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Abstract

This article is devoted to deduce the expression and the main prop-
erties of the Green’s function related to a general constant coefficients
fractional difference equation coupled to Dirichlet conditions. In partic-
ular, it is proved that such function has constant sign on their set of
definition and, moreover, it satisfies some additional strong sign condi-
tions that are fundamental to define suitable cones, where to ensure the
existence of solutions of nonlinear problems.
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1 Introduction and Preliminaries

In recent years the study of fractional calculus has grown, this is due to the
fact that it considers integrals and derivatives of arbitrary orders, which allows
modeling many real phenomena in which the value that the solution takes at a
given instant depends on the value of the solution in all the previous moments
of the process. So, this calculus is useful when several fields as viscoelasticity,
neurology or control theory, are considered [13, 14, 15, 17, 18, 19].

In [16] it is developed an analogous theory for fractional difference equations.
One can see at the monograph [12] the main tasks of this theory. As usual, we
will denote N, = {a,a+ 1,a+2,...} for a € R, and [c, c+no|n. = [¢, c+no] NN,
for ¢ € R and ng € Nj.



In [1, 2] the general expression of several linear nth order initial value prob-
lems is obtained. They use Ro(f(t))(s) the Laplace transform on the time scale
of integers [7, 10], which is defined by the following expression:

o t+1
RGO =3 (s17) 10,

In [3] it is proved that for all (¢,s) € [v—2,v+ b+ 1]n,_, x [0,b+ 1],, the
following function

(v—1) \(v—1) _
Mf(tfsfl)(v Dos<t—v+1,

1 (CESY)
Go(t,s) = =——{ bt o
F(U) %, t_’U—'—].SS,

is the related Green function to the Dirichlet problem

~AVy (8) = h(t+ v —1), t € 0,b+ L,
yw=2)=y+b+1)=0,

withveR, 1<v<2andbeN.

Moreover, they prove that Go(t,s) > 0 for all (t,s) € [v—1,v + bln,_, X
0,0+ 1], -

Using previous expression, in [9] is ensured, for a suitable range of values of
the nonconstant function a(t), the positiveness of the Green’s function related
to the following Dirichlet problem

“Ayt)+at+v-—1y(t+v—-1)=h(t+v—-1),
yo—-2)=y(v+b+1)=0,

for t € [0,0+ 1]n,, where v e R with 1 <v <2 and be N, b > 5.
Continuing in the direction of the two previous papers, in this work we
consider the problem

—Ay(t) +aAty(t+v—p—1) = h({t+v-—1), (1)
ylvo—2) = yv+b+1)=0, (2)

fort e I =1[0,b4 1]n,-

Here p, v € R such that 0 < p < 1 and 1 < v < 2; AY and A are the
standard v-th and p-th order Riemann—Liouville fractional difference operators,
respectively; « is a real constant and h : I — R.

On next section we will use the Laplace transform Ro(f(t))(s) to obtain
the general expression of equation (1) and, by applying such expression at the
Dirichlet conditions, we deduce the explicit values of the Green’s function related
to Problem (1)—(2). As we will see in section 3, such Green’s function has some
symmetric properties and is positive on [v — 1,v + b]y,_, % [0,b + 1]y, for all
a>0and v — p—1> 0, which improves the results given in [3].

Moreover, on section 4 we will deduce some strong positiveness conditions on
the Green’s function that allow to construct suitable cones where to deduce the
existence of solutions of related nonlinear problems. We finalize the paper, in
section 5, where we show the applicability of such properties to some nonlinear
problems.

Before constructing the Green’s function, we first recall some basic defini-
tions and lemmas, which will be used till the end of this work.



Definition 1.1. We define t(¥) = F(Ft(flri)v) , for any t and v for which the right-
hand side is well defined. We also appeal to the convention that if t +1 — v is

a pole of the Gamma function and t + 1 is not a pole, then t™*) = 0.

Definition 1.2. The v-th fractional sum of a function f, for v > 0 and t €
Ny, is defined as

ATYf(t) = ATV f (t;a)

@1 f(s).

We also define the v-th fractional diﬁerence forv>00by AV f(t) .= ANAV=Nf(t),
where t € Ngy,, and N € N is chosen so that 0 < N —1<v < N.

Lemma 1.3. ([11, Lemma 2.3]) Let t and v be any numbers for which t™) and
t=1 be defined. Then At(?) = pt(v=1),

2 Construction of the Green’s Function

In this section, we will characterize in Theorem 2.1 the uniqueness of solution
of Problem (1)—(2) and construct, in such a case, its related Green’s function.

