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Universidade de Santiago de Compostela,
Santiago de Compostela, Galicia, Spain; alberto.cabada@usc.es
bDepartment of Mathematics, University of Ruse, 7017 Ruse,

Bulgaria; ndimitrov@uni-ruse.bg
3 Department of Mathematics, Birla Institute of Technology
and Science Pilani, Hyderabad - 500078, Telangana, India;

j.jaganmohan@hotmail.com

Abstract

This article is devoted to deduce the expression and the main prop-
erties of the Green’s function related to a general constant coefficients
fractional difference equation coupled to Dirichlet conditions. In partic-
ular, it is proved that such function has constant sign on their set of
definition and, moreover, it satisfies some additional strong sign condi-
tions that are fundamental to define suitable cones, where to ensure the
existence of solutions of nonlinear problems.
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1 Introduction and Preliminaries

In recent years the study of fractional calculus has grown, this is due to the
fact that it considers integrals and derivatives of arbitrary orders, which allows
modeling many real phenomena in which the value that the solution takes at a
given instant depends on the value of the solution in all the previous moments
of the process. So, this calculus is useful when several fields as viscoelasticity,
neurology or control theory, are considered [13, 14, 15, 17, 18, 19].

In [16] it is developed an analogous theory for fractional difference equations.
One can see at the monograph [12] the main tasks of this theory. As usual, we
will denote Na = {a, a+ 1, a+ 2, . . . } for a ∈ R, and [c, c+n0]Nc = [c, c+n0]∩Nc,
for c ∈ R and n0 ∈ N1.
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In [1, 2] the general expression of several linear nth order initial value prob-
lems is obtained. They use R0(f(t))(s) the Laplace transform on the time scale
of integers [7, 10], which is defined by the following expression:

Rt0(f(t))(s) =

∞∑
t=t0

(
1

s+ 1

)t+1

f(t).

In [3] it is proved that for all (t, s) ∈ [υ − 2, υ + b+ 1]Nυ−2 × [0, b+ 1]N0 , the
following function

G0(t, s) =
1

Γ (υ)


t(υ−1)(υ+b−s)(υ−1)

(υ+b+1)(υ−1) − (t− s− 1)
(υ−1)

, s < t− υ + 1,

t(υ−1)(υ+b−s)(υ−1)

(υ+b+1)(υ−1) , t− υ + 1 ≤ s,

is the related Green function to the Dirichlet problem

−∆υy (t) = h(t+ υ − 1), t ∈ [0, b+ 1]N0
,

y (υ − 2) = y (υ + b+ 1) = 0,

with υ ∈ R, 1 < υ < 2 and b ∈ N.
Moreover, they prove that G0(t, s) > 0 for all (t, s) ∈ [υ − 1, υ + b]Nυ−1

×
[0, b+ 1]N0

.
Using previous expression, in [9] is ensured, for a suitable range of values of

the nonconstant function a(t), the positiveness of the Green’s function related
to the following Dirichlet problem

−∆υy (t) + a (t+ υ − 1) y (t+ υ − 1) = h (t+ υ − 1) ,

y (υ − 2) = y (υ + b+ 1) = 0,

for t ∈ [0, b+ 1]N0
, where υ ∈ R with 1 < υ < 2 and b ∈ N, b ≥ 5.

Continuing in the direction of the two previous papers, in this work we
consider the problem

−∆υy(t) + α∆µy(t+ υ − µ− 1) = h(t+ υ − 1), (1)

y (υ − 2) = y (υ + b+ 1) = 0, (2)

for t ∈ I ≡ [0, b+ 1]N0 .
Here µ, υ ∈ R such that 0 < µ < 1 and 1 < υ < 2; ∆υ and ∆µ are the

standard υ-th and µ-th order Riemann–Liouville fractional difference operators,
respectively; α is a real constant and h : I → R.

On next section we will use the Laplace transform R0(f(t))(s) to obtain
the general expression of equation (1) and, by applying such expression at the
Dirichlet conditions, we deduce the explicit values of the Green’s function related
to Problem (1)–(2). As we will see in section 3, such Green’s function has some
symmetric properties and is positive on [υ − 1, υ + b]Nυ−1

× [0, b + 1]N0
for all

α ≥ 0 and υ − µ− 1 > 0, which improves the results given in [3].
Moreover, on section 4 we will deduce some strong positiveness conditions on

the Green’s function that allow to construct suitable cones where to deduce the
existence of solutions of related nonlinear problems. We finalize the paper, in
section 5, where we show the applicability of such properties to some nonlinear
problems.

Before constructing the Green’s function, we first recall some basic defini-
tions and lemmas, which will be used till the end of this work.
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Definition 1.1. We define t(υ) = Γ(t+1)
Γ(t+1−υ) , for any t and υ for which the right-

hand side is well defined. We also appeal to the convention that if t + 1 − υ is
a pole of the Gamma function and t+ 1 is not a pole, then t(υ) = 0.

Definition 1.2. The υ-th fractional sum of a function f , for υ > 0 and t ∈
Na+υ, is defined as

∆−υf(t) = ∆−υf (t; a) :=
1

Γ (υ)

t−υ∑
s=a

(t− s− 1)
(υ−1)

f(s).

We also define the υ-th fractional difference for υ > 0 by ∆υf(t) := ∆N∆υ−Nf(t),
where t ∈ Na+υ and N ∈ N is chosen so that 0 ≤ N − 1 < υ ≤ N .

Lemma 1.3. ([11, Lemma 2.3]) Let t and υ be any numbers for which t(υ) and
t(υ−1) be defined. Then ∆t(υ) = υt(υ−1).

2 Construction of the Green’s Function

In this section, we will characterize in Theorem 2.1 the uniqueness of solution
of Problem (1)–(2) and construct, in such a case, its related Green’s function.

