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Abstract

In this work we study integral equations defined on the whole real line. Using a suitable
Banach space, we look for solutions which satisfy some certain kind of asymptotic behavior.
We will consider spectral theory in order to find fixed points of the integral operator.
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1 Introduction

In this paper we will study the existence of fixed points of the following integral operator

Tu(t) := f k(t,s)m(s) f(s,u(s))ds.

—0Q0

When working with integral problems defined in unbounded intervals, the main difficulty is
the lack of compactness of the operator. In the recent literature (see [4,6,12-14]), most of the
authors use the following relatively compactness criterion (see [3,16]) to deal with this problem:

Theorem 1.1 ([16, Theorem 1]). Let E be a Banach space and € (R, E) the space of all bounded
continuous functions x: R — E. For a set D C 6 (R, E) to be relatively compact, it is necessary and
sufficient that:
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1. {x(t), x € D} is relatively compact in E for any t € R;
2. for each a > 0, the family D, := {x|;_, 4}, X € D} is equicontinuous;

3. D is stable at 00, that is, for any € > 0, there exists T > 0 and 6 > 0 such that if ||x(T) —
y(DIl £ 6, then [[x(t) —y(t)ll < e for t = T and if ||x(—=T) — y(=T)Il < 6, then [|x(t) —
y(t)|| £ € for t < —T, where x and y are arbitrary functions in D.

In a recent paper [2], the authors presented a novel way of dealing with the problem of the
lack of compactness of the integral operator. They defined a new kind of Banach space: the
space of continuously n-differentiable p-extensions to infinity. Moreover, this Banach space makes
it possible to study the asymptotic behavior of the solutions of the problem. In that work, the
authors used fixed point index methods in order to obtain existence and multiplicity results for
boundary value problems and Hammerstein-type equations of the kind

oo

Lu(t) :=p(t) +f k(t,s)m(s) f(s,u(s))ds. (1.1)

Furthermore, those results included the location of the solutions, since they were found in a cone
defined in a general abstract way —cf. [7]. Depending on the region of the cone, the index was to
be proven zero or nonzero, thus providing a solution to the problem of study.

In this paper we complement those findings by approaching the problem in a different way. If
in the previous work we had fairly restrictive conditions on the nonlinearity f, here we relax in
a significant way those restrictions by studying the eigenvalues of some related linear operators.
This approach has been used successfully previously, as we can see in the works of Infante et
al. [10], Webb and Lan [ 18] or even in the case of linearly bounded nonlinear operators as shown
in [1]. We note that, for the sake of simplicity, we do not include in this paper the function p oc-
curring in (1.1). However, it could be included with minor adaptations, following the hypotheses
for p in [2].

There is of course a price to pay for the advantage regarding the nonlinearity, and is that the
conditions on the kernel k occurring in (1.1) are more restrictive. One can check that this is the
case of the kernel in the application studied in [2]. There, we have studied the equation that
describes the movement of a self-propelled projectile launched vertically from the surface of a
planet, that is,

2

" gR /
u’(t) = —m +h(t,u(t)), te[0,00); u(0)=0, u'(0) ="y, (1.2)

where u represents the distance from the surface of the planet, R is the radius of the planet, g
the surface gravity constant, v, the initial velocity and h(t, y) the acceleration generated by the
propulsion system of the rocket.

Rewriting previous problem as an integral one, we can see that solutions of (1.2) coincide
with fixed points of operator

oo

Lu(t) =vyt +J k(t,s) f(s,u(s)) ds,

0

where

K(t.s) t—s, 0<s<t,
’S = .
0, otherwise,



and
gR?

f(t,Y)Z—m

+h(t,y).

We note that the results in the present work could not be applied to this problem (even with
the modification to include the term p) as, for instance, condition (C,) does not hold. At the same
time, we will show in Section 5 an example which is solved with the method developed in this
paper but does not satisfy the hypotheses required in [2].

Thus, our two methods are not comparable but complementary, making it possible to deal
with different kinds of differential and integral problems defined on unbounded intervals, either
with more restrictive conditions on the linear part or on the nonlinear one.

This paper is divided in the following way: in Section 2 we summarize some definitions and
results of spectral theory. In Section 3 we compile the theory regarding the space of continuously
n-differentiable @-extensions to infinity, which has been developed in [2]. Section 4 includes
our results of existence of solutions of integral problems. Finally, Section 5 shows an example to
which the results in Section 4 are applied.

2 Preliminaries

Let (Ny, ||-]l;) and (N, || - ||,) be two normed spaces. Let I' : N; — N, be a bounded linear operator,
that is, such that its norm ||T'[| = supy,, = [ITull;/|[ull, is finite. We recall that A is an eigenvalue
of a linear operator between normed spaces I' : (Ny,|| - ||;) = (N,, || - ||,) with corresponding
eigenfunction ¢ if ¢ # 0 and A¢p = I'¢p. The reciprocals of nonzero eigenvalues are called
characteristic values of T'. We will denote the spectral radius of T by r(T') := lim,_, o, ||F“||% and its
principal characteristic value by u(T") :=1/r(T).

We recall now some known definitions and results.
Definition 2.1. We say that K is a total cone if K —K = X.

Theorem 2.2 (Krein-Rutman [5, Theorem 1.1]). Let K be a total cone and ¥ : X — X a compact
linear operator that maps K to K with positive spectral radius r(¥). Then r(¥) is an eigenvalue
with an eigenvector ¢ € K\{0}.

Theorem 2.3 ([17, Theorem 2.7]). Let £ be a bounded linear operator in a Banach space X and
let K be a cone in X such that £ (K) C K. If there exists A, > 0 and v € K \ {0} such that Lv =, A, v,
then r(£) = A,.

