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1. Introduction

A proper isometric action of a Lie group G on a Riemannian manifold M is said to be
polar if there exists a connected and complete submanifold ¥ that intersects every orbit
orthogonally. The action is hyperpolar if it admits a flat section (with the induced metric).
Many results in Algebra and Geometry can be thought of in terms of polar actions. For
instance, the system of polar coordinates in the Euclidean plane R? is connected to the
polarity of the standard representation of the orthogonal group O(2) in the plane. In a
similar fashion, the spectral theorem for Hermitian matrices can be restated as follows:
the action of the unitary group U(n) on the vector space of n x n Hermitian matrices
by conjugation is hyperpolar; a section is given by the subspace of diagonal matrices.
Based on this last example, we usually refer to the points of a section as canonical forms
of the elements of the ambient space (see [21] for more details). A final example with a
more Lie-theoretic flavor can be seen in the adjoint action of a compact Lie group, whose
sections are the maximal tori.

Broadly speaking, we should not expect a generic Riemannian manifold to admit a
nontrivial polar action. Indeed, sections are known to be totally geodesic submanifolds of
the ambient space, so the existence of polar actions implies the existence of (sufficiently
large) families of globally defined Killing fields and totally geodesic submanifolds orthog-
onal to each other; both objects are rare in a space with no restrictions [20, Theorem A].
Thus, in order to produce examples of polar actions it is natural to lean towards spaces
with a certain amount of symmetry. Some structural results concerning spaces that do
admit polar actions can be seen for example in [11, Theorem A], and [17, Theorem 1],
and its subsequent generalization in [22, Theorem 1.1]. Consequently, the most natural
classes of Riemannian manifolds where we can develop a fruitful study of these actions
are those of homogeneous and symmetric spaces.

Our main interest in this paper concerns the classification of polar actions (up to
orbit equivalence) on manifolds with symmetries. Dadok [7] proved that any polar rep-
resentation on a Euclidean space is orbit equivalent to the isotropy representation of a
symmetric space, thus solving the problem in the round sphere S™. The classification in
Euclidean spaces follows easily from Dadok’s result. The corresponding classification of
polar actions in the real hyperbolic space RH" was given by Wu in [25].

As for symmetric spaces, while the problem is nearing its full conclusion in the com-
pact setting (see [16] and the references therein), little is known about polar actions on
noncompact symmetric spaces, our main interest for this article. Nevertheless, there are
already complete classifications in real and complex hyperbolic spaces [8]. For the special
case of cohomogeneity one actions, we have the works of Berndt and Tamaru (see [4] and
the references in it) as well as a more recent structural result given by the first author,
Dominguez-Vézquez and Otero [9].

We say that the orbits of a proper action form a homogeneous foliation if they all have
the same orbit type. Cohomogeneity one homogeneous foliations have been classified up
to orbit equivalence in irreducible noncompact symmetric spaces by Berndt and Tamaru
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in [3]. This result has been extended by Solonenko [23] for the reducible case. In addition,
Berndt, Tamaru and the first author give in [2] a procedure to construct all possible
hyperpolar homogeneous foliations on any symmetric space of noncompact type; it is
also shown that there are polar foliations on noncompact irreducible symmetric spaces
of higher rank that are not hyperpolar. The results presented in these two papers make
extensive use of tools from the theory of real semisimple Lie algebras, especially the root
space and Iwasawa decompositions for these objects. At any rate, we are yet to obtain
general results concerning polar homogeneous foliations that are not hyperpolar.

The aim of this paper is to start the study of polar nonhyperpolar homogeneous
foliations on symmetric spaces of noncompact type. We determine all of these that have
the hyperbolic plane RH? as a section. As a consequence, combining this work with [2],
we obtain a list of all polar homogeneous foliations of codimension two in any such space.
In order to state the main result of this paper we need to introduce some concepts. See
Section 2 for further details.

A Riemannian symmetric space of noncompact type can be written as a quotient
M = G/K, where G is a semisimple Lie group and K is the isotropy group at a point
o € M. The Lie algebra g of G has a Cartan decomposition g = €& p, where p =T, M is
the orthogonal complement of ¢ in g with respect to the Killing form. We normalize the
metric on M so that its restriction to p coincides with the Killing form of g restricted to
p. We choose a maximal abelian subspace a of p. This determines a root space decom-
position g = go P (EB/\EZ g)\), where Y is the set of roots with respect to a. We choose a
positivity criterion on ¥ and denote by X% the set of positive roots. Let A C Xt be the
corresponding set of simple roots. We define n = P, .5+ gx. Then we have an Iwasawa
decomposition g =t P a P n.

Let ® C A be a subset of simple roots. Then ® determines a so-called parabolic
subgroup Q¢ with Langlands decomposition Q¢ = Mg AgNg, where Mg is reductive,
Ag is abelian, and Ng is nilpotent. The totally geodesic submanifold By = Mg - 0 is a
symmetric space of noncompact type of rank |®| that is called the boundary component
associated with ®. If Hg is a subgroup of the isometry group of Bg, then HgpAgNg
induces an isometric action on M. We call this action the canonical extension of the
isometric action on the boundary component Bg to the symmetric space M. See [4] for
further details.

The main result of this paper is the following:

Theorem A. Let M be a connected irreducible Riemannian symmetric space of moncom-
pact type. Every codimension two polar nonhyperpolar homogeneous foliation on M is
orbit equivalent to the canonical extension of a codimension two polar monhyperpolar
homogeneous foliation on a boundary component of rank one in M.

More explicitly, we prove:
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Theorem B. Let M = G/K be a connected irreducible Riemannian symmetric space of
noncompact type. Then, a codimension two homogeneous polar nonhyperpolar foliation
on M is orbit equivalent to the orbit foliation of the closed connected Lie group whose
Lie algebra is given by one of the following possibilities:

(i) (kera) ® (n©£,), where o € A is a simple root, and £, is a line in gq, or
(ii) a ® (n © vy), where o € A is a simple root, and v, is a 2-dimensional abelian
subspace of gq.

We will show in Section 3 that different choices of ¢, or v,, above give rise to congruent
foliations. We also determine the mean curvature of their leaves. A direct consequence
of this computation is that

Corollary 1.1. If F is a codimension two polar nonhyperpolar homogeneous foliation on
M, then F is harmonic if and only if F is orbit equivalent to the canonical extension of
the trivial action on a boundary component homothetic to the hyperbolic plane RH2.

We say that a foliation F is harmonic if all of its leaves are minimal submanifolds of
M. Equivalently, F is harmonic when the canonical projection from M to the space of
leaves of F is a harmonic map.

As a result of combining Theorem B with [2], Corollary 1.2 states the complete clas-
sification of homogeneous polar foliations of codimension two. Recall that two roots A,
1 € X are said to be strongly orthogonal if A + p is not a root. Two simple roots «,
B € A are strongly orthogonal if and only if they are orthogonal, or equivalently, if they
are not connected in the Dynkin diagram of the root system of 3.

Corollary 1.2. A codimension two homogeneous polar foliation on M is orbit equivalent
to the orbit foliation of a closed connected Lie group whose Lie algebra is:

(a) (a© ) ®n, where v is a 2-dimensional subspace of a, or

(b) (acfl)® (n©L,), where a € A is a simple root, Ly, is a line in go, and £ is a line
in ker a, or

(c) a® (n Sy ® KB)), where o, § € A are orthogonal simple roots, and £y is a line in
gx, A € {a, B}, or

(d) (kera) @ (n©4,), where a € A is a simple root, and L, is a line in g,, or

(e) a®(nov,), where a € A is a simple root, and v, is a 2-dimensional abelian subspace
of 9a-

Examples (a) to (c) of Corollary 1.2 are hyperpolar.

Remark 1.3. The assumption that M is irreducible implies that all the G-invariant met-
rics on M are rescalings of the metric induced by the Killing form. If the space M is
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reducible, then the results presented above still hold if we impose the condition that the
metric on M is (homothetic to) the one induced by the Killing form.

The trivial action is always polar and the whole space is a section of this action. On
the other hand, cohomogeneity one polar actions are automatically hyperpolar. Note
that one can always construct a foliation of the form (i) unless ¥t = {a} consists of
only one simple root and dim g, = 1. These conditions are satisfied if and only if M is
a real hyperbolic plane. Thus,

Corollary 1.4. If M is an irreducible symmetric space of noncompact type where all polar
actions are hyperpolar, then M is the real hyperbolic space RH2.

This contrasts sharply with the situation in the compact setting: polar actions on
irreducible symmetric spaces of compact type and higher rank are always hyperpolar.
This follows from a series of papers by Kollross that concluded in the paper [16] by
Kollross and Lytchak.

We now describe the structure of this paper. In Section 2 we review the basic theory
of real semisimple Lie algebras and symmetric spaces that is needed for our purposes.
In Section 3, we present the list of codimension two polar nonhyperpolar homogeneous
foliations that appear in Theorem B. We also determine the curvature of their sections,
the extrinsic geometry of their orbits, and prove Theorem A. Finally, Section 4 contains
the proof of Theorem B.

2. Preliminaries

In this section we introduce the concepts, notations, and preliminary results that are
used throughout this paper. We follow [13] for the theory on symmetric spaces, and [15]
for semisimple Lie algebras. Since symmetric spaces of noncompact type are Hadamard
manifolds, another interesting source of information is [10].

2.1. Semisimple Lie algebras and symmetric spaces

A connected Riemannian symmetric space of noncompact type can be represented
as a quotient M = G/K, where (G, K) is a symmetric pair. The group G acts almost
effectively on M, and K is taken to be the isotropy group of G at a point o € M that we
fix from now on. Thus, the group G is semisimple with finite center and K is a maximal
compact subgroup of G. The Lie algebra of G is denoted by g. The Killing form B of g
is nondegenerate because g is a real semisimple Lie algebra; B is known to be negative
definite on £, the Lie algebra of K. Let p denote the orthogonal complement of ¢ in g
with respect to the Killing form. Then, g = €& p is a Cartan decomposition of g, and
p can be identified with the tangent space T,M. The Killing form B restricted to p is
positive definite. Let 6 be the Cartan involution associated with the previous Cartan
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decomposition, that is, f]¢ = ide, and 6|, = —id,. The equation (X,Y) = —B(X,0Y),
X, Y € g, defines a positive definite inner product on g that will be used extensively
from now on. We normalize the metric on M so that its restriction to p X p is precisely
the inner product defined above.

