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monomials and we study their properties in depth and how they relate to higher
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Stieltjes polynomials

1. Introduction

In recent times, there has been a rise in popularity of the Stieltjes derivative. It turns out that Stieltjes
differential equations model more precisely some systems and phenomena than classical ordinary differential
equations do, as authors have shown in [7,9,10]. The reason behind it is that the Stieltjes derivative gener-
alizes times scales [7], which is a theory that allows differential equations to have impulsive and stationary
behavior. This is particularly interesting when modeling systems that suffer brusque changes or stay latent
for some periods of time.

In the literature related to Stieltjes differential equations we can find from foundational works regarding
the Stieltjes derivative [14], to the study of the first order linear problem along with Picard and Peano type
existence results [7] as well as existence results in another settings [9,10]. In [4], for the first time, the authors
were able to Stieltjes-differentiate functions at every point of their domain. This allows to successfully define
the notion of higher order Stieltjes derivatives and, thus, to consider higher order differential problems [4,6].
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Since we can differentiate functions an arbitrary number of times, we can define the space of % °°-
differentiable (or €*-differentiable) functions, as they do in [4]. A question that comes to mind is: what non
trivial examples of ¥°°-differentiable functions can we give? In this work we focus on what it should be a
smaller subset, that is, the space of Stieltjes-analytic functions. Note that these functions are not obvious to
define. First, we have to clarify what a Stieltjes-monomial is, giving birth to a Stieljtes-polynomial theory,
so that then we can define the Stieltjes-analytic functions as an infinite series of these monomials. This is
no trivial task, as we have to pay attention to several technical difficulties related to the specific behavior
of Stieltjes differentiation.

We then apply this Stieltjes-analytic function theory to find solutions of differential equations, analogously
to how it is used in the classical case. We show a way of translating any higher order linear Stieltjes differential
equation with constant coefficients to a difference equation on the coefficients of a Stieltjes-analytic function,
which always has a solution. We then prove that such Stieltjes-analytic function actually solves the original
problem. In particular, we apply this method to the first order linear problem and define the exponential
series. We show it is indeed a Stieltjes-analytic function, study its properties, interval of convergence and
whether or not it has an analytic continuation to the whole real line. We then compare the exponential series
to the exponential function given in [4,7], the solution of the first order linear problem that the literature
considers, and show that they are equivalent.

The structure of this work is as follows: In Section 2 we present some preliminary concepts and defi-
nitions needed to prove the statements in the following sections. In Section 3 we introduce the notion of
g-monomial and g-polynomial. We study their properties and relations to monomials associated to other
(special) derivators which we will later be able to calculate explicitly. In Section 4 we finally introduce the
Stieltjes-analytic functions. We study and compare them with the classical analytic functions. We show some
examples of Stieltjes-analytic functions with interesting behaviors as well. Finally, in Section 5, we apply
the Stieltjes-analytic function theory to differential equations and we show, as an application, a method
that solves any higher order linear homogeneous Stieltjes differential equation with constant coefficients as
well as some nonhomogeneous cases. We then define the exponential series. We study where it converges,
what rules it follows when we change the center point, its relation to some specific exponential series and
compare it to the exponential function defined in [4,7].

2. Preliminaries

In this Section we provide some basic notions related to the Stieltjes derivative which will be needed later
on to introduce the Stieltjes-analytic functions. We recommend the reader to check the cited bibliography,
in particular [4,7,11].

2.1. Derivators

Definition 2.1. We will call any g : R — R left-continuous non-decreasing function a derivator. To fix
notation, we will reserve the letter g for derivators.

It is actually very common to find derivators in the literature defined only on an interval [a,b] C R.

However, we will assume without loss of generality that every derivator is defined on the whole real line. To
see this, take a derivator g : [a,b] — R, with a < b. We can frame g in Definition 2.1 by taking

b)+xz—b, x>b,

Q)

9(x) = ¢ 9(x), x € [a, b],
gla)+x—a, z<a.
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Given a derivator g, we define the pseudometric
dg(z,y) = |g(x) — g(y)|, for z,y € R.
Definition 2.2. Given any « € R and € > 0, we define the ball of center x and radius ¢ as the set
By(z,e) :={y e R [ dy(x,y) <e}.
Define
Tg:={U CR |Vx €U Je > 0: By(z,e) CU}.

T4 is a topology where the balls are open sets. We denote by 7, the usual topology.
From now on, ' will denote either R or C.

Definition 2.3. Given any X C R, we say a function f: X — F is g-continuous at a point x € X if
Ve >0 36 > 0 such that y € By(z,0) N X = |f(z) — f(y)| <e.
We say f is g-continuous on X if it is g-continuous at every point x € X.

Proposition 2.4 (7, Proposition 3.2]). If f : X = T is g-continuous on X, then

1. f left-continuous at every point x € X;
2. if g is continuous at x € X, then f is continuous at x € X;
3. if g is constant on some [, 3], then f is constant on [o, 5] N X.

Denote by €,(X,F) the set of g-continuous maps defined on X that take values on F. We denote by
HBE 4(X,F) the subset of bounded g-continuous maps. Both these sets are vector spaces.

Proposition 2.5. {By(a,r) | a,7 € Q} is a countable basis of T4. As a consequence, T, is second countable.

Proof. Fix some x € R and ¢ > 0. We will prove that there are a,,r, € Q such that x € Bg(ay,ry) C
By(z,¢). Since g is left-continuous, there exists a sequence {a, }nen C Q that converges to x from the left,
and is such that

dg(an,z) = |g(an) — g(z)| — 0.

Hence, we can choose some n € N such that for a, = a,, dg(agz,z) < 5. Let r, € Q be such that
dg(az,x) <ry < 5. Thus, x € By(ag,r;). Now, for all y € By(as,r.), we have

dg('ray) S dg('z7a:6) + dg(axay) <e.

Then By(ay,75) C By(x,¢€). For any U € 1,4, we have

U= U By(z,e5),

xeU

where ¢, is so that By(z,e,) C U. Now, there are ag, 7, € Q such that x € By(a,,r5) C By(x,e,) C U for
all x € U. Clearly,
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U= J By(tz,r,). M
zeU
Denote g(zT) = y£I£+ g(y) € R, for any z € R. Define Ag(x) := g(zT) — g(x). Ag(x) measures the jump

of g at any given point = € R.
Definition 2.6. Given a derivator g, define

Dy, ={z eR | Ag(z) > 0}
as the set of discontinuities of g. Define also

Cy ={z € R | g is constant on (z — ¢,z + ¢) for some € > 0}.

Note that Cy is open in the usual topology. Hence, we can write
Cy = U (an,bn)v
neA
where A C N, (ag,bx) N (a;,b) = 0 if k # [ and a,,b, € R U {+00, —cc} for n € A. With this notation,

we denote N~ := {an}ner — Dg, N := {bn}ner — Dy and Ny := N, U N;". Note that {(an,bn) | n € N}

refers to the connected components of C,.
2.2. g-derivative

Definition 2.7 (//, Definition 3.1]). Let a,b € R be such that a < b, a ¢ N, and b ¢ Dy, U NS UC,. We
define the Stieltjes derivative or g-derivative of a function f : [a,b] — F at a point x € [a, b] as

fly) — f(=)

S gy — g TP
f;(l‘) = ¢ lim M? T ¢ D, uCy, (2.1)

v=z g(y) —g(z)

i $) = £(b)

, x € (an,b,) CCy,
y—bi 9(y) — g(bs) ( )€ G

where (an,by) is a connected component of Cyy. Suppose z falls in the second case, it could be that x € Ny,
then we have to understand the corresponding limit as follows

o fW) = 1@

, €N,
y—at g(y) — g(x) g

o TW @)
s 9(y) —g(x)’ # Ny

Let Q C R be an open set of the usual topology that satisfies
Vz € Q such that x € (ay,b,) C Cy, we have that b, € Q, (2.2)

where (an,b,) is a connected component of Cy. Then, for f : @ — F and = € 2, we define the Stieltjes
derivative of f at x following (2.1).
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Observe that Definition 2.7 assumes functions have domains where the g-derivative is well-defined at all
points. Note that we can always define the Stieltjes derivative of a function f at a point € R as long as f
is defined in some neighborhood (z — e,z +¢) of x and x ¢ Cy, just following (2.1). Thus, we may say that
some function f defined on a neighborhood of a point z ¢ C, is g-differentiable at x without its domain
satisfying the hypothesis of Definition 2.7. We strongly recommend the reader to explore the details of this
definition as presented in [4, Definition 3.1], [4, Remarks 3.2 and 3.3] and [4, Definition 3.7].

There are examples of domains where the Stieltjes derivative is just not defined at all points. In fact, R
can be one of those domains as we will see in Example 3.4.

Remark 2.8. It follows from Definition 2.7 that, for = € Dy, f}(z) exists if and only if f(27) exists and we
have that

flat) = f(x)
Ag(z)

Proposition 2.9. Fiz a,b € R such that a <b, a ¢ Ny and b¢ Dy UN,; UC,. Given = € [a,b], denote

folw) =

. T if x ¢ Cy,
€T =
b, if z € (an,by) C Cy.

Then, given fi, fa : [a,b] = F g-differentiable at x, we have that
1. M fi1+ Aaofa is g-differentiable at x for any A\, o € F and

(ALfi + X2 fa)g (@) = A (f1)g () + A2 (f2)g (@)
2. f1fe is g-differentiable at x and
(f1f2)g(@) = (fr)g(@) fa(a") + fr(a®)(f2)g(x) + (f1)g (@) (f2)y(x) Ag(z™).
If fi and fy are defined on a neighborhood of x ¢ Cy, then (1) and (2) are satisfied (with x* = x).

Proofs of Proposition 2.9 can be found in [4, Proposition 3.9] and [11, Proposition 3.13]. The proof
is reduced to computing the limit (2.1) in each case. Suppose f; and fo are g-continuous on [a,b] then,
following Proposition 2.4, we obtain

f(z) = f(z*) for z € [a,b],

simplifying point 2 in Proposition 2.9. Note that Ag may not be left-continuous and hence not g-continuous
—cf. [5, Proposition 3.1].

In the classical case, if a function f is differentiable at a point x € R, then it is continuous at that point.
As seen in [4, Remark 3.3], in the case of the Stieltjes derivative, the g-differentiability of a function only
guarantees the g-continuity at points « ¢ N, U Cy U D,.

Definition 2.10. Fix a,b € R such that a <b, a ¢ N, and b ¢ Dy UN,; UC,. We say f : [a,b] — F belongs
to €, ([a,b],F) if the followings conditions are met

L fe%(a,b,F)
2. 3f;(z) for all z € [a,b] and f; € €,([a,b],F).
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Given k € N, k > 1, we say f : [a,b] — T belongs to %gk([a, b], F) if, recursively,

L. fG%g([aab]aF)a
2. Afy(x) for all z € [a,b] and f; € ‘ng_l([a,b],ﬁ?).

We define

% ([a,b),F) == (1) €F([a,b],F).
keN

For k € N U {oc0}, we also define
BE ([a,b],F) = {f € €F([a,b],F) | f™) € B%([a,b],F),Yn=0,...,k}
Analogously, we define the same sets for @ C F an open set on the usual topology satisfying (2.2).

Note that, thanks to Proposition 2.9, all of the above are vector spaces.
2.3. Lebesque-Stieltjes integral

Throughout the paper we will work with Lebesgue-Stieltjes integrals. The usual way of constructing
Lebesgue—Stieltjes measures through a non-decreasing map is applying Caratheodory’s extension theorem.
Here we present the theorem directly applied to derivators. For a full statement and proof see [1, Theo-
rems 1.3.2 to 1.3.6]. For more details in the derivator’s case see [11, Example 1.46]. We will denote by %
the Borel o-algebra relative to 7, the usual topology of the real line.

Theorem 2.11 (Caratheodory’s extension theorem). Let g : R — R be a derivator and

g+ P(R) — [0, +00] given by

M;(A) = inf { Z(Q(bn) —g(an))|AC U [@n;bn), {lan, bn)}nen C cg}

neN neN

where
% ={[a,b)|a,beR, a < b}
Then py is an outer measure, the set
My ={A € P(R)|y(E) = pi(E N A) + (B — A)), VE € 2(R)}

is a o-algebra and the restriction g = /,LZ|///9 is a measure on My. In particular, € C My and B C M.
If i is a measure on 9B such that i/ = g on €, then ' = pg on A.