Theorem 2.4 ([21, Theorem 1]). Let the positive, completely continuous, linear operator ¥ satisfy
the inequality
ZLv< Ay,

where v is a quasi-interior element of the cone K. Then r(£) < A,.

Remark 2.5. If the cone K has non empty interior, then the interior and the quasi-interior of the
cone coincide (see [9]).



3 The space of continuously n-differentiable y-extensions to
infinity
In this section, we review the concepts introduced in [2].

Consider the space R := [—00, +00] with the compact topology, that is, the topology gener-
ated by the basis

{B(a,r) : a€R, reR*'}U{[—00,a) : aecR}U{(a,+o0] : a €R}.

With this topology, R is homeomorphic to any compact interval of R with the relative topology
inherited from the usual topology of R.

It is easy to check that ¢ (R, R) is a Banach space with the usual supremum norm. We define,
in a similar way,

¢"(R,R) := {f:K—»]R . flg € €"(R,R), atliinoof@(t)em, j=0,...,n},

for n € N. ¥"(R,R), n €N, is a Banach space with the norm

f My := SuP{”f(k)Hoo : k=0,...,n}.

Take now ¢ € €"(R,R*), where R* = (0, 00), and define the space of continuously n-differentiable
(p-extensions to infinity

"= G"(R,R)={f € 6"(R,R) : I € ¢"®R,R), f =0 (fla)}

We define the norm

£l =1l f € B,

|| - Il, is well defined, since the extension f is unique for every f; indeed, assume there are fl, f2
such that f1 P = f2 ¢ = f in R. Since R is dense in R and f1 and f2 are continuous, f1 f2

On the other hand, for every f € ¥"(R,R) there exists a unique f € ‘@F such that f g =f
(just define f := f(p in R).

This shows that there is an isometric isomorphism
®: 6"(R,R) — G,
f'_’q’(f):ﬂua%
of which the inverse isomorphism is
e %’;} — ¢"(R,R)
foa7 ()= £ /.
Furthermore, Arceld-Ascoli’s Theorem applies to 6"(R,R) since R is a Hausdorff compact

topological space and R is a complete metric space. Using ¢ we can apply the Theorem to ‘4;”:;1.
To be precise,

Theorem 3.1. F C ‘Eg has compact closure if and only if the two following conditions are satisfied:



e Foreacht €R, theset {f(t), f € F} has compact closure or, which is the same (since f(t) €R),
{f(t), f € F} is bounded, that is, for each t € R there exists some constant M > 0 such that

af 3I(f /)
oti oti
forall j=0,...,nand f €F.

(t)

(t)

<M< oo,

e F is equicontinuous, that is, for all ¢ € R* there exists some 6 € R* such that

oif . df dI(fle), . d(f/)
2075 ati BTYS

forall j=0,...,n, f € Fandr, s € R such that |r —s| < 6.

(s)

(r)

<é¢g

2

More properties of these spaces can be found in [2].

4 Eigenvalue criteria

In this section we will study the existence of fixed points of an operator T on @5 given by equation
(1.1). In particular, we will look for solutions of the previous integral equation in abstract cones,
which will be defined following the line of [ 7]. In that work, the authors considered a real normed
space (N, || - ||) and a continuous functional a: N — R. They proved that, when a satisfies the
three following properties:

(P) a(u+v)=a(u)+a(v), forallu, ve N;
(P,) a(Au)=Aa(u), forallue N, A > 0;
(P;) [a(u)=0, a(—u)=0]=>u=0;

then
K,={ueN : a(u) >0}

is a cone.

This way, we will consider the abstract cone
K,= {ue‘gw : a(u)ZO},
where a: ‘g; — R is a functional satisfying (P, )—(P;).

Remark 4.1. If the cone K is defined by a continuous functional a (as it will occur with the cones
considered in this paper), then v an element of the cone will belong to its interior if and only if
a(v)>0.

In order to state our eigenvalue comparison results, we consider the following operator on
on.
(«fw.

Lyu(t) := J |k(t,s)n(s)|u(s) ds, teR.

—0Q0

Consider P, the cone of nonnegative functions in ‘é’;, that is
p:= {ue‘é{; : uZOonR}.
In this section we will assume the following hypotheses:

5



(C,) The kernel k : R? — R, is such that k(-,s)n(s) € ﬁ; for every s € R. Moreover,

- if n = 0, then for every ¢ > 0, there exist 6 > 0 and a measurable function w, such
that if |t; — t,| < & then

1

k(tlas)n(s) _ k(tzjs)n(s)

‘ o (6) ot | @)
and
(i)

<eg wO(S)J

‘ (k(ty,s)n(s))"  (k(tz,s)n(s))”
v(ty) ¢(ts)

for a.e. s € R. Here, as usual, (k(t,s)n(s))" = max{k(t,s)n(s), 0}. Moreover, we
note that (i) implies that

|k(t1,8) ()] k(2. 8) n(s)]
w(ty) o(t,)

wo(s),

fora.e. s € R.

- ifn >0, k(t,s)n(s) = 0 and for every ¢ > 0 and j =0,...,n, there exist 6 > 0 and a
measurable function w; such that if |t; —t,| < 6 then

‘ (k/tp) (k/cp)

(t1,8)n(s) — (t2,5)M(s)| < € w(s)

fora.e. s €R.

