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Abstract. In this paper, perturbed systems of impulsive nonlinear fractional

differential equations, including Lipschitz continuous nonlinear terms, are stud-

ied. The existence of at least three distinct weak solutions is obtained based
on a recent three critical points theorem for differentiable functionals. In ad-

dition, examples are presented to illustrate the feasibility and effectiveness of

the main results.

1. Introduction

In this paper we study the following perturbed impulsive fractional differential
system

(PF,Gλ,µ ) tD
αi
T (ai(t)0D

αi
t ui(t)) = λFui(t, u) + µGui(t, u) + hi(ui), t ∈ (0, T ), t 6= tj ,

∆(tD
αi−1
T (c0D

αi
t ui))(tj) = Iij(ui(tj)), j = 1, 2, . . . ,m,

ui(0) = ui(T ) = 0

for 1 ≤ i ≤ n, where u = (u1, . . . , un), 0 < αi ≤ 1 for 1 ≤ i ≤ n, λ > 0, µ ≥ 0,
T > 0, ai ∈ L∞([0, T ]), āi = ess inft∈[0,T ] ai(t) > 0 for 1 ≤ i ≤ n, 0D

ς
t and

tD
ς
T denote the left and right Riemann-Liouville fractional derivatives of order ς,

respectively, n ≥ 1, F,G : [0, T ] × Rn → R are measurable with respect to t, for
all u ∈ Rn, continuously differentiable in u, for almost every t ∈ [0, T ], moreover
F (t, 0, . . . , 0) = G(t, 0, . . . , 0) = 0 for every t ∈ [0, T ] and they satisfy the following
standard summability condition:
(1.1)

sup
|ξ|≤%1

(max{|F (., ξ)|, |G(., ξ)|, |Fξi(., ξ)|, |Gξi(., ξ)|, i = 1, . . . , n}) ∈ L1([0, T ])

for any %1 > 0 with ξ = (ξ1, . . . , ξn) and |ξ| =
√∑n

i=1 ξ
2
i , hi : R→ R is a Lipschitz

continuous function with Lipschitz constant Li > 0, i.e.,

|hi(ξ1)− hi(ξ2)| ≤ Li|ξ1 − ξ2|

for every ξ1, ξ2 ∈ R, satisfying hi(0) = 0 for 1 ≤ i ≤ n, Iij ∈ C(R,R) for i =
1, . . . , n, j = 1, . . . ,m, 0 = t0 < t1 < t2 < · · · < tm < tm+1 = T, the operator
∆ is defined as ∆(tD

αi−1
T (c0D

αi
t u))(tj) = tD

αi−1
T (c0D

αi
t u)(t+j )− tD

αi−1
T (c0D

αi
t u)(t−j )

where tD
αi−1
T (c0D

αi
t u)(t+j ) = limt→t+j tD

αi−1
T (c0D

αi
t u)(t) and tD

αi−1
T (c0D

αi
t u)(t−j ) =

limt→t−j t
Dαi−1
T (c0D

αi
t u)(t) and c

0D
αi
t is the left Caputo fractional derivatives of order
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αi. Here, Fui and Gui denote respectively the partial derivatives of F and G with
respect to ui for 1 ≤ i ≤ n.

Let a, b be real numbers and denote by AC([a, b]) the space of absolutely con-
tinuous functions on [a, b]. For 0 < αi ≤ 1 for 1 ≤ i ≤ n, f ∈ AC([a, b]) there are
defined left and right Riemann-Liouville and Caputo fractional derivatives (see [3],
pp. 69-93, [44]) by

aD
αi
t f(t) ≡ d

dt
aD

αi−1
t f(t) ≡ d

dt
I1−αi
a+ f(t) :=

1

Γ(1− αi)
d

dt

( ∫ t

a

(t− s)−αif(s)ds
)
,

tD
αi
b f(t) ≡ − d

dt
tD

αi−1
b f(t) ≡ d

dt
I1−αi
b− f(t) := − 1

Γ(1− α)

d

dt

( ∫ b

t

(s− t)−αif(s)ds
)
,

c
aD

αi
t f(t) ≡c Dαi

a+f(t) ≡a Dαi−1
t f ′(t) :=

1

Γ(1− αi)
( ∫ t

a

(t− s)−αif ′(s)ds
)

and

c
tD

αi
b f(t) ≡c Dαi

b−f(t) ≡ −tDαi−1
b f ′(t) :=

1

Γ(1− αi)
( ∫ b

t

(s− t)−αif ′(s)ds
)
,

Note that when αi = 1, caD
1
t f(t) = f ′(t), ctD

1
bf(t) = −f ′(t). The definition of the

weak solutions of the system (PF,Gλ,µ ) in given in Section 2.

Fractional differential equations (FDEs) have been of great interest recently. It
is caused both by the intensive development of the theory of fractional calculus
itself and by the applications of such constructions in various sciences such as
physics, mechanics, chemistry, engineering, probability, electrical networks, etc, for
details, see [1, 2, 3, 4, 5] and the references therein. Recently, the existence of
solutions to boundary value problems for FDEs have been studied in many papers
and we refer the reader to the papers [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] and
the references therein. For example, in [8] using Krasnosel’skii fixed point theorem,
the authors obtained the existence of positive solution for the FDEs. Kong in [13]
under appropriate hypotheses based on variational methods, studied the existence
of three solutions to the boundary value problem of the following form{

d
dt

(
1
2 0
D−βt (u′(t)) + 1

2 t
D−βT (u′(t))

)
+ λ∇F (t, u(t)) = 0, t ∈ [0, T ],

u(0) = u(T ) = 0

where T > 0, λ > 0 is a parameter, 0 ≤ β < 1, and F : [0, T ]× RN → R is a given
function. Molica Bisci in [15] studied the existence of three weak solutions for a class
of nonlocal fractional Laplacian problems depending on two real parameters via a
recent abstract result by Ricceri. Galewski and Molica Bisci in [9] using variational
methods, proved that a suitable class of one-dimensional fractional problems admits
at least one non-trivial solution under an asymptotical behaviour of the nonlinear
datum at zero, their problem was as the following{

d
dt

(
0
Dα−1
t (c0D

α
t u(t))− tD

α−1
T (ctD

α
Tu(t))

)
+ f(t, u(t)) = 0, t ∈ [0, T ],

u(0) = u(T ) = 0

where α ∈ ( 1
2 , 1] and f : R→ R is a continuous function.

The study of coupled systems involving fractional differential equations is quite
important as such systems occur in various problems of applied nature, for instance,
see [17, 18, 19, 20, 21, 22, 23, 24] and the references therein. For example, Bai
and Fang in [18] using the Krasnoselskii’s fixed-point theorem and the nonlinear
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alternative of Leray-Schauder theorem in a cone, studied the existence of a positive
solution to singular coupled system of fractional order. Su in [19] based on Schauder
fixed-point theorem, obtained an existence result for a boundary value problem for
a coupled differential system of fractional order. Also, in [25] using variational
methods and critical point theory the existence of one weak solution for the system

(PF,Gλ,µ ), in the case µ = 0 and Iij ≡ 0 for i = 1, . . . , n, j = 1, . . . ,m was studied.
On the other hand, impulsive effects are common phenomena due to short-term

perturbations whose duration is negligible in comparison with the total duration
of the original process. Such perturbations can be reasonably well approximated
as being instantaneous changes of state, or in the form of impulses. The governing
equations of such phenomena may be modeled as impulsive differential equations.
In recent years, there has been a growing interest in the study of impulsive differ-
ential equations as these equations provide a natural frame work for mathematical
modelling of many real world phenomena, namely in the control theory, physics,
chemistry, population dynamics, biotechnology, economics and medical fields. In
the last few years, variational methods have been used to determine the existence of
solutions for impulsive differential equations possessing variational structures under
certain boundary conditions, see for instance [26, 27, 28] and the references therein.
Due to the great development in the theory of fractional calculus and impulsive dif-
ferential equations as well as having wide applications in several fields. Recently, the
study of fractional differential equations with impulses has been studied by many
authors using the variational methods, fixed-point theorems and critical point the-
ory, see, for instance, [29, 30, 31, 32, 33, 35, 36, 37] and the references therein for
detailed discussions. For example, Gao et al. in [31] using Schaefer fixed point
theorem, established sufficient conditions for the existence and uniqueness of solu-
tions for a class of impulsive integro-differential equations with nonlocal conditions
involving the Caputo fractional derivative. In [36] based on fractional calculus and
fixed point theorems the existence of PC-mild solutions for Cauchy problems and
nonlocal problems for impulsive fractional evolution equations involving Caputo
fractional derivative was discussed. By utilizing the theory of operators semigroup,
probability density functions via impulsive conditions, a new concept on a PC-mild
solution for the problem was introduced. In [32] existence results for the system

