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 a b s t r a c t

Thermoelectricity has extraordinary scientific and technological interest due to its
ability to utilize heat losses through the Seebeck effect and Peltier cooling in circuits.
However, the efficiency of thermoelectric materials remains relatively low, making them
economically viable in fewer cases than desired. A promising possibility lies in the best
thermoelectric materials at room temperature, specifically the well-known tetradymite-
type structures, primarily compounds based on Bi2Te3. These materials are characterized
as topological insulators, allowing for the introduction of new physical perspectives.
Therefore, it is reasonable to closely investigate the interplay between topology and
thermoelectricity in these systems, with the aim of elucidating the underlying physical
mechanisms. We show that, near the surface–bulk interface, the electrodynamics of
axions coupled to massless fermions, Thouless pump currents, the chiral anomaly,
and topological mass are intimately interconnected in a way that enables the mutual
conversion of heat and electrical energy. That gives rise to a thermoelectric effect
whose efficiency can be enhanced by integer multiples. We extend this study to
heterostructures of topological insulators and topological superconductors. These phases
are topologically complementary and may use the proximity effect to share topological
quantum numbers. This offers a pathway to enhance topological thermoelectricity.
© 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Nowadays, despite the significant technological and scientific interest in thermoelectricity for Peltier refrigeration or 
Seebeck effect power generation, the dimensionless figure of merit ZT  remains around unity for p-semiconductors and 
even lower for n-semiconductors at room temperature at best; metals perform still worse [1–5]. The dimensionless figure 
of merit, defined as ZT =

S2σ
κe+κph

, quantifies the efficiency of transforming one type of energy into another, where S is the 
Seebeck coefficient, σ  is the electrical conductivity, and κe + κph is the sum of electronic and lattice thermal conductivities, 
respectively. Increasing this efficiency faces two main challenges: first, the design of high-performance thermoelectric 
materials is inherently complex; second, the semiclassical Boltzmann transport theory remains the standard framework 
for describing transport, even though the best room-temperature thermoelectrics are topological insulators. These are 
materials whose functionality relies on global, topological features that go beyond local semiclassical physics [6–11].

Let us examine the fundamental limitations of conventional thermoelectricity. For a free electron gas, the Seebeck 
coefficient scales as S ∼ Ce/e [12,12–19], where Ce is the specific heat and e is the elementary charge. This allows finding 
the approximate value of S ∼

(
kB
e

)
kBT
ξF

 for metals, knowing that only the fraction of electrons kBT/ξF  takes part in the 
electronic transport, where kB is the Boltzmann constant and ξF  the Fermi level [6–11]. Notice that as ξF ≫ kBT  at room 
temperature, then the Seebeck coefficients of metals are lower than kB/e ∼ 86 µVK−1, the thermopower of the classical 
electron gas. In contrast, in semiconductors the electrons must be thermally excited across a band gap energy ξG, yielding 
an electrical conductivity σ ∼ σ0exp[−

ξG
2kBT

] [20]. In this regime, the Seebeck coefficient scales as S ∼ ( kBe )(
ξG
kBT

). For typical 
band gaps ξG ∼ 10 kBT  at room temperature, this makes the thermoelectricity of the semiconductors more effective than 
that of the metals.

To be more precise, when the variation of the conductivity with temperature is significant, one should employ the 
Mott diffusion thermopower formula S =

π2kBT
3e [

d
dξ (lnσ (ξ ))] [20]. That allows us to find the numerator of the figure of 

merit, σS2, proportional to µ(NV )
2
3 m

3
2
f , where µ is the carrier mobility, NV  is the degeneracy of the band, and mf  is the 

effective mass. That gives us the power factor associated with the electronic structure. Under the above conditions, one 
possible good thermoelectric is the Bi2Te3 for which the energy gap ξG = 0.14 eV, for n or p-types, and presents a thermal 
transport behavior close to an amorphous crystal [21,22]. All these materials were classified thermoelectrically by Slack, 
reducing mainly the criteria to their electronic structure using their narrow band and how high the conductivity of carriers 
is [23–27].

Moving to the denominator of the figure of merit, we find the thermal conductivity κ = κe + κph. Following the 
Wiedemann-Franz law, we have that κe = LσT , with L the Lorenz number. The phonon contribution is κph =

1
3CVvslp, 

with CV  the heat capacity at constant volume, vs the speed of sound in the medium, and lp the phonon mean free path. 
In ideal conditions, where the lattice thermal conductivity is zero, we obtain a simple relationship between the Seebeck 
2
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coefficient and the figure of merit, ZT = S2/L. For instance, to achieve a figure of merit of 2, considering the Lorenz number 
of Sommerfeld L =

π2

3

(
kB
e

)2
= 2.44 × 10−8V 2K−2, we have numerically S2 = 4.88 × 10−8V 2K−2. Therefore, by taking 

the above expressions, it would be almost impossible to reach a value higher than ZT = 3, given the typical values for the 
Seebeck coefficient. Broadly speaking, without considering the phonon contribution, the potential difference associated 
with the Seebeck effect attempts to fix a certain electronic charge at a given temperature gradient, and, on the other 
hand, this potential creates a greater electronic current proportional to the mentioned charge density. So, if the density 
of the electric current is high, under an applied external electric field, the same thing happens with the moving electrons, 
which do not have time to thermalize the sample. In semiconductors, the carriers are separated by an energy gap, which 
helps the above physical process to occur. This electric separation could be improved, in a very subtle form, when a 
non-trivial topology is also present, as we shall try to show in this paper. The topological insulators are a paradigmatic 
example, where the moving electrons are constrained to be in a very narrow surface and their conservation depends on 
the topology [28].

Some research lines on the thermoelectricity of topological insulators have focused on the characteristics that 
distinguish these materials: they are metallic on the surface and insulators in the bulk. Thus, the basic idea was to choose 
materials with a maximal surface/volume ratio, as is the case of nanostructured materials. This is because non-trivial 
topological transport concentrates at the surface. On the one hand, the electrical conductivity is ballistic and without 
backscattering with material defects, neglecting the transitions between edge states that counterpropagate [29,30]. 
On the other hand, the thermal conductivity is almost the same as that of a material with trivial topology except 
for temperature quantifications, as we will show for massless fermions [31,32]. While this treatment does not really 
explain how thermoelectricity emerges from a topological context, but rather how it can be described using classical 
thermoelectricity concepts within the limits outlined above, it provides a useful framework for interpreting experimental 
results and guiding potential applications. [33–46].

Therefore, it seems necessary to go deeper to understand the topological mechanism that allows the transformation of 
thermal energy into electrical energy, fighting against the second law of thermodynamics. Historically, the fundamental 
concepts of topology in materials were introduced after the discovery of the quantum Hall effect [47–52], which allowed 
new materials to be predicted based on theoretical considerations almost two decades later. One of the most studied 
is the topological insulator, whose electrodynamics include the pseudoscalar Lorentz invariant E · B besides the usual 
E2

−(cB)2 scalar in the action. Given that the above pseudoscalar is not invariant under time-reversal symmetry, a new field 
θ (r, t) has to be introduced to make it time-reversal invariant. This new term in the electromagnetic action, called axion 
field, has many different interpretations in the literature, going from a Chern–Simons [53] to a sophisticated topological 
conception through the Atiyah–Singer theorem [54,55], applied to effective coupled massless Dirac electrons. In fact, it 
appears as a quantum anomaly associated with the breaking of the chiral symmetry that induces the non-conservation 
of its electronic currents [56–58]. Moreover, there is a kind of complex Thouless pumping [48] between the surface and 
nearby bulk atoms, where the temperature can play a crucial role in the creation of a topological current of chiral electrons. 
The Thouless pump works for adiabatic changes that allow determining the Berry curvature and, therefore, the winding 
numbers associated with the cyclic electronic evolution in the Bloch bands. This will allow treating the thermoelectric 
parameters as a function of the winding numbers related to the ballistic electrical conductivity and the Seebeck coefficient 
for determining the power factor from a pure topological scope [31,48,59–63].

The above topological mechanism applies to the Bi2Te3, which is the best topological thermoelectric at room 
temperature and also a topological insulator, as Bi2Se3 and Sb2Te3, which share the same crystalline rhombohedral 
structure with space group R-3 m. Considering their topological features, it was found that their figure of merit (in the 
absence of phonons) would be ZT = n2n3 π2

3ζ (3) , being n and n two topological indexes associated with the thermopower 
and electronic transport [31,64]. This gives an ideal dimensionless figure of merit ZT = 2.737, taking the basic 
topological numbers. Topological indices are integers that can change the thermoelectric values drastically, but their true 
physical meaning lies behind subtle concepts that we will develop in this review. We have effective massless electrons 
coupled to an axion electrodynamics that leads to instantons with anomalous tunneling. The energy–momentum of the 
electromagnetic background, with an average value of zero for self-dual solutions, is in equilibrium with the electronic 
zero modes close to the surface, in such a form that an increase in the thermal energy implies a change of electronic 
pumping frequency, due to having electronic localization close to the surface. That is an essential new mechanism 
for topological thermoelectricity. Furthermore, the proximity effect allows sharing of the topology between topological 
insulators and topological superconductors in heterostructures, both having their topological behavior mainly on their 
respective surfaces. That is one of the possibilities of increasing the topological indices presented above in the new figure 
of merit, considering their complementarity as topological phases [65–67] within the 10-fold classification. In summary, 
we hope to help understand the physical background of topological materials as well as their aforementioned applications 
to topological thermoelectricity.

The organization of this paper is as follows: (a) In Section 2, we begin by studying the special electromagnetism that 
appears as a background of topological materials, mainly on their surface. This modifies Maxwell’s equations by including 
an electric polarization P and a magnetization M originating from the scalar field θ (r, t), which ensures time-reversal 
invariance. We analyze the symmetry of dual rotations in electrodynamics and the stability conditions for the self-dual 
field solutions, ending the section by revisiting the discrete Lorentz symmetries that justify introducing θ (r, t). (b) In 
3
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Section 3, we study the axionic term on the surface of the material by expressing it in terms of potentials, leading to the 
Chern–Simons term and the anomalous Hall conductivity. We discuss the half-integer Hall conductivity, its resolution 
through massless fermions, and the complementary dynamical roles of electrons and photons. The Berry phase and 
the electric polarization defined from electronic bands are also introduced, showing their complementarity with the 
electromagnetic potential in a principal fiber bundle framework. (c) In Section 4, we show that axial currents are not 
conserved in an axionic electromagnetic background, a fact fundamental to explaining the Chern–Simons anomalous 
currents through the Inflow Anomaly. This mechanism connects surface and bulk anomalies, resolving the half-integer 
Hall effect and relating electric currents to thermal energy by making the domain wall temperature-dependent. (d) In 
Section 5, we return to the study of the discrete symmetries of the Lorentz group in a quantum context to understand the 
topological complementarity between topological insulators and superconductors, as well as their classification into ten 
classes according to time-reversal T , charge-conjugation C, and chiral S symmetries. (e) Finally, in Section 6, we analyze 
thermoelectricity from the physical and topological perspectives of these materials. We apply the developed concepts 
to the topological insulator Bi2Te3, obtaining a dimensionless figure of merit close to experimental results, and explore 
the possibility of increasing efficiency through the inclusion of topological superconductors. At the end of the article, 
we present the basic and well-known topological models of these materials in an appendix. All of them are based on the 
electronic part complementary to that of the fields we have developed in the review. The system of units used throughout 
the paper is SI, except in sections where constants are set equal to one for simplicity and later restored to their full 
expressions.

There are currently several comprehensive reviews covering some of the topics discussed in this work, including 
the fundamental physics of topological insulators and superconductors, their experimental realizations, and recent 
developments in topological materials [68–77]. These works provide an extensive overview of the state of the field and 
serve as valuable references complementing the theoretical framework developed here.

2. Classical axion electrodynamics

One of the fundamental characteristics of topological materials is that there is a background electromagnetic field, 
which does not propagate but drastically changes the coupling of the electrons with the fields [78,79]. To preserve the 
time-reversal symmetry in the electromagnetic action with the two Lorentz invariants associated with the fields, it is 
necessary to include the new field θ (r, t), whose immediate effect is to change Maxwell’s equations. In fact, a new electric 
polarization P and a magnetization M arise related to the boundary conditions. Obviously, this electrodynamics mixes 
electricity and magnetism differently than in an ordinary vacuum without the above restrictions. For this purpose, we 
also analyze the duality rotation symmetry to find self-dual solutions that make the energy–momentum tensor zero and 
thus determine a stable configuration. We end this section by showing the discrete Lorentz symmetries, which are widely 
used to classify topological materials, and which we will redefine later within a quantum context.

2.1. Classical axion electromagnetism

The action for the topological materials is [80] 

S =

∫
dx4

(
−1
4µ0c

FαβFαβ −
1
c
AµJµ −

e2

32π2h̄
θ (r, t)ϵµναβFµνFαβ

)
(1)

being ϵµναβ the Levi-Citiva tensor, with ϵ0123 = −1 and ϵ0123 = +1, Aµ = ( φc ,A) the 4-potential with φ the ordinary 
electric potential, c the speed of light and A the vector potential. The electromagnetic field is defined by Fαβ = ∂αAβ−∂βAα
where the derivatives are ∂α = ( 1c

∂
∂t ,−∇) and xα = (ct, x) the 4-position. Jµ = (ρc, J ) is the 4-current, where ρ is the 

charge density and J is the current density. The Minkowski metric ηαβ is chosen with signature (1,−1,−1,−1) along its 
principal diagonal. It is essential to note that the first and second terms of the action rise or fall indices with the metric, 
whereas the third term does so with the Levi-Civita tensor. This distinction indicates that the third term is topological, 
as it does not depend on the metric.

Making the variation of the potentials, we have the action 

S =

∫
dx4

[
∂α

(
1

4µ0c
Fαβ +

e2

32π2h̄
θ (r, t)ϵαβµνFµν

)
−

1
c
Jβ
]
δAβ , (2)

which lead to the equivalent Maxwell’s equations 

∂α

(
1

4µ0c
Fαβ +

e2

32π2h̄
θ (r, t)ϵαβµνFµν

)
−

1
c
Jβ = 0 (3)

whose space and time projections give us 

∇ ·

(
E + 2αc

(
θ

2π

)
B
)

=
ρ

ϵ0
, (4)
4
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Fig. 1. Schematic illustration of a vacuum–topological insulator interface where the axion field takes values of θ = 0 for the trivial regime and 
θ = π for the topological insulator. We model the axion field in the boundary as θ (z) = π Θ(z), Θ(z) is the Heaviside step function.

substituting the Gauss law, and 

∇ × B = µ0J +
1
c2
∂E
∂t

+
2α
c

[
B
∂

∂t

(
θ

2π

)
+ ∇

(
θ

2π

)
× E

]
(5)

instead of the Maxwell-Ampere one, being α =
e2

4πϵ0 h̄c
 the dimensionless fine structure constant. The other two equations, 

Faraday and the non-existence of isolated magnetic poles, maintain the same form, which justifies the introduction of the 
potentials.

It is easy to interpret these vector equations by introducing the displacement vector D = ϵ0E+
e2

4π2 h̄
θB and the magnetic 

induction field B = µ0(H +
e2

4π2 h̄
θE), where new electric polarization P =

e2

4π2 h̄
θ B and magnetization M =

e2

4π2 h̄
θ E arise. 

These relations clearly show that the axionic field θ couples the electric and magnetic sectors, producing a magnetoelectric 
response that is a hallmark of topological materials.

We can now look for the bound charge density and the currents induced by the axionic term in a topological insulator. 
We have that the bound charge density is given by 

ρ = −∇P, (6)

and the currents 

J = ∇ × M +
∂

∂t
P, (7)

which, after a simple calculation, we obtain 

ρ = −
e2

4π2h̄
∇(θ )B (8)

and 

J =
e2

4π2h̄
∇(θ ) × E +

e2

4π2h̄
∂θ

∂t
B (9)

using Faraday’s law.  Its values on the surface, separating the void with θ = 0 from the interior θ = π , where we have a 
Heaviside step function Θ(z) (see Fig.  1) whose derivative with respect to this coordinate z, associated with the direction 
orthogonal to the surface, gives us a delta at that point δ(z). So the charge density on the surface can be obtained at a 
point z as σs(z) = −

e2

4π2 h̄
πBδ(z) and integrating it gives the total density. 

σs = −

∫
+ϵ

−ϵ

dz
e2

4π h̄
Bδ(z) (10)

with ϵ being a positive or negative infinitesimal of z and gives the charge density on the surface by 

σs = −
θ

π
αϵ0cB · n̂. (11)

Similarly, we could obtain the current density using the same physical–geometric assumptions and neglecting the time 
variations of θ

Js =
αθ

cµ0π
n̂ × E (12)

Therefore, while the Lorentz equation remains unaffected by the modifications introduced in axionic electromagnetism 
and therefore does not influence the dynamics of charge motion, the associated charge densities undergo substantial 
changes [81–85].
5
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2.2. Duality rotations

The electromagnetic field Fµν is an antisymmetric second-order tensor that in Minkowski space satisfies the condition 

∗ ∗ Fµν = −Fµν, (13)

where the operator ∗ is defined with the Levi-Civita tensor that gives the dual of the electromagnetic field when applied 
to it.

Actually, the duality operator ∗ must be properly defined on the algebra of exterior differential forms where the 
electromagnetic field is a 2-form. In that algebra ∗ corresponds to the Hodge operator and has the property that if applied 
twice on a p-form we have ∗ · ∗ = ∗

2
= (−1p(n−p)+s)I , where p is the order, n is the dimension of space, I is the identity 

operator, and s is the difference between the positive and negative signs in the Minkowski metric. For the electromagnetic 
field, we have p = 2, n = 4, and for the chosen metric s = 1 [31,86]. Then 

∗ ∗ Fµν = (−1)2(4−2)+1Fµν = −Fµν (14)

Note that changing the dimensionality or the number of minus signs would change the square of this operator. In the 
Euclidean case s = 0 and ∗ ∗ Fµν = +1Fµν and ±1 for the eigenvalues of the dual operator ∗.