(C,) It holds that w; ¢, ap(t In() p(-) € LY(R) forevery t €R, j =0,...,n; and

1 +00
a] 1()f ‘ (6,5)7(5)

p(s) ds € L(R),

forallj=0,...,n;1=0,...,].
Moreover, deﬁmng
|k(t,5)n(s)]
Z(:i:)(s) t—):li’:noo (P(t)
and
3/
M;(s) := sup (8 /w)(t s)n(s)|,
teR

it is satisfied that z.) ¢, M; ¢ € L'(R), for j =0,...,n.

(C3) f:RxR —[0,+00) satisfies a sort of L°°-Carathéodory conditions, that is, f (-, y) is mea-
surable for each fixed y € R, f(t,-) is continuous for a.e. t € R, and, for each r > 0, there
exists ¢, € L°°(R) such that

f (&, xp(t))

(1) < ¢,(1),

forall x e[—r,r]and a.e. t €R.

(Cy) a(lk(-,s)m(s)]) =0 for a.e. s €R.



(Cs) a(lk(,s)n(s)) ¢(s) € LY(R) and

a(Liu) > f a(lk(-,s)n(s))u(s) ds forallu € P.

—0Q

(Ce) There exists A C R such that A is a finite union of compact intervals and k(t,s)n(s) >
0, k(:,s)n(s) #0 for every t € A and a.e. s € R. Moreover, it holds that

NL = é = ian k(t,s)n(s) ds > 0.
M@A) M oteA),

We will also define the following auxiliary operator on %:Z:

Lyu(t):= J (k(t,s)n(s) u(s)ds, teR.

With regard to operator L,, we will consider the following assumptions:

(Cy) a((k(,s)n(s))")=0fora. e. s eR.

(Cs) a((k(-,s)n(s))") ¢(s) € L'(A) and

a(Lyu) > f a((k(-,s)n(s))+) u(s)ds forallue P,
A

Finally, to ensure that operator T maps the cone K, into itself, we need to ask for the following
conditions:

(Cy) al(k(-,s)n(s)) =0 for a. e. seR.
(Cy0) a(k(-,s)m(s)) p(s) € LY(R) for a.e. s € R and

a(Tu) > J a(k(-,s)n(s)) f(s,u(s)) ds for allu € K,,.

—0Q

Theorem 4.2. If (C,), (C,), (C4) and (Cs) hold, then operator L, is continuous, compact and maps
P into PNK,.

Proof. We will distinguish two different cases:
CASEI: n=0:

L, maps (6, || - ll,) to (6., |- ll,): Letue %2,. From (C,), (i), given ¢ € R™, there exists some
6 € R* such that for t;, t, €R, |t; — t,| < & it is satisfied that

P . +00 k(t, K(t,
|Tu(ey) — Lu(ey)| < J_m | (t¢531?(5)|‘| (t;(st)g(sn

|u(s)| ds

<e J wo(s) [u(s)| ds < e J wo(5) M ) dis (4.1)
oo ¢ (s)

—0Q

<ellull, J wo(s) ¢(s) ds

7



and since, by (C,), w, ¢ € L(R), the previous expression is bounded from above by ¢ |lull, ¢ for
some positive constant c. Hence, L u is continuous in R. Now we will prove that there exists

— Lqu(t
lim Lyu(t)= lim ) _
t—+o0 t

400 (p(t) o tlg:noo ﬁ J_Oo |k(t:5)7)(8)|u(s) ds € R.

Since k(:,s)n(s) € ﬁi,, then, for all s € R, there exists

R LCDLO]

tllzl:oo W = Z(i)(S) € R.
On the other hand, for all t € R and a.e. s € R:
k
RSO ) < my(s) 1)) = Mo) o 6) < lul, Mols) 0s)
@(t) @(s)

and, from (C,), M, ¢ € L'(R). Thus, from Lebesgue’s Dominated Convergence Theorem,

oo

T B k() n(s)] _(”
tl}inoo m f_oo |k(t,s)n(s)|u(s) ds = J_Oo tl}jrcnoo W u(s) ds = J_oo Zy(s)u(s) ds,

and, since,

Sf 2x)(s) [u(s)] dsSIIUIbJ 2+)(s) (s) ds €R,

—0Q0

‘f Za(s)u(s) ds

we deduce that zyu € L!(R). Therefore there exists lim L) Consequently, L u € ‘62,.

totoo PE)

Continuity: It is obvious from the linearity and boundedness of operator L,.

Compactness: Let B C ‘62, a bounded set, that is, there exists some R > 0 such that |[ul|, <R
for all u € B. Then,

Lu

Laully =[|Esu]| o, = =2

LJ |k(-,s)n(s)|u(s) ds
(P() —00

(o)
o0

L J k(,5)n(s)] 9(s) ds 4.2)
0() )_o

< full,

oo

<R <400

2

if 1kC,5) n(s)] o (s) ds
0() ) o

(e0)

and we have obtained an upper bound which does not depend on u. Therefore it is clear that the
set L,(B) is totally bounded.

On the other hand, taking into account the upper bound found in (4.1), we have thatif t,, t, €
R are such that |t; —t,| < 6 then

oo

|m(t1)_m(t2)| <€ ||U||¢J wo(s) p(s)ds < ERJ wo(s) p(s)ds,

—0o0
and, since w, ¢ € L!(R), we conclude that L,(B) is equicontinuous.

In conclusion, we derive, by application of Ascoli-Arzela’s Theorem, that L,(B) is relatively
compact in 6, and therefore L, is a compact operator.

8



L, maps P to PNK,: Since L, has a positive integral kernel, it clearly maps P into P. Finally,
it maps P into P N K|, as a direct consequence of hypothesis (C,) and (Cs).

CASE II: n # 0:

We note that in this case we have the additional hypothesis that k(:,s) n(s) is nonnegative for
all s € R. As a consequence, we will omit the absolute value in the definition of L,u.