As a matter of notation, if v and w are subspaces of g we denote the orthogonal
complement of tv in v as

pow={X€ev:(X,Y)=0, forall Y € w}.

We also denote by vy, the orthogonal projection of v onto . The norm of X € g is
denoted by | X]|.

If F: g — g is a linear map, its adjoint is the map F*: g — g satisfying (F(X),Y) =
(X,F*(Y)) for any X, Y € g. Recall that, for ¢ € G, conjugation by g is denoted by
I,: G = G, h + ghg™'. The map Ad: G — GL(g), g — Ad(g) = I, is called the
adjoint representation of g, and the differential of Ad is the adjoint map ad: g — gl(g)
given by ad(X)(Y) = [X,Y]. Since Ad is a homomorphism of Lie groups and ad is its
differential, they are related by the Lie exponential map Exp: g — G and the matrix
exponential map of GL(g) as Ad(Exp(X)) = e*dX) X € g. Then, it follows that

ad(X)* = —ad(6X), Ad(Exp(X))* = e~ 2d(0X)

Note that ad(X) is skew-adjoint if X € ¢ and self-adjoint if X € p.

We choose a maximal abelian subspace a of p. Any two maximal abelian subspaces of
p are conjugate by an element of K; in particular they have the same dimension, which
is called the rank of M, denoted by r = dim a. If a* denotes the dual vector space of a,
for each A € a* we define

gy={X €g:ad(H)X = A\(H)X, for all H € a}.

If A # 0 and gy # {0} then X is called a restricted root (or simply root). We denote by ¥
the set of restricted roots. Since a is abelian, ad(a) is a commuting family of self-adjoint
operators. The corresponding simultaneous diagonalization

=009 (@g,\)7

AEX

is called the restricted root space decomposition of g determined by a. Here, we have
go = £y P a, where &y = go N € = Z¢(a) is the centralizer of a in €. Moreover, gy = g_x
and [gx, 9,] C gayp for any A, p e X.

We also use the following notation: for A € ¥ we denote by H € a the metric dual of
A, which is defined as (Hx, H) = A(H), H € a. The inner product on g induces an inner
product on a by restriction, and on a* by duality as (A, u) = (Hx, Hy,), A, p € .

The set 3 is a (nonreduced) root system. One can introduce a notion of positivity in
¥ as follows: let Hp be an element of a\ [J,cy, ker A (we say in this case that Hy is a
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regular element). Then, a root A is said to be positive (respectively, negative) if A(Hyp) is
positive (respectively, negative). Furthermore, a positive root « is simple if it cannot be
written as a sum of positive roots. Let X1 be the set of positive roots, and A C 2% the
set of simple roots. We note that any two choices of T (and thus of A) are conjugate
by an element of Nk (a), the normalizer of a in K. The cardinality of A is equal to the
rank of g, and A is a basis of the vector space a. We define n = @, y5,+ g, which is a
nilpotent subalgebra of g. Then, g = £® a & n is a direct sum of vector spaces called
the Iwasawa decomposition of g. The Lie algebra a & n is solvable and its derived Lie
algebra is n. If A and N denote the connected subgroups of G whose Lie algebras are a
and n, respectively, the map K x Ax N — G, (k,a,n) — kan, is a diffeomorphism. The
corresponding decomposition G = K AN is called the Iwasawa decomposition of G. The
connected subgroup AN whose Lie algebra is a®n is simply connected, solvable, and acts
simply transitively on M. Therefore, M is isometric to the Lie group AN endowed with
a left-invariant Riemannian metric. Moreover, the tangent space T, M can be identified
with a @ n. The Lie exponential map Exp: a®n — AN is a diffeomorphism.

Since AN acts simply transitively on M, we may endow AN with a left invariant
metric (-,-)an such that M and AN are isometric via the map g € AN — g - o. The
differential of this map at e is precisely the orthogonal projection of a ® n onto p, and
the metric in AN satisfies (X,Y)an = (Xq,Ya) + 5(Xq,Ys) for every X, Y € a®n.
Furthermore, the Levi-Civita connection of AN is given in terms of left invariant vector
fields as 4(VxY, Zyan = (X, Y]+ (1 — 0)[6X,Y], Z), where X, Y, Z € a®n.

Note that for any X € g we have 2X = (1+60)X + (1 —0)X, where (1+6)X € ¢ and
(1 -0)X € p. We use the following notation in what follows:

B=1+0)gn=1+0g_r=EN(gr®g_n),
pa=1—-0)gr=(1—-0)g_x=pN(gr Dg-x).

Obviously £y = €_, px =p_», and £, Dpy = gr D g_» for each A € T. For X, Y € g,,
we also use the equality (1 —6)[0X,Y] =2(X,Y)H,.

Let A = {ay,...,a,} be the set of simple roots, and {H',..., H"} C a its dual basis,
that is, a;(H7) = §] is the Kronecker delta. We define H* = 37 H’. If A\ € %, then
A =Y"I_, ¢ciy, where the ¢; are integers and ¢; > 0 for all ¢ € {1,...,r} if X is positive,
or ¢; < 0 for all  if A is negative. The integer A(H) = >_7_, ¢; is called the level of the
root A. This determines a gradation of g as

g= @gk, where gt = @ -

kEZ AET
AH) =k

Then, 0gF = g%, k € Z, and g° = go. According to [14], we have gFt! = [g!, g"],
g "1 =g Y 97", k > 1. We also set n* = g¥, k > 1. Thus, n is generated by n'.
We also define p¥ = p N (g @ g=*). Finally, there is a highest root of the root space
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decomposition of g. Let m denote its level. In fact we have g = @, _, gF, n= @], n*,

and p=a® (P, p").
We define the element

0=1 > (dimgy)A.

Aex+

If so: a® — a* is the root reflection with respect to a simple root a € A, it follows
from [15, Theorem 6.57] that s, is induced by an element of Nk (a), the normalizer of
a in K. In particular, dimg,_(y) = dimgy for every A € X. On the other hand, by [15,
Lemma 2.61] s,, permutes all positive roots linearly independent from «, while sending «
to —a. As a consequence, s,(0) = 6 — (dim g, )a— 2(dim ga, ). Taking the inner product
with « yields

2(6, @) = |a|?(dim go + 2dim goy). (1)
2.2. Parabolic subalgebras and canonical extensions

Let @ be a subset of simple roots. We denote by 3¢ the subset of ¥ spanned by ®, and
by Zg the corresponding set of positive roots inside YX¢. Then ¥4 is a root subsystem
of ¥ and @ is a simple system for Xg. We define

ag = ﬂ ker a, loe =go® EB o, ng = @ 9

acd AEX g )\EZ‘F\E;

Then, ag is abelian, [p is reductive, and ng is nilpotent. Moreover, [l¢, ns] C ng.

By definition, q¢ = lp @ ng is called the parabolic subalgebra of g determined by
® [6]. Let mg = lp S ap and go = [lg, ls] = [ma, ma]. It is known that ge is semisimple,
and that mg normalizes ag @ ng. The decomposition e = mg P ag B ng is called the
Langlands decomposition of qe.

We denote by Qg, My, Go, Ap, and Ng the connected subgroups of G whose Lie
algebras are q¢, Ma, go, 0, and ng, respectively. The subgroup Q¢ is the parabolic
subgroup of G associated with ®, and Q¢ = Mg AgNg is the corresponding Langlands
decomposition of Q4 at Lie group level.

We define Bg = Mg - 0 = Gg - 0. Then, Bg is a totally geodesic submanifold of M,
and since G is semisimple, it is a symmetric space of noncompact type and of rank |®|.
This submanifold is called the boundary component associated with ®.

Let Hg be a subgroup of the isometry group of Bg. Since G contains the isometry
group of Bg, it follows that Hg C Gg¢ € Mg. As Mg normalizes AgNo, H = Hp Ag Ny
is a subgroup of G acting isometrically on M, and its Lie algebra is hg @ ag @ ng. The
action of H on M is called the canonical extension to M of the action of Hg on Bg [2].
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2.3. Mazimal solvable subalgebras

We say that a subalgebra b C g is a Borel subalgebra if it is a maximal solvable
subalgebra of g. On the other hand, a subalgebra h C g is a Cartan subalgebra if its
complexification h ® C is a Cartan subalgebra of the complex semisimple Lie algebra
g ® C. In particular, h is abelian [15, Proposition 2.10]. Note, however, that Cartan
subalgebras of real semisimple Lie algebras are not necessarily conjugate.

Any Cartan subalgebra h of g is conjugate to a f-stable subalgebra [15, Proposi-
tion 6.59]. Thus, we can assume that 8 = b, which means that h splits as a direct sum
t@ a, where { C £ and a C p. Both t and a are abelian subspaces of g. In this case, dim t
is called the compact dimension of h, and dima is called the noncompact dimension of
h. The subalgebra t is called the torus part of b, and a is called the vector part of .
We have that a induces a root space decomposition on g. Note that, in principle, a does
not have to be a maximal abelian subspace of p in this case. Root spaces are defined
analogously: for each A € a@*, let

95 = {X €g: ad(H)X = \(H)X for all H € a},

and define  to be the set of all A € @ such that A # 0 and g5 7 0. Since the
family ad(a) consists again of commuting self-adjoint endomorphisms, it follows that
g=00 D (695\62 @5\). Observe that £ C go N € since b is abelian.