To this end we use the main properties of the Laplace transform showed in
[4]. Thus, from Lemma 2.2 of [4], we have

Ro [A"y(1)] (s) = s"Ry—2 [y(t)] (s) — sA — B, 3)

where A = [AV=2y(t)],_, and B = [AV"1y(t)],_,. Observe that

A= [A2y()],_, = [A7Cy()]

B t=0
1 t—(2—v) ( )
e — (t —5— 1) 2—v—1 (S)
2 —wv) 3:1)22 Y B
- ﬁ(l o)y -2) =y(v-2), (4
and
B =[],
1 t+(v—1)
= lta—y = ==V
s=v—2 —0
- ﬁ [(1 — )Ty (v = 2) + (—0) Ty - 1)

(1-v)ylv—2)+y(v—1).



Denote by Y1(t) = y(t + v — u — 1). Then,

o0

Raliole = 3 (5 )mm(t)

Moyl s+1

o0

- Z (Si1>t+1y(t+vu1)

t=p—1

=2 <si1

(s p 1t Y (sil)my(t)

t=v—2

= (s + )" " Roa [y(1)] (). (5)

t—v+p+141
) y(t)

From Lemma 2.2 of [4], we have

Ro [AMy ()] (s) = s" Ry [y(1)] (s) — [A* " y(t)],_, - (6)
From (5) and (6), we obtain

Ro [A"Y(1)] (s)
= "R, ()] (s) - [A* ()],
=" [(s+1)" "Ry [y()] (s)] = [A* VI ()], - (7)

Now, consider

(A (@), = [A7TY (1)

0 t=0

1 t—(1—p)

“|frmg X -G

s=p—1 =0

[ 0w ( :

=|=— t—s—1DI P Vy(s4+v—p—1
Fro o (s )0 s o) 0

L t=

1 —H

—ylv—2) = A (8)

s=p—1

Using (4) and (8) in (7), we have

R [APY1(0)] () = s(s + 1)V Rya [y(1)] (s) — Al (9)



Denote by Hy(t) = h(t + v —1). Then,

=(s+1)" > < ! )mh(t)

t=v—1

=(s+ 1)t t§2 <s i 1)t+1 h(t) — h(v —2)

=(s+ 1)V Ry o [h(t)] (5) — h(v — 2). (10)

Apply Ry to each side of (1) and employ (3), (9) and (10), we obtain

= [s"Ru—2 [y(®)] (s) = sA = Bl + a [s"(s + 1) "7 Ry [y()] (5) — A]
= (54 1)" " Ry_s [h(t)] (5) — h(v — 2).

Rearrange terms and obtain

(sV —ast(s+ 1)V 1) Ry_a [y(t)] ()
=(s—a)A+B—(s+1)""'R, o [h(t)] (s) + h(v —2).

This implies that

R, - [y(t)] (8) = (SU _ assf(s_f)l)v—u—l)
1
* (sv —ast(s+ 1)1’—“—1)3
S (sv — oEj:(_sli 1)v—r-1) Ro—2 [h(t)] (s)
+ ! h(v —2). (11)

(s¥ — ast(s+ 1)v—n—1)



Denote by Z(t) = y(t + n(v — p — 1)). Then,

RosenZ0] ()= 30 (5 )mzw
-y (Sil)myum(v—u—l))

t=(n+1)v—np—2

DS (8 - 1>t+1 y(t)

t=(n+1)v—npu—2
(s 1M R s (8] (5) (12)

Consider
s
sV —ash(s + 1)v—r-1L
1
sVl — ast1(s 4+ 1)v—r-1
1 1
s 1 —astv(s+ 1)v—r—l
1 1

o1 [1_ - (@)”*“*1}

S S

— OO( ) (s+1>kv_k“_k

k:

- 1
— k kv—kp—k
=2 M D
k=0
o (5 4+ 1otk s (O] (5)
L((k+1v—kp—1)
Ry ok [(t+ k(v — g — 1)) Dv—kn=2)] (4)
' . (By (12 1
" Tkt Do ki) By (12) (1)

1
gl

(By Lemma 2.1 of [4])

8

B

=0

We observe that

[+ B(w = o = 1)) Do—h=2)] =0, 1=0,1,-,(k—1).
t=v—2+1

Thus, from (13), we have

Z k R, 2 t + k(’U o 1))((k+1)v*ku72)] ($>

sv — as/‘(s—l—l yo—p—l T((k+1v—ku—1)

— L (t+ k (v — p — 1)) ((kHD)v—kpu=2)
- fh Z . = Do —kp— 1) (s)
= Ry [Fl (t7 a, v, 1“)] ( ) (14)



Observe that Fi (¢, o, v, u) defines finite sum in the domain we choose to work
here. Indeed,

n

— 1)) (A v=kp=2)

t+kv—
| (t, i , n=0,1,2,---.
*v ILL Zoa k‘—|— )U—k/,l,—l) t=v—2+n "
Clearly,
(v—2)=2)
Fi(v—-2 =——=1.
I(U 70571)7/1’) F(U*l)
Similar to (12), we have
Ry—14n [Z(8)] (s) = (s + )" 7™ " Rini1yo—np—1 [y(t)] (). (15)
Consider
1
sV — ast(s+ 1)v—r-t
1 1
sV 1 —astv(s+ 1)v—rl
1 1