Therefore, in the Minkowski metric, the eigenvalues of this operator are ±i. A fundamental observation is that the 
space–time dimension must be pair for the above equality between fields and their duals; i.e., they don’ t exist in odd 
space–time dimensions, as it happens with the quantum chiral anomalies, and for odd rank tensors as Jµ and Aµ. This can 
be generalized to obtain rotations in the complex plane 

F
µν

= e−iϕFµν; ∗F
µν

= eiϕ ∗ Fµν, (15)

which we can rewrite in three dimensions (Fig.  2)
E → E = E cosϕ + Bc sinϕ (16)

Bc → Bc = −E sinϕ + Bc cosϕ (17)

with the scalar Lorentz invariant being angle–dependent 

(E
2
− B

2
c2) = (E2

− B2c2) cos 2ϕ + 2EBc sin 2ϕ, (18)

while the density of energy 

E
2
+ B

2
c2 = E2

+ B2c2 (19)

remains unchanged. So these transformations, which are also independent of the metric, do not follow the Lorentz 
group, while energetically, they remain invariant under the group of rotations SO(2). In fact, this invariance can be 
extended to the energy–momentum tensor because the Poynting vector N = E × H and the stress tensor Tij =

ϵ0EiEj + µ0HiHj −
1
2 (ϵ0E

2
+ µ0H2) make it. So, these transformations leave the equation of motion for charged particles 

invariant, even though their action does not. Therefore, they have nothing to do with the transformations between 
electricity and magnetism associated with the movement with respect to an observer. Its most common name in the 
literature is dual rotations [87–89]. Experimental realizations exploiting this symmetry have been reported in Ref. [90]. 
That suggests that the axionic action is a dual transformation of the Maxwell action, where tanϕ =

e2

32π2 h̄
θ (r, t). In 

general, this is not true, among other things, because it would mean that the dual rotations angle ϕ would depend on 
the coordinates locally, which is false. However, if we take ϕ for a material with constant θ , then such difficulty would 
be overcome, and the mixture of electricity and magnetism would take place in a different form than the usual one in 
Maxwell’s electrodynamics. One example is the topological insulator, where θ = π [91]. Physically, it corresponds to a 
mixture of electricity and magnetism depending on the value of this angle ϕ. For ϕ = π (2n± 1), with n an integer value, 
we recover the usual relationship between electric and magnetic fields. For ϕ = π (2n ±

1
2 ), the electric and magnetic 

fields are interchanged. The other values have both electricity and magnetism depending on the value of the angle ϕ [92].
It is easy to see that a self-dual or anti-self-dual solution in Minkowski’s space–time, Fµν = ±i∗ Fµν gives a null value 

to the tensor energy–momentum 

Tµν =
1
µ0

[FϕµFϕν +
1
4
ηµνFαβFαβ ], (20)

where ηµν is the Minkowski metric, which can be rewritten as 1
2µ0

[FϕµFϕν + ∗Fϕµ ∗ Fϕν], for obtaining 

Tµν =
1

2µ0
(Fϕµ + i ∗ Fϕµ )(Fϕν − i ∗ Fϕν) = 0, (21)

which is zero for such solutions. Notice that the self-dual and anti-self-dual solutions lead to E = ±cB, which is a minimum 
of the action and Maxwell equations.
6
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Fig. 2. Dual rotations for the electromagnetic field in a complex representation induced by the eigenvalues of the dual operator.

We note that the axionic term is not included in the energy–momentum tensor because it does not depend on the 
spacetime metric. In our calculation, we employ the Hilbert formulation for its calculation 

Tµν = −
2

√
−η

δS
δηµν

, (22)

where η is the determinant of the metric. This leads to the same expression for regular Maxwell electromagnetism with 
only one additional term e2

32π2 h̄
θ (r, t)ϵµναβFµνFαβ , if we note that the axionic term does not depend on the metric. Note 

that to apply this Hilbert formalism, it is necessary to introduce √−η into the action integral in Eq.  (1). 

∂µTµν =
e2

32π2h̄
∂νθ (r, t)ϵµναβFµνFαβ (23)

This expression reveals a nontrivial coupling between the electromagnetic field and the axionic field θ , which breaks 
the conservation of the energy–momentum tensor, which prevents its conservation. When θ is constant, this extra term 
vanishes, and Tµν reduces to the usual electromagnetic energy–momentum tensor [93,94]. 

For the Euclidean metric, where the time coordinate is Wick-rotated as x0 = ict , the metric tensor has all negative 
signs along its main diagonal. Under this transformation, the self-dual solutions discussed above become real quantities 
rather than complex ones, and the electromagnetic duality rotations characteristic of Minkowski spacetime no longer 
apply. These solutions were first studied in the context of the non-Abelian Yang–Mills equations, where they were called 
instantons. In fact, in such non-Abelian theories, the action is finite and proportional to integer values. For self-dual 
configurations, these integers can be interpreted as topological numbers associated with distinct homotopy classes [95]. In 
Euclidean space, these quantities are real and correspond to instanton numbers that describe tunneling processes between 
different vacuum states. It is worth noting that topological insulators also host degenerate electronic states protected by 
Kramers’ theorem, a feature we will revisit in the context of thermoelectric materials.

Thus, these solutions provide an electromagnetic background that does not require external energy input to sustain 
itself. This property is particularly relevant to axion electrodynamics, where lattice vibrations can assist in the Thouless 
pumping process. Although we might be tempted to regard these configurations as ordinary instantons, we must exercise 
caution: when rewriting Minkowski spacetime in Euclidean form, we are restricted to electrodynamics with an Abelian 
gauge group U(1) (or equivalently SO(2) for the dual field transformations mentioned earlier), and in this case, the action 
is not finite as in the non-Abelian scenario. This makes their interpretation as particle-like entities difficult, although their 
behavior remains similar in that they describe tunneling between distinct states.

Note that this background has significant physical implications, as it defines a geometrical context different from that 
of the usual vacuum. For instance, in electrodynamics the derivatives Dµ must be defined covariantly for the group U(1)
as Dµ = ∂µ − i eh̄Aµ. This leads to [Dµ,Dν] = −i eh̄Fµν , which may also contain nontrivial topological solutions since its 
homotopy group π1(U(1)) ∼= Z can be nonzero [96], where Z denotes the set of integers. Furthermore, this will allow us 
to establish a direct relationship between the vector potential A and the Berry connection, as will be discussed later.

2.3. Discrete symmetries

The term Fµν ∗ Fµν does not have the discrete Lorentz symmetries associated with time T , and parity P symmetries, 
because it contains the Levi-Civita tensor, and this is a difficulty that needs to be addressed in many topological materials. 
Classically, it is easy to show the discrete symmetries on the equation of motion of an electric charge e, i.e., the Lorentz 
equation d

dt p = e(E + v × B). For the time-reversal T : t ↦→ −t , we see that B(r, t) = −B(r,−t). The magnetic field 
changes its sign while the electric field E(r, t) = E(r,−t) remains invariant. For the spatial inversion P : r ↦→ −r , 
the opposite occurs, and for charge conjugation C : e ↦→ −e, both change sign. Therefore, the CPT  theorem associated 
7
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with the Lorentz group SO(3, 1) is satisfied, which forces the composition of these three operator transformations to be 
invariant.

Finally, we should note that, in order to obtain a self-dual solution for the electromagnetic background such as the 
one described above, where E(r, t) = ±c B(r, t), it is necessary to exercise caution when applying discrete symmetries 
to them, since the electric field and the magnetic follows different discrete symmetries. In particular, this introduces an 
additional constraint that must be satisfied when attempting to combine, for instance, a superconductor and a topological 
insulator to achieve the desired proximity effect. It is also important to recall that dual rotations leave the equations of 
motion invariant and can therefore serve as a general test for verifying the discrete symmetries discussed above in the 
framework of electrodynamics.

The difficulty arising from the term Fµν ∗ Fµν , which is not invariant under time-reversal T  or spatial inversion P , 
is resolved by coupling it to a dimensionless pseudoscalar field θ (r, t) that satisfies T θ (r, t) = −θ (r, t) and Pθ (r, t) =

−θ (r, t). There are, however, two exceptional cases. When θ = π , the field is invariant because of its 2π periodicity, 
making π and −π physically equivalent. For θ = 0, the axionic term vanishes, and consequently, the electromagnetic 
theory remains fully invariant under both T  and P symmetries. The condition θ = π corresponds to topological insulators, 
whereas θ = 0 characterizes topologically trivial materials [97].

3. Quantum axion electrodynamics

In the quantum formalism of path integrals, the action appears directly within a phase, so it is not surprising that θ
does. Furthermore, θ is part of a term that is a surface integral and, therefore, must act on the surface of a finite material. 
The curious thing is that if you want to make this action S time-reversal symmetric, then it looks like the electrical 
conductivity notices it through the Chern–Simons formalism in anomalous form. We will see in this section that the 
chiral currents of the electrons on the bands will be necessary to recover the proper electronic conductivity obtained by 
the Chern–Simons fields. Furthermore, we develop the Berry phase formalism showing the complementarity of the band 
electrons behavior with electromagnetic fields background in topological materials [98–103].

3.1. The θ (r, t) field as an angle with periodicity 2π

The axionic term of the action 

Sθ =
e2

32π2h̄

∫
T4

dx4θ (r, t)ϵµναβFµνFαβ , (24)

which is added to the usual of Classical Electrodynamics, is also known as the one corresponding to the axial anomaly 
of Quantum Field Theory, and was introduced for the first time to explain the decay time of a neutral pion to two 
photons π0

→ γ γ . That is, a term that breaks the classic axial symmetry by being quantized and very well contrasted 
experimentally [104–108].

If the electric and magnetic fields are confined to the Brillouin zone as a torus T 4
= T 2

× T 2 in 4-dimensional 
space–time. The total electromagnetic flux in this 4-dimensional torus is given by 

ΦT4 =

∫
T4

dx4EB =

∫
T2

dx0dx1E
∫
T2

dx2dx3B = vFΦ
2
B . (25)

Keeping in mind that the electric field is the space–time component of the electromagnetic field, and the magnetic 
field is the pure spatial component. For example, F01 =

−E1
c  and F23 = B1. In the exterior algebra of differential forms, 

these projections appear specific and ready to be used in an integral like this one for the 2-form of the electromagnetic 
field[86]. This suggests that these fluxes must be quantized if we imagine the electric and magnetic fields not time-varying 
within the torus, acting as an Aharonov–Bohm effect on the electrons, where both fluxes give ΦB =

ΦE
vF

= n h
e . The fields 

hence take the values E = n hvF
ea2

x̂ and B = n h
ea2

x̂ where a is the lattice constant, n is an integer, h is Planck’s constant, and 
vF  is the Fermi velocity that replaces the light velocity c in this effective relativistic formalism in a solid. So, we have 

Sθ = θ
e2

4π2h̄
Φ2

B = n2h̄θ. (26)

The partition function becomes exp[iSθh̄ ] = exp[in2θ ] once the given value is substituted for the fields. Therefore, θ must 
take periodic values of 2πm radians with m an integer number, although we will see that its relationship with topology 
is deeper in the following sections. So, the aim of these calculations is only to help us have a picture of how the new 
mixed electromagnetic fields can survive in the material, creating polarizations, although they cannot propagate.

Let us summarize the basic physical and geometric concepts underlying this subsection. The first important observation 
is that this axion term produces a quantized action that can be interpreted as parallel electric and magnetic fluxes confined 
within a T 2 torus. The second is that it modifies the internal structure of the material by introducing electric polarizations 
and magnetizations of topological origin. This tells us that these fields are very special and that their effective velocity 
does not have to be the c of vacuum. Their real role is to exchange energy with the electronic medium in the topological 
region of the material. A critical point is the dimensional change between the volume and the surface, where the θ field 
8
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undergoes a drastic change, in addition to the electromagnetic field. We will see how the Chern–Simons mechanism 
induces a topological mass on the photons of odd-dimensional space. In the case we will develop in the next subsection, 
the volume has even dimensions, 3+ 1, and the surface has odd dimensions, 2+ 1. This is also another sign that photons 
at the surface must move at a speed lower than c and the electrons associated with the gapless bands have speed vF . 
But we will also see how massless electrons with speed vF  must match the currents associated with these fields, so we 
associate them with an effective Fermi velocity [109–114].

The defined electric and magnetic fields are actually separate and do not interact for the axion term, as a magnet and 
an electrically charged body might. That is, they are static fields that are assumed to be confined in separate tori, such that 
T 4 appears as the product of two other T 2

× T 2 fields in the Brillouin zone if we consider them as two fields associated 
with different coordinates. One torus corresponds to two spatial (magnetic) coordinates, while the other corresponds to 
space–time (electrical) coordinates [115–117]

3.2. Anomalous electronic transport

The other important feature of this non-local term of the action is that it leads to a Chern–Simons on the surface. 
Speaking with more accurate mathematical language, we know that the torus is a compact manifold whose boundary is 
zero, which belongs to the class of closed manifolds. So, when we refer to the surface, we mean the boundary that cannot 
be extended trivially by the Brillouin zones, which are closed [96,118]. Coming back to the axion term 

Sθ =
e2

32π2h̄

∫
Ω

dx4θ (r, t)ϵµναβFµνFαβ

=
e2θ
4π2h̄

∫
Ω

dx4ϵµναβ∂µ(ϵµναβAν∂αAβ )

=
e2θ
4π2h̄

∫
∂Ω

dx3ϵναβAν∂αAβ

(27)

using Stocke’s theorem, Ω is the 4-volume of integration and ∂Ω its geometric border. Note that this cannot be the 
compact manifold Brillouin Zone associated with a torus T 4 because the above border would be zero. We note that on 
the surface of the topological insulator, θ goes from θ = 0 (in vacuum) to θ = π (in the material), so we can consider 
it to follow a Heaviside step function on the surface, i.e. θ (r, t) = θΘ(xµ), where Θ(xµ) is the Heaviside’s function with 
value 0 or 1. On the other hand, this function varies only with respect to the direction orthogonal to the surface, and its 
derivative gives ∂

∂xµ
Θ(xµ) = δ(xµ), where xµ is the direction orthogonal to the surface. This allows us to obtain it as a 

constant of the integral for that coordinate and, therefore, double the value of the surface integral. The density of currents 
derived from this action, taking θ constant, is 

Ji(x) =
δSθ
δAi(x)

= θ
e2

4π2h̄
ϵiνα∂

νAα, (28)

and considering the space projections, we have 

Ji = θ
e2

2πh
ϵ0ijE j (29)

or using Ohm’s law 
Ji = σijE j, (30)

being σij the conductivity tensor, whose elements are out of the principal diagonal 

σij = θ
1
2π

e2

h
=

e2

2h
, (31)

that we can take it as the fundamental state of conductivity with n = 0. Note that all these calculations were performed 
using the correspondence bulk-boundary in Stokes theorem, hence the above conductivity is on the surface, when θ = π
is assumed to be constant as it should be for a non-trivial topological insulator. Thus, the resulting Hall conductivity is 
given by [119] 

σij =

(
n +

1
2

)
e2

h
(32)

Obviously, this result alone is not faithful because we know that the conductivity scales with the integer numbers Z
associated with Chern numbers,which must always be integer numbers. We will see that this anomalous outcome can 
be cured and is due to the coupling between the Chern–Simons field and massless fermions, which reveals an essential 
property for thermoelectricity within these topological materials [120]. In nontrivial topological insulators, we will see that 
the surface hosts electronic states that carry precisely half of the quantum of conductance. It is remarkable that massless 
Dirac electrons, when coupled to the electromagnetic field, give rise to such topological currents, as we explore in more 
9
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detail below. Although this mechanism is quite complex, it is very well proven experimentally in the field of fundamental 
particles for pion decay [121]. It is known as a chiral anomaly because the symmetry of classical electrodynamics is 
violated when introducing quantum corrections. In condensed matter, this effect has been observed experimentally for 
the Wey semimetals Na3Bi, GdPtBi, ZrTe5, Cd3As2, and TaAs [122]. An easier way to interpret and overcome this difficulty 
is found in magnetic topological materials, which we will examine in more detail in this section [123,124].

3.3. Axion detection in topological insulators

The idea behind the field associated with θ dates from the 70s [125], and was deeply developed by Weinberg and 
Wilczek [126,127] to explain the non-breaking of the CP symmetry in the strong nuclear interaction, just as it happens 
with the weak interaction. The most paradigmatic example is the neutron, which must have an electric dipole moment 
according to the Standard Model of fundamental particles, the value of which was even calculated quite accurately, and 
yet, after many very precise experiments, it refused to appear. The existence of the neutron electric dipole moment 
would explain the CP symmetry violation (equivalent to T  violation) for the strong interaction, and thus, this helps the 
axion existence. These days, it has regained considerable attention because it is perhaps the leading candidate to explain 
dark matter in galactic haloes, although, in fundamental particle physics, there is still no fully convincing explanation. In 
topological insulators and Weyl semimetals, this axion field appears as electronic excitations forming quasiparticles that 
play a similar role to those axion particles. Thus, we can establish a wave equation for a scalar field whose action could 
be confirmed experimentally [91,128]. In the case of topological insulators, their surface is metallic and could be thought 
of as an ideal system to apply the Casimir methodology and see the influence of this axionic field [129].

Let us examine the contribution of this effect to the topological insulators and the new pressure that appears when its 
size diminishes. The density of energy of these topological axion electromagnetic fields ξθ =

1
2 (EθDθ + HθBθ) is given by 

ξθ =
π h̄vF
αsa4

, neglecting the contribution of the electric polarization P and magnetization M , due to the small magnitude of 
the factor e2

4π2 h̄
 [130,131]. αs is the fine structure constant in the solid [132]. Notice that if the surfaces are far from each 

other d = Na, this effect would be negligible with P and M defined by the dipolar moments in the bulk. Thus, the density 
energy of the fields in each unit cell would be ξθ =

π h̄vF
αsa4

, and we can obtain [130] 

P = −
π2h̄vF
60d4

, (33)

which is the pressure due to the Casimir effect for the axion field θ (r, t) in the topological insulators. In the same form, 
it is possible to extend it to non-zero temperatures 

P = −
π2h̄vF
60d4

+
2πkBT
d3

exp
(

−
2π h̄vF
kBTd

)
−

(kBT )4

2π2(h̄vF )3
ζ (4). (34)

In the low temperature/distance limit, we can write the force or pressure exerted on the surfaces as P = P0
(
1 +

1
3 (

T
T∗ )4

)
. 

This follows the same dependence as the Casimir force but redefines its main variables P0 = −
π2 h̄vF
60d4

, and the effective 
temperature T ∗

= h̄vF/(kBd) [130–135]. Although this effect is weak compared to the ordinary Casimir effect, it is 
significant, and it could be enhanced under certain experimental conditions. It could even be found whether the axions 
transform into photons or phonons using the Primakoff effect, as is considered in some experiments related to dark matter 
in astrophysics [136].

3.4. Berry’s phase and topological electronic transport

In a solid with a periodic potential, the Bloch theorem shows that each eigenstate of the Hamiltonian H is labeled 
by a pair of quantum numbers: the band-index n and the wave number k associated with the momentum p = h̄k. This 
justifies the importance of the band representation for the electronic structure. Thus, in the Brillouin zone (BZ), the states 
|ψnk⟩ = eikr |unk⟩ of the stationary Schrödinger equation Hψnk(r) = ξnkψnk, are defined in such a form that the periodicity 
is given in |unk(r + R)⟩ = |unk(r)⟩ and the eigenvalues ξnk = ξnk+k′  with spatial period R, belonging to the Bravais lattice. 
So, it is defined the Bloch Hamiltonian H(k) = eikrHe−ikr , where the eigenvalues ξnk and eigenstates |unk(r)⟩ define 
unequivocally the electronic bands.