L, maps (‘é:g, I-1l,) to (‘g;’;, l-1l,): Letu e ‘gg. Since k('i)(g’(s) is integrable for every s € R, we
can use Leibniz’s Integral Rule to get

d'Liu 8f(L1u/<p)(t):J 07 (k/p)

oti

(t)= ——22(¢t,s)n(s)u(s)ds.

oti oti

On the other hand, from (C;), given € € R*, there exists some 6 € R* such that for t;, t, € R,
|t; —t,| < & it is satisfied that

.,

sz wi(s)lu(s)|ds < ¢ ||u||¢J w;(s) p(s) ds.

0'Lyu
atJ

0'Lyu
atJ

d(k/p)
atl

aJ( /90)

(1) — (£2) ——(t1,8)n(s) = — == (t5,5)n(s)| |uls)l ds

(4.3)

Since w; ¢ € L}(R), the previous expression is bounded from above by & ||lull,, c for some positive

constant c. Hence, aa -~ is continuous in R for j=0,...,n, that is, I:ﬂ € ¢"(R,R).

Analogously to Case I, it can be proved that there exists liin L,u(t) and, consequently, L u €
t—=+00
on
i
Continuity: Again, it is obvious from the linearity and boundedness of operator L;.

Compactness: Let B C ‘g;’} be a bounded set, that is, there exists R > 0 such that ||ul|, <R for
allu € B.

Using the General Leibniz’s Rule (for differentiation), it is clear that

dLyu _ 3'(Lyu/p) _ i(i)a%lu o1
ati  at 1) ot ati-ly’

[=0

Moreover, from Leibniz’s Integral Rule,

d'L,u © ok
S (0= f_oo (6N us)ds.
Thus,
Ll (])alLlu 1| dlLiu 97 1
ot | |S\1) 081 Sty ‘l_ ott dvly

>

l

9

g1 +00
3 o( )J (-,s)m(s)u(s) ds

J
0

(o]

5l +00
‘ 1()U ' (6,5)(5)

9

It is satisfied that

af—l 1

( )J (t s)n(s)u(s) ds| < |u(s)| ds




(t s)n(s)| ¢(s) ds,

-1
s 1()U

and so, from two previous inequalities and taking into account condition (C,), we deduce that

g
<l Z( awmj

The rest of the proof is analogous to Case I but using equation (4.3) instead of (4.1).

@(s)ds

8'Lu
< 4o00. 4.4)

ati

A GN()

oo

L, maps P to P NK,: The proof is the same than in Case I. |

Theorem 4.3. If (C;), (C,) and (Cy)-(Cy) hold, then operator L, is continuous, compact and maps
P into PNK,.

Proof. We will distinguish two different cases:
CASEIL: n=0:
L, maps (6, ]| - ll,) to (€., - l,): Letu € ‘61. Since k(-,s)n(s) € ‘6@ for all s € R, it is clear

k(s)n(s) " = (kCs)n(s)”
that (210" = (910" ¢ @(R) for all s € R.

Analogously to the proof for Ly, from (C;), (ii), given ¢ € R™, there exists some § € R" such
that for t, t, € R, |[t; — t,| < & it is satisfied that

|Lau(ty) = Lyu(ty)] S€||u||¢fwo(5)<p(5) ds (4.5)
A

and, since w, ¢ € L'(R), it can be deduced that fzﬂ is continuous in R.

It is left to see that there exists

_ Lzu(t)
hm L2Ll(t) tl}:too (P(t) t—>:too (t)

f(k(t s)N(s)) u(s) ds € R.

Reasoning as before, since k(-,s)n(s) € (gw then for all s € R it is ensured the existence of

(Ken6)" _ ke _

0s tl}:{:nm (p(t) T to+oo (t) (i)(S) €k
On the other hand,
(k(t,s)n(s)) u(s)‘s |k(t,s)n(s)l u()l| < My(s) |u(s)|:M0()| ()|¢( ) < llull, Mo(s) ¢(s)
(1) (1) P(s)

for all t € R. From (C,), M, ¢ € L}(R) and so M, ¢ € L'(A). Thus, from Lebesgue’s Dominated

Convergence Theorem,
J(k(t s)n(s)) uls)ds = J lim (k(&,5)n ()" u(s) ds,
A t—+00 Sp(t)

t—):l:oo ( )

and since

f“ (k(t,$) ()"

A t—+00 ( )

u(s) ds

< f 2y(8) [u(s)] ds < [[ul], f zy(s) p(s) ds €R,
A A

10



and z.,)p € L1(A), it can be concluded that there exists 11 Lout)

lim =27y and consequently L,u € <€
o0

Continuity: It is obvious from the linearity and boundedness of operator L,.
Compactness: The proof is analogous to the one for operator L, (Theorem 4.2) by considering
inequalities

L2u

221, = < ull,

H J(k( $)n(s))" u(s) ds

if (kC,5) 0" (s) ds
0() ),

o0

< full, < fully

b

—f k(-s)n(s)l ¢(s) ds —f k(-,s)n(s)l (s) ds
©() Ja () ) o

and (4.5) instead of (4.2) and (4.1), respectively.

oo

L, maps P to PNK,: Since L, has a positive integral kernel, it clearly maps P into P. Finally,
it maps P into P N K, as a direct consequence of hypothesis (C,) and (Cg).

CASE II: n # 0: The proof is analogous to the one made for operator L,, with some small
changes in the line of those introduced in Case I. [ |

Analogously to the two previous theorems, it can be proved that operator T satisfies the fol-
lowing properties.

Theorem 4.4. If (C,)—(C5), (Cy) and (C;,) hold, the operator T is continuous, compact and maps
K, into K,,.