:?{1_9(ﬂ)”_“_1}
1 [’} ark s+1 kv—ku—k
=2 (5) ( ; )

k=0
- 1

— k kv—ku—k

—;:a(&+u T
S Ristyo_ipy [t(+D0—R=D] (5)

— k 1) kv—ku—k (k+1)v—kp—1 By L 01 of 4
kzzoa (s+1) T((h + Do — Jop) (By Lemma of [4])
20 Rocign [(t+ k(v — p— 1)) (FDv=ku=1)] (5)

- * . (By (15 16
k:oa L((k+1)v—ku) (By (15)) (16)

We observe that

{u+k@—u—1m“ﬂw4w4q =0, 1=0,1,--,(k—1).
t=v—1-+1



Thus, from (16), we have

1
sv — ozsl‘(s + l)U—#—1
i . [(t+ k(v — p — 1)) ((k+Dv=ku=1T ()
@
= L((k —|— v — ku)
7 = k(v — g — 1)) (EFDu—kp—1)
= R Z k—f—l)v—ku) s
B N k(v — p— 1)) ((HDv—ku=1)
= Ho- ZO‘ F((k—i—l)v—ku) §
00 t+ ]{3 ’U o 1))((k+1)v—ku—1)
—(s+ 1)t ak By (2.2) of [4
[Z s e I L

=R,_
2 T((k 4 1)v — kp)

=Ry s [Fz(t,a,vvu)]( )- (17)

(t+k(v—p-— 1))((k+1)v—ku—1)
Za 9

Observe that Fy(t, o, v, ) defines finite sum in the domain we choose to work
here. Indeed,

n

Fy(t,a,v,p) = Zak

k=0

(t+ k(v — p — 1)) ((BHDv—kp=1)
F((k + 1)U - k:u) t=v—2+n

,’I’L:O,l,Q,"'

(18)
Clearly,
(v —2)=1

FQ(’U_Qvaa’U,/J’): F(’U)

= 0.
Using (14) and (17) in (11), we obtain
Ry [y(0)] (5) = ARu_2[Fi(t, 0, v, 1) — aFs(t,, 0, )] (5)
+BR, 2 [F2 (t’ Q,v, /’L)] (S)
— (s +1)" ' Ry_z [Fa(t, a, v, )] (5) Ru—z [h(2)] (5)
+ Ry—2 [Fa(t, o, v, )] (s)h(v — 2).
That is,
Ry [y(t)] (S) = ARU*Q [Fl(tv a, v, /1') - CkFg(t, a, v, /1')} (5)
+ BRy—o [Fao(t, o, v, 1)) ()

— Ry_o [Fa(t,a, v, i) %y—2 h] (s) (By Lemma 2.4 of [4])
+ R, 2 [FZ(tv a,v, :U’)] (S)h(U - 2) (19)

Apply to each side the inverse of R,_o, we obtain

y(t) = A[F1(t, a,v, 1) — aFs(t,a,v, p)] + B[Fa(t, o, v, p))
- [FQ(tv o, v, ,Ll,) *p—2 h} + [FZ(ta a, v, p,)] h(’U - 2)



That is,
y(t) =A [Fl(ta «, v, :U/) - aF2(ta o, v, :U/ﬂ + B [FQ(tv «, v, /J/)]

- > B(t—s+v-2,0,0,mh(s) (By (24) of [4])

s=v—2

+ [Fa(t, o, v, )] h(v — 2).
That is,

y(t) = A[F1(t, a, v, 1) — aFs(t, a, v, p)] + B [Fa(t, a, v, p)]

Z Fy(t—s+v—2,a,v,u)h(s). (20)

s=v—1

Using y(v — 2) = 0 in (20), we have

0=A[Fi(v—2,a,0,u) — aF3(v —2,a,v, )] + B [Fa(v — 2, o, 0, )]
v—2
- Z Fy(v—2—s+v—2,a,v,u)h(s).

s=v—1

That is,
0=A. (21)
Using y(v 4+ b+ 1) =0 in (20) and taking A = 0, we have
v+b+1
0=B[Fa(v+b+1,a,v,u)] — Z Fr(v+b+1—s+v—2a,v,u)h(s),
s=v—1
or
1 v+b+1
B = F b+1-— -2 h
Fz(U+b+1,Oé,U7M)S:UZ;1 2(v+b+ s+v—2a,v,pu)h(s)
1 v+b+1
= F5(2 b—s—1 h(s). 22
Fz(v+b+1,a,v,u)s§1 220 b= =100, 4)he) &)

Using (22) and A =0 in (20), we obtain

v+b+1
Z F2(2U +b—s— 1; a,v,u)h(S) [FQ(ta 04#%#)]

s=v—1

1

t p—
Y= BT bt Lo

t
- Z F(t—s+v—2,a,v,u)h(s).