For an adiabatic evolution of the system, it arises a new phase associated with the states, which cannot be gauged and, 
therefore, it is real and measurable, known as Berry’ s phase [137,138] 

γn = −i
∫ t

0
dt⟨ψnk|

∂

∂t
|ψnk⟩. (35)

Geometrically, the integrand of the previous phase plays the role of a connection, named the Berry connection, just like 
the electromagnetic potential does. Its expression is an = −i⟨ψnk|

∂
∂t |ψnk⟩ [137,139]. Like the electromagnetic potential, it 

is also gauge-dependent, while the curvature 

Ωn
kikj = i

[
⟨
∂u

||
∂u

⟩ − ⟨
∂u

||
∂u

⟩

]
(36)
∂ki ∂kj ∂kj ∂ki
10
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is not. This allows us to define the first Chern number as a topological invariant 

Cn = −
1
2π

∫
M
d2kΩn

kikj (37)

with integer numbers, where n refers to the n-band. Then, for the n-band on the torus T 2 associated to the BZ, we have 

Cn = −
1
2π

∫
T2

d2kΩn
kxky , (38)

and the electric conductivity is defined by 

σxy = −

∑
n

e2

2h̄

∫
T2

dk2Ωn
kxky (39)

where n sums over the bands below the Fermi energy. This result is the famous TKNN invariant and shows that the 
Integer Quantum Hall Effect (IQHE) has a topological origin [48]. Furthermore, this quantization of the Hall currents is 
linked to the emergence of gapless edge states on the sample boundaries [140], and it is called a quantum anomalous 
Hall insulator (QAHI) when the Chern number is non-zero. Haldane extended the Su–Schrieffer–Heeger (SSH) model to a 
hexagonal graphene lattice for obtaining a QAHI without needing a magnetic field in the background state [49,141]. The 
trick is that there are two inequivalent points, A and B, which, after using the periodicity with the Bloch theorem, show a 
pseudospin that breaks time-reversal symmetry as the magnetic field does in the above Chern–Simons currents [49]. This 
model was also generalized by Kane–Mele thanks to introducing spin–orbit terms in the Hamiltonian, where each spin 
has an independent TKNN integer n↑, n↓. Observing that the T  symmetry requires n↑ + n↓ = 0, while their difference 
n↑ − n↓ is nonzero and defines a quantized spin Hall (QSH) conductivity. Topologically, this leads to the introduction of 
a new topological invariant Z2 [142]. Independently, Bernevig and Zhang also found another model in which the spin–
orbit played a fundamental role by using the spin instead of the magnetic field [51]. This Berry formalism, using simple 
toy models, was very successful, even in predicting new topological materials. However, the electromagnetic non-trivial 
topological behavior of these materials was almost omitted. By the way, the Berry phase cannot give any information 
about bosons, it only does for fermions [80]. We will develop these models in Appendix  A to understand them more 
thoroughly.

Finally, we finish this section by introducing the electrical polarization as a function of Berry’ s phase as it is defined 
today. Taking the Fourier transform of the Bloch states, we have the local relationship between states 

|Wn(R)⟩ =
e
2π

∮
dke−ik(R−r)

|un(k)⟩ (40)

in momentum space, which are known as Wannier states. They do not need to be eigenstates, but they allow us to calculate 
the electric polarization P in two dimensions by 

P = e⟨Wn(R)|R − r|Wn(R)⟩

= i
e
2π

∮
BZ

⟨un(k)|∇k|un(k)⟩

=
e
2π
γn,

(41)

where the last integral corresponds to Berry’ s phase. Note that the integral employed, in a non-contracting loop (non-
trivial 1-cycles) in the Brillouin zone (i.e., a torus), makes this connection gauge-independent and applies only to a Hilbert 
subspace expanded by the Bloch eigenstates |u(r)⟩ and not those of |ψ⟩ = exp{ikr}|u(r)⟩. These particularities define 
the Zak phase [139] for electrical polarization rather than the more general Berry phase. That is the way that electrical 
polarization is currently defined. Geometrically, the Berry phase and the electric polarization correspond to holonomies 
in the principal fiber bundle modeling the topological materials, as we show shortly in the next section [95,96].

3.5. General Berry’s phase and Chern–Simons geometrical background

Formally, although the Berry phase and the electromagnetic potential are very different physical objects, they can be 
understood as connections of the principal fiber bundle (PFB) whose fibers result in the Abelian group U(1) and the torus 
T 4 being the basis. In the topologically non-trivial case, it would not be possible to find a global section of the entire 
fiber bundle T 4

× U(1) [95,96,118]. We have taken the toroid relation T 4
= T 2

× T 2 for a physical interpretation of the 
electromagnetic fields in it (see Fig.  3). The connections allow us to relate the point of the fibers in two different points of 
the base by parallel transport. Although it is too abstract and not necessary in many respects for following the purpose of 
this paper, let us roughly give an idea of how to determine the general topology when we have the product of a manifold 
SU(N) (fiber) times the space–times manifold M (base) defining a principal fiber bundle P = SU(N)×M locally, provided 
with a projection π carrying elements of P on the base, π : P → M . Since the whole fiber bundle can have twists between 
11
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Fig. 3. Möbius band on a torus π : S1 → S1 × S1 . There are two possibilities of circles crossing (non-trivial) and without crossing (trivial). This can 
represent the connection of the magnetic potential A with the Berry connection a.

the fiber and the base, as it happens in the non-trivial topology, then it is necessary to define the characteristic classes 
and the Chern Character using the invariance of the curvature Ω

chΩ = m +

(
i

2π

)
trΩ +

1
2!

(
i

2π

)2

trΩ2
+ · · · , (42)

which corresponds to a series expansion as a function of curvature, and m is a matrix associated with the m-representation 
chosen for the fiber. The integral of each term, called the Chern character, depending on the curvature, gives an integer 
number which defines the Chern numbers. The general formula is Cn+1 =

1
(n+1)!

∫
M dn+1k( iΩ(k)

2π )n+1, where M is the BZ
when the curvature Ω(k) is defined with Berry’s phase. The importance is that each of these integrals corresponds to an 
integer number. In case of taking the Berry curvature, the Chern number integral is defined in the BZ . Physically in the 
last section, we have found the electric conductivity of the topological insulators associated with this C1 and we will see 
that the C2 is related to the instanton solutions. In our case, the fiber U(1) is too simple, but we can enlarge the symmetry 
group to SU(2) if we take into account the degeneracy of the states on the torus T 4, and this formalism could be very 
useful. For example, we can prove how electromagnetism and the Berry phase formalism are related in a simple form. In 
our case, the only difference is the choice of Berry connection an or the electromagnetic potential Aµ as connections for 
making the parallel translations, but the topology of the PFB is the same. We assume that the electromagnetic potential 
Aµ(x) is defined at every spacetime point where the quantum states |ψn⟩ are uniquely specified, once a gauge condition 
is fixed for both. Moreover, both the electromagnetic potential and the quantum states are inherently gauge-dependent 
and transform as elements of the U(1) gauge group. Making a parallel translation (physical adiabatic condition) on a given 
section, having the covariant derivative Dµ = ∂µ − i eh̄Aµ acting on the states |ψn⟩; i.e., Dµ|ψn⟩ = 0. If we multiply by the 
left the last equation by ⟨ψn|, we have 

e
h̄
Aµ = −i⟨ψn|∂µ|ψn⟩ = aµ (43)

where the electromagnetic potential is equivalent to the Berry connection once the gauge is fixed, given that there is 
an inner magnetic field, as it happens with the axionic one. This identification is valid under the assumption that the 
only parameters entering the Berry phase are the spacetime coordinates via the quantum states, and that the system 
is described by non-degenerate states in the standard Hilbert space. Note that this can be directly associated with the 
quantization of the magnetic flux as B = ∂iAj − ∂jAi =

h̄
eΩij and, hence, its surface integral is given by the Chern 

number [64,143].
The Wilson loops are gauge-invariant operators under this parallel transport around closed loops. In the case of the 

Chern–Simons, we have the action 

Scs =
κ

4π

∮
dx3ϵµναAµ∂νAα (44)

being κ a dimensionless integer called level. Taking the general connections Ai, we have the invariant object using the 
circular integral 

ωi =

∮
dxiAi (45)
γi

12
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being γi non-contractible curves on the torus. Thus, we have ωi → ωi + 2πn, where n is a winding number. To avoid this 
difficulty and define properly a gauge-invariant object, we introduce the Wilson loops 

Wj = exp
(
i
e
h̄

∮
γi

dxiAi

)
= exp(iωi) (46)

which are complex numbers of unitary modulus. The canonical commutation relations of these connections are 

[A1(x1), A2(x2)] =
i
κ
δ2(x1 − x2) (47)

or [ω1, ω2] =
2π i
κ
. Their product is eiωieiωj = e

[ωi,ωj]
2 e(ωi+ωj) or WiWj = ei

2π
κ WjWi which cannot be implemented in a single 

vacuum state. Hence, the ground state must be degenerate. The smallest representation is 

W1|n⟩ = e
2πni
κ |n⟩ (48)

and 
W2|n⟩ = |n + 1⟩ (49)

Wilson loops are the principal physical observables of Chern–Simons theories, which in principle have the problem of not 
being gauge invariant because they explicitly depend on the potential. However, their expectation values depend on how 
the braiding between them is established. However, topological invariants are associated with the topological theory of 
knots[144–147].

3.6. Magnetic topological materials

The integer quantum Hall effect (IQHE) occurs in two-dimensional electron systems and was historically the first 
manifestation of topology in condensed matter physics. This was theoretically established by Thouless, Kohmoto, 
Nightingale, and den Nijs (TKNN) [148], who showed that the quantized Hall conductance is governed by integer-valued 
Chern numbers derived from the Berry curvature of the electronic bands. Shortly thereafter, the fractional quantum Hall 
effect (FQHE) was discovered; however, its origin lies primarily in strong electron–electron correlations rather than band 
topology, and it is therefore not classified as a topological band insulator. In parallel, the Hall effect also arises in magnetic 
materials such as ferromagnets, even in the absence of an external magnetic field. This phenomenon, known as the 
anomalous Hall effect (AHE), naturally raises the question of whether a quantized version exists. Indeed, the quantum 
anomalous Hall effect (QAHE) was later predicted theoretically for graphene’s honeycomb lattice [49]. However, pristine 
graphene exhibits extremely weak intrinsic spin–orbit coupling, making experimental realization impractical. The QAHE 
was subsequently modeled in two-dimensional ferromagnetic systems with sufficiently strong spin–orbit coupling or 
complete carrier localization at the Fermi level. Its experimental observation only became possible after the successful 
realization of ferromagnetic topological insulators based on these theoretical proposals. This stands as a remarkable 
example in condensed matter physics where theory decisively preceded and guided experiment. Without such theoretical 
insight, these materials would likely never have been engineered [53,68,149,150].

Magnetic Topological Insulators (MTIs) naturally build upon the previously derived expression for the anomalous 
quantized Hall conductivity [151]. In the ground state, this expression contains a non-integer contribution, which, by itself, 
cannot serve as a topological invariant. This situation parallels the case of the Chern–Simons conductivity in systems where 
time-reversal symmetry is explicitly broken. Nevertheless, such materials always host surface states whose intrinsic Hall 
conductivity is quantized as σ =

e2
2h , a direct consequence of time-reversal symmetry breaking induced by the magnetic 

order. To resolve the apparent ambiguity of half-integer topological numbers, one considers the combined contribution 
of all surface channels: their total conductivity is either σ =

e2
h  (indicating nontrivial topology) or vanishes entirely 

(signaling a trivial phase). The sign of the half-quantized contribution is determined by the discrete symmetries of the 
surface lattice [152].

To clarify the topological origin of the half-quantized Hall response, we consider the minimal low-energy model for a 
gapped Dirac surface state (see Fig.  4). The effective Hamiltonian in two dimensions reads 

H(k) = d1(k) σx + d2(k) σy + d3 σz, (50)

where the vector d(k) = (h̄vFkx, h̄vFky, m) encodes the momentum dependence and the mass term. Here, ̄h is the reduced 
Planck constant, vF  the Fermi velocity, m a real parameter that opens a gap at the Dirac point. For simplicity, we set 
h̄ = vF = 1 during the calculation and restore physical units at the end. The energy eigenvalues are 

ε±(k) = ±|d(k)| = ±

√
k2 + m2, (51)

with k = |k|. The normalized eigenstates are 

|u±(k)⟩ =
1

√

(
d3 ± |d|

)
. (52)
2|d|(|d| − d3) d1 − id2
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Fig. 4.  Comparison of surface band structures in (left) a time-reversal-invariant 3D topological insulator (TI) and (right) a magnetic topological 
insulator (MTI). In the TI, the surface states form a gapless Dirac cone protected by T  symmetry. In the MTI, magnetic order breaks T , opening a 
gap of magnitude 2mv2F  at the Dirac point. The dashed line denotes the Fermi level ξF , and CB and VB the conduction and valence bands, respectively.

From this, the Berry connection is defined as aα(k) = i⟨u−|∂kαu−⟩. A straightforward calculation yields 

ax = −
ky

2
√
k2 + m2

(√
k2 + m2 + m

) , ay =
kx

2
√
k2 + m2

(√
k2 + m2 + m

) . (53)

The Berry curvature follows as Ωxy = ∂kxay − ∂kyax, which simplifies to 

Ωxy(k) =
m

2 (k2 + m2)3/2
. (54)

Integrating over the entire 2D Brillouin zone, the Chern number associated with the gapped surface band is

C =
1
2π

∫
R2
Ωxy(k) d2k =

1
2π

∫ 2π

0
dθ
∫

∞

0

mk dk

2 (k2 + m2)3/2
=

1
2
sign(m).

Restoring physical units, the Hall conductivity of a single gapped surface is therefore 

σxy =
e2

h
C =

e2

2h
sign(m), (55)

in agreement with the result derived in Section 3.2 from axion electrodynamics. The origin of the gap parameter m
in magnetic topological insulators lies in the breaking of time-reversal symmetry (TRS). For spin-1/2 electrons, the 
antiunitary time-reversal operator is T = iσyK , where K  denotes complex conjugation. Acting on the Hamiltonian, one 
finds 

TH(k)T−1
= H(−k) = −h̄vFkxσx − h̄vFkyσy + mσz . (56)

TRS requires TH(k)T−1
= H(−k), which is only satisfied if m = 0. Thus, a non-zero m explicitly breaks TRS. In magnetic 

materials, this mass term arises from the exchange coupling between the spin of itinerant surface electrons sz and localized 
magnetic moments Sz , assuming the magnetization is oriented perpendicular to the surface (along z). This interaction takes 
the form 

Hex = −J s · S ⇒ mσz = −nsJszSz, (57)

where J is the exchange constant, and ns the density of localized spins. The sign and magnitude of m are thus controlled 
by the direction and strength of the magnetic order. Consequently, while conventional topological insulators preserve 
TRS and host gapless Dirac cones, magnetic topological insulators break TRS and exhibit gapped surface states with a 
half-quantized Hall conductance. In a thin film geometry with uniform perpendicular magnetization, the top and bottom 
surfaces contribute with the same sign, yielding a total Chern number C = 1 (nontrivial) or C = 0 (trivial) depending on 
the relative alignment of the surface gaps, enabling the quantum anomalous Hall effect without external magnetic fields.

Magnetic topological materials represent one of the most promising platforms for technological applications in 
topological quantum matter, as they can be externally controlled by a magnetic field. Key experimental techniques—such 
as angle-resolved photoemission spectroscopy (ARPES) and scanning tunneling microscopy/spectroscopy (STM/STS) have 
enabled direct visualization of the gapped Dirac surface states and their spin-momentum locking. Complementary probes, 
including the magneto-optic Kerr and Faraday effects, provide evidence of the topological magnetoelectric response 
associated with axion electrodynamics. Two primary mechanisms are known to induce magnetic order and open a gap 
in the surface Dirac cone: (i) the carrier-mediated Ruderman–Kittel–Kasuya–Yosida (RKKY) interaction, as realized in 
Mn-doped Bi Te  [153], and (ii) the local-moment Van Vleck mechanism mediated by valence electrons, observed in 
2 3
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Cr-doped Bi2Te3 [154]. These systems typically exhibit weak ferromagnetic or antiferromagnetic ordering below low 
Curie (TC ) or Néel (TN ) temperatures, respectively, while largely preserving the underlying crystal symmetries essential 
for topological protection. Despite the challenges in material synthesis and the sensitivity required for experimental 
characterization, significant progress has been made in recent years. Comprehensive reviews on the theory, growth, and 
transport properties of magnetic topological insulators are available in Refs. [80,155–157].

4. Chiral anomaly and axion electrodynamics

The axion term, e2

32π2 h̄
θ (r, t)ϵµναβFµνFαβ , has a well-established physical–mathematical meaning within field theory. 

As mentioned before, its origin began with the decay of the neutral pion π0 into two photons, that is, π0
−→ γ γ . Using 

the partially conserved axial current model (PCAC), this gives a decay rate value three orders of magnitude less than the 
observed one. This difficulty was overcome by taking into account the aforementioned axial term. In addition, we show 
how the axion term is topologically quantized, allowing the non-conservation of the chiral currents and justifying the 
fractional anomalous Chern–Simons currents. Both are glued and related to the temperature as the first step to topological 
thermoelectricity. The units used in this section are still SI units, but given the number of constants present, they are 
omitted from the calculations, although they appear at the end in the expressions of interest.

4.1. Chiral anomaly and axion electrodynamics

Classically, the gauge transformation of the potentials Aµ −→ Aµ + ∂µΛ(x) and states ψ(x) −→ ψ(x)eiΛ(x) are glued 
using a U(1) symmetry for obtaining a Noether current given by Jµ = ψγ µψ , with associated action 

S =

∫
dx4iψγ µ(∂µ − ieAµ)ψ, (58)

where γ µ are the Dirac matrices and ψ = ψ†γ 0. This current Jµ is known as a vector current. In the same form, it can 
also be defined an axial current such as Jµa = ψγ µγ 5ψ associated with the axial symmetry ψ −→ eiΛγ

5
ψ which appears 

as a classical Noether current taken in this way, but this symmetry is broken when the theory is quantized and, therefore, 
produce an axial or chiral quantum anomaly [158,159].

Let us define very shortly the basic tools employed in the quantum formalism. In the Weyl basis, the Dirac matrices 
4 × 4 appear as 

γ 0
=

(
0 1
1 0

)
, γ i

=

(
0 σ i

−σ i 0

)
(59)

with γ 5
= −iγ 0γ 1γ 2γ 3

=

(
1 0
0 −1

)
, the Minkowski’s metric with signature (+ − −−) and σ i the Pauli’s matrices. In 

the case of the massless Dirac fields, the states can be separated as 

ψ =

(
1 + γ 5

2

)
ψ +

(
1 − γ 5

2

)
ψ = ψL + ψR, (60)

being P± =
1
2 (1 ± γ 5) projectors at right or left polarizations. The covariant derivatives Dµ = ∂µ − ieAµ or D =

γ µ(∂µ − ieAµ)P+, D†
= γ µ(∂µ − ieAµ)P−. So, we have two independent polarizations for P±ψ± = ψ± and γ 5ψ± = ±ψ±, 

where the Hilbert space is divided in two subspaces H = H+ ⊕ H− in this four dimensional space–time. Provided with 
these definitions, it is straightforward to obtain one of the applications of the Atiyah–Singer index theorem for the elliptic 
Dirac operators in an Euclidean space–time 

index(γ µDµ) = n+ − n− (61)

where n+ are the zero modes of D and n− the ones of D†. Notice that iγ µDµψn = ξnψn and ξn must be real because iγ µDµ
is an Hermitian operator. On the other hand, γ 5ψn is also an eigenfunction in such a form that ψn and γ 5ψn have to be 
orthogonal, because these states cannot have the same eigenvalue ξn simultaneously. Only in the case of a zero mode, 
i.e., when ξn = 0, does one not encounter this issue.

