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1. Introduction

The current interest in Stieltjes differential equations can be traced back to [21], where they were presented
as a useful unifying framework for studying differential and difference equations, as well as dynamic equations
on time scales. The properties of the Stieltjes derivative are particularly suitable for researching models
with periods of latency or sudden change, such as in population dynamics, whether it is insects [10,17], fish
populations [19], single-celled organisms [18,20], or infectious diseases [1], in addition to problems of other
nature [13].

It is the use of measure theory that makes the theory so powerful and versatile, but working with it
also comes with some drawbacks. Proofs that are straightforward in the classical case require significant
reworking or a lengthy prelude of technical lemmas in the Stieltjes case to arrive at the same (though much
more general) conclusions, as can be seen in works such as [7,8,11].

It would be of great interest to find a way to connect Stieltjes differential equations to ordinary differential
equations so that known results for ODEs can be transposed with less effort to Stieltjes differential equations.
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This is the main objective of this work, and such a connection comes in the form of isomorphisms between
the Stieltjes and classical function spaces related to these equations.
In particular, we will examine a Stieltjes differential problem of the form

ugy(t) = f(t,u(t), pg-a.e. t € [to,00), wu(to) = o,

where f is an L;—Carathéodory function. This type of problem has been extensively studied, as seen in
[13,24].
We will start by considering the equivalent integral equation

t

u(®) = o + [ F(s.u(s) dy ().

to

Integral problems of this nature are the focus of quite a variety of works, many of them considering
Lebesgue-Stieltjes measures or the Kurzweil-Stieltjes integral with respect to functions of bounded variation
which generalize the case of our g—see, for instance, [25-27].

Our interest is to relate this equation to the following integral equation with respect to the usual Lebesgue
measure:

v(z) = uo + / F(g' (), v(w)) dy.

where g (y) := inf{t € I : g(t) > y}, and the associated ordinary differential equation

v'(x) = f(g"(2), 0(x)) xR\ D: (2),

where xR\ p; Is the indicator function of the set R\D}. We will show that, under certain conditions—see
Theorem 5.4—there is a connection between the solutions to these problems.

The structure of the paper is as follows. In Section 2, we begin by reviewing the fundamentals of Stieltjes
calculus necessary for the work ahead. Section 3 introduces the Sobolev spaces WP (I,TF), which will be
used in later results—e.g., Corollary 4.36—and proves some of their basic properties, such as their Banach
space structure and their isomorphism with F"™ & L; (I,F). Section 4 presents the main result of the paper:
the aforementioned isomorphism—see Theorem 4.30—along with variants depending on the space in which
we wish to work. However, before reaching this, we first develop a series of preliminary results in measure
theory.

In Section 5, we present the applications of this new tool. First, we use it to establish a clear connection
between Stieltjes differential equations and ordinary differential equations—see Theorem 5.4—and, as an
application, we prove a version of Binding’s famous existence theorem for the equation v'(z) = f(v(z))
[2] in the context of Stieltjes differential equations. Additionally, we explore applications to topological
results relevant to the theory of differential equations, particularly in the context of topological methods.
While we do not delve deeply into this aspect, we demonstrate, as an example, the compact embedding of
W, ([a,b),F) into L?([a,b),F).

Finally, in Section 6, we briefly discuss additional possible applications of the tools developed in this
work, along with their limitations in certain cases.

2. The Stieltjes integral and derivative

In this section we will introduce the basics regarding the Stieltjes integral and derivative. The interested
reader may check [9,11,13,17,21,23] and references therein for more details. For the rest of this work we will
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consider an interval I C R of the form (—o0,b) or [a,b) with @ € R and b € R U {o0}, that is, an interval
on which the limit from the right can be considered at every point. We will also consider a left-continuous
function g : I C R — R which we will call a derivator. We will denote by F the field R or C. Id will denote
the identity function or operator. Sometimes we will identify its domain X by writing Idx. We shall write
as [ty the Lebesgue-Stieltjes measure associated to g given by

pg(le,d)) = g(d) —g(c), ¢ deR, c<d,

and denote by .Z and % the Lebesgue o-algebra and the Borel g-algebra (with respect to the usual topology)
on R respectively, by u the Lebesgue measure on R, and by .#, the o-algebra associated to ug. We will
denote by py and p* their respective associated exterior measures. It is important to remark that p, is
a complete Borel measure (that is, # C .#,). We denote by £, (X,F) the set of Lebesgue-Stieltjes 1,-
integrable functions on a pg-measurable set X with values in IF, whose integral we write as

/ f(5) dpg(s), e LHXF).
X

Z)(X,F) is a complete pseudonormed space with the pseudonorm || fllr = [ [f|d sy
When integrating functions, we will use the following notation for convenience:

/ f(5) dpg(s),  y>m,

[z.y)

Y

I/f(S)dug(S)— i, ves

[v,x)

L; (X, F) will be the Banach space associated to ﬁgl (X, F) by taking equivalence classes of functions that
are equal pg-a.e. We will denote by [f] the class of f € £Y(I,F) in L'(I,F) when necessary (usually, we
will abuse notation and write just f). The spaces LE(X,F) for p € [1, 00] are defined as usual (they are L”
spaces with respect to the measure y,) and we will denote their respective norms by || - ||z». Observe that

[ flloge := ess supy | f| := inf{M € [0,00] : [f(z)| < M pg-a.e.}.
We will also define
ess inf, f :=sup{M € [—o0, 00| : f(z) > M pg-a.e.}.
Define the sets

Cy={t €R : gis constant on (t —¢,t +¢) for some € > 0},
D, ={teR : Ag(t) > 0},

where Ag(t) := g(t*) — g(t), t € R, and g(t") := lim,_,s+ g(s) denotes the right hand side limit of g at ¢.
We will use the notation g™ (¢) := g(¢7). The corresponding notation will be used for limits from the left.
Observe that C, N D, = (). Furthermore, the set C} is open in the usual topology of the real line, so it can
be uniquely expressed as a countable union of open pairwise disjoint intervals, say

Cy = | (an,bn), (2.1)

neA
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where A C N.

Definition 2.1 (/9, Definition 3.7]). We define the Stieltjes derivative, or g-derivative, of a function f : R — R
at a point t € R as

S~ S
g g F
) 1) )
=1 B0 g =g 1P
S o) =gy € o P E Lamb)

where a,,b, are as in (2.1), provided the corresponding limits exist. In that case, we say that f is g-
differentiable at t.

For more details on the definition and properties of the derivative, the reader may refer to [7,9].

Remark 2.2. Depending on the definition of g, it may not be possible to consider the g-derivative at some
points. For instance, if g is constant on an interval of the form [a,0), the g-derivative is not going to
be well defined for any function on the points of [a,00). From now on, whenever we consider a derivator
g: I — R, we will assume it such that the derivative can be considered in all of I. Furthermore, as stated
at the beginning, I will be open from the right. This condition is asked to avoid the possibility of g being
defined on R and having a jump point at the right endpoint of I (say b). This would cause an ambiguity,
as g|r would not have a jump at b and, therefore, f;(b) # f;‘T(b) in general.

Definition 2.3 (/21, Definition 5.1]). A function F : I — R is g-absolutely continuous if for each ¢ € R
there is some 6 € RT such that for any family {(an,b,)}, -, of pairwise disjoint open subintervals of I the
inequality

m

(9(bn) —glan)) <6

n=1

implies
D |F (bn) = F (an)| <e.
n=1

The following result will be a key component in the theory we want to develop.

Theorem 2.4 (Fundamental Theorem of Calculus for the Lebesque-Stieltjes Integral [21, Theorem 5.4]). A
function F : [a,b] — R is g-absolutely continuous on [a,b] if and only if the following three conditions are
fulfilled:

L. There exists Fy(t) for g-almost all t € [a,b);
1 .

2. Fy € Z/([a,b)); and

3. For each t € [a,b] we have
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2.1. The domain of the derivator

The interval on which the derivator is defined is not in general crucial when it comes to study Stieltjes
function spaces (except for some minor circumstances such as those detailed in Remark 2.2). Nevertheless, it
will be interesting to know when we can extend g to the whole real line and whether it has any implications
regarding the basic spaces we will deal with.

Definition 2.5. Let R = [—o00, o] with the topology that makes it homeomorphic to a compact interval of the
real line. Any non-decreasing function u : I — R can be extended to a non-decreasing function 7 : R — R
by defining

u(t), tel,
u(inf I), t <infl and inf1 € I,
a(t) = yliiril“u(y), t <infI and infI & I,
u(sup I), t>supl and supl €1,
lim wu(y), t>=supl and supl & I.

y—sup

The fact that g takes values at oo and —oo does not affect the construction of the exterior measure pz
just by considering co — oo = 0, (—00) — (—o0) = 0 when studying the values of g(b) — g(a) for a,b € R,
b > a. Furthermore, the associated o-algebra, .#5, and measure, pg, relate to .#, and pg in a natural way,
as Lemma 2.6 shows.

Lemma 2.6. The following conditions hold:

1. My={AUB : Aec .#y;,BCR\I}.
2. If C = AU B with A€ My and B C R\I, ugz(C) = py(A).
3. L5(R,F) ={f:R—=R : f|r € Lb(I,F)}.

Proof. 1. Since g is constant on [—oo,inf I), pZ([—0c0,inf I)) = 0. Furthermore, y(infI) = 0 if inf I ¢ I.
Analogously, pz((sup I, 00]) = 0 and pj(sup /) = 0ifsupI ¢ I, so A € .4y for every A C R\, in particular,
R\I € M5z and I € 4. Since g|; = g, we have that .#; C .45, so any set of the form AU B with A € .,
B C R\I belongs to .#5. On the other hand, if C' € #7, C NI C I and, since g|; =g, C € 4,.

2. It is a direct consequence of the fact that g|; = g and p;, (R\I) = 0.

3. f¢€ Lg(ﬁ,]F) if and only if f|; € Li(I,F) and f[; € L%(K\I,IF). LY(I,F) = Lb(I,F) and any function
f+R\I — TF belongs to LE(R\I,F), so the result holds. M

Given a derivator ¢ : I — R, Lemma 2.6 lets us use Definition 2.5 to consider ¢ as a map ¢ : R — R
whenever convenient.

