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Abstract

This paper is devoted to prove the existence of extremal solutions
of Fractional equation with Riemann-Liouville derivative. The existence
follows from the method of lower and upper solutions. Some jumps in
the derivative of these functions are allowed. It is important to point out
that a discontinuous and functional dependence on the nonlinear part of
the equation with respect to the solution is allowed. The construction of
the Green’s function related to the linear part of the equation coupled to
spectral theory is fundamental to deduce the results.

Key Words: Lower and Upper Solutions, Green’s Functions, Discontinuous
Equations, Functional Equations, Comparison Principles
AMS Subject Classifications: 34K37, 34A08, 26A33, 34B27

1 Introduction

The concept of Fractional Calculus has been developed up to now as an ex-
tension and a generalization of the classical calculus with non-integer orders.
In recent years there has been an important growth on research activities on
the application of fractional calculus to several scientific fields, from various
physical phenomena to control systems in economics and finance. So, applica-
tions related to fractional calculus have appeared in many fields of science and
engineering, such as a HIV [27, 28] and a fluid model [29].

The main advantage of fractional derivatives is that mathematical models in-
volving fractional derivatives provide a very well description of the memory and
hereditary properties of various materials. In fact, we have that the fractional
derivative of a function f defined on a given interval evaluated at a particular
point depends on all the values of the function on the given interval till the
evaluated point.

On the other hand, the method of lower and upper solutions is a very well
known tool used to deduce the existence of solutions of many kind of both



Ordinary and Partial Differential Equations coupled to many kind of boundary
value problems. The reader can see the monographs [1, 17, 22] or the survey [2]
and references therein. This method allows not only to ensure the existence of
solutions of the considered problem but also to ensure the location of some of
them, that lie between the given lower and upper solutions. In many cases, it is
possible to deduce the existence of the greatest and the least of all the solutions
on this set [16].

In the decade of 80s S. Heikkilé introduced the concept of Chain Iterative
Monotones, see the monograph [21] and references therein. With this method
it has been possible to study differential equations with discontinuities on the
spatial variable. This method has been applied by many authors to different
situations, see, for instance, [4, 5, 7, 8, 10, 13, 14, 15, 19, 25], and references
therein.

In this paper, by considering o € R, 1 < o < 2 be fixed and I = [0,1]. For
any u : (0,1] — R, we define function @ : I — R as follows:

_ 27 u(t) it ¢€(0,1],
u(t) = { lim,_,o+ 2~ %u(t) if t=0, (1)

provided that such limit exists.
First, we will study the existence of extremal solution of the following prob-
lem, in presence of a pair of lower and upper solutions,

{Do‘u(t) — () + f(ta),@d¢) =0, tel,
u(0) = ,ufol u(s)ds, u'(1)= nfol u(s)ds.

Here i and n are nonnegative real constants and f is a continuous function
that satisfies the following condition:

(F) ¥ C1 > 0 such that |[(2,9)]|ec < C1 3Ca >0 |f(t,2,y)| < Cat?.

To this end, we will prove in Section 3, some comparison results for the re-
lated linear equation, where some kind of jumps in the definition of the solutions
are allowed. The idea can be found on, among others, [17] or [9]. As far as the
authors know, this is the first time that such arguments are used in fractional
equations. In this case, we must use some previous comparison results for so-
lutions without jumps given in [6] for a Dirichlet problem, and in [11, 12] for
mixed problems. The spectral results obtained in those references will be crucial
in our analysis. Moreover the exact expression of the Green’s function related
to this equation, and some kind of Nagumo’s condition concerning the growth
with respect to the first derivative, will be also fundamental in our study. This
study is done in Section 4, where the definition of lower and upper solutions
with some kind of jumps of the first derivative is allowed.

In Section 5 we consider the functional and discontinuous problem

{Do‘u(t) —u(t) + f(talt), @ (t),m) =0, tel,
u(0) = ufol u(s)ds, /(1) = nfol u(s)ds.

In this case, by means of the Heikkild’s theory coupled to the extremality re-
sults obtained in previous section, we deduce the existence of extremal solutions
for such a problem.

An example, containing a particular case, is given at the end of each section.



2 Preliminary Results

In this section, we introduce some notations and definitions that will be used
along the paper.
We introduce the following space for a € R, « € (1,2].

Cy_ () :={u:(0,1] = R; uecCYI)}.

It is not difficult to verify that C3__ (I) is a Banach space endowed with the
norm

lulls = masx {apase {Ja(e) [}, mae {1 ()] })

We remark that C3__ (I) € C*((0,1]) and point out that the right limit at
t = 0 of the functions on this space may be +co.

Definition 1 (/23]) The Riemann-Liouville fractional integral of order o >
0 for a measurable function f: (0,+00) — R is defined as

o f(t) = ﬁ/o (t— )" Lf(s)ds, t >0,

where I' is the Euler Gamma function, assuming that the right-hand side is
point-wise defined on (0, 4+00).

Definition 2 (/23]) The Riemann-Liowville fractional derivative of order oo >
0 for a measurable function f: (0,+00) — R is defined as

1 d"
L(n — ) dt?

dn

D f(t) = [ e=srtpsas = Zore o,

provided that the right-hand side is point-wise defined on the interval (0,400).
Here n = [a] + 1, where [a] denotes the integer part of the real number c.

Definition 3 /23, p. 42] A two parameter Mittag-Leffler function E, g(x) is
defined by the series expansion

xk

E N - R.
0.8(T) ];)F(ak+ﬁ)’ a,>0, z€

For 8 =1, Eq,1 coincides with the usual Mittag— Leffler function E,.
In [11] the following results are proved, provided E, o—1()) # 0,

v (t) =T(a—1) (t"‘_QEa,a_l()\ta) - Mt“_lEa,a(Ata)> (2)

is the unique solution in C3__ (I) of problem

D*vy (t) — Avg (t) =0, tel,
u1(0) =1, (1) =0,

and
T By o (M%)

UZ(t) - Ea,afl()\> )



the unique one in C3__ (1) of

{Do‘vg(t) —Aa(t) =0, tel, )

m(0) =0, (1) =1
Moreover, given y € L>(I) , the unique solution in C3__ (I) of problem

{D%(t) —do(t) +y(t) =0, tel, (6)