Considering g = Id, we recover the classical construction of the Lebesgue measure. Furthermore,

pig(la, b)) = g(b) — g(a),

for all a,b € R such that a < b, for more details see [11, Example 1.46]. For any = € R, we have

pg({z}) = Ag(x).



V. Cora et al. / J. Math. Anal. Appl. 526 (2023) 127259 7

Definition 2.12. Let X € .#, and consider the measure space (X, ‘///9’)(’ g). Given any function f : X — F
we say it is:

1. g-measurable, if f~1(U) € M, for all U € A.
2. g-integrable or f € .,?;g (X,TF), if it is g-measurable and

[171dn, <.
X

Proposition 2.13. Let X € B. If f : X — F is g-continuous on X, then f~1 takes Borel sets onto Borel
sets, in particular, f is g-measurable.

Proof. Let U € 7, be an open subset of F. Since f is g-continuous, we have that f~1(U) is an open set of
7, intersected with X. From Proposition 2.5 we know that f~!(U) is a countable union of balls intersected
with X. Balls are intervals and hence Borel sets, so we have that f~1(U) € %. Since £ is the smallest
o-algebra that contains 7,, we have the result. H

Note that if a function f : X — F is such that f~! takes Borel sets onto Borel sets then it is g-measurable
for any given derivator g.

Theorem 2.14 (Fundamental Theorem of Calculus for the Lebesgue—Stieltjes integral). Let a,b € R such that
a<bandw:[a,b] - F. Then the following concepts are equivalent:

1. The map w is g-absolutely continuous, that is, for each € > 0, there exists some § > 0 such that, for
any family {(an,bn) " of pairwise disjoint open subintervals of [a,b],

i g(an)) <6:>Z\w w(an)| < e.

n=1

We denote this as w € /€ ¢([a,b],F).
2. The map w satisfies the following properties:
(a) There exists wy(x) for all x € [a,b), except on a g-measurable set of null p,-measure.

(b) w), € £, ([a,b),F).
(¢) For all x € [a,}],

w(z) — w(a) = / W' d .

[a,x)

A more general result can be seen in [11, Theorem 2.71]. This same statement appears on [7, Theorem 5.1].

For a proof, see [14, Theorem 5.4].
Using the g-integrability of g-continuous functions, we obtain the following result.

Proposition 2.15. Let a,b € R be such that a < b and f € HB€ 4([a,b),F). Then f is g-integrable on |a,b)
and the map

F:zelab) = F(zx /fd,ug

is g-continuous and bounded on [a,b).
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Theorem 2.16 (/1/, Theorem 2.4]). Let a,b € R be such that a < b and f € .,iﬂulg([a,b),IF). Consider the
function F : [a,b] — F given by

F:x€lab] — F(x /fd,ug

Then, there exists N C [a,b) such that jig(N) = 0 and Fy(z) = f(x) for all x € [a,b) —

Proposition 2.17. Let a,b € R be such that a < b and f € € 4([a,b],F). Then the map

F:z¢€la,b] = F(z /fd,ug
satisfies Fy(x) = f(x) for all x € (a,b) — Cy. Besides, ifa ¢ Ny and b ¢ DyUNJUC,, then F,(x) = f(x)
for all z € [a,b] and F € %%;([a,b],lﬁ‘).

Essentially, this result is proven in [4, Lemma 3.14]. See how Proposition 2.17 and Theorem 2.16 are so
closely related, since j14(Cy) = pg(Ng) = 0.

Proposition 2.18 (/11, Proposition 1.52]). Let g1,g92 : R — R be two derivators. Define g : R — R as
9(z) = g1(z) + g2(z), z€R.
Then g s also a derivator and
() = i, (B) + iy (B), E € P(R).
In particular, we have that any subset g1 and gs-measurable is g-measurable and
tg(E) = pig, (E) + pg,(E), E € My, O .My,

If we restrict to Borel sets, pg = pig, + fig,. This can help us compute integrals over py. Let X € 2 and
f: X — F a g; and go-measurable map, then f is g-integrable if and only if is g; and go-integrable and

/fdug:/fd(u91 +Mg2):/fdﬂg1+/fdﬂgz'
X X X X

3. g-Monomials

In this section we define the g-monomials and g-polynomials and present some interesting properties. We
also compute the g-monomials explicitly in the case where g is either a continuous or a totally discontinuous
derivator. Finally, in Theorem 3.22, we show that any g-monomial is in fact a combination of monomials
of these two types of derivators, continuous or totally discontinuous. This relationship amongst monomials
will have an impact as well on the exponential series, as we show in Section 5.2.

3.1. Basic notions

We recall that, in the usual case, a function f is analytic on an open subset €2, if Vxy € €, there exists
e > 0 and {a,}nen C R such that
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f@) =Y anla —z0)"

neN

for x € (x¢p — e,x0 + €), where the convergence of the series is absolute and uniform. In this case, f is
¢ >°-differentiable on 2 and also

S (o)

ap = |
n:

for all n € N, see [8, Chapter 1]. In a certain way, an analytic function is just an infinite sum of monomials
or a polynomial of infinite degree. Whereas, in the usual case, polynomials represent the regular function
prototype, for the case of a given derivator g, a polynomial needs not even be g-continuous. If we want to
define the concept of a Stieltjes-analytic function, we have to look for a series of functions that are as regular
as possible and that maintain their properties when we consider an infinite sum of them. In the classical
case we have that

/1dNId:$—$Oa2 / S—JCodHId(S):(l"—l’o)Q’ig/(5—$0)2duld(3)=(x—xo)3,---,

[107:”) [1011) [1011‘)

which is a very specific instance of a Peano-Beaker series [2,16]. We can replicate this process and define
the g-monomials as follows.

Definition 3.1. Let g : R — R be a derivator and fix some z¢p € R. We define g,,0(x) = 1 for all z € R.
Given any n € N, we define g, : R — R recursively as

n Gzo,n—1 d,ugv T > X,
[z0,2)

Gaon(T) =

-n Gzon—1d g, T < Tp.

[z,20)

We will call these functions g-monomials centered at xo, where xg is called the center of gz, .. We will
call the linear combinations of g-monomials centered at xg g-polynomials centered at xg.

Remark 3.2. Generalizing the concept of monomial by repeatedly integrating the constant function 1 had
already been introduced in the context of time scales, see [3, Section 1.6]. However, the framework that we
present in this work is more general in the sense of given a time scale T, i.e., a nonempty closed subset of
reals, we can recover, thanks to [14, Theorem 3.1], the A-derivative by use of the Stieltjes differentiation
by considering the derivator g : x € R — g(x) = inf{s € T, s > z}. Thus, the monomials in [3, Section 1.6]
coincide with the g-monomials for this particular choice of g.

Remark 3.3. Note that ¢,,.n(zo) = 0 for all n > 1. Let a,b € R be such that a < zg < b. Since 1 €
BE ¢([a,b],R), Proposition 2.15 assures us that g, 1 is g-continuous and bounded on [a,b]. In particular,
Jzo,1 is g-integrable and therefore g, o is well defined. By induction, we have that g.,, is well defined,
g-continuous and bounded on [a, b] for all n € N. Note that for = € [a, z],

Gron(T) =1 / Gzon—1d g —n / Gzon—1d g

la,z) la,z0)
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Applying induction again and Proposition 2.17, it follows that (g.,,5 )y (%) = 1nguyn—1(x) forallz € (a,b)-C,
for n € N. Since we have taken arbitrary a and b,

(9z0.n)g(2) = NGzgn—1(z), Ve E€R-Cy VYneN. (3.1)
Ifag¢ Ny and b ¢ Dy,UNSUC,,
(gxo,n);(m) = ngw077l—1(m)7 Va € [a7b}7

and gy, € €;°([a,b],R), for all n € N. In particular, we have that ) = R satisfies condition (2.2) if and
only if oo ¢ N, so, in that case,

(9zo.n)y(2) = NGzgn-1(zx), Yz R VneN.

The reason why, in general, we cannot assure the g-derivative of g, is NGz, n—1 for all points of the real
line is that there are derivators for which the derivative is simply not well-defined. Consider the following
example.

Example 3.4. Let g : R — R be defined as

-1, < -1,
g(x) Oa T e (_17 1]7
1, x> 1.

Note that there is no b € R such that b ¢ Dy U N;‘ U Cy, precisely because Dy, U Cy = R. There are no
intervals [a, b] C R like those of Definition 2.10. For this derivator, ‘ng—differentiable functions do not exist,
at least in the way we have defined them. Note that, if we follow the idea of Definition 2.7, we can define
the g-derivative for points in (—oo, 1]. However, we cannot g-differentiate at points in (1, 00). Even so,

Cy = (—00,—1)U(—-1,1) U (1,00)
is such that p4(C,) = 0 and (3.1) holds.

To shorten the notation, if convenient, we will write

[ rdu. a<b
[a,b)
/fdﬂg =
a f/fd,ug, a>b,
[b,a)

for all a,b € R.
3.2. Properties

We will give a list of properties that will help us to provide some intuition on the g-monomials. Note
that gs,.1(x) = g(z) — g(xo) for all x € R. To simplify the notation, whenever we do not specify where we
center the g-monomials, we will assume that we do so at a given point zgp € R. From now on, gq;.n = gn-

We recover the notion of monomial in the classic sense when g = Id, that is, Idg () = 2™ for all z € R
and n € N. This can be seen by induction, although we will give a more general proof in Proposition 3.15.
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8.2.1. Some bounds for g-monomials
Lemma 3.5. Let g : R — R be a derivator and fir some xg € R. We have that:

1. Forx > xo andn € N, g,(z) > 0.
2. Forx <zp and n € N, go,(x) >0 and gap—1(x) < 0.

Proof. The result is immediate for n = 1. Applying induction, suppose that the lemma is true for some
n € N. Given x > z(, by definition,

da@) = 01 [ gudn,
[Q:'(J,Q:')
By induction we know that g, is non-negative at [xg, ), 80 gnt1(x) > 0. If 2 < x¢, by definition
ara@) =~ 1) [ gudny,
[937‘7:0)

By induction we know that g, has a constant sign on [z, z), s0 g,+1(x) has the opposite sign. W

Lemma 3.6 (/6, Lemma 2.13]). Given any wi,ws € € 4([a,b],R), we have that wiws € /€ 4([a,b],R)
and, for each t € [a,b),

wy (H)wa (t) — wi(a)wa(a)

=/ﬁmww%+/wmmw%+/W%m%mmw

la,t) [a,t) [a,t)

Thanks to equation (3.1), it follows that g, € &/%€4([a,b],R) for any a,b € R such that a < b, for all
n € N. From (3.1), we know that (g,); = ngn—1, except in a g-measurable set of null y15-measure. We recall
that, by definition, g, (z¢) = 0 for all n > 1. Then, thanks to Lemma 3.6, we have that, for all n € N and

r € R,

/gnfkgk dpg = P /(gnkarl)‘Iggk d g
xo Zo
1
kil In—k+1(@)gk(x) =k | Gn-kt196—1dpg — (n —k+ 1)k | gnrgr—1Agd g
o xo

forall ke {1,...,n—1}.
Proposition 3.7. Let g : R — R be a derivator and fizx some xg € R. For x > xg andn € N,
0 < gn(2) < gn—k(2)gr(2)

for all k € {0,...,n}. In particular, g,(z) < g1(z)™.
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Proof. Note that for n = 1 we already have the result. Let us apply induction, suppose the result is true

for some n € N. Take k € {1,...,n — 1} (otherwise the statement is trivial). Then, for z > =,
n+1 ,
gnr1(@) =+ 1) [ gndpg < (n+1) [ gn-rgedpg = = [ (gn-k+1)ogs dpg
xo xo o
:n ki1l 1 In—k+1(@)gr(x) =k | gn-ryrgr—1dpg —(n—k+ 1)k | gn_rgr—18gdpug
xo Zo
okl (2) (x)—k/ d —(n—k+1)k/ Agd
= _ k‘i‘ 1 In—k+1 gk gn ﬂg In—kGgk—189 /~Lg
xo o
n+1 k [
= | gn-— — ———0n —(n—k+1)k n—kgk—10gd
ey el K k+1(2)gr () 1Y +1(@) = (n—k+1) /g kGe—1Agd pg

Zo

Thus, we have that

Gs1(2) < Gpa1 (2)gu(e) — (n— k + D)k / b1 g d pty < goior (2)gi(2).

xo

The last inequality follows from the fact that the second addend is negative. W

Sadly, the result is not true for z < zy. For non-continuous derivators the g-monomials behave much
better to the right than to the left. In fact, we will see that we have the reverse inequality to the left.