We now relate the previous decomposition to the root space decomposition induced
by a maximal abelian subspace a C p containing @. Let X’ C ¥ be the subset of roots
that annihilate a. We then have the following equalities:

i= () ker), QOZQO@(@ gx), &= P o

X/ ey AEX.
Aa=A

Since ¥’ is an abstract root system in (a © @)*, we may give a notion of positivity on ¥
that is compatible with that of ¥’ and X, that is, A € ¥ is positive if and only if A € ¥’
is positive or A € £\ ¥’ and Az € ©T.

Remark 2.1. For the sake of completeness we explain here how these notions of positivity
can be made compatible. One can define a notion of positivity on ¥ by fixing a regular
element Hy € a (that is, \(Hp) # 0 for all A € ) and declaring X € X to be positive if
M(Hy) > 0. We also take a regular element H' € a © @ and define A € ¥’ to be positive
whenever A(H') > 0. We now define Hy = Hy + ¢H’, where ¢ is a positive constant.
Note that for every A € X/) AM(Hy) = e\(H’), so A(Hp) and A(H') have the same sign.
Furthermore, if A € ¥\ ¥/, we have A\(Hy) = \|a(Hy) + e\(H'). Since the set of roots is
finite, we can choose € > 0 sufficiently small so that A(Hy) and \|z(Hy) have the same
sign for all A € ¥\ ¥,
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By [19, Theorem 4.1], any Borel subalgebra b of g is of the form b = t® a @ @ for an
adequate choice of a Cartan subalgebra h = & @, a set of positive elements Xt C 3,
and where it = @55+ §5- We aim to restate this description of b directly in terms of
the root system induced by a.

We consider the subset ® C Y’ of simple roots associated with the positivity criterion
in ¥’. Note that ® C A. Indeed, by the construction of our set of positive roots in X,
we have ® C 3. Suppose o € ® is not simple, so that o = § + 7 for two positive roots
B, v € . Since « is simple in X', we have that 8 and v cannot be simultaneously in
¥/, and combining this with the equation 0 = a(Hy) = B(Ho) + v(Ho), we deduce that
neither 8 nor ~ are in ¥, and either § or v is negative, a contradiction.

To summarize, we have found a subset ® C A of simple roots for which ¥/ = X4 is
the root system generated by ® and the following identities hold: a = ag, go = lp and
n=ne.

We have thus arrived at the following result.

Theorem 2.2. Let g be a real semisimple Lie algebra and b a Borel subalgebra of g. Then
b contains a Cartan subalgebra by. Furthermore, there exists a Cartan decomposition g =
tDp, a maximal abelian subspace a C p, a choice of simple roots A C 3, and a set ® C A
such that b = {®ag®ne, where t is an abelian subspace of s = tNlp = £ D (69/\62; E,\).

We say that a Cartan subalgebra b (resp. Borel subalgebra b) is maximally compact
if its compact dimension is maximal, and maximally noncompact if its noncompact
dimension is maximal. Since @ is abelian in p, we have that § (resp. b) is maximally
noncompact if and only if @ is a maximal abelian subspace of p [15, Proposition 6.47].

If a Borel subalgebra corresponds to a maximally noncompact Cartan subalgebra,
then ® = () is the empty set, @ = ay = a is a maximal abelian subspace of p, and t = t is
a maximal abelian subspace of € [15, Proposition 6.47 and Lemma 6.62]. This implies
ng =n, and thus, b=t adn.

2.4. Polar actions

Let M be a Riemannian manifold and H a connected Lie group acting on M isomet-
rically. Given any point p € M, we denote by H, the isotropy subgroup at p, and by
H - p the H-orbit through p. We assume that the action of H on M is proper, that is,
the map H x M — M x M, (g,p) — (p,g-p) is proper. In this case, isotropy groups are
compact, the orbit space is Hausdorff, and the orbits of the action are closed and embed-
ded submanifolds. If the action is also effective, that is, the only element of the group
acting trivially is the identity element, then H can be assumed to be a closed subgroup
of the isometry group of M acting on M in the natural way. If p € M is any point, we
define the isotropy representation of H at p as the map g € H, — ¢4, € O(T, M), and
the slice representation of H at p as its restriction to O(v,(H - p)). Here, the notation
vp N refers to the normal subspace of the submanifold N C M at p.
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Two isometric actions on M are said to be orbit equivalent if there is an isometry of
M that maps the orbits of one action to the orbits of the other action. They are said
to be conjugate if there is an isometry of M that is equivariant with respect to both
actions.

We start by mentioning the following result, which is a refinement of [8, Lemma 2.5].

Lemma 2.3. Let M be a complete Riemannian manifold and H and H be connected, not
necessarily closed, subgroups of the isometry group of M such that H C H. Suppose
that there exists o € M such that H -0 = H - 0 is a closed subset of M, and the slice
representation of H at o is trivial. Then H and H act with the same orbits.

Proof. Let p € M be arbitrary. Since H - o is closed in M, we may find a point ¢ € H -0
such that the distance from ¢ to p is minimum among all points of H - 0. The first
variation formula implies that the minimizing geodesic joining ¢ and p must leave H - o
perpendicularly. Thus, by homogeneity we may assume that ¢ = o and p = exp,(&,),
with &, € vo(H - 0). Let € € T'(v(H - 0)) be the unique H-equivariant vector field whose
value at o is &, (which exists because &, is fixed by the slice representation of H ). Since
H C H, ¢ is also the unique H-equivariant normal vector field along H - o generated by
&,. Due to [1, Section 2.1.8], we obtain H - p = {exp,((,): x € H-0o} =H-p. O

If H is a closed subgroup of the isometry group of M, we say that the action of H on
M is polar if there exists a submanifold 3 in M such that:

(i) X intersects all the orbits of H, and
(ii) if p € 3, then T, and T,(H - p) are orthogonal.

The submanifold ¥ is called a section. Sections are known to be totally geodesic (see for
example [18]). If the section of a polar action is flat, then the action is called hyperpolar.

In this paper we assume that the action of H on M induces a foliation, that is, the
action does not have singular orbits. We say that M is a Hadamard manifold if it is a
simply connected complete Riemannian manifold with nonpositive sectional curvature.
Riemannian symmetric spaces of noncompact type are examples of Hadamard manifolds.
It follows from [2, Proposition 2.1] that all the orbits of H are principal, that is, all
isotropy groups are conjugate in H.

From [2, Theorem 4.1] we have the following criterion of polarity:

Proposition 2.4. Let M = G/K be a Riemannian symmetric space of noncompact type
with Cartan decomposition g = € ® p. Let H C G be a closed subgroup acting on M in
such a way that its orbits form a foliation on M. We define

by ={¢€p: (& X)=0, forall X €b}.

Then:
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(i) The group H acts polarly on M if and only if bf; is a Lie triple system in p and
[ f;, bf;] is orthogonal to b.
(ii) The group H acts hyperpolarly on M if and only ifljf; is an abelian subspace of p.

Moreover, if le denotes the subgroup of G whose Lie algebra is [f)pl,f)pl] &) hpl, then
Hd- -0 s a section of the action of H on M.

The first criterion of polarity is credited to Gorodski [12].

Recall that a subspace v of p is called a Lie triple system if [v, [0, 0]] C v. In this case
[0,0] B v is a O-stable subalgebra of g and the orbit through o € M of the connected
subgroup of G whose Lie algebra is [v, ] ® v is a totally geodesic submanifold of M.

3. Examples of homogeneous polar foliations

We now introduce the two families of polar homogeneous foliations on M = G/K
whose section is homothetic to the hyperbolic plane, and describe their extrinsic geom-
etry. We assume the notation used in Section 2.

Theorem 3.1. Let M = G/K be a symmetric space of noncompact type and choose an
Twasawa decomposition g =t D adn of g. Let a € A be a simple root, and consider the
following subspaces of a @ n:

(i) s¢ = (a©RH,) ® (noRE), where £ € g is a nonzero vector.
(ii) 5y =a® (nO©v), where v C g, is an abelian plane inside g,

The subspaces s¢ and s, are Lie subalgebras of a @ n. The corresponding connected
subgroups S¢, Sy act polarly on M inducing a codimension two foliation whose section
is a totally geodesic RH? with constant curvature —|a?.

Proof. It is clear that s, and s, are subalgebras of a®n, so we can consider the connected
Lie subgroups S¢, Sy associated with these subalgebras. Since AN acts simply transitively
on M and Exp: a®n — AN is a diffeomorphism, it follows that S¢ and S, are closed
subgroups inducing a homogeneous foliation on M of codimension 2. It remains to show
that both subgroups act polarly.

Firstly, if S = S¢, we see that 5#‘ = span{H,, (1 — 6)¢}. Now, a direct computation
shows that [s;,s,] = R(1 + 0)¢ is orthogonal to s, and [sy, [s;, 5, ]] is spanned by
[Hay (1 4+ 0)8] = |af2(1 — 0)¢ and [(1 — 0)&, (1 + 0)¢] = —(1 — 0)[0¢,€] = —2/¢|* .
We therefore obtain [sy, [sp-, 57 ]] = sy, which means that s, is a Lie triple system.
By applying Proposition 2.4, we deduce that S¢ acts polarly, as desired. Note that if
Sd‘ -0 is the section through o, then Sd‘ -0 is a closed, simply connected, totally geodesic
surface whose tangent space is spL. Its sectional curvature can be calculated using for

example [13, Chapter IV, Theorem 4.2], which yields
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([Ha, (1 0)€), (1 — 0)€], H)

sec(Sy o) (= 0)e2| a2

Ho (L= 0GP _ (40P _
e DEFlal

)

SO Sg- -0 is a real space form of constant curvature —|a|?.

