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The existence of asymptotically almost automorphic mild solutions to an abstract stochastic fractional partial integrodifferential
equation is considered. The main tools are some suitable composition results for asymptotically almost automorphic processes, the
theory of sectorial linear operators, and classical fixed point theorems. An example is also given to illustrate the main theorems.

1. Introduction

This paper is mainly concerned with the existence and
uniqueness of square-mean asymptotically almost automor-
phic mild solutions to the following stochastic fractional
partial integrodifferential equation in the form

dx(t) - f (¢t x(t))]

NEEDN.
_LFGTEAMQ—f@x@H&ﬁ

+gtx(t)dw (), t=0,

x(0) = u,,

wherel < a < 2,A: D(A) c L*(P,H) — L*(P,H)isalinear
densely defined operator of sectorial type on a Hilbert space
L2(P,H), W(t) is a two-sided standard one-dimensional
Brownian motion defined on the filtered probability space
(Q,F,P,#,), where &, = o{W(u) - W);u,v < t}, and
u, is an F;-adapted, H-valued random variable independent
of the Wiener process W. Here f and g are appropriate
functions to be specified later. The convolution integral in

(1) is understood in the Riemann-Liouville fractional integral
(see, e.g., [1, 2]). We notice that fractional order can be
complex in viewpoint of pure mathematics and there is
much interest in developing the theoretical analysis and
numerical methods to fractional equations, because they have
recently proven to be valuable in various fields of science and
engineering (see, e.g., [3-11] and references therein).

The concept of asymptotically almost automorphic func-
tions was firstly introduced by N'Guérékata in [12]. Since then
these functions have become of great interest to several math-
ematicians and gained lots of developments and applications,
we refer the reader to [13-16] and the references listed therein.

Recently, the existence of almost automorphic and pseu-
do almost automorphic solutions to some stochastic dif-
ferential equations has been considered in many publica-
tions such as [17-27] and the references therein. In a very
recent paper [28], the authors introduced a new notation of
square-mean asymptotically almost automorphic stochastic
processes including a composition theorem. However, to the
best of our knowledge, the existence of square-mean asymp-
totically almost automorphic mild solutions to the problem
(1) is an untreated topic. Therefore, motivated by the works
[16, 28], the main purpose of this paper is to investigate



the existence and uniqueness of square-mean asymptotically
almost automorphic mild solutions to the problem (1). Then,
we present an example as an application of our main results.

The rest of this paper is organized as follows. In Section 2,
we recall some basic definitions and facts which will be used
throughout this paper. In Section 3, we prove some existence
results of square-mean asymptotically almost automorphic
mild solutions to the problem (1). Finally, we give an example
as an application of our abstract results.

2. Preliminaries

In this section, we introduce some basic definitions, nota-
tions, and preliminary facts which will be used in the sequel.
For more details on this section, we refer the reader to [28-
30].

Throughout the paper, (H, || - [, (-,-)) stands for a real
separable Hilbert space. (Q), &, P) denotes a complete proba-
bility space, and L*(P, H) stands for the space of all H-valued
random variables x such that

Bl = | JPdP < co. @
Q
Note that L*(?, H) is a Hilbert space equipped with the norm
1/2
Il = (J ||x||2d[P>> . foreach x e Z(®,H). (3)
Q

We denote by Cy(R"; L*(P, H)) the collection of all bounded
continuous stochastic processes ¢ from R into L*(P, H)
such that lim, _, +OOE||(p(t)||2 = 0. It is then easy to check
that Co(R"; L*(P, H)) is a Banach space when it is endowed
with the norm ||go||Co i= sup,ep+llo(®)ll,. Similarly, Co(R™ x
L*(P, H); L*(P, H)) stands for the space of the continuous
stochastic processes f : R x L*(P,H) — L*(P,H) such
that

Jim E|f .2 =0 (4)

uniformly for x € K, where K ¢ L3P, H) is any bounded
subset. Additionally, W(¢) will be a two-sided standard
one-dimensional Brownian motion defined on the filtered
probability space (Q, F,P,#,), where #, = o{W(u) -
W) u,v <t}

2.1. Sectorial Linear Operators. A closed and linear operator
A is said to be sectorial of type @ and angle 0 if there exist
0<60<m/2,M > 0,and @ € R such that its resolvent exists
outside the sector @ + Sy := {@ + A : A € C,|arg(-A)| < 6}
and (A - A) 7' < M/[]A-@|,A ¢ @+ S,.

