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Abstract

This work deals with the design of horizontal alignments for its application in intel-
ligent civil systems. Two consecutive task are performed: the random generation of
admissible horizontal alignments (alignments verifying some geometric constraints
set in advance), and the optimal design of layouts joining two given points. A rig-
orous mathematical analysis of the first task leads to a novel algorithm for random
generation of alignments, which is used to develop the global optimization method
proposed for the second task. The usefulness of this approach is shown on some
practical applications. First, two problems with applications in robotics, pipe layout
design, and forest road design are solved in realistic situations. Next, the random
generation of admissible horizontal alignments in mountainous terrain is addressed.
Finally, the model is extended to 3D alignments and a real case study is presented,
designing a bypass on the N-640 Spanish national road, surrounding the urban area
of Monterroso.
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1 INTRODUCTION

Ahorizontal alignment (HA) is a 2D polygonal chain, endowed
with a series of horizontal curves smoothing the direc-
tion changes taking place between two consecutive tangent
sections. The line segments of the polygonal chain are named
main tangents, and the horizontal curves consist of a circu-
lar curve joined to two transition curves (see Figure 1 ). The
design of a HA is a basic problem, both in robotics (Ravankar,
Ravankar, Kobayashi, Hoshino, & Peng, 2018), and in the con-
struction of any linear infrastructure (De Smith, 2006). It is
the first stage (and probably the most important) in the process
of road or railway design (Lee, Tsou, & Liu, 2009; Li, Pu,
Schonfeld, Zhang, & Zheng, 2016).

0Abbreviations: HA Horizontal Alignment; AHA Admissible Horizontal
Alignment; VA Vertical Alignment; NLP Non-Linear Programming; MINLP,
Mixed Integer Non-Linear Programming; IP, Intersection Points; HIP, Horizontal
Intersection Points

In the pre-computer era, the design of alignments joining
two given points was handmade, based on the experience and
intuition of the engineer. The improvement of computers with
high computational capabilities has inspired the application
of mathematical techniques in this task (Bosurgi & D’Andrea,
2012; Shafahi & Bagherian, 2013; Vázquez-Méndez &Casal,
2016; Vázquez-Méndez, Casal, & Ferreiro, 2020) and, in par-
ticular, the number of papers related to the optimal design of
alignments have shot up in the last decade (Kang & Schon-
feld, 2020; Li et al., 2019; Mondal, Lucet, & Hare, 2015;
Pu et al., 2019; Pushak, Hare, & Lucet, 2016; T. Song et
al., 2020 in press; Z. Song, Yang, Schonfeld, Liu, & Li, in
press; Sushma & Maji, 2020). Regardless of the design vari-
ables used, the objective desired, or the restrictions imposed,
these optimization problems are usually non-convex (with sev-
eral local minima), and they must be solved with a global
optimization method. In many cases, the problem is tackled
with an ad-hoc technique, based on genetic algorithms or other
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heuristic methods (Li et al., 2017; Maji & Jha, 2009). Clas-
sical optimization methods need initial alignments to start the
algorithm (Li et al., 2016; Mondal et al., 2015). Usually, these
alignments are obtained manually, using the characteristic of
each case study, which greatly hinders the automation of the
process (Sushma & Maji, 2020). Random generation of HA
verifying pre-set geometric constraints, named admissible hor-
izontal alignments (AHA), is a very useful tool to automate
the use of many of the classic optimization methods. Being
able to directly apply these classical methods is very valuable
per se (intrinsically), but it is also helpful for comparing and
verifying the ad-hoc algorithms proposed in the literature.
Fully automatic methods for generating and optimizing

admissible alignments have been already proposed in the last
two decades (see, for instance, Sushma & Maji (2020) and
therein references). Most of those methods do not take into
account transition curves and, moreover, the automatic proce-
dure to obtain an AHA is not completely random. It is usually
joined to the optimization process, linked to penalization tech-
niques (Jong & Schonfeld, 2003), or through modifications or
redesigns of a first unfeasible path (Li et al., 2016; Pu et al.,
2019). In this paper a novel method to generate a fully random
AHA is proposed. This algorithm is completely independent
of the case study and of any optimization process, and there-
fore the generation of AHA is almost instantaneous. The first
part of the paper is focused on this task, from a mathematical
and computational point of view. In Section 2 simple condi-
tions are established to guarantee the admissibility of a HA. As
a result (Section 3), an algorithm is proposed, that randomly
generates an AHA between any two given points. The use-
fulness of this random generation is illustrated in the second
part of the work (Section 4), where the design of a new HA is
stated within the framework of the Mixed Integer Non-Linear
Programming (MINLP). The proposed method to solve this
problem is based on the previous algorithm, which generates
the multi-start prior to the optimization process. This model is
tested by two examples with important applicability in intelli-
gent civil systems, and the results are discussed and compared
with those reported in the literature, for both academic prob-
lems. The model is also shown as a useful tool for generating
AHA in mountainous terrain, and finally (Section 5), the geo-
metric design of highways and railways is addressed. Both, the
MINLP model and the numerical algorithm proposed to solve
it, are extended to work with 3D alignments, and used in a real
case study, to obtain a bypass on the N-640 Spanish national
road, surrounding the urban area of Monterroso. The paper
ends (Section 6) with some brief and interesting conclusions.
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FIGURE 1 Diagram of a HA:main components and notation.

2 ADMISSIBLE HORIZONTAL
ALIGNMENTS (AHA)

This section analyzes the admissibility of a HA connecting two
given points a, b ∈ ℝ2. Let N be the number of horizontal
curves, v0 = a and vN+1 = b the starting and end points (termi-
nals), and in what follows, j and k sub-index vary from 1 to N,
and from 1 toN+1, respectively. Additionally, in this work the
following hypotheses are assumed: (i) transition curves must
be clothoid arcs, (ii) horizontal curves must be symmetrical
with respect to the bisector of the angle formed by the corre-
sponding main tangents, and (iii) each horizontal curve (the
j-th curve) must be held inside the triangle of vertices vj−1, vj
and vj+1 (see Fig. 1 ). Particularly, loop, horseshoe, and egg
and double-egg curves are not considered.
Under previous hypothesis, a HA is uniquely defined by the

vertices vj ∈ ℝ2 (also called IPs or HIPs for horizontal inter-
section points) determining the N + 1 main tangents, and the
radii Rj ≥ 0 and angles !j ≥ 0 of the circular curves (see
Figure 1 ).
Technical constraints must be verified in order to have

an AHA (AASHTO, 2018). In this paper the following are
considered:
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Rj ≥ Rmin, (1)
0 ≤ !j < �j ≤ �max, (2)
Rj(�j − !j) ≥ LminC , (3)