In the case S = Sy, the normal space is ﬁf; = (1—60)v. Choose two orthogonal vectors
¢, m € v with norm 1/v/2. Since [(1 — 0)&, (1 — 0)n] = —2[¢,0n] € &, it follows that
[5p ,5p] R[¢, 6n)] is perpendicular to s. Furthermore, [, On] = [£, On] yields

[(1 - 9)57 [fa 977” = (1 - 9)[5’ [967 TI]] = _(1 - 9)[777 [f 95]]

= (1 0)[n. [ Ho] = —|]*|a*(1 — O)n € 5,
and a similar calculation gives [(1 — 0)n,[¢,0n]] = |al*[n>(1 — 0)¢ € sy, and thus
[5#, [sj,spl]] = sj. Proposition 2.4 readily implies that the action of S, is polar with

section S’pl -0. The same argument given in the previous paragraph allows us to determine
the section by computing its curvature. In this case, taking into account our previous
calculations,

SeC(SJ‘ . 0) - _ <[[(1 - 0)5’ (1 — 9)77]’ (1 — 9)77]7 (1 — 9)§>
’ [(1 = 0)¢?[(1 — O)n|?

= _|a‘27

which finishes the proof. O

The previous theorem shows that the examples that appear in Theorem B give rise to
homogeneous polar foliations. Furthermore, it follows from the next lemma that different
choices of € in case (i) or of v in (ii) give orbit equivalent actions.

Lemma 3.2. Let « € A and k > 1. Then, the group Ky acts transitively on the set of
abelian subspaces of dimension k of ga.

Proof. Following [13, Chapter IX, §2], we consider the Lie subalgebra g* generated by
go and g_,. This Lie algebra is simple and its Cartan decomposition is g% = £~ @ p*,
with £ = £¢N g%, p* = p N g®. It turns out that RH, is a maximal abelian subspace
of p®, and the root space decomposition of g is g% = g_oq ® g—o ® (8§ @ RH,) ®
0o D 920, where £f is the centralizer of RH, in £, and ¢f = € N g“. Let G*, K%, K¢
be the connected subgroups of G whose Lie algebras are g, €%, and €. Then, by [13,
Chapter IX, Lemma 2.3], we have K® = K NG* and K§ = KoNG®*. Therefore, in order
to prove this lemma, it suffices to show that K§ acts transitively on the set of abelian
subspaces of g,,.

Obviously, G¢/K® is a Riemannian symmetric space of noncompact type and rank
one, that is, a hyperbolic space FH", where F € {R,C,H,O0} and n > 2 (n = 2 if
F = 0). Note that g, =2 F"~! and dim gg,, = dimg F — 1. If F = R, then g, is abelian
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and K§ = SO(n — 1) acts in the standard way on g,; this action is transitive on the
Grassmannian of k-planes of R 1. If F = O, then the only nonzero abelian subspaces of
0o = O are 1-dimensional, and K§ 2 Spin(7) acts on O by its irreducible 8-dimensional
spin representation, which is transitive in S7 [5]. Finally, if F € {C,H}, recall that
abelian subspaces of g, are precisely totally real subspaces of g, =2 F*~!. In these cases
we have the standard action of S(U(n — 1)U(1)) on C"~! if F = C, and the standard
action of Sp(n — 1)Sp(1) on H"! if F = H. Thus, if b; and vy are two totally real
subspaces of g, of dimension k, choose an orthonormal basis of v; and an orthonormal
basis of vs. Since v; and by are totally real, these two bases are not only orthonormal,
but F-orthonormal. By definition of U(n — 1) or Sp(n — 1) it is then clear that there is
an element of K§ that maps one basis to the other. This finishes the proof. O

We now exhibit examples (i) and (ii) of Theorem B as canonical extensions of actions
on a rank one boundary component. Let o € A be a simple root, £ € g, a unit vector
and v C g, an abelian plane. We consider the set ® = {a} C A. Then, the subalgebras
constructed in Section 2.2 take the form

lo6 = go @ g—20 D I—a D ga D 924,

ag = kera,
e =n6S (ga ® 024),
me =€ ORH, D g_20 ® g—a D 9o D 920,

and Bg = Mg - 0 is a rank one noncompact symmetric space whose tangent space at
0is T,Bs = RHy @ po @ pao. Consider the subalgebras §¢ = (go © RE) @ gon and
50 = RH, @ (go ©0) D g2 0f go = [Ma, mg]. The corresponding connected subgroups
S'g and S, act polarly on Bg inducing a foliation, due to Theorem 3.1. Recall that the
canonical extensions of the actions of 5’5 and S, are the actions of the subgroups S’EAq) Ny
and SpAeNo, respectively. Observe that & @ agp ® ne = s¢, while 5, ® ap © ne = sy,
and this readily implies that these canonical extensions are precisely the actions of S¢
and S,. We deduce that Theorem B implies Theorem A.

The remaining part of this section will be devoted to computing the mean curvature
of the orbits in each example. To this end, we consider the solvable model M = AN
discussed in Section 2.1. If s C a @ n, we refer to its orthogonal complement in a ® n
with respect to (-,-)an as s*. Note that if S C AN is a Lie subgroup, the isometry
g € AN — g-o0 € M induces an orbit equivalence between the action of S on M and
the action of S on AN by left multiplication.

Recall that if M C M is a submanifold of a Riemannian manifold with second funda-
mental form II, we define the mean curvature vector of M at p as H, = >, 11(e;, €;),
where {e; }; is an orthonormal basis of T, M. In other words, H is the trace of the second
fundamental form. If S C AN is a connected subgroup of AN, it is easy to see from the
formula for the Levi-Civita connection that the second fundamental form of S C AN at
e satisfies the identity



J.C. Diaz-Ramos, J.M. Lorenzo-Naveiro / Advances in Mathematics 472 (2025) 110295 15
1
([L(X, X),m)an = (1 = 0)[6X, X],n) (2)

for each X € s and n € st.
Let us start by discussing foliations of type (i).

Proposition 3.3. Let o € A and & € g, a vector such that (§,&) = 1. All the orbits of S¢
are isometrically congruent. Furthermore, the mean curvature vector of S¢ at e is given
by the following expression:

He = (dim gy + 2dim goy, — 1) Hy.

Proof. Observe that s = kera & (n © RE) is an ideal of a @ n. As a consequence, if
g € AN is an arbitrary point, we have S¢ - g = gg~'S¢g = gS¢, because S is a normal
subgroup of AN. Thus, S¢ - g is isometric to S¢ via the left multiplication by g.

We proceed to compute H,. For this, it suffices to determine the vectors II(H, H) and
IT(X, X) for each H € aand X € g)©RE, where A is any positive root. Given any H € a,
it is clear from (2) that IT(H, H) = 0. On the other hand, if A € X and X € g, is a unit
vector orthogonal to &, we obtain that 1 = (X, X)an = |X|?/2 and (II(X, X),n)an =
(I XPHx,n) = (Hx,n) = <<|’\a’f§> H,,n)an for each n € s+ = span{H,, £}, which means

that II(X, X) = %Ha In conclusion,

1 . . _ 2 1 2
o= om0 (@) + @ing, - Do )i, = 5 (2.0) = o),
rext\{a}

= (dim g, + 2dim go, — 1)H,,
where we have used (1) for the last equality. O

A direct consequence of the previous proposition is that the foliation induced by S¢
consists of congruent minimal submanifolds if and only if 2« ¢ ¥ and dim g, = 1. If this
is the case, then s = ag @ ne for & = {a}, and Bg is homothetic to the hyperbolic
plane. Furthermore, 5 = 0, which means that Sg acts trivially on Bg. More generally, the
extrinsic geometry of the orbits for the solvable part A Ng of a parabolic subgroup was
studied by Tamaru in [24], where he proved that for any choice of ® C A the subgroup
AgpNg induces a harmonic foliation on M whose orbits are congruent.

We now consider the foliations from case (ii). In this setting, the orbits are not isomet-
rically congruent, as their mean curvature does not have constant length. More precisely:

Proposition 3.4. Let o € A be a simple root and v C g, an abelian subspace of dimension
2. Fiz a vector £ € v with |§| = 1, and denote by H; the mean curvature vector of
Sy - Exp(t§) at Exp(t§) and by Lgxpe): AN — AN the left translation by Exp(t€).
Then,
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tlof?

m(dimga + 2dim goq — 1)(tH, — 2€).

(Lxp(—t6) )« Bxp(ie) He =
In particular, the orbit through Exp(tf) is minimal if and only if t = 0.

Proof. Firstly, if g = Exp(t¢) € AN, we deduce that S, - g = g9~ Svg = g(g7'Sug) is
isometric to g~1S,g by left translation. Thus, it suffices to compute the mean curvature
H; of S = g7'S,g at e. To this end, we compute the Lie algebra § = Ad(g—!)s, of
g~ 1S,g. Observe that Ad(g~')s, € a @ n is orthogonal to Ad(g)*v = e *2(%)y with
respect to the inner product (-,-). Given any 7 € v, we have

e 1209y = 5 —¢[0¢,n]  (mod 6n)
== {6 Ho = £ (14 0)[06,1]  (mod 6n)

=n—tnH, (mod ¥t ®on).

Therefore, if we consider an orthonormal basis {,n} of v, it is immediate that the
orthogonal complement of Ad(g~1)s, in a @ n is span{tH, — &,n}. As a consequence,
5= Ad(g71)s, = kera® (n© v) ® R(H, + t|a|?¢). The normal space s+ is given by
st =Rn o R(tH, — 2¢).

Assume H € ker a. In this case, we directly have from (2) that I1(H, H) = 0.

Now, suppose that A € X" and X € gy © v is such that 1 = (X, X)an = %\X|2.
Then, I1(X, X) satisfies (I1(X, X),v)an = 5(|X|*Hx,v) = (Hx,v) = (35520 (tHo —
2¢),v) an for every v € s, and thus T1(X, X) = 55500 (tH, — 2€).