s=v—1

Rearranging the terms, we obtain

(t v ) v+b+1

12 , O U, [

t) = g Fo2v+b—s—1,a,v,u)h(s
y(®) Fg(v—l—b—i-l,a,v,u)s -~ 2( Jh(s)

t
- Z Fy(t—s+v—2,a,v,u)h(s).

s=v—1



That is,

t

Byt a, v, p)
H = 3 e h 1
/0 s—u—1 {F2(U+b+1,a,v,u) 2(20 + s NN
_Fg(t—s+v—27a’v,u)]h(s)

v+b

FQ(t7a7U,M)
P20 +b—-s—1 h(s).
+S;1 {F2(0+b+17a,vhu) 2(2v + S Lo, v, 1) | h(s)

As a consequence of the previous calculations we arrive at the following result.
Theorem 2.1. Problem (1) — (2) has a unique solution if and only if
Fv+b+1,a,v0,u) #0.
In such a case, denoting by
IL={(ts):v—1<s<t<v+b+1},
and
L={(ts):v—-1<t+1<s<wv+b}

we have that the expression of the related Green’s function is given by the fol-
lowing one:

F(taw.p)

mFQ(2U+b—S—1,a,U,M)—Fg(t—S+U—2,()&,U,M) if (t,8) €I,

Gu(t,s) =

F S QLU, .
mFQ(2U+b—S—LOZ,U,M) if (t,s)€ .

3 Positiveness of the Green’s function

In this section we study the sign of the Green’s function for all a > 0.

Theorem 3.1. Let a > 0 and v — p — 1 > 0. Then Problem (1)—(2) has a
unique solution and its related Green’s function G, satisfies that

Ga(t,s) >0, (t,s)€v—Tv+bly  Xx[v—1v+by

1

Proof. First, notice that the following symmetry property holds:

Go(20+b—1-t,20+b—1-s) = Gu(t,s), (t,5) € [v—Lv+bly  x[v—1v+b]y
(23

.
Consider the expression of function Fy given by (18). Clearly,

Fy(v—2,a,v, 1) =0.

10



Here t € [v—l,v—i—b]Nv_l,that ist=v—2+n,n=1,2,---,b+ 2. Then,

FQ(f,O[,’U,/.L) :FQ(U_2+TL7Q7U’,U)
p(V—2+n+k(v—p— 1)) kFDo—ku=1)

M

a
P I((k+1)v—kup)
:iakf(v—l—kn—i—kv—ku—k)
= I'(n— k) (kv +v—ku)
n—1

RLT(W—14+n+kv—ku—k)
I(n—k)(kv+v—ku)

l
g

[e%

ke
I
= o

<

— (V=24 n+Ek(v—p—1))EtDv=ku-1) (24)
@ T((k+ 1) — kp) '

=~
Il
=]

In particular,
Fry(v—1,a,v,u)=F(v—2+1,a,v,u)

_ ZO: cv=2+n+k(v—p— 1))((k+1)vfku—1)
a T((k + Do — kp)

e

v—1)=1 B
T b (25)

From (24), we have

n—1

-9 (v—-1) -9 k —u—-1 ((k+1)v—Fku—1)
FQ(t,OZ7U,/J,):(U +n) 7_"_20/@(“ tnt (U a ))
k=1

I'(v) T((k+1)v—ku)
B t(vfl) t—v+1 . (t + ]{J(U — - 1))((k+1)v7ku71)

“ T * 2 T((k+ 1)v — kp)

For each t € [v — 1,v + bl

v—1"’

t-b L(t+1) -
L(w) T(t—v+2)T(v) '
Foreachl < k <t—v+landte[v—1v+ b]Nv—l’ since a > 0 and v—pu—1 > 0,
we have that o* > 0 and,
(14 b —p = D)D) Tk
L((k+1)v —ku) STt —k—v+2T((k+ v —ku) ~

Thus, we obtain

t(v=1)
0< W < By(t,a,u,p), tev—TLov+bly .

For each a > 0 and (¢, s) € Io, it follows from (26) that

FQ(ta «, v, I’L)
Gol(t,s) = F(2u+b—s—1,a,v, 0.
69 = Bt bt Layom 22T s mhaw >
Then, from (23), we obtain that G,(t,s) > 0 for each a > 0 and (¢,s) € I; and
the proof is concluded. O

11



4 A priori bounds

In this section, once we have proved that the Green’s function is positive for
a>0and v—pu—1> 0, we will obtain some strong properties on the sign
of the Green’s function. As we will see on next section, these strong properties
will be useful to ensure the existence of solutions of nonlinear problems defined
on suitable cones.