(PF,Gλ,µ ), in the case µ = 0 under some algebraic conditions on the nonlinear part

with the classical Ambrosetti-Rabinowitz (AR) condition on the nonlinear and the
impulsive terms were established. Moreover, by combining two algebraic conditions
on the nonlinear term guaranteeing the existence of two weak solutions, applying
the mountain pass theorem the existence of third weak solution for the system was
ensured. In [33] using variational methods the existence of infinitely many solutions

for the system (PF,Gλ,µ ) was discussed. In [34] under suitable hypotheses and by using

variational methods, some new criteria to guarantee that the system (PF,Gλ,µ ), in the
case µ = 0 has at least two nontrivial and nonnegative solutions are obtained.

In this paper, a class of nonlinear impulsive fractional differential systems in-
cluding Lipschitz continuous nonlinear terms is studied. Under suitable hypotheses
and by using variational methods, some new criteria to guarantee that the frac-
tional differential system has at least two nontrivial and nonnegative solutions are
obtained. In addition, an example is presented to illustrate the applicability of the
main results was discussed.
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In this paper, we establish the existence of at least three weak solutions for the

system (PF,Gλ,µ ), in which two parameters are involved. Precise estimates of these
two parameters λ and µ will be given. Moreover, in our new results, we do not need
any asymptotic conditions of the nonlinear term at infinity. The proof is based on a
three critical points theorem due to Bonanno and Candito proved in [38] which we
recall in the next section (Theorem 2.1). Our main result is Theorem 3.1. Theorem
3.2 is deduced as a consequence of it. Example 3.1 illustrates Theorem 3.2. As
special cases of Theorems 3.1 and 3.2, we obtain Theorems 3.3 and 3.4 for the
scalar situation (n = 1). Example 3.2 illustrates Theorem 3.4. In Theorem 3.5, we
obtain the existence of at least two positive solutions under suitable conditions on
the nonlinear term at zero and at infinity, while finally in Theorem 3.6 we ensure
the existence of at least four non-negative solutions.

For more studies on the subject we refer to [39, 40, 41].
The present paper is organized as follows. In Section 2 we recall some basic

definitions and preliminary results, while Section 3 is devoted to the existence of

multiple weak solutions for the eigenvalue system (PF,Gλ,µ ).

2. Preliminaries

Our main tool is a three critical point theorem due to Bonanno and Candito
that we recall here.

Let X be a nonempty set and Φ,Ψ : X → R be two functions. For all r, r1, r2 >
infX Φ, r2 > r1, r3 > 0, we define

ϕ(r) := inf
u∈Φ−1(−∞,r)

supv∈Φ−1(−∞,r) Ψ(v)−Ψ(u)

r − Φ(u)
,

β(r1, r2) := inf
u∈Φ−1(−∞,r1)

sup
v∈Φ−1[r1,r2)

Ψ(v)−Ψ(u)

Φ(v)− Φ(u)
,

γ(r2, r3) :=
supu∈Φ−1(−∞,r2+r3) Ψ(u)

r3
,

α(r1, r2, r3) := max{ϕ(r1), ϕ(r2), γ(r2, r3)}.

Theorem 2.1. [38, Theorem 3.3] Let X be a reflexive real Banach space, Φ : X →
R be a convex, coercive and continuously Gâteaux differentiable functional whose
Gâteaux derivative admits a continuous inverse on X∗ where X∗ is the dual space of
X, Ψ : X → R be a continuously Gâteaux differentiable functional whose Gâteaux
derivative is compact, such that

(a1) infX Φ = Φ(0) = Ψ(0) = 0;
(a2) for every u1, u2 ∈ X such that Ψ(u1) ≥ 0 and Ψ(u2) ≥ 0, one has

inf
s∈[0,1]

Ψ(su1 + (1− s)u2) ≥ 0.

Assume that there are three positive constants r1, r2, r3 with r1 < r2, such that

(a3) ϕ(r1) < β(r1, r2);
(a4) ϕ(r2) < β(r1, r2);
(a5) γ(r2, r3) < β(r1, r2).

Then, for each λ ∈] 1
β(r1,r2) ,

1
α(r1,r2,r3) [ the functional Φ− λΨ admits three distinct

critical points u1, u2, u3 such that u1 ∈ Φ−1(−∞, r1), u2 ∈ Φ−1[r1, r2) and u3 ∈
Φ−1(−∞, r2 + r3).
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We refer the interested reader to the papers [13, 42, 43] in which Theorem 2.1 has
been successfully employed to the existence of at least three solutions for boundary
value problems.

We now introduce some necessary definitions and properties of the fractional
calculus which are used further in this paper.

Let C∞0 ([0, T ],RN ) be the set of all functions x ∈ C∞([0, T ],RN ) with x(0) =
x(T ) = 0 and the norm

‖x‖∞ = max
t∈[0,T ]

|x(t)|.

Denote the norm of the space Lp([0, T ],RN ) for 1 ≤ p <∞ by

‖x‖Lp =
( ∫ T

0

|x(s)|pds
) 1
p

.

The following lemma yields the boundedness of the Riemann-Liouville fractional
integral operators from the space Lp([0, T ],RN ) to the space Lp([0, T ],RN ) where
1 ≤ p <∞.

Definition 2.1. [3] Let f be a function defined on [0, T ] and αi > 0 for 1 ≤ i ≤ n.
The left and right Riemann-Liouville fractional integrals of order αi for the function
f are defined by

0D
−αi
t f(t) =

1

Γ(αi)

∫ t

0

(t− s)αi−1f(s)ds, t ∈ [0, T ],

tD
−αi
T f(t) =

1

Γ(αi)

∫ T

t

(s− t)αi−1f(s)ds, t ∈ [0, T ]

for 1 ≤ i ≤ n, provided the right-hand sides are pointwise defined on [0, T ], where
Γ(αi) is the standard gamma function given by

Γ(αi) =

∫ +∞

0

zαi−1e−zdz.

Lemma 2.2. [44] Let 0 < αi ≤ 1 for 1 ≤ i ≤ n, 1 ≤ p <∞ and f ∈ Lp([0, T ],RN ).
Then

‖0D−αiξ f‖Lp([0,t]) ≤
tαi

Γ(αi + 1)
‖f‖Lp([0,t]) for ξ ∈ [0, t], t ∈ [0, T ],

where 0D
−αi
t is left Riemann-Liouville fractional integral of order αi.

Proposition 2.3. [45] We have the following property of fractional integration:∫ T

0

[0D
−ζ
t u(t)]v(t)dt =

∫ T

0

[tD
−ζ
T v(t)]u(t)dt, ζ > 0,

provided that u ∈ Lp([0, T ],R), v ∈ Lq([0, T ],R) and p ≥ 1, q ≥ 1, 1
p + 1

q ≤ 1 + ζ

or p 6= 1, q 6= 1, 1
p + 1

q = 1 + ζ.

Definition 2.2. Let 0 < αi ≤ 1, 1 ≤ i ≤ n. The fractional derivative space Eαi0 is
defined by the closure C∞0 ([0, T ],R), that is

Eαi0 = C∞0 ([0, T ],R)

with respect to the weighted norm

(2.1) ‖ui‖ai,αi =
(∫ T

0

ai(t)|0Dαi
t ui(t)|2dt+

∫ T

0

|ui(t)|2dt
) 1

2
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for every ui ∈ Eαi0 and for 1 ≤ i ≤ n.

Remark 2.1. [44, Remark 3.1] It is obvious that the fractional derivative space Eαi0

is the space of functions ui ∈ L2([0, T ],R) having an αi-order Riemann-Loiuville
fractional derivative 0D

αi
t ui ∈ L2([0, T ],R) and ui(0) = ui(T ) = 0 for 1 ≤ i ≤ n.