Finally, consider the vector Y = H, + t|a|?¢, whose norm squared is (Y,Y)ay =
la? + 1t2|a|®. Note that (1 —0)[0Y,Y] = 2t|a|*(tH, — (1 — 0)&), so we deduce from (2)

that II(Y,Y) = @(ﬂ{a —2¢). As a consequence, the normalized vector Z =Y/|Y|an

satisfies 11(Z, Z) = % (tH, —2¢). From these calculations, we obtain that the mean

curvature of S at o is given by

=g 3 @med(a) + Wimg. — Diaf ) (¢4, — 20

2 2
2+t |a| rext\{a}
t
= e (20.0) — o) (tHo — 20)
tof2 ,
= 55 o (Hm e+ 2dim g — 1)(tH, - 26),

Finally, note that the existence of an abelian plane inside g, implies that the integer
dim g, + 2dim go,, — 1 is positive, so the orbit through Exp(¢£) is minimal if and only if
t =0, as desired. O
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In particular, the homogeneous foliation induced by S, is never harmonic indepen-
dently of the choice of v. From here, Corollary 1.1 follows immediately.

Corollary 3.5. No polar homogeneous foliation constructed as in case (i) of Theorem B
is orbit equivalent to a homogeneous foliation given in case (ii).

4. Proof of Theorem B

Now we prove that the examples appearing in Theorem B are the only examples of
codimension two homogeneous polar foliations on symmetric spaces of noncompact type.
From [2, Proposition 2.2] we obtain:

Proposition 4.1. Let M be a Hadamard manifold, and let H be a connected closed sub-
group of the isometry group of M acting on M in such a way that the orbits of H form a
foliation. Then, all the orbits of H are principal, and there is a connected closed solvable
group S acting isometrically on M whose orbits coincide with the orbits of H.

Let M = G/K be a symmetric space of noncompact type endowed with the metric
induced by the Killing form. We use the notation introduced in Subsection 2.1. Thus,
K is the isotropy group at o € M, we have a Cartan decomposition g = ¢ @ p, a
choice of maximal abelian subspace a of p that determines a root space decomposition
g=00D (@Aez g,\), and a positivity criterion that selects a set of positive roots L. We
denote by A the set of simple roots. We define n = @, ..+ gx, and recall that £, = goN¢.

Assume that H is a connected closed subgroup of the isometry group G that acts
polarly on M, and that the orbits of H on M induce a foliation. Proposition 4.1 says
that there exists a solvable subgroup S of G whose orbits coincide with the orbits of H.
Let s be the Lie algebra of S. Then, s is contained in a Borel subalgebra b of g. See
Subsection 2.3 for further details. The next result states that we may assume that s is
contained in a maximally noncompact Borel subalgebra.

Proposition 4.2. The leaves of a homogeneous polar foliation on M = G/K coincide,
up to isometric congruence, with the orbits of a connected closed solvable subgroup S of
G whose Lie algebra s is contained in a mazimally noncompact Borel subalgebra of the
form t ® a @ n, where t C &y is abelian.

Proof. By Proposition 4.1 there is a solvable subgroup S of G whose orbits form the
homogeneous polar foliation under investigation. According to Theorem 2.2, we may
assume that s is contained in a maximal solvable subalgebra of the form { @ ap @ no,
with £ C €5 an abelian subspace, and ® C A a subset of simple roots. In particular, the
tangent space of S - o at o, as a subspace of p, is contained in (1 — 0)(agp ® ng). As a
consequence,
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(aCap)®(1—-0)(nSng) = (@RH)@(@ IJ,\)Q%L,

acd xexy

where 5# ={¢ep: (¢ s) =0}, according to the definition given in Proposition 2.4. Let
A€ Z;ﬁ be arbitrary, and X € gy. Then, since Hy, (1—-60)X € 5#, and the action of S is
polar, it follows from Proposition 2.4 that [Hy, (1 —0)X] = (1+6)|\|?X is orthogonal to
5. Thus, s is orthogonal to @A€E+ £, and is therefore contained in (tﬂ t)) @ ag Dng C
(tNty) ®ad@n, with t = tN & abelian. O

In view of Proposition 4.2, if S is a closed solvable subgroup of G acting polarly on M
and such that its orbits induce a foliation on M, we may assume from now on that the
Lie algebra s of S is contained in a Borel subalgebra of the form t® a@®n, where t C £ is
abelian. From now on we assume that the action of S on M is polar, but not hyperpolar.
Recall from Proposition 2.4 that 5,1; is a Lie triple system (but not an abelian subspace)
and [sy, 5o

Moreover, [5#,5#] @ 55‘ is a reductive Lie algebra and the orbit through the origin

] is orthogonal to s.

of the subgroup Sd‘ whose Lie algebra is this one is also a symmetric space. Since it
is two-dimensional and not flat, it must be homothetic to a real hyperbolic plane RH2.
Because RH? has constant curvature, it follows from [13, Chapter IV, Theorem 4.2] that
there exists a constant C' > 0 such that ad(£)?(n) = Cn for any pair of orthonormal
vectors &, n € 5pl.

Our next step is to prove that 5# is contained in a @ p'. We recall that n! = Pca 9a
and p' = (1 — 0)n* = @, ba- We consider the vector subspace

5=s5+@mon') —s+( b gx)
AETH\A

Since tda normalizes all root spaces and [n,n] C nonl, it follows that 5 is a subalgebra
of t @ a @ n containing s. In particular, sqgn C Sqqn, 50 the codimension of §,q, is less
than or equal to two.

Lemma 4.3. Let q be a Lie subalgebra of t&a®n and A € X7, If gx C qagn and there
exists H € a N qagn such that \(H) # 0, then gy C q.

Proof. Take X € gx C qagn. Then there exist vectors T, T" € t such that T + H,
T+ X € q. In particular, ad(T)X + A\(H)X = [T+ H,T' + X] € q. This means that the
linear map ad(T") + A(H)idg, preserves g, and carries gy to q. Since T' € t, the linear
transformation ad(T') is skew-adjoint, so ad(T") + A(H)idg, is a linear isomorphism and
it follows that gy Cq. O

Now we can rule out the possibility that §,¢, has codimension zero.

Lemma 4.4. §4¢n # a ® n.
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Proof. Assume that §,q,, = a @ n. Both a and all root spaces corresponding to positive
roots are contained in §4q,. By Lemma 4.3, it follows that n C s.

Let m denote the maximum possible level of a root. We define k € {0,...,m} to be
the smallest integer for which ... pnm Cs. We want to show that &k = 0. On the
contrary, assume that k£ > 1. Let A € X1 be a root of level k. As n! generates n, the root
space g, is generated by elements of the form

ad(Xl)---ad(Xk_l)Xk, X; Gnl.

Since n € 5§ = 5 + (n©n'), we can choose Y1,...,Y; € n©n! such that X; +Y; € 5 for
each i € {1,...,k}. Hence, ad(X; + Y1) ---ad(Xj—1 + Yi—1)(Xk + Y%) € 5. By using the
fact that [n",n®] C n"** we have

ad(X1+ Y1) -ad(Xg—1 + Y1) (X + Vi) =
ad(Xl)---ad(Xk,l)Xk (mod I‘lk+1 @"‘@ﬂm),

so we obtain ad(X) - --ad(Xy_1) Xy € s. This means that gy C s, and as a result, n* C s,
contradicting the definition of k.

Therefore, k = 0 and n C s. In particular, sj C a must be an abelian subspace,
contradicting the fact that our action is not hyperpolar. Thus, the case §4¢n = a @ n is

not possible. O

Before analyzing the remaining possibilities for the codimension of §,5, we need the
following result.

Lemma 4.5. Assume that V € a @ n is nonzero and orthogonal to s. Then:

(i) If V € a, then sé‘ = RV & (1 — 0)Rn,, where n, € go is nonzero and a € A.
Furthermore, V is proportional to H,.

(ii) If V € go for a € A, then sy = (1 — 0)(RV & R(aH, + 15)), where a € R,
Na € §a © RV, and [V,n,] = 0.

(iii) If V. = Hy + &, where @« € A and & € go S a nonzero vector, and g =
Exp(—£./|€al?) € N, then Ad(g)s C t @ a @ n is orthogonal to &,. In particu-
lar, (Ad(g)s)j = (1-0)(Ré& ® R(aHs +14)), for a € R and 1y € ga © RE,.
Furthermore, [, Na) = 0.

Proof. We prove (i). Assume V' € a. Since a C p, this means V' € ﬁf;. Choose any unit
vector ) =10 + eyt (1 = 0)a € Sf; orthogonal to V', where 19 € a and 7, € g, for
each A € X7. Since the action of S is polar nonhyperpolar, [V, 7] is a nonzero vector
orthogonal to s. Note that

Vil = (1+6) > AV,

Aex+
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and recalling that én is orthogonal to s, we obtain

(1-6) > AMV)nx € sy ORV =Ry,
Aex+

so o = 0 and A(V) = p(V) for every pair of roots A, € 7 such that nx,n, # 0.

Suppose p, v € ¥ are two different roots such that 7,7, # 0. Hence, (H,_,,V) =
(V) —v(V) =0 and (H,—,,n) = 0, so H,_, € Sqen. Therefore, we may choose a
T € tsuch that T'+ H,_, € 5. An analogous argument shows that 7, + an, € Sagn for
a = —[nul?/|m.|* <0, so there is a vector T” € t such that 7" + 1, + an, € s. Hence,

(T, n.] + alT, ] + (n— v, pynu + alp —v,v)yn, = [T+ Hyp, T + 1, + any] € s N

Since ad(T) is skew-adjoint (because T' € ) we deduce [T,7,], [T,1,] € Sagn. Thus
(w— v, p)n, + a{p — v,v)n, is also in sqgn. Observe that

1 a 2
(w—v) alp—wp)| = 0
which implies that 7, + an, and (@ — v, u)n, + a{p — v,v)n, are linearly independent
vectors in Sqen. Therefore, 1, 1, € Sagn must be orthogonal to 7, contradicting the fact
that they are nonzero. We thus obtain that only one of the 1), can be nonzero, that is,
n=(1—0)n, €p, for some p € XF.