3(0) = v'(1) = 0,

follows the expression

1= / G (t, 8)y(s)ds

with
t* By o M) Ey a—1(A(1—5)%) a— a
Gl(t7 S) _ taflE(li(?:;)aEEa'a_ll(()\)z)l o - (t - S) lEa,a(/\(t — 3) )a 0<s<t< 13
(al,(is)z’ag(fai—ll@) ’ Ost<s<l

Finally, by denoting

1 1
0= / v1(t)dt and o:= / vo(t)dt,
0 0

we have the following result:

Theorem 4 [12, Theorem 1] Lety € L=°(I), 1 <« <2, u,n >0 and A € R be
such that Eq a—1(X) # 0 and 1 — @ —no # 0. Then the problem

Deu(t) — du(t) +y(t) =0, tel, (8)
u(0) = ,ufol u(s)ds, u'(1)= nfol u(s)ds
has a unique solution u in Ci__(I), which is given by the expression
1
t) = / G(t, s)y(s)ds
0
where (o (0
_ pi(t) + nua(t
G(t,s) = Gy(t,s) + A= 10— o) (/ G1(r,s)d ) (9)

with vy, v2 and Gy given in (2), (4) and (7) respectively.

Remark 5 Notice that in [12, Theorem 1] it is assumed y € C((0,1]) N L*>(I).
1t is not difficult to verify that all the results are valid if y € L*°(I)

3 Anti-Maximum Principle
In this section, we will prove an anti-maximum principle for the linear problem

(8), where some constant sign jumps on the derivative of the solutions are al-
lowed. Such result contains [11, Lemma 8] as a particular case (with no jumps).



First, we denote A\j(< 0) as the greatest root of E, o—1(A) = 0, which is, as
it is stated on [11, Theorem 6], the first eigenvalue of Problem (6). As it is
pointed out on reference [20], it is clear that if o, § > 0 then E, g(\) > 0 for
all A > 0. Moreover, since E, g(0) = 1/T'(8), we have that the real zeros of this
function, if they exists, must be negative. The existence of negative zeros can
be consulted in [24, Theorem 2|, where it is proved that E, g(\) has real zeros
for all 8 € (0, ).
The comparison result is the following:

Theorem 6 Lety € L®¥(I), y > 0 ae. onlI, 1 < a <2 and X > X. Let
ge{0,1,..} and 0=ty <t; < ... <ty <tgy1 =1. Assume thatu: (0,1] - R
is such that w € C(I) N CH (UL, (i, ti+1)) and satisfies the following equalities
for some A, B>0and k; >0,j=1,...,q:

Du(t) — Mu(t) +y(t) = 0, telI\{tr,...,t4},
w(0) = A,
u' (1) = B,
)

= kj7 ]:1,,q

Then, uw > 0 on I. Moreover, if y is not identically zero on I then u > 0 on
(0,1].

Proof. In our case, by using the results obtained in [11], we have that function
u is given by the following expression:

u(t) = /0 Gi(t, s)y(s)ds + Auvi (1) + Bus(t) + S ki Si(t),  (10)
=1

with vy, vo and Gy given in (2), (4) and (7) respectively, and S; € C(I) N
CY(I\{t;}), the unique solution of problem

, te\{t},

i

o O O

)

5jl7 jzla"'7Qa

\;/ ~—— —
Il

being d;; the classical Dirac delta function.

From [11, Lemmas 8 and 18], G1(t,s) > 0 for all ¢,s € (0,1) and vy, v2 are
positive on (0, 1].
Now, let us see that S; > 0 on (0,1] for alll =1,...,q.

Assume that there exists ¢ € (0,t;] for some k = 1,--- ,p + 1, for which
Si(t;) = 0.

If £, < t;, we have that S; € C3__[0,%] is a solution of problem

DaSl(t) — /\Sl(t) =0, te [O,El}, 51(0) = Sl(fl) =0. (11)

As it has been shown in [6], the eigenvalues ), of problem (11) are charac-
terized by R
Ea.a(Anl)) =0,

and \; := \; /f;" is the first eigenvalue of (11). We remark, see [6, Lemma 3.4]
and [11, Lemma 8], that A1 < 0 is the greatest root of E,, o(A) = 0 and A} > Aq.



Thus, if S; is a nontrivial function then (A, S;) is an eigenvalue-eigenvector
pair of problem (11) and A > A} > A\; > Ay, which contradicts the fact that A,
is the first eigenvalue of problem (11).

As a consequence, S;(t) = 0 for all ¢ € [0,7].

Now, when #; < t,, it is fulfilled that S; € C3__ [f;, %] is a solution of problem

DS(t) = ASi(t) =0, telt,t], Si(ti)=5S)(t)=0.

Notice that, since S;(t) = 0 for all ¢ € [0, ¢;], we have that

o5 (t) = 1)[(t—s)a—1sl(s)ds — I25)(t), t€ [t

NG
and, as a consequence,

1 d"

Desi(t) = L(n—a)dt®

t

/E (t—s)"718)(s)ds =: Dz Si(t).
l

Thus, S; € C3__[ti,t;] satisfies the equation

DgSl(t) — )\Sl(t) = 0, te [gl,tl], gl(fl) = Sl/(gl) =0.

But, this problem has only the trivial solution.

As a consequence, it is fulfilled that Sj(t) = 0 for all ¢ € [0,#;] whenever
5, <t . .

Thus, since S;(¢;) — S (t) = 1, we know that S is not identically zero at
[t1,1]. Therefore, we have that S; € Cd__[t;,1] is a nontrivial solution of the
problem

DaSl(t) — )\Sl(t) = 0, te [tl, 1], Fl(tl) = Sl/(l) =0.

Arguing as before, we have that S; is a solution of the following equation
(with obvious notation):

D Si(t) = ASi(t) =0, te[t,1], Si(t)=5/(1)=0.

It is immediate to verify that the eigenvalues of this problem, \,, are given as
the zeros of Eq q—1(An (1—1)%). Since they must be negative, it is obvious that
all of then of are smaller than Aj. As a direct consequence, we deduce that .S;
cannot attain the value zero on (0, 1].

For the case t; < #;, we attain a contradiction in an analogous way.

As a consequence, function Sj is a constant sign solution on the interval
(0,1]. Let us see that it is positive for all A > A7.

3—«a
Notice that, if A = 0(> A}), we have S;(1) = (Z’éj > 0 and so, S; > 0 on
(0,1].

So, if there is A # 0 for which S; < 0 on (0, 1], by the continuity of function
S with respect to A, we have that there are A lying between A and 0, and
t € (0,1], for which S;(#) = 0.