On the other hand, using the Fujikawa formalism [105], we can analyze the measure of the integrals for fermions 
coupled to the electromagnetic field within a Grassmann algebra ∫

DψDψ (62)

where D denotes the differential in the spinor Hilbert space. Physically, this provides a way to formalize Pauli’s exclusion 
principle for the integral. Choosing a fixed electromagnetic field, we have for the Dirac operator iγ µD φ = ξ φ
µ n n n
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where φn are 4-component eigenspinors. Thus, we can write the general spinors ψ,ψ in a Grassmann formalism by 
ψ(x) =

∑
n anφn(x), ψ(x) =

∑
n bn φn(x). This allows us to express the fermionic integral measure in a simple form as ∏

n

∫
dbndan, (63)

where an and bn are Grassmann numbers whose integrals are straightforward: 
∫
da = 0 and 

∫
a da = 1, with the 

same properties for bn. The chiral spinors can be expanded using a first-order approximation ψ ′
= ψ + iϵψγ 5 and 

ψ ′
= ψ + iϵψγ 5, where ϵ is the ordinary infinitesimal. Hence, the Jacobian of the new integral may be calculated, and 

the surprising result is that it appears a new term ∫
DψDψexp

(
−i

e2

16π2

∫
ϵµναβFµνFαβdx4

)
(64)

and therefore the axial current Jµa = iψγ µγ 5ψ is not conserved. It follows that 

∂µJµa =
e2

16π2 ϵ
µναβFµνFαβ (65)

confirming the chiral anomaly. Finally, we can write the Atiyah–Singer theorem [160] as 

index(γ µDµ) =
e2

16π2 ϵ
µναβFµνFαβ = n+ − n−. (66)

This justifies in a much deeper form how the axion electrodynamic term is quantized and related to the zero modes 
of the Weyl equation. Thus, the topology associated with the pseudoscalar Lorentz invariant term of the action in the 
quantum formalism is quite subtle, because it is related to the measure of the integral of the fermion action and the 
coupling of the massless electrons with the axionic electromagnetic background.

4.2. Classical θ (r, t) field meaning versus quantum field theory

Following the Fujikawa formalism developed above, it is easy to see that there is an immediate interpretation of 
the θ field as one phase of a global gauge transformation. In fact, it would be associated with the chiral massless 
electrons coupled to the electromagnetism of the axion. Taking ψ+ −→ eiΛψ+ and ψ− −→ e−iΛψ−, and infinitesimal 
transformations given by δψ+ = iϵψ+, δψ− = iϵψ−, the fermionic measure is transformed as ∫

DψDψ −→

∫
DψDψexp

(
−i

e2Λ
16π2

∫
ϵµναβFµνFαβdx4

)
. (67)

Therefore, we have obtained the same expression introduced in the first section, if we consider θ = 2Λ or a phase shift 
θ → θ − 2Λ. This means that θ can be gauged because it only changes the phase of one state of an isolated fermion. 
Note that this does not invalidate the existence of the θ (r, t) field that we have introduced in the first section because in 
that case it is defined for many fermions with local phases. Axionic electromagnetism requires a local change of Wannier 
states to obtain the electric polarization P and the magnetization M [161–164].

4.3. Anomaly inflow and local currents

The mass of electrons in topological insulators can be thought of as evolving from having non-zero mass in the volume 
to having mass equal to zero at their edge. We will see how to explain the semi-integer value of the electrical conductivity 
obtained in the previous section for the Chern–Simons theory, which is unrealistic due to the presence of half-integer 
Chern numbers. We assume that the coordinate spanning from the interior of the material to the surface is z, with the 
plane z = 0 precisely marking the region where the electrons have zero mass and containing the point z. Taking the mass 
of the electrons as 

m(z) = m0tanh(z) (68)

with limz→+∞ m(z) = +m0 and limz→−∞ m(z) = −m0 (see Fig.  5). Note that z varies as a function of temperature, 
z(T ), meaning that the electrons attached to the bulk atoms must be considered when accounting for the dimensional 
transformation of the electron mass. So, if we have these electrons coupled to the electromagnetic background field, its 
action would be 

S =

∫
dx4[iψDψ − m(z)ψψ] (69)

and the Dirac equation 
i∂ ψ + iσ i∂ ψ = mψ , i∂ ψ + iσ i∂ ψ = mψ . (70)
0 − i − + 0 + i + −
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Fig. 5. Hyperbolic tangent for the electronic mass close to the surface. Condition leading to only one type of two-dimensional Dirac spinors (surface) 
that can be directly related to Chern–Simons electric charge currents.

There is always a solution independent of the value of the energy 

ψ+ = iσ 3ψ− = exp

[
−

∫ z′

0
dz ′m(z ′)

]
φ(xi), (71)

where φ is the eigenspinor in vacuum, ψ is localized around z = 0, where the mass should be zero and i = 0, 1, 2. This is 
known as a Fermi zero mode. So, we have ∂0φ+σ 1∂1+σ 2∂2φ = 0, which turns out to be the (2+1)−D Dirac equation for 
a massless fermion. Besides that, we must notice that the other solution ψ− = iσ 3ψ+ is not normalizable, and therefore 
we have only half of the possible electrons given by ψ+ = iσ 3ψ−. This implies that only this limited number of electrons 
contribute to electronic transport, as they are localized in the plane z = 0, just as we observed in Section I , where the 
electromagnetic Chern–Simons term was studied. Therefore, if we add or subtract the Chern–Simons currents found in 
a previous section from those in this one, we obtain the fully integer-quantized conductivity, as expected, following the 
TKNN theorem. At low energies, we have a single massless chiral fermion φ+ localized at the domain wall, carrying charge 
+1 under an electromagnetic field with an internal U(1) symmetry [165,166]. The first observation to make is that the 
domain wall is placed where the dimensionality of the material changes from odd to even or vice versa. The second is that 
the duality rotation for the electromagnetic field and the chiral symmetries are only well-defined in even-dimensional 
space. Third, the electric conductivity must employ the Chern–Simons axion electromagnetism and chiral Weyl fermions 
to be properly defined.

This tells us that these electronic currents are localized and have lower degrees of freedom than usual in non-
topological materials. This means that thermodynamic quantities such as entropy must also be smaller and be able to 
be considered locally, as we will see later. This suggests a cyclic transformation of a set of many electrons in a given 
microcanonical configuration since we will calculate more explicitly, taking into account the density of states and their 
occupancy to obtain the figure of merit [166–168].

4.4. Temperature and anomalies

In the case of massless fermions, we have a Lagrangian for the Weyl spinor representation 
L = ψ(x)iγ µ(∂µ + ieAµ)ψ(x). (72)

That is, in addition to being invariant under the local gauge transformation ψ(x) −→ ψ ′(x) = eiΛ(x)ψ(x), ψ(x) −→

ψ ′(x) = eiΛγ5ψ(x), it is also invariant for the transformation of the metric gµν −→ g ′
µν = Λ(x)gµν , and coordinates 

xµ −→ x′µ
= Λ(x)xµ [169–172]. Thus, representing the Euclidean spacetime within the complex numbers with 

ds2 = dzdz, where z = x0 + ix1 for (1 + 1)-dimensions, and z is the conjugate complex. Performing an infinitesimal 
transformation z −→ z + ϵ(z), with ϵ(z) =

∑
∞

n=−∞
ϵnzn, being f (z + ϵ(z)) = [1 +

∑
∞

n=−∞
ϵnzn+1∂z]f (z) analytic, 

a Virasoro algebra is obtained for the operators Ln = −zn+1∂z , with external product [Ln, Lm] = (n − m)Ln+m. This 
conformal symmetry is broken when turning into the quantum formulation, where time is given by t =

h̄
kBT

, leading 
to the emergence of anomalies. Classically, the covariant derivative of the energy–momentum tensor vanishes, as does its 
trace, i.e., DµTµν = 0 and Tµµ = 0. However, at the quantum level, the trace of the energy–momentum tensor does not 
vanish but instead appears as 

Tµµ = −
c

24π
R, (73)

where R is the scalar Ricci tensor associated with the metric and c is the central charge, with the other central charge 
c = 0. We have chosen the units of the Newton constant and velocity of light to be one. Calculating the T  component 
00
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of the energy–momentum tensor, we have that the 1-dimensional density of energy would be ξ (x) =
πc

12vF h̄β2
, and as 

ξ (x) = p(x)vF , we also have the density of momentum as p(x) =
πc

12h̄β2
, with β−1

= kBT . Thus, considering that the thermal 
current is proportional to the momentum, we have the thermal Hall conductivity in one dimension, given by [32,173–175] 

KH =
∂p(x)
∂T

=
πk2BT
6h̄

c. (74)

We see that this thermal conductivity depends directly on the central charge c , which has a difficult physical 
interpretation. Notice that this conductivity was defined in the continuous lattice as the theory of defects does [176] 
in crystal and, therefore, this thermal conductivity might be associated with the lattice κph. The value of the central 
charge c for fermions in a torus is smaller than one, c = 0.5, but the one for bosons is more complex to be determined 
theoretically [177].

Although this formalism is quite different from what we are developing, it is crucial to observe how temperature can 
be related to the geometry of the material and the action of Dirac electrons coupled to the electromagnetic field.

5. Inner symmetries, dimensionality, and topology

Topological materials are assumed to have a relativistic linear dispersion law, with ξ = pvF = h̄kvF , where the Fermi 
velocity vF  replaces the speed of light c in this effective space–time. This simple identification leads to the fact that 
these bands carry zero mass electrons and that they might have non-trivial topology. Moreover, this effective system 
has its symmetries associated with the Lorentz group SO(1, 3) or with the Poincaré group if we add the translations. But 
what characterizes the topology of Hermitian Hamiltonians are their discrete time-reversal, charge-conjugation, and chiral 
symmetries, as has been known since the beginning of the last century.

One way to see that these are linear bands, ξ = h̄kvF , following the relativistic formalism for a rest mass particle, 
despite working with such low energies, is with the Landau levels, which are measured with scanning tunneling 
spectroscopy techniques [178,179]. A paradigmatic case is graphene, which has a Fermi velocity vF =

3a|t|
2h̄ ≡ 106 ms−1, 

which is independent of k, where a and t are the lattice constant and the hopping energy, respectively. For graphene 
monolayers under a magnetic field up to 12T, it is possible to see that the Landau levels follow the quantization based 
on the relativistic formalism 

ξ = ±vF
√
2h̄eBn , (75)

where n are natural numbers labeling the states. Positive values correspond to massless electrons, while negative values 
correspond to massless holes. So it seems quite natural to analyze the discrete symmetries of the Lorentz group and see 
how they topologically classify materials into just ten classes.

5.1. Unitary symmetries in topological materials

Electrons are assumed within a tight-binding model and with a Hermitian Hamiltonian with associated unitary 
symmetries. That is, UHU−1

= H, where U−1
= U†. Therefore, we can always find a basis in which H and U are diagonal 

block matrices because they commute [H,U] = 0. This block has a common eigenvalue ξ (k) that could correspond to 
a degenerate state |ψi⟩. This is a key point, as it enables the use of non-Abelian unitary symmetries in these quantum 
topological systems. For example, consider an insulator with m occupied bands below the Fermi level, ξi(k) < ξF , and n
unoccupied bands with ξi(k) > ξF . Performing an adiabatic transformation from the Hamiltonian H(k), which keeps the 
gap energy unchanged, we can see that the unitary transformations define a differential manifold M such that it appears 
as a coset space 

M =
U(n + m)
U(n)U(m)

, (76)

where the matrices associated with U(n + m) of (n + m) × (n + m) elements define a map from the Brillouin zone torus 
(transformed into an equivalent ‘‘sphere’’ after physical–mathematical manipulations, see [31]) to M , whose homotopy 
group can be determined. For example, under the conditions mentioned above, πd(M) = 0 for odd dimensions d = 1, 3, 5, 
which corresponds to trivial topology, where all elements can be continuously reduced to a single one. On the other hand, 
πd(M) = Z for even dimensions d = 2, 4, where there exists an integer class of independent elements. In the latter 
case, there are several states for each integer Z that cannot be continuously deformed with each other [96,180,181]. This 
idea will be generalized in the 10-fold Way formalism. Note that these symmetries belong to the Hamiltonian, not the 
Lagrangian, and therefore are not directly associated with Noether currents.
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5.2. Inner discrete symmetries

Discrete symmetries were defined using the Lorentz equation of classical electrodynamics, but this is not sufficient for 
quantum systems. A system is time-reversal symmetric if the operator T̂  commutes with the Hamiltonian [Ĥ, T̂ ] = 0. 
That means that the time-reversal symmetry induces a degeneracy of states because, for the Schrödinger equation 
H|ψ⟩ = ξ |ψ⟩, we also have ĤT̂ |ψ⟩ = ξ T̂ |ψ⟩.

For bosons T̂ |ψ⟩ = +|ψ⟩ always, but for fermions T̂ |ψ⟩ ̸= |ψ⟩. This property is the basis of the Kramers 
degeneracy [182–184]. In the time-dependent Schrödinger equation ih̄ ∂

∂t |ψ(t)⟩ = Ĥ|ψ(t)⟩, while |ψ(−t)⟩ is not a solution 
if the time-reversal symmetry must be followed, due to the first order derivative in t . For solving this basic quantum 
feature, we notice that T̂ ih̄T̂ −1

= −ih̄, which means that the time-reversal symmetry induces a complex conjugation 
operator K̂ , where K̂ 2

= 1, obviously.
In general, we can write T̂ = ÛT K̂ , being the time-reversal operator T̂  equal to the product of one unitary operator 

ÛT  by the complex conjugation operator K̂ . So, when it acts on an operator Ô, we have T̂ ÔT̂ −1
= ÛT K̂ ÔK̂ Û†

T = ÛT O∗Û†
T . 

By joining both conditions, the time operator becomes antiunitary instead of unitary. A possible representation is given 
by UT = exp(−iπ Sy

h̄ ), being Sy the spin in the y-direction and the square of T̂  gives T̂ 2
= e(−2iπ

Sy
h̄ ). Therefore, for bosons 

T̂ 2
= 1, and for half-integer spin fermions we have T̂ 2

= −1 and T̂ = −iσyK . Thus T̂  is an antiunitary operator under 
these conditions.

The parity operator P̂ , which changes the sign of the spatial coordinate, is Hermitian, i.e., P̂ = P̂†, and is its own 
inverse, i.e., P̂†

= P̂−1. It is the least important discrete symmetry because it can be replaced by a unitary operator. To 
clarify, we can think of it as a rotation by π degrees.

In the same form, we have used the non-relativistic Schrödinger equation for the time-reversal symmetry. In the 
case of charge conjugation Ĉ, it is necessary to work with the Dirac relativistic equation iγ µ∂µψ = mψ . Doing the 
generic transformation ψ ′

= UCψ , we have the condition UCγ
′µUC = γ µ, where the γ ′µ and γ µ are the Dirac gamma 

matrices in different basis, but with the same commutation rules. Thus, we can find, as in the time-reversal symmetry, 
that ĈĤĈ−1

= Ĥ and Ĉ = UC K̂ , with Ĉ2
= ±1, which gives two possibilities Ĉ = +1 and Ĉ = −1. Furthermore, a third 

operator needs to be introduced to account for the composition of the charge conjugation and time reversal symmetries 
that define ̂S = T̂ Ĉ , known as the chiral operator. It is also antiunitary because in the Fock space ̂SiŜ−1

= −i and commutes 
with the Hamiltonian defined on a Fock space (second quantization), ŜHŜ−1

= H. For the single-particle first quantization 
Hilbert space, it is unitary because the composition of the time-reversal and charge conjugation operators is unitary, as 
K̂ 2

= 1 [185]. This operator has only two possible values: 0 and 1.
Let us apply these concepts to a model, where these three discrete symmetries are easy to calculate, such as it happens 

with the two-band Su–Schrieffer–Heeger (SSH) model, see Appendix  A. We assume that we have a chain of two types of 
atoms, A and B. The Bloch Hamiltonian is given by 

H(k) =

(
0 ti + eikto

ti + e−ikto 0

)
=

∑
i

di(k)σ i, (77)

where 
dx(k) = ti + to cos(ka), dy(k) = to sin(ka), dz(k) = 0. (78)

The eigenvectors of this Hamiltonian are given by 

|±u(k)⟩ =
1

√
2

(
±e−iφ(k)

1

)
. (79)

It is straightforward to compute the Berry connection 

a(k) = i⟨u(k)|∂k|u(k)⟩ =
dφk

dk
i⟨u(k)|∂φk |u(k)⟩ =

1
2
dφk

dk
. (80)

This results in a winding number 

w =
1
π

∫ π

−π

dk
1
2
dφk

dk
, (81)

which takes the value w = 1 for the non-trivial phase and w = 0 for the trivial phase. Physically, this corresponds to the 
conditions ti > to and to > ti, respectively.

Time-reversal symmetry T  is evident in this model since T̂ = K̂ , where K̂  is the complex conjugation operator. Thus, 

T̂ H(k)T̂ −1
= H(−k). (82)

Chiral symmetry S in this spinless model is unitary, and we have 

σ H(k)σ = −H(k), (83)
z z
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due to the condition dz = 0. This implies the existence of an antiunitary symmetry 
{H(k), σz} = H(k)σz + σzH(k) = 0. (84)

This imposes a constraint such that 
σz |ξk⟩ = |−ξk⟩, (85)

where |ξk⟩ is an eigenstate with eigenvalue ξ . Notably, 
H(k)σz |ξ⟩ = −σzH(k)|ξ⟩, (86)

which means that setting a potential difference between atoms A and B, allowing for ti hopping, is difficult. This condition 
is not realistic, hence, this symmetry is not strictly physical either. However, it is commonly accepted that this discrete 
symmetry characterizes the SSH model in the 10-fold way classification. In this framework, chiral symmetry is the only 
symmetry that persists under perturbations, placing the SSH model in the AIII Cartan class. We will analyze this aspect 
more deeply in the next subsection.

Charge conjugation symmetry C can be expressed as a combination of the previous two symmetries 
Ĉ = σz T̂ = σz K̂ , (87)

which implies the following action on the Hamiltonian 
ĈH(k)Ĉ−1

= −H(−k). (88)

This induces the constraints: 
dx(k) = dx(−k), dy(k) = −dy(−k), dz(k) = −dz(−k) (89)

for a two-band model.
In summary, T̂ , Ĉ and Ŝ are antiunitary operators in the Fock space, while P̂ is unitary. These are the main ingredients 

that must be used for the topological classification of the Hermitian Hamiltonians employed in the topological materials.

5.3. The 10-fold way

Historically, in 1926, Cartan [186] was able to classify Riemannian symmetric spaces by taking into account the 
invariance of their curvature tensor under parallel transport, in only 10 classes. This is a Riemannian, or pseudo-
Riemannian, manifold provided with inversion discrete symmetries at every point. This can be studied with the concept of 
holonomy that he introduced also in the same year, and which allows one to employ the geometric concepts of connection 
and curvature in an algebraic form for fiber bundles [95,187]. Actually, what we are trying to find is a classification of 
fermion Hamiltonians (Hermitian matrices) based on their topological features in a simple and finite way. The basic 
concept is the symmetry-protected topological phase, that we can define for two local gapped Hamiltonians Ha and 
Hb with symmetry group G and unique ground states |ψa⟩ and |ψb⟩, if and only if, there exists a set of Hamiltonians 
Hα such that α ∈ [0, 1], with Ha = H0 and Hb = H1; i.e., both Hamiltonians can be continuously joined. Considering 
Wigner’s theorem, any transformation of the ray space of quantum states can be represented by a unitary or antiunitary 
transformation of the Hilbert space, unique up to a phase factor. This allows us to find irreducible representations of the 
symmetry group G associated with the Hamiltonian H , to obtain the usual irreducible Hilbert spaces 

H = ⊕αHα (90)

which leads to an irreducible Hamiltonian without unitary symmetries; i.e., [U,H] ̸= 0 with UU∗
= eiαI by Schur’ s 

Lemma, being I the identity matrix. They are the ‘‘irreducible blocks’’ of all Hamiltonians associated with the irreducible 
representations of the group G without the unitary ones.