Proposition 3.8. Let g : R — R be a derivator and fix some xg € R. For x < xg and n € N,
|gn ()| = 1gn—r ()] 1gx(2)]
for all k € {0,...,n}. In particular, |g,(z)| > |g1(z)|".

Proof. Again, for n = 1 the result is immediate. Suppose the result is true for some n € N. Take k €
{1,...,n — 1}, for < xp, we have that

x xo o x
In+1\T
g1 (7)) /gndug = /Ignldug > /Ign—kl lgk|d pg = /gn_kgk d pug
n+1
o T T To
1 xr xT
:n k41 gn_k+1(x)gk(x) —k | gn—tt196—1 d,ug - (n —k+ l)k’ gn_kgk_lAgdug
xo xo
1 [ [
Zm In—k+1(@)gr(x) = (n =k + Dk [ gnrgr—1Ag9dpug| —k In—k+19k—1d fig
xo 0
1 k
Zm In—k1(@)gr(x) = (n =k + Dk | gn—rgr—1Agd pg| — " |gn+1(z)]
o
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Then,

x

9n1(@)] = |gnmies (2)gu() — (m— b+ 1)k / Int k189 d pig| > |gni(@)] |g5()]

Zo

The last inequality results from the fact that the two addends have the same sign. W

Note that g = Id reaches the bounds of the Propositions 3.7 and 3.8. We will now look for a lower bound
on the right and an upper bound on the left.

Definition 3.9. Given g : R — R a derivator. Define g% : R — R as:
Z Ag(s), x>0,
s€[0,x)

- - Z Ag(s), = <0.

s€[x,0)

g% (x)

We have that ¢f is nondecreasing and left—continuous. We will say that ¢? is the discontinuous or jump
part of g. We say ¢ is totally discontinuous when g = g # 0. We define the continuous part of g as follows:

9%(@) = g(2) - g"(x), VxR
Thus, g€ is nondecreasing and continuous (in the usual sense).

By definition we have that g = ¢ + g®. We can apply then Proposition 2.18. In particular, we have,
over Borel sets, that uy = pgc + pgs and, therefore, pge < pg and pgs < pg.

Proposition 3.10. Let g : R — R be a derivator and fix some xg € R. If x > xq, then

and
0< g, (z) < gn(2)
for alln € N.
Proof. The proof is identical for both derivators, we will only do it for ¢g¢. Again, the case n = 1 is

immediate. Suppose the above is true for some n € N. Then, for x > =z,

xr x x
/gfdugc S/gfdug S/gndug~

%o o zo

Thus, g5, 1(2) < gus1(z). M

Proposition 3.11. Let g : R — R be a derivator and fix some xg € R. If x < xq, then
|gn ()] < nl]ga()]"

for alln € N.
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Proof. Note that the above is true for n = 1. Suppose it is also true for some n € N. Then, for z < x,

gnia (@)] <(n+ 1) / lgnl dptg < (n+ 1! / o] g

[z,70) [z,20)

<(n+1)!gi(@)[" (9(x0) = g(x)) = (n+ D! ga ()", W
As a summary, gathering the results of the entire section, we have the following corollary.

Corollary 3.12. Let g : R — R be a derivator and fix some x¢g € R. Let any n € N:
1. For z > xy and x € {B,C},
0 < gp(2) < gnlx) < ga(2)"
2. For x < xq,
l91(2)]" < lgn(@)] < ntlgr(2)[" .

The upper bound given in the Proposition 3.11 is not optimal when ¢ is a continuous derivator as we will
see in Proposition 3.15. Nevertheless, as Example 3.13 shows, there exist derivators that reach the bound.

Example 3.13. Let g : R — R be defined as

0, x> -1,
g(z) = {

—h, x< -1,

where h € R is a positive real number. We have that g% = g and g¢ = 0. Besides, D, = {—1} and
Cy = R — {—1}. For x € (—1,00), we have that go,(x) = 0 since g is constantly 0 at (—1,c0). For any
n € N and z < —1, we have that

n x
gO;L :_15_ ) = - / gO,nd,U' = - / gO,ndﬂg = _QO,n(_l)Ag(_l)'
[x,0) {-1}

However, since Ag(—1) = —g(—1) = h,
gon+1(x) = (n+1)go.n(=1)g(=1) = =(n + 1hgon(-1),
80 go,n(x) = nl(—h)™ for all x < —1. We have go ,(x) = nlgo1(z)" for all z < 0.

3.2.2. Center change

In the classic case, if we want to change the center point of a power series we need to know the relation
of the monomials centered at both points (the Binomial theorem). We achieve just that with the following
result.

Proposition 3.14. Let g : R — R be a derivator. Fiz some r,s € R and n € N, we have that

gon() =3 (Z) 00 (5)gsn k() (32)

k=0
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for any x € R.

Proof. Take n =1 and = € R, we already have that

gra(x) = g(x) — g(r) = g(x) — g(s) + g(s) = 9(r) = gs1(z) + gra1(s).
We proceed by induction. If the above is true for some n € N then, for all r, s,z € R,

S €T

9rn 1(*7:)
ﬁ :/gr,nd,ug:/gnndﬂg"'_/g"rnd'ug

T T S

_|_

= grmials) / > (1) arkohgen-st) 0

_ 9rn+1 (S)

ntl >9r,k(8) jgs,nk(t)dug(t)

S

- gr,n+1(s) “~(n gs,nfk+1(x)
on+1 Z(/ﬁ)gr’k(s) n—k+1"

_|_

(]
O
> 3

+

Hence,

1) = i1 (Nga0() 4 3 o I (g (0)

n+1

= ;;) (n Z 1) 9rk(8)gsnr1-k(z). N

Proposition 3.14 works as a generalization of the Binomial theorem. If Id = g, expression (3.2) tells us
that

(o= )" = 1dy () = ; () 10k (6) st = ; (1) =rta =

From (3.2) we deduce that any g-monomial centered at r can be written as a linear combination of
g-monomials centered at s. In particular, any g-polynomial centered at r is a g-polynomial centered at s.
A g-polynomial could be a finite linear combination of g-monomials centered at different points. In view of
Proposition 3.14, any g-polynomial is a linear combination of g-monomials centered at a single point. That
is, regardless of the xy chosen, any g-polynomial is a finite linear combination of {gz, n }oey-

3.2.8. g-Monomials in the continuous case
When the derivator is continuous, the monomials have a very reasonable explicit formula.

Proposition 3.15. Let g : R — R be a continuous derivator and fix some xg € R. Then, for any n € N,

9n(x) = gn-1(x)g1()

for all x € R. In particular, g,(x) = g1(x)", for any n € N and for all x € R.
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Proof. Suppose the above holds for some n € N. Given = € R, thanks to the Lemma 3.6, we have that

In+1(T 1
+7()=/gnomg=/gn191dug=;/(gn);mdﬂg

n+1
xo Zo xo
_ L gn()g1(7) —/gndu —n/gn_lAgdu . gn()g1(x) — Inp1(@)
n g g n n+1 )’
o xo

since Ag = 0. Then

gn+1(2) = gn(2)g1(2).
The last result is trivial for n = 1. Applying induction we get what we wanted. W

Thus, any g-polynomial is just the composition of a classic polynomial with g. All g-polynomials are of
the form p(g(z)) where p(z) = Y>"}_, arz®, z € R.

3.2.4. g-Monomials in the discontinuous case
We will suppose now that g is a derivator such that ¢¢ = 0 (¢ = g). The latter will allow us to compute
the g-monomials explicitly.

Proposition 3.16. Let g : R — R be a derivator such that g¢ = 0. Fiz some zo € R. Givenn € N, if x < x,
we denote

I} ={oy: DgN[z,20) > {0,....n} | > oaly)=n}
yeDyN[z,x0)

Then,

gn(T) = (-1)" Z H Ag(y)aw(y). (3.3)

n!
0. €17 yeDyN[z,x0)

If x > xq, define

Jy ={0z: DgN[xo,z) — {0,1} | Z oz(y) =n}.

yeDgN[zo,z)

Then,

gn(T) _ Z H Ag(y)7=®), (3.4)

n!
oz €J7 yeDgN[xo,x)

Note that J represents all possible subsets of n elements in D, N [zo,x). In particular, we have that, if
|Dg N [z0, )| <n, gn(xz) = 0.

Proof. Assume D, is a set of isolated points. The general case is achieved combining Proposition 3.18 with
the isolated points case. Since g¢ = 0, we have that
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Z Ag(s), x> xo,

s€[xo,x)

Z Ag(s)’ IE§$07

s€x,x0)

gi1(z) =

so the formula is true for n = 1. Suppose that it also works for some arbitrary n € N and proceed by
induction. Take x € R such that x < zg. Since discontinuity points are a set of isolated points, there are
only a finite number of them in [z, x¢). Let {x};*; = Dy N [z, 20) ordered from highest to lowest, where
mg = |Dg N[z,x0)| € N. Note that the right hand side of the equality (3.3) can be written as

"3 Agler) Aglas) - Ag(w, Yr,
jEIn*

where

I ={je{0,...,n}" | ij =n}.
k=1

Then,

Gntr(e) _ 1 / gndpy = _.Z n(z)Ag(ay)

(n+1 ~
[x:co =
D3 (S Aglan)i Ag(a) - Aglan)™ | Aglar) (3.5)
k=1 \jeIz;
= (=" > Ag(r) Aglas)?? -+ Ag(am, ), (3.6)
jerpttx

as there is a one to one correspondence of addends in (3.5) and addends in (3.6). Note that m,, = k, for
ke{l,...,mgz}.

Take x € R such that > xo. Let {zx},"; = Dy N [zg,z) be ordered from lowest to highest, where
mg = |Dg N [zg,2)] € N. We will apply induction for n € N. The right side of the equality (3.4) can be
written as

D Aga1) Ag(as)’? - Ag(wm, ),

jegpr

where

TP ={je{0, 1} | > jr=n}.
k=1

Then,
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gnii(z) 1 1 s
m = / gndpg = nl kz_lgn(l"k)Ag(xk)

_ Z ( > Aglan) Ag(ae)’ - Ag(ap_1)** | Ag(a)

k=1 \jeJp;
= Ag(w1) Ag(we)? - - Ag(wm, )™,
jEJ"'H*
as the same one to one correspondence holds again. Here, m,, = k — 1, for k € {1,...,m,}. Note that, if

we assume that there are m, discontinuities in [zg, z), for n > my, + 1, g,(y) = 0 for y € [z, z]. N
3.3. Derivator approximation

We will prove, in Theorem 3.22, that, in fact, the g-monomials are a combination of products of g©
and ¢®-monomials. But, for that, it will be necessary for us to be able to approximate any derivator by
derivators of which the set of discontinuity points is a set of isolated points.

Let g : R — R be a derivator. Given m € N, we denote D" = {z € R : Ag(z) > L}. Clearly, we have
that

D,= |J Dy
meN

Note that, in fact, D" is a set of isolated points. One way of seeing this is that for all a,b € R such that
a<b, Dg'nN [a,b) is a finite set of points. This is easy to prove. Suppose it is not finite, then

o< Y Ag)< > Ag(h).

te D N[a,b) t€la,b)

However, we know that the previous sum is convergent and bounded by g(b) — g(a). Define g%™ : R — R
given by

Z Ag(t), x>0,

teDN[0,z)

- Z Ag(t), x=<0.

teDyN[z,0)

In particular, ¢gZ™ is left-continuous, nondecreasing and g-continuous. Given m € N, we define the g-
continuous derivator

gm =g +g"m (3.7)
We have that, for any = € R,

> Aglt), x>0,
te[0,x)
Ag(t)<Lt

te[z,0)
Ag(t)<

1
m
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and, again, g(x) — g™ (z) is a g-continuous derivator. Note that, in particular, given R € R such that 0 < R,
for all x € [-R, R],

lg(x) — g™ @) < > Ag(t).
te[-R,R)
Ag(t)<%

Proving that the above tends to zero when m tends to infinity, we would obtain that g™ — ¢ uniformly on
[_R7 R] .