Proof. The proof, except for the continuity, is analogous to previous theorems but using the fol-
lowing inequality

Flsu@) = f (

instead of u(s) < [|ull, ¢ (s).

u(s)

2() v (s),

cp(s)) Py, () p(s) < Hfﬁnulw

Continuity: Since T is not a linear operator, continuity can not be deduced from boundedness,
on the contrary to previous theorems. Therefore, we shall prove that operator T is continuous in
a different way:

Let {u,},en C %7@ be a sequence which converges to u in ‘6750. Then, there exists some R € R
such that ||u,||, <R for all n € N and so it holds that

Uy(s)
oM

Fs,un(s)) = f(

where we have used condition (C;).

Moreover, from (C,), it holds that f(s,u,(s)) = f(s,u(s)) for a.e. s € R.

(S)) < Pr(s) 9(s) < llPrlloo 9 (5),

It is clear that, for all t € R and j € {0,...,n},
dTu, 3'Tu a7 (k /90)
(0= 55 JJ (£:5) 1) 1F (5,1 (N—F s, ulsl ds
and, using (C,),
9'Tu, 81Tu
()-S50 < J M(5) 1 (5,1, (5) = £ G, u(sD)l ds

S2||¢R||<>OJ M;(s) p(s)ds < oo.

11



Now we deduce, by application of Lebesgue’s Dominated Convergence Theorem, that
3T, 3'Tu

)
Yol a6 oo

n—>oo

snlirgoj M;(s) 1f (s, un(s)) = f (s, u(s)) ds

= J Tim M;(s) 1f (s,un(s)) — f (s, u(s))l ds = 0.

Therefore, we deduce that Tu,, — Tu in %;’} and so T is continuous.

The following theorem proves that the spectral radius of both operators L, and L, are positive
and their eigenfunctions have constant sign. This result is analogous to [10, Theorem 4.5] and is
proven using the facts that the considered operators leave P invariant and that P is a total cone,
combined with Krein-Rutman Theorem.

Theorem 4.5. Assume conditions (C,), (C,) and (C,)-(Cg) hold. Then, it holds that r(L,) > O is
an eigenvalue of L, with an eigenfunction in P \ {0}.

Analogously, r(L,) > 0 is an eigenvalue of L, with an eigenfunction in P \ {0}.

Proof. We will prove the result for L,. Consider v € P such that v =1 in A. Then, for t € A,
= 1
Lyv(t)= J |k(t,s)n(s)lv(s) ds = J |k(t,s)n(s)lv(s) ds = J k(t,s)n(s) ds = =
—oo A A
with % given in (Cy).

Then, there exists some open and bounded set B, with A C B, such that when t € B,
1
|k(t,s)n(s)|ds = —.
A 2M

Now, defining u(t) =1 for t € Aand u(t) = 0 when t ¢ B, from Whitney’s Extension Theorem
[20, Theorem I], u can be extended to R (and this extension will be also denoted by u) as a
function of class n. Moreover, from the proof of Whitney’s Extension Theorem, it is possible to
deduce that this extension will be nonnegative and upperly bounded by 1.

Finally, since u(t) = 0 when t ¢ B and B is a bounded set, then it is clear that tliin u(t)=0
—xT 00
andu € %:Z, with independence of the choice of ¢.

Therefore, for t € B, it holds that

Lyu(t) = f |k(t,s)n(s)|u(s) ds = J |k(t,s)n(s)|u(s) ds = f |k(t,s)n(s)l ds = ﬁ

> Lﬁ.u(t),
2M
and for t ¢ B, -
Liu(t) = f |k(t,s)n(s)|u(s)ds >0= L,Vu(t).
2M

—00

Thus, as a consequence of Theorem 2.3, we conclude that r(L;) > ﬁ > 0.

Finally, since P is a total cone and L, maps P into P, Krein-Rutman Theorem assures that r(L;)
is an eigenvalue with an eigenvector ¢ € P \ {0}. [ |

12



Remark 4.6. As a consequence of Theorems 4.2 and 4.5, we know that the eigenfunctions men-
tioned above are in PNK,,.

We will define now the following operator on ¢"(A, R)

Lu(t):= f k(t,s)n(s)u(s)ds, te€A,

and consider the cone P, of positive functions in €"(A, R).

As with previous operators, we will prove that L satisfies the following properties.

Theorem 4.7. Assume that conditions (C;), (C,) and (C¢)-(Cs) hold. Then, operator L is compact
and maps P, into P,.

Proof. Let f € ¥"(A,R) and B C R an open and bounded set such that A C B. Define now
g(t) = f(t) for t € Aand g(t) =0 for t € R\ B. Then, from Whitney’s Extension Theorem [20,
Theorem I], g can be extended to R as a function of class n, that is, there exists an extension of
f to R as a function of class n such that this extension vanishes for t € R \ B. Obviously, this
extension of f belongs to %;(R).

Now, denote by i the function which maps a function in 6¢"(A, R) to the aforementioned ex-
tension in %S(R) and by 7 the map which takes every function in %S(R) to its restriction to the
set A (which clearly belongs to €¢"(A,R)). We obtain the following diagram:

%(R) T %"(R)

lﬁ ; lTE
€"(A,R) —— €"(A,R)

Let us show now that it is commutative. Consider f € €"(A,R). It holds that
(moLyod)(f)(t)=m (J (k(t,s)n(s))" i(f)(s) dS) =7 (J (k(t,5)n(s))" £(s) dS)
A A

= J k(t,5)n(s) f(s) ds = L(F)(), tEA.
A

Now, since L, is compact and both i and 7 are continuous, we deduce that L is a compact
operator.

