Nonlinear Anal. TMA 240 (2024) 113470

Contents lists available at ScienceDirect =

Nonlinear
Analysis

Nonlinear Analysis

journal homepage: www.elsevier.com/locate/na

Research paper t.)

Check for

Positive radial solutions for Dirichlet problems in the ball wdaies

Petru Jebelean?, Radu Precup >¢, Jorge Rodriguez-Lopez &

2 Institute for Advanced Environmental Research, West University of Timisoara, Blvd. V. Pdrvan, No. 4, 300223 Timisoara, Romania

b Faculty of Mathematics and Computer Science and Institute of Advanced Studies in Science and Technology, Babes-Bolyai

University, 400084 Cluj-Napoca, Romania

¢ Tiberiu Popoviciu Institute of Numerical Analysis, Romanian Academy, P.O. Box 68-1, 400110 Cluj-Napoca, Romania

4 CITMAga & Departamento de Estatistica, Andlise Matemdtica e Optimizacién, Universidade de Santiago de Compostela, 15782, Facultade de
Matemdticas, Campus Vida, Santiago, Spain

ARTICLE INFO ABSTRACT

Communicated by Enrico Valdinoci We are concerned with existence, localization and multiplicity of positive radial solutions to
Dirichlet problems with ¢-Laplacians in a ball, in both scalar and system cases. Our approach
3525 essentially relies on fixed point index computations and a main feature is that it avoids any
35J60 Harnack type inequality. Applications to some problems involving operators with Uhlenbeck
34B18 structure are discussed.

35J92
35J93

MSC:

Keywords:

Dirichlet problem

Operator with Uhlenbeck structure
Positive radial solution

Fixed point index

Mean curvature operator
p-Laplacian

1. Introduction

In this paper, we first deal with existence and localization of positive solutions to the mixed boundary value problem
— ("o (W) = fw, W 0) = u(l) =0, (1.1)

where ¢ : (—a,a) = (=b,b) (0 < a,b < +o0) is an increasing odd homeomorphism and f : [0, 1]XR, — [0, ) is continuous. According
to an already usual terminology, ¢ is called classical, singular or bounded if a = b = +00, a < +o0 and b = +oo0 or a = +o0 and b < +co.
To cover all possible cases, in the remaining situation a < +o0 and b < +o0, we will say that ¢ is singular-bounded. By a solution of
(1.1) we mean a nonnegative function u € C' [0, 1] with «’ (0) = u(1) = 0, |u’(r)| < a for all r € [0, 1], such that F"1¢@’) € C1[0,1]
and (1.1) is satisfied. A solution is said to be positive if it is distinct from the identically zero function.

Our results here generalize those obtained in [18], where some monotonicity assumptions are required on f and also some
additional restrictions are imposed on ¢. Our approach is based on the fixed point index computation and it is worth to notice that
no Harnack type inequality is needed.
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A main motivation of this study concerns the class of Dirichlet problems in the unit open ball B in R”, involving operators with
Uhlenbeck structure [20]. Such an operator has the form

U, v :=div (0 Vo) Vo),
where 6 : (0,a) — (0,+0) is a C! function. When v(z) = u(|z|), setting r = |z|, it is straightforward to check that
V0 = = (7000 b o)’
Assuming that
xli%lJr x0(x)=0 (1.2)
together with the ellipticity condition
0x)+x0'(x)>0 (x€(0,a) (1.3)
and putting
¢,(x) :=x0(x]) (x €(-a,a) (1.4)

we have that ¢, : (ma,a) > (—¢,(a),¢,(a)) is an increasing odd homeomorphism. Thus, under assumptions (1.2) and (1.3), finding
radially symmetric solutions (i.e., solutions of the form v(x) = u(r) with r = |x|) to the Dirichlet problem

~V,v=f(zl.v)in B, v=00n0dB
reduces to solving the mixed boundary value problem of type (1.1):
’
= ("9, W) =, @ =u) =0, (-5

with q.')s in (1.4). Note that allowing a to be finite, unlike [20] and most of the subsequent works (see e.g. [3,5,7-10]), also includes
singular and singular-bounded ¢, homeomorphisms.

The following three particular cases are standard models in this context:

e 0 : (0,4+0) = (0,4), 0(x) = x*~2, where p > 1, when v, becomes the p-Laplacian operator

4,v = div (IVolP=2Vo)
and the corresponding ¢ = ¢, RoR, ¢p(x)= |x|?2x is classical;

1
«d:(0,1) = (0,4+0), O(x) = (1 — xz)_i, when v, will be the mean extrinsic curvature operator in Minkowski space

Vv
\/1—=|Vol?

1
and the corresponding ¢ = ¢, : (=1,1) = R, ¢(x) = x (1-x%)"2 is singular;

Mo = div

_1
+ 0 1 (0,400) = (0,400), O(x) = (1 +x?)" 2, when U, engenders the mean curvature operator in Euclidean space

Vo
\/ 14 |Vo|?

1
and the corresponding ¢ = ¢, : R — (=1, 1), ¢(x) = x (1+x2)" 2% is bounded.
To complete the table with the remaining case, let 6 : (0,1) — (0,+c0) be given by 6(x) = arcsin x. Then the corresponding v,
becomes

Ev =div

Av = div(Vvarcsin | Vo))

with ¢ = ¢, 1 (=1,1) = (=1, 1), ¢(x) = xarcsin |x| which is singular-bounded.
Furthermore, we deal with existence and localization of positive solutions for the system

— ("¢, (u’l )), =L uy, uy),
—(r e, (“;)), =" (ruy,uy), (1.6)
W0)  =uy(1)=0=u)0) = uy(l),
where for each j = 1,2, ¢; : (—aj,aj) . (—bj,bj) (0 < a;,b; < +c0) is an increasing odd homeomorphism and f; : [0, 1]xR, xR, —
[0, b;) is continuous. Here, a notable feature is the fact that in the system the homeomorphisms ¢, and ¢, engendering the differential
operators can be different. Among others, this allows the study of radial solutions in B for systems invoking, for example, any two
of the operators 4,, M, £ or A or some combinations of them (see Example 3.5). We extend here existence and multiplicity results
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obtained in [17], weakening the global monotonicity conditions on the nonlinearities f, and f, therein, and making use — as in
the scalar case, of an approach that avoids any Harnack type inequality and relying exclusively on the fixed point index estimation.