To this end we use the main properties of the Laplace transform showed in
[4]. Thus, from Lemma 2.2 of [4], we have

R0 [∆υy(t)] (s) = sυRυ−2 [y(t)] (s)− sA−B, (3)

where A =
[
∆υ−2y(t)

]
t=0

and B =
[
∆υ−1y(t)

]
t=0

. Observe that

A =
[
∆υ−2y(t)

]
t=0

=
[
∆−(2−υ)y(t)

]
t=0

=

 1

Γ(2− υ)

t−(2−υ)∑
s=υ−2

(t− s− 1)(2−υ−1)y(s)


t=0

=
1

Γ(2− υ)
(1− υ)(1−υ)y(υ − 2) = y(υ − 2), (4)

and

B =
[
∆υ−1y(t)

]
t=0

=

 1

Γ(1− υ)

t+(υ−1)∑
s=υ−2

(t− s− 1)(1−υ−1)y(s)


t=0

=
1

Γ(1− υ)

[
(1− υ)(−υ)y(υ − 2) + (−υ)(−υ)y(υ − 1)

]
= (1− υ)y(υ − 2) + y(υ − 1).
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Denote by Y1(t) = y(t+ υ − µ− 1). Then,

Rµ−1 [Y1(t)] (s) =

∞∑
t=µ−1

(
1

s+ 1

)t+1

Y1(t)

=

∞∑
t=µ−1

(
1

s+ 1

)t+1

y(t+ υ − µ− 1)

=

∞∑
t=υ−2

(
1

s+ 1

)t−υ+µ+1+1

y(t)

= (s+ 1)υ−µ−1
∞∑

t=υ−2

(
1

s+ 1

)t+1

y(t)

= (s+ 1)υ−µ−1Rυ−2 [y(t)] (s). (5)

From Lemma 2.2 of [4], we have

R0 [∆µy(t)] (s) = sµRµ−1 [y(t)] (s)−
[
∆µ−1y(t)

]
t=0

. (6)

From (5) and (6), we obtain

R0 [∆µY1(t)] (s)

= sµRµ−1 [Y1(t)] (s)−
[
∆µ−1Y1(t)

]
t=0

= sµ
[
(s+ 1)υ−µ−1Rυ−2 [y(t)] (s)

]
−
[
∆µ−1Y1(t)

]
t=0

. (7)

Now, consider[
∆µ−1Y1(t)

]
t=0

=
[
∆−(1−µ)Y1(t)

]
t=0

=

 1

Γ(1− µ)

t−(1−µ)∑
s=µ−1

(t− s− 1)(1−µ−1)Y1(s)


t=0

=

 1

Γ(1− µ)

t−(1−µ)∑
s=µ−1

(t− s− 1)(1−µ−1)y(s+ υ − µ− 1)


t=0

=
1

Γ(1− µ)
(−µ)(−µ)y(υ − 2)

= y(υ − 2) = A. (8)

Using (4) and (8) in (7), we have

R0 [∆µY1(t)] (s) = sµ(s+ 1)υ−µ−1Rυ−2 [y(t)] (s)−A. (9)
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Denote by H1(t) = h(t+ υ − 1). Then,

R0 [H1(t)] (s) =

∞∑
t=0

(
1

s+ 1

)t+1

H1(t)

=

∞∑
t=0

(
1

s+ 1

)t+1

h(t+ υ − 1)

=

∞∑
t=υ−1

(
1

s+ 1

)t−υ+1+1

h(t)

= (s+ 1)υ−1
∞∑

t=υ−1

(
1

s+ 1

)t+1

h(t)

= (s+ 1)υ−1
∞∑

t=υ−2

(
1

s+ 1

)t+1

h(t)− h(υ − 2)

= (s+ 1)υ−1Rυ−2 [h(t)] (s)− h(υ − 2). (10)

Apply R0 to each side of (1) and employ (3), (9) and (10), we obtain

− [sυRυ−2 [y(t)] (s)− sA−B] + α
[
sµ(s+ 1)υ−µ−1Rυ−2 [y(t)] (s)−A

]
= (s+ 1)υ−1Rυ−2 [h(t)] (s)− h(υ − 2).

Rearrange terms and obtain(
sυ − αsµ(s+ 1)υ−µ−1

)
Rυ−2 [y(t)] (s)

= (s− α)A+B − (s+ 1)υ−1Rυ−2 [h(t)] (s) + h(υ − 2).

This implies that

Rυ−2 [y(t)] (s) =
(s− α)

(sυ − αsµ(s+ 1)υ−µ−1)
A

+
1

(sυ − αsµ(s+ 1)υ−µ−1)
B

− (s+ 1)υ−1

(sυ − αsµ(s+ 1)υ−µ−1)
Rυ−2 [h(t)] (s)

+
1

(sυ − αsµ(s+ 1)υ−µ−1)
h(υ − 2). (11)
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Denote by Z(t) = y(t+ n(υ − µ− 1)). Then,

Rυ−2+n [Z(t)] (s) =

∞∑
t=υ−2+n

(
1

s+ 1

)t+1

Z(t)

=

∞∑
t=υ−2+n

(
1

s+ 1

)t+1

y(t+ n(υ − µ− 1))

=

∞∑
t=(n+1)υ−nµ−2

(
1

s+ 1

)t−nυ+nµ+n+1

y(t)

= (s+ 1)nυ−nµ−n
∞∑

t=(n+1)υ−nµ−2

(
1

s+ 1

)t+1

y(t)

= (s+ 1)nυ−nµ−nR(n+1)υ−nµ−2 [y(t)] (s). (12)

Consider

s

sυ − αsµ(s+ 1)υ−µ−1

=
1

sυ−1 − αsµ−1(s+ 1)υ−µ−1

=
1

sυ−1

1

1− αsµ−υ(s+ 1)υ−µ−1

=
1

sυ−1

1[
1− α

s

(
s+1
s

)υ−µ−1
]

=
1

sυ−1

∞∑
k=0

(α
s

)k (s+ 1

s

)kυ−kµ−k
=

∞∑
k=0

αk(s+ 1)kυ−kµ−k
1

s(k+1)υ−kµ−1

=

∞∑
k=0

αk(s+ 1)kυ−kµ−k
R(k+1)υ−kµ−2

[
t((k+1)υ−kµ−2)

]
(s)

Γ((k + 1)υ − kµ− 1)
(By Lemma 2.1 of [4])

=

∞∑
k=0

αk
Rυ−2+k

[
(t+ k(υ − µ− 1))((k+1)υ−kµ−2)

]
(s)

Γ((k + 1)υ − kµ− 1)
. (By (12)) (13)

We observe that[
(t+ k(υ − µ− 1))((k+1)υ−kµ−2)

]
t=υ−2+l

= 0, l = 0, 1, · · · , (k − 1).