Proposition 3.17. Let g : R — R be a derivator. For any a,b € R such that a < b, we have

lim > Agt)=o.
t€a,b)
Ag(t)<q
Proof. If D, N [a,b) is finite, the above is trivial. Assume D, N [a,b) is infinite, let {¢,}nen = Dy N [a,b).
Fix some € > 0, since the sum of the jumps is convergent, there exists ng € N such that

Z Ag(t,) < e.

n=ngo

Choose mg € N so that 10 < Ag(t,) for n =1,...,ng. Then, for m > my,

m

0< Y. Aglt)< ) Ag(tn) <e. ®
t€la,b) n=no
Ag(t) <o

Proposition 3.18. Let g : R — R be a derivator and fix some xo € R. Fiz R > 0, for everyn € N, g* — gy,
uniformly on [xg — R,xo + R].

Proof. Note that we have just proved the case for n = 1. Recall that g—g¢™ is a derivator, so Proposition 2.18
applies. Suppose the result is true for some n € N and denote A = [zg — R,z + R]. For any x € A,

x

97 (@) —guni@| | [
’ +1 + ‘: /gn dugm—/gndug

n+1
L0 o
= /gf’fd,ugm —/gndugm +/gndugm —/gndug
0 o o xo
x x xr x
—| [ = g dnm ~ [ ondieg — )| < [l gulditgn + [ lgaldity — g
i) o Zxo To

< sup lgn' — gnl 197" ()] + sup |gnl lg1(z) — 97" (@)] .

Since ¢ is bounded in A for every m € N and {¢7"},en converges uniformly to g1, {g7" }men is uniformly
bounded. Choose some M > |g]"(x)| for all x € A and m € N. Then,

m

sup [gn' 1 — gn+1| < (n+1) (M sup |g," — gn| +sup |gn|sup (g1 — 97" ) :
A A A A
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Hence, if C' = sup|gn|,
A

sup |91 = gnr1] < (n+1) (M sup 90" — gnl + C'sup 91 — gi"l) -0,
when m tends to infinity. W

We have now a way of approximating the monomials of any derivator from monomials of derivators with
a finite number of discontinuities on bounded sets. We will prove that any monomial of any derivator g is
in fact a combination of ¢¢ and g®-monomials. For that, a couple of results will be needed.

Proposition 3.19. Let g : R — R be a derivator, X € .#, and f € .,2”91 (X,R). Then,

/ fdugs = 3 F(6)Ag(t).

teXND,
Proof. The proof is a direct consequence of [4, Lemma 2.3] since .£} (X,R) C $ng (X,R). ®

Lemma 3.20. Let g : R — R be a derivator such that Dy is a set of isolated points and fix some xo € R.
Then, for alln € N, m € N and a,b € R such that a < b,

m / 9598 1 dpge +n / 95 198 dpge = g2 (b)gS (b) — g2 (a)gS (a).
la,b) la,b)

Proof. Since the set of discontinuity points is a set of isolated points, there must be a finite amount of them
in [a,b). Let {z;}¥_; = D, N (a,b) ordered from lowest to highest and add zo = a and zj41 = b. Thanks to
Proposition 3.19, it follows that

k
m [ gSoh g =m > oS (wi)gfh (2 Ag(a) (55)
[a,b) =0

Let us calculate the second integral from the statement of the lemma. Note that gg is constant on (z;_1, ;)

for i =1,...,k+ 1, because it is g"-continuous. Since ¢ is continuous, singletons have null Hge-measure,
hence,
k+1 k+1
n / 95 1gmdpge =Y n / 95 190 dpge = g (zi)n / 91 d pge
[a,b) =t (Ti—1,24) =1 (Ti—1,24)
k+1

- Zgﬁ(:vi)(gf(xi) - gff(:vm))-

We have that, for i =1,..., k+ 1,

i—1

oB(x;) — gB(a) =m / 68 dpgs =mS " gB_ (2, Ag(zy).

la,a;) =0

We can compute now the second integral,
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k+1

n / 6108 dpge = 3 g8 () (g€ (1) — g€ (w:1))
=1

[a,b)

k+1 7—1

=S m > g8 () Ag(;) + gB(a) | (9 (2:) — 9% (zi-1))
i=1 j=0

(3.9)
=m 2: Im—1(x5)Dg(x;) lii;(gg(ﬂ%) — g5 (@i-1)) + gm(a) (g5, (b) — g5 (a))
=m 2’630 Im—1(25)0g(25) (g5, (0) = g3 (7)) + gum (@) (g5; (b) = gy, (a))-
Finally, adding (3.8) and (3.9) together,
m z: Im—1(2)Ag(5)g;; (b) + gp (a) (g5, (b) — gy (a))

=(gm (5) = gm(@))gy; (0) + g (@)(g5, (0) — 957 (@) = g (b)gy, (b) — gy (a)gy; (a). W
We obtain the following straightforward corollary.

Corollary 3.21. Let g : R — R be a derivator where the set of discontinuity points is a set of isolated points
and fix some xg € R. For alln € N, m e N and x € R,

x T
m/gffgﬁ_l d e +n/g§_1gﬁ dpge = g5 (2)g5 (z).

Zo Zo

Finally, we have what is necessary to prove Theorem 3.22.

Theorem 3.22. Let g : R — R be a derivator and fiz some xg € R. For alln € N and z € R,

n

i) = 3 () )of @1a8 1L,

k=0

Proof. We will prove it first for derivators such that the set of discontinuity points is a set of isolated points.
For n =1, it is obvious that

91(z) = g7 (z) + g7 (2),

for all x € R. Let us apply induction, suppose the result is true for some n € N. Thanks to Proposition 2.18,
for any =z € R,

x

7 “on n
Gn+1\T n n
n+41r(1) :/g”d“9 = /Z (k>9;?gfk dpg =) (k) /glggrlzgfkd(l‘g[? + p1ge)
k=0

Zo zo K= k=0

Zo

xT x

n
n
=> (k> /nggf_kdugs +/9§gf_kdugc
k=0

0 Zo
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n

T n—1 xr
n n
=> (k> /gggf_k dpgs + ) <k> /gfgf_kdugc (3.10)
k=0

k=1 xo zo
+/gfdug3 +/9§dugc
o Zo
n n z n z
3 ((3) [ofatvamn + (")) [ o8 a0 uesdnge
k=1 i e
x x
+/gfdugs +/gfdugc-
xo Zo
Fix k € {1,...,n}. Then,
n xr n xr
<k> /gkcgf_k dpgs + (k - 1) /gf_lgf_m d pge (3.11)
xo xo
equals
1 (n+1 [ [
—y 1( N ) (n— k+1)/g;§gf_kduga +k/gff_1gf_k+1 d pge
xo xo
Applying Corollary 3.21, (3.11) equals
1 n+1
n—+1( k )91?(@9511%(@- (3.12)

Splitting the sum (3.10) in terms like (3.11) and thanks to (3.12) we have that

x x

In+1\T " /n
n:_(l) - Z <k> /gggf_kdugs + /gggf—kdﬂgc
= 0 xo
1 " /n+1 c B B .
- n + 1 Z k gk (‘T)gn+1—k($) + g'n, d,u“gB + gn d,UJgC

k=1 zo Zo

n B (r C T
1 Z (n+1>gg(x)gf+l_k(x) + gn+1( ) + gn+1( )

n+1k71 k n+1 n+1
n+1
1 n+1
:n+1ko< oo @ (o)

Hence, the result is true for derivators where the set of discontinuities is a set of isolated points.

Now, let g : R — R be an arbitrary derivator. Take g™ for m € N, like in (3.7). We have that Dym = Dy,
(g™)B = gP™ and then g™ is derivator such that D,m is a set of isolated points. Besides, thanks to
Proposition 3.18, for all » € N and = € R,

In' (T) = gn(T)
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when m tends to infinity. Fix n € N,
n n 5,
=3 () s @l o)
k=0

Note that (gZ)™ = g™ — ¢B, we can apply Proposition 3.18 so,

g " (@) = g (x)
for all k € N and = € R. Then, when m tends to infinity,
m = n
o) = 3 () )af gl »Z( Jof @a8 1) = gu(c).

k=0

8.4. More calculus on g-monomials

We will calculate now a new expression for the g-monomials using the integration by parts formula
(Lemma 3.6) and iterative integrals. The purpose of this is to see how the g-monomials differ from being a
power of g;. Define

x

h
/;7:(1) :/gkAgdug, k>0,
" (3.13)
hji1k(z) / ‘
IR — [ bk d g, k>0, 5> 1.
k+]+ 1 5,k ,ug7 2V, 7=

Zo

We have the following result.

Proposition 3.23. Let g : R — R be a derivator and n € N. For all z € R,

gn(@) = gn-1(2 Zhjnlj

Proof. The result is trivial for n = 1. We proceed by induction. Suppose the above is true for some n € N.
For all z € R,

xT

“ n—1 T
gn 1(1')
n++1 :/gnd/ig:/gnflgldlufg_Z/hj’nflfjdp,g.
Zo jleO

zo
Applying Lemma 3.6,

xT

xr xT
1
/gnflm d g = gn(x)91(2) —/gndug —n/gnqudug

Zo Zo Zo

x

gn(@)g1(z) — / gnd iy — By

Zo

S|
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By expression (3.13),

x n—1 x

1 (T 1
Ll() = gn(x)gl(x)_/gnd,ug_hl,n—l Z/h],n 1— ] d”g

n—+1 n

Zo

x

1
=2 { 9u@on(a) - / dndpty — oy

n—1

=S hjt1n—1-5(2)
n

xo ‘7:1
1 T n—1
@) = [ iy~ b = 3 by (@)
j=1
xo
1 n
= |9 @ar@) = [ gndpg =3 hin-s(@)
j=1
Zo
Hence,
Int1(x) = gn(z Zhjn —J u

We now present a general formula obtained by applying the recursive expression that we have just
computed.

Proposition 3.24. Let g : R — R be a derivator and n € N. For all x € R,

n—1 k
(@) = gi1(@)" =Y g1(@)" Y hjpy(2)
k=1 j=1

Proof. The result is trivial for n = 1. We proceed by induction again. Suppose the above is true for some
n € N. Applying Proposition 3.23, for all x € R,

9u11(2) =0u(@)1(2) = 3 hys (@)

n

n—1 k
=D @Y hii(@) | gi(@) =D hjn (@)
k=1 j=1 j=1
=g1 ()" Zgl Zhj,k J Zhj,n —Jj

n

n+1 Z n—k Zhj,kfj(f)
j=1

k=1

4. Stieltjes-analytic functions

In this section we introduce the Stieltjes-analytic functions. We study first some of the properties of series
of g-monomials. We will try to replicate the classical analytic theory as far as possible. We will see several
examples that will limit how far we can go.
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Some studies have tried to develop a analytic function theory in the frame of time scales [13]. A comparison
between this and our theory is particularly interesting since the Stieltjes derivative generalizes time scales [7].

4.1. g-Monomial series

We can start talking about Stieltjes-analytic functions now that we have the g-monomials already defined.
Following the classical case, we want our functions to be an infinite sum of g-monomials, that is,

f((L‘) = Z angn(x),

for some {a,}52, C F and x € R. As we will see later, finding the set of convergence of a series of
g-monomials can be more challenging than it seems. It is also interesting to ask whether there is any
relationship between an analytic function in the usual sense defined by some coefficients at a fixed point,
and the, a priori, Stieltjes-analytic function defined by the same coefficients using the g-monomials. We will
prove, thanks to Theorem 3.22, that, under certain hypotheses, the map

Series of g-monomials Power series
Stieltjes-analytic functions Analytic functions
%) ~ (o)
f(@) = 3 angn(z) y f@) = Y0 ana”,
n=0 n=0

satisfies that

) (4 (5
fay =30 L) (4.1)

k!
k=0

A result that we will often use is the following.

Theorem 4.1 (/15, Theorem 8.3]). Given any sequence {a;;}{5_o C F. If

oo oo
DD laisl < oo,

i=0 j=0

then
oo oo oo oo
E E ai]‘ = E E a,»j.
i=0 j=0 =0 =0

For continuous derivators, since g, = g7', we can do the same analytic function theory as in the classical
case. In this case, the convergence of a power series centered at z( either occurs only on z( or on a ball of
positive radius. We can replicate the same result for continuous derivators, which are going to behave much
better than those that have discontinuities. Recall that we continue with the notation g, n = gn.