One direct application is a Lorentzian manifold where the antiunitary operators T̂  and Ĉ in addition to his composition 
Ŝ = T̂ Ĉ, known as chiral symmetry operator, are defined associated to its discrete symmetries. The parity P̂ does not 
appear because it is equivalent to a unitary operator, which only changes the base of the space, but not the topology. In 
1997, Atland and Zimbauer recovered this classification to classify topological materials as the 10-fold Way [67,188–190]. 
The 10 times comes because T̂ 2 and Ĉ2 have three possible values, ±1 and 0 when it does not exist, while Ŝ only has the 
values 0 or +1. Thus, we have (3 × 3 − 1) + 2 = 10 different possibilities if we suppress the case that T̂ = Ĉ = 0, i.e, 
without any symmetry. This allows us to find a table for the topological phases, see the Cartan table (Table  1).

Recalling that topological insulators use time reversal T  to define their non-trivial topological structure and that 
topological superconductors do so with charge conjugation C, a more detailed look at how these concepts are introduced 
can be seen in the appendices. For example, the Chern insulator in class A, the time-reversal topological insulator in AII , 
and the p-wave superconductor in Cartan class D. The SSH model is simple to analyze in terms of its symmetries and, 
therefore, holds special importance for us. It can be thought of as an embryonic topological insulator and also has a direct 
relationship with the Kitaev chain for superconductors. So we are going to analyze it in a bit of detail, following what 
we already said in the previous subsection. If we classify the SSH model within the AIII class, then we assume that the 
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Table 1
Cartan table with two complex classes, A, AIII , and the remaining eight real classes, allowing the topological classification of fermionic Hamiltonians 
for topological insulators and topological superconductors.
 Class T C S 0d 1d 2d 3d 4d 5d 6d 7d 
 A 0 0 0 Z 0 Z 0 Z 0 Z 0  
 AIII 0 0 1 0 Z 0 Z 0 Z 0 Z  
 AI +1 0 0 Z 0 0 0 2Z 0 Z2 Z2  
 BDI +1 +1 1 Z2 Z 0 0 0 2Z 0 Z2  
 D 0 +1 0 Z2 Z2 Z 0 0 0 2Z 0  
 DIII −1 +1 1 0 Z2 Z2 Z 0 0 0 2Z 
 AII −1 0 0 2Z 0 Z2 Z2 Z 0 0 0  
 CII −1 −1 1 0 2Z 0 Z2 Z2 Z 0 0  
 C 0 −1 0 0 0 2Z 0 Z2 Z2 Z 0  
 CI +1 −1 1 0 0 0 2Z 0 Z2 Z2 Z  

S symmetry is still fulfilled and the other two, T  and C, disappear. In the table, it can be seen that we have Z infinite 
gapped phases. It could also be in the BDI class if we assume that the three discrete symmetries are well protected against 
perturbations. However, we have seen that the chiral symmetry was enough to have the topological phase well-defined. 
As in AIII , it could also be in the D class that only uses the C charge symmetry as the only protected symmetry in this 
case. This is the most interesting one for us because it is common to the Kitaev chain that we will use in our example. We 
could do the same with the Kitaev model for topological superconductivity, which also falls into the topological class D. 
Unfortunately, the generalization to higher-dimensional Hamiltonians of topological insulators and real superconductors 
is not such a simple task.

All topological insulators and superconductors known nowadays are classified in terms of their symmetries (unitary 
U , orthogonal O, symplectic Sp) and spatial dimension. These classes are related if we change the dimensionality of 
the Hamiltonian cyclically using what is called the Bott periodicity [191], being the homotopies of the unitary group 
2-periodic, πk(U) = πk+2(U) (A → AIII → A), while the orthogonal and symplectic groups are 8-periodic(AI → BDI →

D → DIII → AII → CII → C → CI → AI), i.e., πk(O) = πk+8(O) and πk(Sp) = πk+8(Sp). O represents the orthogonal group 
(it keeps the metric invariant), and Sp is the symplectic group (the same as the unitary U if we replace the complex field 
numbers C by the quaternionic H). In general, these Lie groups are considered by the cosets G/H to every symmetry class 
with the spatial dimension d and associated boundary d− 1 for calculating the homotopy groups. So, there are two kinds 
of non-trivial topological insulators and superconductors if their boundaries meet the conditions, either πd−1(G/H) = Z2
or πd−1(G/H) = Z depending on if d = 2n + 1 is odd or d = 2n + 2 is even. Thus, the combination of topological 
insulators and superconductors belonging to different dimensionality opens the possibility of new topological structures. 
In any spatial dimension d, there are only five classes of topological insulators or superconductors distinguished by the Z
(integers), 2Z (even integers), or Z2 (cyclic group of order 2) for their associated topological invariant.

We can consider again the insulator of the previous Section 5.1 within this more general context. We choose a 
simplified Hamiltonian Q (k) with m eigenvalues ξm = 1 and n with ξn = −1, associated respectively with the upper 
and lower bands with respect to the Fermi level, to study the topological properties. In this case, we do not have any 
discrete symmetry and thus we are in the Cartan class A. Therefore, it could be written as 

Q (k) = U(k)RU(k)†, (91)

where U(k) belongs to the unitary group U(m + n), and R is the matrix 

R =

(
Im 0
0 −In

)
, (92)

where Im and In are identity matrices, m × m and is n × n respectively. When U(k) can be written in the gauge form 

U(k) =

(
U1(k) 0
0 U2(k)

)
(93)

Q (k) is equivalent to R. Therefore, if we consider the function Q (k) : BZ −→ U(m + n)/U(m) × U(n), which corresponds 
to a physical configuration at zero temperature, where there is a phase shift between the m states and the n occupied 
states below the Fermi level. Then, the homotopy group, in dimension d, πd(U(m+ n)/U(m)×U(n)) will give us the type 
of topology of this material. A general classification by the group symmetries could be seen in [185].

Let us finish this section by highlighting that today, there are materials that go beyond the previously presented 
homotopy groups, such as higher-order topological insulators. The fundamental idea is that, in addition to time-reversal 
symmetry and charge conjugation, crystalline discrete symmetries are included. Thus, in the boundary of the bulk (bulk-
edge correspondence), it is possible to predict gapless hinge states. However, homology or cohomology groups, which can 
help define homotopy groups, clearly establish that the boundary of the boundary is always zero or trivial topologically. So, 
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Fig. 6. Quintuple layers, Te-Bi-Te-Bi-Te, where Bi-Te has polar covalent bonds, while the quintuple Te-Te is a fairly weak Van der Waals bond.

the background topology of these compounds is certainly complex and not yet fully proven. That prevents us from going 
into this interesting topic in this review, given its mathematical and physical complexity despite its possible usefulness 
for thermoelectricity [185,192–195].

6. Topological thermoelectricity

We introduce topological insulators and topological superconductors, trying to apply the fundamental physics pre-
viously exposed [44,49–51,68,69,156,196–203]. A topological expression applied to the best thermoelectric at room 
temperature, Bi2Te3, is presented, which gives a numerical result very close to the experimental one for its figure 
of merit when minimizing lattice thermal contributions. In addition, the possibility of the proximity effect between 
superconductors and topological insulators to improve thermoelectricity is studied.

6.1. Bismuth telluride crystal and electronic structure

Almost all solid-state devices used as Peltier coolers are based on Bi2Te3 through microstructure engineering or 
nanostructuring [204]. That is the best thermoelectric at room temperature [205–213]. In recent years, a detailed 
structural study of Bi2Te3 has been carried out, both for being a good thermoelectric and for its condition as a topological 
insulator [214]. Let us briefly describe its main features. The coordination of Bi and Te is octahedral, being a rock salt 
with a compact hexagonal structure of the Te layers. They are in a set of quintuple layers, Te-Bi-Te-Bi-Te (Fig.  6), where 
Bi-Te has polar covalent bonds, while the quintuple Te-Te is a fairly weak Van der Waals bond. This arrangement justifies 
a significant anisotropy in the electrical conductivity, which is smaller for the Van der Waals planes, 1

6  for the n-type 
and 13  for the p-type. In the same way, the thermal conductivity in these planes is low, half that in the other planes. The 
Seebeck coefficient is nearly isotropic, and therefore, the figure of merit strongly depends on the orientation of the electric 
currents [215,216]. Furthermore, the electronic structure is quite rich if we consider the role played by the spin–orbit 
interaction [217]. Fundamentally, it can be seen as the interaction of the p-valence states of the Bi and Te atoms within 
the quintuple layer (QL), because sp hybridizations are negligible due to their relatively long separation. The interaction 
of the Te atoms is not important in van der Waals quintuple layers. It has 0.14 eV for the indirect gap measured by 
absorption and optical transmittance. Its formation strongly depends on the spin–orbit interaction since it does not have 
the same value for the Bi atoms as for the Te ones. Its application at the Γ  point of the Brillouin zone decreases the energy 
of the Bi6p with respect to the states of the valence band Te5p, causing the inversion of bands. However, the strong band 
interaction of these electrons avoids the crossing that opens a new gap slightly displaced from the Γ  point [218–221].

The importance of the crystalline structure of this compound with such a large anisotropy for electrical conductivity 
explains a singular behavior of the thermoelectricity of Bi2Te3 as a thermoelectric. As we know, the figure of merit is 
always higher for n-type than for p-type semiconductors because the mobility is much higher for electrons than for 
holes. However, for the Bi2Te3, the opposite occurs. The figure of merit ZT  of the holes has a higher value than that of the 
electrons. The reason lies in the anisotropy of the electrons, which is much greater than that of the holes in this material. 
The highest value found experimentally was 2.4 for its dimensionless figure of merit ZT  for p-type using alternating layers 
in a superlattice with Sb2Te3 [155,222–225].

6.2. Topological mass

We have analyzed the anomaly inflow and interpreted the change in mass of the electrons when approaching the 
surface. The Chern–Simons used corresponds to the electromagnetic field and, therefore, has an inner symmetry U(1). 
That prevents defining instanton solutions if a non-Abelian symmetry group of higher rank is not considered. For this 
reason, we take into account that there are degenerate states induced by Kramers’ theorem, as we have shown previously 
using Wilson’s loop algebra. This allows us to define a non-Abelian Berry connection to perform the parallel transport 
of the electrons and overcome this situation. Furthermore, we will choose a five-dimensional spacetime so that the 
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Chern–Simons places us in ordinary four-dimensional Euclidean spacetime, following mainly [31,53]. In particular, we will 
analyze instantons as finite solutions of the classical fields associated with the basic Hamiltonian of topological insulators. 
We will see how there is a natural extension of the duality rotations we have previously studied for axion electrodynamics. 
This could directly translate into more realistic dimensions, but the more we reduce the dimensionality, the less general 
the formalism to be applied will seem.

The non-Abelian Berry connection can be generalized as 

aαβj (k) = i⟨α, k|∂kj |k, β⟩, (94)

where the corresponding curvature is given by 

f αβij = ∂iaj − ∂jai + i[ai, aj]αβ . (95)

From this, we can compute the second Chern number, which is expressed as 

C2 =
1

8π2

∫
BZ

d4k ϵ ijmn 1
4
tr(fijfmn), (96)

where the Levi-Civita tensor indices i, j,m, n = 1, 2, 3, 4 correspond to spacetime indices, while α, β refer to the occupied 
bands. Thus, for the 4 × 4 Hamiltonian describing the 3D topological insulator, we have 

H =

∑
k

ψ
†
k da(k)Γ

aψk, (97)

where 

da(k) = (mv2F + t
∑

i

cos ki, sin kx, sin ky, sin kz, sin kw), (98)

which represents the map from the Brillouin zone (BZ) torus to the sphere. Here, Γ a are the Clifford matrices satisfying 
the anticommutation relation {Γ µ,Γ ν

} = 2gµνI5. This Hamiltonian is the most general form for topological insulators, 
following the classification presented in [51,53]. It is a generalization of the tight binding model introduced by Haldane, 
with 16 real parameters that can be expanded in the bases given by the direct products spin ⊗ orbital, {σi, I} ⊗ {I, τi}, 
where σi are the Pauli matrices, τi the ones associated to the orbitals and I the 2 × 2 unitary matrix [80].

The non-Abelian term of the axion action can be written as the integrand of the second Chern 

ϵijklTr(f ijf kl) = 4∂ i[ϵijklTr(ajakal −
2i
3
ajakal)], (99)

which can be interpreted within a pure gauge Yang–Mills formalism where its solutions transform by aµ = T iaiµ and 
fαβ = T if iαβ , being the T i’s the generators of the inner symmetry group, which in this case is SU(2). For U ∈ SU(2) being 
position dependent, we have the gauge transformations for the potentials ai → aUi = U−1aiU + U−1∂iU and the fields 
fij → f Uij = U−1fijU . It is immediate to observe that the non-Abelian fields are not gauge invariant, unlike what happens 
with the Abelian ones, which tells us that the curvature depends on the group representation in this case, but not on the 
associated topological numbers. At infinity, fij → 0 and the gauge potential is ai → iU†∂iU . Thus, we have the term 

ϵijklTr(ajakal −
2i
3
ajakal) =

1
3
Tr(U†∂ jUU†∂kUU†∂ lU) (100)

and the second Chern–Simons is transformed as 

W (aU ) → W (a) −
µ

8π2

∫
dk3[ϵijm∂iTr(∂jUU−1am)+

+
µ

24π2

∫
dk3[ϵijmTr(U−1∂ iUU−1∂ jUU−1∂mU)

(101)

where W (a) = −
µ

8π2

∫
dk3ϵ ijmTr(ai∂jam −

2i
3 aiajam) and µ a winding number. We see that this Chern–Simons term is not 

gauge invariant, W (a) → W (a) +
µ

12π 24π
2w(U) = W (U) + 2πw(U), but the path integral ei W (a)

h̄  is the quantity which 
must be invariant and therefore µ must be an integer [226]. Returning to the non-abelian Chern–Simons gauge-invariant 
formulation, we can define the action 

S =
1

16π2

∫
dk4fµν f µν (102)

that in the case of having a self-dual solution ∗fµν = fµν , we can rewrite it as 

S =
1

∫
dk4 ∗ fµν f µν, (103)
16π2
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which is quantized in integer numbers. But it also leads to a minimum finite action, following Bogomolny [227], because 
1
2
tr(∗fµν ± fµν)2 = tr(fµν f µν) ± tr(∗fµν ∗ fµν) (104)

taking into account the equality ∗fµν ∗ fµν = fµν fµν in Euclidean space. Since the left-hand side of the equation is positive, 
we can write the inequality ∫

dk4 tr(fµν f µν) ≥

⏐⏐⏐⏐∫ dk4 tr(∗fµν f µν)
⏐⏐⏐⏐ , (105)

which allows us to conclude that the action S has a minimum value 

S ≥
1

8π2 |µ|, (106)

where µ is the winding number, which is essential for defining the instantaneous as topological objects. Therefore, 
these localized self-dual solutions (instantons) yield a finite action in Euclidean space–time that is quantized in integer 
units. Physically, they allow tunneling events between topologically distinct vacuum states. Our interest lies in exploring 
whether such configurations can propagate from the bulk to the surface or vice versa. One of the key features of instantons 
is that they tunnel among all vacua, but since they are now coupled to massless fermions, they cannot do so. They are 
concentrated in the atoms near the surface, as we have mentioned before. This is crucial because the minima of the 
energy–momentum tensor, within the domain of the wall, are concentrated at these zero modes.

Beyond recognizing that a non-Abelian representation may give rise to topological sectors labeled by the integers µ, it 
is essential to emphasize the fundamental role of the bulk–surface correspondence. This correspondence is mediated by 
the Chern–Simons form, which intrinsically relates an even-dimensional manifold to its odd-dimensional boundary. In our 
case, the bulk corresponds to a (3+1)-dimensional spacetime, while the surface is (2+1)-dimensional. It follows that the 
term accompanying the Chern–Simons form has the physical dimensions of mass. This implies the emergence of a finite 
energy gap for the confined electromagnetic modes at the surface. These modes propagate with an effective velocity 
smaller than c , typically associated with the Fermi velocity vF  of the electronic system. This interpretation naturally 
connects the electromagnetic response to the underlying electronic structure of topological materials. [228,229]. This 
is one more reason why we have chosen their speed to be the Fermi speed. Furthermore, this contribution is of purely 
topological origin, as it emerges from a term where the duality operator, rather than the metric tensor, is responsible 
for raising or lowering indices. This quantity is referred to as the topological mass, and we shall develop it on its general 
formulation below, following the framework outlined in [53].

Returning to the higher-dimensional Hamiltonian involved in the bulk-boundary correspondence using the instanton 
solutions for thermoelectricity, the second Chern associated with this Hamiltonian is [53] 

C2 =
3

8π2 ϵ
abcde

∫
dk4d̂a

∂ d̂b
∂kx

∂ d̂c
∂ky

∂ d̂d
∂kz

∂ d̂e
∂kw

, (107)

which in this case corresponds to the winding number resulting from the map d̂a =
da
|da|

 of a four-dimensional torus T 4

to a sphere S4. The particle Hamiltonian h(k) = da(k)Γ a has eigenvalues ξ (k) = ±[
∑

k,µ d2a]
1
2 . The system is gapped at 

half-filling when this value is different than zero in the Brillouin zone. C2 can only change if 
∑

k,µ d2a(k,m) = 0, which 
leads to the mass m associated with the spinors Γ ’s five critical values given by this condition. Leading to 

C2 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0,m /∈ (−4p, 4p)
+1,m ∈ (−4p,−2p)
−3,m ∈ (−2p, 0)
+3,m ∈ (0, 2p)
−1,m ∈ (2p, 4p)

(108)

where p = 2 kBT
v2F

 is a mass parameter that gives a relationship between the main energies involved in this atomic layer 
close to the surface. The temperature and mass of the fermion particles are considered to play a fundamental external 
role. Note that this characterization of the topology is independent of that usually described in the models of materials, 
see appendices, and yet plays a basic role in electrical–thermal transport.

6.3. Instantons and tunneling probability with massless fermions

The equations for the non-Abelian field fµν , known as Yang–Mills equations, ∂µf µν = 0, turn out to be the same for the 
dual field ∗f µν that satisfies the Bianchi identity, i.e., ∂µf µν = ∂µ ∗ f µν = 0. Therefore, the self-dual solutions ∗f µν = ±f µν
are the only real ones different from zero in the Euclidean spacetime since they minimize the action on a given topological 
sector. Remember that the eigenvalues of the dual operator, acting on the fields, are ±1 in this space and ±i in Minkowski’s 
spacetime, as we studied in the dual rotations section. The solution for +f µν is the instanton, and the corresponding to 
−f µν is the anti-instanton. Both solutions are topological since we already saw how the duality operator does not need 
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the metric to raise or lower indices. Furthermore, we already introduced in the previous section how the second Chern 
number characterizes them. In quantum field theory, they are used to calculate the probability that a particle jumps from 
one state to another by tunneling. On the other hand, within this Euclidean space associated with the instanton solutions, 
in Statistical Mechanics the partition function is defined in a quite similar form by Z(β) = tre−βH , relating the time with 
the temperature by τ = h̄β = h̄/kBT  [230,231]. In fact, we should think of time periodically τ = τ0 + h̄β , passing in cycles 
S1 associated with the electronic pumping of the topological currents that we are going to see. This could be studied in a 
Floquet context [59] , but here we see how the instantons help to link electromagnetism with temperature and to quantify 
both physical magnitudes. We will specify these fundamental ideas later for the calculation of the Seebeck coefficient.