We now prove that p is simple. If 4 = § 4« were a sum of positive roots 3, v € X+,
then 7, € g, = [93, 9], S0 we may write 1, = Zle[Xi,YiL where X; € gg and Y; € g,
for each . Clearly, gg + gy C Sagn, Which means that for each 4 there are vectors Tj,
T! € t such that T; + X;, T/ + Y; € 5. As a consequence,

k k
DT Y+ (X0 T+ (X, Yil = ) [Ti+ X, T) +Yi] € 5.

i=1 i=1

Note that each [T;,Y;] is in gy C Sagn and each [X;,T/] is in gg C Sqgn, which implies
that 7, = >,[X;,Yi] € Sagn, contradicting that 7, is nonzero. We deduce that p € A,
so we may write s;- = RV @ (1 — 0)1, where a = p € A.

As V and (1—6)n, are orthogonal, we know that the vector ad((1—8)n4)?V is nonzero
and proportional to V. Taking the inner product with an arbitrary vector H € a, we see
that

(ad((1 = 0)1a)*V, H) = ([(1 = O)na, V], [(1 = 0)na, H])
(1 +0)a(V)na, (1+ O)a(H)na) = 2nal*a(V)a(H)
= (2Inaa(V)Ha, H),
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which means that V is proportional to ad((1 — 0)1,)?V = 2|0 |?a(V)H, (this vector is
nonzero due to the action not being hyperpolar), and thus to H,. This proves the first
assertion.

Now we prove (ii). Assume V € g, for a simple root o € A. Choose a nonzero vector
n=10+Y rex+ (L =0 € ﬁpl, where 19 € a and 1y € gy for each A € X1, such that
(V,m) = (V,n4) = 0. We may assume that 7 is not in a. Indeed, if n € a, then we are in
the conditions of item (i), and we directly obtain that n is proportional to H,,, proving
our claim. Let 4 € X be a positive root with 7, # 0.

For now, let us suppose that we can choose u so that u # a.

We first prove that 7y € RH,. Assume otherwise, so there exists a vector H € a
such that (H,no) = 0 and (H, H,) = pu(H) # 0. Then H € 84y, so there exists T € t
such that 7'+ H € s. On the other hand, 7y + an, is orthogonal to both V and 7 for

—In0l?/|nu|? < 0, which implies that no + an, € Saen, and there exists 7" € t such
that 7" + no + an,, € s. In particular, a[T,n,] + ap(H)n, = [T + H,T" +no + an,] € s,
so 0 = (a[T,n,] + ap(H)nu,n) = ap(H)|nu|?, a contradiction.

We now prove that 7, = 0 for every A € 1\ {u}. If X is a positive root linearly
independent with p, and 1y # 0, we may find H € a such that pu(H) = 0 # A(H). Since
1o € RH,,, this implies that H € sqgq, and hence, there exists T' € t such that T+ H € s.
Furthermore, 1,,+bny € Sqgn With b = —|n,|?/|nx|> < 0, and there exists T” € t satisfying
T'+n,+bnx € s. As a consequence, [T, 1,]+b[T, n\]+0A(H )y = [T+H, T'+n,+bn] € s.
In particular, 0 = ([T, n,] 4+ b[T, n\] + bA(H)na, n) = bA(H)|nx|?, a contradiction. On the
other hand, if 2 € ¥ and 1y, # 0, a similar argument yields that there is T' € t such
that T+ H, + an, € s, for a = —u(no)/|n.|?, and T” € t such that T" + 1, + by, € s,
where b = —|1,|*/|n2,|* < 0. Thus,

0=(T+H,+an, T +n,+ bl n)
= ([T, mu] + O[T, mpa] + | + 26|l *n2p + aln, T',m) = — |l |n,?,

contradicting our choice of p. This implies 73, = 0 (and an analogous argument shows
that 7,/ = 0 in the case that ;/2 € ¥F).

To summarize, we have obtained n = aH,, + (1 — 0)n,, for some constant a € R, and
1 is a root different from o with 7, # 0.

Assume a # 0. Since s is a Lie triple system, ad((1 — #)V)?n is proportional to 7.

p
Since for any H € a we have

(ad((1 = O)V)?n, H) = —([(1 = )V, 1], [H, (1 — 0)V])
—(A+0)(=alo, WV + [Vo] = [0Vin,]), a(H) (1 + 0)V)
= 2a<a, :U'HV‘QO‘( )= (2a<a, /‘>‘V|2Ha7 H>7
it follows that ;1 = a or u = 2«. This last case is not possible, because by Proposition 2.4,

(14 0)(—2alal?V — [0V, n24]) = [(1 — )V, aHaza + (1 — 0)124] would be orthogonal to s.
This would imply that [0V, n2,] is proportional to V', and thus,
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0= [V,[0V,n2a]] = =[OV, [112, V]| = [112, [V, OV]] = =[[V[* Ha, m20] = =2[0?|V [*112a,

contradicting the fact that 72, # 0. We conclude that p = a.

Suppose now that a = 0, so n € p,. Since a,gaty € Sa@n, We obtain goiy C s
by Lemma 4.3. The vector [(1 —6)V, (1 —0)n,] = (1 + 60)([V,n.] — [0V, n,]) is nonzero
and orthogonal to s. Combining this with the fact that go4, C s, we get [V,n,] =0, so
(1+6)[0V, n,] is nonzero and orthogonal to s. This now implies p—a € £ and [0V, 7,] €
(a®n)Os. Furthermore, we must have y = 2« and thus, [0V, 7n,] € ((adn)os)Ng, = RV.
Therefore,

0=[V,[0V,n2a]] = ~[112a, [V, 0V]] = =2[a*|V[*124,

which yields a contradiction.

We now assume 7, = 0 for every p € X1\ {a}. As a consequence, n =1 + (1 — 0)14,
with (V,;n,) = 0. We only need to prove that ng € RH,. Indeed, if 7 is not proportional
to Hy, there exists H € a such that (H,n9) = 0 and a(H) # 0. Therefore, H € sqgn,
so we may find T € t satisfying T'+ H € s. Similarly, by taking ng + zn, with z =
—[m0l?/|nal? < 0, we obtain 19+ 214 € Saqn, 0 T + 10+ 204 € s for an adequate 17" € t.
Thus, 0 = ([T + H,T' + 1o + 204, n) = xa(H)|n.|?, contradiction. Hence, we may write
n=aHy+ (1 —0)n, with a € R, 1, € go © RV, and spl =R(1-0)V @ Rn.

If a = 0, then note that a, goy, C Sagn, and Lemma 4.3 implies goq C s. Together
with the fact that [(1 —6)V, (1 —0)n] = (1 +0)([V,na] — [0V, n4]) is orthogonal to s by
Proposition 2.4, we get [V, 7,] = 0.

If a # 0, we can take the triple bracket [, [, (1—0)V]], which is in s;- C a@p’. Then,
for any X € gou:

0={[n[n,(1=0)V],X) =(In,1—0O)V], [n, X]])
= <(1 + 9)(a|04|2v + [na,V] - [97704’ V])v2a|a|2X - [anavXD
= —ala*(V, [0na, X]) + 2alaf*([na, V], X) = =3alal*([V, 14, X),

and this yields [V, 7,] = 0, as stated. This finishes the proof of (ii).

To prove (iii), assume V = H,, + &, for a nonzero &, € g, where a € A, and consider
g = Exp(—£,/|€4]?) € N. Then, the isomorphism Ad(g) preserves the subalgebra t&a®n,
and therefore, Ad(g)s C t®adn is the Lie algebra of gSg~—!, which induces a homogeneous
polar foliation on M with a non flat section. Observe that
|o?

Ad(g_l)*(Ha +§o¢) _ e—ﬁg ad(@fa)(Ha +§Q) = ga — 2|§ ‘2

0o,

which means that Ad(g)s C t® a @ n is orthogonal to &, as desired. The rest of the
assertion follows from (ii). O
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Now we continue with the proof of Theorem B. Recall that § = s+ (n©n'). According
to Lemma 4.4, §4gn 7# a @ n, so either §,4, has codimension one or two in a @ n.

If 8,gn has codimension two, we have §4qn = Saqn, Which is equivalent to 5# Cagph.

On the other hand, if 544, is a codimension one subspace of a@®n, then by [3, Proposi-
tion 5.4] we have S,¢n = (a®n) ©RE, where € satisfies one of the following possibilities':

(i) { €.
(ii) & € g, for a simple root a € A.
(i) € = Hy + &a, where &, € g, is a nonzero vector and « € A.

Note that £ is also orthogonal to s. Hence, by Lemma 4.5, we obtain that 5# may be
assumed to be in a @ p' after conjugation by an element of N. The next step is to
determine the orthogonal projection sqqn.

Lemma 4.6. The action of S is orbit equivalent to the action of a connected closed sub-

1
p

in a®pl, and Epl Nyt # 0. Equivalently, the orthogonal projection of Ej on a s not

group S whose Lie algebra § is contained in t © a ®n, the normal space 5, is contained

two-dimensional.

Proof. Assume s, N p' is trivial. Let ¥ = {a € A: my, (s57) # 0}, where 75, : g = ga
denotes the orthogonal projection. Since the action is not hyperpolar, ¥ is a nonempty
subset of A. We prove a¥ = @,y RHy C ma(sy ). Here my denotes the orthogonal
projection onto a. Indeed, assume H € a & ﬂu(sj). Then there exists a vector T € t
such that T'+ H € 5. On the other hand, let & € ¥. We may find two vectors £ = &y +
> pea(l=0)§g and n =10+ 5, (1 —O)1p in s, such that £, # 0 and (£4,74) = 0. By
our assumption, & and 7 are linearly independent, which implies that there exist unique
constants x, y € R such that &, + x€y + yno € Sagn. In particular, we may find 77 € t
satisfying T'+&,+x&o+yno € 6. Thus, [T, &u]+a(H)E, = [T+H, T +&o+2&+yno] € s.
Taking the inner product with &, we deduce a(H) = 0. All in all, we obtain a & mq(sy) C
ay = Naew kera, so a¥ C m4(s4) (in particular, ¥ has either one or two elements).