Proposition 2.4. [44, Propostion 3.1] Let 0 < αi ≤ 1, 1 ≤ i ≤ n and 1 < p <∞.
The fractional derivative space Eαi0 is a reflexive and separable Banach space.

Lemma 2.5. [23] Let 0 < αi ≤ 1, 1 ≤ i ≤ n. For any ui ∈ Eαi0 , we have

‖ui‖L2 ≤ Tαi

Γ(αi + 1)
√
āi

(∫ T

0

ai(t)|0Dαi
t ui(t)|2dt

) 1
2

,(2.2)

moreover, if αi >
1
2 , then

‖ui‖∞ ≤
Tαi−

1
2

Γ(αi)
√
āi(2αi − 1)

(∫ T

0

ai(t)|0Dαi
t ui(t)|2dt

) 1
2

.(2.3)

By (2.2) we can consider Eαi0 with respect to the norm

‖ui‖αi =
(∫ T

0

ai(t)|0Dαi
t ui(t)|2dt

) 1
2

for every ui ∈ Eαi0 , 1 ≤ i ≤ n,

which is equivalent to (2.1).
Then we have

n∑
i=1

‖ui‖2L2 ≤ S
n∑
i=1

‖ui‖2αi(2.4)

and if αi >
1
2 , then

n∑
i=1

‖ui‖2∞ ≤M
n∑
i=1

‖ui‖2αi(2.5)

with

S = max{ T 2αi

(Γ(αi + 1))2āi
, 1 ≤ i ≤ n}

and

M = max{ T 2αi−1

(Γ(αi))2āi(2αi − 1)
, 1 ≤ i ≤ n}.

Now, let E be the Cartesian product of n Sobolev spaces Eα1
0 , . . . , and Eαn0 , i.e.,

E = Eα1
0 × · · · × E

αn
0 , which is a reflexive Banach space endowed with the norm

‖(u1, . . . , un)‖ =

n∑
i=1

‖ui‖αi .

Obviously, E is compactly embedded in (C0([0, T ])× · · · × C0([0, T ])).
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Definition 2.3. We mean by a (weak) solution of the system (PF,Gλ,µ ), any function

u = (u1, . . . , un) ∈ E such that

n∑
i=1

(∫ T

0

ai(t)0D
αi
t ui(t)0D

αi
t vi(t)dt

)
−

n∑
i=1

∫ T

0

hi(ui(t))vi(t)dt

+

m∑
j=1

n∑
i=1

ai(tj)Iij(ui(tj))vi(tj)− λ
n∑
i=1

∫ T

0

Fui(t, u1(t), . . . , un(t))vi(t)dt

− µ
n∑
i=1

∫ T

0

Gui(t, u1(t), . . . , un(t))vi(t)dt = 0(2.6)

for every v = (v1, . . . , vn) ∈ E.

The derivation details of the weak solution for the system (PF,Gλ,µ ) are the same

with the scale case as given in [30].
Put

Hi(x) =

∫ x

0

hi(ξ)dξ for all x ∈ R and 1 ≤ i ≤ n.

In this paper we assume throughout and without further mention, that the fol-
lowing conditions hold:

(H1) 1
2 < αi ≤ 1 for 1 ≤ i ≤ n;

(H2) Iij(0) = 0 and there exists a constant Lij > 0 such that

|Iij(s1)− Iij(s2)| ≤ Lij |s1 − s2| for any s1, s2 ∈ R, 1 ≤ i ≤ n, 1 ≤ j ≤ m;

(H3)
∑n
i=1

LiT
2αi

(Γ(αi+1))2āi
+MCm‖ã‖∞ < 1 where C = maxi∈{1,...,n},j∈{1,...,m}{Lij}

and ã = max{ai(t), t ∈ [0, T ], 1 ≤ i ≤ n}.
Put

σ = min{1− LiT
2αi

(Γ(αi + 1))2āi
, 1 ≤ i ≤ n},

ρ = max{1 +
LiT

2αi

(Γ(αi + 1))2āi
, 1 ≤ i ≤ n},

%1 = σ −MCm‖ã‖∞ and %2 = ρ+MCm‖ã‖∞.

Proposition 2.6. Let J : E → E∗ be the operator defined for every u = (u1, . . . , un), v =
(v1, . . . , vn) ∈ E, as

J(u)(v) =

n∑
i=1

(∫ T

0

ai(t)0D
αi
t ui(t)0D

αi
t vi(t)dt

)
+

n∑
i=1

m∑
j=1

ai(tj)Iij(ui(tj))vi(tj)

−
n∑
i=1

∫ T

0

hi(ui(t))vi(t)dt.

Then, J admits a continuous inverse on E∗.
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Proof. Since hi(0) = 0, one has |hi(x)| ≤ Li|x| for i = 1, . . . , n. So, using Lemma
2.5 we have

n∑
i=1

(∫ T

0

ai(t)|0Dαi
t ui(t)|2dt

)
−

n∑
i=1

∫ T

0

hi(ui(t))ui(t)dt

≥
n∑
i=1

‖ui‖2αi −
n∑
i=1

LiT
2αi

(Γ(αi + 1))2āi
‖ui‖2αi ≥ σ

n∑
i=1

‖ui‖2αi .

Moreover, from the condition (H2) we obtain

−MCm‖ã‖∞
n∑
i=1

‖ui‖2αi ≤ −M
n∑
i=1

m∑
j=1

Lij‖ai‖∞‖ui‖2αi

≤
n∑
i=1

m∑
j=1

ai(tj)Iij(ui(tj))ui(tj) ≤M
n∑
i=1

m∑
j=1

Lij‖ai‖∞‖ui‖2αi

≤MCm‖ã‖∞
n∑
i=1

‖ui‖2αi .

Therefore, we have

J(u)(u) =

n∑
i=1

(∫ T

0

ai(t)|0Dαi
t ui(t)|2dt

)
+

n∑
i=1

m∑
j=1

ai(tj)Iij(ui(tj))ui(tj)

−
n∑
i=1

∫ T

0

hi(ui(t))ui(t)dt ≥ %1

n∑
i=1

‖ui‖2αi ,
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and taking (H3) into account, it follows that J is coercive. By using (H2) again,
we have

<J(u)− J(v), u− v> =

n∑
i=1

(∫ T

0

ai(t)0D
αi
t ui(t)0D

αi
t (ui(t)− vi(t))dt

)
+

n∑
i=1

m∑
j=1

ai(tj)Iij(ui(tj))(ui(tj)− vi(tj))

−
n∑
i=1

∫ T

0

hi(ui(t))(ui(t)− vi(t))dt

−

(
n∑
i=1

(∫ T

0

ai(t)0D
αi
t vi(t)0D

αi
t (ui(t)− vi(t))dt

)
+

n∑
i=1

m∑
j=1

ai(tj)Iij(vi(tj))(ui(tj)− vi(tj))

−
n∑
i=1

∫ T

0

hi(vi(t))(ui(t)− vi(t))dt

)

=

n∑
i=1

(∫ T

0

ai(t)0D
αi
t (ui(t)− vi(t))0D

αi
t (ui(t)− vi(t))dt

)
+

n∑
i=1

m∑
j=1

ai(tj)
(
Iij(ui(tj))− Iij(vi(tj))

)
(ui(tj)− vi(tj))

−
n∑
i=1

∫ T

0

(hi(ui(t))− hi(vi(t)))(ui(t)− vi(t))dt

≥ %1

n∑
i=1

‖ui − vi‖2αi .

Thus, J is uniformly monotone. Hence, by [46, Theorem 26.A (d)], J−1 : E∗ → E
exists and is continuous. �

3. Main results

In this section, we formulate our main results on the existence of at least three

weak solutions for the system (PF,Gλ,µ ).

For any ς > 0 we denote by Q(ς) the set
{

(t1, . . . , tn) ∈ Rn :
∑n
i=1 |ti|2 ≤ ς

}
.