In a semi-classical approximation, the ground state of the system is the sum of all the fundamental states |n⟩, given 
by |θ⟩ =

∑
n e

inθ  [226]. However, in the case of having massless fermions, as is our case, this simple picture is no longer 
valid. For the amplitude of probability for tunneling between two fermion states |n⟩, we have 

⟨ψn||ψn+α⟩ =

= N
∫

DADψDψexp
(

−

∫
dx4L + i

∫
dx4ψγ µDµψ

)
=

= N
∫

DAdet(iγ µDµ)exp
(

−

∫
dx4L

) (109)

being α a winding number, N a normalization factor, and L the Lagrangian density associated with the fµν fields. However, 
since fermions have a zero mode in every configuration with det(γ µDµ) = 0, the prior tunneling probability between the 
two ground states is zero when massless fermions are present. The only possibility to avoid this would be to locate the 
state where the mass was zero and eliminate it from the global calculation. This concentrates the instantons around the 
zero-mass electrons near the surface.

If we consider this result for the states where the bulk-surface transition occurs, we see that the electrons will not 
be able to pass from one state to another by tunneling due to the instantons. We can assume that both states are bound 
and that, therefore, the electrons are not free as if they were purely metallic. This characteristic allows them to directly 
receive thermal energy just like the atoms to which they are bound. It also justifies that they are assigned quasi-localized 
states, which are essential for the Thouless pumping effect.

6.4. Lattice oscillations and topological currents

Looking at the lattice, we know that the axion electrodynamics creates an electric polarization P that produces a Vt
potential that separates the bulk atoms from the edge ones. Furthermore, the dilatation or contraction due to the tem-
perature changes the periodicity of the atoms on the surface to those on the interior, so a Thouless potential [48,232,233] 
could be imagined as 

Vt = Vb sin2
(
πx
Rb

+
π

2

)
+ Ve sin2

(
πx
Re

−
φ

2

)
, (110)

where Rb, and Re are the spatial periods in the bulk and the edge lattice layers, respectively, and φ is the phase, modulus 
2π , whose variation gives a periodically modulated potential. This phase measures the relative spatial atomic positions of 
these layers. Let us note how important the cut made of the set of quintuple layers defining the surface of the topological 
insulator, Te − Bi − Te − Bi − Te, can be for the efficiency of thermoelectricity. They also depend on the temperature and 
varying the phase adiabatically, we produce Thouless pump cycles with period τ =

2π
ω
. So, although a particle located in 

the Bloch state |un(k, φ)⟩ associated with the Hamiltonian H(k, φ(t)) remains in the same state under an adiabatic regime, 
without changing its eigenvalues. However, a new Berry phase will emerge proportional to ∂tφ. Choosing as parameters 
the moment h̄k and the phase φ, we have the curvature Ωn

k,φ = i[⟨∂kun||∂φun⟩ − ⟨∂φun||∂kun⟩] of the n-band occupied 
during the pumping [48,59,234–240]. This leads to a topological electric current 

JT = NeΩn
k,φ∂tφ, (111)

where N is the number of electrons per volume in this region where Thouless pumping is possible (Fig.  7). The first Chern 
number associated with each cycle in the Bloch band n is defined by 

n =
1
2π

∫
BZ

dk
∫ π

−π

dφΩn(k, φ). (112)

Therefore, integrating over one full cycle the phase φ we obtain a current proportional to an integer number of 
electrons. Notice that the displacement on x is necessary due to the non-commutativity between the momentum h̄k and 
the position x.

Another way to see this is through the Wannier states 

|WnR⟩ =
Vcell

∫
eikR|ψnk⟩, (113)
2π BZ
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Fig. 7. (a) Representation of the Thouless potential as a function of the phase variation φ over time due to temperature changes. (b) Topological 
current associated with the Thouless pumping.

which allows the Wannier charge center to be defined as the diagonal element [241], rn = ⟨Wn0|r̂|Wn0⟩, which is 
equivalent to 

rn =
Vcell

2π

∫
BZ

i⟨unk|r̂|unk⟩ d3k, (114)

where Vcell is the cell volume, and unk is the periodic part of the Bloch state ψnk(r) = eikrunk. Therefore, the Zak phase is 
directly related to the position of the charges and this position depends on the thermal vibrations of the lattice. Note that 
these electrons are not like the free metal because, as we have shown in detail, they belong to the bulk-surface by the 
Inflow effect. The Inflow anomaly transforms the Dirac spinors of the bulk into half of them at the surface, the same as the 
Chern–Simons does for those involved in conductivity. This allows them to be added together to obtain the usual integer 
conductivity, but this subtle behavior means that this electronic transport is directly related to the bulk atoms of the 
lattice and therefore to their thermal vibrations. This is a key observation for understanding the possibility of topological 
thermoelectricity because it allows us to almost directly transform heat into electric currents.

6.5. Topological Seebeck coefficient

As we have shown, the topological insulators have an electric polarization P in their surface directly related to Berry’s 
phase 

△P =
e
2π

∫ τ

0
dt
∫ π

a

−
π
a

dk
∑
n∈occu

fn(k), (115)

being fn(k) = i[ ∂
∂k ⟨ψnk(t)| ∂∂t |ψnk(t)⟩ −

∂
∂t ⟨ψnk(t)| ∂∂k |ψnk(t)⟩] and a the lattice constant. Under a gauge transformation of 

the electromagnetic potentials Aµ → Aµ + ∂µΛ(xµ), the electron wave function transforms simultaneously by ψ →

ψ exp(ieΛh̄ ). This exponential function needs to be single-valued, however, the function Λ(x, t) does not. Thus, we can 
write Λ(x, t) =

2πµh̄τ
eh̄β = µ 2πτ

eβ , µ is the winding number associated with the Chern–Simons, that in the non-Abelian case 
has five quantized branches given by the Riemann–Hurwitz formula [31], β =

1
kBT

, and τ  is the period of the Thouless 
pumped charge between the surface and its closest bulk layer. This allows finding an electric potential directly related to 
the temperature within this Euclidean spacetime and Matsubara frequencies [242] by 

V → V + µ
2π
e

kBT , (116)

which means that we have transformed the electric potential into another that includes a new thermal term µ 2π
eβ . 

This turns out to be a fundamental result associated with the Inflow anomaly of electrons in the wall condition of 
the temperature domain, where Chern–Simons photons are produced by thermal vibrations of the lattice and Thouless 
electrons fuse. This property also strongly depends on having the instantons coupled to massless fermions, since in 
this case, they lose the property of tunneling all vacuum states and only concentrate their energy in the fermion zero 
modes near the surface. Therefore, there are several conditions to carry out this transformation of temperature into 
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electricity that must be followed, and that we have been studying throughout this work. Thus, we can calculate the 
Seebeck coefficient [31] 

S = µ
2π
e

kB +
2π
e
∂µ

∂T
kBT (117)

choosing a gauge condition V = −µ 2π
e kBT . The relevant point is that the topological branches allow finding a new term in 

the Seebeck coefficient, which can increase it depending on the temperature. On the other hand, due to the small space 
considered near the surface, electron–hole Schwinger pairs are created, as long as the electric field E is large enough. 
Calculating the critical electric field EC  following the Heisenberg–Euler formula (24), we observe that the limit to obtain 
a large number of real electron–hole pairs is 

EC =
mv2F
eh̄

≃ 0.15eV/nm (118)

where we have considered that the energy gap is 0.21 eV and the Fermi velocity vF ≃ 6 × 105 m/s. This provides a 
critical electric field almost 10 orders of magnitude lower than the critical electric field of QED and with an equivalent 
temperature of ζ = 1.74 × 10−6 K/nm , these values being accessible in the topological materials.

6.6. Dimensionless figure of merit ZT

Now let us calculate the contribution to the figure of merit in the TIs in 2+1-dimensions, where the nontrivial topology 
is determined by the first Chern number n and n is a winding number of the states. Assuming an adiabatic evolution of 
the states under a thermal flux, we can define the Seebeck coefficient through the entropy as S =

kB
e (ln|

ψb
ψt

|+ inϑ), where 
ψb and ψt are the final and initial states, and ϑ is the angle between them. The winding number could be taken n = 1
for the topological insulator alone. However, we will see that this value can increase if we also add the superconducting 
phase. In fact, we are representing the entropy of one Riemann surface associated with the Hilbert space expanded for 
these states in (2+1)-dimensions. Notice that although the von Neumann entropy would be zero considering pure states, 
this is not true considering that these states are entangled due to their global topological properties. Taking the previous 
formula, we see that ln|ψb

ψt
| = 0, closing the cycle, and the Seebeck coefficient turns out to be 

S =
kB
e
inϑ =

kB
e
n
∫
C
⟨ψ(r)|∇|ψ(r)⟩dr =

kB
e
πnn, (119)

being θ the angle directly associated with the Berry phase on the closed curve C in the BZ , and n the first Chern number. 
To determine the electronic contribution to the figure of merit, it remains only to calculate the electrical and thermal 
conductivity associated with each counter-propagating mode. The first is given by σe = n e2

h̄ , which is half the quantum 
conductance times the first Chern number [52,243]. To obtain the electronic thermal conductivity, we consider the 2D
density of states in the semimetallic region 

D(ξ ) =
1

(2π )2

∫
δ(ξ − h̄vFk)2πkdk =

1
2π h̄2v2F

ξ, (120)

which leads to an electronic thermal conductivity 

κe =
∂

∂T

∫
dξD(ξ )ξ f (ξ )vF l =

3ζ (3)
h

k2BT (121)

considering that the conduction takes place at the edge and a temperature-dependent mean free path l. ζ (3) is the 
Riemann zeta function of dimension three (Apery’s constant), and f (ξ ) is the Fermi–Dirac distribution function. This 
assumption is taken considering a gas of electrons on the surface, which allows us to avoid the details of entering the 
special form of the bands.

Therefore, despite using so different expressions than Boltzmann’s ones, which are outside of the topological physical 
behavior, we obtain a Wiedemann-Franz law, given by the ratio κe/σe, similar to its conventional value. That does not 
stand for the Seebeck coefficient, whose topological expression gives a significant value of ∼ 270 µV/K (n = n̄ = 1). 
Finally, the electronic contribution to the figure of merit figure ZT = σeS2/κe for the topological insulators turns out to 
be 

ZT = n2n3 π2

3ζ (3)
. (122)

The numerical value for n = n = 1 is ZT = 2.73, which closely approximates the maximum experimental value discovered 
in Bi2Te3/Sb2Te3 superlattices, a configuration that minimizes lattice thermal contributions. It is worth noting that this 
expression could be refined by establishing a deeper connection between electronic thermal conductivity and topological 
invariants. A detailed exposition of various thermal Hall effects can be found in Ref. [244], where a relationship between 
thermal conductivities and Berry curvature is addressed. In this reference, a value of κ ≈

πk2B T n is achievable under 
e 12h̄
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several assumptions. Additionally, to complete the figure of merit, it is essential to consider the role of phonons. The 
thermal conductivity of phonons in terms of the central charge could be expressed as κph =

πk2BT
6h̄ c , which is equal to 

the previous electronic part when considering c = 1/2. This underscores the singular role of phonons in this topological 
context, leading to an effective figure of merit of ZT = 3 for the most basic topological numbers.

6.7. Weyl semimetals and thermoelectricity

Weyl semimetals are materials whose electrons behave like Weyl fermions. That is, particles with zero rest mass that 
satisfy the Dirac equation. Interestingly, such particles have not been found experimentally as fundamental particles 
in high-energy physics, although they have been extensively studied within the framework of quantum field theory. 
However, their condensed-matter analogs were experimentally discovered in 2015 in these semimetals, following earlier 
theoretical predictions [245–249].

The fundamental idea is to achieve a crossing of the conduction and valence bands at the Fermi level, occurring at 
points known as Weyl nodes. According to the geometry of their scattering cones in momentum space, they are divided 
into Type-I and Type-II. The dispersion law of these semimetals, close to the Fermi level, is ξ (k) = h̄w · k ± vF h̄k, where 
w is a velocity associated with the inclination of the Weyl cone. If it is less than the Fermi velocity, then the semimetal is 
classified as Type-I, and Type-II otherwise. This can be realized by starting from an insulator in which either time-reversal 
symmetry (T ) or inversion symmetry (P) is broken. The symmetry breaking generates a topological phase transition that 
closes the bulk band gap, thereby driving the system from an insulating to a semimetallic state. As discussed, this process 
admits a topological interpretation: the Berry curvature becomes singular at the band-touching points, and Weyl nodes 
can thus be viewed as monopoles of Berry curvature in momentum space.

The topological charge of a Weyl node is defined by the quantized integral of the Berry curvature over a closed surface 
enclosing the node. This integral yields the Chern number, whose sign is determined by the node’s chirality. Weyl nodes 
always appear in pairs of opposite chirality, and on the material’s surface, they give rise to unique electronic states 
known as Fermi arcs, which connect nodes of opposite chirality in momentum space. The Berry curvature acts as an 
effective internal magnetic field in reciprocal space. These materials realize key aspects of axionic electrodynamics and 
the chiral anomaly from quantum field theory, although with important modifications dictated by the specific crystalline 
symmetries of each compound. A notable example is that Weyl semimetals breaking time-reversal symmetry (T ), such 
as Mn3Sn [250], Co3Sn2S2 [251], and YbMnBi2 [252], exhibit a magnetoelectric response. In contrast, those that break 
spatial inversion symmetry (P), such as TaAs [247–249] and NbAs [253], do not display magnetoelectricity. This diversity 
of symmetry-breaking patterns makes it extremely challenging to construct a general theoretical model, as we did with 
topological insulators [254].

Weyl semimetals are inherently more complex than topological insulators, which makes the development of a simple 
analytical model for their thermoelectric figure of merit particularly challenging. From conventional transport formalism, 
near a Weyl point, the energy dispersion is linear, ξ (k) = ±h̄vFk (extreme Type-I). In three dimensions, the density of 
states is obtained as

D(ξ ) =
g

(2π )3

∫
d3k δ

(
ξ − ξ (k)

)
=

g ξ 2

2π2(h̄vF )3
,

where g is a degeneracy factor that accounts for the number of Weyl nodes and their chirality in the Brillouin zone. 
In the low-temperature limit, the Seebeck coefficient can be estimated using Mott’s formula [255,256]:

S = −
π2k2BT
3e

d ln σ (ξ )
dξ

⏐⏐⏐⏐
ξ=ξF

∝ −
π2k2BT
3eξF

,

which typically yields a value about one order of magnitude smaller than the Seebeck coefficients of high-performance 
thermoelectric materials [257–260]. It is true that the degeneracy factor g can be large, enhancing the density of states. 
For instance, in TaAs g = 24; similarly, in NbAs, TaP, and NbP the same g = 24 applies, and in MoTe2 as well [261–264]. 
However, this increase in g does not enhance the Seebeck coefficient; on the contrary, a larger g raises the Fermi level, 
which further suppresses S. 

The interplay between symmetry and electronic topology seems to govern the thermoelectric behavior of Weyl 
semimetals. For example, when time-reversal symmetry (T ) is broken or when tilting of the Weyl cones introduces 
Berry curvature effects, unconventional thermoelectric responses such as the magneto-Seebeck and magnetic-field–
antisymmetric Seebeck effects appear [256,265]. In these cases, S becomes strongly field-dependent yet remains moderate 
in absolute value. Overall, although the intrinsic Seebeck response of Weyl semimetals is smaller than that of high-
performance thermoelectric materials, their tunable Berry curvature and magneto-thermoelectric effects make them 
attractive for novel thermoelectric applications. 
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6.8. Thermoelectricity in superconducting phase

The first research carried out on this topic was due to Meissner in 1927, denying its existence, as Ginzburg wrote in 
his Nobel Lecture [266,267] in 2003. When a temperature gradient ∇T  is applied to a superconductor in addition to an 
electric field E , a current Jn, carried by the unpaired electrons or holes, arise at finite temperatures in any superconductor 

Jn = σ (E −
∇µ

e
− S∇T ) (123)

where σ ,µ, S are the electric conductivity, chemical potential, and Seebeck coefficient, respectively. In the superconduct-
ing phase, i.e., when the temperatures are below the critical one Tc , the whole current in the bulk must be zero due to 
the Meissner effect. So, J = Jn + J s = 0, where J s = nsevs are the superconductor currents, being ns the superconducting 
electron density and vs their average density considering the simple London model.

In the stationary case, we have that 

E −
∇µ

e
= 0 (124)

and therefore the Jn currents appear as 

Jn = −Js = −σS∇T , (125)

which tells us that the superconductors have thermoelectricity, as long as we have a temperature gradient for the fermion 
currents (electrons or holes). More in detail, if we consider the condensate wave function of superconductor phase, 
ψs(r) =

√
ns
2 exp(iφ(r)), where φ(r) is a macroscopic phase and ns the concentration of the electrons, the superconductivity 

currents can be written as Js =
nseh̄
2m ∇φ(r), which gives a measurable phase difference 

∆φ =
2mσS
nseh̄

∆T (126)

This is true in the case of topological materials due to the Thouless electronic pumping, which creates a very special 
electronic conduction where the entropy of the bulk and surface states is not the same. Note that this phenomenon would 
be enhanced when the surface was formed by two different chemical potentials on the surface, such as a topological 
insulator–superconductor.

6.9. Experimental topological superconductivity

Topological superconductivity is still a subject that needs development to be applied technologically. In any case, we 
have seen how it complements topological insulators within the classification of topological materials. Thus, although its 
application to topological thermoelectricity is in an embryonic state, we complete this section by trying to express the 
state of the art on this topic nowadays and how it could affect topological thermoelectricity.

Experimental topological superconductors began with topological insulators using the proximity effect [268–270]. Of 
special interest are the states that develop at the interface between a TI and an s-wave superconductor (SC), where 
the proximity effect generates a quasi-two-dimensional quantum state similar to a spinless px + ipy superconductor 
but without breaking time-reversal symmetry [268,271,272]. There is another way to achieve superconductivity using 
topological insulators by changing the number of carriers by metal doping, for example, Bi2Se3 doped with Cu, Sr, 
or Nb [273–276]. Finally, the superconductivity of a great number of topological insulators is due to the change of 
crystal structure under pressure [277–279]. Since this drastically increases the electrical conductivity over the thermal 
without changing the electron density too much and, therefore, also the Seebeck coefficient, the figure of merit should 
increase. This point is encouraging, although there are serious problems with its application. The critical temperature of 
superconductivity is very low, of the order of 4 K in most of them, and that precludes the maximum technological use for 
such topological thermoelectricity in general. Still, its effect should be important for the ultracold Peltier effect, at least.

6.10. Basic theoretical topological superconductivity

Topological insulators and topological superconductors can be thought of in parallel if we consider that the band gap of 
the topological insulator maps to the band gap of the topological superconductor, which should close in a function space 
under certain physical conditions. This general perspective establishes an analogy between the Hamiltonians of insulators 
and superconductors and their respective topological solutions. We will begin with the topological superconductor, using 
a Hamiltonian similar to the Su–Schrieffer–Heeger (SSH) model for a chain. While these represent very different physical 
phases in a material, such an analogy could be useful for understanding their topological behavior. This idea has been 
more broadly explored in the literature [214,280], and mathematically, it is very appealing.
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The Hamiltonian of a crystalline lattice in second quantization for a superconductor can be represented as 

H = h0 −

N∑
i=1

Uc†
i↓c

†
i↑ci↑ci↓, (127)

where the term h0 accounts for the electronic one-body behavior, with 

h0 =

N∑
i=1

(ξi − µ)c†
i↓c

†
i↑, (128)

while the last term represents the two-body interaction under the U potential. Here, c†
i↓ is the creation operator for an 

electron with spin down at site i, and ci↓ is the annihilation operator for the spin-down electron at site i. The other 
two operators correspond to different spin orientations. In the case of a superconductor, we aim to have an attractive 
electronic interaction to form electron pairs with opposite spins, i.e., boson singlets for s-wave superconductors. For 
p-wave superconductors, the triplet pairing would need to be considered, and so on.