Definition 1 (see [2]). Let A be a closed and linear operator
with domain D(A) defined on a Banach space X. We call
A the generator of a solution operator if there exist ® € R
and a strongly continuous function S, : R* — £(X) such
that {A* : Re(l) > @} c p(A) and A*'(A* — A)lx =
_[OO e_)‘tSa(t)xdt, Re(A) > @, x € X.Inthis case, S, (-) is called

0
the solution operator generated by A.
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We note that if A is sectorial of type ® with 0 < 0 < 7(1 -
«/2), then A is the generator of a solution operator given by
Selt) = (1/2mi) [ A1 (A% ~ A)dA,t > 0, where y is a
suitable path lying outside the sector @ + Sy. Recently, Cuesta
in [1] proved that if A is a sectorial operator of type @ < 0
for some M > 0and 0 < 6 < (1 — «/2), then there exists a
constant C > 0 such that

CM
IS 0]l <

—_— 5
1+ |@|t* ®)

Remark 2. Note that S, (¢) is, in fact, integrable. For more
details on the solution family S, (¢) and related issues, we refer
the reader to [31-33].

2.2. Square-Mean Asymptotically Almost Automorphic Pro-
cesses. We recall some basic facts for a symptotically almost
automorphic processes which will be used in the sequel.

Definition 3 (see [22]). A stochastic process x R —
L2(P, H) is said to be stochastically continuous if
limE|lx (1) = x (5)]” = 0. 6)

Definition 4 (see [17]). A stochastically continuous stochastic
process x : R — L*(P, H) is said to be square-mean almost
automorphic if, for every sequence of real numbers {s;}n N
there exist a subsequence {s,},,cp and a stochastic process y :
R — L*(P,H) such that

Jim Eflx (¢ +5,) - y@®|* =0,
, @)
Jim Elly (¢ -s,) - x (0] =0

hold for each t € R. The collection of all square-mean almost
automorphic stochastic processes x : R — L*(P,H) is
denoted by AA(R; L*(P, H)).

Definition 5 (see [17]). A function f: R x L*(P,H) — L*(P,
H), (t,x) — f(t,x), which is jointly continuous, is said to be
square-mean almost automorphic if f(t, x) is square-mean
almost automorphic in t € R uniformly for all x € [, where
K is any bounded subset of L*(P, H). That is to say, for every
sequence of real numbers {s,} ., there exists a subsequence

{s,.}eny andafunctionf: RxL?(P,H) — L*(P,H) such that

nlgng()E“f (t+s,x)- f(t x)"2 =0,
~ , (8)
Tim E|f (t=s,x) = f(tx)] =0

for each t € R and each x € K. Denote by AA(R x L3P, H);
L*(P,H)) the set of all such functions.

Lemma 6 (see [22]). (AA(R; L*(P, H)), | - o) is a Banach
space equipped with the norm

1/2
b

Ixlloo = supllx ()], = sup(Ellx ()*) )
teR teR

for x € AA(R; L*(P, H)).
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Lemma 7 (see [17]). Let f: R x L*(P,H) — L*(P,H), (t, x)
— f(t, x) be square-mean almost automorphic, and assume
that f(t,-) is uniformly continuous on each bounded subset
K ¢ L*(P,H) uniformly for t € R; that is, for all ¢ > 0, there
exists & > 0 such that x, y € K and E|lx — y|> < & imply that
Ellf(t,x) - f(t, y)||2 < eforallt € R. Then for any square-
mean almost automorphic process x : R — L*(P,H), the
stochastic process F : R — LA(P, H) given by F(-) := f(-, x(:))
is square-mean almost automorphic.