The rest of the paper is organized as follows. In Section 2 we reformulate (1.1) as a fixed point problem and we obtain
localization of the positive solutions under a homotopic boundary condition, as well as under conditions concerning the behavior
of the nonlinearity f on some appropriate subintervals in connection with the range of ¢~!. Applications in terms of asymptotic
conditions when the nonlinearity is with separated variables are provided. Section 3 is devoted to extensions of the results in
Section 2 to system (1.6). Multiplicity of positive solutions of (1.6) is obtained in Section 4 by refining the estimations of the fixed
point index under some additional suitable conditions on the nonlinearities f; and f,.

2. Scalar case

The space X := C[0, 1] will be endowed with the usual sup-norm |-|,. We denote B(d) := {u € X : |u|,, <d} and let the cone
P:={ue X : u>0on [0,1]}. It is not difficult to see that a nonnegative function u is a solution of problem (1.1) if and only if u
is a fixed point of the operator T : P — P given by

1 T
T(u)(r)=/ ¢! <r1—"/0 s"—1f<s,u(s))ds> dr (rel0,1)). (2.1)

It is a standard matter that the operator T is completely continuous.
Let us now consider the closed, convex cone

K ={u€ P : uisnonincreasing on [0, 1]} . (2.2)
Proposition 2.1. The operator T maps K into itself.

Proof. Indeed, take u € K and let us show that v := Tu belongs to K. Since f is nonnegative, v > 0 and, moreover, from the sign
of the homeomorphism ¢, one deduces that v is nonincreasing on [0, 1]. Therefore, v € K, as claimed. []
For any real numbers a« > > 0 and # € (0, 1), consider the bounded sets
U, :=KnB@ and V, := {u eU,: uln)< ﬁ}.

Observe that if u € K then u(y) = min, ¢, ¥ and u(0) = |u|,. Since K is a closed set, the closure of U, in both X and K is the same
and it is easily seen that the sets U, and Vj are open in U,,. Also, as U,, is closed, the closure of any of its subsets is the same in
both X and U,,. In the sequel, the boundary of the subsets of U, will be understood with respect to the topology induced on U,
unless otherwise specified. It is a standard matter to check that

ﬁa:{ueK:MwSa}, Vﬁ={u€KZ|M|wS0h u(n) < B},
U \Vy={ueK :luly<a um=p}=U,\V

aVﬁ={u€K D ulg < @, u(n) =B} =a(ﬁa\vﬁ)'

Next, it is clear that ﬁa being closed and convex, it is a retract. Thus, if © is an open subset in ﬁa, TO) C EX and T is fixed
points free on the boundary of O, then i(T, ) = i(T, ©,U,,) - the fixed point index of the completely continuous operator T : @ — U,
on O with respect to ﬁa is well defined [1,11,12].

The following result guarantees the existence of a non-trivial fixed point in K of the operator T.

Theorem 2.2. Assume that there exist numbers a > f > 0, n € (0, 1) such that T(ﬁa) C ﬁa and there exists a function h € K such that
|hle < @ h(p) > f and

(1-=AT W+ Ah#u forue K with |u|, <a, u(n)=p and A €[0,1]. (2.3)
Then i (T,ﬁa \7ﬂ> =1 and thus problem (1.1) has a solution u € K, satisfying
f<u(m) and |uly, <a.
Proof. This is a modified computation of the fixed point index in [18]. Since T (ﬁa> c U, and oU,, = @, we have that the homotopy
H :[0,11xU, — U,, given by
HAw=AT@w) (A€[0.1], ucU,)

is admissible (i.e., H(4,-) is fixed points free on aUa for all 4 € [0, 1]). Then, by the invariance under homotopy of the fixed point
index, we get

i(Tﬁa) =i (H(l,~),Ua> =i (H(O, ~),Ua) =i (O,Ua) =1,
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where the last equality is due to the fact that 0 € U,,.
Next, as h lies in the convex set U,, we can define the homotopy H : [0,1]xU, —» U, by

Haw:=1-DTw+ih (A€[0,1], ucU,).
Condition (2.3) means
H(iu)#u forallue oV, and A€ [0, 1],
showing that H: [0,1] x 7/, — Ua is admissible. Thus, we have
i(T.vp) =i (H0.0,7,) =i (H.) =i (1 V) =0,
since h € U, \_7,,._ .
Then, as (U, \ V .V}, 0V;} is a partition of U, using the excision-additivity property of the fixed point index, we infer
i (Tﬁa \Vﬁ) =i (T,ﬁa) —i(T,V) =1,
which ensures the existence of a fixed point of T in the set ﬁa \Vﬁ, that is, a solution of (1.1) with f < u(y) and |u|, < a. []

Remark 2.1. From the first part of the above proof, we observe that the simple hypothesis that there exists a number a > 0
such that T(U,) c U, yields i <T,ﬁa> = 1. This ensures that T has a fixed point in U,, hence (1.1) is solvable; notice, the same

conclusion also follows from Schauder’s fixed point theorem.

Now we give sufficient conditions in order to ensure that the assumptions of the previous result hold.
For any a > > 0 and 5 € (0, 1) denote

Mg g =min{f(r,x) : r €[0,75], x € [B,al},
M, :=max{f(r,x) : r€[0,1], x € [0, a]}

and note that 0 <m, 5 < M,, < b.

Theorem 2.3. If there exist « > § > 0 and n € (0, 1) such that
o' (M,) <a, (2.4
(A =m¢~" (n"my5/n) > B, (2.5)

then problem (1.1) has at least one solution u € K with < u(y) and |u|,, < a.