3. W»P(1,F) spaces
We now present the Stieltjes version of the classical Sobolev spaces.

Definition 3.1 (/11, Definition 5.1]). Let p € [1, 00]. We define the Stieltjes-Sobolev spaces

y
W(]l’p(I,IF): u € LP(I,F): Jue LE(I,F) such that u(y)—u(m)z/ﬂdug, ryel

x
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We endow W,P(I,F) with the norm
lly o = lull gy + 1l -
The spaces ng’p(l ,IF') are Banach spaces —see [11, Theorem 5.6]. We can further generalize this definition.

Definition 3.2. Let p € [1,00]. For n € N, n > 1, we define the Stieltjes-Sobolev spaces

y
WP(LLF) = que LY(I,F): Jue W;il’p(I,F) such that u(y) — u(zx) :/TL dpg, z,y €l

x

We endow WP(I,F) with the norm
[ullwpr = llullp + lllyp-re

For convenience, we will write Wg’p (I,F) = LB(I,F). For g = Id we obtain the usual Sobolev spaces
wmP(I,F).

Remark 3.3. for a,b € R a < b, every function f € W, ?([a,b),F) for n € N is g-absolutely continuous
so, in particular, left continuous. Hence, we may as well consider the f to be defined on the interval [a, b]
instead of [a, ), as the value at b is determined by the limit from the left at b. Clearly the norm in the space
W, *([a,b),F) does not change with this extension (it is assumed that b & D).

Let us show that these are Banach spaces (the proof is essentially that of [11, Theorem 5.6)).
Theorem 3.4. Let n € N, p € [1,00]. W;»P(I,F) is a Banach space.

Proof. We know from [11, Lemma 5.5] that the embedding W;”([a,b),F) C BCy([a,b],F) is continuous
for a,b € R, a < b. It is clear from the definition of the spaces ng’p and their norms that the embedding
WP([a,b),F) € WiP([a,b),F) is continuous for n > m > 1. Hence, the embedding W;"?([a,b),F) C
BCy([a,b],F) is continuous.

The spaces ng’p(I ,F) are already known to be Banach spaces —see [11, Theorem 5.6]. We proceed
now by induction. Assume W;*Lp(I ,IF) is a Banach space, n € N. Let us consider a Cauchy sequence
(un)nen C WiHP(I,F). We have, thanks to the definition of the space Wi*(I) and its norm, that (un)nen
is a Cauchy sequence in LL(I,F) and (un)nen is a Cauchy sequence in W;P(I,F). Moreover, due to the
fact that the embedding W;?([a,b),F) C BCy([a,b],F) is continuous, (un(,p))nen is a Cauchy sequence
in BCy([a,b],F), for alla, be I, a <b.

Due to the completeness of LP(I,F) and W} 'P(I,F), there exist elements u € LF(I,F), u €
W, —L2(I,F) such that

g, in =l =0 Jivm i =l = 0

This last equality implies that lim,, s |0, — ﬂHLg = 0. Now, given z, y € I, x < y, and taking into account
that Lt ([z,y),F) C Li([z,y),F) is a continuous embedding,

[ s =) gl < [ [ns) TN dpagls) = 7~ oy < C i =y B1)

[z.y) [z,y)
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for some constant C' € R™ which does not depend on @, nor @. Thus, because of inequality (3.1) and the
fact that lim, o ||U, — ﬂ||L5 =0, we have that, for z, y € I, x < v,

lim Un(s)dpg(s) = / u(s) dpg(s). (3.2)

n—oo
[#,y) [z,y)

On the other hand, let a, b € R, a < b. Since BC,([a,b],FF) is a Banach space —see [13, Theorem 3.4]
and the embedding W ([a,b),F) C BCy([a,b],F) is continuous, for all p € [1, 00], we have that u|44 €
BCy([a,b],F) and

lim w, () = u(t), Yt € [a,b].

n—oo

Since [a, b] was fixed arbitrarily, u € BC4(I,FF) and

lim () = u(t), Vt € I. (3.3)

n—oo

Finally, thanks to (3.2) and (3.3), we can pass to the limit in the following expression

Yy
UMW:UM@+/hM@d%@%%y€Lﬂ€N,

and we obtain that

Y

u(y) = u(x) + /ﬂ(s) dpg(s), Vo, y € 1.

x
Therefore, (un)nen converges to u in WyP(1). B

We will now provide an equivalent norm in W;"!(I,F) through an embedding.

Theorem 3.5. Let xg € I, and g : I — R be a non-constant derivator. Then, the map

W (I,F) e F"® LL(I,F)
J o (@), (o), S5 (@a)), £5™)
is a linear embedding, where we consider in F™ & L;(I,IF) the norm
(a0, -+ an—1), h)|l := lao| + - + [en—1] + (|2l L3,
for ((ag,...,an—1),h) e F* @ Lé(I,IF). Furthermore, if pg(I) < oo, it is an isomorphism.

Proof. ¢, is clearly linear. To see that it is continuous, we start by making some observations.

Given f € W™(I,F), fg(k) is g-absolutely continuous for k = 0,...,n—1. Furthermore, either p4(I) < 0o
or ess inf, |f®)| =0 for every k=0,...,n—1, as fék) € L;([,IF). We study these two cases:

1. Case 1, (I) < oo: Fix k € {0,...,n—1} and let ¢ € R* and ¢ € R be such that | f(¥)(c)| < ess inf, | f|+e.

Then,
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17§11 */\f |dpg > /(Ifg(’“)((:)l —e)dpg = pg(D(| S5 ()] <),

S0
1
P < —= 1Py +e.
tg (1) g
On the other hand, for any = € I,
100l = 1P @) <P @) = Do)l <17 @) - 739 Go)
x
—| [ dn| < [ 1850, < 18
: T
S0

159 o)l < 1D @)+ 18y, (34

Therefore, taking x = ¢,

B o)l < O]+ 1FE DN < ——= 1 1as + e + LD |

1
MQ(I)

Since € € R* was fixed arbitrarily,

£ (o)l < —= £ oy + £ 1 -

1
MQ(I)

Thus,

/ n— n 1 1 = n
(oo geonee =D ) | i+ (G +1) 22 182 20587

1 ) 1:< 1 > »
< (o +2) S50 = (G +2) M

and we conclude that ¢, is continuous.
2. Case ess inf, |f*)| = 0 for every k =0,...,n—1: Fix k € {0,...,n — 1} and let ¢ € R* and ¢ € T be
such that |f*)(c)| < . Then, by the inequality (3.4),

£ (o)l < 1FEP @1+ 1 F D ey <e+ £ s
Since € € R* was fixed arbitrarily,
£ @)l < IAEFH s

Thus,

| (CF@o), fyaods- s 557D @o), )| < S My + 155 e <2310 ey = 20l
k=1
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and we conclude that ¢, is continuous.

To see that ¢, is injective, suppose that f € W7!(I,R) is such that f(xo), f}(x0), .., _(5”71)(950), fg(”) =
0. Using Theorem 2.4 iteratively starting with k = n — 1, we obtain that fg(k) =0fork=n—-1,n—2,...,0,
so f=0.

Now consider the case where ju4(I) < oo and let us define

Yg

F" & L}(I,F) W H(I,F)
n—1 T Y1 Yn—1
(0,01, ). b) — F@) = 3 Gron(@)+ [ [ [ b dnglom) - disglon)
k=0 Ty To zo

where go := 1 and g,,(z) := nf;o gn—1d g for n € N. Since pug(I) < 00, 14 is well defined. Furthermore, if
[ =1 (a0, 01,...,00-1), h), then fék)(aco) =aqy for k=0,...,n and fén) = h, 80 @4 0 1y is the identity
on Wg’“l(I, ), which implies that ¢, is surjective.

By the open mapping theorem, ¢, is an isomorphism. W

4. An isomorphism between classical and Stieltjes spaces

The primary goal of this section is to demonstrate that, given a derivator g, an appropriate transformation
of the domain allows us to understand g-measurability in terms of Lebesgue measurability, and vice versa.
Consequently, g-integrals can also be interpreted in terms of Lebesgue integrals, and vice versa, which will
lead to the isomorphism we want to define.

A naive approach to addressing this question might involve observing that, for intervals, p4([a,b)) =
g(b) — g(a) and p([a,b)) = b — a, and thus, it would be reasonable to assume that for a Borel measurable
set A, we have p,(A) = u(g(A4)). Moreover, if g is invertible, it follows that p,(g~1(A)) = u(A).

However, this naive approach encounters two significant obstacles. First, in general, i, is not absolutely
continuous with respect to u, nor vice versa. As a result, the relationship between py and p is not straightfor-
ward. Second, g is not generally invertible. In fact, the most interesting applications involving g-derivatives
and measures pertain to non-invertible derivators. To address this, we will define a pseudo-inverse g' to
serve in the role of an inverse. This function ¢! is central to constructing the isomorphism.

We will formally define this pseudo-inverse and explore its properties in Theorem 4.9. Before doing so,
however, we must establish several preliminary results that will help us relate the measures p, and g in
specific cases.

Lemma 4.1. Given A C I, p*(g(A)) < py(A).

Proof. Given € € R™, take a countable pairwise disjoint family of bounded intervals of the form [c,,d,)
such that [c,,dn] C I, A C U,enlcn,dn) for n € N, and > n(9(dn) — g(cn)) < py(A) + ¢, see [24,
Theorem 2.3]. Since A C |J,,cn|¢n,dn) and g is nondecreasing, we have that g(A) C |U,cnl9(cn), 9(dn)], so

i (9(4)) < ( U [g(cw,g(dn)}) < 3 1 (lglen), 9(d))) = 3 (9(dn) = glen)) < pi(A) +e.

neN neN neN

Since e was fixed arbitrarily, u*(g(A)) < py(A). W

Example 4.2. To illustrate Lemma 4.1 we will consider the following derivator g : R — R —see Fig. 4.1,
which appears in [7, Example 3.3],
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2
1 Lo —

-2 -1 ? 2 3
-1
-2
-3

Fig. 4.1. The graph of function g in Example 4.2.

t—1, t<-1,

t, -1<t<0,
gt) =210, 0<t<l,

1, 1<t<2,

t, t>2

Observe that, taking A = {1}, py(A) = Ag(1) = 1, whereas p(g(A)) = n({0}) = 0, so u(g(A)) < pg(A).
This happens because 1 € Dy. In Corollary 4.6 we show that if AN D, = 0, then pu;(A) = u*(g(A)).

The next lemma shows that for intervals of the form g=!([g(#), g(s))), the g-measure is precisely g(s)—g(t).
Lemma 4.3. Given t,s € I, t < s, the set

A={rel : g(r) €g(t),9(s))} = g7 (l9(t), 9(s))),
is pg-measurable and pg(A) = g(s) — g(t).