Definition 8 (see [25]). A stochastically continuous process
f:R" — L*(P,H) is said to be square-mean asymptotically
almost automorphic if it can be decomposed as f = g + h,
where g € AA(R;L*(P,H)) and h € C,(R*;L*(P,H)).
Denote by AAART; L*(P,H)) the collection of all the
square-mean asymptotically almost automorphic processes
f:RY — L*(P, H).

Definition 9 (see [28]). A function f : R* x L*(P,H) —
LA(P,H), (t,x) — f(t,x), which is jointly continuous, is
said to be square-mean asymptotically almost automorphic
if it can be decomposed as f = g + h, where g € AA(R x
L*(P,H); L*(P,H)) and h € Cy(R* x L*(P, H); L*(P, H)).
Denote by AAA(R" x L*(P, H); L*(P, H)) the set of all such
functions.

Lemma 10 (see [28]). If f, f,, and f, are all square-mean
asymptotically almost automorphic stochastic processes, then
the following hold true:

() fi+ f, is square-mean asymptotically almost automor-
phic;
(II) Af is square-mean asymptotically almost automorphic
for any scalar A;

(IIT) there exists a constant M > 0 such that

sup,e+Elf(D)I” < M.

Lemma 11 (see [28]). Suppose that f € AAAR™; L*(P, H))
admits a decomposition f = g+h, where g € AA(R; L*(P, H))
and h € Cyo(R*;L*(P,H)). Then {g(t) t € R} ¢
{f@t):t e R*L

Corollary 12 (see [28]). The decomposition of a square-mean
asymptotically almost automorphic process is unique.

Lemma 13 (see [28]). AAA(RY; L*(P, H)) is a Banach space
when it is equipped with the norm

”f"AAA(R*;LZ([FD,[I-[I)) = suplg (f)||2 + sup|lh ()l (10)
teR teR*

where f = g +h € AAARY;LA(P,H)) with g € AA(R;
L*(P,H)), h € Co(R"; L*(P, H)).

Lemma 14 (see [28]). AAA(R™; L*(P, H)) is a Banach space
with the norm

/
Il = supls @I, = sup(ELr OF) "

Remark 15 (see [28]). In view of the previous lemmas it
is clear that the two norms are equivalent in AAA(RY;
L*(P, H)).

Lemma 16 (see [28]). Let f € AA(R x LY(P, H); L*(P, H))
and let f(t, x) be uniformly continuous in any bounded subset
K ¢ L*(P,H) uniformly fort € R*. Then f(t, x) is uniformly
continuous in any bounded subset K ¢ L*(P, H) uniformly for
teR.

Lemma 17 (see [28]). Let f € AAA(R" x L*(P, H); L*(P, H))
and suppose that f(t,x) is uniformly continuous in any
bounded subset K ¢ L*(P, H) uniformly for t € R*. If u(t) €
AAART; L*(P,H)), then f(-,u(-)) € AAARY; L*(P, H)).

We now give the following concept of mild solution of (1).

Definition 18. Let S, (t) be an integrable solution operator on
L*(P, H) with generator A. An % ,-adapted stochastic process
x : [0,400) — L*(P,H) is called a mild solution of the
problem (1) if x(0) = u, is F,-measurable and x(t) satisfies
the corresponding stochastic integral equation:

x(t) = S, () [ug = £ (0,u)] + f (£, x (1))

t (12)
+J- Se(t=5)g(s,x(s))dW (s), t=0.
0

3. Main Results

In this section, we establish the existence of square-mean

asymptotically almost automorphic mild solutions to the

problem (1). For that, we need the following technical results.
First, we list the following basic assumptions.

(HI) The operator A is a sectorial operator of type @ < 0
for some M > 0and 0 < 0 < 7(1 — «/2), and then
there exists C > 0 such that

CM

e — >0, 13
1+ |@|t* (13)

ISa O <
where S, (t) is the solution operator generated by A.