The obtained result is the following

Theorem 4.1. Assume that v — p—1 > 0. Let G, be the related Green’s
function to Problem (1)—(2). Then, there exists a* > 0 such that the following
inequalities hold for any a € (0,a*):

(G) L(1)®(s) < Galt,s) < La(t)P(s), for all (t,s) € [v—1v+bly = x

[v— 1,U+b}NU71, )
where Fyt )
7a7U7l’[’
L(t) = == 0, tev—1,0+b
1() FQ(U+b,OZ,U,M) > U, E[U U+ ]Nu—l’
lo(t) = Fa(t,c,v, ) >0, tefv—Tv+bly |
and

F2u4+b—s—1,a,v, 1)
FZ(U+b+17aa’U7M)

(I)(S): >07 SE[U_17U+b]N,

v—1"

Proof. First, we consider the following value:

Tl Fo(s.0,00)  Fa(utb—s—1,0,0,0)
F(t,a,v, ;
Go(s,9) Btav.u) if (t,s) € L.

F (b0, F bt+l,v,n) Fa(t—stv—2,a,v, ;
Ga(t,S) { b(t,onv,p)  Fa(v4b+l,00v,u) Fa(t—s+v—2,0,v,1) Zf (t,S) cl,
Fa(s,0,041)

In view of (26), for (¢, s) € I1, we have that Fo(v+b+1, a, v, 1) > 0, Fo(s, o, v, ) >
0, Fb(2v+b—s—1,a,u,u) >0, and Fo(t —s+v —2,a,v,u) > 0.
Consequently, we have

Galt,s) { siﬁjgﬁmjﬁ; if (t,s) €,

G(X(S,S) Bat,ov.) ’Lf (t,S) c Ig.

Fa(s,0,0,1)
That is,

Ga(tvs) < Fg(t,Oé,U,/J,)
Gal(s,8) = Fy(s,a,v, 1)’

(t,s) € [v—1v+Dbly  X[v—1Tv+by . (27)

For any t € [v—1,0+b—2]y , and a > 0, we denote by

t—v+3

(v=3) t+ k U o 1))((k+1)v7ku73)
ta) = (v—2)—r
g(,Oé) (U + Z Oé k‘—l—l)v—kzu—Q)

(28)

B to=3 It +1)
g(t,O) = (U_Q)m - (U_ )F(t—v+4)F(U*1)

<0,

12



for each t € [v—1,v+b—2]y . Consider

P t—v+43 t+ k(v — u — 1)) ((B+Dv—kp—3)
00, 3y =33 gt (K0 == 1)
O = N'((k+1)v—ku—2)
. (t + (U —u— 1))(2v—u—3) . t§3 ke (t + k(v o 1))((k+1)u—lm—3)
B L(2v — p —2) P ((k‘-FI)U—k'IU,—Q) '
Clearly, for each t € [v — L,v +b—2]y _,
(4 (-p-1)CD  Ttuep)
I'(2v—p—2) CT(t—-v+3)(2v—p—2) ’
and for each k > 2, ka*~1 > 0 and,
(t+ k(v —p— 1)) (kFDv=hku=3) T(t+k(v—p—1)+1) =0
T((k+ 1)v —ku—2) S T(t—k—v+4AT(k(v—p—1)+k+v—2) '
Thus, from the above discussion, we have
dyg
0<8a(toz) a>0, tepv-TLv+b-2
and
all_{r;@g(t,a) =00, t€v—Lv+b—-2y .
Therefore, there exists a unique @(¢) > 0 such that
g(t,at) =0, tev—1Lv+b-2]g ,andg(ta)<O0forall ac0,alt)).
Now, we define
o :=min{a(t); tev-Lv+b—2]y }>0. (29)
Throughout, we assume that the parameter o satisfies
a € (0,a%).
Consider
o+ k (v — p — 1))(FtDv—kp—1)
AFs(t, a,v
oFalta,v, 1) kz k: +1)v—ku)
0o t+ k(’U o, 1))((k+1)v—ku—1)]
- Z:: F((k—l—l)v—ku)
e t k —u—-1 (k+1)v—kp—2)
=3 ot + k(v ) (30)

k+1)v—k‘p—1)

13



Heret € [v—1,v+b—1]y ,thatist=v—-2+n,n=12,---,b+1. Then,
from (30), we have

AtF2(t?a7UaM) = A75F‘2(U -2+ n,a,v,u)

- i r(v—24+n+k(v—p— 1))((k+1)v—ku—2)
& D((k+1)v—kp—1)
v Tlo—14n+kv—ku—k)
Pn—k+1l(kv+v—Fku—1)

«

Plﬂ8|

r Tw—1+n+kv—ku—k)
F'n—k+1DI'(kv+v—ku—1)
(U —2+n+k(v—p— 1)) kFo—ku=2)
F'((k+1)v—kp—1)