To achieve this, we introduce a mean-field approximation, considering only the first linear term in the Hamiltonian, 
yielding 

H′
= h0 +

N∑
i=1

(
∆ic

†
i↓c

†
i↑ + h.c.+

|∆i|
2

U

)
, (129)

where the pairing potential is defined as ∆i = −U⟨ci↑ci↓⟩. Therefore, the number of particles is not conserved, although 
its parity is, since the change occurs in pairs of particles.

This is the BCS mean-field Hamiltonian that can be diagonalized using the Bogoliubov transformations through the 
operators 

ψ
†
iσ =

N∑
j=1

(ujic
†
iσ + vjicj,−σ ) (130)

where σ ∈ [↓,↑] denotes the spin- 12  state, being uji and vji complex numbers, whose square modulus is associated with 
the probability of the non-occupation or occupation state (k ↑,−k ↓) respectively, with |uji|

2
+ |vji|

2
= 1. This allows us 

to obtain the effective Bogoliubov–de Gennes equation working on the amplitudes 

HBdG

(
ui
vi

)
= ξi

(
ui
vi

)
, (131)

where the HBdG is given by 

HBdG =

(
h0 −i∆(px − ipy)

i∆∗(px + ipy) −h0

)
, (132)

being h0 =
p2x+p2y
2m − µ, and µ the chemical potential. Thus, the quasiparticle spectrum is obtained by 

ξ (px, py) = ±

√
h2
0 + |∆|

2p2 (133)

which is particle–hole symmetric and, therefore, the i index of the quasiparticles only runs over the N positive eigenvalues 
ξi of the excited states 

∑
iσ ξiψ

†
iσψiσ . After some approaches, it is obtained the gap equation 

1 ≃
U0

2
D(ξF )

∫ ξF+h̄ωc

ξF

dϵ
1

ξ − ϵ
=

U0

2
D(ξF )ln

(
ξ − 2ξF − 2h̄ωF

ξ − 2ξF

)
, (134)

where D(ξF ) is the density of states per spin at the Fermi level, U0 a constant attractive potential, h̄ωD the Debye energy 
for the shell thickness on the Fermi sphere, ξ  the energy associated with the paired state, and h̄ωc the cut-off energy to 
have it smaller than the Debye one. When ∆ = 0, the superconductivity phase disappears because there are no bosonic 
Cooper pairs [281–283].

To analyze the topological behavior of superconductivity, we can choose a one-dimensional string of spinless particles, 
a toy model, as Kitaev’s one [284–287]. In this case, the Hamiltonian can be reduced to 

H =

N∑
i

−t(c†
i ci+1 + h.c.) +∆(cici+1 + h.c) − µc†

i ci. (135)

Performing a Fourier transform, we have the Hamiltonian 

H =

∑(
c†
k c−k

)
h(k)

(
ck
c†

)
, (136)
k −k
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where 

h(k) =
−→
d ·

−→σ =

(
−2t cos k − µ ∆ sin k

∆ sin k 2t cos k + µ

)
, (137)

with dx(k) = ∆ sin k, dy(k) = 0, dz(k) = −2t cos k−µ, and ξ (k) = ±|
−→
d |. By performing a transformation of a closed loop, 

we obtain the eigenvectors

|k+⟩ =

(
cos ϑ2

eiφ sin ϑ
2

)
, |k−⟩ =

(
− sin ϑ

2
eiφ cos ϑ2

)
.

The Berry connection is then computed as

a(−k) = i⟨k−|
d
dk

|k−⟩ = −
1
2
dφ
dk
,

assuming dz = 0. Therefore, the Berry phase in the Brillouin zone is 

γ− =
1
π

∫
a(−k) dk = −γ+, (138)

which results in either 1 or 0, depending on whether or not it surrounds the singularity. This is given by

γ− =

∮
⟨k−|∇

−→
d |k−⟩dl =

∫
S

1
2

−→
d
d3

dS.

Thus, a topological transition is associated with this singularity. In the case of the Kitaev chain, it has ∆ = t > 0, µ = 0
for the non-trivial topological phase, and ∆ = t = 0, µ ̸= 0 for the trivial topological regime [70,288]. We should note 
that this result is formally similar to the SSH model, differing only in the physical interpretation. We will develop this 
further in the appendix.

If we observe that the superconducting quasi-particles appear as an electron–hole superposition, as we saw above, 
and are therefore neutral, we have a perfect physical example for a Majorana representation of the solutions of Weyl’s 
equation. Thus, we can define the creation and annihilation operators in terms of Majorana modes as c†

=
1
2 (γ1 + iγ2)

and c =
1
2 (γ1 − iγ2), where γ1 = γ

†
1  and γ2 = γ

†
2  are real quantities or representations of the Majorana spinors. γ1 and 

γ2N  do not appear, and the energy that differentiates a filled state from an empty one is 2t . This definition allows us to 
obtain isolated Majoranas in the extreme terms of the chain, which have zero energy, i.e., they are Majorana zero modes. 
The bands associated with them come from ξ (k) = ±

√
(2tcosk + µ)2 + 4∆2sin2k. The bulk gap closes at µ = ±2t , where 

the positive and negative energy bands meet at ξ = 0 for k = π (µ = 2t) or k = 0 (µ = −2t). We can see the analogy 
that exists with the topological insulators that we have used previously, although the bands we are talking about are 
completely different in both phases [51,289–291].

Finally, we can find the zero-modes close to k ≈ 0 where the Hamiltonian is 

h(k) =

(
−2t − µ+ O(k2) ∆ak

∆ak 2t + µ− O(k2)

)
(139)

which is Dirac’s Hamiltonian for fermions of mass m = 2t+µ and velocity v = a∆, being a the lattice constant. Introducing 
a domain wall where the mass of the fermion changes sign at z = 0, i.e., m(z) = m0 tanh(z) when → ±∞, we will find 
a similar situation of the localized zero-mode Dirac fermion on this domain wall. Thus, we have (

m(z) −iv∂z
iv∂z −m(z)

)(
ψ↑

ψ↓

)
=

(
0
0

)
(140)

whose solution is given by (
ψ↑

ψ↓

)
=

(
1
−i

)
exp

[
±

1
v

∫ z

0
dz ′m(z ′)

]
(141)

where only one of the solutions is normalized and localized in the plane z = 0. Noticing that the matrix 
(

1
−i

)
 belongs 

to both spinor up and down, we may make the combination of operators c − ic†
= (c − ic†)† which is immediate to see 

that it is a Majorana. Therefore, we have a Majorana in the zero mode at z = 0. This means a parallel topological behavior 
to the topological insulators, so we can hope that both phases coincide on the surface of the topological material. That 
tells us that there is a possibility that the electrons involved in the Thouless pumping can surround more topological 
singularities, increasing the value of the winding [292] and thus do it also with the figure of merit of thermoelectricity. 
In the simplest case, in which we had both phases, topological superconductor and insulator, then n = 2, and therefore, 
the figure of merit would be four times higher.

At present, this is an extraordinarily active area of research, as reflected in the numerous recent advances reported 
in the literature [141,293–300]. In addition, several comprehensive review articles provide an excellent overview of the 
field, offering insight into the conceptual and experimental challenges associated with the physical interpretation of the 
results [301–305]. 
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7. Discussion

Throughout this review, we have analyzed the physical and mathematical conditions, as well as the theoretical tools, 
that could enable thermoelectricity with efficiencies far exceeding current values. At present, an analytical expression for 
the figure of merit of the most efficient room-temperature thermoelectric material, namely Bi2Te3, has been reported 
in the literature [31]. This expression yields values that are remarkably close to experimental measurements when 
realistic material parameters are considered. However, the central challenge is to generalize this formulation to achieve 
much higher efficiencies. This line of reasoning suggests that multiple topological phases could be combined within the 
same material, with the most promising configuration being a topological insulator–superconductor structure. Beyond 
the formidable experimental challenges associated with the synthesis of such materials and the measurement of subtle 
physical quantities, it is essential to understand the underlying mechanisms governing their behavior. This calls for a 
detailed examination of the interfacial physics in topological insulators and superconductors, both of which exhibit the 
transport concentrated at the surface. Clearly, the correspondence between bulk and boundary is crucial for understanding 
their physical properties, particularly in relation to thermoelectricity. These considerations have motivated our in-depth 
study of axionic electrodynamics, encompassing both its classical and quantum aspects. From this analysis, it becomes 
apparent that the Hall conductivity in topological materials arises from two distinct sources: chiral electronic currents 
confined to the surface and Chern–Simons photons from the bulk. These are accompanied by persistent polarization P
and magnetization M fields surrounding them. Furthermore, thermal energy acts on bulk electrons, inducing a Thouless 
pump that drives them toward the surface within a highly specific electromagnetic framework. For this process to 
occur efficiently, however, certain rather subtle conditions induced by their topological invariants, which produce robust 
electron transport, must be satisfied. 

In Topological Insulators, Maxwell electromagnetism is extended by introducing a pseudo-scalar Lorentz invariant into 
the action, ϵµναβFµνFαβ , which differs from the usual scalar FµνFαβ in that it does not rely on the metric for raising or 
lowering tensor indices. This term is not time-reversal invariant because it involves the duality operator, requiring the 
introduction of another field θ (r, t) to achieve this symmetry. This results in the modified term e2

16π2 θ (r, t)ϵµναβFµνFαβ . 
The new pseudo-scalar field is what gives rise to axionic electromagnetism. This leads to an electromagnetism where 
electric and magnetic fields are confined within tori in each Brillouin zone, which naturally leads to a quantized action, 
reflecting its topological nature. The key concept here is the duality of electromagnetic fields, which is related to the 
symmetry of dual rotations, SO(2). This symmetry can be generalized to the Yang–Mills equations to find topological 
solutions, such as instantons or anti-instantons, with self-dual or anti-self-dual fields, respectively, in Euclidean space. 
These solutions exhibit quantized action and are topological. In this context, we have defined them in the space of k-points 
using the non-Abelian Berry phase to account for the degeneracy of states. In summary, topological materials exhibit a 
vacuum with fields distinct from those of materials with trivial topology.

Furthermore, the Lorentz pseudoscalar associated with the fields can be expressed as the divergence of a term in terms 
of the potentials, known as the Chern–Simons term, ϵµναβFµνFαβ = ϵµναβ∂

µ(Aν∂αAβ ). This relates bulk electromagnetism 
to an equivalent one at the boundary, except for gauge transformations. The electric currents associated with this term 
at the surface of topological insulators are quantized in half-integer values in the lowest state n = 0, which is anomalous 
since integer quantization is expected in integers, since they must be Chern numbers. However, considering the Fermi 
zero modes near the surface, where the Dirac equation has massless fermions and only half of the possible zero modes 
can be normalized, we observe that the Chern–Simons behavior and Fermi zero modes exhibit analogous behavior at 
the surface. Consequently, if both mechanisms contribute half of the electrons, the total current becomes an integer, as 
expected—i.e., spin and charge currents complement each other, as they should in the case of electrons(Anomaly Inflow). 
This behavior justifies the correspondence between spin-based and charge-based topological models for the topological 
materials in many respects, despite their very different origins. Understanding the behavior of these massless electrons 
is crucial because, unlike free electrons in metals, they are bound to the bulk atoms and follow their atomic mechanical 
oscillations. Thus, phonons directly influence these electrons, transferring thermal energy without requiring a temperature 
gradient, as in non-topological thermoelectrics. This connection allows us to relate the Coulomb electric potential to 
temperature, establishing the degree of freedom left by the Chern–Simons in its gauge transformations. This leads to a 
novel way of determining the Seebeck coefficient in these topological materials, where the electric field variation due to 
Thouless pumping is accompanied by a temperature variation, or vice versa. This effect is a key feature for understanding 
thermoelectricity in these materials, which would not be so high without the axionic electromagnetic behavior that has 
been described.

Taking into account all these conditions, it is possible to try to model how the transformation of thermal energy into 
electrical energy takes place near the surface of the topological insulator. We can imagine an external atomic layer on 
the surface and in contact with an internal one belonging to the volume, both with a slightly different periodicity and 
immersed in an electric field E due to the electric polarization P induced by axionic electrodynamics. We saw how a 
topological current arises, produced by Thouless pumping between both layers due to the atomic phase change between 
them, whose origin is produced by thermal oscillations within an adiabatic regime. We can observe that the Matsubara 
frequency of Thermofield Dynamics arises in this physical context in a natural way and helps to associate the instantons (or 
the self-dual or anti-self-dual solutions of the fields) with the thermal behavior that we already mentioned above. There 
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is strong tunneling between the bulk and the surface, i.e., topological massive electrons in trivial sectors and massless 
topological electrons.

This leaves us to apply the basic concepts of thermoelectricity to calculate the dimensionless figure of merit ZT =

n2n3 π2

3ζ (3) , which has a topological origin and is numerically very credible. This value, ZT = 2.73, is very close to the 
maximum experimental value found in Bi2Te3/Sb2Te3 superlattices, which minimize the thermal contributions of the 
lattice. But more importantly, it gives us an expression that depends on the first Chern numbers n and n, as quantized 
integer number of states. This opens the possibility of surpassing the efficiency of topological thermoelectrics if we can 
overcome their initial value n = n = 1. A rather natural idea would be to combine different topological phases, in such a 
way that the winding numbers can surround the singularities more than once. In practice, we could think of a proximity 
effect between a topological superconductor and a topological insulator, whose currents have electronic trajectories whose 
winding number is two instead of one. In that case, ZT = 10.948, which would mean a drastic change in the technology 
of these materials.

This justifies the more general study of topological phases carried out in this review for topological thermoelectricity, 
although we finally focus on topological insulators and superconductors. We have presented a classification of the 
Hermitian Hamiltonians in only ten classes using the curvature, as Cartan did at the beginning of the 20th century, 
and we put as appendices the basic toy models for these candidate topological phases for topological thermoelectricity. 
The fundamental idea is to try to see the formal equivalence of the Hamiltonians of topological phases, so physically 
different, such as topological superconductivity and topological insulators, if formal equivalences are made between their 
fundamental magnitudes. A clear example could be the gap between bands and the pairing gap in superconductors. In 
one case, it must be annulled on the surface associated with a singular Dirac point, while in the other, superconductivity 
would not exist without its existence. In both Hamiltonians, these magnitudes play a fairly similar role and are key to 
understanding their topological behavior. Another, also very important, is to see the existence of zero states on the surface 
for both phases and their direct relationship with the winding number. Their location could allow their manipulation to 
play with the electric and thermal currents optimally.  We are aware of the experimental challenges associated with 
implementing these fundamental theoretical concepts in real materials. Nevertheless, the theoretical framework we have 
discussed may inspire new approaches to overcoming such difficulties. In any case, our goal has been to explore the 
principal ways in which physical mechanisms intertwine with topology to better understand the complexity underlying 
these emerging topological materials. 

Finally, we present in the appendices the fundamental models of topological materials to concisely illustrate how 
their global phases are established, which are fundamentally related to spin. However, it has been shown that for 
thermoelectricity, it is the electric charge through the Thouless pumping, rather than the spin, that plays the fundamental 
role. Therefore, the importance of these models for this phenomenon is somewhat restricted. Nevertheless, the topological 
invariants they exhibit are essential and are reflected in the figure of merit obtained. We hope that the reader of 
this review will gain a broad understanding of the fundamental ingredients surrounding topological materials-based 
thermoelectricity and that it will serve as a stimulus to explore this fascinating scientific and technical topic further.

CRediT authorship contribution statement

Daniel Baldomir: Data curation, Conceptualization, Writing – original draft, Investigation. Daniel Failde: Formal 
analysis.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have 
appeared to influence the work reported in this paper.

Acknowledgments

D.B was supported by the project PID2022-138883NB-I00 funded by the Spanish Ministry of Science, Innovation and 
Universities, and by the European Union project MiniStor (H2020 GA No 869821). D.F was supported by MICIN through 
the European Union NextGenerationEU recovery plan (PRTR-C17.I1), and by the Galician Regional Government through 
the ‘‘Planes Complementarios de I+D+I con las Comunidades Autónomas’’ in Quantum Communication.

Appendix A. Basic topological toy models for non-interacting fermions

The general Hamiltonian of materials is often written in a Fock space, rather than in a Hilbert space, to use a basis 
based on the atoms of the crystal lattice and their symmetries. This allows defining the tight-binding models for electron 
transport located in covalently bonded states of said atoms, within a Coulomb potential U and with a jump probability t . 
More specifically, the Hamiltonian operator is represented by 

Ĥ =

∑
ĉ†
i Hijĉj, (A.1)
i,j
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Fig. A.8.  (a) Dimerized chain with intra-cell hopping ti > to , in the topologically non-trivial phase, hosting localized edge modes. (b) Dimerized 
chain with inter-cell hopping to > ti , in the topologically trivial phase, lacking edge modes.

where Hij = ⟨ψ |H|ψ⟩ is the expectation value with |ψ⟩ =
∑

i ĉiφi, and |φi⟩ is an orthonormal and complete basis 
associated with the atomic Hamiltonian 

H =
p2

2m
+ U(r). (A.2)

The ĉ†
i , ĉi are the creation and annihilation operators at site i, defined to follow the Pauli exclusion principle: ĉ†

i |0⟩ = |1⟩, 
ĉi|0⟩ = 0, ĉ†

i |1⟩ = 0, ĉi|1⟩ = |0⟩, and the number operator n̂i = ĉ†
i ĉi, with i = 0, 1. The commutation rules of these 

operators are {ĉi, ĉj} = {ĉ†
i , ĉ

†
j } = 0 and {ĉi, ĉ†

j } = δij.
Applying this to a chain of N atoms, separated by a distance a from each other, with translation symmetry and 

nearest-neighbor interaction, it is straightforward to find a new analytical representation in the Fock space given by 

Ĥ =

N∑
n=1

tnĉ†
n ĉn+1 + t∗n ĉ

†
n+1ĉn + µn̂i, (A.3)

where the second term is the Hermitian conjugate (h.c.) of the first, and the third term adds the chemical potential µ
times the number operator n̂i. Performing the Fourier transformation of the operators, ĉn =

1
√
N

∑
k e

ikxn ĉk, we obtain the 
Bloch Hamiltonian 

Ĥ(k) =

∑
k

(
teika + t∗e−ika

+ µ
)
ĉ†
k ĉk =

∑
k

ξ (k)ĉ†
k ĉk, (A.4)

which leads to the dispersion relation 

ξ (k) = 2t cos(ka), (A.5)

assuming that t = t∗ is real. However, this system is not stable if there is one electron per ion in the chain, i.e., at half-
filling. In such a case, a Peierls distortion arises, creating an energy gap for ka = ±

π
2  in the ground state. This changes 

the periodicity of the lattice by assuming that one of the atoms remains fixed, leading to dimerization.
This model was originally proposed by Su, Schrieffer, and Heeger (SSH) [306–308] to describe the electronic properties 

of polyacetylene (C2H2). The SSH model provides a minimal yet insightful illustration of a topological phase transition be-
tween two insulating phases. Mathematically, this arises from the breaking of translational symmetry due to dimerization, 
which introduces two distinct nearest-neighbor hopping amplitudes: ti (intra-cell) and to (inter-cell) (see Fig.  A.8).