Proof. If g(t) = g(s) then A = @ and the result is obvious, so assume g(t) < g(s). The measurability
is straightforward as [g(t), g(s)) is an interval and, since g is monotone, g~*([g(t), g(s))) is an interval as
well. Let a = inf A, b = sup A (we can assume a,b € I as otherwise, we could just extend g to R —see
Definition 2.5— and go on with the proof in a similar fashion).

We have to take the following assertions into consideration:

o If g(b) > g(s), then b > s and, since g is left continuous at b, there must exist d € (s,b) such that
g(s) < g(d) < g(b) which implies that d ¢ A and, therefore, (d,b]N A = @), which contradicts that b = sup A.
We conclude that g(b) < g(s).

o If g(b) < g(s), then b € A, b < s and, for every r € (b, s], g(r) = g(s) since, otherwise, we would have
r € A which would contradict that b = sup A. Hence, g(s) = g(b™).
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o If g(t) < g(a), then t < a, which is impossible. This is because ¢t € A, which implies inf A = a <¢. We
conclude that g(t) < g(a).

o If g(a) < g(t), then a < t and, for every r € (a,t], g(r) = g(t) since, if there exists r € (a,t] with
g(r) < g(t), then (a,7] N A = (), which would contradict that a = inf A. Hence, g(t) = g(a™).

We can now study four different cases:

o If A = [a,b], then 14(A) = g(b") — g(a), g(b) < g(s) and g(a) > g(t), so g(s) = g(b™) and g(t) = g(a).
Therefore, p14(A) = g(s) — g(%).

o If A = [0,0), then 1,(4) = g(b) — g(a), 9(8) > g(s) and g(a) > g(t), 50 g(s) = g(B) and g(t) = gla).
Therefore, p14(A) = g(s) — g(t).

o If A= (a,b), then 114(A) = g(b) — g(a™), g(b) > g(s) and g(a) < g(t), so g(s) = g(b) and g(t) = g(a™).
Therefore, p1g(A) = g(s) — g(t).

o If A = (a,b], then py(A) = g(b")—g(a™), g(b) < g(s) and g(a) < g(t), so g(s) = g(b") and g(t) = g(a™).
Therefore, p14(A) = g(s) —g(t). N

The next result is proven in a similar way to Lemma 4.3. As expected, we only obtain an inequality in
it due to the more general condition g(A) C [c,d].

Lemma 4.4. Let AC I. Ifsup A ¢ AN Dy and g(A) C [c,d] with ¢,d € R, then p;(A) < d—c.

Proof. Let a = inf A, b = sup A (we can assume a,b € R as otherwise, we could just extend g to R, see
Definition 2.5). g(t) < d for t € A and, since g is left-continuous,

Now, either g(b™) = g(b) < d or b € D, in which case b ¢ A.

Thus, we have two scenarios:

o If AC[a,b), pg(A) < g(b) —gla) <d—c.

o If AC[a,b] and b € A, then b € D, and, therefore, g(b) = g(b*) < d. Thus, pug(A) = g(b™) — g(a) <
d—c. 1

Remark 4.5. The hypothesis supA ¢ AN D, in Lemma 4.4 is necessary, as for any t € Dy, g({t}) C
[9(t), g(t) + 6] for every & € (0, Ag(t)), but pg({t}) = Ag(t) > 0 = (g(t) + ) — g(2).

The following corollary shows that the thesis in Lemma 4.1 can be strenghen to an equality under certain
conditions.

Corollary 4.6. Let A C I. If AND, =0, then p}(A) = u*(g(A)).

Proof. Given ¢ € R™, take a countable pairwise disjoint family of bounded intervals of the form [c,,d,,),
n € N, such that g(A) C U,enlcn,dn) and Y n(dn — cn) < p*(g(A)) + €, see [24, Theorem 2.3].
Clearly, A,, := AN g *([cn,dy)) is such that g(A,) C [y, dy,] and A,, N D, = (. Therefore, by Lemma 4.4,
uZ(An) < dp — ¢y Furthermore, (J, .y An = A. Thus,

neN neN

Since ¢ was fixed arbitrarily, 3 (A) < p*(g(A)). Lemma 4.1 provides the other inequality. M

The next result will let us operate with the measure of intervals, making it easier to compute later on.
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Lemma 4.7. Ift,s € R, then

L g7 (=00, 9(1)) = IN (=00, t)\g~ ' ({g(t)}) C I N (=00,1).
2. pug(I N (=00, t))\g~((=00,4(t)) = 0.
3. Let [a,b] C I. pgy([a,b)Ag=([g(a), g(b)))) = 0, where AAB := (A\B) U (B\A).

Proof. 1. If s € g !((—o00,g(t))), then g(s) < g(t), so s € g *(g({t})) and s < t. We deduce that
g (=00, 9(t))) C (=00, t)\g~ ({g(t)}). On the other hand, if s < t and g(s) # g(t), then g(s) < g(t)
and, hence, s € g7!((—o0, g(1)))-

2. Observe that

(—00,)\g ™ (=00, 9(1))) = (—o0,t) N g~ ({g(t)})-

If (—oo,t) Ng t({g(t)}) = 0, the result is trivial. Otherwise, (—oo,t) N g~ 1({g(t)}) is an interval of
the form (a,t) or [a,t) where g is constant. Therefore, uy((—o0o,t) N g~ '({g(t)})) = 0 and, hence,
1g(97H (=00, 9(t))\(—00,4(1)))) = 0.

3.Let A=IN(~00,a), B=1IN(-00,b),C =g ((—o0,g(a))) and D = g~ ((—o00, g(b))). We have that
[a,b) = B\A and g~!([g(a), g(b))) = D\C. We also have that A C B, C C D and, by point 1, C C A and
D C B. Thus,
(B\A)A(D\C) = [(B\A) N (B\D)] U [(A\C) N (D\C)].
By point 2, pg(B\D) =0 and py(A\C) =0, so
pg(B\A) N (B\D)) = iy ((A\C) N (D\C)) =0
and, therefore, pg((B\A)A(D\C))=0. R

Example 4.8. We now illustrate the points of Lemma 4.7 by returning to the function g defined in Exam-
ple 4.2. Observe that

(_Oovt)a t S 0,
L 1 (—00,0), 0<t<1,
9~ ((=00,9(1)) = (=00, )\g~ ({9(t)}) =
(=00,1), 1<t<2,
(—o0,t), t>2

This fact is clear from Fig. 4.1. Given that C, = (0,1) U (1,2), it is also evident that

19 ((0,1)) = pg((1,2)) = 0,

50 f1g((—00,t))\g ™ ((—00,g(t))) = 0, as it is precisely at the points of C; where there is a difference between
(—o0,t) and g~ ((—o00, g(1)))-

Finally, we already knew from Lemma 4.3 that p4([a,b)) = pus(g7([9(a), g(b)))) = g(b) — g(a), but point
3 of Lemma 4.7 says more: that the set difference between g=1([g(a),g(b))) and [a,b) is actually a g-null
set. This is clear again for our particular choice of function g as the differences between the sets (—oo,t)
and g~ ((—o00,g(t))) (which serve to construct [a,b) and g~*([g(a), g(b))) respectively) only appear in the
sets of g-measure zero (0,1) and (1,2).
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For the next result, in which we define the function g—used to construct the isomorphism and to
generalize [16, Theorem 1.8]—and for the results that follow, we denote by ce(A) the convex envelope of
A C R, that is, the smallest interval containing A.

Recall that the interval I C R under consideration is always of the form (—o0,b) or [a,b), where a € R
and b € R U {oc}. To simplify notation and avoid case distinctions, for a function u : I — R, we adopt the
conventions u(a™) := u(a) and u(b") := u(b) whenever a,b € R, a =inf I, and b = sup I.

Finally, we will use the notation J = ce(u(I)).

Theorem 4.9. Assume g is not constant on any interval of the form (—oo,xz]. Let u : I — R be a non-
decreasing function and let ut : J — R be the function defined by

ul(y) :=inf{t € I :u(t) >y}, ye.

Then,

1. u' is well defined and u'(J) C I,

2. u' is non-decreasing and left continuous,

3. ul jumps at some point yo € J\ {supu} if and only if u(x) = yo for all x in some interval (z1,z2) C I,
with x1 < X2,

4. uf(u(t)) <t for every t € I, with the strict inequality holding if and only if u is constant on some
interval [t1,t] C I, with t1 < t,

5. ul(y) = xo for all y in some interval (y1,y2) C I, with y1 < y2, and for some xo € R if and only if u
jumps at xo and (y1,y2) C (u(zy ), u(zd)),

6. u(ul(y)~) <y, for every y € J. Furthermore, if the strict inequality holds, there is a jump of u at u'(y),

7. u(ul(y)*) =y, for everyy € J. Furthermore, if u is continuous at u' (y), then u(uf(y)*) = u(uf(y)) = v,

8. (u(t™),u(t)] C (u") " ({t}) C [u(t™),u(tt)] fort € I.

Proof. 1. To see that u' is well defined, first observe that, given that g is nondecreasing, {z € I : u(z) >
y} # 0 for y € J, so the infimum can be considered. If I is of the form [a,b), the infimum always belongs to
I. If I is unbounded from below, since ¢ is not constant on any interval of the form (—oo,z], the infimum
also belongs to I. Thus, u is well defined and uf(J) C I.

2-5. Proven in [16, Theorem 1.8].

6. Suppose that u(u'(y)~) > y. There exists § € R such that u(t) > y for t € (uf(y) — &, u'(y)), but
this contradicts the definition of u', so u(uf(y)™) < y.

If u(u'(y)~) < vy, taking into account that u(t) >y for t > uf(y), there is a jump at uf(y).

7. Suppose u(uf(y)T) < y. For t € (uf(y),u’(y) + §) and § small enough, uf(t) < y, which contradicts
the definition of uf(y), so u(uf(y)*) > y. In the case u is continuous at ', then uf(y)™ = uf(y) = uf(y)*
and we can apply point 6 to obtain the equality.

8. Let § € Rt and y be such that uf(y) = t. By point 6,

u(t —6) = u(u'(y) — 6) <u(u'(y)7) <v.

Since & was fixed arbitrarily, u(t~) < y. Now, if y < u(t), by point 7, u(tt) = u(uf(y)*) > vy, s0o y €
[u(t™), u(t*)], that is, (uf) =1 ({t}) C [u(t™), u(t")].