Proof. We shall apply Theorem 2.2. First, we show that 7" maps ﬁa into itself. Indeed, for u € K with |u|, < a, we have that
0< f(s,u(s)) <M, (s€l0,1])

and thus from (2.4),

1 T
IT @) s/ ¢! <‘rl_"/ s"_lf(s,u(s))ds> dr
0 0
1 T
< / ¢! </ f(s,u(s))ds> dr < ¢ '(My) <a (rel0,1)).
0 0

So, |T(u)|y, <« for all u € K with |u|,, < «, hence T maps ﬁa into itself.
Next, we prove that (2.3) is fulfilled with 4 = a, which clearly satisfies |A|,, = « and A(y) > . Assume that (2.3) does not hold.
Then there exist u € K with |u|, < a, u(n) = f and 4 € [0, 1] such that

A-ADT W)+ Ah=u.
In particular, one has

B=um) =1-DTWmn+Aa

1 T
=(1—/1)/ ¢! <r1-"/ s"_lf(s,u(s))ds> dr+ Aa
n 0

1
2(1—/1)/ ¢! <11_”/ns"_1f(s,u(s))ds> dt + Ap.
n 0

Since B < u(s) < a for all s € [0, 7], it follows
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1
ﬁz(l—ﬂ)/ ¢! <Tlf"/” s”*‘ma,ﬁds> dr+ip
n 0

> (1- (1 - e <”—ma_ﬂ> + A8,
o e,
that is,
(1 =DB == DA =™ (n'myp/n),
which contradicts (2.5) for any 4 € [0, 1). In the case 4 = 1 one has the contradiction
p=u(m=a>p.

Finally, the conclusion follows from Theorem 2.2. []

Remark 2.2. Conditions (2.4)-(2.5) in Theorem 2.3 are of compression type. If a Harnack inequality holds for all nonnegative
supersolutions u of (1.1), that is

min u>clul_,
i u > ulo

for some ¢ € (0, 1), then one may consider the cone

K={ueP: minu>clul,}.
rel0,n]
In that case, the set I7ﬁ ={u e K : min, g, 4 < f} is bounded (indeed, 17/; C ﬁﬂ/c ={ue K : lulo, < B/c}) and so expansion
conditions are possible by means of standard fixed point index arguments. In addition, in that case, condition (2.5) can be weakened
by replacing m, ; with

my = min{f(r,s) : r €[0,n], s € [B.p/cl]},
and the proof follows in a similar way.

Note that if 0 < a < 400, then condition (2.4) in Theorem 2.3 is trivially satisfied for « large enough (for instance, « = a). Thus,
in this case, it suffices to ensure the existence of a positive number # satisfying condition (2.5). Observe that, for § small enough,
(2.5) can be rewritten as

ma,ﬂ n
—_— > —.
dB/L=m)  n"

Hence, it is natural to look for asymptotic conditions on the quotient f/¢ at 0 which guarantee that the above inequality holds.
Then a difficulty arises: the number m, ; depends not only of the behavior of f(r,-) at §, but on the whole interval [, a]. That is
why it is convenient to assume the following monotonicity assumption on f:

(H/) the function f(r,-) is nondecreasing in (0, a) for every r € [0, 1].

Under assumption (H ), we have that

(2.6)

My p =min{f(r,p) : r€[0,5]} := mg,

for any a > f, so (2.6) reads as

" S (2.7)
B/ AL—m) " '
Below, we need to invoke the condition
limsup 27 < oo forall o> 1, 2.8)
x—0+ (x)
that is employed in [7] in connection with a classical homeomorphism ¢ and in [2] relative to a singular ¢.
Theorem 2.4. Assume that 0 < a < +o0 and (H /-), (2.8) are fulfilled. If there is some n € (0, 1) such that
. flrx) . .
Xlirg+ 200 +o00  uniformly with r € [0, 5], (2.9

then problem (1.1) has at least one positive nonincreasing solution u with u(n) > 0.
Proof. This resembles the proof of [18, Theorem 3.6]. From (2.8) with = = 1/(1 —#), there exist numbers L > 0 and p; € (0, a(1 —7))
such that

¢ (x/(1—m) < Lp(x) forall x € (0, py). (2.10)
Then, by (2.9), we can find p, € (0, p;) so that

S(r,x)
$(x)

> L for all (r,x) € [0,7] X (0, py).
”Vl
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Choosing # € (0, p,), we deduce
mg n
— >L—,
B "

which, together with (2.10), gives (2.7) and the conclusion follows by Theorem 2.3. [J

In the case a = +0, the existence of a positive number « satisfying (2.4) is not trivial and it can be derived from a suitable
asymptotic behavior of the ratio f/¢ at infinity.

Theorem 2.5. Assume that a = +co and (H 1), (2.8) are fulfilled. If, in addition,

lim LY
xX—+00 ¢(x)

and there exists n € (0, 1) such that (2.9) is satisfied, then problem (1.1) has at least one positive nonincreasing solution u with u(n) > 0.

uniformly with r € [0, 1] (2.11)

Proof. Using (H /), from (2.11) we easily get that there exists @ > 0 such that (2.4) holds true. Then, the arguments in the proof of
Theorem 2.4 yield the conclusion. []

Next, we consider the case in which the function f is with separated variables i.e., f(r,x) = u(r)g(x), and where y and g satisfy
the following hypotheses:

(H“) u : [0,1] = (0, +0c0) is continuous;

(H,) g : R, — [0,b/p) is a continuous function such that g(0) = 0 and g(x) > 0 for all x > 0, where u := max{u(r) : r € [0, 1]}.

Notice that no monotonicity assumptions on f are required.

Theorem 2.6. Assume that (2.8), (H,) and (H,) are fulfilled. If, in addition, one of the following conditions holds
(i) a < +o0 and

xE%l+ % = +o0; (2.12)
(ii) a = +oo and
i 0 ey £ L, @19
x—=0* P(x) x—+o0 ¢p(x) H
then problem
— ("o (W) =g, W) =u() =0, 214)

has at least one strictly decreasing solution u > 0 on [0, 1).

Proof. Let us show that hypotheses in Theorem 2.3 hold, that is, there exist « > g > 0 such that inequalities (2.4) and (2.5) are
satisfied.