Thus, from (13), we have

s

sυ − αsµ(s+ 1)υ−µ−1
=

∞∑
k=0

αk
Rυ−2

[
(t+ k(υ − µ− 1))((k+1)υ−kµ−2)

]
(s)

Γ((k + 1)υ − kµ− 1)

= Rυ−2

[ ∞∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−2)

Γ((k + 1)υ − kµ− 1)

]
(s)

= Rυ−2 [F1(t, α, υ, µ)] (s). (14)
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Observe that F1(t, α, υ, µ) defines finite sum in the domain we choose to work
here. Indeed,

F1(t, α, υ, µ) =

n∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−2)

Γ((k + 1)υ − kµ− 1)

∣∣∣
t=υ−2+n

, n = 0, 1, 2, · · · .

Clearly,

F1(υ − 2, α, υ, µ) =
(υ − 2)(υ−2)

Γ(υ − 1)
= 1.

Similar to (12), we have

Rυ−1+n [Z(t)] (s) = (s+ 1)nυ−nµ−nR(n+1)υ−nµ−1 [y(t)] (s). (15)

Consider

1

sυ − αsµ(s+ 1)υ−µ−1

=
1

sυ
1

1− αsµ−υ(s+ 1)υ−µ−1

=
1

sυ
1[

1− α
s

(
s+1
s

)υ−µ−1
]

=
1

sυ

∞∑
k=0

(α
s

)k (s+ 1

s

)kυ−kµ−k
=

∞∑
k=0

αk(s+ 1)kυ−kµ−k
1

s(k+1)υ−kµ

=

∞∑
k=0

αk(s+ 1)kυ−kµ−k
R(k+1)υ−kµ−1

[
t((k+1)υ−kµ−1)

]
(s)

Γ((k + 1)υ − kµ)
(By Lemma 2.1 of [4])

=

∞∑
k=0

αk
Rυ−1+k

[
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

]
(s)

Γ((k + 1)υ − kµ)
. (By (15)) (16)

We observe that[
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

]
t=υ−1+l

= 0, l = 0, 1, · · · , (k − 1).
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Thus, from (16), we have

1

sυ − αsµ(s+ 1)υ−µ−1

=

∞∑
k=0

αk
Rυ−1

[
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

]
(s)

Γ((k + 1)υ − kµ)

= Rυ−1

[ ∞∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)

]
(s)

= Rυ−2

[ ∞∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)

]
(s)

− (s+ 1)1−υ

[ ∞∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)

]
t=υ−2

(By (2.2) of [4])

= Rυ−2

[ ∞∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)

]
(s)

= Rυ−2 [F2(t, α, υ, µ)] (s). (17)

Observe that F2(t, α, υ, µ) defines finite sum in the domain we choose to work
here. Indeed,

F2(t, α, υ, µ) =

n∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)

∣∣∣
t=υ−2+n

, n = 0, 1, 2, · · · .

(18)
Clearly,

F2(υ − 2, α, υ, µ) =
(υ − 2)(υ−1)

Γ(υ)
= 0.

Using (14) and (17) in (11), we obtain

Rυ−2 [y(t)] (s) = ARυ−2 [F1(t, α, υ, µ)− αF2(t, α, υ, µ)] (s)

+BRυ−2 [F2(t, α, υ, µ)] (s)

− (s+ 1)υ−1Rυ−2 [F2(t, α, υ, µ)] (s)Rυ−2 [h(t)] (s)

+Rυ−2 [F2(t, α, υ, µ)] (s)h(υ − 2).

That is,

Rυ−2 [y(t)] (s) = ARυ−2 [F1(t, α, υ, µ)− αF2(t, α, υ, µ)] (s)

+BRυ−2 [F2(t, α, υ, µ)] (s)

−Rυ−2 [F2(t, α, υ, µ) ∗υ−2 h] (s) (By Lemma 2.4 of [4])

+Rυ−2 [F2(t, α, υ, µ)] (s)h(υ − 2). (19)

Apply to each side the inverse of Rυ−2, we obtain

y(t) = A [F1(t, α, υ, µ)− αF2(t, α, υ, µ)] +B [F2(t, α, υ, µ)]

− [F2(t, α, υ, µ) ∗υ−2 h] + [F2(t, α, υ, µ)]h(υ − 2).
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That is,

y(t) = A [F1(t, α, υ, µ)− αF2(t, α, υ, µ)] +B [F2(t, α, υ, µ)]

−
t∑

s=υ−2

F2(t− s+ υ − 2, α, υ, µ)h(s) (By (2.4) of [4])

+ [F2(t, α, υ, µ)]h(υ − 2).

That is,

y(t) = A [F1(t, α, υ, µ)− αF2(t, α, υ, µ)] +B [F2(t, α, υ, µ)]

−
t∑

s=υ−1

F2(t− s+ υ − 2, α, υ, µ)h(s). (20)

Using y(υ − 2) = 0 in (20), we have

0 = A [F1(υ − 2, α, υ, µ)− αF2(υ − 2, α, υ, µ)] +B [F2(υ − 2, α, υ, µ)]

−
υ−2∑
s=υ−1

F2(υ − 2− s+ υ − 2, α, υ, µ)h(s).