Finally, if y € (u(t7),u(t")], we have that uf(y) < t and, since u(s) < y for every s < t, u'(y) > s for
every s < t, so we conclude that uf(y) = ¢, that is, (u(t™),u(t")] C (u")~1({t}). WA

Remark 4.10. We can extend Theorem 4.9 (even dropping the assumption that g is not constant on any
interval of the form (—oo,x]) to the case of an interval of the form [—oc,b) or [a,b) with a € R and
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b € RU{co} and a function u : I — R (in this case ce(u(l)) is the convex envelope in R), just by
observing that [—o0o,00] can be transformed into a compact interval of the real line through an order
preserving homeomorphism and then applying Theorem 4.9. This allows to apply Theorem 4.9 to the
extension considered in Definition 2.5.

We now define the auxiliary sets Cj and Dj.

Definition 4.11. We define

Coim{tel : gig(t) £1},
Di={yeJ : glg'(y) #y}.

Remark 4.12. Observe that, given a derivator g, from point 4 of Theorem 4.9, we deduce that g(g(t)) =t
for t € R\g~'(g9(Cy)), which implies C; C g~*(g(Cy)). Similarly, from point 6 of Theorem 4.9, we deduce
that if g(g'(y)) < y, then g'(y) € D,, which implies D; C (¢")1(Dy). These results justify the choice of
notation.

Intuitively, the set C consists of points where g' fails to act as a left inverse of ¢, while Dy consists
of points where ¢! fails to act as a right inverse of ¢g. Tracking these sets is crucial, as they identify those
points where the intuitive relationship between the measures u, and p may break down.

Example 4.13. For the function g in Example 4.1, we have that C, = (0,1) U (1,2), g~ *(9(Cy)) = [0, 2],
Cy=1(0,2], Dy = {-1,1,2}, (¢")~Y(D,) = [-2,-1]U(0,2] and D; = (-2,-1] U (0,2].

In the following results, we will study the properties of the sets C; and D} and their relationships with
the sets Cy and D,,.

Lemma 4.14. 1,(C;\D,) = 0.

Proof. C;\D, C g~'(g(Cy))\Dy, see Remark 4.12, so it is enough to see that (g~ (9(Cy))\Dy) = 0. Let
y € g(Cy), Cy =g ({y})\Dy. g is constant on Cy, so uy(C,) = 0.
Now,

g 9(CN\Dy = | ] €y, (4.1)

y€g(Cy)

so, in order to finish the proof, it is enough to show that the union in equation (4.1) is actually a countable
one. To see this, observe that C,, being open in the usual topology, has a countable number of connected
components and ¢ is constant in each one, which implies that g(Cy) is countable, so the union in equa-
tion (4.1) is a countable one and, therefore, p,(C;\D,) =0. B

Lemma 4.15. D; N g(I) C g(C}) and C; N g'(J) C g (D;).
Proof. Let us show that g(I\C;) C R\D;. If t & C7, g'(g(t)) = t, so g(g'(g(t))) = g(t) and, therefore,
g(t) & Dy.

On the other hand, we will check that gf(J\D}) C R\C;.If y & D}, g(g"(y)) = v, s0 g'(9(g"(v))) = ¢ (v)
and, therefore, g'(y) ¢ c;.

Lemma 4.16. D; = U, (9(1), 9(t+)].
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Proof. Let z € Dy, that is, such that g(g97(z)) # x. By Theorem 4.9, point 6, g(¢'(x)) < = and there is a
jump at ¢'(x) and, by point 7, g(g7(x)*) > . Thus, z € (g(t), g(tT)] for t = g7 (z) € D,.

Ift € D, and = € (g(t), g(t")], then, since g(t) < z < g(s) for every s > t, we have that t < g'(z) < s for
every s > t, 50 g(t) < g(g'(x)) < g(tT), but this is only possible if gf(x) = ¢, so g(g'(z)) = g(t) < = and,
thus, t € D;. W

Remark 4.17. Observe that

U (e@®),9(t™) c N\g(D) < | (9(t),9(t")] = D;,

teD, teDy

so R\Dj C g(I) and the sets D} and J\g(I) (or, equivalently, J\Dj and g(I)) are the same up to a countable
set, that is, D7 is, essentially, what is missing of J in the image of g.

The following result will be useful in Corollary 4.37, where we study an embedding of Wgn*l(f ,F) into
WmL(J,F).

Lemma 4.18. Let xg,x € J, xg < x. Then,

9 (o), 9" (@) Ng'(J), =€ J\D,
9" (z0), 9" (@) Ng'(J), xeD;.

Proof. Since g! is non-decreasing, gf([zo,z)) has to be an interval intersected with g(J) and the left
endpoint of such interval has to be gf(x¢). Furthermore,

g ([zo,x) = |J o' (wo,u) =g"()n | l9"(x0), 9" (v)].

y&(zo,7) y&(zo,7)

Therefore, taking into account that g' is left continuous, g'([zo,)) has to be either [gT(x¢),g'(z)) or
[g7(x0), g"(z)] intersected with g (.J). We study two cases now:

If x € Dy, then, by Lemma 4.16, x € (g(t), g(t*)] for some t € Dy so, for z € (g(t),z), g'(2) = g'(y) and,
thus, ¢'([zo, x)) = [¢7(20), ¢" (z)] N gT ().

If z ¢ Dy, then g'(x) ¢ D, (see Remark 4.12) and, thus, ¢'(y) < g'(x) for y < x (see Theorem 4.9, point
5), so g'(x) & g'([xo, )) and, therefore, g'([xo, 7)) = [g7(x0), g7 (x)) NgT(J). M

Lemma 4.19. (g) "' (A\D,) C g(A\Dy) and g(A\C;) C (g")"'(A\C}) for every A C R.

Proof. Let y € (g")~1(A\D,), then ¢'(y) € A\D,. By point 6 of Theorem 4.9, we have that g(gf(y)) = y.
Thus, since g'(y) € A\Dy, we have that y € g(A\Dy) and, therefore, (¢")~1(A\D,) C g(A\D,).

Let y € g(A\C}). Then there exists 2 € A\C} such that g(z) = y. By definition of C}, g'(g(z)) = z €
A\C;, 50y = g(@) € (¢7)7H(A\C;). ™

Now that we have examined the properties of C; and D} in detail, we are prepared to further explore the
relationship between the measures p and pg. To achieve this, we will utilize the change of variables formula,
also known as the integration by substitution formula, for measure spaces.

Definition 4.20. Let (X, X1, 1) be a measure space, and let ¢ : (X,%;) — (Y, 32) be measurable. We define
the pushforward ¢, : Sy — [0,00] of pu by ¢ by the formula p,u(E) = pu (¢~ (E)).
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Theorem 4.21 ([29, Exercise 1.4.38]). Let (X, %1, 1) be a measure space, and let ¢ : (X,%1) — (Y, X3) be
measurable. Then,

1. . is a measure on g, so that (Y, X, p.t) is a measure space.
2. If f:Y — [0,+00] is measurable, then [, fdo.u= [y fopdp.

For the following result, recall that ./, denotes the o-algebra associated with the measure (i .
Lemma 4.22. glu(A) = u((gh)~1(A)) = tg(A) for every A € A,.

Proof. Observe that gl,u is a measure on .#, by Theorem 4.21. Given A € .#, we can write A = A;UA;LIA;3
where A1 = AN (C;\Dy), A2 = AN Dy, Az = A\(C; U D,) and each of the sets is in .Z,.

On the one hand, by Lemma 4.14, u,(C;\D,) = 0. Hence, for every set £ C C;\Dgy, by Lemma 4.19
and Corollary 4.6,

gi(E) = u((g") 1 (E)) < u(g(E)) = pg(E) < pg(Ci\Dy) = 0,

SO glu(E) = pg(E) =0, in particular for E = A;.
If t € Dy, pg({t}) = Ag(t). On the other hand, by Theorem 4.9, point 8,

p((g") 7 {1) = ullg(), 9()T]) = Ag(t) = ng({t}).

Taking into account that D, is countable, we have proved that uy(E) = u((g")~1(E)) for every E C Dy, in
particular for £ = A,.

It is left to check the case where £ € ., EN (Cy; U D,) = (). Using both statements in Lemma 4.19,
(g")~Y(E) = g(E) and, by Corollary 4.6, uy(E) = u(g(E)), so u((g")"*(E)) = uy(E), in particular for

E=A;. 1

Corollary 4.23. 11,(AN g'(J)) = py(A) for every A € M.

Proof. 115(ANg'(J)) = p((g") " (ANgT(N))) = ul(g") "1 (A) N (g") " (g"())))) = g(A). ™
We will use the following result from measure theory to prove the measurability of ¢ and gf.

Lemma 4.24 ([9, Lemma 2.2]). The following properties hold:

1. Given an element E € M there exists H € Gs (that is, H is a countable intersection of open sets) and
N e My such that EC H, N C H, j14(N) =0 and E=H\ N.

2. Given an element E € #, there exists F € F, (that is, ' is a countable union of closed sets) and
N € My such that pg(N) =0, FNN =0 and E=FUN.

The next result is reminiscent of [9, Proposition 2.7 and Corollary 2.8], where the pseudo-inverse of the
continuous part of g is used to relate the Lebesgue Stieltjes integral to the Lebesgue integral through a
pullback.

Proposition 4.25. The following functions are measurable morphisms:

1. g: (I, 4,;) — (R,Z).
2. gt (I, My) = (R,.ZL) such that g™ (t) = g(tT) for every t € R.
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3.6 (R,%)— (K,//fg).

Proof. 1. Let us consider g : (I, .#,) - (R,.Z) and E € .Z. Let By = ENg(D,) and E; = E\g(D,). Since
D, is countable, so is E;. Therefore, Eq, By € Z. Furthermore, g is nondecreasing, so the inverse image of
any point of F; by g is an interval, from which we conclude that g~ (E7) is the countable union of intervals,
so g~ Y (E1) € B C M,.

On the other hand, since p is a regular measure, we have that there exists F' € F, and N € £ with
u(N) = O such that FNN = () and E; = FUN. It is clear that g~ ' (F) € 4 so, if we prove that p(g~'(N)) =
0, we are done. g~'(N) N Dy = 0), therefore, by Corollary 4.6, u%(g~"(N)) = pu*(g(g~"(N))) < p*(N) = 0,
that is, u%(g~"(N)) = 0.