First, suppose that condition (i) holds. Since a < +o0, condition (2.4) is satisfied for any a« > a. Fix such a positive « and let
us prove the existence of a number g € (0,a) as in (2.5). Taking any 5 € (0, 1), by (2.8) with = = 1/(1 — n), there exist L > 0 and
p1 € (0,a(1 — n)) such that (2.10) holds true. The asymptotic behavior of the quotient g/¢ at zero in (2.12) implies that there exists

p, > 0 (we may assume p, < p; < «) such that

2(x) > %%qﬁ(x) for all x & (0, py).

where M stands for min{u(r) : r € [0,n]} > 0. This and (2.10) give

R
1-—

1) > ”n—nqb < ”> for all x € (0, py). (2.15)
Since g is continuous, vanishes at zero and it is positive on (0, +0), there exists x € (0, p,) such that
g(x) <min{g(x) : x € [py,al}.
We choose a number g € [x, «] such that
g(p) = min{g(x) : x € [X,al}.
Clearly, g(f) < g(x) < min{g(x) : x € [p,,a]} implies that § < p,. Moreover, it is obvious that
&(P) = min{g(x) : x € [B,al}.

Therefore, we obtain from (2.15) that

p
My = pe(B)> ”%as (ﬁ)
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as wished.
Next, let us suppose that condition (ii) holds. If b = +o0, the asymptotic behavior of g/¢ at infinity in (2.13) guarantees that
there exists k > 0 and / € (0, 1) such that

ugx) <k+1¢(x) forall x> 0.
Since ¢ is unbounded, there exists a > 0 large enough, such that k < (1 — I)¢)(a). Hence, being ¢ an increasing function, we have
Hngx) < ¢(a) forall x € [0, al,

which implies that M, < ¢(@). On the other hand, if b < +c0, then condition (/i) implies that lim_, , , g(x) < b/u and so there exists
I'> 0 and x, > 0 such that u g(x) <! < b for all x > x,. It suffices to choose a > x, such that ¢(a) > max{/, s max,eox,) §(x)} in order
to ensure that M, < ¢(«). Finally, the existence of a positive number § < « satisfying inequality (2.5) can be deduced exactly as in
the previous case.

Now, Theorem 2.3 ensures that problem (2.14) has a positive solution u which, by virtue of [2, Lemma 1] is strictly
decreasing. []

Let us emphasize the previous result in the particular cases of radial solutions to the Dirichlet problem in the unit ball B of R"
involving the operators 4,, M, £ and A defined in Section 1.

Corollary 2.7. Assume that conditions (H p ) and (H g) with b = +o0 hold. If

lim £ _ i and  fim 2 L
x—0t xp—1 x—+oo xp—1 I
then problem

~4,0=u(lzgw) in B, v=0o0ndB

has at least one radial solution v(z) = u(|z|), with u > 0 on [0, 1) and strictly decreasing.

Corollary 2.8. Assume that conditions (H W) and (H & with b = +o0 hold. If

lim @:

x—0t X

+o00,

then problem
~Mv=u(z])gw)in B, v=00ndB

has at least one radial solution v(z) = u(|z|), with u > 0 on [0, 1) and strictly decreasing.

Corollary 2.9. Assume that conditions (H W and (H &) with b =1 hold. If

lim 8 =400 and lim g(x) < é
x—=0t X x—=+00 7
then problem

—&v=u(|z|)gv)inB, v=0o0naB

has at least one radial solution v(z) = u(|z|), with u > 0 on [0, 1) and strictly decreasing.

Corollary 2.10. Assume that conditions (H ) and (H o) with b =1 hold. If

g(x)

—— = +oo,
x—0*t X arcsin x

then problem
—Av=u(z])gw)in B, v=00ndB

has at least one radial solution v(z) = u(|z|), with u > 0 on [0, 1) and strictly decreasing.
3. Systems — existence of positive solutions

Let ¢; and f; (j = 1,2) be as in Section 1. We consider the cone P x P in the product Banach space X X X and the completely
continuous operator T = (T},T;) : P X P - P X P, where, for (u;,u,) € P X P,

1 T
Tj(ul,uz)(r)=/ ¢j—1< ! /Os"—lf, (s,ul(s),uz(s))ds>d‘r (rel0,1], j=1,2).

=1

7
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Clearly, u = (u;,u,) is a solution of (1.6) (that is, u solves (1.6) and both u; and u, are nonnegative functions on [0, 1]) iff u is a fixed
point of T. In the case of (1.6), by a positive solution, we mean a solution u = (u;,u,) such that both u; and u, are distinct from the
identically zero function. Also, arguing as in the proof of Proposition 2.1 we have that T maps the cone K X K into itself.

In accordance with the previous section, for any real numbers 5 € (0, 1), « ;> B >0, /=12, we define the sets

Uy, = KnB(a;) and Vj := {ueUaj D ouln) < ﬁj}.

This time, the retract will be the bounded closed convex set ﬁal xﬁaz. If O is an open subset of ﬁal xﬁaz and A : O - ﬁal xﬁaz
is a completely continuous operator which is fixed points free on the boundary of O, we use the notation i(A4, ©) for the fixed point
index of A on O with respect to ﬁal X ﬁaz.

We can state the following vector version of Theorem 2.2, cf. [16,17,19].