If £ € (0,1) we reach a contradiction with the previous cases.



If £ = 1, we have that S; € C''[f;, 1] is a solution of problem
DaSl(t) — /\Sl(t) =0, te [tl, 1], Sl(l) = Sl/(l) =0,

which has only the trivial solution.

So S; = 0 on [{;,1] and, because of the jump condition, we arrive to a con-
tradiction with the eigenvalue characterization in the interval [0,%;] as in the
previous steps. m

Arguing in an analogous way with the Dirichlet conditions, we can prove the
following result

Theorem 7 Let y € L®(I), y > 0 a.e. onlI, 1 <a <2 and X > A\;. Let
g€{0,1,..} and 0=ty <t; <...<ty <tyy1 =1. Assume thatu: (0,1] - R
is such that w € C(I) N CH(UL_,(t1,ti+1)) and satisfies the following equalities
for some A, B>0and k; >0, j=1,...,q:

D>u(t) — Mu(t) +y(t) = 0, telI\{tr,...,t},
a0) = A,
u(l) = B,
w(t;)—u(t]) = kj j=1,...,q

Then, u > 0 on I. Moreover, if y is not identically zero on I then u > 0 on
(0,1).

In the sequel, we deduce a maximum principle for the case in which the
mixed boundary conditions are attained on an sub interval [a,b] C [0,1].

Theorem 8 Let y € L™[0,1], y > 0 on (a,b), 1 < a <2 and X\ > \;/b*. Let
qG{O,l,...} and 0 < a =ty <ty <...<tq<tq+1:b§1

Assume that u : (0,1] — R is such that u € C(I) N CH(ULy(ti, tig1)) and
satisfies the following equalities for some A, B> 0 and k; >0, j=1,...,¢q:

= 0, tel0,1\{ts, - ,tq},

)
u'(b; = g: (12)
) = ki, j=1,...,q

<

Then, @ > 0 on [a,b]. Moreover, if y is not identically zero on (a,b] then u > 0
on (a,b].
Proof. It is clear that the unique solution of problem (16) is given by

u(t) = U(t) + Avy (t) + Bua(t) + f: ko Si(t), (13)
=1

where U(t) = f; G1,4(t, s)y(s)ds is the unique solution of

DU(t) — AU (t) +o(t) =0, te]0,1],
U(a)=U'(b) =0



v1 is a solution of problem

Davl (t) — /\U1 (t) = 0, te [0, 1],
271 (a) = ].,
v (b) =0,

vg is a solution of problem

Dy (t) — Ava(t) = 0, te[0,1],
?72(&) = O7
wh(b) = 1,

and S; is a solution of problem

(t) 0, tel0,1\{t},

S(a) = 0,

(b) 0
)

—, — ’ .
Sl(tj)_S(tj_ 5jla .]Zla"'7Q7
Now we will study the sign of the Green’s function Gy, : I x I — R,

It is clear that the enunciate of the theorem is a direct consequence of the
tw previous properties.

For any s € [0, 1], V5(¢) := G1,4(t, s) satisfies

(15)

DOV,(t) = AV,(£) =0, te[0,1], t #s,
Vi(a) = 0=V, (b).

Now, consider the following eigenvalue problem

{Daw(t) —w(t) =0, telo,1],
w(a) =0=w'(b).

So, by [23, Theorem 5.1, p. 284], its general solution is given by

w(t) = C1t* 1 Eq o AMY) + Cot® 2 Ey 01 (M%),

with Cl, Cy e R.
Then w(a) = 0 = w’'(b) implies that
Eqa—2(A*)  Eqq-1(Aa®)

bEa,ozfl()\ba) B aEa@()\aO‘) ’

Denote now

Ea a,l()\xo‘) Ea a,2(>\xa)
)\ — = = e 7
f@2) TEq o(Az) 2By 0—1(Az%)’

Functions f and g are defined for all z # 0 and E,(Az*) # 0 and
Eqya—1(Az®) # 0 respectively.

and g(z,\) =

As we know, A1, the first eigenvalue of the Dirichlet problem (11) on [0, 1],
is given as the biggest solution of E, o(A) = 0 and A}, the first eigenvalue of



the Mixed problem (3), is given as the biggest solution of E, o_1(\) = 0.
Then, one can show that if A > 2, f(a,A) > 0 and if A > 2%, g(b, \) < 0.
So, from the fact that

MM NN

— < =< =< — <A <0

@ b Sae S L<v
we have that, if A\ > ;\—i, then g(b,\) < 0 < f(a,A), and, as a consequence, A is
not an eigenvalue of (14).

So, since problem (15) has a nontrivial solution if and only if A is an eigen-

value of (14), we conclude that

G1,4(t,s) =0 if either 0 < s < min{a,t} or max{t,b} < s <1.

Now, if G1,4(t0,s0) = 0 for some (%o, s0) € (a,b) x (a,b), we have that:
If a < 59 < tg, Vs, is a nontrivial solution of

’

DQVSO (t) - )‘Vtso(t) = Oa
‘/So (to) =0= ‘/so (b)7

which implies that A < 2‘—2.

And, if a <ty < s, V5, is a nontrivial solution of

Da‘/so (t) - )‘Vvso(t) = 07
‘/80 (CL) =0= ‘/So (tO)a

which implies that A < 2—;.

Hence, for A > 2‘—2, Gi14(t,s) #0, V (t,5) € (a,b) x (a,b).
Since we know that G1, > 0if a =0, b =1, we deduce that

Gi,4(t,s) >0 VY (ts) € (a,b) x (a,b),

Gi4(t,s) =0 Vite€la,b], Vsel0,min{a,t}] U [max{t,b},1].

The same arguments are valid to deduce the positiveness of functions v; and
V2.

The comparison result holds immediately from the previous properties. m

With similar arguments, one can proof the following result for the Dirichlet
problem

Theorem 9 Let y € L*[0,1], y > 0 on (a,b), 1 < a <2 and A > A\ /b®. Let
ge{0,1,..} and0<a=t)<t1 <...<ty<tgr1=0<1

Assume that u : (0,1] — R is such that u € C(I) N C*(ULy(ti, ti41)) and
satisfies the following equalities for some A, B> 0 and k; >0, j=1,...,¢q:

D>u(t) — Au(t) +}/(t) = 0, tel0,1\{t1, - .tq},
Z(((Z% ~ (16)
w(ty)—u(t]) = ki, j=1,...,q

Then, u > 0 on [a,b]. Moreover, if y is not identically zero on (a,b] then u >0
on (a,b].