2. We have, for E € Z, that (¢7)"Y(E) = [(¢7) " (E)\Dy| U [(g")" (E) N Dy]. g™ differs from ¢ only at
the points of D, which is a countable set. Every countable set is in %, so (¢7)"'(E)ND, € # C .#,. On
the other hand, (¢7)"*(E)\Dy, = g~ (E)\Dy. Since g : (I, #,) — (R,.Z) is measurable, as proven in point
1, and g~ 1(E) € .#,, we have that g~ (E)\D, € #, and, thus, g* : (I, .#;) — (R,.Z) is measurable.

3. Let us consider ¢' : (R,.¢) — (R, .#;) and E € .#y. By Lemma 2.6, E = AU B where A € .,
and B C R\I. BN g'(R) C {—oo,infI,supI}, so (g")~(B) is the inverse image of a finite number of
points and, since g’ is nondecreasing, this implies that it is the union of a finite number of intervals. Thus,
(¢")~Y(B) € # C . We just have to prove that (g7)~1(A4) € Z.

We have that A C R and, thanks to Lemma 4.24, that there exists F' € F, and N € .#, such that
pg(N) =0, FNN = and A= FUN. Thus, we conclude that (g")~(A) = (¢") "1 (F) U (¢")~}(N). Now,
since g' is increasing, it is a Borel map, so we have that (¢7)~'(F) € # C Z. Hence, if we prove that
1*((g")~H(N)) = 0, we are done.

Since pg(N) = 0, given ¢ > 0, there exists a countable disjoint family {[c,,dn)}nen such that N C
Unenlen,dn) and 32, cn(9(dn) — g(cn)) < €. Now, since g(N) C U,,enlg(cn), 9(dn)],

pr(g(N)) < o <U [g(cn),g(dn)]> <D i (glen), (da)]) < D (9(dn) = glen)) <,

neN neN neN

from which we conclude that p*(g(IN)) = 0. Now it is enough to show that (g1)~*(IN) C g(N). First observe
that, since y4(N) =0, NN D, = (). Thus, N = N\D, and, by Lemma 4.19, (¢")"}(N) C g(N). ®

Remark 4.26. If g is not constant on any interval of the form (—oo,z] then g' takes values on R, g' :
(R,Z) — (R, #;) is a measurable morphism and the proof of Proposition 4.25, point 3, can be simplified.

We are now ready to show that g' is the left inverse of gt pg-almost everywhere.
Lemma 4.27. (¢ o g)(t) =t fort ¢ R\(C;\Dy) (that is, for pg-a.e. t € R).
Proof. By definition of Cy, gfog=1d on R\Cj. Since g* = g on R\D,, gfogt =1d on R\(C; U Dy).
If t € Dy, g (g(tT)) = inf{s € I : g(s) > g(t7)} = t, and we conclude that gt o g*(t) =t on R\(C;\Dy).
Since, by Lemma 4.14, u,(C;\Dy) = 0, the equality holds for pg-a.e. t € R. W

We recall the definition of pullback by a function.

Definition 4.28. Given a function ¢ : A — B, the pullback by ¢ is the operator ¢* such that p*f := fop
for every function f: B — C.

For the next results we will denote by My (I, F) the set of g-measurable functions from A to F and by
M((A, 114),F) the set of pa-measurable functions from I to F for a given measure space (A, pi4).
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Tt is clear that if we have three measure spaces (A, p4), (B, pup) and (C, uc) and a measurable function
¢: (A, ua) = (B, up) then, for every measurable function f: (B,ug) — (C,uc), ¢*f : (A, pa) = (C, pe)
is measurable, so the pullback function ¢* : M ((B,ug),F) = M((A4,pa),F) given in such a way is well
defined. It might be the case that the pullback ¢* : Z*((B,ug),F) — L*((A,ua),F) is also well defined
but, in general, this does not mean that ¢* : L'((B, ug),F) — L'((A, ua),F) is well defined as well —see
[28, pg. 18]. The next result provides a necessary and sufficient condition.

Lemma 4.29. Let (A, pa), (B, up) be measure spaces, ¢ : (A,ua) — (B, pup) measurable and assume that
¢t LY(BuB), F) — LY(A, ua),F) is well defined. Then ¢* : LY((B,ug),F) — L'((A, ua),F) is well
defined if and only if (xpa is up absolutely continuous.

Proof. Assume ¢*: L*((B,ug),F) — L'((A, pa),F) and take E pp-measurable with pp(E) = 0. Consider
xe € ZY(B,pup),F). Since [xg] = [0] and ¢* is well defined, [xg o ¢] = [00¢] = 0. On the other hand,
XE © ¢ = X¢-1(p), $0 we conclude that (,pa(E) = pa(¢"'(E)) = 0 and, therefore, (.pa is pp absolutely
continuous.

Correspondingly, if (.4 is up absolutely continuous, there exists the Radon-Nykodim derivative of (,p 4
with respect to up, call it h. Now, given [f] € L'((B, ug),F) and fe [f], then f—f =0 pp-a.e. Therefore,
by Theorem 4.21,

Ifo¢—Follm=[|f—flo¢dua= [ |f—fld¢pa= [|f - flhdps =0
/ / /

proving that [f o (] = [J?o ¢] and that ¢* : L'((B,ug),F) — L'((A, ua),F) is well defined. M

We are finally ready to present the main result of this work: an isometry that connects L;(I ,F) and
LY(J,F).

Theorem 4.30. Let g : I — R be a derivator, J = ce(g(I)) and assume g'(J) C I.> The following properties
hold:

1. If f e f;(I,F) then fogt € ZY(J,F) and N ogtdu = [ fdpg. As a consequence, the pullback
(g")* : LY(I,F) — LY(J,F) is well defined and a linear isometry.

2. The pullback (g%)* : LY (R,F) — My(I,F) is well defined and (g" o g*)* is the identity on L}(I,F).
Furthermore, (g+)*|(g't)*($gl(17]}?)) (g (LI, F)) = £ (I,F) is an isometric isomorphism.

3. Let X be the space of functions f € L'(J,F) such that for every t € Dy, there exists c € F satisfying
f(x) =c for a.e. x € (g(t),g(t")]. Then X = (g")*(LL(I,F)), X is a closed subspace of L*(J,F) and
(g")* : LY(I,F) — X is an isometric isomorphism with inverse & : X — LL(I,F) given by (f)(t) = ¢
where f(z) = ¢ for a.e. x € (9(t),g9(t")] ift € Dy and (§f)(t) = fogt(t) = fog(t) if t € I\Dy.

Proof. 1. If f € £} (I,F), then f: (I,.#;) — (R, %) is measurable and, since Proposition 4.25 guarantees

that g7 : (J,%) — (I,.#,) is measurable, so is fog' : (J,.¢) — (R,%). Now, by Theorem 4.21 and
Lemma 4.22,

[istegtan= [1f1agin= [irlan, <.
J I I

1 If g were constant on some interval of the form (—oo,b], then gf(g(b)) = —oco. We are avoiding cases such as this.
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The same holds true if we substitute |f| by f, so fogl € Z¥(J,F) and [ fog'du = [ fdu,, which proofs
that (g7)* : ZHI,F) — £ (J,F) is an isometry.

Finally, by Lemma 4.22, gl,u = lg, SO glﬂ is trivially pg-absolutely continuous and, therefore, by
Lemma 4.29, (g%)* : LL(I,F) — L*(J,F) is well defined.

2. If f € LY(R,F), then f: (R,.Z) — (R, %) is measurable and, since Proposition 4.25 guarantees that
gt (I, M,) — (R,Z) is measurable, so is f o gt : (I, .#;) — (R, ). By Lemma 4.27, (g7 0 g7)(t) =t for
pg-a.e. t € I, so (foglogh)(t) = f(t) for ug-a.e. t € I. Clearly, the same happens for every fe [f], so
(g7)* o (¢")* is well defined and the identity on L}(J,F). Given f € Z*(R,F),

1) (N fller = 1o = 11(a")* Fll s

because (¢g7)* is a linear isometry, so <g+)*|(g1‘)*($g1([7]1?)) (9N (L) (ILF)) = £} (1,F) is a linear isom-
etry. Since it is surjective because (g*)* o (¢")* : ZLHI,F) — £)(I,F) is the identity, it is an isometric
isomorphism.

3. Let [f] € L(I,F) (we consider f to be fixed element in the equivalence class), t € D,. We know by
point 1 that [fogf] € L*(J,F) and, by Theorem 4.9, point 8, (g(t), g(tT)] C (¢7)~1({t}), so fog' is constant
on (g(t),g(t")]. Thus, fog' € X.

On the other hand, if [f] € X, consider h = fo gt € £ (I,F), by point 2. Since g* = g on I\D,
and go g' = 1Id on (¢")"1(I\Dy) C g(I\D,) (see Theorem 4.9, point 6, and Lemma 4.19) we have that
hog' = fogtogl = fogog' = f on g(I\D,). It is left to see what happens on J\g(I\D,). The connected
components in J\g(I\D,) are intervals of endpoints g(t) and g(t*) with ¢t € D,. Both f and ho g' are
constant on (g(t), g(t*)]. Furthermore, for y € (g(t),g(t*)), we have that (ho g")(y) = h(t) = f(g(tT)) =
f(y), so hogt = fon (g(t),g(t")]. We conclude that [f] € (g7)*(LL(I,F)).

To see that X is closed, take (fn)nen € X, fn — f in L'(J,F). Let t € D,. For every n € N there
exists ¢, € R such that f,(z) = ¢, for a.e. x € (g(t), g(t")]. Since (fn)neny — f in L'(J,F), there exists a
subsequence, call it (h,)nen, that converges pointwisely a.e. This implies that ¢, has to converge to some
value ¢, and, furthermore, that f(z) = ¢ for a.e. z € (g(t), g(t")], so we conclude that f € X.

(gh)* - Lé([ ,F) — X is, therefore a surjective isometry between Banach spaces and, hence, an isometric
isomorphism. To prove that ¢ is, indeed, the inverse of (g7)* : L;(I ,F) — X, we have to check first that it
is well defined. Let [f] € X, f € [fland E:={z € J : f(z)# f(z)}. By Corollary 4.6,

1g(9~ (E)\Dy) = u(g(g~(E)\Dy)) C p(g(g~ " (E))) C u(E) = 0.

Therefore, for t € I\D,, (£f)(t) is well defined. On the other hand, if t € I N Dy, f and f are constant
a.e. on (g(t), g(t7)] and, since u((g(t), g(t™)]) > 0 and f and f are equal a.c., they have to take the same
constant as value a.e. on (g(t), g(t7)]. Hence, (£f)(t) is well defined as well.