4.1.1. Convergence
In the general case, the convergence on the right hand side or the left hand side of zy does not imply
convergence on the other. In fact, it will be a lot easier for series of g-monomials to converge at points at the



26 V. Cora et al. / J. Math. Anal. Appl. 526 (2023) 127259

right side than at the left side, see Proposition 4.10. This will force us to work with both sides separately.
The next Proposition is similar to [8, Proposition 1.1.1].

Proposition 4.2. Let g : R — R be a continuous derivator and fixz some xg € R. If

Z angi (LE)
n=0

converges for some x = ¢ € R, then the series converges absolutely on Bgy(zo, |g1(c)]).

Proof. If g;(c) = 0, the ball is empty and we can only guarantee convergence on the set g; *({0}). Suppose
lg1(c)| > 0. For y € By(xo, |g1(c)]),

> anllgr @)™ = langi(c)"
n=0

n=0

n

g1(c)

Since the series converges at ¢, the term |a,gi(c)"| is bounded by some constant C' > 0. Since y €
By (o, |g1(c)]) we have that |g1(y)| < [g1(c)], so

S lanl lgn)" < 30| 2@
neo 19 (c)

C
n=0 1

<oo. N

Proposition 4.3. Let g : R — R be a derivator and fix some xg € R. Take some c1,co € R such that
xo € (c1,¢2). If

oo
Z angn(x)
n=0
converges absolutely for x = ¢;, with i = 1,2. Then the series converges absolutely and uniformly on [c1, ca].
Besides, if M = max |97 (ci)| > 0, then formula (4.1) holds for all x € [c1,co] N Bye (z0, M).
=1,
Proof. Note that for all n € N, |g,| increases as we move away from zg. Then,

oo o0

Z |an| |gn m an| |gn Cz )

n=0 1=0

for all « € [e1,co]. Thanks to Weierstrass M-test, the series converges uniformly on [c1, ¢2]. Note that, for
all x € R, thanks to Theorem 3.22,

0o =3 () ) 1o 000

since every addend has the same sign. In particular, we have that

197(2)] < lgn ()],

with x € {B,C}, for all n € N and = € R. Suppose now that fglc(cz)| > 0 for some ¢ = 1,2 and denote
M = max |glc(cl)| Applying Proposition 4.2 to the identity function, {a, },en defines a power series that
=1,

converges for |z| < M. Define then
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flz) = Z anx”.
n=0

In particular, f is a usual analytic function and we can express its derivatives as a power series at |z| < M.
For any x € [c1, c2], we have

5~ lanllana)l = 3 lanl 3= () 90 I9 ()] < o
n=0 n=0 k=0

Thanks to Theorem 4.1,

SUTACED S S {CTANEED 9p SN (LAY I
n=0 n=0 k=0 k=0n==k (42)
_ Z gkk('x) Z a e i k)'g?’(x)nfk
k=0 n=k
Recall that
7 () = = a n! 2k

e’} [e'e} N(k) C{l?
S angn(e) =3 T D ) m
n=0 k=0 ’

Note that we only needed the absolute convergence of the series of g-monomials for us to get to (4.2).
Applying both Proposition 4.2 and Proposition 4.3 we conclude the following.

Corollary 4.4. If g is a continuous derivator and

f@) =3 angi ()"
n=0

converges at some ¢ € R such that g1(c) # 0, then formula (4.1) satisfies and

f(@) =" angi(@)" = f(g1(x)),
n=0

for all x € By(zo,|g1(c)]).

Remark 4.5. In general, for continuous derivators, the theory behaves like in the classical case. In a certain
way, the convergence will also behave well for derivators of which the discontinuity points are isolated points.
Suppose we have such a derivator g. Fix some xy € R. There exists § > 0 such that g contains at most one
discontinuity in the interval (xg — 0, zg + J), namely zg itself. In particular, we have

gt (z) =

Ag(zp), = € (xg,x0+0),
0, x € (xg — 9, xg).
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Then, gZ(z) =0 for all n > 2 and = € (x¢ — §, 7 + §), recall Proposition 3.16. Thanks to Theorem 3.22:

gy (@) + nAg(zo)gt (x)" ", = € (zo, 20 + ),
gn(x) =

n

gf(x) , x € (zg — 0, x0).

Any g-monomial series will converge in a usual neighborhood of x if and only if the series of g¢-monomials
converges. For z € (g — d,x0 + 0), the formula (4.1) tells us that

Z angn(t) = £(97 () + g7 () ' (97 (2)).

n=0

4.1.2. Change of center

Let us see how the change of center behaves with series of g-monomials. Notice that this is necessary
information in the classical case too. In fact, this relation is what allows a power series to be analytic on a
certain interval.

Proposition 4.6. Let g : R — R be a derivator and fiz some xg € R. If

= Z Angn (l’)
n=0

converges absolutely on [c1, ca], for some ¢1,co € R such that xg € (¢1,c2). Then, if s € (xg,c2),

HOEDY (% 2. an(%k),gn_k@) o 1(2) (4.3)
k=0 " n=k ’

on [s,ca], where the series converges absolutely. If we choose s € (¢1,xq), then (4.3) holds on [c1, s|, where
the series converges absolutely.

Proof. Take s € (xg, c2). Note that for all € [s, ¢2], thanks to Proposition 3.14,

=Zn;)< )gsk ) gn—k(8)-

Every addend is positive, hence the sum

i i()gek )gn—k(s)

2%%(%)2%2(2)%1@ )gn—1( ngk i (Z)gn_k(s)

- Z (kl Zan 'gn k(s )) s,k ().

If s € (¢1,x0), the proof is identical having in mind that, for = € [e, $],
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) =3 () o) lgnoat)] .

k=0

A priori, if we have a series of g-monomials that converges on [xg,cs], by changing the center point to
s € (xg,c2) we can only guarantee convergence on the right side of s. But for continuous derivators we can
assure convergence on both sides.

Corollary 4.7. If g is a continuous derivator and

f@) =Y angi (@)
n=0

converges at some ¢ € R such that gi(c) # 0, then, for all s € R, the series (4.3) converges absolutely on
the ball By(s,|g1(c)| — |g1(s)])-
Proof. This follows from the proof of Proposition 4.6 and that, for all x € R,

n

5 (1) s @ 060 = Qg + ().

k=0

4.1.83. Some illustrative examples

If the derivator is continuous, convergence is not a problem. However, it takes a single discontinuity point
to break the convergence. If we have a infinite amount of discontinuities, convergence on the left side gets
even more complicated. To illustrate this point, we will present some examples.

Example 4.8. Take g : R — R given by

z+1, x>0,
9(z) =
T, z < 0.

By _ 1, z€(0,00),
a ){0, x € (—00,0].

Hence, for n > 1,

If we take
f(x) = Zgn(x)’
n=0

we have that the previous sum converges for |z| < 1. Besides,

1 n 1
-z (1-2)2
1

1—2x

z € (0,1),
flx) =

, x € (—1,0].



30 V. Cora et al. / J. Math. Anal. Appl. 526 (2023) 127259

Fix s € (0,1), we will calculate the series of g-monomials of f centered at s. Having in mind that

k! <
(1—x)k+1:z(n—k)!x "

n=~k

for z € (—1,1), let us compute the sequence of coefficients that appears in the formula (4.3). We have that

1 — n! 1 [ n! e > n! i1
HZ(n—k)!g""“(s):H(Z(n—k)!s ) o p ks ' )
n=k

n=k n=k+1
1 > n! ek > n! k1
:H<Z(n—k)!s p> n—k—1)° )
n==k n=k+1
! k+1
T s A= syEe

Now, since g2, (z) = g®(z) — 1 and ¢¢,(z) =z — s, for n > 1,
gs,n(x) = (33 - 3)”, RS (0,00)

Since g is a derivator whose points of discontinuity are isolated, we can guarantee convergence on the left
side of s. For € (0,1) such that |z — s| < |1 — s,

OEDY (% - " k)!gn_ms)) go.r(2)

k=0 n=~k
> 1 k+1

However, for 2 = 0, we lose the convergence of the series. Note that g7, (z) is like in Example 3.13 for h = 1

and, therefore, gZ (z) = (=1)*k! for all z € (—o00,0]. We know that gfk(x)‘ < |gs,k(x)], for all x € R.
Then,

1 E+1

1 k+1
T o)l | (1_s)2

<[

|gs,k(x)| ) (44)

for all < 0. Since the left side of (4.4) does not tend to 0 when & tends to infinity, the sum

o0

1 k+1
Z ((1 — 5)k+1 + (1— S)k+2> s,k ()

k=0

does not converge for < 0. No matter how close we get to 0, for all s € (0,1), we only have convergence
on a neighborhood of s contained on (0,1). Note that the size of the jump at 0 does not matter either.

Example 4.9. Let {x} }ren be a sequence that converges to 0 such that zx < 0 for all k € N. Take a function
Ag: R — [0,00) such that Ag(x) > 0 for all k € N,

Z Ag(xy) < oo,

keN

and Ag(z) =0 for all z € R — {x}, | k € N}. Define g: R — R as:
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T x>0,

g(x) =9 _ Z Ag(s), = <0.

s€[z,0)

Fix 2y = 0. We have that g, (x) = 2™ for all > 0 and n € N. Consider the sum

f@) =" gnl(x). (4.5)
n=0

It is clear that for € [0,1), the sum converges absolutely. Now, fix some = < 0. If we take g™ like in
Section 3.3, the derivators ¢, on the left side of 0, are derivators such that (¢"™)¢ = 0 and the set of
discontinuities is a set of isolated points. Take some xy € [z,0). From a certain m € N, that z; will be a
discontinuity point of ¢"™. Applying the formula of Proposition 3.16 for points to the left side of 0,

lgn' (2)] > nlAg(zk)™.
Then

|gn (2)] = nlAg(ax)",

and hence |gy,(z)| — 0o when n tends to infinity. In particular, (4.5) does not converge for any = < 0. Note
that the g, are left-continuous and hence tend to 0 as we get closer to 0. However, fixing any x < 0, the
absolute value tends to infinity when n tends to infinity.

Proposition 4.10. Suppose {a,}nen C F is such that the series Y~ o |an||gn(c)| converges at some discon-
tinuity point ¢ € (—oo,xg) of g (Ag(c) # 0). Then there exists some constant M > 0 such that

Mn-‘,—l
n!

lan| <

for alln > 0.

n

Proof. Applying Proposition 3.16, |g,(c)| > n!Ag(c)™. Hence Y " |an|n!Ag(c)™ converges. By the root

test, there exists some natural m such that

L 1+4e 1 (1+e)\"
Nw < o <= ——
anl 7 = Rty = Vol =2 (Ag<c>>

for all n > m, where € > 0 is some positive number. Take

1+e

M =max< 1, ——
{ Ag(c)

,|a0|0!, |a1| 1!,...,|am,1| (m— 1)'}

Then,

n+1
| < X

foralln>0. N

This means that if a g-monomial series manages to absolutely converge at a discontinuity point on the
left side of xg, then it must absolutely converge on [z, +00), see Section 5.
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4.2. Stieltjes-analyticity

Since asking for convergence on the left side of xq is a very strong hypothesis, recall Proposition 4.10, we
decide to give this definition of Stieltjes-analytic function.

Definition 4.11. Let g : R — R a derivator. Given f: Q@ — F, and  C R a (usual) open set. We say f is
Stieltjes-analytic on €, if, for all y € Q, there exist 6 > 0 and ¢ € R such that y € (¢,¢ + J) and a sequence
{an}22, C F satistying

f(@) =) angen(@)
n=0

for all x € (t,t + d) C Q, and, moreover, the sum converges absolutely.

With this definition, the function f in Example 4.9 is Stieltjes-analytic on Q = (0,1). For any y € ,
taking ¢ = 0 the definition is satisfied. Note how this differs from the usual definition, for a function to be
analytic at any given point it has to be written as a power series centered at that point. This is something we
do not ask for here. It is easy to prove that the function f in Example 4.8 is Stieltjes-analytic on Q = (=1, 1),
since in that case g is a derivator whose set of discontinuities is a set of isolated points.