(0%

I
NgER

bl
il

(07

I
NE

>
Il

0

Again, consider

t—v+42 —ku—
g (4 E(v — p— 1)) ((FDv—ku=2)
A Fy(t

oFalt e, ) kZ of T((k+ 1)v— kp—1)

t(v=2) t—v+2 . (t + /ﬂ(’U — - 1))((’C+1)U—k§p—2)

TTo-10 " 2 T Tkt Do—kp—1)

Clearly,

t(v=2) L(t+1)
= 0, tefv-1v+b—1
-1 Ti—otarw-n & fel-Lotb-ly

v—1"

and for each k > 1, ak >0 and,

(t+ k(v — p — 1)) (FDv=hu=2) Ft+k(v—p—1)+1) -0
T((k+1)v—kp—1) STt —k—v+3)T((k+1)v—ku—1)
fort € [v—1,v+b—1]y . Thus, from the above discussion, we have
0 <Auhy(t,a,v,p), tev—lv+b—1y . (31)
Consider
00 t + k‘ ’U — - 1))((k+1)v—ku—1)
A?Fy(t
(v, ) kz T((k+ 1)v — kp)
o t+ k(’U o 1))((k+1)v7k,u71)]
Z L((k + v — kp)
i (t k — 1 — 1))((B+D)v—kp—3)
((k + v —kp —2)

Heret € [v—1,v+b—2]y ,thatist =v—2+n,n=12,---,b. Then, from

14



(32), we have

A?FZ(t7a7U?M) = AQFQ(U_2+TL @ ’U,,U)

k t+ k ’U o, 1))((k+1)vfk,u73)
B Z + Do —kp — 2)

Z v—1+n+kv—ku—k)
Pin—k+2)I'(kv+v—ku—2)

n+1

_Z F'v—1+n+kv—ku—k)
N I'(n—k+2)0(kv+v—ku—1)
B Z (v —2+n+k(v—p—1))kt)v—ku=3) (33)
_k ((k+1)v—ku—2)
Again, from (28) and (33), for each t € [v —1,v+b— 2]y, we have
t—v+3 Ly,
A2F t _ k:(
tFe(t v, p) ;;J “ T((k+ L)v — kp—2)
(v 3) t—v+3 t k P | ((k+1)v—kp—3)
_ " Z + k(v )
T(v—2) k—i—l)v—k,u—2)
=g(t, ) <g(t, a*) =0. (34)

From (31) and (34), it follows that F»(¢, v, v, p) is strictly increasing on [v — 1,v + b — 1]
and A Fy(t, o, v, ) is strictly decreasing on [v — 1,v+b— 2]y .

Now, for (¢,s) € I;, we observe that t < v+b+1and t—s+v—2 < 2v+b—s—1.

Then, we have

Nufl’

FQ(taaa’Uau) <F2(’U+b+1,0¢,’l),/j/),

and
AgFo(2v+b—5—1, 0,0, 1) < AgFo(t — s +v — 2, 0,0, ).
Consider
Fg(t,a,v,,u)
ASGQt’ :AS F 2 b_ _17 sy Uy _F t— _27 s Uy
(9) Fv+b+1,a,0,u) 220 +b-s o, v, ) — Fa(t—s+v a, v, 1)
F(t, o, v, 1)

- AsF 2 b— _]‘7 ¥ _ASF t— _27 s Uy
FQ(U+b+1,a’U,u) 2(U+ s OZU,U,) 2( s+v avu)

<AFQ2u+b—s—1,a,v,u) — AsFa(t—s+v—2,a,v, 1)
<0,

implying that G, (¢, s) decreases in s for each (¢,s) € I1. Thus, we have
Ga(t,t) < Gul(t,s) < Gu(t,v—1), (t,s) € I1.
Then, for (¢,s) € I;, we have

Gu(t,s) < Ga(t,t)  Fa(t,a,v,p) Fo(u+b—t—1,0,0,p)
Ga(575) o GQ(S,S) B FQ(S,O&,U,[L) F2(2U+b757 170‘7113/1’).

(35)
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Also, for (t,s) € I, we have

Ga(t75) _ FQ(t,CY,U,,U)
Ga(878) B FQ(S,CV,U7LL). (36)

For (t,s) € I, we observe that 2v+b—t—1<2v+4b— s — 1. Then, we have
Fo+b—t—1,0,0,u) < Fh(2v+b—s—1,a,v,p),

implying that
FB2v+b—t—1,a,u,pu)

1
F2v+b—s—1,a,v,u)

IN

implying that

FQ(t,OZ,’U,/l) F2(2U+b_t_1aavvvﬂ) < FQ(t7OZ7’U,,U/)
F2(87aaU7M) F2(2U+b—8—17047’l),,u) - FQ(S,OZ,’U,/.L)

Thus, in view of (27), (35) and (36), we have

FZ(t7a7U7:u) F2(2U+b_t_ 170[,7],/1)
Fy(s,a,v,p) Fo(20+b—s—1,a,0, )