That is,
0 = A. (21)

Using y(υ + b+ 1) = 0 in (20) and taking A = 0, we have

0 = B [F2(υ + b+ 1, α, υ, µ)] −
υ+b+1∑
s=υ−1

F2(υ + b+ 1− s+ υ − 2, α, υ, µ)h(s),

or

B =
1

F2(υ + b+ 1, α, υ, µ)

υ+b+1∑
s=υ−1

F2(υ + b+ 1− s+ υ − 2, α, υ, µ)h(s)

=
1

F2(υ + b+ 1, α, υ, µ)

υ+b+1∑
s=υ−1

F2(2υ + b− s− 1, α, υ, µ)h(s). (22)

Using (22) and A = 0 in (20), we obtain

y(t) =

[
1

F2(υ + b+ 1, α, υ, µ)

υ+b+1∑
s=υ−1

F2(2υ + b− s− 1, α, υ, µ)h(s)

]
[F2(t, α, υ, µ)]

−
t∑

s=υ−1

F2(t− s+ υ − 2, α, υ, µ)h(s).

Rearranging the terms, we obtain

y(t) =
F2(t, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)

υ+b+1∑
s=υ−1

F2(2υ + b− s− 1, α, υ, µ)h(s)

−
t∑

s=υ−1

F2(t− s+ υ − 2, α, υ, µ)h(s).
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That is,

y(t) =

t∑
s=υ−1

[
F2(t, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)
F2(2υ + b− s− 1, α, υ, µ)

−F2(t− s+ υ − 2, α, υ, µ)]h(s)

+

υ+b∑
s=t+1

[
F2(t, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)
F2(2υ + b− s− 1, α, υ, µ)

]
h(s).

As a consequence of the previous calculations we arrive at the following result.

Theorem 2.1. Problem (1) – (2) has a unique solution if and only if

F2(υ + b+ 1, α, υ, µ) 6= 0.

In such a case, denoting by

I1 = {(t, s) : υ − 1 ≤ s ≤ t ≤ υ + b+ 1},

and
I2 = {(t, s) : υ − 1 ≤ t+ 1 ≤ s ≤ υ + b},

we have that the expression of the related Green’s function is given by the fol-
lowing one:

Gα(t, s) =


F2(t,α,υ,µ)

F2(υ+b+1,α,υ,µ)F2(2υ + b− s− 1, α, υ, µ)− F2(t− s+ υ − 2, α, υ, µ) if (t, s) ∈ I1,

F2(t,α,υ,µ)
F2(υ+b+1,α,υ,µ)F2(2υ + b− s− 1, α, υ, µ) if (t, s) ∈ I2.

3 Positiveness of the Green’s function

In this section we study the sign of the Green’s function for all α ≥ 0.

Theorem 3.1. Let α ≥ 0 and υ − µ − 1 > 0. Then Problem (1)–(2) has a
unique solution and its related Green’s function Gα satisfies that

Gα(t, s) > 0, (t, s) ∈ [υ − 1, υ + b]Nυ−1
× [υ − 1, υ + b]Nυ−1

Proof. First, notice that the following symmetry property holds:

Gα(2υ+b−1−t, 2υ+b−1−s) = Gα(t, s), (t, s) ∈ [υ − 1, υ + b]Nυ−1
×[υ − 1, υ + b]Nυ−1

.

(23)
Consider the expression of function F2 given by (18). Clearly,

F2(υ − 2, α, υ, µ) = 0.
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Here t ∈ [υ − 1, υ + b]Nυ−1
, that is t = υ − 2 + n, n = 1, 2, · · · , b+ 2. Then,

F2(t, α, υ, µ) = F2(υ − 2 + n, α, υ, µ)

=

∞∑
k=0

αk
(υ − 2 + n+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)

=

∞∑
k=0

αk
Γ(υ − 1 + n+ kυ − kµ− k)

Γ(n− k)Γ(kυ + υ − kµ)

=

n−1∑
k=0

αk
Γ(υ − 1 + n+ kυ − kµ− k)

Γ(n− k)Γ(kυ + υ − kµ)

=

n−1∑
k=0

αk
(υ − 2 + n+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)
. (24)

In particular,

F2(υ − 1, α, υ, µ) = F2(υ − 2 + 1, α, υ, µ)

=

0∑
k=0

αk
(υ − 2 + n+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)

=
(υ − 1)(υ−1)

Γ(υ)
= 1. (25)

From (24), we have

F2(t, α, υ, µ) =
(υ − 2 + n)(υ−1)

Γ(υ)
+

n−1∑
k=1

αk
(υ − 2 + n+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)

=
t(υ−1)

Γ(υ)
+

t−υ+1∑
k=1

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)
.

For each t ∈ [υ − 1, υ + b]Nυ−1
,

t(υ−1)

Γ(υ)
=

Γ(t+ 1)

Γ(t− υ + 2)Γ(υ)
> 0.

For each 1 ≤ k ≤ t−υ+1 and t ∈ [υ − 1, υ + b]Nυ−1
, since α ≥ 0 and υ−µ−1 > 0,

we have that αk ≥ 0 and,

(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)
=

Γ(t+ k(υ − µ− 1) + 1)

Γ(t− k − υ + 2)Γ((k + 1)υ − kµ)
> 0.

Thus, we obtain

0 <
t(υ−1)

Γ(υ)
≤ F2(t, α, υ, µ), t ∈ [υ − 1, υ + b]Nυ−1

. (26)

For each α ≥ 0 and (t, s) ∈ I2, it follows from (26) that

Gα(t, s) =
F2(t, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)
F2(2υ + b− s− 1, α, υ, µ) > 0.