4 Boundary value problem with derivative de-
pendence

In this section some sufficient conditions of existence and location of solutions
for the following problem are obtained:

{Do‘u(t) —u(t) + f(tu(t), @ () =0, tel,
0) = ,ufol u(s)ds, u/'(1)= nfol u(s)ds

with f a continuous function and A > Aj.

We are looking for solutions of Problem (17) on the space C3_ ().

In a first moment, we will ensure the existence of solutions by assuming the
presence of a pair of well ordered lower and upper solutions. After this, we prove
the existence of extremal solutions for (17) between such pair of functions.

First of all, we need to define the concept of lower and upper solutions for
problem (17).

(17)

Definition 10 Let k > 0 and 0 =ty < t1 < ... < tx < tpy1 = 1. A function
v 1 (0,1] = R satisfying ¥ € C(I) N CH(UF_(t1,ti+1)) is a lower solution of
problem (17) if D*y(t) — My(t) + f(t,7(t), 7 (t)) € L>(I) and the following
inequalities are fulfilled:

Da’Y(t) _)"Y(t)—i_f t77(t1)57/(t)) S 07 te I\{tla"'7tk}7
7(0) — p olV(S)ds < 0,
Y (1) =nfyv(s)ds < 0,
F(tE)eR and F(t7)-F () < 0, 1=1,...,k

Definition 11 Let p > 0 gnd 0=1s50 <81 <...<8p<8pg1 =1 A function
6 : (0,1] = R satisfying 6 € C(I) N CH(U_y(s1,8141)) is an upper solution
of problem (17) if D*§(t) — Ad(t) + f(t,g(t),g/(t)) € L*°(I) and the following
inequalities are satisfied:

Do§(t) — AS(t) + f(t, (tl),él(t)) > 0, tel\{s1,....s},
6 (0) — ”fo §(s)ds > 0,
) nfo §(s)ds > 0,
S(st)eRr and S(s;)=0(sh) > 0, 1=1,...,p.

In the sequel we will use the following notation: for a couple of functions 7,0 €
C(I) such that ¥ < § on I, we define

[7,0] :={ue C): F(t) <u(t) <4t), vteI}.

The following condition plays a fundamental role in the prior bounds of all
the possible solutions of the considered problem. It is in the line of the very
well known Nagumo’s growth condition [1].

Definition 12 Consider ¥ and § € C(I) such that5 < § on I. Define
E:={(t,u,v) € I x R? such that 5(t) <u(t) < 6(t)}, (18)
and suppose that f : E — R is a continuous function that satisfies:

|f(tu,v)| < h(jv]) VY(t,u,v) € E, (19)

10



where h : [0,4+00) — [0,400) s a continuous and nondecreasing function such
that

li —_— = . 2
S—irfoo h(s) +oo ( 0)

Lemma 13 Assume that there exists 5 and 0 a pair of lower and upper so-
lutions, satisfying the conditions imposed on definitions 10 and 11, such that
3(t) < 6(t) for any t € I and that function f satisfies the conditions of Defini-
tion 12. Then, there exists a constant C > 0, depending on h, a,~ and §, such

that any solution u € [7,0] of (17) satisfies |u |0 < C.

Proof. From Theorem 4, we know that the solutions of Problem (17) are
characterized as the solutions of the following integral equation:

u(t) = /0 G(t, 5)f(s,7(s), T (5))ds. (21)

Thus, we denote

= [ TG, s) if (t,s) € (0,1] x [0,1),
G“’S)—{ limy e £2-0G(ts) if (t,s) € {0} x [0,1),

which, as it has been proved in [12, lemma 2], is well defined.
Differentiating in (21), we obtain

L
W)= [ G e u(e). (). (23)

So, with obvious notation, we have that

fol Gy (r,s)dr
1—pub —no’

O (1) = T (1, + (1T (1) + 0T (1)

For t,s € I x [0,1), we have
oG,
a—tl(t, s) = Hy(t,s) + Ha(t, s),

where
Hl(t7 S) = (]— - 5)a72Ea,o¢71()‘(1 - S)a)gl(t)v
being

1

m [Ea,a()\ta) - )\ta((a - 1)Ea,2a<)\(t)o‘) — Ea72a71()\ta))] 7

g1(t) :==

and

0, if t<s,
Hg(t,s) = { tlfa(t _ S)CY*ng(t?s)7 if s < t»

with

g2(t, 8) = —(t+s(a—2)) Eg,a A(t—5)%)+t(t—5)*AM(a—1) Eq 20 (A(t—5)*) = Eqg 20—1(A(t—5)%)).

11



For t € I, we have

EQ,Q,Q(A)EQ’Q(Ata) B ta)\Ea’a,Q(/\)(—(Oé — 1)Ea’2a()\ta) + Ea,gafl()\ta))
Ea,a—l(A) Ea,a—l(A)

+ ta_l)\(EaQa,Q()\ta) — (a — Q)Ea72a,1()\ta))]

v(t) = T(a—1)

and
T) = Eua(Mt?) —t*M(a — 1) Eq 20 (AtY) — Ea,ga_l()\ta).
Ea,a—l()\)
Thus, from the continuity of functions g; and go, we deduce that
oGy
Gt < (9] + |Halt,s)

< Ko (1 =) + Ko (o, NE g 5),
for some suitable positive constants Kj(a, A) and Ks(a, A) and

(= s)*? i s <t
q(t’s)_{o if s>t

And so, since 77, 73 € C*(I) and 1 — uf — no > 0, we have that there are
positive constants Ko, K3 and M such that

oG

- (t,s)‘ < Ki(a, (1 — )2 + Ko(a, )it (t — 5)~2

(,qu(a, A) +nKy(a, M)
(1 —pb—no)a

> M(a, \)(1—s)*"2  (25)

Using (19), and the fact that h is nondecreasing, we get
-
oG
a'(t)] < ’— t
wol < [ |G
1

< /(Kl(a,)\)(l—s)a_2+K2(a,)\)t1_aq(t,s)

0
,U'K?)(O‘,)‘) +77K4(047>\) _ s a—2 (s s
0 e M@ )1 = )7 )b (s))d
_ Ki(a, ) Ko, A)  pKsz(a,A) +nKy(a, M)
< AT () + TR e M)
K(a, A\, s m)h(||@]|s0), forallt eI,

£ (s,(s), @ (s))|ds

which implies that
i1
h([[7']|sc)
Then, from (20), we deduce that there exists C'(a, A, p,17) > 0 such that ||[@']|, <
C.
This completes the proof. m

< K(a, A, m).