Finally, from (Cg) it is clear that L maps P, into P,. |

Remark 4.8. We point out that, in the previous proof, Whitney’s extension theorem can be used
as a consequence of the fact that A is a finite union of compact intervals.

Theorem 4.9. It holds that r(L) > 0 and it is an eigenvalue of L with an eigenfunction in P,

Proof. Let ) be the eigenfunction related to L, whose existence is proved in Theorem 4.5. Then,
if we consider its restriction to A, ¢4, it is clear that for t € A

Lapla(t) = Ly (£) = (L) () = r(La) Pla(t),

and so from Theorems 2.3 and 4.5, we deduce that r(L) > r(L,) > 0. [ |
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We define the following numbers in the extended real line:

f(t,xp(0)) fxp()
ARk AP [k AP
P G I )
T W TR W
ET0) - F (6 xp()
A2 vA /) A A
fo fm W0 B (0
|x|—>+00 |X| ’ o |x|—>_+oo |X|

To prove that the index of some subsets of a cone is 1 or 0, we will use the following well-
known sufficient conditions.

Let K be a cone in a Banach space X. If 2 C X is an open and bounded subset of K (in the
relative topology), we denote by Q2 and 92, respectively, its closure and its boundary relative to
K. Moreover, we will note Q, = QN K, which is an open subset of K in the relative topology.

Lemma 4.10. Let 2 be an open bounded set in K with 0 € Q and Qx # K. Assume that F : Qx — K
is a continuous compact map such that x # Fx for all x € dQy. Then the fixed point index iy (F, Q)
has the following properties.

(1) If there exists e € K\{0} such that x # Fx+Ae for all x € dQ and all A > 0, then iy (F, Q) =
0.

(2) If Ax # Fx for all x € 0 and for every A > 1, then iy (F, Q) = 1.
(3) If ix(F,Qk) # 0, then F has a fixed point in Q.

(4) Let Q! be open in X with Q1 C Q. If ix(F, Q) = 1 and ix(F, QL) =0, then F has a fixed point
in Q\Q. The same result holds if i (F, Q) = 0 and iy (F, Q) = 1.

Next, we will give a result in which we will prove that, under suitable conditions, the index of
some subsets is 1 or 0. Before that, we shall give the following definition that will be implicitly
used in Theorem 4.12.

Definition 4.11. Let, X, Y, Z be topological spaces, Y Hausdorff. Let f : X =Y, g: X — Z. Let
%, € g(X)'. We say that L is the limit of f when g(x) tends to z, if for every neighborhood Ny of
L there exists a neighborhood N, of z, such that f (g_1 (NZ\{ZO})) C Ny. We write

lim f(x)=L.

g(x)—z

A particular case of this definition would be the notion of limit in the case of the topology
occurring when studying Stieltjes derivatives with respect to a function g (cf. [8,15]).

In order to prove the following theorem, we adapt some of the proofs of [18, Theorems 3.2-
3.5] to this new context.

Theorem 4.12. Assume that (C;)—(C,,) hold. Assume also that there exists f3 : ‘5(;‘ — [0, o) such
that

lim ||ul|, =0, lim ||ul|], = +o0,
ﬁ(u)ﬁoll I, ﬁ(u)ﬁmll I,

and

Ppw)#0=>u#0.
Consider Kf’p ={uek, : B(u) <p}. Wehave the following:
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(1) If 0 < f° < u(L,), then there exists p, > 0 such that iKa(T,Kf’p) =1 for each p € (0, p,].
(2) If 0<f° < u(L,), then there exists R, > 0 such that iy (T, Kf’R) =1 for each R > R,,.
(3) If u(Ly) < fo < 09, then there exists po > 0 such that iy (T, Kf’p) = 0 for each p € (0, py]-

(4) If u(L,) < foo < 00, then there exists Ry > 0 such that i (T, Kf’R) = 0 for each R > R;.

Proof. (1) Let T > 0 be such that f° < u(L,)—7 =: €. Then there exists p, € (0, 1) such that, for
all x € [—py, Po] and almost every t € R, we have

Flt,xp(t)) < &Elx|p(t).

Also, since limg,_, [|ull, = 0, there is py < p, such that [[u]|, < p, for u € Kf’po.

Let p € (0,py]. We prove that Tu # Au for u € aKf’P and A > 1, which implies that
i (T, Kf’p) = 1. In fact, if we assume otherwise, then there exists u € aKf’P, (that is, B(u) =
and therefore, u # 0) and A > 1 such that Au = Tu. Therefore, for t € R,

lu()] < Alu(t)] = |Tu(t) = U k(t,s)n(s) f(s,u(s))ds

sf munnmu( i%ﬂn s<5f k() ()l u(s)] ds

=& (Ly[ul) (o).
We conclude that |u| < £L,|ul. Thus, as L, is a nondecreasing operator, iterating, we have that
lul <ELyul < ELy (ELy|ul) = E2 L3ful < -+ < (ELy)" [ul.
That is,
llull, < E*IILT[ulll,

and, hence,

L7 lul
1< g ————F < &L},
llull,

where |[LT]|, denotes the norm of the operator, namely

IILQ‘ullw

LTI, =su

Taking the n-th square root and the limit when n — oo,

-

1<g (L) = Er(Ly),
a contradiction.

(2) Let T € R* such that f*° < u(L;)— 7 =: &. Then there exists R; > 0 such that for every
|x| > R, and almost every t € R

&, xp(t)) < &lxl|p(t).
Also, by (C;) there exists ¢z € L°°(R) such that

f(t,xp(t))
¢(t)

15
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for all x € [—R;,R;] and almost every t € R. Hence,

f(t,xp(t)) < &Elx|p(t) + @(t)pg (t) forall x eR and a.e. t €R. (4.6)

Moreover, since £ < r(+1) we deduce that

r(EL)=¢&r(L,) <1.