For positive constants θ and η set

Gθ :=

∫ T

0

max
(x1,...,xn)∈Q(θ)

G(t, x1, . . . , xn)dt

and

Gη := inf
[0,T ]×[0,Γ(2−α1)η]×···×[0,Γ(2−αn)η]

G(t, x1, . . . , xn).

In the remainder of this article, for positive constant θ and η, let Θ and η̄ be the
vectors in RN defined by

Θ = (
√
θ, . . . ,

√
θ) and η̄ = (Γ(2− α1)η, . . . ,Γ(2− αn)η),
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respectively.
Set

Pi(αi, γ) =
1

2γ2T 2

{∫ T

0

ai(t)t
2(1−αi)dt+

∫ T

γT

ai(t)(t− γT )2(1−αi)dt

+

∫ T

(1−γ)T

ai(t)(t− (1− γ)T )2(1−αi)dt− 2

∫ T

γT

ai(t)(t
2 − γT t)1−αidt

−2

∫ T

(1−γ)T

ai(t)(t
2 − (1− γ)Tt)1−αidt

+2

∫ T

(1−γ)T

ai(t)(t
2 − γT t+ γ(1− γ)T 2)1−αidt

}
for 0 < γ < 1

2 ,

K1 = max{Pi(αi, γ), 1 ≤ i ≤ n}
and

K2 = min{Pi(αi, γ), 1 ≤ i ≤ n}.
Fixing four positive constants θ1, θ2, θ3 and η, put

δλ,G := min

{
1

2M
min

{%1θ1 − 2Mλ

∫ T

0

F (t,Θ1)dt

Gθ1
,

%1θ2 − 2Mλ

∫ T

0

F (t,Θ2)dt

Gθ2
,

(3.1)

%1(θ3 − θ2)− 2Mλ

∫ T

0

F (t,Θ3)dt

Gθ3

}
,

K1n%2η
2 − λ

( ∫ (1−γ)T

γT

F (t, η̄)dt−
∫ T

0

F (t,Θ1)dt
)

TGη −Gθ1

}
for 0 < γ < 1

2 .

Theorem 3.1. Let F : [0, T ] × Rn → R be non-negative. Assume that there exist

positive constants γ < 1
2 , θ1, θ2, θ3 and η with θ1 < 2MK2nη

2 and 2MK1n%2

%1
η2 <

θ2 < θ3 such that

(A1)

max
{∫ T

0
F (t,Θ1)dt

θ1
,

∫ T
0
F (t,Θ2)dt

θ2
,

∫ T
0
F (t,Θ3)dt

θ3 − θ2

}
<

%1

2M

∫ (1−γ)T

γT
F (t, η̄)dt−

∫ T
0
F (t,Θ1)dt

K1n%2η2
.

Then, for every

λ ∈ Λ :=
] K1n%2η

2∫ (1−γ)T

γT
F (t, η̄)dt−

∫ T
0
F (t,Θ1)dt

,

%1

2M
min

{ θ1∫ T
0
F (t,Θ1)dt

,
θ2∫ T

0
F (t,Θ2)dt

,
θ3 − θ2∫ T

0
F (t,Θ3)dt

}[
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and every non-negative function G : [0, T ]×Rn → R satisfying Gθ ≥ 0, there exists

δλ,G > 0 given by (3.1) such that, for each µ ∈ [0, δλ,G[, the system (PF,Gλ,µ ) has at

least three solutions u1, u2, and u3 such that maxt∈[0,T ] |u1(t)| < θ1, maxt∈[0,T ] |u2(t)| <
θ2, and maxt∈[0,T ] |u3(t)| < θ3.

Proof. Our aim is to apply Theorem 2.1 to the system (PF,Gλ,µ ). We take X = E

and introduce the functionals Φ,Ψ for u = (u1, ..., un) ∈ X, as follows

(3.2) Φ(u) =
1

2

n∑
i=1

‖ui‖2αi −
n∑
i=1

∫ T

0

Hi(ui(t))dt+

n∑
i=1

m∑
j=1

ai(tj)

∫ ui(tj)

0

Iij(s)ds

and

(3.3) Ψ(u) =

∫ T

0

F (t, u(t))dt+
µ

λ

∫ T

0

G(t, u(t))dt,

and we put

Iλ(u) = Φ(u)− λΨ(u)

for u ∈ X. Let us prove that the functionals Φ and Ψ satisfy the required conditions
in Theorem 2.1. We easily observe that infX Φ = Φ(0) = Ψ(0) = 0. Since X is
compactly embedded in (C0([0, T ]),R)n, it is well known that Ψ is a differentiable
functional whose differential at the point u = (u1, . . . , un) ∈ X is the functional
Ψ′(u) ∈ X∗, given by

Ψ′(u)(v) =

∫ T

0

n∑
i=1

Fui(t, u(t))vi(t)dt+
µ

λ

∫ T

0

n∑
i=1

Gui(t, u(t))vi(t)dt

for every v = (v1, . . . , vn) ∈ X, and Ψ is sequentially weakly upper semicontinuous.
Moreover, Φ is a Gâteaux differentiable functional whose Gâteaux derivative at the
point u ∈ X is the functional Φ′(u) ∈ X∗, given by

Φ′(u)(v) =

n∑
i=1

(∫ T

0

ai(t)0D
αi
t ui(t)0D

αi
t vi(t)dt

)
+

n∑
i=1

m∑
j=1

ai(tj)Iij(ui(tj))vi(tj)

−
n∑
i=1

∫ T

0

hi(ui(t))vi(t)dt

for every v = (v1, . . . , vn) ∈ X. Furthermore, we can show that Φ defined by (3.2)
is sequentially weakly lower semicontinuous. Indeed, taking the sequentially weakly
lower semicontinuity property of the norm into account and since Hi is continu-

ous for i = 1, . . . , n, it is enough to prove that
∑n
i=1

∑m
j=1 ai(tj)

∫ ui(tj)
0

Iij(s)ds is

weakly continuous in X. In fact, for {uk = (u1k, . . . , unk)} ⊂ X, if {uk} converges
to u in X, then, there exists S1 > 0 such that ‖uk‖∞ ≤ S1. Therefore, we have∣∣ n∑

i=1

m∑
j=1

ai(tj)

∫ uik(tj)

0

Iij(s)ds−
n∑
i=1

m∑
j=1

ai(tj)

∫ ui(tj)

0

Iij(s)ds
∣∣

≤
n∑
i=1

m∑
j=1

∣∣ai(tj)∫ uik(tj)

ui(tj)

Iij(s)ds
∣∣ ≤ S2mn‖ã‖∞‖uk − u‖∞ → 0

where S2 = maxi∈{1,...,n},j∈{1,...,m},|s|≤S1
|Iij(s)|. So, we have |Φ(uk) − Φ(u)| → 0,

thus Φ is weakly continuous. Hence, Φ is sequentially weakly lower semicontinuous
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in X. Since hi(0) = 0 one has |hi(x)| ≤ Li|x| for i = 1, . . . , n. So, from (3.2) and
the condition (H2) we have

%1

2

n∑
i=1

‖ui‖2αi ≤
σ

2

n∑
i=1

‖ui‖2αi −
M

2

n∑
i=1

m∑
j=1

Lij‖ai‖∞‖ui‖2αi

(3.4)

≤ 1

2

n∑
i=1

‖ui‖2αi −
n∑
i=1

LiT
2αi

2(Γ(αi + 1))2āi
‖ui‖2αi +

n∑
i=1

m∑
j=1

ai(tj)

∫ ui(tj)

0

Iij(s)ds

≤ Φ(u) ≤ 1

2

n∑
i=1

‖ui‖2αi +

n∑
i=1

LiT
2αi

2(Γ(αi + 1))2āi
‖ui‖2αi +

n∑
i=1

m∑
j=1

ai(tj)

∫ ui(tj)

0

Iij(s)ds

≤ ρ

2

n∑
i=1

‖ui‖2αi +
M

2

n∑
i=1

m∑
j=1

Lij‖ai‖∞‖ui‖2αi ≤
%2

2

n∑
i=1

‖ui‖2αi

and bearing the condition (H3) in mind, it follows lim‖u‖→+∞ Φ(u) = +∞, namely

Φ is coercive. Moreover, by Proposition 2.6, (Φ′)−1 : X∗ → X exists and is
continuous. For 0 < γ < 1