That is,

G
<
-G

oty s)  Fo(t,a,v,pm)
o(s,8)

< .
= Fy(s,o,v, )

F2(t7a7UaIU’)F2(2U+b_t_170[7“;/“)
FQ(U-}-I)-FLO(,U,/J/)

Fg(t,a7U,M)F2(2U+b—S— ].,CV,’U,/J,)
Fg(v—l—b—i-l,a,v,,u)

< Galt,s) <

That is,

Fy(t,a,v, ) Fo(2u+b—t —1,a,0, 1) [FQ(2U+bsl,a,v,,u)} <Gt s)
F(2v+b—s—1,a,v,pu) Bv+b+1,a,v,p) - e

F2u4+b—s—1,a,v, 1)
F(v+b+1,a,v,u)

We know that v — 1 <2v+4+b—s—1<wv+b. Then, we have

< Pt | |- e

Fy(v—1,a,0,u) < Fh2u+b—s—1,a,v,u) < F(v+b,a,v,u1),
implying that

1 < 1 < 1 .
FQ(U+b7a7U7M) h F2(2U+b—3—17a,v,,u) - FQ('U_l,Oé,’U7/14)

Similarly, we have v — 1 < 2v+b—t —1 < v+ b, implying that
Fv—1a0,u) <F2ut+b—t—1,a,v,u) < F(v+b,a,u,p).
Consequently, we have

FQ(taaavvﬂ)FQ(U — 1aaavvﬂ) < FZ(taavvvﬂ)Fb(Q’U +b—1t— 1aavvv/~”)
Fy(v+b,a,v, 1) - F(2uv+b—s—1,a,v,pu) ’

that is,

FQ(taaa’UaM) < FQ(taa7U7M)FQ(2U+b_t_ 1,0{,’1},//6)
FQ(U+baO‘aU7.u)_ F2(2U+b757170571}7:u) ’

(38)

16



where we have used the fact that Fy(v — 1, o, v, 1) = 1, from (25). Combining
(37) and (38), we obtain that

FQ(Z‘I,O&,’U,ILL) F2(2U+b—8—170[,’l},,u) <@ (t S)
Fy(v+b,a,v, p) Fv+b+1,a,v,u) -
FB2uv+b—s—1,a,v,pu)

FQ(U+b+13aaU7u)

S [FQ(tv a, v, /J)] |:
The above inequality is of the form
L(t)P(s) < Gult,s) <la(t)D(s),
for all (¢,s) € [v—1,v+b]y , x[v—1v+b]y , where, from (26),

FQ(ta Q, Uaﬂ)

L(t) =
1() FQ(U"—b,OK,U,,U/)

>0,

la(t) = Fo(t, o, v, 1) > 0,

and
_BQ2u+b—s—1,a,v,pu)

[0 =
(S) FQ(U+b+1aavvvﬂ)
We know that v — 1 <t < wv+b. Then,

> 0.

FQ(U - 1,C¥,’U,‘LL) < Fg(t,a,v,u) < FQ(U+baO‘aU7N’)'
From (25), we obtain that
1< FQ(t7aa’U7M) < FQ(U+b7a7U7M)7

implying that
0

FQ(t7a’U7//L)
< < By(t, a, 0, ).
FQ(U+b7avaU’)_ 2( av,u)

That is, 0 < I3(¢) < l3(t) and the proof is concluded. O

5 Existence of multiple solutions

This section is devoted to show the applicability of previous results, in order to
deduce the existence of multiple solutions of the nonlinear problem

—Ay(t) + alAtylt+v—p—1) = flt+v—1Ly{t+v—1)),tel,

y(w=2) = y+b+1)=0. (39)

with f: I x R — R a continuous function.

As we have seen on Theorem 4.1, we have that for all & € (0,a*) and
v—pu—1>0, condition (G) is fulfilled.

Moreover, since AyFy (t, o, v, 1) > 0 for all ¢t € [v—1,v+ by |, we have
that

maxte[v—l,v+b]Nv_l By (t, a0, 1) Fy (v+b,a,v, 1)

Ly = l1(t) = =
! te[“*{{lvafbh\]v7 1( ) Fy (U + b7 Q, v, I‘L) Fy (U + b7 Q, U, M)

1

17

=1,



minte[vfl,v+b]Nv71 Fy (ta @, v, M)
1 FQ(U+baaav7u)
Fy(v—1,a,v,u) 1

m = min l1(t) =
telv—1u+bly 1()

Fg('U-i-b,O[,rU,,u) FQ(U+b7a7UaM)
and

Loy := max Io(t) = max F(t,a,v,u) = Fo (v+b,a,v, ).
2 tG[v—l,v+b]NU 2() tG[v—l,v+b]NU71 2( M) 2< ,U)

-1
Define the Banach space X of real valued functions on [v —2,v+b+ 1]y
with the standard maximum norm.