In the following result, we prove the existence of solutions of problem (17)
by means of lower and upper solutions method.

12



Theorem 14 Let ¥,0 be a pair of lower and upper solutions of (17) such that
¥ < 6 on I, satisfying the conditions imposed in definitions 10 and 11. Then
problem (17) has at least one solution u € [7, 0] which, moreover, satisfies that
[@']|co < C, with C given in Lemma 13.

Proof. First, we denote by Ay = max (C, [|7]|oc> HEIHOO), and define the trun-
cated functions
r(z) = max {—Ap, min {z, Ao} }

and
p(t, z) = max {7(t), min {z, §(t)}}.

Consider now the following modified problem

{Da u(t) — )\u()+f(tp(t u( ), 7 (& ((t u(t)))))zo, ae. tel, (26)
*Ufo )ds,  u'(1) :nfo (s)

To ensure the regularity of previous problem, we cite the following result:

Lemma 15 [26, Lemma 2] For each u € CY(I) the following properties hold:

(3) %p(uu(t)) exists a.e. t € I.

(1) If u,up, € CH(I) and u,, converges in C*(I) to u, then
im 4 LotV = Lot ult)) ae tel
e dtp y Um = dtp ) -€. .

So, we can ensure the existence of £p(t, u(t)) in the whole interval I except
on, at most, a set of Lebesgue measure equals to zero. As a consequence, as
it is pointed out in [3, Chapter 4], it is not difficult to deduce that p(-,u(-)) is
an absolutely continuous function on I. Thus, r (£p(-,u(-))) belongs to L>(I)
and we have that, provided that f is a continuous function, the right hand side
of the previous equation is in L!([) for all u € C3__ (I).

We divide the existence result into several steps:

Step 1: If u is a solution of Problem (26) then u € [¥, d].

Assume, on the contrary, that

min (i —7)(t) < 0.

If for some t € {t1,ta,....,tx} C (0,1), we get

min(@ —7)(t) = @—=7)(F) <0,

we have the necessary condition
@-7)(t") < @-7) ().

But, since 4 € C(I), from the fact that ¥'({~) < 7'(f"), we arrive at a
contradiction.
Hence, there is some 79 € I\{t1,t2, ..., tx} for which

min(@ —7)(t) = (@ - 7)(r) < 0.

13



By the continuity of function @ on I, we have that there is [a,b] C I such
that o < ¥ on [a, b].

From the definitions of the lower and upper solutions and functions p and r,
we have that

(0,8, (0), (5 (8, T0)) = S0, 7 (1), for o e 1€ o],
and, as a consequence, there is hy € L>(I), h, > 0 on (0, 1), such that
Du—7) —Au—"7)+hy(t) =0, a.e telab\{tr, -t} (27)

Using the linearity of the Riemann-Liouville derivative, we have that, if
a=0:

(w=7)(0) > / p(s,u(s))ds — / 7(s)ds > 0.

If b =1, we deduce that

1 1
(=W =0 [ ps.ut)is—n [ (s > o0

It is obvious that if @ € (0,1) we have that (v — ~)(a) = 0 and if b € (0,1)
it is showed that (u —v)(b) = 0.

So, in all the possible combinations we are under the assumptions of Theorem
6 or Theorems 8 and 9. Thus, we deduce immediately that © > v on I, which
is a contradiction with our assumption.

Using similar arguments, we deduce that @ < § on I.
Thus, we conclude that every solution of problem (26) is such that ¥ <7 < ¢
on I.

Step 2: Problem (26) has at least one solution u, with 4 € C*(I).

Let us consider the operator T : C*(I) — C1(I) as follows

Tu(t) :/0 é(t,s)f(s,p(s,ﬂ(s)),r(%(p(s:,ﬂ(s)))))ds7 tel.  (28)

Since there exists M > 0 such that

d

\f@,p(s,u(s)),r(ds(p(s,u(s))))) <M e sel,

arguing as in the proof of Lemma 13, we have that there is K > 0 such that
max {[|T'(u)[|oo, [(T(w)) lc} < K.

In consequence, by defining Q = {u € C*(I),; max {||@]|oo, [|# | o} < K}, we
have that T : Q — Q.

To verify that T is completely continuous on €, it must be proved that the
set T(Q) is equicontinuous on C(I).

The equicontinuity in C'(I) is analogous to the one done in [11, Lemma 4.2].

To prove the equicontinuity in C'(I) we use the expressions obtained in
Lemma, 13 for 0G//ot.

14



From expression (22), since v; and 0 are in C1(I), we only need to verify
the equicontinuity for the first part of the sum on such inequality =5 aGl . So, we
must work with operator

Tyu(t) / Gi(t,8)f(s,p(s,u(s)), (js( (s,u(s)))))ds, tel. (29)

Thus, for any t1,t5 € I such that 0 < ¢t; <t <1 and u € €2, we have

[T )~ T @] < [ 50090~ 250 01,9060 s s 1) s
< [ aas9) = B, ) 60, 1)) s

+/01 ‘HQ(tQ, 5) — Hg(tl,s)"f(s,p(s,ﬂ(s)),T(%(p(saﬂ(s)))))‘ds'

Note that the function H(t,s) = (1—5)*"2E4 a—1(A(1—5)%)g1(t), and gy (¢) is
continuous on I. Thus, ¢; is uniformly continuous on I and, as a consequence,
for every € > 0 there exists § > 0 such that if |t — ¢1| < §, we obtain

91(t2) — g1(t1)| <e,

and so, the first integral is bounded by

1
Ms/ (1—5)*"2ds < €.
0 ].

Moreover,

[ | Ha(t2,)~ o t1,9)] £ (sp(s.10) o (2 (s m()) ) [ds - < [1 [ Ha(t,0)— Ha(t0,) || £ (.05 (). (5 (pCs0(5)))) ) | ds
+ [ [ Hatta,0)= Ha(tr.9)| | £ (sp(s () o (3 (s ) | s
+f1 | (t2,5)— Ha(t1,9) || £(s.0(5.7()) (5 (o5, (5))) ) ) | ds

= [ | Ha(t2,) = Ha(t1,9)| | £(s.p(s7()r (4 ((s,7(5))) ) ) | ds
+f | Ha (t2,5)| | £ (5.0 (5. 7(5)) (& (o(s.0(5))) ) ) [ s
= L+ 1.