Definition 4.11 is equivalent to the usual when g = Id. The space of Stieltjes-analytic functions defined
on the same domain is a vector space. We will see how Stieltjes-analyticity behaves with integration and
derivation. To do so, we will present some results that relate these concepts to the series of g-monomials.

Proposition 4.12. Let {f,}nen be a sequence of functions defined on X C R that converges uniformly to
some function f. If f, is g-continuous for alln € N, then f is g-continuous as well.

The proof of this statement is practically identical to that of [7, Theorem 3.4]. As a consequence, we have
that ¢ ,(X,R) is a Banach space. It is easy to see now that any Stieltjes-analytic function is g-continuous
in every point of their domain. In particular, any Stieltjes-analytic function is g-continuous.

4.2.1. Stieltjes-analyticity and integration

Let us see how series of g-monomials behave with integration. Thanks to the Dominated Convergence

Theorem, we will prove absolute convergence of the series of integrals on the same set where the g-monomial

series converges.

Proposition 4.13. Let g : R — R be a derivator and fix some xg € R. Suppose that

F@) =3 anga(@)
n=0

converges absolutely on [c1,ca], for some c1,c2 € R such that xg € (¢1,c2). Then f is g-integrable in [c1, co]
and

o0 an
d = ——0n
/f 7 n§:0n+lg +1()
o

for all x € [e1, ca]. Besides, the previous sum converges uniformly and absolutely on [c1, ca].
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Proof. Thanks to Proposition 4.12, f is g-continuous in [c;, c2]. Besides,

o0
| f( Snzl ZaannCz

Then f € %% 4([c1,c2]) and hence f is g-integrable. Applying Dominated Convergence Theorem, for all
x € [e1, o),

o0

L LN ay an
/fd,u = Tr}gnooz;)an/gndﬂg = lim z:o n—Hgn+1($) = z:o . 19n+1($)~ (4.6)
2o n= 20 n= n=

Denote h as

)= lan| lgn(2)],

for € [e1,co]. We have that h is g-integrable since it is g-measurable and bounded. We can apply the
Dominated Convergence Theorem to h again so

S|t lo@l= Xl [ lalan, = [ nan,
n=0 n=0

[zo,) [zo,z)
Z n+1‘|9”+1 )‘:Z_%W\ / lgn| d g = / hd pug.
"= [,20) [z,20)

The series (4.6) is absolutely convergent for x € [c1,ce]. We get uniform convergence on [c1,c2] from
Proposition 4.3. W

4.2.2. Stieltjes-analyticity and differentiability

Although integrability behaves well with series of g-monomials, we have to ask for more assumptions to
ensure the convergence of the series of derivatives. The derivative will exist at points where |g1| is strictly
less than the extremes of the convergence interval. Note that this is also required in the usual case. However,

here it leads to more problems due to the constancy intervals of g —see Example 4.16.

Proposition 4.14. Let g : R — R be a derivator and fizx some xo € R. Suppose that

x) = Z angn(x)
n=0

converges absolutely on [c1, co], for some ¢ ¢y € R such that w € (c1,¢2). If ¢ € (wo,¢2) is such that
lg1(c)] < lg1(c2)|, the series

&S]
Z Napgn—1 (SU)
n=1

converges absolutely for x € [xg,c|. Besides, for any x € (xq,c) — Cy,

= Z N Gn—1(T). (4.7)
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If (zo,c) satisfies (2.2) then (4.7) holds for all x € (zg,c). Analogously, the same applies if ¢ € (¢1,x0) and
lg1(e)] < lga(ca)]-

Proof. Take ¢ € (zg, c2) such that |g1(c)| < |g1(c2)|. If we follow the proof of Proposition 4.6, we have that
the series

( Z| n| |9n k( )|> ge.k(c2)] (4.8)
k=0 :

converges. Therefore, since

lg1(c)] < lg1(c2)| < [ge,1(c2)| # O

and the coefficient associated to |gc,1(c2)| in the series (4.8) is

o0

Zn|an| |gn-1(c)], (4.9)

n=1

the sum (4.9) must converge. In particular, we have that the series

[eS)
Z Napgn—1 (.’IJ)
n=1

converges absolutely on [xg, ¢|]. Applying Proposition 4.13 to the previous sum, if = € [zg, ],

f(z) - / Znangnl 5) d pg(5).

[lo»l)

Thanks to Proposition 2.17,

o0
=Y nangn_1(z)
n=1

for all z € (zo,c) — Cy. If (2.2) holds with Q = (x¢,¢), the g-derivative is well defined at all points, so
equality (4.7) holds for all z € (zg,c). The same arguments are valid for points to the left of zo. W

Theorem 4.15. Let g : R — R be a derivator. If f : Q — F is a Stieltjes-analytic function that satisfies:

(H) For all y € Q, there exist 0 < § and ¢ € R such that y € (¢,t +6), g9 (y) < ¢g©(t + ) and a sequence
{an}5L s C F satisfying

%)
= Z AnJtn (13)
n=0

for all x € (¢t,t+ d) C Q, and, moreover, the sum converges absolutely.

Then Q) satisfies condition (2.2), f is g-differentiable on Q and f, : Q@ — F is again a Stieltjes-analytic
function that satisfies (H).
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Proof. Take y € Q. By (H), there are 0 < d, t € R and a sequence {a,}52, C F such that y € (¢,¢+ ) and

f(x) = Z angt,n(x)
n=0

for all x € (t,t + 6] € Q and g% (y) < g°(t + &) (we can assume that the series converges uniformly on
(t,t + 6] choosing a suitable §). By the continuity of g©, there exists ¢’ € (0,d) such that y € (¢,¢ + 6') and
g%(y) < g%t + ") < g°(t + 9). Applying Proposition 4.14, the series

Z Nan gt n—1() (4.10)
n=1

converges absolutely on [t,¢ + ¢']. Besides, we know that f; () exists at x € (¢, + ') — Cy and equals the
series (4.10). We can repeat the previous argument until we reach the following conclusion, for

t' =sup{z € R: ¢%(x) < g% (t +9)},

the series (4.10) converges absolutely on [t,#') and equals f; on (t,¢') — Cy. Note that, if z € (¢,¢'), then
g% (x) < g%(#'). Suppose z € (t,t')NC, and = € (an,b,) C C,. We have that g%(z) = ¢ (b,) < g°(¥)
hence [z,b,] C (t,t') C  since b,, < ¢'. Note that this proves that both (¢,¢) and € satisfy hypothesis (2.2).
Then, the series (4.10) equals f; on (¢,t') by Definition 2.7. Choosing adequate ¢ and § we have that f;
satisfies (H) at y. Since y was arbitrarily chosen, we have that f; is Stieltjes-analytic. W

Note that the hypotheses made in Theorem 4.15 are automatically fulfilled if g is continuous and strictly
increasing. Take a,b € R such that a < b,a ¢ N, b ¢ DyUN,FUC, and [a,b] C Q, if f is a Stieltjes-analytic
function that satisfies (1), applying Theorem 4.15 recursively we obtain that

f et ([a,b], F).
In any case, we have
fe€7 (L F).

Example 4.16. Take g : R — R given by

n, € (n—1,n], neN.

Fix z¢ = 0. It is clear that g, (z) = ™ for € (—o0,0]. Now, g2(x) = 0 for z € (0,1], g3(z) = 0 for = € (0, 2]
and, in general, g,(z) = 0 for z € (0,n — 1] for all n > 2. In particular, any g-monomial series is finite for
all x € (0,00), since for n € N greater than some fixed natural, g, (z) = 0. Consider the series

flx) = Z nlg, (z).

n=0

The series does not converge at points z < 0, since the sequence {n!z"}52 , does not tend to 0 when n
tends to infinity. Even so, it converges absolutely at [0, 00), since for every point z > 0 the sum is finite. In
particular, we have that f satisfies Definition 4.11 in (0, 00). In fact, f has g-derivatives of all orders that
are Stieltjes-analytic functions too. Consider now f defined only in (0,y), for some y > 0. Take n € N such
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that n — 1 < y < n. Since gn41(x) = 0 for « € (0,n], the coefficients {k!}32, that define f are not unique
anymore. We are free to choose the coefficients for k > n + 1.

Note that we are in a similar situation to that of Example 3.4. Since f is defined only on (0,y), we can
only differentiate at points in (0,n — 1]. Its derivative can only be differentiated at points in (0,n — 2], and
so on. The coefficients will tell us what values f; takes on (n — 1,y fg(z) on (n — 2,y], etc.

The last example proves that the uniqueness of the coefficients of a Stieltjes-analytic function is not
ensured. Combining the arguments made in Theorem 4.15 and Proposition 4.14 we obtain the following

result.

Proposition 4.17. Let g : R — R be a derivator and fix some xg € R. If

.Z‘) = Z angn(x)

converges absolutely on [cy1,cz], for some c1,ca € R such that zo € (c1,¢2), g€ (ca) > 0 and g1(cy) < 0. If

ty = sup{z € R : g’ (x) < gf (c2)}

and

t1 =inf{z € R: gi(c1) < g1(w)},

the series

Zan |gn lc( )

converges absolutely on (t1,t2), for all k € N. Besides, (t1,ts) satisfies (2.2) and, for all x € (t1,t2),

£ () Zan @)

Proof. Note that xg € (t1,t2). Besides, if z € (t1,t2), then ¢g¥(z) < ¢¥(t2) and gi(t;) < gi(z). That
is because g{(t2) = g¥(c2) and g1(t1) = gi(c1). Take x € (wg,t2). We have that x < cy. Hence, from
Proposition 4.6, the series

2 (1; 2 lan| (nﬁ',@, Ign—k(x>l> |92k (c2)]
k=0 " n=k :

converges. Now, since g’ (z) < g¥(¢c2), guk(c2) # 0 for all k € N, so the series

Z IanI Ign k()]

converges for all k € N and y € [z, z]. Applying Proposition 4.13 and Proposition 2.17 recursively we have
that

790) = 3 en s klo) (411)
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for y € (xg,x) — Cy. With x approaching ts, the series (4.11) converges absolutely on [x¢,?2) and equal-
ity (4.11) holds for all y € (xg,t2). To the left of x(, the argument is the same. If = € (¢1,z¢) we only need
that g1(c1) < g1(z) to ensure g, (c1) # 0 for all k& € N. Note that, if the hypotheses are satisfied at both
sides, we can g-differentiate at xg € (t1,t2). W

Note that if g = Id, the last result guarantees that, if (—R, R) is the convergence interval of a power
series, it is the convergence interval of the series of its derivatives as well. We have achieved this without
applying the Cauchy—Hadamard theorem [8, Lemma 1.1.6].

4.2.8. Coefficients of a Stieltjes-analytic function

We have seen that the relationship between a Stieltjes-analytic function and its coefficients can be more
complex than it seems, see Example 4.16. Even so, that relation behaves like in the classical case if we ask
for the right hypotheses.

Theorem 4.18. Let f be a Stieltjes-analytic function defined on Q and fix y € Q. Assume [ satisfies (H),
that is, there are 6 > 0, t € R and a sequence {an 5>y CF such that y € (t,t+9),

f(x) = Z angt,n(x)
n=0

for all z € (t,t +6) C Q and g% (y) < g%(t + ) with the series converging absolutely. Suppose that t € Q.
Then

()
n!

:an
forn > 0.

Proof. From Theorem 4.15, we have g-derivatives of f of all orders at ¢ € 2. From Proposition 4.17, exists
t' € (y,t + 0) such that

o0

fék)(z) = Z an(nn!k)!gt,n—k(x) (4.12)

n=~k

for all z € (¢,t') and k € N. Take t” € (¢,t') to ensure uniform convergence of the series (4.12) on [t,t"].
Then,

= agk! + ar+1(k + 1)1Ag(t),
for all £k € N. Now, if Ag(t) =0, f_ék) is continuous at t and
k 1 k —
(1) = lim [P (@) = agh!.

Hence,
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for all k > 0. If Ag(t) # 0, t is a discontinuity point of g and then, for k > 1,

(1) = 1im L@ =8

— |
Jom () = i e = 9@ kbl

Hence,

forallk>0. N

Remark 4.19. Note that, since f satisfies the hypotheses of Theorem 4.15, f € %;O(Q,IF) and f allows
g-derivatives of all orders on Cy. If t € Cj, then Ag(t) = 0 and the argument we gave in Theorem 4.18
holds.