Lk − (dk + dk−1) ≥ LminT , (4)

where Rmin > 0 is the minimum allowable radius of the lay-
out design, �j is the deflection angle at the j-th curve (see
Figure 1 ), �max ∈ (0, �) is the maximum allowable deflection
angle, LminC > 0 and LminT > 0 are, respectively, the minimum
length of each clothoid arc and each tangent section, Lk is the
length of the k-th main tangent (distance between vk−1 and vk)
and, finally, d0 = dN+1 = 0 and dj is the necessary distance to
embed the j-th curve between the two correspondingmain tan-
gents (see Figure 1 ). Constraint (2) bounds and links the angle
of the circular curve with the corresponding deflection angle,
while (1), (3) and (4), respectively, establish lower bounds for
radii and lengths of clothoids and tangent sections of the HA.
If the values of radius Rj ≥ Rmin and angle !j ∈ [0, �max)

are set, the necessary distance to embed the j-th curve between
the corresponding main tangents depends exclusively on the
deflection angle �j , fulfilling (Casal, Santamarina, & Vázquez-
Méndez, 2017)
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Thus, after the technical constraints are set (Rmin, �max,LminC
and LminT ), and the radii (Rj) and the angles (!j) are fixed,
bounds can be found for �j and Lk in order to guarantee that
the corresponding HA is admissible. As will be shown in the
next section, these bounds will be very useful for the random
generation of alignments. In particular, the following result
holds:

Theorem 1. Let Rj ≥ Rmin and !j ≥ 0 be radii and angles
verifying that

LminC

Rj
+ !j ≤ �max, (6)

and denote

�minj =
LminC

Rj
+ !j , (7)

Lmink = LminT +
(

dk(�max) + dk−1(�max)
)

. (8)

If the following statement holds

�j ∈ [�minj , �max], (9)
Lk ≥ Lmink , (10)

then the HA is admissible.

Proof. The hypothesis (6) ensure that [�minj , �max] ≠ ∅, and
that for any �j ∈ [�minj , �max] constraints (1)-(3) hold. Further-
more, using Leibnitz’s rule
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where the last inequality is a consequence of f (x) = sin x −
x∕3 ≥ 0, x ∈ [0, �∕2]. Thus, functions xEj , y

E
j are positive

and increasing in [�minj , �max]. Functions
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are also positive and increasing in [�minj , �max], and therefore
dj is too. As a result

Lk −
(

dk + dk−1
)

≥ Lk −
(

dk(�max) + dk−1(�max)
)

= Lk − Lmink + LminT ≥ LminT ,

and the HA is admissible.

It should be highlighted that (10) is only a sufficient (not
necessary) condition to guarantee that a HA is admissible.
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The lower bound given in (8) is valid for any deflection angle
verifying (9), but for each pair (�j−1, �j), the best (necessary)
lower bound for the length of the corresponding main tangent
is LminT + dj(�j) + dj−1(�j−1). Consequently, there might be
HA not verifying (10) which are AHA, that is, some AHA can
be overlooked. To give an idea of the thresholds required in
Theorem 1, Tables 1 and 2 show, respectively, the values of
dj(�max) and �minj for different radii Rj and angles !j , taking
�max = �∕2 rad and LminC = 95m as technical constraints.

3 RANDOM GENERATION OF AN AHA

The aim of this section is to develop an algorithm allowing the
random generation of anAHA joining two terminals a, b ∈ ℝ2.

3.1 Modification of a given AHA
Firstly, a modification of a main tangent of an AHA is stud-
ied, to incorporate between its two vertices, a new one (a
new horizontal curve), in a way that the resulting HA remains
admissible. For that purpose we focus on the situation shown
in Figure 2 : a main tangent of lengthL is considered bounded
by vertices vdown and vup, the aim is to find angles (� ≥ 0 and
� ≥ 0) that the new main tangents (the first one starting from
vdown and the later reaching vup) form with the old one. As a
first step, the requirements over � and � are given in order to
keep the admissibility of the new HA.

Deflection angle on existing vertices. If the vertices are not
the terminals, connected with vdown ≠ a and vup ≠ b
there are assumed curves with radii (Rdown, Rup) and
angles (!down, !up), which define –see Eq. (7)– lower
bounds (�mindown, �

min
up ) held for the deflection angles. As

shown in Figure 2 , these thresholds, in addition with
�max and the current deflection angles (�down, �up), deter-
mine the admissible directions for any newmain tangent
starting from vdown (bounds �max− , �max+ ), and for any
arriving to vup (bounds �max− , �max+ ). Specifically, the
following constraints must be verify

0 ≤ � ≤ �max, (11)
0 ≤ � ≤ �max, (12)

where �max = �max+ , �max = �max+ if the new vertex is
looked for above the main tangent to modify, and �max =
�max− , �max = �max− if it is looked for below. The detailed
computation of �max− , �max+ , �max− and �max+ is shown in
the flowchart shown in Fig. 3 .
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FIGURE 2 Diagram for the modification of a main tangent of
an AHA. Basic elements and notation.

Deflection angle in the new vertex. Associated with the new
vertex a curve of radius R ≥ Rmin and angle ! ≥ 0 is
created. These elements (R, !) define –Eq. (7)– a mini-
mum bound �min for the deflection angle. The deflection
angle in the new vertex is � = � + � and, therefore, the
following inequalities must be fulfilled

�min ≤ � + � ≤ �max (13)

Minimum lengths of the new main tangents. Taking into
account the radius and angle of the new curve, and
those associated to the curves of vertices vdown and
vup, the minimum lengths of the main tangents (Lmin� ,
Lmin� ) can be computed –Eq. (8)–. Naming as L� and
L� the lengths of these main tangents, and using the
Law of Sines, the following relation can be obtained
(see Figure 2 )

L�
sin �

=
L�
sin �

= L
sin (� + �)

.

From these equalities, constraints L� ≥ Lmin� and L� ≥
Lmin� are rewritten as

sin �
sin (� + �)

≥
Lmin�

L
, (14)

sin �
sin (� + �)

≥
Lmin�

L
. (15)

At this point, the main questions are: can angles � ≥ 0 and
� ≥ 0 exist verifying (11)-(15)? And, if they exist, how can
be randomly generated? The first question finds its response in
the following theorem. Its proof is fully constructive and leads
directly to Algorithm 1 which answers the second question.
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TABLE 1 Values of dj(�∕2) (in meters) computed by Eq. (5), for different radii and angles

!j =0 rad !j =0.1 rad !j =0.2 rad !j =0.3 rad !j =0.4 rad !j =0.5 rad

Rj = 100 m 187.0 181.1 175.2 169.3 163.5 157.8
Rj = 150 m 280.5 271.6 262.8 254.0 245.3 236.6
Rj = 200 m 374.0 362.1 350.3 338.6 327.0 315.5
Rj = 300 m 561.0 543.2 525.5 508.0 490.5 473.3
Rj = 400 m 748.0 724.3 700.7 677.3 654.1 631.0
Rj = 500 m 935.0 905.3 875.9 846.6 817.6 788.8

TABLE 2 Values of �minj (in radians) computed by Eq. (7) for different radii and angles, assuming that the minimum length of
clothoid arcs is 95 m.

!j =0 rad !j =0.1 rad !j =0.2 rad !j =0.3 rad !j =0.4 rad !j =0.5 rad

Rj = 100 m 0.950 1.050 1.150 1.250 1.350 1.450
Rj = 150 m 0.633 0.733 0.833 0.933 1.033 1.133
Rj = 200 m 0.475 0.575 0.675 0.775 0.875 0.975
Rj = 300 m 0.316 0.416 0.516 0.616 0.716 0.816
Rj = 400 m 0.237 0.337 0.437 0.537 0.637 0.737
Rj = 500 m 0.190 0.290 0.390 0.490 0.590 0.690

FIGURE 3 Flowchart giving the computation of admissible directions for any new main tangent starting from vdown, and for
any arriving to vup.