2 , define ω = (ω1, . . . , ωn) by setting

ωi(t) =


Γ(2−αi)η

γT t, t ∈ [0, γT [,

Γ(2− αi)η, t ∈ [γT, (1− γ)T ],
Γ(2−αi)η

γT (T − t), t ∈](1− γ)T, T ]

for 1 ≤ i ≤ n. Clearly ωi(0) = ωi(T ) = 0 and ωi ∈ L2[0, T ] for 1 ≤ i ≤ n. A direct
calculation shows that

0D
αi
t ωi(t) =


η
γT t

1−αi , t ∈ [0, γT [,
η
γT (t1−αi − (t− γT )1−αi), t ∈ [γT, (1− γ)T ],
η
γT (t1−αi − (t− γT )1−αi − (t− (1− γ)T )1−αi), t ∈](1− γ)T, T ]

for 1 ≤ i ≤ n. Furthermore,∫ T

0

ai(t)|0Dαi
t ωi(t)|2dt =

∫ γT

0

ai(t)|0Dαi
t ωi(t)|2dt+

∫ (1−γ)T

γT

ai(t)|0Dαi
t ωi(t)|2dt

+

∫ T

(1−γ)T

ai(t)|0Dαi
t ωi(t)|2dt =

η2

γ2T 2

{∫ T

0

ai(t)t
2(1−αi)dt

+

∫ T

γT

ai(t)(t− γT )2(1−αi)dt+

∫ T

(1−γ)T

ai(t)(t− (1− γ)T )2(1−αi)dt

−2

∫ T

γT

ai(t)(t
2 − γT t)1−αidt− 2

∫ T

(1−γ)T

ai(t)(t
2 − (1− γ)Tt)1−αidt

+2

∫ T

(1−γ)T

ai(t)(t
2 − γT t+ γ(1− γ)T 2)1−αidt

}
= 2Pi(αi, γ)η2

for 1 ≤ i ≤ n. Thus, ω ∈ X and

‖ωi‖2αi =

∫ T

0

ai(t)|0Dαi
t ωi(t)|2dt = 2P (αi, γ)η2(3.5)

for 1 ≤ i ≤ n. By using (3.4) and (3.5) we have

K2n%1η
2 ≤ Φ(ω) ≤ K1n%2η

2.
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Choose r1 = %1

2M θ1, r2 = %1

2M θ2 and r3 = %1

2M (θ3−θ2). From the conditions θ3 > θ2,

θ1 < 2MK2nη
2 and 2MK1n%2

%1
η2 < θ2 we achieve r3 > 0 and r1 < Φ(ω) < r2. From

the definition of Φ and considering equations (2.3), (2.5) and (3.4) one has

Φ−1(−∞, r1) = {u ∈ X; Φ(u) < r1} ⊆

{
u ∈ X;

n∑
i=1

‖ui‖2αi ≤
2r1

%1

}

⊆

{
u ∈ X;

1

M

n∑
i=1

‖ui‖2∞ ≤
2r1

%1

}

=

{
u ∈ X;

n∑
i=1

‖ui‖2∞ ≤
2Mr1

%1

}

=

{
u ∈ X;

n∑
i=1

‖ui‖2∞ ≤ θ1

}
.

Hence, since F is non-negative, one has

sup
u∈Φ−1(−∞,r1)

∫ T

0

F (t, u(t))dt ≤
∫ T

0

max
(x1,...,xn)∈Q(θ1)

F (t, x1, . . . , xn)dt

≤
∫ T

0

F (t,Θ1)dt.

In a similar way, we have

sup
u∈Φ−1(−∞,r2)

∫ T

0

F (t, u(t))dt ≤
∫ T

0

F (t,Θ2)dt

and

sup
u∈Φ−1(−∞,r2+r3)

∫ T

0

F (t, u(t))dt ≤
∫ T

0

F (t,Θ3)dt.

Therefore, since 0 ∈ Φ−1(−∞, r1) and Φ(0) = Ψ(0) = 0, one has

ϕ(r1) = inf
u∈Φ−1(−∞,r1)

(supu∈Φ−1(−∞,r1) Ψ(u))−Ψ(u)

r1 − Φ(u)

≤
supu∈Φ−1(−∞,r1) Ψ(u)

r1

=

sup
u∈Φ−1(−∞,r1)

∫ T

0

[F (t, u(t)) +
µ

λ
G(t, u(t))]dt

r1

≤ 2M

%1

∫ T

0

F (t,Θ1)dt+
µ

λ
Gθ1

θ1
,(3.6)
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ϕ(r2) ≤
sup

u∈Φ−1(−∞,r2)

Ψ(u)

r2
=

sup
u∈Φ−1(−∞,r2)

∫ T

0

[F (t, u(t)) +
µ

λ
G(t, u(t))]dt

r2

≤ 2M

%1

∫ T

0

F (t,Θ2)dt+
µ

λ
Gθ2

θ2
(3.7)

and

γ(r2, r3) =

sup
u∈Φ−1(−∞,r2+r3)

Ψ(u)

r3

=

sup
u∈Φ−1(−∞,r2+r3)

∫ T

0

[F (t, u(t)) +
µ

λ
G(t, u(t))]dt

r3

≤ 2M

%1

∫ T

0

F (t,Θ3)dt+
µ

λ
Gθ3

θ3 − θ2
.(3.8)

On the other hand, for each u ∈ Φ−1(−∞, r1) one has

β(r1, r2) ≥
∫ (1−γ)T

γT
F (t, η̄)dt−

∫ T
0
F (t,Θ1)dt+ µ

λ (TGη −Gθ1)

Φ(w)− Φ(u)

≥
∫ (1−γ)T

γT
F (t, η̄)dt−

∫ T
0
F (t,Θ1)dt+ µ

λ (TGη −Gθ1)

K1n%2η2
.(3.9)

Since µ < δλ,G, one has

µ <
1

2M

%1θ1 − 2Mλ

∫ T

0

F (t,Θ1)dt

Gθ1
,

this means

µ
λG

θ1 +

∫ T

0

F (t,Θ1)dt

%1

2M θ1
<

1

λ
.

Furthermore,

µ <

K1n%2η
2 − λ

( ∫ (1−γ)T

γT

F (t, η̄)dt−
∫ T

0

F (t,Θ1)dt
)

TGη −Gθ1
,

this means

µ
λ (TGη −Gθ1) +

( ∫ (1−γ)T

γT

F (t, η̄)dt−
∫ T

0

F (t,Θ1)dt
)

K1n%2η2
>

1

λ
.
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Then,

µ
λG

θ1 +

∫ T

0

F (t,Θ1)dt

%1

2M θ1
<

1

λ

<

µ
λ (TGη −Gθ1) +

( ∫ (1−γ)T

γT

F (t, η̄)dt−
∫ T

0

F (t,Θ1)dt
)

K1n%2η2
.(3.10)

In a similar way, we have

µ
λG

θ2 +

∫ T

0

F (t,Θ2)dt

%1

2M θ2
<

1

λ

<

µ
λ (TGη −Gθ1) +

( ∫ (1−γ)T

γT

F (t, η̄)dt−
∫ T

0

F (t,Θ1)dt
)

K1n%2η2
(3.11)

and

µ
λG

θ3 +

∫ T

0

F (t,Θ3)dt

%1

2M (θ3 − θ2)
<

1

λ

<

µ
λ (TGη −Gθ1) +

( ∫ (1−γ)T

γT

F (t, η̄)dt−
∫ T

0

F (t,Θ1)dt
)

K1n%2η2
.(3.12)

Hence from (3.6)-(3.12), we get

α(r1, r2, r3) < β(r1, r2).