Then, from (23), we obtain that Gα(t, s) > 0 for each α ≥ 0 and (t, s) ∈ I1 and
the proof is concluded.
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4 A priori bounds

In this section, once we have proved that the Green’s function is positive for
α ≥ 0 and υ − µ − 1 > 0, we will obtain some strong properties on the sign
of the Green’s function. As we will see on next section, these strong properties
will be useful to ensure the existence of solutions of nonlinear problems defined
on suitable cones.

The obtained result is the following

Theorem 4.1. Assume that υ − µ − 1 > 0. Let Gα be the related Green’s
function to Problem (1)–(2). Then, there exists α∗ > 0 such that the following
inequalities hold for any α ∈ (0, α∗):

(G) l1(t)Φ(s) ≤ Gα(t, s) ≤ l2(t)Φ(s), for all (t, s) ∈ [υ − 1, υ + b]Nυ−1
×

[υ − 1, υ + b]Nυ−1
,

where

l1(t) =
F2(t, α, υ, µ)

F2(υ + b, α, υ, µ)
> 0, t ∈ [υ − 1, υ + b]Nυ−1

,

l2(t) = F2(t, α, υ, µ) > 0, t ∈ [υ − 1, υ + b]Nυ−1

and

Φ(s) =
F2(2υ + b− s− 1, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)
> 0, s ∈ [υ − 1, υ + b]Nυ−1

.

Proof. First, we consider the following value:

Gα(t, s)

Gα(s, s)
=

{
F2(t,α,υ,µ)
F2(s,α,υ,µ) −

F2(υ+b+1,α,υ,µ)
F2(s,α,υ,µ)

F2(t−s+υ−2,α,υ,µ)
F2(2υ+b−s−1,α,υ,µ) if (t, s) ∈ I1,

F2(t,α,υ,µ)
F2(s,α,υ,µ) if (t, s) ∈ I2.

In view of (26), for (t, s) ∈ I1, we have that F2(υ+b+1, α, υ, µ) > 0, F2(s, α, υ, µ) >
0, F2(2υ + b− s− 1, α, υ, µ) > 0, and F2(t− s+ υ − 2, α, υ, µ) ≥ 0.

Consequently, we have

Gα(t, s)

Gα(s, s)

{
≤ F2(t,α,υ,µ)

F2(s,α,υ,µ) if (t, s) ∈ I1,
= F2(t,α,υ,µ)

F2(s,α,υ,µ) if (t, s) ∈ I2.

That is,

Gα(t, s)

Gα(s, s)
≤ F2(t, α, υ, µ)

F2(s, α, υ, µ)
, (t, s) ∈ [υ − 1, υ + b]Nυ−1

×[υ − 1, υ + b]Nυ−1
. (27)

For any t ∈ [υ − 1, υ + b− 2]Nυ−1
and α ≥ 0, we denote by

g(t, α) = (υ − 2)
t(υ−3)

Γ(υ − 1)
+

t−υ+3∑
k=1

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−3)

Γ((k + 1)υ − kµ− 2)
. (28)

Clearly,

g(t, 0) = (υ − 2)
t(υ−3)

Γ(υ − 1)
= (υ − 2)

Γ(t+ 1)

Γ(t− υ + 4)Γ(υ − 1)
< 0,
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for each t ∈ [υ − 1, υ + b− 2]Nυ−1
. Consider

∂ g

∂α
(t, α) =

t−υ+3∑
k=1

kαk−1 (t+ k(υ − µ− 1))((k+1)υ−kµ−3)

Γ((k + 1)υ − kµ− 2)

=
(t+ (υ − µ− 1))(2υ−µ−3)

Γ(2υ − µ− 2)
+

t−υ+3∑
k=2

kαk−1 (t+ k(υ − µ− 1))((k+1)υ−kµ−3)

Γ((k + 1)υ − kµ− 2)
.

Clearly, for each t ∈ [υ − 1, υ + b− 2]Nυ−1
,

(t+ (υ − µ− 1))(2υ−µ−3)

Γ(2υ − µ− 2)
=

Γ(t+ υ − µ)

Γ(t− υ + 3)Γ(2υ − µ− 2)
> 0,

and for each k ≥ 2, kαk−1 ≥ 0 and,

(t+ k(υ − µ− 1))((k+1)υ−kµ−3)

Γ((k + 1)υ − kµ− 2)
=

Γ(t+ k(υ − µ− 1) + 1)

Γ(t− k − υ + 4)Γ(k(υ − µ− 1) + k + υ − 2)
> 0.

Thus, from the above discussion, we have

0 <
∂ g

∂α
(t, α), α ≥ 0, t ∈ [υ − 1, υ + b− 2]Nυ−1

,

and
lim
α→∞

g(t, α) =∞, t ∈ [υ − 1, υ + b− 2]Nυ−1
.

Therefore, there exists a unique ᾱ(t) > 0 such that

g(t, ᾱ(t)) = 0, t ∈ [υ − 1, υ + b− 2]Nυ−1
, and g(t, α) < 0 for all α ∈ [0, ᾱ(t)).

Now, we define

α∗ := min{ᾱ(t); t ∈ [υ − 1, υ + b− 2]Nυ−1
} > 0. (29)

Throughout, we assume that the parameter α satisfies

α ∈ (0, α∗).

Consider

∆tF2(t, α, υ, µ) = ∆t

[ ∞∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)

]

=

∞∑
k=0

αk
∆t

[
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

]
Γ((k + 1)υ − kµ)

=

∞∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−2)

Γ((k + 1)υ − kµ− 1)
. (30)
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Here t ∈ [υ − 1, υ + b− 1]Nυ−1
, that is t = υ − 2 + n, n = 1, 2, · · · , b+ 1. Then,

from (30), we have

∆tF2(t, α, υ, µ) = ∆tF2(υ − 2 + n, α, υ, µ)

=

∞∑
k=0

αk
(υ − 2 + n+ k(υ − µ− 1))((k+1)υ−kµ−2)

Γ((k + 1)υ − kµ− 1)

=

∞∑
k=0

αk
Γ(υ − 1 + n+ kυ − kµ− k)

Γ(n− k + 1)Γ(kυ + υ − kµ− 1)

=

n∑
k=0

αk
Γ(υ − 1 + n+ kυ − kµ− k)

Γ(n− k + 1)Γ(kυ + υ − kµ− 1)

=

n∑
k=0

αk
(υ − 2 + n+ k(υ − µ− 1))((k+1)υ−kµ−2)

Γ((k + 1)υ − kµ− 1)
.