5. Differential equations and applications
5.1. Differential equations

Assume from now on that oo ¢ N, ;‘ , just to guarantee intervals not bounded from above satisfy condi-
tion (2.2). Many of the things we say here are true without that assumption.

The concept of Stieltjes-analytic function was born with the aim of solving differential equations, espe-
cially, linear differential equations. We now give a method to solve any higher order linear homogeneous
Stieltjes differential equations with constant coefficients that works for some nonhomogeneous cases as well.
Fix some xy € R, consider the initial value problem

m—1
v(m )\kv (), A, €F,

k=0 (5.1)
Ug(;k)(xo)ick, c, €F, ke{0,...,m—1}.

We can study whether there is a Stieltjes-analytic solution to this problem. Suppose that a Stieltjes-analytic
solution exists and we can center its g-monomial series on xg. Then,

= Z andn (.13)
n=0

for some coefficients {an }nen € R. From problem (5.1) and

Zan |gn k( )

n=~k

we obtain the following difference equation by matching the coefficients:

m—1
Gptm(n+m)! = Z)\kan+k(n+k)!, M E€F, n>0,
k=0 (5.2)

ark! = ¢y, e, €F, ke {0,...,m—1}.
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Theorem 5.1. Let Mg, A1, .., Am—1 € F. Given the m*-order linear difference equation with constant coef-
ficients
Gntm + An—10ntm—1+ -+ Xoan =0, n>0. (5.3)
If co,c1,- .., Cm—1 are Teal numbers, there is a unique solution of (5.3), that satisfies
ag =Co, A1 =C1y ovey Q1 = Crpy—1-

This result can be found in [12, Theorem 4.3], along with the explicit solutions of (5.3). From Theorem 5.1,
there is a unique sequence {a, }52, that solves problem (5.2). Consider then the g-monomial series defined
by {a,}22,. As we will prove in Section 5.3, that function is well defined and actually solves problem (5.1).
In particular, we have that the problem (5.1) admits Stieltjes-analytic solutions.

We will for now focus on the first order linear problem as it will help us later to solve higher order
equations. Consider the problem

(5.4)

The associated difference equation would be

{an+1(n + D= Xapn!, n>1,

apg = 1.
We then obtain the sequence

)\n
p = —.
n!
In the classical case we obtain the exponential function when we consider the power series. The exponential
is clearly a solution of (5.4) when g = Id. We will see that this actually translates to the general case.

5.2. The exponential series

Due to how the literature understands the concept of exponential function associated with a derivator
[4,7], we will talk about the exponential series instead of the exponential function. Later, we will see how
the two concepts are related. In any case, we will prove that the exponential series in general solves the

differential equation (5.4), as well as certain properties that are deduced from the series of g-monomials.
Let g : R — R be a derivator, A € F — {0} and fix some zy € R. Consider the series

7;))\ n!

Take x > xg. We have that

S Il o 5o T < o,
n=0 n! n=0 n!

Hence, the series converges absolutely on [xg,00). Thus, the previous series defines a Stieltjes-analytic
function on the set (x¢,00). Take now x < x¢ such that x € By(xo, IA|™1). Since g is left-continuous, the
ball B,(zo, || ™") contains a neighborhood (zo — 6, z] for some & > 0. We have that
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TL

ZW" Zw lg1(2)[" < oo, (5.5)

since |Agi(z)| < 1. We have assured absolute convergence on By(zo, IA|”") U [0, 00) and, hence, on some
neighborhood of xg.

Definition 5.2. Given s € R, define the exponential series associated to g centered at s as the function given
by the series

(o}

expy(X; 5)(2) = ) Andznl2)

n!
n=0
on those points where the sum converges absolutely.

Choose some s € By(xo, |A|7") such that s < 2. Take the exponential series associated to g centered at
s. Note first that the series

s,n(x)
o T (5.6)

Z |/\|n
n=0

converges absolutely for z € By(s, IA|™") U [s,00), applying the same argument we did for zo. Thanks
to the product formula for absolutely convergent series [15, Theorem 3.50], for some fixed s and all z €
By (s, IAl7") U [s, 00), we have that

Z‘ | gn Z ‘)\|n gs n Z Z ‘)\| n—k | Ys, nik( ')
n=0 k=0 (n —k)!
_ nZ;)W ) g(s’r:kk()!)

Since, applying the change of center formula of Proposition 3.14, we have that

ZIM < ZW

n=0 n=0

)

9s,n— k( )
(n—k)!

gn

)

the series

;A n!

converges absolutely on By (s, IAI7!) U s, 00), which is a bigger set than the one we calculated on (5.5). We
could try to prove that exp,(A;zo) is defined in the whole real line taking balls of radius |)\|71 recursively.
However, if there is a discontinuity with a jump bigger than |)\|71 this process is invalid. Take any xy € R,
we call 2, the maximal interval where

n=0

converges absolutely. We have the following result.
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Proposition 5.3. Let g : R — R be a derivator and fiz some x¢ € R. If Ag(x) < |)\|_1 for all x < xg, then
Qo = R.

Proof. Clearly, if €2, is not bounded from below, then €2,, = R. Suppose otherwise and take
t =inf Q, € R.
Since

lim g(x) — g(t) = Ag(t) < [\,

r—tt

there exists s > ¢ such that |g(s) — g()] < |A|”". Since s € Q,,, we can repeat the calculations made in (5.6)
and deduce that

o0

Z)\ gn!

n=0

converges absolutely on By(s,|A|™"). Now, we can choose ¢’ < t in such a way that [g(s) — g(t')] < |A] ™"
and, hence, [t', s] C By(s, IA|™") € Qu,, which contradicts that ¢ is the infimum of Q,,. W

Corollary 5.4. If Q,, is bounded from below, then t = inf Q,, € R is such that Ag(t) > |\, which means
Q. = (t,+00). Besides,

t =sup{s € D, N (—o00,x0) | Ag(s) >|\|"'}.
Proposition 5.5. For allt € R, s € Q; and x € Q4 we have that x € ; and
exp,, (A; t)(s) exp, (A; s)(z) = expg()\; t)(z).

Proof. Repeating the calculations of (5.6) we have that = € ;. Again, from the product formula for
absolutely convergent series and Proposition 3.14, we have that

oo o0

eng()\; t)(s) exp, (A 8)(x) = Z A gt,:L'(S) Z A™ gs,:L'(-T)
n=0 " n=0 )

=expy(Ast)(z). W

Applying the last result, it can be proven that expg()\; t) is Stieltjes-analytic on ;. Translating Propo-
sition 5.5 to the classical case,

exp(s — t) exp(z — s) = exp(t — x).

Proposition 5.6. Let g : R — R be a derivator and fix some xog € R. The series

— \n In(T)
HZ:% A n!

(5.7)
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converges absolutely if and only if the series

o0 c o0 B
nYn (T) 9 (2)
ZALT, Z)\"T (5.8)
n=0 n=0
converge absolutely. Besides, for all x € Qy,,
exp, (A; o) () = exp,ye (A 20) () expys (A; 2o) (2). (5.9)

Proof. If the series (5.7) converges absolutely, then those in (5.8) do as well, since |g5(z)| < |gn(z)| for all
n €N, z € R and x € {B,C}. Suppose the series (5.8) converge absolutely, then

gffk(m)
(n—k)!

Z A"

gn n—k

Z\AI

n=0

ZW

n=0

>3

n=0 k=0

=Z|A|
n=0

gnk

In particular, (5.7) converges absolutely. Repeating the same calculation without the absolute values we
have that

exp,(A;m0)(7) = expye (A; 20)(z) expys (A 20)(z). W

Note that, in fact, the formula (4.1) was already suggesting equality (5.9). Since we have that
exp,c (A 20)(z) = e?1(*)  the exponential series associated to g converges if and only if the exponential
series associated to ¢® converges.

Proposition 5.7. Let g : R — R be a derivator such that ¢¢ = 0. Fiz some xy € R. Then

expy(Mao)(@) = [ (1+2Ag() (5.10)

y€Elxzo,x)NDy

for all x > xg.

Proof. Fix any x > xg. Let us first show the reasoning behind equality (5.10). As a formal calculation, if
we expand the product as if it was a polynomial on \, we have

LA >0 Agly)+X > Ag)Agls) +A° Y Agly)Ag(s)Ag(t) +

y€[zo,z) y,8€[z0,2) t,y,s€[wo,x)
s<y t<s<y

Recall Proposition 3.16. We observe that the coefficient associated to the nt"-power of \ equals £ (J“) . Hence,
the above polynomial formally equals

x x
1+ Agi () +/\2g—22(' ) +)\3—933(' .
which precisely is the g-exponential series. This proves equality (5.10) when [z¢,2z) N D, is a finite set.
Suppose then [z, x) N Dy, is infinite. We need to prove that the product (5.10) converges unconditionally,
so let {t, }nen be any possible rearrangement of the elements of [z, z) N D,. We show
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b

(14 AAg(tn)) — expy(A;x0)(z)  as k tends to infinity.

n=1

Fix any € > 0, there exists a natural m such that

Thanks to Proposition 3.16, there exists a natural p such that for any k£ > p,

gn(T) €
Ag(ts,) - Ag(ts,) — < 7
> gt Blt) - P < g
$1,.--,85n€{1,....k}
51<<8n
forallm=1,...,m — 1. Hence, for all k£ > p,
: - gn (@)
Hl (14 AAg(tn)) — exp, (A zo)(z)| < Zl Al yh k}Ag(tsl) e Ag(ts,) = =
n= n= S81,..,8n€E11,...,

§1<-<$Sp,

m—1
<> A > Aglts)--Aglts,) - n! + Z A" <= + 5 <&
nml fsieen el k)
§1<--<8p

and we obtain the result. W

Remark 5.8. Combining Proposition 5.6 and the series (5.7), we get a formula of the exponential series for
x > xo. For any derivator g and x > xg,

exp,(\zo)(@) =@ T (14 AAg(y)).

yE[zo,x)NDy

In particular, exp,(A; zo)(z) = 0 if and only if there exists some y € [xg, ) N Dy such that 1+ AAg(y) = 0.
Take any x < xp such that z € §,,, from Corollary 5.4 and Proposition 5.5, we can take x1 € Q,, such
that 1 <@ < z¢ and 1+ AAg(s) # 0 for s € [z1, ). Hence exp,(A; x1)(20) 7£ 0 and

a0)(z) = ZPaNi T (@)
exp, (A; o) (z) = expy (X 1) (20)”
which means

exp,(\zo)(@) =@ [ T 1+ AAg(y))

y€Elx,x9)NDy

Theorem 5.9. If 1 + AAg(z) # 0 for all x < zq, there exists a Stieltjes-analytic extension of exp,(A;xo) to
the whole real line.
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Proof. Assume without loss of generality that zo = 0. Let « € R, take ¢t < min{x, 0}, define

exp, (A; 1) ()

Exp,(A; 0)(z) == xp, N 1)(0)

(5.11)

Since ¢ < min{x,0} and 1+ AAg(s) # 0 for all s < 0, following Remark 5.8, the exponential series centered
at t takes a nonzero value at 0. Besides, for all y € Q,

exp, (A;1)(0) exp, (A; 0)(y) = expy (A1) (y),

and, hence, expression (5.11) functions as an extension of exp,(A;0). Let us see that Exp,(A;0)(z) is well
defined. Choose t' € R such that ¢’ < min{z,0}. Assume without loss of generality that ¢ < ¢’, then

expy (X 1)(t) expy (A1) (y) = expy (X ) (y)
for any y > t'. Hence

expy (A1) () expy(Ait)(t) expy(Ast') () expy(A;t)(2)

exp, (A t)(0)  expy (A t)(#) exp, (A;t)(0)  expy(A;t)(0)°

since exp,(A;¢)(t') #0. W

Corollary 5.10. Following Remark 5.8 and expression (5.11), we have that,

M@ T+ 2Agw)), & > o,
yE[zo,x)NDy
Exp,(A;@o)(z) = -1
Mot (@) H (14 AAg(y)) x < Zo.
y€Elx,x0)NDy

Theorem 5.11. For any s € R, the function expg()\; s) solves the differential equation

g (5.12)

{U' (z) = dv(z), Vze (s—4,00),
v(s) =1,

for all § > 0 such that (s — 6,00) C Qg, where Qg is the mazimal interval where > )\"g"n—(!x) converges
absolutely.