Theorem 2. Let us suppose

Lmin� ≤ L, Lmin� ≤ L, (16)

and denote

�min� = arcsin

(

Lmin�

L

)

, �min� = arcsin

(

Lmin�

L

)

. (17)

If the following inequalities are verified

�min� ≤ �max, �min� ≤ �max, (18)
�min ≤ �max + �max, (19)
�min� + �min� ≤ �max, (20)

then, there exist angles � and � simultaneously verifying
conditions (11)-(15) and, consequently, the new HA remains
admissible.
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Proof. Let us define

� = max{�min� , �min − �max}, (21)
� = min{�max − �min� , �max}. (22)

Taking into account that �max ≥ �min, hypothesis (18)-(20)
ensure that � ≤ �, that is, [�, �] ≠ ∅. Taking � ∈ [�, �]
randomly, let define

�� = max{�min� , �min − �}, (23)

�� = min{�max − �, �max}. (24)

As � ∈ [�, �], from the definition of � results

�max − � ≥ �max − � ≥ �max − (�max − �min� ) = �min� ,

and, as �max ≥ �min, therefore �max − � ≥ �� . In the same way,
hypothesis (18) and the definition of � leads to �max ≥ �� , and
hence �� ≥ �� . Let � ∈ [�� , ��], the proof of the theorem will
be completed by checking that angles �, � fulfill (11)-(15):

0 ≤ � ≤ � ≤ � ≤ �max,

� ≥ � ≥ �min� ⇐⇒ sin � ≥
Lmin�

L

⇐⇒
sin �

sin (� + �)
≥ sin � ≥

Lmin�

L
,

and, taking into account that � ∈ [�� , ��], inequalities (12) and
(15) are extrapolated in the same way. Finally,

�� ≤ � ≤ �� ⇐⇒ �min − � ≤ � ≤ �max − �

⇐⇒ �min ≤ � + � ≤ �max.

Remark 1. The choice taking place at line 2 of Algorithm 1
can be random (R ∈ [Rmin, Rmax], ! ∈ [0, !max], for Rmax
and !max given values), but can also be supervised. If the gen-
eration of the AHA is built to start an optimization algorithm,
intuition suggests (although it is not proven) that the main vari-
ables are the vertices (IPs) of the alignment. In that case, R
and !may be chosen in such a way that the corresponding val-
ues of �min and Lmin help in the random generation of the main
tangents.

3.2 Generation of a new AHA
To generate an AHA, with at most NC curves, joining two
given points a, b ∈ ℝ2, the suggested method is based on
mathematical induction: it is known that with NC = 0 curves
there is only one AHA (the tangent joining terminals a and
b), then assuming to have an AHA with n curves, Algorithm 1
shows how to modify it (randomly) to get a new one, with n+1
curves. Thus, from the tangent joining a and b an AHA with
one curve is created, from that, another with two curves, and

Algorithm 1Modification to include between two consecutive
IPs a new one
Input: Data of main tangent to be modified (vdown, vup, �down,
�up, Rdown, !down, Rup, !up), and technical constraints (Rmin,
�max, LminC , LminT )
Output: Vertex (v), radius (R) and angle (!) determining the
new AHA between vdown and vup
1: Compute �max− , �max+ , �max− and �max+ as described in Fig. 3
2: Choose R ≥ Rmin and ! ≥ 0 verifying (6)
3: Compute �min, Lmin� , Lmin� by using Eq. (7) and Eq. (8)
4: if Eq. (16) is not verified then
5: Print “Main tangent cannot be modified to include

the new curve”
6: Stop
7: else
8: Compute �min� and �min� , by using Eq. (17)
9: Randomly choose sign ∈ {+,−}

10: Take �max = �maxsign , �
max = �maxsign

11: if Eq. (18)-(20) are not verified then
12: Take �max = �maxopposite sign, �

max = �maxopposite sign
13: end if
14: if Eq. (18)-(20) are verified then
15: Compute � and �, by using Eq. (21) and Eq. (22)
16: Randomly choose � ∈ [�, �]
17: Compute �� and �� , by using Eq. (23) and Eq. (24)
18: Randomly choose � ∈ [�� , ��]
19: Compute the new vertex v by intersecting main

tangents determined by vdown and �, and vup and �
20: else
21: Print “Main tangent cannot be modified to

include the new curve”
22: end if
23: end if

so on untilNC curves are accomplished or the procedure stops
facing the impossibility to generate an AHAwith an additional
curve anymore.
To create an AHA with n+ 1 curves starting from one with

n, a main tangent is chosen randomly, and this one is mod-
ified to generate a new curve with the method described in
Algorithm 1. If it is not possible to generate the vertex, another
main tangent is chosen (randomly among those not previously
discarded), stopping the process if it is impossible to modify
any of them.
The complete process to generate a random AHA joining

two given points a, b ∈ ℝ2, with at most NC curves, is
described in Algorithm 2.

Remark 2. Line 8 of Algorithm 2 takes into account that if
a main tangent is modified, the previous and the posterior
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Algorithm 2 Random generation of AHA joining two termi-
nals a, b ∈ ℝ2, with at mostNC curves.
Input: Terminals (a, b ∈ ℝ2), maximum number of curves
(NC ), and technical constraints (Rmin, �max, LminC , LminT )
Output: Number of curves (N), Vertices (vj), radii (Rj) and
angles (!j) determining the AHA.
1: Initialization: N = 0, v0 = a, R0 = 0, !0 = 0, v1 = b,
R1 = 0, !1 = 0, Tangad = {1}

2: whileN < NC and Tangad ≠ ∅ do
3: Randomly choose k ∈ Tangad
4: Run Algorithm 1 taking indexes down = k − 1

and up = k
5: if print “Main tangent cannot be modified to include

the new curve” then
6: Take Tangad = Tangad − {k}
7: else
8: Take Tangad = Tangad∪

({k − 1, k + 1} ∩ {1,… , N + 1})
9: for i← N to k do
10: Take vi+1 = vi, Ri+1 = Ri, !i+1 = !i
11: if i ∈ Tangad then
12: Take Tangad =

(

Tangad − {i}
)

∪ {i + 1}
13: end if
14: end for
15: Take vk=v,Rk=R,!k=!, Tangad=Tangad∪{k}
16: TakeN = N + 1
17: end if
18: end while

become candidates for modification (even if they were dis-
carded in an earlier step). This is due to the fact that, after a
main tangent is modified, the values of �max+ and �max− change
for the previous main tangent, and the values of �max+ and �max−
for the later. Thus, even if the conditions (18)-(20) were not
fulfilled before, it might be possible that they do it now.