Theorem 3.1. Assume that there are numbers ; > 0, j = 1,2, such that T(ﬁml X ﬁaz) C ﬁa] xﬁaz. In addition, suppose that there exist
n€0,1), g, €0, a;) and functions h; € Ua/ \7/;1, j = 1,2, such that
(A= DT W)+ Ah; # u; 3.1
for all u = (u,,uz_) e (ﬁ_al \Vﬂl)_x (ﬁai\ V) with u;(n) = p; and 4 € [0,1] (j = 1,2).
Then i (T, (UO,1 \ Vs, ) X (U,I2 \ Vﬁ2>) = 1 and thus problem (1.6) has a solution u = (u;,u,) € K X K, with

< and |y| <a; (=12

Proof. For the sake of simplicity of the writing, set O := ﬁal X 502. Since 5a’_ \ 'V}, are closed and convex, there exist retractions
it X > 5,,1_ \Vj, (i =1,2). Then, the map p : Q — (ﬁa, \ ¥y, > X (ﬁaz \V/,2>, defined by
p@) = (p1(w). pa(y)) (= (uy,uy) € Q)

is a retraction, too.
We introduce the operator N = (N, N,) : O — O defined by N := Top. Explicitly, this means

Nj(u) = T] (P](U1),Pz(u2)) u=W,u) e, j=12)
and it is easily seen that N is completely continuous. From (3.1) we deduce that, for each j € {1,2}, it holds
(1= A)N; ) + Ah; # u; (3.2)

for all u = (u;,u,) € O with u;(n) = p; and A € [0, 1].
We first consider the homotopy H : [0,1] x O — O, given by

H(Lw=AN@w (A€[0.1], u€Q).
which is admissible and so, we infer
i(N.Q) = i(H(1,),0) =i (H(©,),0)=i(0,0) = 1. 3.3)
Next, denote
Qy =V xVy = {u.1) €0 : uy(n) < fr. () < o}
2 =V X (U \ V) = {@rm) €0 2 i) < i ) > o}
= (T \V, ) ¥V, = (@) €0 1 1) > By o) < o}
= (T \V ) % (U \ V), ) = {ru) €0 2 (1) > fy, ux() > i}
T = {(uu) €0 = uy(n) = fy or uy(n) = pr}

and notice that {Q,,,Qy,,,,,2,,, '} is a partition of Q. Clearly, I" is closed and Q '« are open (j, k = 1,2). Also, since, on account
of (3.2) with 1 =0, we have that N(u) # u for u € I', the excision-additivity property of the fixed point index and (3.3) yields

Q

Lo

i(N,2y,) =1—i(N,Q,)) = i(N,2,) — i(N, 2,)). (3.4
To estimate i(N, Q) with 2 € {Q,,,2,,,2,,}, first observe that 2 € Q \5. Then, let H: [0,1] X 2 — O be the homotopy
HAaw=(0=-DNw+ih u=u,u) e, iel0,1]).
From (3.2) we have that H(4, u) # u for u € 02 (c I') and A € [0, 1], meaning that H is admissible. Thus, we get
i(N, Q) = i(H(0,)) = i(H(1,-)) = i(h, 2) = 0.

Therefore, as N = T on Q,, = (Ual \ Vﬂl) X (Uaz \Vy, ), the conclusion follows from (3.4). [

8
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Remark 3.1. Similarly to Remark 2.1, solely assuming that there exist numbers a;>0,j=12, such that T(Ea1 Xﬁaz) c ﬁa ! XU‘,Z,

we have that i (T ,ﬁal X 5,12 = 1. This immediately follows by the invariance under homotopy of the fixed point index, as in the
beginning of the proof of Theorem 2.2

For any numbers 7 € (0,1), 0 < §; < a;, j = 1,2, we use the following notations

ml p i=min{f;(r,x,y) 1 r € [0,n], x € [Br.a], y € [Brarl),

M/ = max{fj(r,x,y) rel0,1], x€[0,a(], y €[0,a,]}.

ay,a)

Note that one has 0 < mé,ﬁ < Mi]»az <b; (j =1,2). Also, in the writing of mi’ﬂ, actually, we mean a = (¢}, a,) and g = (B, f,)-

We have the following existence result for the system (1.6).
Theorem 3.2. If there exist n € (0, 1), a; > f; > 0, such that

o7 (M) <@ and (1 =mg;" (w'd y/n) > p; (=12,

J

then problem (1.6) has at least one solution u = (u;,u,) € K X K such that

B <um and o] <a

Proof. This can be easily adapted from that of Theorem 2.3 using Theorem 3.1 instead of Theorem 2.2. []

Now we consider the following system

- (""_14’1 ("’l)), =" (g ), uy),
—(r e, (”lz)), =L (g g, uy), (3.5)
u (0 =u (1) =0=u)0) = uy(),
under the hypotheses:
(H;) Hy, Ho 2 [0,1] = (0, +o0) are continuous;
(H;) g Ry xR, — [0,b;/u;) is a continuous function, where x; := max{u;(r) : r €[0,1]} (j = 1,2). Also, g(0,0) = 0 = g,(0,0)
and g,(£,0) > 0 < g,(0,¢) for all £> 0.
We say that a function g = g(x, y) is nondecreasing with respect to y (resp. x) if for fixed x (resp. y) one has

g(x,y1) < g(x,y;) asy <y, (resp. g(x;,y) < g(xy,y) as x; < xp).
This property is also known as quasi-monotonicity, see for instance [4,13-15,21].

Proposition 3.3. Assume (H;) and (Hy) and that g,(x;,x,), g(x,x;) are nondecreasing with respect to x, and x,, respectively. If
u = (u;,u,) is a positive solution of problem (3.5) then both of the components of u are > 0 on [0, 1) and strictly decreasing.

Proof. From
"o (') =~ / Uy (g (uy, up) dt < — / "y (0)g) (uy, 0) dt (3.6)
0 0

we have u/1 <0, that is u; is decreasing. Since u; is positive (not identically zero), it follows that u, (0) > 0. Then, using (H;) and
(3.6), we get u; <0, meaning that u; is strictly decreasing and > 0 on [0, 1). Similar reasoning for u,. []

Now, as a consequence of Theorem 3.2, we prove the existence of positive solutions for problem (3.5) under a sublinear growth
condition on g; and g,. In the particular case of systems involving the mean curvature operator in Minkowski space, we obtain the
following result in the line of [13, Theorem 3.1]. To state it, for 6 > 0, we introduce the notation

. JI0,81xR, ifj=1,
,0) = {]R+><[0,6] if j=2.