For 0 < t; < s <ty < 1, we have that Hy(t2,s) = té_a(t2 —5)272g5(ta, 3).
Since function go(¢, s) is continuous on the triangle {(¢,s) € I x I, 0 < s <
t < 1}, there exists a constant M > 0 such that
lg2(t,s)] < Ky forall 0 <s<t<1.

Thus,

I

IN

ta
KQM/ 15ty — 5)* % 52 %ds
ty

— KM (31(3 —a,a-1)-By(3—a,a— 1)) ,
t2

15



where by B, (p,q) it is denoted the classical Beta function.
Since
lim {BQ(?) —a, o — 1)} =Bi(3—a,a—1),

ty -ty t2

we have that for every € > 0 there exists § > 0 such that if |t3 — t1] < J, we
obtain
IQ S KQME.

To get estimates for I;, we separate the expression Ha(t2,s) — Ha(t1,s), on
the integral I, as

ty “(t2—8) 2T (ga(ta, 5)—ga(ts, 8))+(t3 “(t2—s) 2T =1~ *(t1—5) ">1*) g2 (t1, s).

Since gs is continuous when 0 < s < ¢t < 1. Then, for € > 0 there exists § > 0
such that if |[to — ¢1] < d, we obtain

lg2(t2, 5) — g2(t1,5)| <e.

Hence, the first part of I; is bounded by

(52)°

t1 1—
EKQ/ t;a(tg — s)*2+o‘ds =eK>,
0 a—1
Since tg > t1, we have tzt—2t1 >1,500< (t;%tl)l_a <land1-— (tz%l)l_" <1
1— to 11—«
and 7(‘3;1) <
Thus, the previous integral is bounded by

8K2
a—1"

Now, as we mention above, we have that |g2(t, )] < Ky for 0 < s <t < 1. So,
the second part of I; is bounded by

ty
MKQ/ (t3 (ta — 8) 7 2T> — ;7% (t1 — 5) 21 )s* s =
0

MK, (tg_aBLl B-a,a—1)— 2 °B,(3—a,a— 1)) .
ta
Using now that Since

lim {té‘@Bg B-a,a— 1)} —£°B(3 - a,a - 1),
t2

ta—t]

we have that for every ¢ > 0 there exists § > 0 such that if |to — ¢1] < §, we
obtain that the previous integral is bounded from above by

MKQE.

So, by using all the previous inequalities, we deduce that for all € > 0, there
exists d > 0 such that if |[to — ¢1| < & we arrive at the following inequalities

M + Ko
a—1

| (@)’ (t2) = (Tiw)' (1)] < ( F2MIG)e.
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So, we conclude that operator T is a completely continuous operator and it sat-
isfies the assumptions of Schauder’s fixed point theorem [30], which ensures us
the existence of a fixed point of T in §. Therefore, this fixed point is a solution
of problem (26).

Step 3: Every solution of problem (26) is a solution of problem (17).

From Step 1, we have that p(¢,u(t)) = u(t) and

f(t,p(t,ﬂ(t)),T(%(P(tﬁ(f))))) = f(t,u(t),r(@(t))).

Notice that f satisfies (19) with respect to ¥ and § and h is monotone nonde-
creasing. Thus, arguing as in the proof of Lemma 13, we deduce that ||©’||. < C.
And so r(@(t)) = u/(¢) and the claim is concluded. =

Now, we are able to ensure the existence of extremal solutions for problem
(17).
First, we introduce the notion of minimal and maximal solutions for (17).

Definition 16 Given 7,6 € CY(I), ¥ < 0 on I. A solution umin € E (E
defined in (18)) (resp. Umaz € E) of (17) is said to be a minimal solution (resp.
mazimal solution) in [7,8] if any other solution u of (17), with ¥ < u < 4, is
such that Umin < (resp. T < Umaz )-

Theorem 17 Assume hypotheses of Theorem 14 hold. Then problem (17) has
extremal solutions between 7 and 0.

Proof. The first step of the proof of this theorem follows as [18, Theorem 5].
Set
S:={u e FE|uis a solution of (17)}

and
Upmin (t) := inf{u(t) | w e S}.

Step 1: Let us prove that for any € > 0, there exists an upper solution § such
that ~
Upmin (t) < 0 < Upin (t) + 3e. (30)

It is clear that the function %,,;, is continuous. Hence, for € > 0, there exists
d > 0 such that for any ¢, € [0,1] and all |t — ;]| < 4,

ﬂmzn(tl) — £ S Hmzn(t) S ﬂ’rnin (tz) +e.

Also, any function w; € S is continuous. Then for € > 0, there exists § > 0 such
that for any ¢; € [0,1] and all |t — #;] <4,

wi(t;) —e <u(t) <u(t;) +e.

Now, consider the points t; = i and the functions uw; € S such that for i > 1,
Umin (ti) < Wi(ti) < Umin(ti) +¢

and for ¢ > 2,

U;(t;) < Ui—1(ti).

17



Then, we obtain

Unin (t) < ;i (t) Ui(ti) + € < TUmin(ts) +e+¢

<
< Umin(t) + 26 + € = Unmin(t) + 3¢

Next, we shall use the same construction of step 5 in the proof of [18, Theorem
5] to prove the inequality (30).
So, we consider the interval [0,¢3] and we define

S1 1= inf{s S [O,tg], vVt € [8,t2]7 ﬂl(t) > ﬂg(t)}
Thus, we can set

ﬂ1(t), ifte [0, Sﬂ7
01(t) = (31)
ﬂg(t), Zf tE]Sl,l],

which allow us to introduce §; as an upper solution satisfying, for all ¢ € [0, ¢3],

B

(=2

Umnin (t) <01 < ﬂmin(t) + 3e.

We repeat the same argument to construct upper solutions 0. And so, for all
t €[0,tg42], k € N*, we get

ﬂmln(t) S k S ﬂmzn(t) + 3e.
After a finite number of steps we obtain the result.

Step 2:The function U, is a minimal solution.
From the previous step, we get for any e > 0, there exists a solution @ of (17)
satisfying

Taking ¢ = 1/n we have that there exists (u,) C S a sequence of solutions of
(17) such that @, — Upipn in C(I). From Lemma 13, |[u] |l < C.