4 APPLICATIONS TO OPTIMAL LAYOUT
DESIGN

As it was mentioned in Section 2, ifN denotes the number of
curves, a HA is univocally determined by vector

xN = (x1, y1, R1, !1,… , xN , yN , RN , !N ) ∈ ℝ4N ,

where xj and yj are the coordinates of the vertices (IPs) of the
main tangents, namely vj = (xj , yj). The optimal design of
HA involves solving a certain optimization problem, where the
design variable (decision variable) is vector xN . In the frame-
work of Mixed Integer Non-Linear Programming (MINLP),

the formulation of the problem is

min
xN∈ℝ4N

J (xN ) (25)

subject to constraints (1)-(4), (26)
0 ≤ N ≤ Nmax, (27)

where:

- J (xN ) is the objective function and depends on the spe-
cific problem to study. Its definition is what is known as
model, and it is built taking into account economic and
ecological aspects, safety, etc. In the following sections,
three examples with different applicability in intelligent
civil systems are presented.

- Nmax ∈ ℕ is the maximum number of curves allowed
on the layout.

Admitting thatNmax is not a large value, problem (25)-(27)
can be solved by doing an exhaustive search on the integer
variableN . Therefore, for eachN = 1… , Nmax, the problem
(25)-(26) is solved with that fixed value of N , and the best of
the Nmax obtained solutions is taken as the final result. For
each fixedN , depending on the model used, problem (25)-(26)
can be framed, or not, into differentiable optimization. In any
case, the constraints, and also the objective function, are usu-
ally non-convex, and it is necessary to use global optimization
techniques to solve that problem. Random generation of AHA
is a very useful tool to develop these global optimization strate-
gies. If a genetic algorithm is being used, Algorithm 2 allows
us, for example, to obtain the initial population. In contrast,
if a multi-start of a non linear programming (NLP) method is
used, Algorithm 2 is the perfect tool allowing us to generate
that random multi-start.
Algorithm 2 provides an AHA fulfilling constraints (1)-(4),

but the exact number of curves is not previously known. In this
paper a probability is assigned to the number of curvesNC ∈
{1,… , Nmax} that, at most, will have each randomly gener-
ated AHA. For this purpose, a set of values {pi ∈ [0, 1], i =
1,… , Nmax} is fixed, verifying

Nmax
∑

i=1
pi = 1,

and the problem (25)-(27) is directly solved, combining an
appropriate NLP method with a random multi-start given by
Algorithm 2, in such a way that, for each start, the probabil-
ity of NC = i is pi (p({NC = i}) = pi). The number of
multi-starts (MS) should be adapted to each case study and,
particularly, it should be an increasing function of Nmax. The
method proposed to solve problem (25)-(27) is detailed in
Algorithm 3 which, as shown, is straightforward to parallelize.
Following below, three applications are presented: twomod-

els for optimum layout design and one method for generating
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Algorithm 3Method use to solve problem (25)-(27).
Input: Terminals (a, b ∈ ℝ2), technical constraints (Rmin,
�max,LminC ,LminT ), maximum number of curves (Nmax), number
of multi-starts (MS), percentage of multi-starts desired with at
most i curves (pi, i = 1,… , Nmax), and objective function J
to be minimized
Output: Optimal decision vector xN given the AHA joining
terminals a and b.
1: for m← 1 toMS do
2: ChooseNC

m ∈ {1,… , Nmax} with probabilities
p({NC = i}) = pi

3: Compute (xNinic)m by running Algorithm 2
withNC = NC

m
4: Compute a local minimum of (25)-(26), starting

from (xNinic)m
5: end for
6: Take xN as the best local minimum obtained for problem

(25)-(26).

AHA in the geometry design of railways in mountainous ter-
rain. Three models are differentiable, and to solve problem
(25)-(26) –line 4 of Algorithm 3– an interior point method
described in Byrd, Hribar, & Nocedal (1999), Byrd, Gilbert,
& Nocedal (2000) and Waltz, Morales, Nocedal, & Orban
(2006) is used, which is already implemented in the MATLAB
R2018a Optimization Toolbox. To illustrate the potential and
advantages of this new combination, the results obtained in
both models for optimum layout design will be compared with
those already presented on academic examples in Casal et al.
(2017), where an ad-hoc (manual) alignment was provided for
the NLP method.

4.1 Problem 1: Shortest layout avoiding
obstacles
The first problem consists in finding the shortest layout joining
two given points a, b ∈ ℝ2, avoiding obstacles A1,… , ANZ

⊂
ℝ2. In this type of problems, of great application in civil
engineering (Davey, Dunstall, & Halgamuge, 2017; Easa &
Mehmood, 2008) and robotics (Ravankar et al., 2018), the
objective function to minimize can be written as

J1(xN ) = L(xN ) + �
L(xN )

∫
0

NZ
∑

i=1
�Ai(�xN (s)) ds,

where:

- L(xN ) and �xN are, respectively, the length and the
arc length parametrization of the HA given by xN . A
detailed algorithm to compute this parametrization can
be seen in Casal et al. (2017).

- � is a penalty parameter for crossing through the obsta-
cles.

- �Ai is a smooth approximation of the characteristic func-
tion of region Ai.

As an example, it is considered an academic problem pre-
viously introduced in Casal et al. (2017). The aim is to join
points a = (0, 1) and b = (5.2, 2.1), avoiding the circles cen-
tered in c1 = (1, 1), c2 = (2.3, 2.4) and c3 = (4.2, 1.3), and
respective radii r1 = 0.6, r2 = 0.9 and r3 = 1. The problem
deals with looking for a layout with at mostNmax = 3 curves,
radii greater than Rmin = 0.05, and lengths of clothoids and
tangent sections greater than LminC = 0.095 and LminT = 0.1,
respectively. The penalty parameter �, and function �Ai for the
circle Ai are � = 104, and

�Ai(x, y) = (max{r
2
i − ||(x, y) − ci||2, 0})2, i = 1, 2, 3.

In Casal et al. (2017) optimum layouts with one, two and
three curves were computed, starting from an ad-hoc AHA,
close to the expected solution of the problem. On the con-
trary, this paper ignores all geometric information available,
and looks for the solution by solving the MINLP (25)-(27)
with Algorithm 3. To try to guarantee that the global opti-
mum is found, a highly overdimensioned multi-start, with
MS =10,000 elements (seeds), and probabilities p({NC =
1}) = 0.2, p({NC = 2}) = 0.2, and p({NC = 3}) = 0.6
is used. In addition, in the generation of each initial AHA
(Algorithm 2) deflection angles lower than �max = �∕2 are
required, and the radii and angles are chosen randomly in
[0.1, 0.5] and [0, �∕4], respectively (see Remark 1).
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FIGURE 4 Scatterplot with the values of objective function
J1, obtained by solving Problem 1 with a multi-start of 10,000
elements. The legend Cj indicates that this value corresponds
with the layout Cj shown in the Figure 5 .