Theorem 3.4. Let conditions ( H;) and ( H;) hold and let condition (2.8) be satisfied with ¢ replaced by ¢; (j = 1,2). Assume that
g(x1,X,), 8 (x;,x,) are nondecreasing with respect to x, and x,, respectively, and

81(x1,0) _
M Nraras: = 400, (3.7)
8(0,x;)
ot ) T (3.8)

In case that for some j € {1,2} one has a; = +co, assume in addition that one of the following conditions is satisfied:

9
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A) @ ifbj = 400, then for any 6 > 0, g; is bounded on ,(s) and

gj(xhxz) 1

—, uniformly with x, € R (k # j), (3.9)
Xj+oo ¢’j(xj) 7 ife Ly k 4+ ( J)
(i) if b; < +co then
b;
sup  g;(x1,x) < = (3.10)

xp, xp€RL j

®B) g (x1,%;) is also nondecreasing in x ; and

i g;(7,7) < _L (3.11)
T>+00 ¢j(7) H;

Then problem (3.5) has at least one solution u = (u;, u,) with both of the components > 0 on [0, 1) and strictly decreasing.

Proof. We first show that Theorem 3.2 applies.
Step 1: Finding «,, ,. First, we claim that there exists r; > 0 large enough, such that
7' (M!) <t forallz>r,. (3.12)

Indeed, if a; < +o0, we pick 7; > a; and obviously (3.12) holds true. Otherwise, meaning a; = +oo, the existence of such a number
7, can be obtained under each of the conditions (A) and (B) (with j = 1), as follows.

Case A: Assume that condition (A) holds. So, if b; = +o0, (3.9) implies the existence of ¢, > 0 and /; € (0, 1) satisfying
H181(x1,xp) S +1; ¢y(x) forall xp,x, >0.

Since ¢, is unbounded, we can find 7; > 0 such that ¢, < (1 —/,)¢,(z)). For = > 7, and x,, x, € [0, 7], we can estimate
H1 81(xp,x0) (A =1 (0) + 1) y(x)) < (1)

which gives (3.12). In case b; < +o0, (3.10) implies that there is some /; > 0 such that
H1 8 (x;,xy) <1y <by forall x;,x,>0.

We choose 7; > 0 with ¢,(r;) > I; (such an 7| exists by virtue of lim_,, , ¢;(x) = b;). Then for = > 7|, it follows
¢1(7) = (7)) > MT"T,

which clearly implies (3.12).

Case B: Assume now that condition (B) holds. The asymptotic condition (3.11) guarantees the existence of /; and z; > 0 such that

Msll<_L for all = > 7.

1(7) H
From this, using that 7,/;, < 1, one has
e <ul (@) <¢(z) forall z>r1

and, by the monotonicity of g, in both variables, we get (3.12), as claimed.
As above, also there exists 7, > 0 such that

q.');l (MTZT> <t forall >,
Thus, taking | = a, = a; := max{r, 7, }, it follows
¢! (Mi]’az) <a; (=12 (3.13)

Step 2: We prove the existence of numbers f,, 8, € (0, ;) as required in Theorem 3.2.
Fixed # € (0, 1), by (2.8) and (3.7), there exists p; = p;(n) € (0, ay) such that

H, 8.0 > =, <1L> for all x € (0, p), (3.14)
- n —-n
where Ho= min{y,(r) : r € [0,5]}. Since g, is continuous and
£1(0,0) =0 < min{g(x,0) : x € [p;, a9l},
there exists x; € (0, p;) such that

0 < g1(x1,0) < min{g(x,0) : x € [py,a5]}.

10
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Choose #; € [x;, p;) such that g,(f;,0) = min{g,(x,0) : x € [x},ay]}. Since g, (x, y) is nondecreasing with respect to y, we have

g1($1,0) =min{g,(x,y) : x € [}, ], ¥y €10, ]},
and thus (3.14) implies that
. . n b
H, min{g;(x,y) : x € [B},ap), ¥y € [0, 0]} > ﬁ‘bl T—n)
Clearly, the inequality (1 — n)qbl‘l (r/"m; s /n) > p; holds for any g = (p,,0) with ¢ € (0,qy). The number p, can be fixed similarly

using condition (3.8) instead of (3.7) and obtaining that (1 — ;1)45;1 <n”mi ﬂ/n) > p, for all g = (o, f,) with o € (0, o). We take the
pair § = (B, pp)-

Now, Theorem 3.2 ensures that system (3.5) has a positive solution u = (u;,u,) and the conclusion follows by Proposition 3.3. []

Example 3.5. As emphasized in Section 1, the form of the system (3.5) allows to treat Dirichlet problems in the unit ball B with
any two of the operators 4,, M, € or A, or combinations of them. To exemplify, we consider the autonomous system

—4,0; =av{+bv,
-Mv,—c v, =cu} +dug, (3.15)
vy, =v,=0 ondB

where a,d > 0, 6,b,¢,s 20, a € [0,p—1), ¢ €[0,1) and r € [0, p — 1]. Then (3.15) has at least one radial solution v = (v, v,) with
v;, v, >0 in B and radially strictly decreasing, provided that either r < p—1 or r = p—1 and b < 1. Indeed, finding radial solutions
reduces to a problem of type (3.5) with

-1 _1
& (x) = |x|"2x, $rx)=x(1-x3)"2+ox(1+x2)2,
W= =1, &1(x,xp) = ax{ +bx7, gz(xl,x2)=cxi+dxg

and the conclusion follows from Theorem 3.4 (condition (B)). Here, the nonlinearities g, and g, are of the type considered in [6,22],
where they are superlinear and associated with the classical Laplacian operator. It is worth to observe that — as therein, the presence
of the p-Laplacian operator 4, in the first equation induces restrictive conditions on both of the exponents « and r, while the singular
operator M in the second equation allows only the sublinearity restriction on the exponent ¢ — a situation that, having in view [13,
Example 3.4 (ii)], is somehow to be expected. A situation when condition (A) (i) in Theorem 3.4 is fulfilled is, for instance, if in
system (3.15) the first equation is replaced by

—4,0; = a(l +arctan vy)v] + | sin v |

and a,a,0,c,s,d,q are kept as above.