Now, arguing as in Step 2 of Theorem 14, we have that for all n € N and
€ > 0 there is § > 0 (independent of n) such that it |¢; — 2| < 6 then

gé(tg,s) — —G(t1,8)||f(5,1n(s), 1, (s))] ds < e.

1
—/ =t <
()~ w0l < [ | -

As a consequence of the Ascoli-Arzela theorem we know that there is a
subsequence () — Umin in CH(I).
The fact that wm,;y is a solution of of (17) follows from the expression

i (£) = /0 G(t,5) (5, tim(s), . (5)) ds

and the dominated convergence Lebesgue Theorem. m
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Example 18 Let us consider the Problem (17) with A =0, a = 1.6, u = 1/30

and n=1/25.
In this case we have that 6 ~ 2.08333 and o ~ 1.04167, So 1 — uf — no ~

0.888889 > 0
Define the function

flt,z,y) =12 (1- t? + cos(x) + arctan(y))

which satisfies inequality (19) and property (20) for function h(y) = arctan(y)+

2.
In this case, we define the following functions

o2 if te(0,1/2]
V(t) = {
—Tr(t—1)(t—1/2) —w(3)*=2 if te[1/2,1]
and
if te(0,1/2]

t* 2By 0—1(A%),
o(t) =
26— 1)(t—1/2) + 227 By o-1(27%N) if te[l/2,1].
It is not difficult to verify that
Dy(t) — My(t) + f(£,7(8),7 (1)) <O,

1
3(0) = -7 < u/ ~v(s)ds ~ —0.168966
0

for all t € I\{1/2}.

—Tr 1
Y()="" < n/ ~(s)ds ~ —0.20276
0

F(1/27) =0 < 7/(1/2%) ~ 5.81981

and
DOS(t) — AS(t) + f(£,5(£),5 (£)) > 0, for all t € I\{1/2}.
< 1 ! a2l=> 1
0(0) = -1 ~ 0.671505 > u/ 0(s)ds =p < ) 24) ~ ul.13974
1 a2t=> 1
=520 / 5(s ( T 24) ~ 11.13974

§'(1/27) =0>§'(1/2%) ~ —0.220654.
As a consequence of Theorems 14 and 17, we deduce the existence of extremal

solutions lying between % and 6.
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5 Existence results for discontinuous functional
fractional differential equations

The aim of this section is to extend Theorem 17 to cover a class of functional

fractional equations. The nonlinear term is allowed to be discontinuous in the

spacial variable w.
To this end, we consider the following problem

D>u(t) — Mu(t) + f(t,u(®),v'(t),w) =0, tel, (32)
ufol u(s)ds, u'(1) = nfol u(s)ds
We introduce the following space
Coo(I):={u:(0,1]] > R; u e C(I)}.
It is not difficult to verify that Co_,,(I) is a Banach space endowed with the
norm
Jull = max {[a(0)]}

In this case, it is clear that Ca_,(I) C C((0,1]) and the functions on this
space may be discontinuous at ¢t = 0.

We assume the existence of a pair of lower and upper solutions for this
problem, the definitions are the natural extension of previous section to this
situation:

Definition 19 Let k € {0,1,...} and 0 = tg < t; < ... < & < tpp1 = 1.
A function v : (0,1] — R satisfying ¥ € C(I) N CH(U_o(ti, ti41)) is a lower
solution of problem (32) if it satisfies the following inequalities:

Dy(t) *M(t)Jrf(t (), W(t)ﬁ) < 0, tel\{t,. ...t}
ufo < 0,
—n fy A < 0,
7(t5) cmd v(t) 7’(:&*) < 0, I=1,...,k

Definition 20 Let p € {0,1,...} and 0 = 50 < 51 < ... < s < $pp1 = 1.
A function 6 : (0,1] = R satisfying 5 € C(I) N CH(U_,(s1, 8141)) is an upper
solution of problem (32) if it satisfies the following inequalities:

D>5(t) — (¢ ) I, (t),d(t),é) > 0, tel\{si,...,s},
) uf015 (s)ds > 0,
) fol d(s)ds > 0,
g/(sli) and 5 (s;)— 5/(57) > 0, I=1,...,p
Moreover, we denote
(7,01 :={mwe AC(I) : 75(t) <u(t) <o(t), t €I}, (33)

where AC(I) refers to the set of the absolutely continuous functions on 1.
In the development of this section, we shall assume the following hypotheses:

(Hy) For z € R, f(,+,+,2) : I x R? = R is a continuous function that satisfies
condition (F).
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(Hy) For t € I, = € [5(t),6(t)] and y € R, we have that function f(t,z,y,-) :
Cs_4(I) — R is monotone decreasing.

(Hs) For 7y <

z < J(t),6(t)] and C > 0 such that |y| < C, there exists
he - (0, 1] —

57 WS
[0, 00) such that he € L*°(I) and
|f(t,z,y,2)| < he(t) foralltel.

Next, the following result is also needed in the proof of our main result, it is a
particular case of [21, Theorem 1.4.7, p. 58],

Theorem 21 Given a nonempty order interval [y, ] C AC(I) and a monotone
nondecreasing mapping G : [y,0] — [v,0] such that there is y € AC(J) such
that

Ga(s) — Go(t)] < |y(s) —y(®)], for xe[y,d], stel (34)

Then
. = min{z € [v,0]/ Gz <z}, 2" =max{z € [v,d]/ v < Gz}. (35)
are, respectively, the smallest and the greatest fized points of operator G in [, d].

Moreover we must assume the analogous to the Nagumo’s condition intro-
duced on Definition 12

Definition 22 Consider ¥ and 6 € C(I) be such that 5 < § on I, and suppose

that f : E x [¥,0] = R is a continuous function that satisfies:
|f(t7u7v7:y)| < h’y(|v|) and \f(t,u7v,5)| < h5(|v|) V(t,u, U) € FE, (36)

where hy, hs 1 [0,4+00) — [0,400) are continuous functions such that h(v) :=
max{h~(v), hs(v)} is a nondecreasing function such that

S
lim —— = +o0. 37

Now we are in a position to prove our fundamental result.

Theorem 23 Assume the existence of v < § a pair of well ordered lower and
upper solutions of Problem (32) and that hypotheses (Hi),(Hz) and (Hz) hold
together Definition 22. Then Problem (32) has extremal solutions in [y, 9].