In 98% of the cases, the obtained solution manages to avoid
the three obstacles. For these cases, the scatterplot of the values
of the objective function J1 is shown in Figure 4 . As shown



M.-E. Vázquez-Méndez ET AL 9

C3

C6

C4

C5

C1

C2

C7

C8

C9

(a) (b)

(c) (d)

0 1 2 3 4 5 km

0

1

2

3

km

0 1 2 3 4 5 km

0

1

2

3

km

C10

C11

0

1

2

3

km

0 1 2 3 4 5 km

0

1

2

3

km

0 1 2 3 4 5 km

FIGURE 5 Layouts corresponding to some of the local minima obtained by solving Problem 1 with Algorithm 3 (for each
plot Cj , the corresponding value of J1 can be seen in Figure 4 ). In particular, layout C7 corresponds with the solution (global
minimum) of Problem 1.

there, most (around 70%) of the obtained optima are gathered
around 8 different values. After a close analysis of those solu-
tions, it is observed that these values correspond with 9 local
minima, whose corresponding graphs (C1 to C9) are shown in
Figures 5 (a), 5 (b) and 5 (c). The other values correspond,
either with false convergences, either with other less common
local minima, such as those shown in Figure 5 (d).
Among the solutions shown in Figure 5 are the minima

with one (C1), two (C3) and three curves (C7) reported in Casal

et al. (2017). In fact, the most frequently obtained layouts are
the optima with one curve (C1) and two (C3), along with small
variants of these with some additional curves. The global opti-
mum (C7) was reached 187 times, which gives an idea of the
actual number of multi-starts required to successfully solve
this problem. One experiment withMS =10,000 elements can
be considered as 10,000 experiments with MS = 1 element.
Then, the probability of obtaining the global minimum with
MS =1 can be assumed equal to 0.0187 (ratio of success over
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FIGURE 6 Terrain for academic example solved in Problem 2: contour lines (a) and graphic representation (b) of function
H(x, y).

number of attempts) and, in the same way, the probability of
finding it in a multi-start withMS =100 elements is 84.86%,
while in one withMS = 200 seeds rises up to 97.71%.
As discussed above, one of the advantages of Algorithm 3 is

the ease of parallelization. AMATLAB (version 9.4 (R2018a))
code was developed to solve it. It was ran on a cluster with
8 PowerEdge R840 with Intel(R) Xeon(R) Gold 6126 pro-
cessors, 12 cores per processor and 384GB of RAM. MAT-
LAB proprietary parallelization was used with a number of
24 threads. The computation time to solve Problem 1 with
MS =200 is, on average, 1042 seconds (particularly, the
random generation of 200 AHA was around 0.1686 seconds).
Another advantage of Algorithm 3, compared to other meth-

ods of global optimization, is that not only provides the final
solution of the problem, but also supplies other local minima
that may be of great interest in Engineering. For example, in
Civil Engineering it is common for designers to provide differ-
ent alternatives (local minima), from which the final layout is
chosen (Pushak et al., 2016). This election can be done based
on additional criteria not previously considered in the opti-
mization process. Thus, Figure 5 (a) shows two layouts with a
single curve that provide a North (C1) and a South (C2) alter-
natives. C1 is the best North layout but from the South, other
option with two curves (C4) is obtained that is substantially
shorter (see Figure 5 (b)). Figure 5 (c) shows, in addition to
the global optimum (C7), two other solutions with three curves
(C8 and C9), which are very similar to each other and with
the same length. Finally, Figure 5 (d) shows, as an example,
two other local minima found (C10 and C11). Both, with lit-
tle practical interest, illustrate the robustness and versatility of
the algorithm allowing the existence of backtracking and loops
formed by two consecutive curves.

4.2 Problem 2: Short length layout with low
slope
The second problem that arises is the design of a short
layout between two given points and passing through an
area with low terrain slope. This problem has applica-
tions in robotics (Howard & Kelly, 2007), in pipe layout
designs (De Smith, 2006), or forest roads with certain safety
standards, trying to avoidmajor earthworks (Hay, 1998; Hearn
&Hunt, 2011). IfH(x, y) is the function giving the ground ele-
vation and �(s) = (�1(s), �2(s)), s ∈ [0, L], is a parametriza-
tion of the HA, the slope of each point on layout is given
by

H ′(s) = )H
)x
(�(s))�′1(s) +

)H
)y
(�(s))�′2(s).

Therefore, the objective function to minimize

J2(xN ) = �L(xN ) +

(1 − �)

L(xN )

∫
0

(

)H
)x
(�xN (s))�′1(s) +

)H
)y
(�xN (s))�′2(s)

)2

ds,

where � ∈ [0, 1] is a weight parameter that quantifies the rel-
evance of length of the HA versus slope of the layout (if the
value of � is close to zero, minimizing the slope is the main
objective, and if it is close to one, the main objective lies to
obtain a short HA).
In this second test, taking J2 as objective function, the

problem (25)-(27) is solved on academic example: the aim is
to join points a = (0.35, 1) and b = (4, 2) with the short-
est HA and the lowest possible slope, taking � = 0.001 as
a weight parameter between both objectives, and considering
that ground elevation is given by function H(x, y) shown in
Figure 6 .
As in Problem 1, to ensure that the global minimum is

reached, an oversized multi-start with 10,000 elements is used.
In addition,Nmax = 3 is taken, and at each startNC is chosen
with the same probability as in previous problem, guaranteeing
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FIGURE 7 Layouts corresponding to some local minimums of Problem 2: reported in Casal et al. (2017) (P old
n ) and obtained

in this work with one and two curves (Pn), and with three curves (P ′n). Data and the objective function values J2 are summarized
in Table 3 .

deflection angles lower than �max = �∕2, and choosing radii
and angles randomly within [0.1, 0.5] and [0, �∕4], respec-
tively.
The results obtained in this case confirm the existence of

numerous local minima and, in practically all starts (99.84%),
the interior points algorithm converge to one of them. In
this case, the optimal layout obtained in Casal et al. (2017)
with one, two and three curves are significantly improved.
Figure 7 (a) shows the layouts reported in Casal et al. (2017)
(P old

n ) and, to illustrate the improvement, they are compared
with the corresponding solutions obtained in this new exper-
iment (Pn). Data and values of function J2 corresponding to
each of these layouts can be seen in Table 3 .

It is important to highlight that the global minimum is
reached practically with only two curves, something that was
not observed in the previous work, were an ad-hoc (man-
ual) AHA was chosen based on the geometry of the problem.
Figure 7 (b) exhibits some of the layouts with two curves
(local minima) obtained more frequently. Figure 7 (c) shows
layouts with three curves (also in local minima) with objec-
tive functional values very similar to the previous ones (those
with two curves). As shown, the layouts are very similar and,
although the solutions with three curves have a slightly lower
value of J2 (see Table 3 ), the reduction is so small and the
existence of an additional curve might not be justified.
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TABLE 3 Data and objective function values J2 related to layouts (P old
n , Pn and P ′n) shown in Figure 7 .

xN = (x1, y1, R1, !1,… , xN , yN , RN , !N ) J2(xN )