Thus, if we denote by Id the identity operator, since & L, has spectral radius less than one, Id —§ L,
is invertible. Furthermore, by the Neumann series expression,

(d—gL,)™" = > (ELy)*
k=0

and therefore, (Id—&L;)™! maps P into P NK,, since L, does.
Since ¢p € L(R),

oo

C(t) = J |k(t,$)n(s) () P, (s)ds < ||¢R1||OOJ |k(t,s)n(s)] (s)ds,
and so, from (C,), it is clear that C € ng. Furthermore, since C(t) > O forallt € R, C € P.
Therefore (Id—&L,)™'C € PNK, and R, := [|(Id—&L,)'C||, < +00.

Because limg,)_,; o llull, = +00, there exists R, > R,, such that [|ul|, > R, for everyu € aKO/f’R
for R > R,. Now we prove that for each R > R,, Tu # Au for all u € 8Kf’R and A > 1, which

implies i (T, Kf’R) = 1. Assume, otherwise, that there exist u € BKf’R and A > 1 such that
Au = Tu. Taking into account the inequality (4.6), we have, for t € R,

lu(O)] < Alu(o)] = [Tu(t)| = U k(t,s)n(s) f(s,u(s)) ds

< J |k(t,s)n(s)|f(s,@w(s))dssf |k(r,s)n(s)|[5 uls) so(s)+«p(s)¢Rl(s)] ds
o @(s) e @(s)

< EJ |k(t,s)n(s)l luls)l ds + C(t) = & Ly |ul(t) + C(¢),

which implies
(Id—&L)|ul(t) < C(t).
Since (Id—& L)™' is non-negative, we have

lu(t)] < 1d—&Ly) 7' C(1)

and, consequently,
lull, < I0d—&Ly)*Cll, = R,.

Therefore, we have ||ul|, <R, <R, a contradiction.

(3) There exists p, > 0 such that for all x € (0, p,] and all t € A we have

flt,xp(t)) = u(Ly) xp(t).

Since limg,)_ lull, = O, there exists p; € (0, po] such that ||ul|, < p, for every u € Kf"’,
p €(0,p:].
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Let p € (0, p;] be fixed. Let us prove that u # Tu + A, for all u in 9K”* and A > 0, where
@1 € K, NP is the eigenfunction of L, with ||¢,|| = 1 corresponding to the eigenvalue 1/u (L,) of
which the existence is proved in Theorem 4.5. This implies that ix(T,K,) = 0.

Assume, on the contrary, that there exist u € 3K£’p and A > 0 such that u = Tu+ Ap,. We
distinguish two cases.

Firstly, we discuss the case A > 0. We have, for t € A in the conditions of (Cy),

u(t) = f k(t,s)n(s)f (s,u(s))ds + A, (t) > f k(t,s)n(s) f (s, uls) (s))ds + A py(t)
A ¢(s)

—0Q0

> M(Lz)J k(t,s)n(s)u(s)ds + Ap,(t) = pu(Ly) Lou(t) + A, (0).
A
Note that the equality u = Tu + A ¢, implies that u(t) > 0 for t € A. Therefore, u(L,) Lou(t) >0

for t € A and we deduce, from previous inequalities, that

u(t)= A p,(t) for t €A.

Hence, for t €A,
(Low)(0) = MLy (D) = —— 1 (8),
M(Lz)

in such a way that we obtain

u(t) = wu(Ly) Lou(t) + Ap,(t) = 2Ap,(t), fort €A.

By iteration, we deduce that, for t € A, we get
u(t) = nAp,(t) for every n € N,

a contradiction because u(t) is finite and ¢,|4, Z O.

Now we consider the case A = 0. Let € > 0 be such that for all such that for all x € (0, p,]
and and almost every t € A we have

f(txe(t)) = (u(Ly) + &) xp(t).

We have, for t €A,

u(t) = J k(t,s)n(s) f (s, u(s))ds = J (k(t,5)n(s))" f(s,uls))ds = (u(Ly) + &) Lpu(t).

From previous expression together with (Cy), it is immediately deduced that u(t) > 0 for t € A.

Since L,p,(t) =1 (L,) ¢,(t) for t € R, we have, for t €A,
Lo,(t) = Lypy(t) =1 (Ly) ¢, (0),
and we obtain r(L) > r (L,). On the other hand, we have, for t € A,

u(t) > (u(Ly) + ) Lyu(t) = (u(Ly) + &) Lu(t),

- 1
where u(t) > 0. Thus, using Theorem 2.4, we have r(L) < W and therefore r (L,) <
MLy) T €
1
————. This gives u(L,) + & < u(L,), a contradiction.
u(Lly)+e
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(4) Let R, > 0 be such that

f(t,xp(t)) > u(L,y) xp(t)

for all x > R; and all t € A.

Moreover, since limg,)_ o0 [t|l, = +00, there exists R, such that |lu|| > R, for every u €
OKPR for R > R,.

Let R > R,. Now, proceeding as in the proof of the statement (3), it is easy to prove that
u# Tu+ Ay, for all u in KP® and A > 0, which implies iy (T,K*) = 0. |

The following Theorem, in the line of [19], applies the index results in Theorem 4.12 in order
to get some results on existence of nontrivial solutions for the equation (1.1).

Theorem 4.13. Assume that conditions (C;) — (C,,) hold. Suppose also that one of the following
conditions is satisfied

(T1) 0<f°<p(Ly)and u(Ly) < foo < 00.