Proof. For v € [¥,0], consider the following problem

P {Do‘u(t) —u(t) + f(t,u(t), @ (t),v) =0, tel,
Y7l @(0) = ,ufol u(s)ds, u'(1) = nfol u(s)ds.

Because of the monotonicity of function f on the last variable (hypothesis (Hs))
is it not difficult to verify that v and ¢ are a pair of well ordered lower and
upper solutions for problem (P,) for any v € [, d]. As a consequence, from the
regularity assumptions on f (hypothesis (H;7)) we deduce, from Theorems 14
and 17, that Problem (P,) has extremal solutions in C3__(I) lying between
and 9.
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Moreover, from Hypothesis (H3), we have that, if ¥ < o < 4, then, for all
(t,z,u) € E, the following inequalities hold

ft,z,u,6) < f(t,z,u,0) < f(t,z,u,7)

and, as a consequence, from Definition 22 it is not difficult to verify that there
is K > 0 for which any solution u, of problem (P,) satisfies that |lu,| < K.
Such bound K is valid for all v € [y, d].

As a consequence, we define the operator T : [y, ] — [7, d] as follows

Tv := maximal solutions of (P,) in [y, d]. (38)

From the construction given in previous section, we know that Tv satisfies
the following equality

1 —
Tu(t) :/0 G(t,s)f(s,Tv(s), Tv'(s),v)ds, tel.

Thus, to deduce the existence of extremal solutions of Problem (32) is equiv-
alent to ensure the existence of extremal fixed points of operator 7. To this end,
we divide the proof in several steps.

Step 1: T is monotone nondecreasing on [v, ].

Let vy, v2 € [, 6] be such that v; < vy on I. From (Hs), we have for all t € T
that
0 = D¥(Tw)(t) = MTvr)(t) + f(t, Tvi(t), T (1), 1)
> D*(Twy)(t) — MTv1)(t) + f(t, Tvr(t), TV (t), va),

subject to boundary condition

1

T (0) = N/o Tvi(s)ds, (Twvy)'(1) = 77/0 Tv1(s)ds.

Which implies, since Tv; € C3_,(I), that Tv; is a lower solution of problem

(Poy).-
Now, using again (Hz), we obtain for all ¢ € I\{s1,...,s;} that

DY3(t) = A6(t) + f(t,0(1),0 (1), )
DOS(t) — NO(t) + f(t,5(t),0 (t),72),

0

IN N

which means that ¢ is an upper solution of problem (P,,).

Thus, from Theorem 17, Problem (P,,) has extremal solutions on [Ty, d].
And so, Tvy is the maximal solution of (P,,) on [Tvy,d], and we deduce that
Tvy (t) < Ty (t) forallt e I.

Step 2: T'([,6]) C [v,4].
Let Ty be the maximal solution of problem (P.)

{D%(t) — M)+ (A, 7 (1)) =0,  tel,
F(0) = p iy v(s)ds, (1) =n [) v(s)ds.
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By definition, + is a lower solution of problem (P.) and, from (Hs), we have
for all t € I\{s1,...,s} that

0 < DOS(t) — AS(t) + f(t,5(),5 (£),9)
< DOS(t) = AS() + (£, 8(1),3 (t),7).
Thus, ¢ is an upper solution of problem (P,) and so,
y<Ty<é.
In an analogous way, we prove that
v <Té <.

Since T is nondecreasing on [v,d], we obtain v < Ty < T¢ < 4, and it is
immediate to deduce that T'([v, d]) C [, d].

Step 3: For t1,to € I it is satisfied that there is y € AC(I) such that
[T(ts) — To(t1)] < |y(ta) — y(t1)]- (39)
Let t € I, we get

1
Tof ()= [ 5 (Gt.9) F(5.To(s), (T (s),0)ds
Using (25) and (Hj3), we obtain that

(Tv) (t)] < Kl(a,)\)/o (1—s)72 hK(s)ds—|—t1_aK2(a7)\)/0 (1—8)*"2hg(s)ds

<uK3<a, A) + nEKa(a A
(1= —no)(a—1)

)>M /01 s(1 = 8)* 2hg(s)ds.

So, by defining

2—a

wks(a, A) + nKa(a, \)
(1= pb —no)(a—1)

0= [Rila N ey Kafa )+ Jare| il

—

we deduce that, for t1,t5 € I,

Tv(tz) — To(ta)| < / Ty (s)lds < ly(ta) — y(t1).

ta

Therefore, from Theorem 21, operator T has extremal fixed points z* and
T, in [},6]. By construction, it is immediate to verify that x* is the greatest
fixed point in Cy_(I) of operator T" and it coincides with the greatest solution
in [y, d] of problem (32).

By considering the operator T : [y, 8] — [¥,3] as

~

Tv := minimal solutions in [y, d] of (P,),

by dual arguments, we can ensure the existence of the minimal solution of
problem (32). m
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Example 24 Consider, the Problem (32) with \j < A = —0.1, a = 14,
w o= % and n = 1—12 We have, for 0 =~ 4.10999 and o ~ 2.25619, that
1— b —no ~ 0.647585 > 0.

Let
flt,z,y,2) =27 (=[z + 1] + (1 — £*)/y + sin(z)) ,

In this case, the following functions

te2et, if te(0,1/3]
o(t) =
(D)o 2es +4(t —1)(t— 1) if te[1/3,1].
and y(t) = 0 are, respectively, lower and upper solutions to this problem. It is

clear that v < 6.
For 1< a <2, we have

oo

D3(t) = D(t* %) = > (:L) DO~ (") D™ ().

m=0

Moreover, by the definition of Riemann-Liouville fractional derivative, we ob-
tain, for m=n+1,
Dm(et) _ di([”*m(et))
dtn
dm+1

= ggml (Il(et))

derl i z dm t t
= 7dtm+1(A edZ):We =e,

and D*~™(t*2) = 0. Thus D*6(t) = 0.
Next, it is not difficult to verify that

DO5(t) — A(t) + F(t,6(t),3 (£),8) >0, for all t € I\{1/3}.
_ 1
5g0)=1> ,u/ 0(s)ds =~ 0.135268
0
1
§'(1) = 2.66667 > 77/ §(s)ds ~ 0.281808
0

§'(1/37) =~ 1.39561 > ¢'(1/3") ~ 1.13268.
As the function f satisfies (Hy)-(Hs) in
E* ={(t,z,y,2) €I xR*:0 <z <e'},

then, by Theorem 23 the problem (32) has extremal solutions in [0, e?].
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