63 [, the problem (3.17) has at least three non-negative
weak solutions uy, ug, and ug such that max.cp, ) [u1(t)| < 61, max.ep ) [ua(t)| <
02, and maxepo 77 [us(t)| < Os.

Proof. By a similar argument as given in the proof of Theorem 3.1 we ensure
the existence of the weak solutions ui, ug, and w3 with maxcjo 7y |ui(t)] < 61,
maxyeo,7) [u2(t)| < 02, and maxcjo, ) luz(t)| < 03. Now, we show that the weak
solutions wuq, ug, and ug are non-negative. To this end, let ug be a non-trivial
weak solution of the problem (3.17). Arguing by a contradiction, assume that
the set A = {t €]0,T] : uo(t) < 0} is non-empty and of positive measure. Put
o(t) = min{0, ug(t)} for all ¢t € [0,T]. Clearly, v € E, and one has

T T m
| auDguanria - [ oo+ Y- a1 two(e))

—)\/ F(tuo(8))5(t)dt — 1 /0 ot w0 (£) (1) dt = 0.

Thus, from our sign assumptions on the data we have

0< (1=K [ aDruPi < [ awDru®Fa = [ )

+ 3 alt)I(uo(t;))uo(t;) < 0.

=1
Hence, since K < 1, ug = 0 in A and we arrive to a contradiction. [l

Theorem 3.4. Let f : [0,T] x R — R be a non-negative L*-Carathéodory func-

tion. Assume that there exist positive constants v < %, 01,04 and n with 61 <
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min{n?, 2M P(a, v)n?} and M 2 < 0, such that

0 O\Fd
O e et

) 94

1—y)T
3 o ST R T2 - a)n)dt
01 +2MP(a,7)02 n? '

Then, for every
(01 +2MPla,)eo)n® o { 6, 0. H
2M [T F(T(2 — a)n)dt 2M JT RtV dt 2 [ F(t,v/0a)dt

and for every non-negative L'-Carathéodory function g : [0,T] x R — R, there
exists 037, > 0 gien by

re|

— 0
.9 = min

G 26

0101 —2J\7I/\/ (t,+/01)dt 9104—4M>\/ t, @)dt
o { . 2

T
0104 —AMMN | F(t,\/04)dt

0
2G4 ’

1-ymT
Plo ) g —)\(/ F(LT(2 — o))t /0 (t,/01) dt)}

~T
TG, — G%

such that, for each p € [0,63% [, the problem (3.17) has at least three non-negative

weak solutions uy, ug, and uz such that max,cpo, 1) [u1(t)| < 01, max.ep, 7 [ua(t)| <
28

5 and maxye(o 1) |us(t)| < 04

Here, in order to illustrate Theorem 3.4, we present the following example

Example 3.2. Consider the following problem

(3.18) A(tD;O'z(SD?'8U))(tj) =1 (u(tj))7 J=12,
w(0) =u(l) =0
where
725, <1,
ro={ ¥ 15t
h(z) = 145 In(1 + 2?) for every x € R, t; = %, to = £ and I;(§) = ¢ for every

¢ € R and for j = 1,2. By expression of f we have
z7, <1,
F(x)—{ Tn(z)+1, z>1.

Taking v = i, 61 =104, 6, = 10* and n = 1, we clearly observe that all assump-
tions of Theorem 3.4 are satisfied. Then, for each

c } 0-6(F(0~8))2(1 - 108(1‘%1.8))2 o 3><107(1F(0.8))2)
(T'(1.2))7
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8'9282(1 + 108(1“%1.8))2 + 3><107(%‘(0.8))2)

+

(I'(1.2))7 ’
L- 108(1“%1.8))2 - 3><107(%“(O‘8))2 10% [
1.2(T(0.8))2 7In (10%) + 1

and every non-negative continuous function g : R — R, there exists § A,¢ > 0 such

that, for each p € [0, 85 4[, the problem (3.18) has at least three non-negative weak

. _ 4
solutions u1, uz and ug such that maxepo 1) |u1 ()] < 107*, maxgeo 1) [uz(t)] < 15-

and maxeo,1) lus(t)| < 10%.
Now, we list some consequences of Theorem 3.4 as follows.

Theorem 3.5. Let f be a non-negative continuous and nonzero function such that

(3.19) TGN (O]

z—0t T T—>+oo I

=0

for every A > \* where

(01 + 2M P(,7)2)1”
2MTF(T(2 - a)n)

A" = inf{ :n>0,F((2—a)n) >0}

Then there exists

(3.20) fixg = min {1_ min { 0101 — QJ\éleF(\/E)’
104 — AMMNTF 0 ~
oo ( 5) 9_194—4M)\TF(\/Z)}
2G % ’ 2G04 ,
P(o,7) 02 — M(1 — 29)TF(D(2 — ) — TF(\/61))
TG77 — GH

where 01, 04 and vy are positive constants with v < %, such that for each p € [0, fix g/,
the problem

tD7(a(BoDitu(t)) = Af(u) + pg(u) + h(u), t € (0,T),
(3.21) A(tD%_ (BD?U))(LL]) = Ij(u(tj))’ J=12...,m,

u(0) =u(T)=0
where g : R — R is a non-negative continuous and nonzero function, has at least
two distinct positive weak solutions.

Proof. Fix A\ > \*, put F(z) = fOI f(&)d¢ for all x € R and let n > 0 such that
FT(2—a)n) >0 and
(01 +2M P (e, 7)d2)n”
2MTF(T(2 — a)n)
From (3.19) there is 6; > 0 such that §; < min{n?, 2M P(«,~)n*} and %\/1071) <

%, and 64 > 0 such that AWP‘(Q%)@UQ < 04 and %\i@ < 41\§I_IT)\' Therefore,
Theorem 3.2 ensures the conclusion. [l

Finally, by the way of example, we point out the following simple consequence
of Theorem 3.5 when p = 0.
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Theorem 3.6. Let f : R — R be a continuous function such that xf(x) > 0 for

all x # 0 and
lim M = lim 1(@)

— =0.
z—0 T |z|] =400 X
Then, for every A > \ where
(61 +2M P(a,7)d2) ”o (=n)?

A= x max{ inf

OMT W rre—on MEre-amn b

the problem (3.21), in the case p = 0 has at least four distinct non-trivial weak
solutions.

Proof. Setting

0, if x <0,
filz) = { f@), ifz>0
and
0, if x <0,
fa(x) = { —f(=z), ifx >0,
and applying Theorem 3.5 to f; and f; we have the result. (Il
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