(T,) 0< f° <u(Ly) and u(L,) < f, < o0.
Then the integral equation (1.1) has at least one non-trivial solution in K,,.

Proof. We will prove (T, ), being (T,) analogous.

Take B(u) = |lull,. Clearly 8 is in the conditions of Theorem 4.12. Then, the existence of
po > 0 and R, > 0 such that i, (T,K"*) =1 for each p € (0, p,] and i, (T,K"*) = 0 for each
R >R, is ensured.

Therefore, if we choose p < p, and R > R, such that p < R, KF* c KP® and from (4) in
Lemma 4.10 we deduce that T has a fixed point in K f’R \ Kf P [ |

The following Lemma establishes some relations between the characteristic values of some of
the considered operators.

Lemma 4.14. It holds that M(A) > u(L,) > u(L,).

Proof. First, we prove that u(L,) = u(L;). Let ¢ be an eigenfunction of L, related to the eigen-
value r(L,). We have that

oo

r(Ly) ¢(t) =L, ¢(t) =f

—00

|k(t,s)n(s) p(s)ds = f lk(t,s)n(s)| (s)ds
A

2 J (k(t,5)n(s))" $p(s)ds = Lop(0).

Therefore, Theorem 2.4 yields that r (L,) < r(L,) or, equivalently, u (L,) = u(L,).

Now we prove M(A) > u(L,). Let ¢ € PNK, be a corresponding eigenfunction of norm 1 of
1/u(L,) for the operator L,, thatis ¢ = u(L,)L,(¢p) and ||¢|| = 1. Then, for t € A, we have

b b
¢(t):M(L2)f k(LS)”fl(S)(P(S)dSZM(Lz)rpg£1¢(t)J k(t,s)n(s)ds.
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Taking the infimum over A, we obtain
. > . -~
min ¢(t) = p (L) min ¢ (£)/M(A),

that is, M(A) > wu(L,). ]

Remark 4.15. We note that the previous results could also be formulated for %;([a, +00)) or
%;(p((—oo, a]) (with obvious notation) for any a € R (see [2]).

5 An example

We will consider now the problem

o0
Tu(t) = f e~ % sint V |u(s)| sin*s ds,
—00

that is, k(t,s) = e~ 2 sint, n(s)=1and f(s,y) = +/|y| sin’s.

We will take
@(t) =t],
and
. 2
a(u)= min u(t)— —||u/|e-
te[ 5.%] 2

We will verify that conditions (C;)—(C;,) are satisfied for the case n = 0:

(C,) First of all, since k(-,s) € € (R) and there exist

Is|

k(t,s) . e zsint
1m = lim ——=0
t—+00 gp(t) t—+00 |t|

2

it is clear that k(:,s) € Cgso for all s € R.

Moreover, for every € > 0 there exists & > 0 such that when |t; — t,]| < J,

1
'k(tbs) k(t,,s) et sint; ¢”? sin ty —i
— = — <ee 2,
@(ty) @(t,) |t,] |t,]
and
(i)

(ko) (k(tp5)*
o(ty) ¢(t,)

sl .. Bl
e 2 (sint;)" e 2 (sinty)*
|t1] 12y

Is

so we will take w,(s) =e" 2.

N[
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(C,) Clearly, it holds that w, ¢ € L}(R). Also,

1 Oo | sint| * | sint|
— |k(t,s)| p(s) ds = f e 2|s|ds=8 € L=(R).
o (t) J_oo 7 ) o ]

Moreover, in this case

Isl .
. e 2 |sint|
@)= lim ——=0,
Isl .
e Z|sint Is|
My(s) = sup ¢ lsint] _ e 2,
teR t]

and it holds that z., ¢, M, ¢ € L'(R).

(C3) It is clear that f (-, y) is measurable for each fixed y € R and f(t,-) is continuous for a. e.
t € R. Finally, for each r > 0, there exists ¢,.(t) = ‘/FS—\/I_lr:lzt € L°°(R) such that
f(t,xp()) _ +/|xt]sin®t
v(t) |¢]

< ¢.(1),

forall x e[—r,r]and a.e. t €R.
(C4) In this case,

2 s 2
a(kC,) = min [k(6,9) 2,5l =e ¥ min_[sine|—~ 22 et =0,

te[ §.% tel 7%

(Cs) Itis clear that a(|k(t,s)|) ¢(s) € L'(R). Moreover, for all u € P, it holds that

a(Liu) = Pil}“],f |k(t,s)|u(s) ds—g ‘U |k(t,s)|u(s) ds

te[ 2% 1J—o0

oo

2| i k0@ as= 2 [ kel

—oo t€[ 77 —00

=J a(lk(-,s))uls) ds.

—0Q

(Cs) We can take A= [%, 37”] For such A, we obtain

]_ s —3r Jio =37 e
—— =inf e_% sintds = inf {Ze% (—1 +e2) sint} =+/2e7F (—1 +ez) > 0.
M(A) teA A teA
(C;) It is analogous to (C,). The same occurs to (Cy).

(Cg) It is analogous to (Cs). The same occurs to (Cj,).

Finally, we obtain the following values for the limits f °° and f,:




and so f °° = 0. Analogously,

jnf Y22 -
fo= lim = i = lim —|X| =
* T = |x| oo V3 7T x|

On the other hand, since both r(L;) and r(L,) are positive (as it has been proved in Theorem
4.5), it holds that u(L,) > 0 and u(L,) < +o0.

Thus, from (T,) in Theorem 4.13, we deduce that our problem has at least a non-trivial
solution in K, C 6,,.
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