Now, we show that the functional Iλ satisfies the assumption (a2) of Theorem 2.1.
Let u∗ = (u∗1, . . . , u

∗
n) and u∗∗ = (u∗∗1 , . . . , u

∗∗
n ) be two local minima for Iλ. Then

u∗ and u∗∗ are critical points for Iλ, and so, they are weak solutions for the system

(PF,Gλ,µ ). Since we assumed F is non-negative and since G is non-negative, for fixed

λ > 0 and µ ≥ 0 we have F (t, su∗ + (1− s)u∗∗) + µ
λG(t, su∗ + (1− s)u∗∗) ≥ 0, and

consequently, Ψ(su∗+ (1− s)u∗∗) ≥ 0 for all s ∈ [0, 1]. Hence, Theorem 2.1 implies
that for every

λ ∈
] K1n%2η

2∫ (1−γ)T

γT
F (t, η̄)dt−

∫ T
0
F (t,Θ1)dt

,

%1

2M
min

{ θ1∫ T
0
F (t,Θ1)dt

,
θ2∫ T

0
F (t,Θ2)dt

,
θ3 − θ2∫ T

0
F (t,Θ3)dt

}[
and µ ∈ [0, δλ,G[, the functional Iλ has three critical points ui, i = 1, 2, 3, in X such
that Φ(u1) < r1, Φ(u2) < r2 and Φ(u3) < r2 + r3, that is, maxt∈[0,T ] |u1(t)| < θ1,
maxt∈[0,T ] |u2(t)| < θ2, and maxt∈[0,T ] |u3(t)| < θ3. Then, taking into account the

fact that the weak solutions of the system (PF,Gλ,µ ) are exactly critical points of the
functional Iλ we have the desired conclusion. �
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For positive constants θ1, θ4 and η, set

δ′λ,G := min

{
1

2M
min

{%1θ1 − 2Mλ

∫ T

0

F (t,Θ1)dt

Gθ1
,(3.13)

%1θ4 − 4Mλ

∫ T

0

F (t,

√
θ4

2
, . . . ,

√
θ4

2
)dt

2G
θ4
2

,

%1θ4 − 4Mλ

∫ T

0

F (t,Θ4)dt

2Gθ4

}
,

K1n%2η
2 − λ

( ∫ (1−γ)T

γT

F (t, η̄)dt−
∫ T

0

F (t,Θ1)dt
)

TGη −Gθ1

}

where 0 < γ < 1
2 .

Theorem 3.2. Let F : [0, T ] × Rn → R satisfy the condition F (t, x1, . . . , xn) ≥ 0
for all (t, x1, . . . , xn) ∈ [0, T ]×Rn. Assume that there exist positive constants γ < 1

2 ,

θ1, θ4 and η with θ1 < min{η2, 2MK2nη
2} and 4MK1n%2

σ−MCm‖ã‖∞ η
2 < θ4 such that

(A2)

max
{∫ T

0
F (t,Θ1)dt

θ1
,

2
∫ T

0
F (t,Θ4)dt

θ4

}
<

%1

%1 + 2MK1n%2

∫ (1−γ)T

γT
F (t, η̄)dt

η2
.

Then, for every

λ ∈ Λ′ :=
] (%1 + 2MK1n%2)η2

2M
∫ (1−γ)T

γT
F (t, η̄)dt

,
%1

2M
min

{ θ1∫ T
0
F (t,Θ1)dt

,
θ4

2
∫ T

0
F (t,Θ4)dt

}[

and every non-negative function G : [0, T ] × Rn → R satisfying Gθ ≥ 0, there
exists δ′λ,G > 0 given by (3.13) such that, for each µ ∈ [0, δ′λ,G[, the system

(PF,Gλ,µ ) has at least three solutions u1, u2, and u3 such that maxt∈[0,T ] |u1(t)| < θ1,

maxt∈[0,T ] |u2(t)| < θ4
2 , and maxt∈[0,T ] |u3(t)| < θ4.

Proof. Choose θ2 = 1
2θ4 and θ3 = θ4. So, by using (A2) one has

∫ T
0
F (t,Θ2)dt

θ2
=

2
∫ T

0
F (t,

√
θ4
2 , . . . ,

√
θ4
2 )dt

θ4
≤

2
∫ T

0
F (t,Θ4)dt

θ4
(3.14)

<
%1

%1 + 2MK1n%2

∫ (1−γ)T

γT
F (t, η̄)dt

η2

and ∫ T
0
F (t,Θ3)dt

θ3 − θ2
=

2
∫ T

0
F (t,Θ4)dt

θ4
<

%1

%1 + 2MK1n%2

∫ (1−γ)T

γT
F (t, η̄)dt

η2
.(3.15)
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Moreover, taking into account that θ1 < η2, by using (A2) we have

%1

2MK1n%2

∫ (1−γ)T

γT
F (t, η̄)dt−

∫ T
0
F (t,Θ1)dt

η2
>

%1

2MK1n%2

∫ (1−γ)T

γT
F (t, η̄)dt

η2

− %1

2MK1n%2

∫ T
0
F (t,Θ1)dt

θ1
>

%1

2MK1n%2

∫ (1−γ)T

γT
F (t, η̄)dt

η2

− %2
1

2MK1n%2(%1 + 2MK1n%2)

∫ (1−γ)T

γT
F (t, η̄)dt

η2
=

%1

%1 + 2MK1n%2

∫ (1−γ)T

γT
F (t, η̄)dt

η2
.

Hence, from (A2), (3.14) and (3.15), it is easy to see that the assumption (A1) of
Theorem 3.1 is satisfied, and since the critical points of the functional Φ− λΨ are

the weak solutions of the system (PF,Gλ,µ ) we have the conclusion. �

Now, we present the following example in which the hypotheses of Theorem 3.2
are satisfied.

Example 3.1. Consider the following system
(3.16)

tD
0.75
1 (0D

0.75
t u1(t)) = λFu1(u1, u2) + µGu1(u1, u2) + h1(u1), t ∈ (0, 1), t 6= t1

tD
0.8
1 (0D

0.8
t u2(t)) = λFu2

(u1, u2) + µGu2
(u1, u2) + h2(u2), t ∈ (0, 1), t 6= t2

∆(tD
−0.25
1 (c0D

0.75
t u1))(tj) = I1j(u1(tj)), j = 1, 2,

∆(tD
−0.2
1 (c0D

0.8
t u2))(tj) = I2j(u2(tj)), j = 1, 2,

u1(0) = u1(1) = 0, u2(0) = u2(1) = 0

where

F (x1, x2) =


e
− 1
|x1| + e

− 1
|x2| if x1x2 6= 0,

e
− 1
|x2| , if x1 = 0, x2 6= 0,

e
− 1
|x1| , if x1 6= 0, x2 = 0,

0, if x1 = 0, x2 = 0,

h1(x1) = 1
106 (1−cos(x1)) and h2(x2) = 1

106 (ln(1+x2
2)) for every x1, x2 ∈ R, t1 = 1

3 ,

t2 = 1
2 , Iij(ξ) = 1

106 ξ for every ξ ∈ R and for i, j = 1, 2. By expressions of h1 and

h2 we have H1(x1) = 1
106 (x1 − sin(x1)) and H2(x2) = 1

106 (x2 ln(1 + x2
2) − 2x2 +

2 arctan(x2)) for every x1, x2 ∈ R. Choosing γ = 1
4 , θ1 = 10−4, θ4 = 108 and η = 1,

we clearly observe that all assumptions of Theorem 3.2 are satisfied. Hence, for
every

λ ∈
]0.5(Γ(0.75))2

(
1− 1

106(Γ(1.75))2 − 2
5×105(Γ(0.75))2

)
e−

1
Γ(1.25) + e−

1
Γ(1.2)

+
31.8304

(
1 + 1

106(Γ(1.75))2 + 2
5×105(Γ(0.75))2

)
e−

1
Γ(1.25) + e−

1
Γ(1.2)

,

1− 1
106(Γ(1.75))2 − 2

5×105(Γ(0.75))2

(Γ(0.75))2

108

4e−
1

104

[
for every non-negative function G : Rn → R satisfying Gθ ≥ 0, there exists δ′′λ,G > 0

such that, for each µ ∈ [0, δ′′λ,G[, the system (3.16) has at least three solutions

u1, u2, and u3 such that maxt∈[0,1] |u1(t)| < 10−4, maxt∈[0,1] |u2(t)| < 108

2 , and

maxt∈[0,1] |u3(t)| < 108.
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Remark 3.1. When F does not depend on t, in Theorem 3.1 the assumption (A1)
can be written as

max
{F (Θ1)

θ1
,
F (Θ2)

θ2
,
F (Θ3)

θ3 − θ2

}
<

%1

2M

(1− 2γ)F (η̄)− F (Θ1)

K1n%2η2
,

as well as

Λ :=
] K1n%2η

2

(1− 2γ)TF (η̄)− TF (Θ1)
,

%1

2TM
min

{ θ1

F (Θ1)
,

θ2

F (Θ2)
,
θ3 − θ2

F (Θ3)

}[
and

δλ,G := min

{
1

2M
min

{%1θ1 − 2MλTF (Θ1)

Gθ1
,
%1θ2 − 2MλTF (Θ2)

Gθ2
,

%1(θ3 − θ2)− 2MλTF (Θ3)

Gθ3

}
,
K1n%2η

2 − λ
(
(1− 2γ)TF (η̄)− TF (t,Θ1

)
)

TGη −Gθ1

}
.