(H2) The function f € AAA(R" x L*(P, H); L*(P, H)) and
there exists a continuous and nondecreasing function
Ly [0,+00) — [0,+00) such that for each r > 0

and for all E||x|*> <, E||y||2 <r,
E|lf .0 - ft.y)| <L, 0 Ejx—y> (4

forallt € R*.

(H3) The function g € AAA(R" x L*(P, H); L*(P, H)) and
there exists a continuous and nondecreasing function
L,: [0, +00) — [0, +00) such that for eachr > 0 and

for all E|x|* < r, E|y|* <,
Elgt,x)- gty <L, Elx-y 05

forallt e R*.



(H4) We have

r Ly@r
6(CM)*> (CM)?

o]

(16)

@7 (1= 1/a) L, (r) ]
- — Ar

asin (/)

@ * (1 - 1/a)n
asin (/o) 9

1
> 1+ M, +
< (CM)2> /
where My = supt€R+E||f(t,x(t))||2 and M, =

sup,cg+ Ellg(t, x(£)I”.

(H5) The operator A is a sectorial operator of type @ with
0 < 0 < 7(1 — «/2), and there exists ¢(-) € L'(R")
such that

2 .
IS0 <¢®) vezo0, lim p®)=0, (1)
where S, (t) is the solution operator generated by A.

Lemma 19. Suppose that assumption (HI) holds and let f €
AAA(R™; L*(P,H)). If F is the function defined by

F(t) = Jtsa (t—s)f(s)dW(s), t=0, (18)
0
then F € AAA(R™; L*(P, H)).

Proof. Since f € AAA(R"; L*(P, H)), we have by definition
that f = g + h, where g ¢ AA(R;L*(P,H)) and h ¢
Co(R*; L*(P, H)). Then

t
F(t) = L Se (t=5)g(s)dW (s)
+Jtsa (t = 5) h(s) AW (s)
0

= Jt S (t=35) g (s)dW (s)
~co (19)

-JO S, (E—5) g (s)dW (s)

+Jtsa (t = $) I (s) AW (s)
0

=G{)+H(1),

where G(t) = jfoo S, (t=5)g(s)dW (s) and H(t) = — jf’oo S, (t—
$)g(s)dW (s) + _[Ot Sa(t = )h(s)dW (s).

First we prove that G(t) € AA(R; L*(P, H)). Let {s;}nGN
be an arbitrary sequence of real numbers. Since g €

AA(R; L*(P, H)), there exists a subsequence {s,,},,cn Of {s;}
such that for a certain stochastic process g

neN

Tim Ellg (¢ +s,) - g @ =0,
) (20)
lim E|g(t-s,)-g®] =0
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hold for each t € R. Now, let W(o) := W(o + s,) — W(s,)
for each o € R. Note that W is also a Brownian motion and
has the same distribution as W. Moreover, if we let G(t)=

Ltoo Sa(t—5)g(s)dW (s), then by making a change of variables
0 = s —s, to get (see the equation (10.6.6) in [34])

E|G(t+s,) - G(t)”2

=E rﬂﬂ Sy (t+s,—s)g(s)dW (s)

‘ 2 (21)
- j_ Se (t=35)g(s)dW (s)

2

_E I_ S, (t-0)[g(0+s,) - §(0)] AW (o)

and, hence, using the Itos isometry property of stochastic
integral, we have the following estimations

E|G(t+s,) - C~}(t)|'2
<5([ Isu-olo(o+s) -0

< | _Is.e-olElg(o+s) - g do

t cM ’
coptotce -0 (i)
<§1€1£ "g( +5,) g()" o \ 1 +|®@| (t = 0)* 7

1

< (CM)*supE|\g (t +s,) - g (t 2J’Oo—ds
(CMY'supBlg(t+5,) =GO ) oy

- CEM)je (1 - V) n
B o sin (/)

supEllg (t +5,) - g @]
(22)

Then by (20), we obtain that lim, _, . E|G(t +s,,) — @y(t)ll2 =
0 for each t € R. In a similar way, we can show that
limnﬁooElla(t -s,) — G(t)ll2 = 0 for each t € R. Thus we
conclude that G(-) € AA(R; L*(P, H)).