4. Systems — multiplicity of positive solutions

We emphasize the fact that the results in this section have a simpler counterpart in the scalar case, and this is quite easy to
formulate following the systems model. For the sake of brevity of the exposition, we will restrict ourselves only to the case of
systems.

Clearly, Theorem 3.2 provides much more information about solutions of (1.6) than Theorem 3.4 since it gives a concrete
localization of them. This is the key in order to derive multiplicity results from Theorem 3.2. Obviously, if there exist several
pairs of numbers a and p satisfying the conditions of such existence result, we get multiplicity. In addition, the fixed point index
computation obtained in Theorem 3.1 can be useful to this aim. In this line, we can prove the following three-solution theorem.

Theorem 4.1. Under the hypotheses of Theorem 3.1, assume that there exist @, € (0,a;] and @, € (0, a,] such that either @, < , or
@, < p, and, moreover,

Tw)# Au foralue Uz, X Ug)) and all 2 > 1. 4.1)
Then problem (1.6) has at least three solutions: (u;,u,), (vy,v,), (W, w,) € K X K such that

B<wn and || <« G=12%

‘uj(w <% (=12

‘ijc <a; (=12), 9 <|w|, ord <|w,|,. and w;(n) <y or wy(n) < B,.

Proof. To simplify the writing, as in the proof of Theorem 3.1, denote Q,, := (ﬁn] \7,,] ) X <ﬁa2 \7,;2 ), Q= ﬁal X ﬁaz and let
Q; = Ug x Ug,. Since the open sets £,, and Qy are disjoint, we can write

11
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K
1["6111]1 uy = B
777
[ug|,, = a2
(wi,w2)
[ ]
minug = P
[0,7]
U2l = Q2
(vi,v2)
[
s a s K
o0 o0
|| ai | ai

l:l U&I X Uaz (Ual \Vﬁ1) X (Uaz \Vﬁz)

Fig. 1. Localization of the solutions provided by Theorem 4.1.

0=0,U0,u[0\ 2, U0
= (22U082) U (Q;u00;) U[0\ 2 U 0,]
=82, UQ0yU [Q\mﬂ] U0 (2 U0)
and hence, {2, UQ;, O \IJD—UQ,;, d (.(222 U Qﬂ)} is a partition of Q. By Theorem 3.1 and Remark 3.1, we have that
i(T,Q2y)=1=i(T,0). (4.2)
From (4.1) we deduce that the homotopy Hy @ [0,1] xaﬁ — Q defined by
Hy(Au) = AT@) (u= (uy.uy) € Oy, 4 € [0,1])
is admissible and, by the invariance under homotopy of the fixed point index, it follows
i(T.Qy) =i (Hy(1,),04) =i (Hy(0,).04) =i (0.04) = 1. (4.3)
Thus, using (4.2) and (4.3) and the excision-additivity property of the fixed point index, we infer
i (Tﬁal XU, \ [(ﬁa, \ ) x (ﬁnz \ Vﬂz) uT;, ><552D =iT,Q\ 2 U0, = 1.
Finally, the conclusion follows in a straightforward way from the existence property of the index. []
Remark 4.1. Obviously, under the assumptions of Theorem 4.1, both components of the solution (u;,u,) are positive, (v, v,) may

be the trivial solution while (w,, w,) may be semi-trivial, meaning that either w, or w, may be the identically zero function (see
Fig. 1).

As a direct consequence of Theorem 4.1, we deduce the following multiplicity result.

Theorem 4.2. Under the hypotheses of Theorem 3.2, assume that there exist @; € (0,a;] and @, € (0, a,] such that either a;, < p; or
@, < p, and, moreover,

¢! (Mélﬂz) <@ (j=12. (4.4)
Then problem (1.6) has at least three solutions: (u,,u,), (v;, v;), (W, w,) € K X K such that

B <um and o] <o G=1.2x

o] <& G=12x

)| <@ G=12, @ < |w|, ord < |wy|,. and w;(n) < py or wyln) < fy.

12



P. Jebelean et al. Nonlinear Analysis 240 (2024) 113470

K
r[nir]lm =1
0,n
|ua| o = a2
.(01,112) minuy = [y
[0,7]
|uz]oe = @2 fomsrmnas ;
I
|
1
:
L
|u]o = a1 lur]ye = a1 K

(UOél \Vﬁl) X (Uoéz \Vﬁ2)

Fig. 2. Localization of the solutions provided by Theorem 4.4.

Proof. Hypotheses of Theorem 3.2 guarantee that conditions of Theorem 3.1 are satisfied. So, to apply Theorem 4.1, we only have
to verify (4.1). But, (4.4) ensures that

T (Ual X 552> C UEI X UEZ
(see the proof of Theorem 2.3), which implies (4.1). [

In the particular case when @; = a;, we obtain the following corollary and a similar result also holds true when @, = a,.

Corollary 4.3. Assume that there are numbers n € (0,1), a; > p; > 0, a, > p, > @, > 0, such that
! (M;I’az) <a, ¢ (Mftl!az) <a, ¢ (Mjlﬂz) <@
and
A =gy (w'ml y/n) > 5, G=1.2).
Then problem (1.6) has at least three solutions: (u,,u,), (v, v,), (W, w,) € K X K such that
p; <uon and |ujL° <a; (=12%
[01]e < a1, 2] < @5
‘ijo < (G=1,2), & <|wyl|, . and wi(n) < f; or wy(n) < f,.
Existence of at least two positive solutions can be obtained if we strengthen the previous assumptions. See their localization in
Fig. 2.
Theorem 4.4. Under the hypotheses of Theorem 3.1, assume that there exist @, € (0, #;) and @, € (0, p,) such that
T (Ual X Unrz) C Uz, (4.5)
T (Ual x UEZ) CUs. (4.6)
Then problem (1.6) has at least two positive solutions: (u;,u,), (v;,v,) € K X K such that

p; <u;(n) and |u <a: (=12

o<

a@; < )Uj‘oo <a; (G=1,2), and v)(n) < p or vy(n) < f,.