We have the following uniqueness result

-2

Theorem 5.1. Assume that a € (0,0%) and f:[v—2,v+b+1]y , xR—=R
1
Lo Eerb @(s)}

s=v—1

is uniformly Lipschitz in its second variable with constant 0 < k <

then FBVP (39) has an unique solution.

Proof. We will show that 7"is a contraction map. Forallt € [v —2,v +b+ 1]y _
we have

2 )

v+b
Ty, (t) — Ty (t = max G(t,s s+v—1ly1(s+v—1
T O =Tun @] = max |3 Gl 0 )
—fs+v—1y2(s+v—-1))]
v+b
< k — max G (t,s
< Y1 y2\|t6[v_27v+b+1]Nv_2 5221;1 (t,s)
v+b
< kLy > @(s) [lyr — vall < [l — vl
s=v—1

Then, the Contraction mapping theorem gives us that 7" is a contraction on X.
Thus, T has an unique fixed point in X. O
Now, consider the cone

)

Lt
P= {y: [v=2,0v+b+1]y , —[0,00), y(t) > %Hy”, te]},
2

where
Iyl = Iglgfly(t)I-

It is well known that the solutions of (39) are given as the fixed points of the
difference operator

v+b
(Ty) ()= > Galt,s)f(s+v—Ly(s+v—1), teo-2v+b+1]y _,

s=v—1

where G (t, s) is its related Green’s function.
Thus, by assuming that f : [v—2,v+b+ 1]y , % [0,00) = [0,00) is a
continuous function, and a € (0,a*), with a* given by (29). If we take
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y € P be arbitrarily chosen, from condition (G), we have that Ty > 0 on
[v—2,u+b+ 1]Nu_2 and, moreover, we deduce that the following inequalities
are fulfilled for all t € [v —2,v +b+ 1]y

5 "

v+b
(Ty) () = > Galt,)f(s+v—1y(s+v—1))
s=v—1
v+b
> L) > ®(s)f(s+v—1Ly(s+v—1))
s=v—1
L) &2
N 272 2 tefo—Twib) LH®(s)f(s+v—Lyls+v-1))
s=v—1 ’ Ny_—1
IO = oot ' ,
B TQS;ItE[U—?Uaj{b]NU_l{ alt: )} (s +v—Lyls+v-1)))
ll(t) v+b
= 2 max {Gats)f v Ly +v-1)
s=v—1 ’ Ny—1
> A0 iy

Ly

In other words, T': P — P.

Moreover, due to the continuity of function f, it is clear that T is a com-
pletely continuous operator.

Now, by using fixed point theorems given in [5, 6], and arguing as in the
proofs made in [8], we can deduce the following multiplicity results for the
nonlinear Problem (39).

Theorem 5.2. Let f:[v—2,v+b+ 1]y  x[0,00) = [0,00) be a continuous
function, and o € (0,a*), with a* given by (29). Suppose that there exist
positive integers p,q and v such that p < q < r, and assume that function f
satisfies the following conditions:

(i) f(t,y) > —F4—— forallt € [v—1,0+b]y  andye€ [r, Lay], being

m :Zil<1>(s)
the inequality strict at y =7,
(i) f(ty) < % forallt € [v—1,v+bly  andy € [0, %Q]’
2 S
s=v—1
being the inequality strict at y = q,
(111) f(t,y) > +by$ foralltev—1v+ b]Nu_1 andy € {L%p,p} .

L1 Z ll(S)q)(S)

s=v—1

Then the opemtor_f has at least two fixed points, y1 and yo, such that

p <l rglgjxm(t) <q< rgg;cyz(t), rglelpyz(t) <7

Remark 5.3. We point out that due to the properties that the fixed points y;
and ys satisfy, both of them are not trivial.

Theorem 5.4. Let f:[v—2,v+b+ 1]y  x[0,00) = [0,00) be a continuous
function, and a € (0,a*), with o given by (29). Let p,q and r be positive
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integers such that:

Lo
p<qg< —qg<nr.
m

Suppose that the function f satisfies the assumptions below:
(a) f(t,y) < ——F—— forallt € [v—1,v+bly  andye€|0,r],

Lo “=;71<I>(5)

(b) f(t,y) < ——Ff—— forallt € [v—1,v+bly  andy € [0,p],
Lo ‘=§71(1>(s)

(c) f(t,y) > —F—— forallt € [v—1,v+b]y  andy € [q, L24] | being
m 3 (s)

s=v—1
the inequality strict for y = q.
Then, operator T has at least three fized points y1,y2,ys € {y € P | |yl <}
such that max y t)<p, g< Itnl}l y2(t) and p < max ys (t) with max ys(t) < q.
€ € € €

Remark 5.5. We point out that the fized points y1 and yo obtained in previous
result are not trivial. However, without additional assumptions on the data of
operator T', we cannot ensure such property for ys.
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