Again, consider

∆tF2(t, α, υ, µ) =

t−υ+2∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−2)

Γ((k + 1)υ − kµ− 1)

=
t(υ−2)

Γ(υ − 1)
+

t−υ+2∑
k=1

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−2)

Γ((k + 1)υ − kµ− 1)
.

Clearly,

t(υ−2)

Γ(υ − 1)
=

Γ(t+ 1)

Γ(t− υ + 3)Γ(υ − 1)
> 0, t ∈ [υ − 1, υ + b− 1]Nυ−1

,

and for each k ≥ 1, αk ≥ 0 and,

(t+ k(υ − µ− 1))((k+1)υ−kµ−2)

Γ((k + 1)υ − kµ− 1)
=

Γ(t+ k(υ − µ− 1) + 1)

Γ(t− k − υ + 3)Γ((k + 1)υ − kµ− 1)
> 0,

for t ∈ [υ − 1, υ + b− 1]Nυ−1
. Thus, from the above discussion, we have

0 < ∆tF2(t, α, υ, µ), t ∈ [υ − 1, υ + b− 1]Nυ−1
. (31)

Consider

∆2
tF2(t, α, υ, µ) = ∆2

t

[ ∞∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

Γ((k + 1)υ − kµ)

]

=

∞∑
k=0

αk
∆2
t

[
(t+ k(υ − µ− 1))((k+1)υ−kµ−1)

]
Γ((k + 1)υ − kµ)

=

∞∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−3)

Γ((k + 1)υ − kµ− 2)
. (32)

Here t ∈ [υ − 1, υ + b− 2]Nυ−1
, that is t = υ−2+n, n = 1, 2, · · · , b. Then, from
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(32), we have

∆2
tF2(t, α, υ, µ) = ∆2

tF2(υ − 2 + n, α, υ, µ)

=

∞∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−3)

Γ((k + 1)υ − kµ− 2)

=

∞∑
k=0

αk
Γ(υ − 1 + n+ kυ − kµ− k)

Γ(n− k + 2)Γ(kυ + υ − kµ− 2)

=

n+1∑
k=0

αk
Γ(υ − 1 + n+ kυ − kµ− k)

Γ(n− k + 2)Γ(kυ + υ − kµ− 1)

=

n+1∑
k=0

αk
(υ − 2 + n+ k(υ − µ− 1))((k+1)υ−kµ−3)

Γ((k + 1)υ − kµ− 2)
. (33)

Again, from (28) and (33), for each t ∈ [υ − 1, υ + b− 2]Nυ−1
, we have

∆2
tF2(t, α, υ, µ) =

t−υ+3∑
k=0

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−3)

Γ((k + 1)υ − kµ− 2)

=
t(υ−3)

Γ(υ − 2)
+

t−υ+3∑
k=1

αk
(t+ k(υ − µ− 1))((k+1)υ−kµ−3)

Γ((k + 1)υ − kµ− 2)

= g(t, α) < g(t, α∗) = 0. (34)

From (31) and (34), it follows that F2(t, α, υ, µ) is strictly increasing on [υ − 1, υ + b− 1]Nυ−1
,

and ∆tF2(t, α, υ, µ) is strictly decreasing on [υ − 1, υ + b− 2]Nυ−1
.

Now, for (t, s) ∈ I1, we observe that t < υ+b+1 and t−s+υ−2 < 2υ+b−s−1.
Then, we have

F2(t, α, υ, µ) < F2(υ + b+ 1, α, υ, µ),

and
∆sF2(2υ + b− s− 1, α, υ, µ) < ∆sF2(t− s+ υ − 2, α, υ, µ).

Consider

∆sGα(t, s) = ∆s

[
F2(t, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)
F2(2υ + b− s− 1, α, υ, µ)− F2(t− s+ υ − 2, α, υ, µ)

]
=

F2(t, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)
∆sF2(2υ + b− s− 1, α, υ, µ)−∆sF2(t− s+ υ − 2, α, υ, µ)

< ∆sF2(2υ + b− s− 1, α, υ, µ)−∆sF2(t− s+ υ − 2, α, υ, µ)

< 0,

implying that Gα(t, s) decreases in s for each (t, s) ∈ I1. Thus, we have

Gα(t, t) ≤ Gα(t, s) ≤ Gα(t, υ − 1), (t, s) ∈ I1.

Then, for (t, s) ∈ I1, we have

Gα(t, s)

Gα(s, s)
≥ Gα(t, t)

Gα(s, s)
=
F2(t, α, υ, µ)

F2(s, α, υ, µ)

F2(2υ + b− t− 1, α, υ, µ)

F2(2υ + b− s− 1, α, υ, µ)
. (35)
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Also, for (t, s) ∈ I2, we have

Gα(t, s)

Gα(s, s)
=
F2(t, α, υ, µ)

F2(s, α, υ, µ)
. (36)

For (t, s) ∈ I1, we observe that 2υ + b− t− 1 ≤ 2υ + b− s− 1. Then, we have

F2(2υ + b− t− 1, α, υ, µ) ≤ F2(2υ + b− s− 1, α, υ, µ),

implying that
F2(2υ + b− t− 1, α, υ, µ)

F2(2υ + b− s− 1, α, υ, µ)
≤ 1,

implying that

F2(t, α, υ, µ)

F2(s, α, υ, µ)

F2(2υ + b− t− 1, α, υ, µ)

F2(2υ + b− s− 1, α, υ, µ)
≤ F2(t, α, υ, µ)

F2(s, α, υ, µ)
.