Furthermore, since f o g*|p\p, € Ly(I\Dy,F) and £f|p, € Ly(Dy,F), we have that £ € Ly(1,F). H

Remark 4.31. X in Theorem 4.30 is a complemented subspace of L!(J,F). To see this, just define Py :
L'(J,F) — X such that

g(t™)
1
— fi we(9(t),g(t™)] with t € Dy,
Px f(x) = Ag(t) gé
f(x), z € J\Dy.

It is clear that Px is well defined, linear and Px f = f for f € X, so Px is the projection of L*(I,IF) onto
X. Furthermore, this projection is continuous since
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1Px fle = I1Px " = Pxf~ e < IPxfHlle + 1Pxfllwe = 1 e+ 17 e = 1F 1z

where f* = max{f,0}, f~ = max{—f,0} for any f € L'(I,F), so we conclude that X is complemented
and, thus, L'(I,F) can be written as X &Y where Y = ker Px is a closed subspace of L!(I,F).

Theorem 4.30 and Remark 4.31 can be extended to the LP spaces.

Corollary 4.32. Let p € [1,00], g: I — R be a derivator, J = ce(g(I)) and assume g'(J) C I. The following
properties hold:

L If f e £P(1,F) then f ogt € ZP(J,F) and [r ogtdu = J fdpg. As a consequence, the pullback
(g")*: LB(I,F) — LP(J,F) is well defined and a linear isometry.

2. The pullback (g%)* : ZP(R,F) — My(I,F) is well defined and (g" o g*)* is the identity on Lb(I,F).
Furthermore, (g%)*| gty (zr 1wy : (9") (LEI,F)) = LP(1,F) is an isometric isomorphism.

3. Let X be the space of functions f € LP(J,F) such that for every t € Dy, there exists c € F satisfying
f(x) =c for a.e. x € (g(t),g(t")]. Then X = (gT)*(Lg(I,]F)), X is a closed subspace of LP(J,F) and
(g")* : LE(I,F) — X is an isometric isomorphism with inverse & : X — Lb(I,F) given by (Ef)(t) = ¢
where f(z) = ¢ for a.e. x € (9(t),g(t")] if t € Dy and (£f)(t) = fogT(t) = fog(t) if t € I\D,.

Proof. 1. The case where p < oo is evident from Theorem 4.30 as Hf||125 = [[fP|lry for f € LE(I,F) (in
particular for g = Id).

If p= oo, let f € Ly°(I,F). As before, f : (I, #,) — (R, %) is measurable and, since Proposition 4.25
guarantees that g' : (J,.¢) — (I, .#,) is measurable, so is fo g’ : (&) — (R, D). Let N € .4, with
ptg(N) = 0 such that [f(2)| < ||f|lrge for x € I\N. Taking z = gt (y), we have that |f(g"(y))| < 1fllzse
for y € J\(g1) " (N). By Lemma 432, u((g") " (N)) = 1(N) = 0, 50 |If o gt~ < | fllze and (g})* s
continuous.

Now let M € & with pu(M) = 0 such that |f o gf(y)| < ||f o g'||z~ for y € J\M. f o g' is constant on
(g(t), g(tT)] for every t € D, and, given that (g(¢), g(t*)] has positive Lebesgue measure, M N (g(t),g(t")] =
0, so (g7)"Y(M) N Dy = . Since g(t) = gT(t) for t & Dy, (gF)"H(M) = g~*(M). Taking y = g™ (z), we
have that |(f o g" o g™)(2)| < ||f o gf||L= for z € I\(g*)~1(M). By Lemma 4.27, gt o g*(t) = ¢ for p,-a.e.
t € I. Hence, there exists T € .#, such that uy(T) =0 and |(f o g' 0 g7)(z)| = |f(z)| for x € I\T. Thus,
[f@)] < fo gt~ for x € I\((g7)" 1 (M) UT).

We have that 1,(T) = 0 and, combining the fact that (¢%7)~*(M)N D, = 0 with Corollary 4.6, we obtain

1g((g) 1 (M) = pg(g~ (M) = p(g(g~ (M) < u(M) = 0.

We conclude that |f(z)| < ||f o g'||L= pg-a.e. so [fllzee < IIf o gt oo
Since || fl|ree = || f o gtllze, (g7)* is a linear isometry.
Points 2 and 3 are proven as in Theorem 4.30. H

The question now is whether this good behavior extends to the spaces ng’p (I,F). In general this is not
true. To prove this, we need the following result.

Theorem 4.33 (/11, Theorem 5.17]). Let a < b and 1 < p < oo. Then there exists a continuous linear
operator E : VVgl’p([a, b)) — qu*p(R), called the extension operator, such that

1. Ef‘[a,b] = f, Vf S ng’p([a,b)),
2. ||Ef||Lg(R) <C HfHLg([a,b)); Vf e ng’p([aab)),
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3. NEflwpr@) < CIFlwpe o YF € Wyt (la,)),
4By < Clfllgs Vf € WyP([a,b)),

where || - || is the supremum norm and C > 0 is a constant depending only on p and g(la,b)).
The operator E used in the proof of Theorem 4.33 is defined as
f(a) eng()\_,b)(t), T € (*OO,Q),
Ef(x) = ¢ f(x), x € [a,b),
f(b) eng(—)\+, b)(t)7 HAS [ba OO);

where A4 are positive constants and the function exp, (A, zo) satisfies exp, (X, 7o) (wo) = 1 and exp (A, o)y, =
Aexp, (A, zg) on [rg,00)—see [11, Lemma 5.13].

Theorem 4.34. Let g : R — R be a derivator, n € N and ¢ : R — R be a function such that the pullback
@* : Wy P(R,F) — WHP(R,F) is an isometry. Then,

1. ¢ is absolutely continuous.
2. Either Dy =0 or D, has at most one point t, in which case, either p,((—o0,t)) =0 or pg((t,00)) = 0.

Proof. 1. Let f € ng’p(R,IF), f 20,2,y €R, x <y. There exists h € LL(R,F) such that

)
Fy) - flz) = /hdug, ——

Evaluating on ¢(z) and ¢(y), we obtain

»(y)
o f(y) — " f(x) = / By,

()

On the other hand, ¢*f € W'?(R,F) so there exists h € LP(R,F) such that
y
¢ fy) ¢ fl2) = /hdu-

We conclude that

e(y) Yy
/ hdpg = /iNLdu. (4.2)
»(z) z

Now, since g € W}P([z,y),F), we use Theorem 4.33 to obtain f € W P(R,F) such that f|,) = g.
With this choice of f, by Theorem 2.4, h in equation (4.2) satisfies h =1 pg-a.e. on [x,y) and, therefore,

o) — pla) = / B,
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Since this happens for every =,y € R, z < y, we deduce that ¢ is absolutely continuous.
2. Take z € R and z,y € R such that x < ¢(z) < y and f(t) = f[z " X{p(z)y dpg for t € [z,y).
f e WyP([z,y),F), and we can extend it to W,*(R,F). Furthermore, for every t € ((2),y),

1) F(p(2)) = Aglp(z)) = / hdp.
[p(2),t)

Taking the limit when ¢ — (2)T,

Fe(=)%) — Fp(2)) = Aglp(z)) = / frdp=o.
{e(2)}

This implies that ¢(z) ¢ D, and, therefore ¢(R) N Dy = (. Since ¢ is continuous, ¢(R) is contained in
a connected component of R\D,. Let t € D, and assume f,4((—00,1)), pg((t,00)) # 0. Then p(x) < t for
every ¢ € R or p(z) >t for every x € R. In the first case, take

0, z € (—o0,t),
f)\({L‘) =
exp,(—=A;b,t), = € [t,00),

for some A > 0 for which the exponential is well defined on [t,00)—see [11, Lemma 5.13]. We have that
fr € WiP(R,F). Since puy((t,00)) > 0, ||fllz # 0 and, therefore, f # 0, but f o = 0, which contradicts
that ¢* is an isometry. The same reasoning works for the case ¢(x) > t for every z € R. We conclude that
either Dy = () or Dy has at most one point ¢, in which case either p,((—00,t)) =0 or pg((t,00)) =0. N

The proof of Theorem 4.34, done for the case of the domain being R, can be adapted to other intervals.
Furthermore, Theorem 4.34 establishes strong limitations to those cases where a pullback isometry can be
found, so one may look for other kinds of maps.

One may consider the following alternative operator T such that Tf(z) := f(0) + foz f!; ogtdpforz € R
and f € W} P(R,F). Clearly, [(T o f)'||o = |l f7]|zz, but [|Tfllz> # || f]lLz in general, so we will look for an
isomorphism rather than an isometry.

The proof of the following corollary is straightforward from Theorem 4.30.

Corollary 4.35. Let p € [1,00], g : I — R be a derivator, J = ce(g(I)) and assume g'(J) C I. The following
properties hold:

1. The map Idg» x(g")* : F" @& LY(I,F) — F" @ L'(J,F) such that Idg~ x(g")*(z, f) := (2, f o g') is a
linear isometry.

2. Let X be the space of pairs (z,f) € F™ @& L'(J,F) such that for every t € D,, there exists c € F
satisfying f(z) = ¢ for a.e. € (g(t),g(t")]. Then X = Idp~ x(g")*(F" @ Ly(I,F)) is a closed subspace
of F" & L*(I,F) and (g%)* : F" & L}(I,F) = X is an isometric isomorphism.

Now we make use of Theorem 3.5.

Corollary 4.36. Let to € I and xo € J such that g(tg) = xo and to = g'(z0), py(I) < co. Then the map
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Wri(I1,F) on W™l(J,F)
f h(x) = S fg(k)(to) k 1 [ n—1 f(n) i d
) = S )t 5 [ = G W) ay

is a linear embedding (and thus W) (I,F) is isomorphic to o,(W;»*(I,F))).

Proof. It is enough to observe that ¢, = g o (Idg. x(g7)*) o g, where ¢, and ¥1q are the maps defined
in Theorem 3.5. The map ¥q acts as

n—1
Pra((Q0, - s n1), h) = g )+ o,

by Cauchy’s formula for repeated integration [12, p. 193]. N

For the last result of this section, we will show the relation of the ¢; to the pullback gt. The advantage of
defining ¢ as we did in Corollary 4.36 is that, from that definition, it is obvious that ¢, takes W '(I,F)
to WH(J,F).