In order to prove the result, we assume first that for all a € ¥, the orthogonal
projection my, (sf;) is one-dimensional. Thus, we can take two orthogonal vectors & =
§0+ Y ey (1—0)éq and n =1+, cy (1 —0)n, that span s;-. Since the action is polar
nonhyperpolar, the vector [£,7] is nonzero and orthogonal to s. Observe that, because
U CA, [0n,n] €Eaforalla € U and a — f ¢ X, we have

& = (1+0) [ D (al6o)na — almo)éa) + Y [€asnsl

acV a,feV

1 Note that Berndt and Tamaru’s proof does not rely on the additional condition that they impose on s,
namely, that s Nt = 0.
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Since On and s are orthogonal, we obtain

(1=0) | > (aléona — alm)éa) + D larns] | €55 Camypl,

ac¥ a,BeV

which means that all terms in p? cancel out and 5#‘ Np! # 0, a contradiction.

Now, assume that there exists o € ¥ such that mg_ (sf;) is two-dimensional. Since
H, € 7'('[1(5#), we may find Ho + 3 504(1 —0)§s € 5#, with each &g € gg, and &, # 0,
for dimension reasons. Consider the element g = Exp(—&,/|€4|?) € N. Then the action
of S is orbit equivalent to the action of gSg~—!, whose Lie algebra is Ad(g)s C t® a @ n.

Note that the equality

Ad(g_l)* (Ha + Z gﬂ) Z 55 2|£ ‘2
Be¥

BEW

and (fn,s) = 0 imply Y- 5.4 (1—0)&s € (Ad(g)s)y Np'.

To conclude, it suffices to prove that (Ad(g)s)j C a @ pl. This is the case if the
projection of Ad(g)s + (n © n') onto a & n has codimension 2. As the projection of
Ad(g)s + (n © n') onto a ® n cannot be a & n by Lemma 4.4, our assertion is false
whenever this projection is of codimension one, that is, when the orthogonal complement
of Ad(g)s in a @ n is spanned by > 5.y §s. By [3, Proposition 5.4], (g = 0 for all simple
roots 8 # a, and by Lemma 4.5(ii) we have (Ad(g)ﬁ)f; =(1-0)(R& @ (aHa +14)) for
a € R and 7, € go. Thus, (Ad(g)s)# C a®p', contradicting the fact that the projection
of Ad(g)s + (n©n') onto a ® n has codimension one. O

Due to the previous lemma, we may assume that 5#‘ N p! is a nonzero subspace of g.
First we need:

Lemma 4.7. Let S be a closed subgroup of G whose Lie algebra s satisfies s Ct@ adn,
and the orbits of S form a homogeneous foliation on M. Let V € n be a vector such that
(1-0)V €sy and g =Exp(V) € N. Then sNt=Ad(g)(sNt) = Ad(g)(s) Nt

Proof. Since the orbit S- o is principal, we have [sNt,s,] = 0. Hence, [sNt, (1 —0)V] =
(1-6)[sNt, V] = 0, which means ad(V)(sNt) = 0 and Ad(g)(sNt) = (V) (sNt) = sNt. On
the other hand, sNAd(g—!)¢ is the isotropy algebra of S at g~ -0, and since all orbits have
the same type, it follows that dim Ad(g)s N€ = dims N Ad(g~!)¢ = dimsNt = dimsNt.
Since s Nt = Ad(g)(s Nt) C Ad(g)(s) N ¢, the equality follows. O

The next result is needed later to handle the two examples in Theorem B simultane-
ously.

Proposition 4.8. Let S be a connected closed subgroup of G inducing a homogeneous polar
foliation on M. Assume that its Lie algebra is contained in a mazimally noncompact
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Borel subalgebra t® a @ n, and Sqgn = 3 S (NS v,,), where v, is an abelian subspace of
Ga, @ € A, and 3 is a subspace of a. Let S be the connected Lie subgroup of G whose Lie
algebra is § = 3 (n S v,). Then, S and S have the same orbits.

Proof. Denote by s¢ the orthogonal projection of s onto t. We start by proving that
§ = 5¢®5 is a Lie subalgebra of g. Since [gx, g,] € gatp, for A, u € X1, and t is abelian,
centralizes a, and normalizes each root space, this amounts to proving the inclusion
[5&904 S) Uoz] g Ja © b,.

Let U, V € v, and T € s¢. We choose X € a@®n, such that T4+ X € s. Since the
action of S is polar, we know that [513{5#] is perpendicular to s. Thus,

0=([(1-0)U,(1-0V], T+X) = (—(1+60)6U,V], T)
= —2([U,0V], T) = —2(U, [V, TY)).

This proves [s¢, 0] C go © V4.

Let T € sNtand V € v,. Since s Nt C s¢, we have [T, V] € g, ©0,. Let X € g, O 0,.
Then there exists Tx € t such that Tx + X € s. Thus, [T, X] = [T, Tx + X] € s, and
hence, ([T, X], V) = 0. We have proved [s Nt,0,] = 0.

Let T: § » 5.0 (sNt), X — T, be defined by Tx + X € s. This map is well-defined:
if Tx, T% € t are such that Tx + X, T% + X € s, subtracting, Tx — T% € s N t. Note
that T is surjective.

Given a nonzero V € v, we define @y : g, S0y — go O 0, by Oy (X) = [Tk, V]. We
prove that @y is self-adjoint. Indeed, given X, Y € g, © v, C &, we obtain [Tx,Y] +
(X, Ty] + [X,Y] = [ITx + X,Ty + Y] € 5, which means

0=V [Tx +X, Ty +Y]) = =([Tx, V], Y) +([Ty, V], X) = = (@ (X),Y) + (X, Dy (V).

We now prove that &y = 0. Assume this is not the case, so by the spectral theorem,
there exists a nonzero vector X € g, © v, and a nonzero constant A € R such that
Dy (X) =X,

Observe that [V, Tiy, x1] = 0. Indeed, [V, Tiy,x]] € ga © ba, and given any Y € g, © v,
we obtain

0={Ty + Y, Tivx) + [V, X], V) = [Ty, [V, X]] + [V, T{v,x]], V)
= <[Y7 T[V,X]]v V> = _<K [‘/7 T[V,X]]>7

which implies [V, Tjy, x]] = 0.
Now, consider g = Exp(3V) and Z = Tx + X — %(me] + [V, X]) € 5. Then

1 1 1
Ad(9)Z = &3 V) (T + X = STy x) - 5[V, X])

1 1 1 1
=Tx +X — ﬁme] — 5[V, X+ X(—AX + [V, X]) — 2—/\2/\[V,X]
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1
=Tx — ﬁT[V’X] S Ad(g)(ﬁ) Nt

By Lemma 4.7, we obtain Ad(g)Z € sNt, and thus, Z € Ad(g~!)(sNt) =sNt, a
contradiction. We conclude that @y is the zero map for every V € v,. Since &, = 0 we
have [Tx,V] =0 for every V € v, and X € g, S b,.

Now, let H € 3 and X € g, ©v,. Since the vectors Ty + H and Tx + X are in s, their
Lie bracket [Ty + H,Tx + X| = [Ty, X| + (H)X is also in s, and because X € g, © v,
we deduce that [Th, X]| € go © v,. As a consequence, ad(Tr) preserves g © 04, SO it
also preserves v, as it is skew-symmetric. Similarly, suppose that Y € g, is any vector,
with A € X7\ {a}. We see that [Ty, X]| + [Y,Tx] + [V, X] = [Ty + Y, Tx + X] € 5, so
taking the inner product with any V' € g, we obtain that 0 = ([Ty, X], V). This means
that ad(Ty )(ga © 04 ) is contained in g, © v, and the skew-symmetry of ad(Ty) yields
ad(Ty ) (va) C 4.

All in all, we have seen that [s¢ & (s Nt), v,] Cv,. Let T € 5,6 (sNt) and V € v,.
Then, the skew-symmetry of ad(T) implies that [T, V] € v, © RV. Choose X € s4gn
such that T+ X € s, and let W € v, © RV be arbitrary. As the action of S is polar and
v, is abelian, we see that

—2[V, W] = [(1L = )V, (1 — 0)W] € &
is orthogonal to s, and as a consequence we deduce that
0=(T+X, [evv W]> = <[T’ V]7 W>7

which means that [T, V] =0, so [s¢ © (s Nt),0,] = 0.

Combining what we saw in the previous paragraph with [s Nt,0,] = 0, we arrive at
[5¢, 4] = 0. Therefore, by skew-symmetry of the elements of t, we get ([5¢, §o O V4], 04) =
(ga © 04, [5¢, 0a]) = 0. Since t normalizes g,,, we finally get [s¢, go © V4] C gq © V4, which
in turn implies that § =5, B3 ® (NS v,) = 5¢ B Sagn is a Lie subalgebra of t® a @ n.

We can therefore consider the connected subgroup S of G whose Lie algebra is 5. We
prove that S , S and S have the same orbits. Note that a priori we do not know if S is
closed, and thus the action of S may not be proper. Since S C S and Sapn = Sagn =
3® (nOv,), we deduce that S-0 = S- 0. The same argument may be applied to see that
S-0=80In particular, S -0 = S.0=5-0is simply connected (because AN is an
exponential Lie group acting simply transitively on M), which means that the isotropy
subgroups SN K and SN K are connected. As a consequence, the slice representation of
S at o is trivial because [§ N t,5,] =[5, (a03) @ (1 —0)v,] = (1 —6)[s¢, ba] = 0. Hence,
using Lemma 2.3 twice, the groups S, S, and S act with the same orbits. O

Since we can assume that 5,1; N p! has dimension one or two, we tackle these two
possibilities separately.
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4.1. The case Sf; Cpt

Assume 5# is contained in p'. We have that a and n © n! are subspaces of sqqn.
A direct application of Lemma 4.3 gives n ©n! C s. Let £ = > ., (1 — 0)&, and
N =2 qer(l = 0)na be orthonormal vectors in 5#‘, where £y, Mo € go. Since the action
is polar nonhyperpolar, [&,7] = (14 6) (3, sen[€ar 18] — [0asns]) is a nonzero vector
orthogonal to s. By using the fact that n ©n' C s and [0¢,, 7] = 0 when 3 # «, we

deduce [gm 7704] =0, and [gm 775] + [5577704] = 0. Thus, [5777] = _(1 + 9) ZaeAwgaana]'

Since 55‘ is a two-dimensional Lie triple system, it determines a totally geodesic sub-
manifold that is isometric to a real hyperbolic space. Hence, there exists C' > 0 such that

ad(€)?n = Cn. Thus, we have for every a € A,

O<§a:"7a> = C<§o¢a77> = <§avad(§)277> = <[§7£o¢]7 [5#7])
= (D", 6al — [Par €al, (14 0) D [6,,m,])

BEA yEA

= (6al*Hay (1 +0) Y1065 m5]) = 0.