13
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Proof. Let O, Oy and £,, be as in the proof of Theorem 4.1. First, observe that conditions (4.5) and (4.6) imply T (611) C 0Oy
Then, using

9(Qy) = (0Uz, x Uz,) U (Uz, % 0Uz,)
= {(u],uz) €0 : |“1|°° 251 s |’f42|oo Saz or |’f41|00 Sl71 s |u2|oo :Ez},
d (U;I XUaz) = 0U;l XUaz
= {(Mlsuz) €0 : |uyly, =14, [y, < 052},
d (Ua] X U§2> = Ua] X 0U;2
= u) €0 ¢ luylyg Sy lugly = @)
and the invariance under homotopy of the fixed point index (as in the proof of Theorem 4.1), we deduce that
i(T,05) =i (T,U;I xﬁaz) =i (T,ﬁ(,1 anz) -1
Let
Y = {(u,,uz) €0 : |uly <ay, lugly =@ or |uy|, =@y, |uply, < 052},
v2 = {u ) €Q ¢ luyly =), luply <@ 0r |uyly, @y, |uyl, =@}

and notice that y,, y, are closed, y; C 903 U9 (Ua, anz ), y2 COQyU0 (U‘,] X Uaz) and T is fixed points free on both y; and y,.

Also, we have that {Qy, Uz, X (ﬁaz \ﬁaz) .71} and {Qy, (ﬁa] \ﬁal )x U, 1, } are partitions of ﬁa, xﬁaz and ﬁal xﬁ;z, respectively.
Then, excision-additivity property of the index yields

i(T,Ual x (ﬁaz \552» =i (T,Ual XUy, ) =i(T.0y) =0,
i(T, (5,11 \ T, ) ><U52> =i <T,UEI x5a2> —i(T,0;) =0.
Consider the relatively open set
Q= (UE1 an2> U (U‘,l x Uaz)
and observe that setting
v i=nUn={,u) €0 : |uly =@, i, @ or |uly, Sap, ], =&} .

one has that {Qy, Uz, X (Uaz \Uaz) , (Ual \Ua1 ) X Ug,,r} is a partition of Q. Thus, we obtain

i(T,Q0) =i (T,04) +i (T, Uz, X (U,,,2 \UEZ)) +i (T, (Ual \Tg, ) x uaz) =1 (4.7)
Finally, consider the relative complement of Q, U 2,, with respect to the set 0, that is,
Q:=U, xU, \ [50 U <Ua1 \ V, ) x (Uaz \ Vﬁ2>] .
Using (4.7), Theorem 3.1 and Remark 3.1, we deduce
i(T,Q)=i(T,0)—i(T,2) —i(T,Q2y)=-1. (4.8)
In conclusion, the existence property of the index together with (4.8) and Theorem 3.1 ensure that T has at least two non-trivial

positive fixed points located in the disjoint open sets 2 and (Ua] \7,,l ) X (ﬁaz \Vﬁz ) O

Remark 4.2. In the proof of Theorem 4.4 we obtain that i(T, £2)) = 1, which ensures that T has a fixed point in €. Hence, problem
(1.6) has a third solution, but it may be the trivial one.

Remark 4.3. When we speak about two or three solutions, it is understood that they are supposed to be distinct. In case of
systems (of two equations), where by a solution we mean a pair (u;,u,), two solutions are distinct if they differ at least on one
of their components, not necessarily on both. Thus regarding Theorem 4.4, there is the possibility to have v, = u, in case where
v,(n) < By, or v; = u, in case where v,(17) < f,.

Theorem 4.5. Under the hypotheses of Theorem 3.2, assume that there exist @, € (0, #;) and @, € (0, ,) such that
—1 1 ~
o' (M},) <@ “.9)

#;' (Mjlﬁz) <. (4.10)

14
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Then problem (1.6) has at least two positive solutions: (u,,u,), (v}, v,) € K X K such that
B <um and o] <o G=1.2x
< |uj‘oo <a; (j=1,2), and v;(n) < B, or vy(n) < By

Proof. Hypotheses of Theorem 3.2 ensure that conditions of Theorem 3.1 are fulfilled. So, to apply Theorem 4.4, we only have to
verify (4.5) and (4.6). But, this is straightforward from (4.9) and (4.10), respectively (see the proof of Theorem 2.3). []

Example 4.6. For any y > \/3 n2" /3, the system

’
= (e (A T=wR)) = 16y + - 1747
!/
- <r"‘] (”lz/ 1- (u/2)2>) = r"_lug [16y + (uy — 1/4)2] ) (4.11)
WO =u(1)=0=u(0) = uy(1),

has at least two positive solutions: (u;,u,), (v;,v,) € K X K such that

}1<uj<%) and ’uj‘msl (G=12);

a < |Uj‘oo <1 (j=12), and v, (%) < % or v, (%) <

I

where @ € (0,1/4) is such that

16

To see this, first observe that the choice of y ensures that

1
y y 2172 1
_— [1+ <n2"> ] >3 (4.13)

then Theorem 4.5 applies with the following choices:

5(16y+ 19—6)[1+54<16y+2)2]_§<1. (4.12)

$;(x) = x(1 - xz)-%, [0 xp,x)) = sz. [167+(x, — 1/472] (k€ (1,2} and k # )

n=1/2, ay=ay=1, p=p=1/4, @ =a, =7 (see (4.12)).

Indeed, using that

_1 j i ,
&7 ) =x(U+xD)72, =y =Y UE (L2,
Ml =M =@ (167 + =)

ap,an ap,an 16 ’

together with (4.12) and (4.13), hypotheses of Theorem 4.5 are easily checked by direct computations. Notice that none of the
functions f (roxp,xp) s nondecreasing with respect to x; (j,k € {1,2} and k # j). As a consequence of the above, we have that, for

any y > \/5 n2"/3, the Dirichlet system in the unit ball B c R”,
-Mv; =0} 16y + (v, — 1/4],
-Mv, =uv3[16y + (@ - 1/47],
vy, =v,=0 ondB

has at least two radial solutions, each of them having nonnegative and nontrivial components.
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