Thus, in view of (27), (35) and (36), we have

F2(t, α, υ, µ)

F2(s, α, υ, µ)

F2(2υ + b− t− 1, α, υ, µ)

F2(2υ + b− s− 1, α, υ, µ)
≤ Gα(t, s)

Gα(s, s)
≤ F2(t, α, υ, µ)

F2(s, α, υ, µ)
.

That is,

F2(t, α, υ, µ)F2(2υ + b− t− 1, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)
≤ Gα(t, s) ≤ F2(t, α, υ, µ)F2(2υ + b− s− 1, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)
.

That is,

F2(t, α, υ, µ)F2(2υ + b− t− 1, α, υ, µ)

F2(2υ + b− s− 1, α, υ, µ)

[
F2(2υ + b− s− 1, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)

]
≤ Gα(t, s)

≤ F2(t, α, υ, µ)

[
F2(2υ + b− s− 1, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)

]
. (37)

We know that υ − 1 ≤ 2υ + b− s− 1 ≤ υ + b. Then, we have

F2(υ − 1, α, υ, µ) ≤ F2(2υ + b− s− 1, α, υ, µ) ≤ F2(υ + b, α, υ, µ),

implying that

1

F2(υ + b, α, υ, µ)
≤ 1

F2(2υ + b− s− 1, α, υ, µ)
≤ 1

F2(υ − 1, α, υ, µ)
.

Similarly, we have υ − 1 ≤ 2υ + b− t− 1 ≤ υ + b, implying that

F2(υ − 1, α, υ, µ) ≤ F2(2υ + b− t− 1, α, υ, µ) ≤ F2(υ + b, α, υ, µ).

Consequently, we have

F2(t, α, υ, µ)F2(υ − 1, α, υ, µ)

F2(υ + b, α, υ, µ)
≤ F2(t, α, υ, µ)F2(2υ + b− t− 1, α, υ, µ)

F2(2υ + b− s− 1, α, υ, µ)
,

that is,

F2(t, α, υ, µ)

F2(υ + b, α, υ, µ)
≤ F2(t, α, υ, µ)F2(2υ + b− t− 1, α, υ, µ)

F2(2υ + b− s− 1, α, υ, µ)
, (38)
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where we have used the fact that F2(υ − 1, α, υ, µ) = 1, from (25). Combining
(37) and (38), we obtain that[

F2(t, α, υ, µ)

F2(υ + b, α, υ, µ)

] [
F2(2υ + b− s− 1, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)

]
≤ Gα(t, s)

≤ [F2(t, α, υ, µ)]

[
F2(2υ + b− s− 1, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)

]
.

The above inequality is of the form

l1(t)Φ(s) ≤ Gα(t, s) ≤ l2(t)Φ(s),

for all (t, s) ∈ [υ − 1, υ + b]Nυ−1
× [υ − 1, υ + b]Nυ−1

, where, from (26),

l1(t) =
F2(t, α, υ, µ)

F2(υ + b, α, υ, µ)
> 0,

l2(t) = F2(t, α, υ, µ) > 0,

and

Φ(s) =
F2(2υ + b− s− 1, α, υ, µ)

F2(υ + b+ 1, α, υ, µ)
> 0.

We know that υ − 1 ≤ t ≤ υ + b. Then,

F2(υ − 1, α, υ, µ) ≤ F2(t, α, υ, µ) ≤ F2(υ + b, α, υ, µ).

From (25), we obtain that

1 ≤ F2(t, α, υ, µ) ≤ F2(υ + b, α, υ, µ),

implying that

0 <
F2(t, α, υ, µ)

F2(υ + b, α, υ, µ)
≤ F2(t, α, υ, µ).

That is, 0 < l1(t) ≤ l2(t) and the proof is concluded.

5 Existence of multiple solutions

This section is devoted to show the applicability of previous results, in order to
deduce the existence of multiple solutions of the nonlinear problem

{
−∆υy(t) + α∆µy(t+ υ − µ− 1) = f(t+ υ − 1, y(t+ υ − 1)), t ∈ I,

y (υ − 2) = y (υ + b+ 1) = 0.
(39)

with f : I × R→ R a continuous function.
As we have seen on Theorem 4.1, we have that for all α ∈ (0, α∗) and

υ − µ− 1 > 0, condition (G) is fulfilled.
Moreover, since ∆tF2 (t, α, υ, µ) > 0 for all t ∈ [υ − 1, υ + b]Nυ−1

, we have
that

L1 := max
t∈[υ−1,υ+b]Nυ−1

l1(t) =
maxt∈[υ−1,υ+b]Nυ−1

F2 (t, α, υ, µ)

F2 (υ + b, α, υ, µ)
=
F2 (υ + b, α, υ, µ)

F2 (υ + b, α, υ, µ)
= 1,
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m := min
t∈[υ−1,υ+b]Nυ−1

l1(t) =
mint∈[υ−1,υ+b]Nυ−1

F2 (t, α, υ, µ)

F2 (υ + b, α, υ, µ)

=
F2 (υ − 1, α, υ, µ)

F2 (υ + b, α, υ, µ)
=

1

F2 (υ + b, α, υ, µ)

and

L2 := max
t∈[υ−1,υ+b]Nυ−1

l2(t) = max
t∈[υ−1,υ+b]Nυ−1

F2 (t, α, υ, µ) = F2 (υ + b, α, υ, µ) .

Define the Banach space X of real valued functions on [υ − 2, υ + b+ 1]Nυ−2

with the standard maximum norm.
We have the following uniqueness result

Theorem 5.1. Assume that α ∈ (0, α∗) and f : [υ − 2, υ + b+ 1]Nυ−2
×R→ R

is uniformly Lipschitz in its second variable with constant 0 < k < 1

L2
∑υ+b
s=υ−1 Φ(s)

,

then FBVP (39) has an unique solution.