BEA

Proposition 4.9. s,¢n = (a ® 1) O v,, where v, is an abelian subspace of go,.

Proof. Let A\, p € A with &, £, # 0. Since (£q,7.) = 0 for all simple roots o € A,
taking x = —[6,\]?/]€.]% < 0 we have &\ + 2, € Sqqn. Hence, we may find a T € t
such that T 4 &\ + €, € s. On the other hand, choose a vector H € a with A\(H) =
0 and p(H) # 0. Since a C Sqqn, there exists 77 € t such that 7" + H € s. As a
consequence, [T7,&x\]+x[T", &, +ap(H)E, = [T"+ H, T+ &\ +2€,] € 5. This means that
0={([T",&]+z[T", &) +axp(H)EL, >, (1—0)E) = zu(H)|E,|?, which is a contradiction.
Thus, £ = (1 —0)¢, for a fixed simple root o € A. The same argument can be applied to
conclude that n = (1 — 6)&s for a simple root 8 € A. We now prove that a = . Indeed,
if o # B, we have [£,1] = (1 — 0)([€a, 18] — [0€a, 1)) = 0, contradicting the fact that S
has a non flat section.

Finally, v, = R, @ Ry, is abelian due to the discussion at the beginning of this
case. 0O

The expression obtained in Proposition 4.12 together with Proposition 4.8 with 3 = a
imply now that the action of S is orbit equivalent to item (ii) of Theorem B.

4.2. The case dim(sy Np') =1

In this setting, we can choose two orthonormal vectors & = &y + ZaEA(]‘ — 0)€a and

N = genll = 0)nq that span 5#‘, where & € a is nonzero and &,, N, € go for each

a € A
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Since a — 3 ¢ ¥ for a, B € A, a # 3, we have

& = (1L+0) (3 (al€o)na — Barmal) + Y [Eansl).

acA a,BEA

Recall that ad(¢)%n = Cn for a positive constant C' € R. In particular, for any H € a,

0= (Co, H) = (ad(€)*n, H) = ([¢.n, 16 H]) = —([€0), (1+6) 3 (H)E,)

yEA
= =23 alo)alH)(Eus1a) = (=2 Y al€0) Easna) Has H),
acA aEA
which implies —23 -\ @(&0){(§a; o) Ha = 0. Therefore,
(£0)(§asMa) = 0, for every a € A. (3)

On the other hand, since ad(n)2¢ = C¢, for any H € a,

Cleo, H) = (CE&, H) = (ad(0)*€, H) = (0,8, bn, H)) = ([&,n], (1+6) 3" 4 (H), )

YEA
=2 a(@)alH)nal? = (23 alé)lnal*Ha, H).
acA a€EN
we obtain
Cé =2 (&) nal*Ha. (4)
aEN

Similarly, let o, 8 € A be arbitrary, and X € go+g. Then,

0= (C& X) = (ad(n)*€, X) = ([0, &), In X)) = ([&. ), D (1%, = X, 0m,]))

HEA

= (3 Aoy YK 0m5]) = D7 (o) [ ms], X)

yEA JEA v¥,0€A
= (a(0) [N ns] + B(&0) 08, Mal, X)-

Consequently, for any two simple roots a, 8 € A, [(a — 8)(&o) N> ] = 0.
Lemma 4.10. We have (£4,14) = 0 for all a € A.

Proof. We define ¥ = {a € A: 1, # 0}. We show that ({4, 7,) = 0 for each o € V.
From (4) the map o € ¥ — «(§y) cannot be identically zero. Thus, fix o € ¥ such
that a(&y) # 0. Hence (3) already implies (€4, 74) = 0.
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Assume 8 € VU satisfies (£3,75) # 0. In particular, from (3) we have §(&§) = 0. If
(a, B) # 0, the linear map ad(ng): ga — ga+p is injective. From [(a — B)(&o) a,np) = 0
we deduce (o — 8)(&0)na = 0, so a(&) = () = 0, contradiction. Thus, («,3) = 0.
Furthermore, note that Hg € sqgn because 5(§) = 0, so there exists T' € t such that
T + Hg € s. On the other hand, & + 21, + Y15 € Sagn for y = —|&|?/(€s,mp) # 0 and
z = —ylng|*/|Inal* # 0, so T" + & + ana + yns € s for an adequate T” € t. Thus,

0=([T+Hg,T' + & + 21 + yns), 0)

= (@[T, 1a] + y[T, 0] + yIB1*ns, 1) = ylBIInsl?,
which gives us a contradiction. Therefore, (£3,m3) =0 forall € A. O

Proposition 4.11. There exists a simple root o € A and a constant a € R such that
E=aHy+ (1 —-0),. If &, =0 (that is, if € € a), then n = (1 — O)n,.

Proof. Firstly, suppose £ € a. Then, a direct application of Lemma 4.5 implies that n =
(1 —6)n, for a simple root a € A. In particular, (4) is reduced to C&y = 2a(&0)|na|? Ha,
so & € RH,, and the proposition follows.

Now, assume &y ¢ a, and let & € A be a simple root such that &, # 0. We prove that
€=aH, + (1 —0),.

Suppose that & is not proportional to H,. Then there exists H € a such that (H, &) =
0 and a(H) # 0. As a consequence, H € $4q,n, and there exists T' € t for which T+ H € s.
On the other hand, & + 2, € Sagn for z = —[&|?/|€a]? < 0 (because (£a,70) =
0 by Lemma 4.10), and we may choose T’ € t such that T' + & + 2§, € s. Thus,
[T+ H,T' + & + x&] = z[T, &) + za(H)E, € s. Taking the inner product with & yields
ra(H)|€a|? = 0, a contradiction.

Hence & € RH, for any a € A. The fact that simple roots are linearly independent
together with (4) implies {g = 0 for every € A\ {a}. O

So far we have proved that £ must take the form aH, + (1 — 0), for a nonzero a € R
and &, € g, (which may be zero). If £, = 0, then we also know that n = (1 — 6)7,.
If £, # 0, then the third statement of Lemma 4.5 implies that the action of S is orbit
equivalent to an action of another closed connected subgroup S for which the normal
space of S0 at o takes the form 53‘ ={(1-0)¢,bHy + (1 — 0)v,} for a constant b € R
and a v, € g,. Because of this, we may assume without loss of generality that spL is
spanned by two orthogonal vectors £ = aH, + (1 — 0)&n, n = (1 — 0)n,, with a # 0, &,
No € G- Recall from Lemma 4.5 that [€4,74] = 0.

The key to finishing the proof lies in the following result:

Proposition 4.12. Assume ﬁf; = span{&,n}, where £ = aHy+(1—0)E, andn = (1—0)n,,
where a # 0, €, Na € G are orthogonal commuting vectors, and o € A. Then:



30 J.C. Diaz-Ramos, J.M. Lorenzo-Naveiro / Advances in Mathematics 472 (2025) 110295

(i) If &, = 0, then the action of S has the same orbits as the action of the connected
subgroup of G whose Lie algebra is (a © RHy) @ (n & Ruy,).

(ii) If €4 # 0, then there exists an abelian subspace v, C g, such that the action of S
is orbit equivalent to the action of the connected subgroup of G whose Lie algebra
isa®(nov,).

Proof. If £, = 0, then s = RH, & R(1 — 0)n, and sqgn = (a © RH,) & (n © Rag).
Then, statement (i) follows directly from Proposition 4.8.

We prove (ii). We consider the element g = Exp(—wga) € N. Since s is orthogonal
to aH, + &, and 7,, it follows that Ad(g)s is orthogonal to Ad(g~!)*(aH, + £,) and
Ad(g71)*n,. By direct computation,

Ad(g™1)* (aHo + &) = ¢ 5P P aH, y &) = ¢, (mod on),

—1y* — 7 ad(0€a _
Ad(g™Y) g = e Tar 208Dy = 7 P[@ga,na] (mod On),

and since Ad(g)s C t® a P n, it follows that &, and n, — ﬁ[%m 7o) are orthogonal to
Ad(g)s. On the other hand, the action of S is polar, so [¢, 7] = a|a|?(1+0)na — 2[00
is also orthogonal to s. As a consequence, (ala|*n, — 2[0€q,14],5) = 0. We deduce that
a?|af?

|€al?

Ad(g™)" (alafna — 20060, na]) = alafna — (2+ T ) [Pana] - (mod 0n)
is also orthogonal to Ad(g)s. Because 6n is already orthogonal to Ad(g)s, it follows that

alal?n. — (2 + ‘gla\ ) [0€4, 0] is perpendicular to Ad(g)s. Since

O

alaf® —2- a\&Ll‘?

=-2<0,

we deduce that 1, and [0{,,7,] are both orthogonal to Ad(g)s. We conclude that
(Ad(g)s ) = (1 — 0)v,, where v, = span{,, 7.}, and thus, gSg~! and the connected
subgroup of G whose Lie algebra is a & (n & v,) act with the same orbits due to Propo-
sition 4.8. O

The proof of Theorem B follows now from the observation that Proposition 4.12(i)
corresponds to case (i), and Proposition 4.12(ii) corresponds to case (ii).
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