Corollary 4.37. Let I = [a,b), g : I — R a derivator. Then @1, as defined in Corollary .36 for xzo = g(a),
satisfies

fogl(x),  we\{g(t") : t€ Dy},
801f($) = (43)
fol(ghT(z), ze{gt") : € Dy},

that is, o1f = fog' a.e.
Proof. Using Theorem 4.21, Lemma 4.22, Theorem 2.4 and taking into account that g'(g(a)) = a,

o1 f(2) = fla) + / frogtdu= fla)+ / f1dgip = fla)+ / £ d iy,
[9(a),z) g9t ([g(a),z)) g9t ([g(a),z))

We study now two cases using Lemma 4.18 and Corollary 4.23. If = & D7,

orf(x) = fla) + / frd g = £(g(2)).

If x € Dy, then g'(z) € D, (see Remark 4.12) and

orf(x) = fla) + / frdpy = fg' (@),

[a,g7(2)]

Now, if x € Dj, then there exists t € D, such that 2 € (g(t), g(t")]. g is constant on (g(t),g(t")), so, if
x € (g9(t),g9(t")), then @1 f(z) = f(g' (%)) = f(g'(x)). We then obtain equation (4.3). Furthermore, since
{g(t*) : € D,} is countable, u({g(t*) : € Dy}) =0,50 p1f = fogl ae. N
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5. Applications

In this section we will summarize some applications of the isomorphisms presented above. We will not
enter into details, as there is much to be said about each, and they may be explored in detail in the future.

5.1. Differential and integral equations

Consider tg,zo € R and a derivator g : [tg,00) — R such that g(tg) = z¢. Observe that ty = g'(zo).
If instead g were defined as g : R — R, the condition ¢y = g'(z¢) might no longer hold. However, we can
always restrict such a function g to the interval [tg, 00).

Consider as well a Stieltjes differential problem of the form

ug (t) = f(t,u(t)), pg-ae. t € [to,00), u(to) = xo. (5.1)
We will assume here, as it is frequently done, that f is an L;-Carathéodory function.

Definition 5.1 (/15]). Let X C R™, X # (. We say that f : [a,b] x X — R™ is L -Carathéodory if it satisfies
the following conditions:

1. For every z € X, f(-,z) is g-measurable.

2. For pg-a.e. t € [a,b], f(t,-) is continuous on X.

3. For every r € R*, there exists h, € £ ([a,b)) such that ||f(t,z)|| < h.(t) for pg-a.e. t € [a,b), and for
all z € X, ||z|| <.

We can turn problem (5.1) into an equivalent integral equation by the Fundamental Theorem of Calculus
(Theorem 2.4):

u(t) =0+ [ £(5,0(5)) d (o). (5.2)

We can now try to use the theory developed above in order to transform this problem into another
integral equation, this time with respect to the usual Lebesgue measure:

v() = uo + / F(g (), o(w)) dy. (5.3)

Equation (5.3) is classical integral equation to which a solution can be guaranteed using a variety of well
known results. We will also be considering the equations

99" (=)
o) =wt [ e )T dy, (5.4

Zo

V' (x) = f(g'(2), 0(x))xm\p; (), (5.5)

where xR\ p; is the indicator function of the set R\ D}, and the integral equation with deviated argument

o) = up + / £(g" (), o(a(gt () d . (5.6)
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We first need the following Lemma.

Lemma 5.2. Let to, g be such that g(to) = xo and to = g'(z), t > to. Then

(")~ ([g" (o), ) Alzo, g (9(1)))) = 0.

In particular, if t = g'(x), then

(") ([g" (20), 9" (2))) Alwo, 9(9" (2)))) = 0.

Proof. We start by considering the case ¢t = g¥(z) for = g(t). In this case, t ¢ C; and, by Lemma 4.27,
g'(g(t)*) = t. Taking into account that g(ty) = x¢ and ty = g'(z0) we deduce that (¢")~*({g'(z0)}) C
[0, 00). Since g" : R — R is a derivator, by Lemma 4.7, point 1, we have that

(=00, 2)\(¢") ™ ({g" (@) HN\[(=00,20)\(9") ™" {g" (z0) })]
=[o,2)\(9") "' ({g' (2)}).

Furthermore, [zo,2)\(¢") "' ({g"(2)}) C [0, (9" (¥))]. Indeed, if y € [zo,2)\(g") "' ({g"(2)}), since y < =,
we have that g'(y) < g¢'(z). But ¢'(y) # ¢'(2), so g'(y) < g'(z). Suppose that y > g(gf(x)). Then
g'(y) = g¢'(z), and we arrive at a contradiction. Also, if y € [z9,g({g"(x)})), then ¢T(y) < ¢ (x) so
y € [z0,2)\(¢") 71 ({g7(x)}). We conclude that the difference between the sets [xo,2)\(g") " ({g'(x)}) and
[70,9(g(x))) is at most one point, so

(9" M ([g"(z0), 9" (x)))

and we get the result.
Now, if g (g(t)) # t, then t € C} and g is constant on (g7 (g(t)), ], so (¢") " ([97(20), 1)) = [x0, g (9(t) )],
and we conclude the same. W

Remark 5.3. We already knew that u((g") =1 ([t, s))) = u([g(t), 9(s))). To see this it is just enough to observe
that, by Lemma 4.22,

u((g") 1 ([t 5) = glu(lt, 9)) = pg([t,8)) = g(s) — g(t) = n(lg(1), 9(5)))-
Lemma 5.2 makes a stronger statement.
The following theorem establishes the relation between equations (5.2)—(5.6).

Theorem 5.4. The following statements hold true:

L. If a function u : [ty,b] — R is a solution of equation (5.2) then v :=wo g’ : (¢")~!([to,b]) — R satisfies
equation (5.4).

2. If v : [z, ] — R satisfies equation (5.4), then it satisfies equation (5.3) for every x € (g7~ ([to, bO\D;.
Furthermore, U is constant on (g(t), g(t*)] N (g7)~*([to, b]) for every t € D,,.

3. If W(0Dy;) =0 and v : [xg,c] — R satisfies equation (5.4), then v satisfies equation (5.5) a.e.

4. If v : [, c] = R is a solution of the equation (5.6) then u :=vog: g ([xg,c]) = R is a solution of
equation (5.2).

5. If v : [xg,¢] = R is a solution of equation (5.3) and v is constant on [g(t), g(t")] for every t € D,, then
u:=vog:g [zo,c]) = R is a solution of equation (5.6).
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Proof. 1. Assume u is a solution of equation (5.2) and ¢ > to. Using the map g, Lemma 4.22, Corollary 4.23
and Theorem 4.21 for ¢ = gt : (¢") 7 ([to,t)) — [to,t) N g'(R), we can rewrite the equation (5.2) as

u(t) = u + / F(s.u(s)) d ghu(s) = uo + / f(g' ), ulgt () dy.
[to,t)NgT(R) (g%)~([to,t))

which, evaluated on g'(z) instead of ¢, provides, by Lemma 5.2,

3(z) ==u(g'(z)) = o + / f(a' (@), 5(y)) dy
(g%) = ([gT (z0),91(x)))
=ug + / flo'(y),5(y)) dy,

[z0,9(g7(2)))

and equation (5.4) holds.

2. It is clear that v satisfies equation (5.3) by the definition of D}. Furthermore, by Corollary 4.9, point
8, g is constant on (g(t), g(tT)] for every t € D, so ¥ is constant on (g(t), g(t7)] N (g") =1 ([to, b]) as well.

3. It is enough to differentiate v on (zg,c) N ﬁ;, where o' = 0 and on (zg,¢)\D}, where o(z) =
f(g"(x),9(x)) due to point 1. It is important to remark that o is not necessarily continuous, and may
have jumps in (z9,c) where gf does, that is, at the points a such that (a,b) is a connected component of
Cy.

4. Assume now that we have a solution v of equation (5.6). Consider u := v o g, that is,

—uo+ / Flot (), ulg! () dy.
[z0,9(t))

We will check now that u satisfies equation (5.2).
By Theorem 4.21 and Lemma 4.22,

/f g (1) dy = / £(s,u(s)) d(g1)apls)
[z0,9(t)) gt ([z0,9(t)))

_ / F(s,u(s)) d iy (5).
gt ([zo0,9(t)))

Now we study the cases in Lemma 4.18 using Corollary 4.23. If g(t) € Dy,
feaE)dn = [ feuedu = [ fsul) )
gt ([z0,9(1))) [to,gT(g(t)]NgT (R) [to.gT(g(t))]
By definition of g1, g*(g(1)) < ¢ and g(s) = g(t) for s € (g7(9(t)), 1}, 50 iy((g(9(£)),£)) = 0 and
[ st dus /fsu ) g (5).
[to,gT (9())] [to,t)

If g(t) & Dy,
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F(s,u(s)) d g (s) = / F(s,u(s)) d g (s) = / £(s,u(s)) d ag s).

g ([z0,9(1))) [to,gt(9(1)))Ng"(R) [to,gt(g(t)))

Since g(t) & Dy, we have that g(g¥(g(t))) = g(t), so ug([g(9(t)). 1)) =0 and

F(s,u(s)) d g /fsu ) pg(5).
[to,gt(g())) [to,t)

We conclude that w is a solution of equation (5.2).

5. Let v : [x9,b] — R be a solution of equation (5.3) such that v is constant on [g(t), g(t1)] for every
t € D, —cf. Theorem 4.30. Observe that, by Theorem 4.9 points 6 and 7, g(g7(2)) < 2 < g*(¢7(2)). Since
v is constant on [g(g7(2)), g7 (97(2))], we deduce that v(z) = v(g(g'(z))) for every z, so equations (5.3)
and (5.6) are equivalent. H

Remark 5.5. Observe that in Theorem 5.4, point 5, since v is constant on [g(t), g(t1)] for every t € D, we
have that v = vo g = vo gT. This is consistent with Theorem 4.30.

Theorem 5.4 provides an straightforward link between Stieltjes differential equations and ordinary dif-
ferential equations through their integral equation counterparts. This equivalence can be exploited not only
to evaluate the existence or multiplicity of solutions, but also to obtain information concerning the stability
of Stieltjes differential equations—cf. [5]—as well as other qualitative results.

As a direct application of Theorem 5.4, we will prove the Stieltjes counterpart to the following classical
result due to Binding?:

Theorem 5.6 (/2]). The problem
v'(z) = f(v(z)), a.e. x> x0; v(mg) =0, (5.7)

has at least one absolutely continuous solution if, and only if, one of the following conditions holds:

1. f(0)=0
2. There exists o € RT such that f(y) >0 for a.e. y € [0,a] and 1/f € L'([0,a],R);
3. There exists § € R" such that f(y) <0 for a.e. y € [—3,0] and 1/f € L*(|-83,0],R).