Proof. We know a § > 0 such that (s — §,00) C Q exists. Given a,b € (s — §,00) such that a < b, from
Proposition 4.13,

i s,n+1 b > n Ys,n+1 a
/ exp, (A;s)d g = Z_:)‘ng(n+1()!) - Z_:/\ g(n+1()1)
[a.b) =0 "
= % (exp, (X; 5)(b) — exp,(X; s)(a)) .

Then

expy(A; 8)(b) — expy(A; s)(a) = /Aexpg(/\;S)dug-
[a,b)
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From Proposition 2.17, expy(A; 5); (¥) = Aexp,(A; s)(z) for all » € (a,b) — Cy. Repeating the argument with
a and b approaching the extremes of the interval,

exp,(A; s);(x) = Aexp,(A;s)(z) Vo e (s—d,00). W

The Stieltjes-analytic extension of the exponential series given in Theorem 5.9 is a solution of the differ-
ential equation (5.12) as well. We have then the following corollaries.

Corollary 5.12. If 1 + Ag(z) # 0 for all x < o, Exp,(A;x0) is a Stieltjes-analytic solution defined on the
whole real line of the problem

{v;(a:) = Mv(z), z€eR,
v(z) = 1.

Corollary 5.13 (Exzponential series). Expg(l; 0) is a Stieltjes-analytic solution defined on the whole real line
of the problem

vo(z) =v(z), z€eR,
v(0) = 1.

Definition 5.14. Let g : R — R be a derivator. Fix any A € R such that 1 + AAg(z) # 0 for all € R. We
define Exp;‘ = Exp,(A;0) as the exponential function associated with A and g. We call Exp, = Exp; the
g-exponential function.

Since Exp;\ does not vanish we have

Expg‘

—— = Expy(\;wo)
Exp;\(xo) g

for all yp € R. From Corollary 5.12,
Exp, € €,°(R).

Remark 5.15. Let us now look at the relationship between the exponential series and the exponential func-

tion. Both [7] and [4] work with the differential equation

vg(@) = B(z)v(z), Yz €[0,T) - Cy, (5.13)
v(0) =1, ’

where 7' > 0, and 8 € £, ([0,t),F) such that 1+ 5(x)Ag(x) # 0 for all z € [0,T). In [7, Lemma 6.3]
and [4, Theorem 4.2] an explicit solution is computed and called ezponential function. In fact, thanks to [7,
Theorem 7.3] the uniqueness and existence of the solution is guaranteed.

Note how the hypothesis 1 + SAg # 0 appears. It essentially guarantees that the solution of (5.13) does
not vanish at a certain discontinuity point of g, but it is not needed to compute the solution or to guarantee
existence and uniqueness. See how that relates to Remark 5.8, as it is precisely stating the same. From
Theorem 5.11, we know that exp(X;0) € &/ € 4([0,T],IF) solves equation (5.13) for 3 = A, so the exponential
series and the exponential function defined on [7] and [4] match for z > 0.

The computations made on Proposition 5.7 were already shown in [4, Theorem 4.2], as they calculated a
explicit solution of (5.13). Notice that formula (5.9) is proven in [4, Theorem 4.2] as well. The authors state
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that the solution of (5.13) is the solution of the same differential equation associated with g¢ multiplied by
the solution associated with gZ. We managed to reconstruct all of these results independently, basing our
proofs on properties of Stieltjes-analytic functions and g-monomial series.

5.3. Higher order linear Stieltjes differential equations with constant coefficients

Let us go back to the linear differential problem (5.1) and its associated difference equation (5.2). Clearly,
there is a bijection between the solutions of

m—1
bngm = Y Mbnr, M €F, n >0,

k=0 (5.14)
by = ¢, CkGF,kE{O,...,m—l}

and solutions of problem (5.2), just by taking b,, = a,n!. In fact, this bijection is a linear transformation, both
the spaces of solutions of problems (5.2) and (5.14) are vector spaces, for more details see [12, Chapter 3].
Let us bound these sequences.

Lemma 5.16. If {b, },,cn solves problem (5.14), then there exists a constant M > 0 such that |b,| < M"+!
for alln > 0.

Proof. Note first that m > 1. Let C = max{1, |co],...,|¢m-1], o], -, | Am—1]|} and take M = mC'. Since
M > 1, |bx| < M*1 for k € {0,...,m — 1}. Let us show that if n € N is such that n > m — 1 and
|br| < M*¥*+1 for k < n, then |b,, 1| < M™*2. Since n > m — 1, we have that

bpt1 = Am—1bn + -+ Aobn_(m—1)s
S0
brs1] < [t bl + -+ [Xo| [baen-1)| £ mCM" T = M2,
Applying induction we have the result. W

Corollary 5.17. Let {an}nen be the solution of problem (5.1). Since {ann!}nen solves problem (5.14), ap-
plying Lemma 5.10, there exists some constant M > 0 such that

ML
n! "’

lan| <

for alln > 0.
This result is key to prove convergence of the g-monomial series. It is basically telling us that the series
converges at least on the same interval of some exponential, see Corollary 5.4. We can now prove that the

Stieltjes-analytic function defined by the solution of problem (5.1) solves the original problem (5.1).

Theorem 5.18. Let {a, }nen be the solution of problem (5.2). Then

v(z) = Zangn(x)
n=0

converges absolutely on (t,+00) for some t < xg, is such that v € €;°((t, +00),F) and solves problem (5.1).
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Proof. Thanks to Corollary 5.17, there exists M > 0 such that |a,| < M , for all n > 0. For all k € N,
the series

oo Mn+1 0 M
Z| n| |gn k()] < Z (n—k)! |gn—k(2)| < LR Z v |gn ()]
n==k n=0

converges on (t,+00) for some ¢t < xg. That means if we apply Propositions 4.13 and 2.17 recursively we
have that

Zan 'gn k(2) (5.15)

for all z € (t,+00) and all k£ > 0. Note we are assuming co ¢ N; so we can g-differentiate v_t(]k) at all points

of (t,400). This means v € €,°((t, +00),F). Now, from equation (5.15), for all k > 0,
v!(]k')(xo) = apk!.

Therefore, v,(]k)(xo) = ¢ for all k € {0,...,m — 1} since {a,}nen solves problem (5.1). Besides, for all
€ (t,+00),

m—1

ARV (k) Z Ak Zan+k TLJrk) gn(x) = Z <Z /\kan+kM> gn ()
k=0 n=0

k=0 n=0 \ k=0

n+m)! m
= Z Qp+m (nil)gn(x) = /U_((] )(x)

Hence, v solves problem (5.1). W

Take a look now at the nonhomogeneous case. Fix some xg € R. Consider the following problem:

m—1
o™ (@) = > Mol (x) + f(z), A €T,

k=0 (5.16)
ng)(xo)zck, c, €F, ke{0,...,m—1}.

Suppose we can write f as a g-monomial series centered at xg. Then,

QZ‘) = Z Tngn(l')
n=0

for some {r, }h,en C R. We obtain the following difference equation matching coefficients:

m—1
Aptm(n +m)! Z)\kaan n+k)l'+r,nl, A €F, n>0,
= (5.17)

apk! = ¢y, e, €F, ke {0,...,m—1}.

Analogously, there is a bijection between the solutions of
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m—1
bim = Y Mbnis +ronl, Ay €F, n>0,

= (5.18)
b = cx, ckEF,kG{O,...,m—l},

and solutions of problem (5.17). As we did in Lemma 5.16, we will bound again these sequences, as it is
needed for the convergence of the g-monomial series.

Lemma 5.19. If {b, }nen solves problem (5.18), then there exists a constant M > 0 such that
bsm| <> MFR,
k=0

for alln >0, where R, = |rp|n! for alln > 1 and Ry > 0 is some positive number.

Proof. Let {b,}nen be the solution to problem (5.18). Take C' = max{1, > 1" M|, S py [bx} and define
M = C? > C. Since M > 1, the powers of M form a nondecreasing sequence. We have that,

m—1
bl <> Akl Bk] + [ro] < C2 + [rol = M + |rol.
k=0

Define Ry = M +|rg|. Let us bound by,,11 to show how the process continues. Note that |bx| < M +|rg| = Ro
fork=1,...,m. So

m—1

b1l < ) Mkl Ibega] + [r1] < MRy + |r1| = MRy + Ry.
k=0

Now, we have that |by| < M Ro+ Ry for k =2,...,m+1, hence, we can bound the following coefficient and
so on. Let us apply induction, let n € N be such that

lbitm| <D M*R;y,
k=0

for all i < n. By definition of M and Ry, |b;| <> ;_, M*R,_ for all i < n. Then

m—1 n n+1
|bnt14m| < Z Akl bt 1] + g (n+ D<M (Z MkRn—k) + Rpt1 = ZMkRn+1—k- L
k=0 k=0 k=0

Theorem 5.20. Let {an }nen be the solution of problem (5.17). Assume

f@) =" ragn(x) (5.19)
n=0

converges absolutely on [xg, c| for some ¢ > xq. Suppose xo ¢ N, and c ¢ DgUNSUCy, so the g-derivative
is well defined at all points of [xo,c|, then

v(@) = anga(x) (5.20)

n=0

converges absolutely on [z, c|, is such that v € €;"([xo, c|,[F) and solves problem (5.16).
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Proof. Let {a,}nen be the solution of problem (5.17). Thanks to Lemma 5.19, there exists M > 0 such
that

1 ok
|antm| < m ZM Ry,
k=0

for all n > 0, where R,, = |r,,|n! for all n > 1 and Ry > 0 is some positive number. Denote 7, = % for all
n > 0. We are going to prove that the g-monomial series the sequence {a, },en defines converges absolutely
on [z, c). For any x € [z, ¢], from the product formula for absolutely convergent series, the following series
converges:

note that 7,, and |r,| define g-monomial series that converge at the same points. Then, for any z € [z, ],
we have that

>, (n+m)! >, M*R,, e~ MFF, p(n = k)!
S sl R g o) < 3050 MRk oy = 32 3 MEackln 2Bl )
n=0 : n=0 k=0 n=0k=0

(5.22)

o
NE

() *

applying Proposition 3.7 and equation (5.21). Applying now Propositions 4.13 and 2.17 m consecutive times,

1 M* 2 MF
__Tn k|gn |<sz—rn k|gn )‘<Oov
0 0 k=0

=~
Il
o

n

we have that
> (n+k)!
vﬁ;(m‘) = Z An+k Tgn(x)
n=0

for all € [xg,c] and k € {0,...,m}, with those series converging absolutely on [z, c¢|. Hence vék)(xo) =

arpk! = ¢ for all k € {0,...,m — 1}. Besides, for all x € [zg, ],

-1

3

m—

M 1]

)\kvék) T
k=0

AkzanJrk n+k +Zrngn

<Z )\kan—kkw + rn) gn(x) = Z an—i-mwgn(x) = Ug(]m)(x)
’ n=0 ’

k=0

n=0

Thus, v solves problem (5.16). W

Remark 5.21. We can ensure convergence of the g-monomial series (5.20) at points to the left of z¢ if the
series (5.19) converges at points to the left of z¢ as well. Suppose the g-monomial series (5.19) converges
absolutely on [c1, cz] for some ¢; € (—o00,20) and ¢z € (29, +00). From Theorem 5.20, the series (5.20)
converges absolutely on [z, c3]. We have two cases:

1. Ag(z) = 0 for all @ € [c1,20). Hence gn(x) = g1(2)" and |gn—k(2)| |9k ()| = |gn(2)] for all @ € [cz, zo].
Thus, equation (5.21) implies the absolute convergence of the g-monomial series (5.22) for all z € [ca, ¢1].
Therefore, the series (5.20) converges absolutely and solves problem (5.16) on [ca, ¢1].
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2. There exists some x1 € [c1, ) such that Ag(z1) # 0. That means, thanks to Proposition 4.10, that
there exists some constant M > 0 such that |r,|n! < M™ for all n > 0. Applying Lemma 5.19 we have
that there exists another constant C' > 0 such that |a,|n! < C™ for all n > 0. Hence, there exists some
t < xo such that both g-monomial series (5.20) and (5.19) converge absolutely on (¢,400). Thus, v is
well defined and solves problem (5.16) on (¢, +00).
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