In this case, in Theorem 3.2 the assumption (A2) follows the form

max
{F (Θ1)

θ1
,

2F (Θ4)

θ4

}
<

%1

%1 + 2MK1n%2

(1− 2γ)F (η̄)

η2
.

as well as

Λ′ :=
] (%1 + 2MK1n%2)η2

2M(1− 2γ)TF (η̄)
,
%1

2TM
min

{ θ1

F (Θ1)
,

θ4

2F (Θ4)

}[
and

δ′λ,G := min

{
1

2M
min

{%1θ1 − 2MλTF (Θ1)

Gθ1
,
%1θ4 − 4MλTF (

√
θ4

2
, . . . ,

√
θ4

2
)

2G
θ4
2

,

%1θ4 − 4MλTF (Θ4)

2Gθ4

}
,
K1n%2η

2 − λ
(
(1− 2γ)TF (η̄)− TF (Θ1)

)
TGη −Gθ1

}
.

Remark 3.2. We observe that, in our results, no asymptotic conditions on F and
G are needed and only algebraic conditions on F are imposed to guarantee the
existence of solutions. Moreover, in the conclusions of the above results, one of the
three solutions may be trivial since the values of Fxi(t, 0, . . . , 0) and Gxi(t, 0, . . . , 0)
for every t ∈ [0, T ], 1 ≤ i ≤ n, are not determined.

As an application of Theorem 3.1, we consider the following problem

(3.17)

 tD
α
T (a(t)0D

α
t u(t)) = λf(t, u) + µg(t, u) + h(u), t ∈ (0, T ), t 6= tj

∆(tD
α−1
T (c0D

α
t u))(tj) = Ij(u(tj)), j = 1, 2, . . . ,m,

u(0) = u(T ) = 0

where 1
2 < α ≤ 1, λ > 0, µ ≥ 0, T > 0, 0D

α
t and tD

α
T denote the left and right

Riemann-Liouville fractional derivatives of order α, respectively, a0 = ess inft∈[0,T ] a(t) >

0, f, g : [0, T ]× R→ R are L1-Carathéodory functions, h : R→ [0,+∞) is a Lips-
chitz continuous function with Lipschitz constant L > 0, i.e.,

|h(ξ1)− h(ξ2)| ≤ L|ξ1 − ξ2|
for every ξ1, ξ2 ∈ R, satisfying h(0) = 0, Ij ∈ C(R, R) for j = 1, 2, . . . ,m, such
that Ij(0) = 0 and there exists a constant Lj > 0 such that

|Ij(s1)− Ij(s2)| ≤ Lj |s1 − s2| for any s1, s2 ∈ R, for j = 1, . . . ,m,
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0 = t0 < t1 < t2 < · · · < tm < tm+1 = T.
Put

F (t, x) =

∫ x

0

f(t, ξ)dξ for every (t, x) ∈ [0, T ]× R,

G(t, x) =

∫ x

0

g(t, ξ)dξ for every (t, x) ∈ [0, T ]× R

and

H(x) =

∫ x

0

h(ξ)dξ for every x ∈ R.

Set

σ̄ = 1− LT 2α

(Γ(α+ 1))2a0
, ρ̄ = 1 +

LT 2α

(Γ(α+ 1))2a0
, M̄ =

T 2α−1

(Γ(α))2a0(2α− 1)
,

%̄1 = σ̄ − M̄C̄m‖a‖∞, %̄2 = ρ̄+ M̄C̄m‖a‖∞
and

P (α, γ) =
1

2γ2T 2

{∫ T

0

a(t)t2(1−α)dt+

∫ T

γT

a(t)(t− γT )2(1−α)dt

+

∫ T

(1−γ)T

a(t)(t− (1− γ)T )2(1−α)dt− 2

∫ T

γT

a(t)(t2 − γT t)1−αdt

−2

∫ T

(1−γ)T

a(t)(t2 − (1− γ)Tt)1−αdt

+2

∫ T

(1−γ)T

a(t)(t2 − γT t+ γ(1− γ)T 2)1−αdt

}
where 0 < γ < 1

2 . We suppose that

K̄ =
LT 2α

(Γ(α+ 1))2a0
+ M̄C̄m‖a‖∞ < 1

where
C̄ = max

j∈{1,...,m}
{Lj}.

For positive constants θ and η set

Gθ :=

∫ T

0

max
|x|≤
√
θ
G(t, x)dt and Gη := inf

[0,T ]×[0,Γ(2−α)η]
G.

Obviously, if g changes sing on [0, T ] then clearly Gθ ≥ 0.
Now, we give the following straightforward consequences of Theorem 3.1 and

Theorem 3.2, respectively.

Theorem 3.3. Let f : [0, T ]×R→ R be a non-negative L1-Carathéodory function.
Assume that there exist positive constants γ < 1

2 , θ1, θ2, θ3 and η with θ3 > θ2,

θ1 < 2M̄P (α, γ)η2 and 2M̄P (α,γ)%̄2

%̄1
η2 < θ2 such that

max
{∫ T

0
F (t,
√
θ1)dt

θ1
,

∫ T
0
F (t,
√
θ2)dt

θ2
,

∫ T
0
F (t,
√
θ3)dt

θ3 − θ2

}
<

%̄1

2M̄P (α, γ)%̄2

∫ (1−γ)T

γT
F (t,Γ(2− α)η)dt−

∫ T
0
F (t,
√
θ1)dt

η2
.
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Then, for every

λ ∈ Λ′′ :=
]
P (α, γ)%̄2

η2∫ (1−γ)T

γT
F (t,Γ(2− α)η)dt−

∫ T
0
F (t,
√
θ1)dt

,

%̄1

2M̄
min

{ θ1∫ T
0
F (t,
√
θ1)dt

,
θ2∫ T

0
F (t,
√
θ2)dt

,
θ3 − θ2∫ T

0
F (t,
√
θ3)dt

}[
and every non-negative L1-Carathéodory function g : [0, T ] × R → R, there exists
δ?λ,g > 0 given by

δ?λ,g = min

{
1

2M̄
min

{ %̄1θ1 − 2M̄λ

∫ T

0

F (t,
√
θ1)dt

Gθ1
,

%̄1θ2 − 2M̄λ

∫ T

0

F (t,
√
θ2)dt

Gθ2
,

%̄1(θ3 − θ2)− 2M̄λ

∫ T

0

F (t,
√
θ3)dt

Gθ3

}
,

P (α, γ)%̄2η
2 − λ(

∫ (1−γ)T

γT

F (t,Γ(2− α))dt−
∫ T

0

F (t,
√
θ1)dt)

TGη −Gθ1

}
,

such that, for each µ ∈ [0, δ?λ,g[, the problem (3.17) has at least three non-negative

weak solutions u1, u2, and u3 such that maxt∈[0,T ] |u1(t)| < θ1, maxt∈[0,T ] |u2(t)| <
θ2, and maxt∈[0,T ] |u3(t)| < θ3.