Proof. We will show that T is a contraction map. For all t ∈ [υ − 2, υ + b+ 1]Nυ−2
,

we have

‖Ty1 (t)− Ty2 (t)‖ = max
t∈[υ−2,υ+b+1]Nυ−2

∣∣∣∣∣
υ+b∑
s=υ−1

G (t, s) [f (s+ υ − 1, y1 (s+ υ − 1))

−f (s+ υ − 1, y2 (s+ υ − 1))]|

≤ k ‖y1 − y2‖ max
t∈[υ−2,υ+b+1]Nυ−2

υ+b∑
s=υ−1

G (t, s)

≤ kL2

υ+b∑
s=υ−1

Φ(s) ‖y1 − y2‖ ≤ ‖y1 − y2‖ .

Then, the Contraction mapping theorem gives us that T is a contraction on X.
Thus, T has an unique fixed point in X.

Now, consider the cone

P =

{
y : [υ − 2, υ + b+ 1]Nυ−2

→ [0,∞), y(t) ≥ l1(t)

L2
‖y‖ , t ∈ I

}
,

where
‖y‖ := max

t∈I
|y(t)| .

It is well known that the solutions of (39) are given as the fixed points of the
difference operator

(Ty) (t) =

υ+b∑
s=υ−1

Gα(t, s)f(s+ υ − 1, y(s+ υ − 1)), t ∈ [υ − 2, υ + b+ 1]Nυ−2
,

where Gα(t, s) is its related Green’s function.
Thus, by assuming that f : [υ − 2, υ + b+ 1]Nυ−2

× [0,∞)→ [0,∞) is a

continuous function, and α ∈ (0, α∗), with α∗ given by (29). If we take
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y ∈ P be arbitrarily chosen, from condition (G), we have that Ty ≥ 0 on
[υ − 2, υ + b+ 1]Nυ−2

and, moreover, we deduce that the following inequalities

are fulfilled for all t ∈ [υ − 2, υ + b+ 1]Nυ−2
:

(Ty) (t) =

υ+b∑
s=υ−1

Gα(t, s)f(s+ υ − 1, y(s+ υ − 1)))

≥ l1(t)

υ+b∑
s=υ−1

Φ(s)f(s+ υ − 1, y(s+ υ − 1)))

=
l1(t)

L2

υ+b∑
s=υ−1

max
t∈[υ−1,υ+b]Nυ−1

l2(t)Φ(s)f(s+ υ − 1, y(s+ υ − 1)))

≥ l1(t)

L2

υ+b∑
s=υ−1

max
t∈[υ−1,υ+b]Nυ−1

{Gα(t, s)} f(s+ υ − 1, y(s+ υ − 1)))

=
l1(t)

L2

υ+b∑
s=υ−1

max
t∈[υ−1,υ+b]Nυ−1

{Gα(t, s)f(s+ υ − 1, y(s+ υ − 1)))}

≥ l1(t)

L2
‖Ty‖ .

In other words, T : P → P.
Moreover, due to the continuity of function f , it is clear that T is a com-

pletely continuous operator.
Now, by using fixed point theorems given in [5, 6], and arguing as in the

proofs made in [8], we can deduce the following multiplicity results for the
nonlinear Problem (39).

Theorem 5.2. Let f : [υ − 2, υ + b+ 1]Nυ−2
× [0,∞)→ [0,∞) be a continuous

function, and α ∈ (0, α∗), with α∗ given by (29). Suppose that there exist
positive integers p, q and r such that p < q < r, and assume that function f
satisfies the following conditions:

(i) f(t, y) ≥ y

m
υ+b∑
s=υ−1

Φ(s)

for all t ∈ [υ − 1, υ + b]Nυ−1
and y ∈

[
r, L2

m r
]
, being

the inequality strict at y = r,
(ii) f(t, y) ≤ q

L2

υ+b∑
s=υ−1

Φ(s)

for all t ∈ [υ − 1, υ + b]Nυ−1
and y ∈

[
0, L2

m q
]
,

being the inequality strict at y = q,

(iii) f(t, y) > yL2

L1

υ+b∑
s=υ−1

l1(s)Φ(s)

for all t ∈ [υ − 1, υ + b]Nυ−1
and y ∈

[
m
L2
p, p
]
.

Then the operator T has at least two fixed points, y1 and y2, such that

p < ‖y1‖ , max
t∈I

y1(t) < q < max
t∈I

y2(t), min
t∈I

y2(t) < r.

Remark 5.3. We point out that due to the properties that the fixed points y1

and y2 satisfy, both of them are not trivial.

Theorem 5.4. Let f : [υ − 2, υ + b+ 1]Nυ−2
× [0,∞)→ [0,∞) be a continuous

function, and α ∈ (0, α∗), with α∗ given by (29). Let p, q and r be positive
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integers such that:

p < q <
L2

m
q ≤ r.

Suppose that the function f satisfies the assumptions below:
(a) f(t, y) ≤ r

L2

υ+b∑
s=υ−1

Φ(s)

for all t ∈ [υ − 1, υ + b]Nυ−1
and y ∈ [0, r],

(b) f(t, y) < p

L2

υ+b∑
s=υ−1

Φ(s)

for all t ∈ [υ − 1, υ + b]Nυ−1
and y ∈ [0, p],

(c) f(t, y) ≥ y

m
υ+b∑
s=υ−1

Φ(s)

for all t ∈ [υ − 1, υ + b]Nυ−1
and y ∈

[
q, L2

m q
]
, being

the inequality strict for y = q.
Then, operator T has at least three fixed points y1, y2, y3 ∈ {y ∈ P | ‖y‖ ≤ r}

such that max
t∈I

y1(t) < p, q < min
t∈I

y2(t) and p < max
t∈I

y3(t) with max
t∈I

y3(t) < q.

Remark 5.5. We point out that the fixed points y1 and y2 obtained in previous
result are not trivial. However, without additional assumptions on the data of
operator T , we cannot ensure such property for y3.
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