Theorem 5.6 can be easily extended to non-homogeneous initial conditions in (5.7), as the following
corollary shows.

Corollary 5.7. The problem

V' (x) = f(0(2)), a.e. xz>z0; V(z0) = V0, (5.8)

has at least one absolutely continuous solution if, and only if, one of the following conditions holds:

L. f(v()) = 0;
2. There exists « € RT such that f(y) > 0 for a.e. y € [vo,vo + ] and 1/f € L*([vo,vo + ], R);

2 This extension of the result of Binding to the Stieltjes case was proposed as an open problem by Prof. Rodrigo Lépez Pouso at
the “Introduction to Stieltjes differential equations and their applications” Workshop held at the Faculty of Sciences, Mohammed
V University in Rabat, from the 27 to 29 May 2024.
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3. There exists B € RY such that f(y) < 0 for a.e. y € [vg — B,v0] and 1/f € L*([vo — B, vo), R).

Proof. Just define v(z) = o(z) — vo and f(z) := f(z + vo). Then equation (5.7) holds if and only if (5.8)
holds. Expressing conditions 1-3 in Theorem 5.6 in terms of f, we get the result. W

Theorem 5.8. Let g : [tg,00) — R be a derivator, xo = g(to), to = g7 (x0) = g7 (to), and assume that there
exists T > to such that (")~ ([to, T])\D}; is a non-degenerate interval. Then the problem

uy(t) = f(u(t), pg-a.e. t =to; u(to) = uo, (5.9)

has at least one g-absolutely continuous solution if, and only if, one of the following conditions holds:

L. f(UO) = 07.
2. There exists « € RT such that f(y) > 0 for a.e. y € [ug,uo + o] and 1/f € L' ([ug, uo + a],R);
3. There exists 3 € RY such that f(y) <0 for a.e. y € [ug — B,uo] and 1/f € L*([ug — 3, uo], R).
Proof. Assume that a g-absolutely continuous solution u : [tg, 7] — R of problem (5.9) exists, where T can

be taken as close to tg as necessary as long as (gT)’l([tO,T])\Dz is a non-degenerate interval of the form
[0, ¢]. Then, integrating on both sides of (5.9) between to and ¢ € [to, T,

—uo+/f N dpg(s), tE€ [to,T).

f is L'-Carathéodory as it does not depend on the variable t. Therefore, by Theorem 5.4, points 1 and 2,
v:=wuo g’ satisfies

@:w+/ﬂWMM, (5.10)

for every z € [z0,¢] := (9%)"*([to, T])\D}, so we have that v satisfies (5.10) on [zo,c]. Since v(xg) =
u(g'(x)), differentiating on both sides, we get the problem

v'(z) = f(v(z)), ae x € [zo,c;  v(xo) = ulgl(x0)).

Now, by Corollary 5.7, we conclude that one of conditions 1-3 holds.
On the other hand, if one of conditions 1-3 holds, by Corollary 5.7, the problem

V(@) = fu(z),  v(zo) = uo,

has a solution v. Assume that this solution is defined on [z¢, d]. Integrating, v satisfies the equation

@=w+/ﬂmmw,xﬂwﬂ

By Theorem 5.4, point 4, u := v o g is a g-absolutely continuous solution of the equation

(—w+t/fsu)dw(—w+/fsu Ddpg(s), ¢ € g (iwo,d)).

9" (zo)
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whi(J,F) —E— LP(J,F)

To o]

Wrt([la,b),F) -5 LE([a,b),F)

Fig. 5.1. The relation between the different embeddings.

Taking the g-derivative, we see that u is a solution of problem (5.9) for t € g=!([xg, d]). Finally, we observe
that, since g is monotone and [xg,d] is an interval, g~!([xg,d]) is an interval with left endpoint ;. B

Remark 5.9. The existence of a non degenerate interval contained in [z, 00)\ D} is equivalent to the condi-
tion Int([xo, 00)\Dj) # 0 and it is clearly satisfied if g = Id as, in this case, D} = (), so Theorem 5.8 extends
Theorem 5.6. Furthermore, this condition ensures that the topology of g(R) (remember that g(R) is, up
to a countable set, [z, 00)\D; —see Remark 4.17) is not totally disconnected. There are situations where
g(R) is indeed totally disconnected, for instance in the case g(t) := inf{k € Z : k > t}, which corresponds
to difference equations, but in this case it is clear that a theorem such as Theorem 5.8 cannot hold, as we
show now.

Example 5.10. Let g(t) :=inf{k € Z : k >t} fort € [0,00). 114([0,00)) = 0, so when studying equation (5.9)
for tg = x¢p = 0, we just have to consider

uy (k) = u(k +1) —u(k) = f(u(k)), k€Z, k>0; wu(0)=0.

Clearly, this problem has a unique solution given recursively by «(0) = 0, u(k+1) = f(u(k))+u(k) for k € Z
and u(t) = u([t]) for every other ¢ € [0,00) (to guarantee that u is g-absolutely continuous), regardless
of any properties of f. This implies that, in general, Theorem 5.8 cannot hold without the hypothesis
Int([xo,00)\Dj) # 0, although it might be possible to weaken it with sufficient care.

5.2. Topological results

Having embedded the Stieltjes-Sobolev spaces into the classical Sobolev spaces we deduce, immediately,
that any weakly hereditary property of the latter holds for the former. An example of these kind of properties
is separability (in the case of metric spaces), among other separability axioms.

Furthermore, any continuous embedding of the classical spaces translates to an embedding of the respec-
tive Stieltjes-Sobolev spaces just by composing the embeddings. This does not immediately translate to
an analogous embedding for the case of Stieltjes-Sobolev spaces. We illustrate this point with the compact
embedding of W' ([a,b),F) into L?([a,b),F) [11] (we denote this embedding by I'). The result for the case
g = Id is well known (we denote this embedding, which is the set inclusion, by T'), so a compact embedding
of W;'([a,b),F) into LP([a,b),F) can be derived in a straightforward way by composing 1, defined as in
Corollary 4.36, with T". If we want to derive the result in [11], we will show that T" exists and makes the
diagram in Fig. 5.1, where ¢; is defined as in Corollary 4.36, commutative.

Theorem 5.11. There exists a continuous map T such that the diagram in Fig. 5.1 is well defined and
commutative. As a consequence, I is a compact embedding of W' ([a,b),F) into L?([a,b),F).

Proof. Let I = [a,b), J = [g(a), g(b)). We will follow the diagram in Fig. 5.2. We start by considering ¢; :
ng’l(I, F) — V[/'gl’l(f7 F) in Corollary 4.37, which is a linear embedding, as the hypotheses of Corollary 4.36
hold. We take now the inclusion T : ng’l(J,IF ) — Lb(J,F) which is a compact embedding, we decompose
L?(I,F) into X, ®Y as in Remark 4.31 (this decomposition is also valid for LP(I,F)) and we project onto
X, using the continuous projection Px,. Finally, we use the isomorphism & : X, — LI(I,F).
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= s 1 ) T ~ Px, I3
LW, (ILF) 25 W (J,F) = LP(J,F) = X @Y — X, = LE(I,F).

Fig. 5.2. Chain of maps that defines T.

Let T be the composition of all of these maps—see Fig. 5.2. [ is linear and bounded, as all of the maps
are, and compact, because I' is compact as well. It is left to see that I' is injective. This is not trivial, as Px,
is not injective. Suppose I'f = 0. Then, since £ is an isomorphism, h := (['o @) f € Y, that is, h € ker P, .

+
Thus, h € LP([a,b),F), h(z) = 0 if z ¢ D} and fgg((tt) "h=0forte Dg. T is the natural inclusion, so
w1f = h. Now, by Corollary 4.37,

fogl(x), ze J\{g(tT) : te Dy},

fo (gT)+(1'), z€{g(tt) : € Dy}.

hx) = @1 f(x) =

Since g' is constant on (g(t), g(tT)] for any t € Dy, f o (g")* takes the value f(t) on (g(t),g(t")) and

g(th)
0= / h= f(t)Ag(t),

g(t)

so f(t) = 0. This implies that h, which is constant on (g(t),g(¢t")) and continuous, satisfies h(z) = 0 for
x € [g(t),g(tT)] for any t € D, and, since h(x) = 0 if z ¢ D}, we deduce that h = 0. Given that p1f = h
and ¢ is injective, we conclude that f = 0, and we have proven that T is injective.

To check the commutativity of the diagram in Fig. 5.1, observe that ((g")* of)f = ((g")*olop1)f = @1 f.

We have, by Corollary 4.3, that ¢1f = f o gt a.e., so the diagram in Fig. 5.1 commutes. H
6. Other applications and conclusions

We have barely scratched the surface of what can be achieved with the tools presented, especially in the
context of topological results. For instance, from Theorem 4.30 and Corollary 4.36, we could attempt to
derive various characterizations of compact subsets, such as the Ascoli-Arzeld theorem [14, Theorem 4.14] or
the Kolmogorov-Riesz theorems [11, Theorem 4.12]—among other results in [11], which have already been
proven for the case of Stieltjes spaces. Furthermore, the isomorphisms introduced here could provide a way
to approach density theorems, such as the Weierstrass approximation theorem or the density of g-smooth
functions in the space of uniformly g-continuous functions.

Theorem 4.30 and its corollaries also provide a way to incorporate the theory of Stieltjes differential
equations with notions of convolution or transforms, such as the Fourier or Laplace transforms. The theory
of dynamic equations on time scales uses versions of these tools—see [3,4,6,15,22], so it would be interesting
to determine whether we recover these definitions in the specific case of a g that defines a time scale. In
fact, we should point out that the isomorphisms presented here work for time scales as well (as they are a
particular instance of Stieltjes calculus), so further results of the theory might be amenable to the approach
presented in this paper.

Finally, many qualitative properties of solutions of Stieltjes differential equations will be preserved
through the isomorphisms, so the study of asymptotic behavior, oscillation, etc., could be advanced in
this way.

Despite all these ideas, we do not want to give the impression that the isomorphisms defined here are
a silver bullet that trivializes the theory of Stieltjes differential equations. As seen in Theorem 4.30 and
Theorem 5.4, it is clear that we will not have a one-to-one correspondence between Stieltjes differential
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equations and ordinary differential equations. Some careful case-by-case treatment will be necessary, and,
in some cases, the approach might not work at all due to the specific characteristics of the setting.
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