P old
1 (2.86, 14.99, 1.624, 2.190) 0.0095
P1 (2.87, 9.62, 1.110, 0.113) 0.0093
P old
2 (0.96, 0.52, 0.404, 0.160, 3.51, 2.29, 0.210, 0.431) 0.0084
P2 (1.07, 0.51, 0.313, 0.503, 1.99, 1.53, 0.947, 0.166) 0.0073
P ′2 (0.51, 0.87, 0.925, 0.019, 1.06, 0.51, 0.309, 0.523, 2.02, 1.54, 0.923, 0.141) 0.0073
P old
3 (0.87, 2.72, 0.349, 0.094, 2.33, 1.51, 0.687, 0.046, 3.55, 2.06, 0.225, 0.138) 0.0076
P3 (0.89, 2.78, 0.359, 0.071, 2.16, 1.57, 0.956, 0.722) 0.0076
P ′3 (0.35, 1.56, 0.953, 0.093, 0.93, 2.61, 0.340, 0.549, 2.25, 1.57, 0.958, 0.313) 0.0075
P4 (0.24, 2.37, 1.324, 0.154, 2.74, 4.85, 0.726, 0.776) 0.0079
P ′4 (0.35, 2.56, 1.314, 0.211, 2.61, 4.69, 0.755, 0.980, 3.86, 2.89, 1.093, 0.108) 0.0079
P5 (1.35, 0.28, 1.513, 0.213, 5.26, 1.22, 0.177, 0.144) 0.0088
P ′5 (1.48, 0.27, 1.840, 0.530, 5.29, 1.26, 0.213, 1.499, 4.08, 1.79, 0.146, 0.032) 0.0083
P6 (7.81, -9.63, 0.530, 1.726, 1.51, 1.45, 0.488, 0.640) 0.0100
P ′6 (0.40, 0.73, 1.878, 0.002, 3.87, -4.19, 0.474, 0.324, 1.81, 1.48, 0.288, 0.550) 0.0097
P7 (1.33, 0.08, 0.420, 0.533, 2.06, 6.11, 0.705, 1.280) 0.0106
P ′7 (1.35, 0.33, 0.313, 0.612, 1.96, 5.91, 0.696, 0.614, 3.99, 2.55, 0.560, 0.143) 0.0105

Finally, it is worth to point out that the global minimum (lay-
out P2 or P ′2 in Figure 7 ) is obtained in 650 of the 10,000
seeds. The real number of multi-starts required to successfully
solve this problem is lower than in the previous case (Problem
1). Assuming that the probability of obtaining the global mini-
mum is 0.0650, the probability of finding it in amulti-start with
50 elements is 96.53%, while in one with 100 seeds rises up
to 99.88%. Using the same cluster as in the previous example,
the computational time to solve the Problem 2 withMS = 100
has an average time 353 seconds (particularly, the random
generation of 100 AHA was around 0.0769 seconds).

4.3 Problem 3: Random generation of AHA
in mountainous terrain
The geometric design of a highway or railway is determined
by the HA, the vertical alignment (VA) and the cross sections
defined along the infrastructure. The VA should verify bound
constraints on the slope (gradient) of the main tangents. In
mountainous terrain these constraints affect the HA and estab-
lish a minimum threshold for its length. Specifically, the fol-
lowing bound should be verified (Vázquez-Méndez, Casal,
Santamarina, & Castro, 2021)

L(xN ) ≥ Lmin =
|H(a) −H(b)|

mmax
, (28)

where H(a) and H(b) are the terrain heights at terminals,
and mmax is the maximum slope threshold. In mountainous
areas (if the difference of terrain heights at terminals is large

with respect to the horizontal distance between them), the ran-
dom AHA generated by Algorithm 2 may not verify (28). In
this case, new “random” AHA verifying this constraint can
be obtained by solving problem (25)-(26) with an appropriate
objective function. For a given value ΔL > 0, if

J3(xN ) =
(

max{0, Lmin − L(xN )}
)2

+
(

max{0, L(xN ) − (Lmin + ΔL)}
)2 ,

then J3(xN ) = 0 if and only if L(xN ) ∈ [Lmin, Lmin + ΔL].
Therefore, if there exists an AHA verifying constraint (28), the
solutions of problem (25)-(26), taking J3 as objective function,
reaches the value J3 = 0. In this case, for each random AHA
generated by Algorithm 2, problem (25)-(26) can be solved by
a gradient-type algorithm, and the obtained solution is another
“random” AHA verifying constraint (28).
As example, the case study presented in Li et al. (2016) is

considered. A mountainous terrain, where the elevation differ-
ence between the start and end points is 336.90 m, while the
horizontal distance is only 3672,95 m. The gradient between
these terminals is 9.17%, greatly exceeding the maximum gra-
dient 3% (mmax) provided by the authors. Figure 8 shows
some AHA (9 layouts) obtained with the previous method,
those were obtained after a computational time of 69.47 sec-
onds. All of them verify (28), with a length between 11.2 km
and 12.2 km, compiling also with other geometrical constraints
(radii greater than 600 m, and tangents and horizontal circular
curves greater than 60 m). As it is described in next section,
these AHA could now be used for obtaining 3D admissible
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FIGURE 8 Some random AHA with 3-4 curves (a), 5 curves (b) and 6 curves (c), corresponding to the case study presented
in Li et al. (2016).

alignments which can be use, in turn, to start the railway design
optimization process.

5 CASE STUDY

For a geometric design of a highway or a railway line, the
MINLP model (25)-(27) should be extended to include the
optimal design of the VA. A VA is a 2D polygonal chain
endowedwith a series of curves smoothing the slope (gradient)
changes taking place between two consecutive line segments
(main tangents). These curves are assumed parabolic arcs, and
the VA is completely determined by

yM = (s1, m1, Kv1,… , sM , mM , KvM ) ∈ ℝ3M ,

whereM ∈ ℕ is the number of slope changes, 0 < s1 <… <
sM < 1 are the values that, once multiplied by the length of
the HA, provide the coordinates of the VA vertices, mi ∈ ℝ is
the slope of the i-th main tangent of the VA, and Kvi defines
the i-th parabolic arc (it is the ratio between the length of the
parabolic section and the difference between two consecutive
uniform slopes). Main constraints in VA design are

mmin ≤ |mi| ≤ mmax, (29)
Kvi ≥ Kvmin, (30)

L3Di (x
N , yM ) ≥ L3Dmin, (31)

where L3Di (xN , yM ) is the horizontal distance between two
consecutive parabolic arcs, and mmin, mmax, Kvmin, L

3D
min ≥ 0

are given thresholds.
The optimal geometric design of a 3D alignment (for

example a highway or a railway line) can be formulated as the

extendedMINLP model

min
(xN ,yM )∈ℝ4N+3M

J (xN , yM ) (32)

subject to constraints (1)-(4) and (29)-(31), (33)
0 ≤ N ≤ Nmax, 0 ≤M ≤Mmax, (34)

where J (xN , yM ) is the 3D model, andMmax is the maximum
number of slope changes allowed on the layout.
Algorithm 3 can be directly extended to solve this problem,

and it is only necessary an algorithm to randomly compute
(xNinic , y

M
inic) verifying (1)-(4) and (29)-(31). In this paper, the

following method is proposed:

Step 1. Compute xNinic verifying (1)-(4) and (28) by Algorithm
2, or as described in Section 4.3 if it is necessary.

Step 2. Chose M ∈ {1,… ,Mmax} and compute yMinic =
(s1, m1, Kv1,… , sM , mM , KvM ) in the following way:

1. si equi-spaced, that is, si = i∕(M + 1).