Next, let us show that H(-) € C,(R*; L*(P, H)). Since h €
CO(R+;L2([P’, H)) and 1/(1 + |@|s*)* is integrable in [0, +00),
for any sufficiently small € > 0, there exists a constant T > 0
such that E[|A(s)|” < e and [ (1/(1 + |@]s*)*)ds < & for all
s> T. Then, for all t > 2T, we obtain

ElH @)

t/
=E J 2S(x(t—.s)h(s)dW(s)
0

+ Jt Sq (= 8)h(s)dW (s)
t/2

2

0
—J Se (t=35)g(s)dW (s)
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t/2
<3E (j IS, (¢ - s)h(s)||2ds)
0

+35 ([ 5= 9h) ds)

||S t-5)g )| ds)

t/2

(
(

= |a)|(t ) Ellh (s)|ds

CM 2 )
+3LKTﬂa§:y>MM%ds

’ cM ) .
+3L>o<m) Ellg ()| ds

t
1
< 3(CM)*su E||h(t)||zj — s
. 1 (1+ @] %)

) t/2 1
+3(CM) sj s
o (1+]@|s%)
1

3(CM)*supE tzro—d
+3CMyswpBlg O ) o s

<3(CM)* supEllh(t)H j (;ds

teR* 1+|@|s*)?
FICMPe | s
0o (1+]|®|s%)
1
+3(CM)supElg () J — L4
lg I TR

-1/ _
<3(CM)’s (supEnh(t)nZ P Bl Gl VL
teR* asin (7/ar)

2
+supE| g (0| )
teR
(23)
This inequality proves the assertion since & is arbitrary.

Recalling that F(t) = G(t) + H(t) for all t > 0, we get
F(t) € AAA(RY; L*(P, H)). The proof is completed. O

It is easy to see that, by arguments similar to those in the
proof of Lemma 19, we have the following result.

Lemma 20. Suppose that assumption (H5) holds and let f €
AAA(R"; L*(P,H)). If F is the function defined by

F(t) = J(:Sa(t—s)f(s)dW(s), t>0, (24)

then F € AAA(RY; L2(P, H)).

Now, we are ready to establish our main results.

Theorem 21. Assume that (H1)-(H4) hold. Then there exists
e > 0 such that for each u, € B,(0,L*(P,H)) there exists
a unique square-mean asymptotically almost automorphic
mild solution x(-,u,) of the problem (1) on [0, 00) such that
x(0,uy) = u.

Proof. We define a nonlinear operator Y by

(Yx) (£) = Sy (1) [tig = £ (0,19)] + f (£, x (1)
t (25)
+ J Sat=5)g(s,x(s))dW(s) t=0.
0
First we prove that Y(AAA(R"; L*(P,H))) ¢ AAA(R";

L*(P,H)). Given x € AAA(RY; L*(P, H)), from the proper-
ties of {S,(¢)}0> f> and g, we infer that Yx is well defined and
continuous. Since x(t) is bounded, we can choose a bounded
subset KK of L*(P, H) such that x(t) € K forall t € R*. It
follows from (H2) and (H3) that both f(t, x) and g(¢, x) are
uniformly continuous on the bounded subset K uniformly for
t € R*. Moreover, from Lemmas 17 and 19 and taking into
account (H1), it follows that Yx € AAA(RY; L*(P, H)).
Now, by (H4), there exists a constant > 0 such that

ro Le(r)r -
6(CM)*  (CM)?