Proof. By a similar argument as given in the proof of Theorem 3.1 we ensure
the existence of the weak solutions u1, u2, and u3 with maxt∈[0,T ] |u1(t)| < θ1,
maxt∈[0,T ] |u2(t)| < θ2, and maxt∈[0,T ] |u3(t)| < θ3. Now, we show that the weak
solutions u1, u2, and u3 are non-negative. To this end, let u0 be a non-trivial
weak solution of the problem (3.17). Arguing by a contradiction, assume that
the set A =

{
t ∈]0, T ] : u0(t) < 0

}
is non-empty and of positive measure. Put

v̄(t) = min{0, u0(t)} for all t ∈ [0, T ]. Clearly, v̄ ∈ Eα and one has∫ T

0

a(t)0D
α
t u0(t)0D

α
t v̄(t)dt−

∫ T

0

h(u0(t))v̄(t)dt+

m∑
j=1

a(tj)Ij(u0(tj))v̄(tj)

− λ
∫ T

0

f(t, u0(t))v̄(t)dt− µ
∫ T

0

g(t, u0(t))v̄(t)dt = 0.

Thus, from our sign assumptions on the data we have

0 ≤ (1− K̄)

∫
A
a(t)|0Dα

t u0(t)|2dt ≤
∫
A
a(t)|0Dα

t u0(t)|2dt−
∫
A
h(u0(t))u0(t)dt

+

m∑
j=1

a(tj)Ij(u0(tj))u0(tj) ≤ 0.

Hence, since K̄ < 1, u0 = 0 in A and we arrive to a contradiction. �

Theorem 3.4. Let f : [0, T ] × R → R be a non-negative L1-Carathéodory func-
tion. Assume that there exist positive constants γ < 1

2 , θ1, θ4 and η with θ1 <
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min{η2, 2M̄P (α, γ)η2} and 4M̄P (α,γ)%̄2

%̄1
η2 < θ4 such that

max
{∫ T

0
F (t,
√
θ1)dt

θ1
,

∫ T
0
F (t,
√
θ4)dt

θ4

}

<
%̄1

%̄1 + 2M̄P (α, γ)%̄2

∫ (1−γ)T

γT
F (t,Γ(2− α)η)dt

η2
.

Then, for every

λ ∈
] (%̄1 + 2M̄P (α, γ)%̄2)η2

2M̄
∫ (1−γ)T

γT
F (t,Γ(2− α)η)dt

,
%̄1

2M̄
min

{ θ1∫ T
0
F (t,
√
θ1)dt

,
θ4

2
∫ T

0
F (t,
√
θ4)dt

}[
and for every non-negative L1-Carathéodory function g : [0, T ] × R → R, there
exists δ??λ,g > 0 given by

δ??λ,g = min

{
1

2M̄
min

{ %̄1θ1 − 2M̄λ

∫ T

0

F (t,
√
θ1)dt

Gθ1
,

%̄1θ4 − 4M̄λ

∫ T

0

F (t,

√
θ4

2
)dt

2G
θ4
2

,

%̄1θ4 − 4M̄λ

∫ T

0

F (t,
√
θ4)dt

2Gθ4

}
,

P (α, γ)%̄2η
2 − λ

( ∫ (1−γ)T

γT

F (t,Γ(2− α))dt−
∫ T

0

F (t,
√
θ1)dt

)
TGη −Gθ1

}
,

such that, for each µ ∈ [0, δ??λ,g[, the problem (3.17) has at least three non-negative

weak solutions u1, u2, and u3 such that maxt∈[0,T ] |u1(t)| < θ1, maxt∈[0,T ] |u2(t)| <
θ4
2 , and maxt∈[0,T ] |u3(t)| < θ4.

Here, in order to illustrate Theorem 3.4, we present the following example

Example 3.2. Consider the following problem

(3.18)

 tD
0.8
1 (0D

0.8
t u(t)) = λf(u) + µg(u) + h(u), t ∈ (0, 1), t 6= tj

∆(tD
−0.2
1 (c0D

0.8
t u))(tj) = Ij(u(tj)), j = 1, 2,

u(0) = u(1) = 0

where

f(x) =

{
7x6, x ≤ 1,
7
x , x > 1,

h(x) = 1
108 ln(1 + x2) for every x ∈ R, t1 = 1

6 , t2 = 1
5 and Ij(ξ) = 1

108 ξ for every
ξ ∈ R and for j = 1, 2. By expression of f we have

F (x) =

{
x7, x ≤ 1,
7 ln (x) + 1, x > 1.

Taking γ = 1
4 , θ1 = 10−4, θ4 = 104 and η = 1, we clearly observe that all assump-

tions of Theorem 3.4 are satisfied. Then, for each

λ ∈
]0.6(Γ(0.8))2

(
1− 1

108(Γ(1.8))2 − 1
3×107(Γ(0.8))2

)
(Γ(1.2))7
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+
8.9282

(
1 + 1

108(Γ(1.8))2 + 1
3×107(Γ(0.8))2

)
(Γ(1.2))7

,

1− 1
108(Γ(1.8))2 − 1

3×107(Γ(0.8))2

1.2(Γ(0.8))2

104

7 ln (102) + 1

[
and every non-negative continuous function g : R → R, there exists δ̄λ,g > 0 such
that, for each µ ∈ [0, δ̄λ,g[, the problem (3.18) has at least three non-negative weak

solutions u1, u2 and u3 such that maxt∈[0,1] |u1(t)| < 10−4, maxt∈[0,1] |u2(t)| < 104

2

and maxt∈[0,1] |u3(t)| < 104.

Now, we list some consequences of Theorem 3.4 as follows.

Theorem 3.5. Let f be a non-negative continuous and nonzero function such that

lim
x→0+

f(x)

x
= lim
x→+∞

f(x)

x
= 0(3.19)

for every λ > λ∗ where

λ∗ = inf{ (%̄1 + 2M̄P (α, γ)%̄2)η2

2M̄TF (Γ(2− α)η)
: η > 0, F (Γ(2− α)η) > 0}.

Then there exists

µ̃λ,g = min

{
1

2M̄
min

{ %̄1θ1 − 2M̄λTF (
√
θ1)

Gθ1
,(3.20)

%̄1θ4 − 4M̄λTF (

√
θ4

2
)

2G
θ4
2

,
%̄1θ4 − 4M̄λTF (

√
θ4)

2Gθ4

}
,

P (α, γ)%̄2η
2 − λ((1− 2γ)TF (Γ(2− α))− TF (

√
θ1))

TGη −Gθ1

}
where θ1, θ4 and γ are positive constants with γ < 1

2 , such that for each µ ∈ [0, µ̃λ,g[,
the problem

(3.21)

 tD
α
T (a(t)0D

α
t u(t)) = λf(u) + µg(u) + h(u), t ∈ (0, T ),

∆(tD
α−1
T (c0D

α
t u))(tj) = Ij(u(tj)), j = 1, 2, . . . ,m,

u(0) = u(T ) = 0

where g : R → R is a non-negative continuous and nonzero function, has at least
two distinct positive weak solutions.

Proof. Fix λ > λ∗, put F (x) =
∫ x

0
f(ξ)dξ for all x ∈ R and let η > 0 such that

F (Γ(2− α)η) > 0 and

λ >
(%̄1 + 2M̄P (α, γ)%̄2)η2

2M̄TF (Γ(2− α)η)
.

From (3.19) there is θ1 > 0 such that θ1 < min{η2, 2M̄P (α, γ)η2} and F (
√
θ1)

θ1
<

%̄1

2M̄Tλ
, and θ4 > 0 such that 4M̄P (α,γ)%̄2

%̄1
η2 < θ4 and F (

√
θ4)

θ4
< %̄1

4M̄Tλ
. Therefore,

Theorem 3.2 ensures the conclusion. �

Finally, by the way of example, we point out the following simple consequence
of Theorem 3.5 when µ = 0.
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Theorem 3.6. Let f : R → R be a continuous function such that xf(x) > 0 for
all x 6= 0 and

lim
x→0

f(x)

x
= lim
|x|→+∞

f(x)

x
= 0.

Then, for every λ > λ where

λ =
(%̄1 + 2M̄P (α, γ)%̄2)

2M̄T
×max{ inf

η>0

η2

F (Γ(2− α)η)
; inf
η<0

(−η)2

F (Γ(2− α)η)
},

the problem (3.21), in the case µ = 0 has at least four distinct non-trivial weak
solutions.

Proof. Setting

f1(x) =

{
0, if x < 0,
f(x), if x ≥ 0

and

f2(x) =

{
0, if x < 0,
−f(−x), if x ≥ 0,

and applying Theorem 3.5 to f1 and f2 we have the result. �
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