2. Kvi = Kvmin.

3. Define m̄ = (H(b) − H(a))∕L(xNinic) and Δm =
1
3
min{|m̄| − mmin, mmax − |m̄|}, and take

{m1,… , mM} = {m̄+Δm, m̄−Δm,… , m̄+Δm},

ifM is odd, and

{m1,… , mM} = {m̄, m̄+Δm, m̄−Δm… , m̄+Δm},

ifM is even.

To show the usefulness of our approach in a real-life
problem, we focus our attention in designing a road bypass
around Monterroso’s town center, on a section around 3 km
long of the two-lane Spanish national road N-640. All details
of this real-world case study can be seen in (Vázquez-Méndez,
Casal, Santamarina, & Castro, 2018), where a differentiable
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TABLE 4 Main data and total cost for North, South and Intermediate detours, shown in Figure 9 .

North detour South detour Intermediate detour

Length of the layout 3, 950m 3, 912m 4, 011m
Land acquisition area 112,497 m2 113,378 m2 118,968 m2
Clearance area 88,828 m2 89,934 m2 94,934 m2
Cut volume 60,696 m3 69,308 m3 84,973 m3
Fill volume (re-used material) 48,181 m3 56,933 m3 71,228 m3
Fill volume (acquired material) 50 m3 500 m3 3,710 m3
Waste volume 3,549 m3 3,825 m3 4,519 m3

Total cost 3,769,736 e 3,891,487 e 4,063,922 e

3D model has been proposed to optimize infrastructure costs
in road design. That model can be included in the extended
MINLPmodel (32)-(34), and in this work it has been solved by
using Algorithm 3, extended as it was described above. Like-
wise in that previous work,Nmax = 4 andMmax = 3 have been
assumed. Then, MS = 200 initial AHA have been generated
with percentages ofNC

i curves given by p1 = 0, p2 = 0.2, p3 =
0.2 and p4 = 0.6 (with a partial computation time of 0.1711
seconds). Each of those 200 initial AHA has been combined
with VAwith one, two and three slope changes (computedwith
the Step 2 of the previous procedure), resulting in a multi-start
of 600 elements. After a total computation time of 4.02 104
seconds, three different optimal bypasses are obtained, whose
correspond with the North, South and Intermediate detours
shown in Figure 9 .
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FIGURE 9 North, South and Intermediate optimal detours
(dashed lines) in the Spanish national road N-640 (solid line),
obtained to avoid Monterroso’s town center (bricked area).

Main data and total cost for North, South and Intermedi-
ate optimal detours are shown in Table 4 . The best solution
from an economic point of view is the North detour. Com-
paring the results with those obtained in (Vázquez-Méndez
et al., 2018), the cost of this new North (respectively South)

detour is lowered by 3.6% (respectively 19.9%). Regardless of
the improvement in economic terms, the main advantage of
the new approach is that it is completely automatic (ad-hoc
–manual– initial alignments are not necessary), and provides
multiple optimal detours to the Civil Engineer, who can choose
among them, taking into account other factors that may not
have been considered in the optimization process.

6 CONCLUSIONS

This paper studies the random generation of AHA and its
application to the optimal layout design. Based on what was
presented, it should be noted that:

• Sufficient conditions are given to generate an AHA, and
also to be able to modify a main tangent of an AHA,
including a new curve. In addition, an algorithm is pro-
posed (Algorithm 1) describing how to develop this
modification randomly.

• A method is provided (Algorithm 2) randomly gener-
ating an AHA between two given points. The method
is completely independent of the case study (input data
are only the terminals, the geometric constraints and the
maximum number of curves) and of any optimization
process, and therefore the generation of AHA is almost
instantaneous.

• A general MINLP model is proposed for the optimal
design of a HA, and a global optimization method
is provided (Algorithm 3) to solve it. The suggested
method evidences some relative benefits over existing
approaches:

– It works with all main elements of the HA, includ-
ing transition curves.

– No Geographical Information System (GIS data)
is needed to provide an initial corridor.
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– It is easily parallelizable.

– It not only gives the global optimum of the
problem, but also provides other local minima that
can be of great interests in engineering.

• The usefulness of this new method is tested by solving
two problems, introduced in a previous work, that have
considerable applications in intelligent civil systems.
The results achieved show that:

– The proposed method provides a fully automatic
process to obtain the solution of the problem, with-
out a previous geometric analysis.

– The reported results in the literature, which use
an ad-hoc (manual) AHA to start the optimization
process, are significantly improved.

– Computational times to solve both problems invite
to use the method in more complex problems:
problems with a larger dimension (where a greater
number of curves are allowed), or where the eval-
uation of the objective function requires a longer
calculation time.

– Algorithm 3 can be used to compare and corrob-
orate ad-hoc methods to be developed in future
works. In particular, problems solved in this paper
can serve as academic examples to test new meth-
ods.

• The MINLP model is also shown as an useful tool for
generating AHA in the geometry design of railways in
mountainous terrain.

• An extendedMINLPmodel is proposed to work with 3D
alignments and address the geometric design of high-
ways and railways. The numerical method (Algorithm 3)
is also extended to solve this problem, and this approach
is tested in a real case study, previously introduced in the
literature. The obtained results are very satisfactory, and
encourage a detailed study about the random generation
of 3D admissible alignments, which will be addressed in
a future work.

In this papermost common geometric constraints on horizontal
and vertical alignments are considered, but constraints on the
alignment coordination, such as maximum rate between con-
secutive radii of horizontal curves, are not taken into account.
These geometric criteria should be currently assessed by the
designer and will be studied in future works. The efficiency in
the topic of road alignment design of nature inspired optimiza-
tion techniques, such as neural dynamic optimization (Adeli
& Park, 1995), simulated annealing (Siddique & Adeli, 2016),
and others will be also explored in a forthcoming research.

ACKNOWLEDGMENTS

Third author thanks the support given by the Consellería
de Cultura, Educación e Universidade (Xunta de Galicia) by
Project ED431B 2020/25. The authors are also very grateful
to the Editor and the seven anonymous reviewers for their very
valuable suggestions.

References

AASHTO. (2018). A policy on geometric design of highways
and streets, 7th edition. Washington D.C.: American Asso-
ciation of State Highway and Transportation Officials.

Adeli, H., & Park, H. S. (1995). A neural dynamics model for
structural optimization–Theory. Computers & Structures,
57(3), 383–390.

Bosurgi, G., & D’Andrea, A. (2012). A polynomial paramet-
ric curve (ppc-curve) for the design of horizontal geometry
of highways. Computer-Aided Civil and Infrastructure
Engineering, 27(4), 304–312.

Byrd, R. H., Gilbert, J. C., & Nocedal, J. (2000). A trust region
method based on interior point techniques for nonlinear
programming. Mathematical Programming, 89, 149–185.

Byrd, R. H., Hribar, M. E., & Nocedal, J. (1999). An interior
point algorithm for large-scale nonlinear programming.
SIAM Journal on Optimization, 9(4), 877–900.