Given that the Hamiltonian is Hermitian, we can rewrite it in a 2 × 2 simple form using the Pauli matrices: 

Ĥ(k) =

∑
i

di(k)σ i, (A.6)

where dx(k) = ti + to cos(ka), dy(k) = to sin(ka), and dz(k) = 0. Thus, there exists a mapping from the Brillouin torus to 
the sphere, d(k) : T 1

→ S2, which may not be topologically trivial under certain conditions. Given the periodicity and 
translational symmetry of the chain, which allow the Fourier transformations, the tight-binding model in k-space can be 
written as ∑

k

(
(ti + eikto)|k, A⟩⟨B, k| + (ti + e−ikto)|k, B⟩⟨A, k|

)
=

∑
k

|k⟩H(k)⟨k|, (A.7)

where the basis of the Hamiltonian is |k, A⟩ = |k⟩ ⊗ |A⟩, |k, B⟩ = |k⟩ ⊗ |B⟩, and 

H(k) =

(
0 ti + eikto
−ik

)
(A.8)
ti + e to 0
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Fig. A.9. Winding number representation. (a) Trivial regime (to > ti): the parameter trajectory does not enclose the origin. (b) Nontrivial regime 
(ti > to): the parameter trajectory encloses the origin.

is the band Hamiltonian to be diagonalized. It is straightforward to calculate the eigenvalues 

ξ±(k) = ±

√
t2i + 2tito cos(ka) + t2o , (A.9)

and the eigenvectors, for θ (k) =
π
2 , 

|±u(k)⟩ =
1

√
2

(
±e−iφ(k)

1

)
, (A.10)

where the phase is given by 

φ(k) = tan−1
(

to sin(ka)
ti + to cos(ka)

)
. (A.11)

in the Bloch sphere. It is easy to make a physical interpretation of this model by considering the different hopping terms. 
When the hopping terms are equal, no preferred electronic trajectory is determined, as in metals. If they are very different, 
insulators appear since there would be no significant hopping. However, the interesting aspect is that these two insulators 
are fundamentally different: one is topologically trivial, and the other is not. By calculating the winding number for these 
trajectories, we have 

w =
1

2π i

∫ π

−π

dk ln(d(k)) =
1
2π

[φ(k)]π
−π , (A.12)

which gives 1 or 0. That is, the system is non-trivial for ti > to and trivial for to > ti (Fig.  A.9).
Another type of non-trivial topological model is known as Chern insulators, which involve two bands with similar 

Hamiltonian but different parameters 

d(k) = (A sin(kxa),−A sin(kya),M(k)), (A.13)

where M(k) = M + 2B(2 − cos(kxa) − cos(kya)), and A, B, and M are parameters that can be physically interpreted based 
on the chosen material. This model is often solved by expanding it around the point k = 0 to avoid trigonometric terms, 
approximating sin(ka) ≈ ka and cos(ka) ≈ 1 − (ka)2/2. The topology of this model is characterized by the TKNN Hall 
conductivity, which can be written as 

σxy =
e2

h
1
4π

∫∫
dkxdky d̂ ·

(
∂ d̂
∂kx

×
∂ d̂
∂ky

)
. (A.14)

Haldane proposed a more sophisticated model using a honeycomb lattice expanded by a two-atom basis A and B

Ĥ = 2t2 cosφ

(∑
i

cos(kbi)

)
I2 +

∑
j

djσj, (A.15)

where I2 is the 2 × 2 identity matrix, σj are the Pauli matrices, dj = (t1 cos(kai), t1 sin(kai),M −2t2 sinφ
∑

i sin(kbi)), t1 is 
the nearest-neighbor hopping, t2 is the complex second-neighbor hopping (associated with the Aharonov–Bohm effect in 
the case of a periodic magnetic field), φ is the phase accumulated by the t2 hopping, and M is the on-site energy difference 
between the A and B sublattices. It is immediately clear that introducing the new hopping terms breaks time-reversal 
symmetry; under time reversal T , k → −k, which changes the sign of terms involving sin(kbi). The term sin(kai) does 
not affect the Hamiltonian because it is multiplied by the Dirac matrix σ2. To preserve the C3 symmetry of the lattice, the 
masses at points K  and K ′ must have opposite signs, M = −M ′, and the gap closes at one of these points.
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For greater clarity, consider the honeycomb lattice with a1 =
1
2

(√
3
1

)
, a2 =

1
2

(√
3

−1

)
, and the Dirac points K , K ′ given 

by 2π3 (
√
3,±1). Using the conditions k · a1 =

4π
3 , k · (a1 − a2) =

2π
3  for K , and k · a1 =

2π
3 , k · (a1 − a2) =

4π
3  for K ′, the 

gap at K  closes when M − 3
√
3|t2| sinφ = 0, and similarly at K ′ with quantized Hall conductivity σxy = ∓

e2
h .

The phase diagram in the Brillouin zone is represented by the expression 
M = ±3

√
3|t2| sinφ, (A.16)

for φ ranging from −π to π , after calculating the Chern number C .
The Haldane model [49] can be simplified without explicitly referring to graphene by considering a square lattice with 

d1 = sin(kx), d2 = sin(ky), d3 = 2 − M − cos(kx) − cos(ky), as made by Qi–Wu–Zhang [309]. The non-trivial topological 
phases occur for 0 < M < 2 and 2 < M < 4, corresponding to Chern numbers +1 and −1, respectively. In real space, 
this model in the second quantization formalism is given by 

H = t1
∑
⟨i,j⟩

c†
i cj + t2

∑
≪i,j≫

e±iφc†
i cj + M

∑
i

ξic
†
i ci (A.17)

where ξi = +1 for sublattice A and ξi = −1 for sublattice B. This makes it easier to compare with the following 
model [310].

Kane and Mele [50,311] presented for the first time a model of topological insulators that allows time-reversal 
symmetry and is equivalent to a duplication of the Haldane model. The Hamiltonian is 

H = t
∑
⟨i,j⟩

c†
i cj + iλSO

∑
≪i,j≫

νijc
†
i cjsz + iλR

∑
⟨i,j⟩

(s × d̂ij)zc
†
i cj + λv

∑
i

ξic
†
i ci (A.18)

If we compare it with the Haldane Hamiltonian, we observe that we have introduced the spin si, the spin–orbit 
interaction λSO, the Rashba interaction λR, and λv , which represents an alternating on-site potential with opposite values 
in each sublattice. Additionally, d̂ij is a unit vector connecting the nearest-neighbor edge i to edge j in the x−y plane, and 
νij =

√
2
3 (di × dj)z = ±1, where di and dj are two unit vectors along the bonds that the electron traverses when moving 

from site j to site i.
If we neglect the Rashba term and reinterpret each interaction, we find that the system consists of two copies of the 

Haldane model, where we choose sz = ±1 and φ = ±
π
2 . The first Kane–Mele model was presented in this form as two 

copies of Haldane, leaving the Hamiltonian with time-reversal symmetry. Later, the Rashba term was added to take into 
account the interaction of the spin with the background electric field E , which is also a spin–orbit that does not introduce 
a gap, but modifies it by making non-conservation of spin.

The Hamiltonian, in the k-space, of this 4-band model is 

H(k) =t

[(
1 + 2 cos

kx
2

cos

√
3ky
2

)
σx ⊗ s0 − 2 cos

kx
2

sin

√
3ky
2

σy ⊗ s0

]

+ λSO

(
2 sin kx − 4 sin

kx
2

cos

√
3ky
2

)
σz ⊗ sz + λvσz ⊗ s0

+ λR

[
− cos

kx
2

sin

√
3ky
2

σx ⊗ sx +
√
3 sin

kx
2

cos

√
3ky
2

σx ⊗ sy

+

(
1 − cos

kx
2

cos

√
3ky
2

)
σy ⊗ sx −

√
3 sin

kx
2

sin

√
3ky
2

σy ⊗ sy
]
.

(A.19)

The non-topological phase can be found directly by neglecting the Rashba term λR = 0, which splits the Hamiltonian into 
two independent parts. To get the energy ξ = 0 in the Dirac points, we have the algebraic system of equations taking the 
hopping t = 1

1 + 2 cos
kx
2

cos

√
3ky
2

= 0 (A.20)

cos
kx
2

sin

√
3ky
2

= 0 (A.21)

2λSO

(
sin kx − 2 sin

kx
2

cos

√
3ky
2

)
+ λv = 0 (A.22)

give us the condition λv/λSO = ±3
√
3, taking into account the second equation, which gives ky = 0 and ky =

2π
√
3
. This 

leads to 

−3
√
3 ≤

λv
≤ 3

√
3, (A.23)
λSO
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as the interval where the Chern number is nonzero. Expanding the Hamiltonian to first order near the Dirac points and 
choosing sz = +1, we obtain 

H(k) ≃

√
3
2

(σxkx + σyky) + σz(λv − 3
√
3λSO). (A.24)

For ky ≃ 0, we can derive the zero mode 

φ

(
kx
2

)
= φ(0) exp

[
−

1
2

∫ kx
2

0
dk′

xM
(
k′
x

2

)]
, (A.25)

where the mass term is defined as 

M
(
kx
2

)
=

2
√
3

(
λv − 3

√
3λSO

)
. (A.26)

The solution with sz = −1 corresponds to the Hamiltonian 

H(−k) ≃

√
3
3

(σxkx + σyky) − σz(λv − 3
√
3λSO), (A.27)

which represents the time-reversal counterpart of the solution calculated for sz = +1. Note that we could also find zero 
modes for ky ≃ 0, leading to additional states that may couple with those of the topological superconductor mentioned 
in the previous section [28,80,312].

In this model, where spin–orbit plays a key role, we need a new topological index to distinguish its two phases. Due to 
Kramers’ theorem, all bands must cross at the center of the Brillouin zone (BZ), and it is possible to define time-reversal 
invariant momenta (TRIM). For the Bloch Hamiltonian, H(−k) = T̂ H(k)T̂ −1, the bands in the BZ appear as Kramers pairs. 
We can define the matrix element between states α and β at time-conjugate momenta as 

Bαβ = ⟨−k, α|T̂ |k, β⟩. (A.28)

At the TRIM k = Γi, Bαβ (Γi) is antisymmetric, allowing us to define 

δi =

√
det[B(Γi)]
Pf[B(Γi)]

, (A.29)

as an invariant quantity associated with the TRIM points Γi. In fact, in 1-D, this corresponds to the product of these δ
values, which extends to four in 2-D and eight in 3-D. This ultimately allows us to define a Z2 Pfaffian index that accounts 
for the band topological structure of the BZ when Kramers degeneracy exists due to time-reversal symmetry.

It is immediately apparent that we can leave the λv to consider the Rashba parameter λR. This calculation would lead 
us to the non-trivial topological interval 

−2
√
3 ≤

λR

λSO
≤ 2

√
3 (A.30)

which would allow us to represent a phase diagram for the parameters of the Kane–Mele model as a function of these 
three parameters.

Finally, in the seminal paper [313] presented by Bernevig, Hughes, and Zhang (BHZ), they propose a model describing 
the vicinity of a gap closing at Γ = (0, 0) for a HgTe/CdTe quantum well as a topological insulator in 2 − D. Assuming 
a square unit cell with coordinates x, y, the on-site Coulomb energy U , hopping coefficients tx, ty, and translational 
symmetry, it is possible to write a tight-binding Hamiltonian 

H(x, y) =

∑
x,y

U
2
c†
x,ycx,y + txc

†
x+1,ycx,y + tyc

†
x,y+1cx,y + h.c. (A.31)

After performing a Fourier transformation for the creation and annihilation operators, we obtain 

H(x, y) =

∑
kx,ky

c†
kx,kyH(k)ckx,ky , (A.32)

where h(k) =
U
2 + txeikx + tyeiky + h.c ., and U = △σz , tx =

1
2σz +

i
2σx, ty =

1
2σz +

i
2σy. This leads us to the simple 

Hamiltonian 
h(k) = σ1kx + σ2ky + (△ + cos kx + cos ky)σ3 =

∑
i

diσi. (A.33)

The bands will cross at d = 0, with solutions k(π, π ),△ = −2; k(0, π ),△ = 0; k(π, 0),△ = 0; k(0, 0),△ = 2. These 
provide non-trivial topological regions that can be calculated straightforwardly. The energy is given by 

ξ (k) = ±|d(k)| = ±

√
sin2 k + sin2 k + (△ + cos k + cos k )2. (A.34)
x y x y
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When △ ≪ −2, we have h ≃ −△σz , meaning this region corresponds to a trivial mapping of the BZ onto dz , which 
cannot surround the Dirac point. Thus, this region must have a Chern number equal to zero, C = 0, and similarly for 
△ ≫ 2. These regions are therefore topologically trivial. Close to the point Γ = (0, 0), for the parameter △ = −2, the 
Hamiltonian becomes 

HΓ ≃ kxσx + kyσy + (△ + 2). (A.35)

We can calculate the Berry curvature for these parameters 

Ωij =
m

2(k2x + k2y + m2)
3
2
, (A.36)

where m = △ + 2, and we have used the definition Ωij =
1
2 d̂ · (∂id̂ × ∂jd̂), which gives the Chern number 

C =

∫
Ωijdkxdky =

sign(m)
2

. (A.37)

This result is incorrect because the Chern number must be an integer, but this arises because the integration is performed 
over a non-compact manifold. To address this issue, we consider two regions bounded in k-space 

C =
sign(m > 0)

2
−

sign(m < 0)
2

= +1, (A.38)

for 2 > △ > 0. Similarly, for 0 > △ > −2, C = −1, and C = 0 for |△| > 2.
Following the Kane–Mele model, we extend this Hamiltonian to account for time-reversal symmetry: 

H =

(
h(k) 0
0 h∗(−k)

)
, (A.39)

where 
h∗(−k) = −σxkx + σyky + (△ + cos kx + cos ky)σz . (A.40)

Thus, the full Hamiltonian of the BHZ model can be written as 
H = sin kyσy + (△ + cos kx + cos ky)σz ⊗ I2 + sin kxσx ⊗ τz, (A.41)

where the τ  matrices are defined as 

τy =

(
0 −iI2
iI2 0

)
, τz =

(
I2 0
0 −I2

)
. (A.42)

Now the Hamiltonian is time-reversal symmetric: 
T̂H(k)T̂−1

= H(−k), (A.43)

with T̂ = iτyK  being the time-reversal operator.
Let us examine the simplest propagation states on the surface. Taking x = 0, where there is a change from trivial 

topology (C = 0) to a non-trivial one (C = −1), with parameters transitioning from |△| > 2,m(x) > 0 to −2 < △ <

0,m(x) < 0. In this case, we have a simple Dirac equation: 
(iσx∂x + iσy∂y + m(x)σz)ψ(x, y) = ξψ(x, y). (A.44)

Using translation symmetry and spatial periodicity, we set ψ(x, y) = eikyφ(x) and consider zero energy ξ = 0, ky = 0, 
leading to: 

d
dx
φ(x) = −im(x′)dx′. (A.45)

The solution is given by 

|φk(x)⟩ = exp
[∫ x

∞

m(x′)dx′

](
1
i

)
, (A.46)

which represents a zero mode. We can extend this solution to the y-axis, where propagation occurs at the Fermi velocity 
vF = 1 (h̄ = 1): 

|φ(ky)⟩ = eikyy exp
[
−

∫ x

∞

m(x′)dx′

](
1
i

)
. (A.47)

Introducing constants, we obtain: 
h(|ψ(k )⟩) = hk v |ψ(k )⟩. (A.48)
y ¯ y F y
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The existence of these chiral states on the surface demonstrates that electronic transport behaves very differently from 
conventional systems, as it is immune to crystalline defects and does not localize. This phenomenon can be generalized: 
the contact of two materials characterized by different topological Chern invariants, C1 and C2, implies the emergence of 
|C1 − C2| gapless edge modes. This feature must be considered in phenomena such as thermoelectricity due to its subtle 
relationship with these currents.

Appendix B. 2-D topological superconductivity

In a 2 − D lattice, the Hamiltonian of a p-wave superconductor can be written as 

H =

∑
i,j

−t
(
c†
i+1,jci,j + c†

i,j+1ci,j
)

+ △

(
c†
i+1,jc

†
i,j + ic†

i,j+1c
†
i,j + h.c.

)
− (µ− 4t)c†

i,jci,j, (B.1)

where the operators act at the site (i, j) of the lattice. This leads to the Bloch Hamiltonian 

H(k) =

(
ϵ(k) 2i(sin kx + sin ky)

−2i(sin kx + sin ky) −ϵ(k)

)
=

∑
i

diσi, (B.2)

with ϵ(k) = −2t(cos kx + cos ky) + (4t − µ).
To avoid the complex parameter △ = |△|eiΛ, we perform a gauge transformation of the operators ck → e−iΛck, 

c†
k → e−iΛc†

k , obtaining: 

H(k) = −2△(sin kyτx + sin kxτy) + ϵ(k)τz =
−→
d ·

−→τ , (B.3)

where the matrices τ  are associated with particle–hole elements. The eigenvalues are then given by: 

ξ± = ±|
−→
d | = ±

√
ϵ(k)2 + 4|△|

2(sin2 kx + sin2 ky). (B.4)

This energy spectrum is gapped if we choose t = △ =
1
2 , except for the critical values (kx, ky, µ) = (0, 0, 0), (π, 0, 2), 

(0, π, 2), and (π, π, 4). Thus, there are four phases to distinguish their topology, and we must calculate the Chern number 

C =
1
8π

∫ π

−π

dkx

∫ π

−π

dky d̂ ·

(
∂ d̂
∂kx

×
∂ d̂
∂ky

)
. (B.5)

In the limit k → 0, we find C = 1 for 0 < µ < 2 and C = −1 for 2 < µ < 4, corresponding to non-trivial phases. For 
µ < 0 and µ > 4, the Chern number C = 0, indicating trivial topology [80,314,315].

From a more physical perspective, we can consider the gap parameter △ab(k) = △0⟨ca(k)cb(−k)⟩ as an electron 
correlation, where a and b are spin indices. It arises due to instabilities on the Fermi surface, creating an effective energy 
gap for superconducting carriers. Furthermore, it must obey the Pauli exclusion principle by acting on fermions, implying 
△ab(k) + △ba(−k) = 0. If there is no spin–orbit coupling, we can treat spin and momentum as good quantum numbers 
and write △ab(k) = χab△(k), where χab = ±χba and △(k) = ±△(−k). This leads to singlet or triplet pairings: singlets 
when χab = −χba and △(k) = △(−k), and triplets when χab = χba and △(k) = −△(−k).

Thus, s- and d-wave superconductors correspond to singlets, while p- and f -wave ones correspond to triplets. 
Note that if we have a singlet, time-reversal symmetry is preserved, and by Kramers’ theorem, states are degenerate. 
Consequently, Majorana modes cannot be separated. This classification is an oversimplification, as other factors, such as 
lattice symmetries or the relative orientation of states, also influence these conditions [316–318].

Appendix C. SSH and Kitaev Peierls formal similarities

A paradigmatic example of this point of view is given by the Kitaev chain 

HK =

∑
n

(tc†
ncn+1 − i∆cncn+1 + h.c) + µc†

ncn (C.1)

where t is the hopping energy, ∆ the p-wave pairing amplitude and µ the chemical potential. On the other hand, the SSH
Hamiltonian can be written as 

HS =

∑
n

(tic
†
2n−1c2n + toc

†
2nc2n+1 + h.c) (C.2)

where the hopping are related by the expression ti = t(1− δcosα) and to = t(1+ δcosα). In such a form that the hopping 
changes from −tδ to +tδ, being t the hopping between nearest neighbors, n the lattice side, and δ the Peierls dimerization 
strength. If we choose the chemical potential to be zero, µ = 0, the analogy of both Hamiltonians is very clear and justifies 
the parallel topological study for both models.
39
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