1
> <1 + (CM)2>Mf+
(26)

Let 0 < A < 1. We affirm that the assertion holds for ¢ = Ar.
In fact, let u, € B,(0, L*(P,H)). Define the space D = {x €
AAART; LA(P,H)) : x(0) = uy, E || x(t)|* < r,t > 0}. Then
D is a closed subspace of AAA(R™; L%(P, H)). We claim that
YDcD.Ifx € Dandt € R", we get

@ % (1= 1/a) 7L, (r)r

asin (7/a)

oY (1-1/a)
asin (7/cx) g

Ell(Yx) ()

< 3E||S, (t) [ug — £ (0,up)]|* + 3E|| f (t.x 1))

2

+3E Jt Se (t—=5) g (s,x(s))dW (s)
0

< 6(CM)? [Elluo " + EILf (0,15)]°]
+3E|f (6 x(8) - £ (£,0) + f (,0)|
+3E <J [Ss (t = 5) g (s, x (s))||2ds)
0

< 6(CM)*Ar + 6(CM)’E||f (0, ”0)”2

+6L; (r)r+ 6supE||f (t, 0)||2
teR*

[ 1 ?
+ 6(CM) [Jo <—1 110 (t—s)“) L, (r)rds

t 1 2
+L<1+|@|(t—s)“

) lotsoras]



< 6(CM)*Ar + 6(CM)* M + 6L ; (r) r + 6M

6(CM)* @™ * (1-1/a) 7
+ ocsin (7/e0) [Lg(r)r+Mg],

27)

which from (26) implies that E|l(Yx)®)|* < rforallt > 0,
and so that YD ¢ D.

Next, to complete the proof, we need to show that Y() is
a contraction from D into D. By (26), we know that

r_Lior @rta-vord,or oo
6(CM)*  (CM)* a sin (/)
(28)
That is,
r Ly(mr o0 -1/a)ynL, (r)r
7 > T+ - + Ar.
6(CM) (CM) o sin (/)
(29)

Then, one has

6(CM)* @™ * (1 - 1/a) 7
asin (/)

6L s (r) + L, (r) + 6AM(CM)* < 1.

(30)

For any x, y € D and t > 0, we have

E|(Yx) (&) - (Yy) O

<2B|f (tx () - f (L y )

2

+2E L Set=35)[g(sx(s) =g (s, y(s)] AW (s)

<2L;(r) flﬂlgE"x -y
E ¢ 2
200 [ (o)
x E|g (s,x(s)) = g (s, y ()] ds

<2Lg (r) supE"x -y (t)"2
teR*

) 2CM? @Y (1= 1)) 7

asin (r/«) Ly

x supE|lx () - y (t)
teR*

2CM>? @Y (1= 1)) 7
asin (71/«)

< 2Lf (T) + Lg (7")

x supE|x (f) - y(t)||2.
teR*
(31)
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Thus, we get
”YX - Yy"oo
= sup(E[(x) () - (v3) 0fF)”
teR*
< \/zL (e 2EM IR A~ Ve,
= f asin (/a) 7 Moo
(32)

It follows from (30) that Y is a contraction mapping on D.
So by the Banach contraction mapping principle, we draw a
conclusion that there exists a unique fixed point x(-) for Y in
D. It is clear that x is a square-mean asymptotically almost
automorphic mild solution of (1). The proof is complete. [

The next result is proved using the similar steps as in the
proof of the previous result, so we omit the details.

Theorem 22. Assume that (HI1)-(H3) hold. Ifo(r) =Ly
and Lg(r) =1L, forall r > 0 and Ly+ CcM)?|o|™* -
l/oc)nLg/(xsin(ﬂ/oc) < 1/2, then for every u, € L2(P, H),
there exists a unique square-mean asymptotically almost auto-
morphic mild solution x(-, u,) of the problem (1) on [0, co) such
that x(0,u,) = u,.

Theorem 23. Suppose that assumptions (H2), (H3), and (H5)
hold. If Ly(r) = Ly and L,(r) = L, forall v > 0 and
Ly+ Lg||¢||1 < 1/2, then for every u, € L*(P, H), there exists
a unique square-mean asymptotically almost automorphic
mild solution x(-,u,) of the problem (1) on [0, 00) such that
x(0,uy) = u.