Casal, G., Santamarina, D., & Vázquez-Méndez, M. E. (2017).
Optimization of horizontal alignment geometry in road
design and reconstruction. Transportation Research Part
C: Emerging Technologies, 74, 261–274.

Davey, N., Dunstall, S., & Halgamuge, S. (2017). Optimal
road design through ecologically sensitive areas consider-
ing animal migration dynamics. Transportation Research
Part C: Emerging Technologies, 77, 478–494.

De Smith, M. J. (2006). Determination of gradient and curva-
ture constrained optimal paths. Computer-Aided Civil and
Infrastructure Engineering, 21(1), 24–38.

Easa, S. M., & Mehmood, A. (2008). Optimizing design
of highway horizontal alignments: New substantive safety
approach. Computer-Aided Civil and Infrastructure Engi-
neering, 23(7), 560–573.

Hay, R. (1998). Forest road design. In FAO, ECE, ILO, and
International Union of Forestry Research Organizations
(Eds.), Proceedings of the seminar on environmentally
sound forest roads and wood transport. Roma: FAO.

Hearn, G. J., & Hunt, T. (2011). C1 route corridor and align-
ment selection. Geological Society, London, Engineering
Geology Special Publications, 24(1), 135–144.

Howard, T. M., & Kelly, A. (2007). Optimal rough terrain



16 M.-E. Vázquez-Méndez ET AL

trajectory generation for wheeled mobile robots. The Inter-
national Journal of Robotics Research, 26(2), 141–166.

Jong, J.-C., & Schonfeld, P. (2003). An evolutionary model
for simultaneously optimizing three-dimensional highway
alignments. Transportation Research Part B: Methodolog-
ical, 37(2), 107–128.

Kang, M.-W., & Schonfeld, P. (2020). Artificial intelligence
in highway location and alignment optimization. World
Scientific.

Lee, Y., Tsou, Y., & Liu, H. (2009). Optimization method
for highway horizontal alignment design. Journal of
Transportation Engineering, 135(4), 217–224.

Li, W., Pu, H., Schonfeld, P., Song, Z., Zhang, H., Wang,
L., . . . Peng, L. (2019). A method for automatically
recreating the horizontal alignment geometry of existing
railways. Computer-Aided Civil and Infrastructure Engi-
neering, 34(1), 71–94.

Li, W., Pu, H., Schonfeld, P., Yang, J., Zhang, H., Wang, L.,
& Xiong, J. (2017). Mountain railway alignment opti-
mization with bidirectional distance transform and genetic
algorithm. Computer-Aided Civil and Infrastructure Engi-
neering, 32(8), 691-709.

Li, W., Pu, H., Schonfeld, P., Zhang, H., & Zheng, X. (2016).
Methodology for optimizing constrained 3-dimensional
railway alignments in mountainous terrain. Transportation
Research Part C: Emerging Technologies, 68, 549–565.

Maji, A., & Jha, M. K. (2009). Multi-objective highway align-
ment optimization using a genetic algorithm. Journal of
Advanced Transportation, 43(4), 481–504.

Mondal, S., Lucet, Y., &Hare,W. (2015). Optimizing horizon-
tal alignment of roads in a specified corridor. Computers
& Operations Research, 64, 130–138.

Pu, H., Song, T., Schonfeld, P., Li, W., Zhang, H., Wang,
J., . . . Peng, X. (2019). A three-dimensional distance
transform for optimizing constrained mountain railway
alignments. Computer-Aided Civil and Infrastructure
Engineering, 34(11), 972–990.

Pushak, Y., Hare, W., & Lucet, Y. (2016). Multiple-path selec-
tion for new highway alignments using discrete algorithms.
European Journal of Operational Research, 248(2), 415–
427.

Ravankar, A., Ravankar, A. A., Kobayashi, Y., Hoshino, Y., &
Peng, C.-C. (2018). Path smoothing techniques in robot
navigation: State-of-the-art, current and future challenges.
Sensors, 18(3170).

Shafahi, Y., & Bagherian, M. (2013). A customized particle
swarm method to solve highway alignment optimization
problem. Computer-Aided Civil and Infrastructure Engi-
neering, 28(1), 52-67.

Siddique, N., & Adeli, H. (2016). Simulated annealing,
its variants and engineering applications. International

Journal on Artificial Intelligence Tools, 25(06), 1630001.
Song, T., Pu, H., Schonfeld, P., Zhang, H., Li, W., Hu, J., &

Wang, J. (2020). Mountain railway alignment optimization
considering geological impacts: A cost-hazard bi-objective
model. Computer-Aided Civil and Infrastructure Engi-
neering, 35(12), 1365-1386.

Song, T., Pu, H., Schonfeld, P., Zhang, H., Li, W., Hu, J., . . .
Wang, J. (in press). Bi-objective mountain railway align-
ment optimization incorporating seismic risk assessment.
Computer-Aided Civil and Infrastructure Engineering.

Song, Z., Yang, F., Schonfeld, P., Liu, H., & Li, J. (in
press). Integrating segmentation and parameter estimation
for recreating vertical alignments. Computer-Aided Civil
and Infrastructure Engineering.

Sushma, M. B., & Maji, A. (2020). A modified motion plan-
ning algorithm for horizontal highway alignment develop-
ment. Computer-Aided Civil and Infrastructure Engineer-
ing, 35(8), 818–831.

Vázquez-Méndez, M. E., & Casal, G. (2016). The clothoid
computation: A simple and efficient numerical algorithm.
Journal of Surveying Engineering, 142(3), 04016005.

Vázquez-Méndez, M. E., Casal, G., & Ferreiro, J. B. (2020).
Numerical computation of egg and double-egg curves with
clothoids. Journal of Surveying Engineering, 146(1),
04019021.

Vázquez-Méndez,M. E., Casal, G., Santamarina, D., &Castro,
A. (2018). A 3D model for optimizing infrastructure costs
in road design. Computer-Aided Civil and Infrastructure
Engineering, 33(5), 423–439.

Vázquez-Méndez,M. E., Casal, G., Santamarina, D., &Castro,
A. (2021). Optimization of an urban railway bypass. A
case study in A Coruña-Lugo line, Northwest of Spain.
Computers & Industrial Engineering, 151, 106935.

Waltz, R. A., Morales, J. L., Nocedal, J., & Orban, D. (2006).
An interior algorithm for nonlinear optimization that com-
bines line search and trust region steps. Mathematical
Programming, 107, 391–408.

How to cite this article: Vázquez-Méndez, M.; Casal,
G.; Castro, A.; Santamarina, D.; An algorithm for random
generation of admissible alignments for optimum layout
design. Computer-Aided Civil and Infrastructure Engineer-
ing, 202X;XX:XX–XX.


	An Algorithm for Random Generation of Admissible Horizontal Alignments for Optimum Layout Design
	Abstract
	Introduction
	Admissible horizontal alignments (AHA)
	Random generation of an AHA
	Modification of a given AHA
	Generation of a new AHA

	Applications to optimal layout design
	Problem 1: Shortest layout avoiding obstacles
	Problem 2: Short length layout with low slope
	Problem 3: Random generation of AHA in mountainous terrain

	Case study
	Conclusions
	Acknowledgments
	References