Proof. Consider the nonlinear operator Y given by

(Yx) (t) = S, (t) [ty — £ (0,up)] + f (£, x (1)),

t (33)
+J Set=5)g(s,x(s))dW(s), t=0.
0

First we prove that Y maps AAA(R™; L*(P, H)) into itself.
Given x € AAA(RY;L*(P,H)), from the properties of
{Se(O}s0> f and g, we infer that Yx is well defined and
continuous. Since x(t) is bounded, we can choose a bounded
subset K of L*(P,H) such that x(t) € K for allt € R*.
It follows from conditions (H2) and (H3) that both f(t, x)
and g(t, x) are uniformly continuous on the bounded subset
K uniformly for t € R". Moreover, from Lemmas 17 and
20 and taking into account (H5), it follows that Yx ¢
AAARY; L2 (P, H)).

Next we prove that Y is a contraction mapping from
AAA(R"; L*(P,H)) into itself. Note that we have already
proved Y(AAA(R"; L*(P, H))) € AAA(R™; L*(P, H)). More-
over, for any x, y € AAA(RY; LZ([P’, H)) and t > 0, we have

E|(x) (8) - (Yy) O

< 2E|f (t,x®) - £ (6 y )]
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+2E J Sy (t—5)[g(s,x(s)— g (s, y(s))] dW (s)

0

< 2L psupE||x (t) - y Ol
teR*

t
+2 L ¢t-s)E|g(s,x(s)—g(sy (s))“zds

< 2LfsupE||x ® -y (t)||2
teR*
+2L jsupE||x (1) - y(t)“zj ¢ (s)ds
teR* 0

<[22y 2L l¢l] supElx ) - y O
(34)

Therefore

[Yx =Yy, = sup(E[(vx) ) - (xy) @)
teR*

< \2Lg +2Lg[¢ [x = yleo-

That is, Y is a contraction mapping on AAA(R™; L2(P, H)).
By the Banach contraction mapping principle, Y has a unique
fixed point x(t) € AAA(R";L*(P,H)). It is clear that x
is a square-mean asymptotically almost automorphic mild
solution of (1). The proof is then complete. O

(35)

4. An Example

In this section, we apply the results obtained previously
to investigate the existence of square-mean asymptotically
almost automorphic mild solutions for the following partial
stochastic fractional differential system:

% [u(t, £) - J;Oa(t) a, (t - 5)u (s, ) ds]

2 t
= ]f‘_l (66_52 —v)[u(t,f)—[ a(t)a (t—s)u(s,f)ds]

+ r a(t)a, (t—s)u(s,&)dsdW (1),

u(t,0)=u(t,m) =0,
M(O,f) :uO (E))

t>0,

5 el=[0,n],
(36)

where a € AAA(RY;R), a;,a, : R* — R are continuous
functions, and v > 0 is a fixed constant.

Let H = L*([0,7]) with the norm | - || and A : D(A) <
H — H be the operator defined by Ax = x" — vx domain
D(A) = {x e H: x"" € H,x(0) = x(7) = 0}. It is well known
that Ax = x" is the infinitesimal generator of an analytic
semigroup {S(t)},5, on H. Furthermore, A is sectorial of type
©=-v<0.

In the sequel, we assume

0 1/2
Ly =talo( [l 9ds) < oo
- (37)

0 5 1/2
L,= ||a||OO<J |ay (=9)] ds) < 00.

Now, we can define the functions f,g : R* x L*(P,H) —
L*(P, H) by

0

Fe0@®=a0 | aCoxepds

00

0
gt0®=a) | aC9xnds 69
-1 _ ‘ (t B 5)“72
J; h(t) = _L mh(s) ds,

which permits to transform the system (36) into the abstract
system (1). Moreover, it is not difficult to see that f, g are con-
tinuous and Lipschitz in the second variable with Lipschitz
constants L ; and L ;, respectively.

The next result is a consequence of Theorem 22.

Theorem 24. Under the previous assumptions, (36) has a
unique mild solution x € AAA(RY; LX(P, H)) whenever Ls
and L ; are small enough.
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