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Abstract

In this paper, we introduce a two-point boundary value problem for a
finite fractional difference equation with a perturbation term. By applying
spectral theory, an associated Green’s function is constructed as a series of
functions and some of its properties are obtained. Under suitable conditions
on the nonlinear part of the equation, some existence and uniqueness results
are deduced.
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1. Introduction

In this paper we consider the following difference fractional Dirichlet
boundary value problem (FBVP)

“Ay(t)+at+v—1Dy(t+v—1)=w(t)f(t+v-1y(t+v-1)),

ylv=2)=y(v+b+1)=0,
(1.1)

fort € I =[0,b+1]yn,, wherev € Rwith1 <v <2,b€N,b>5, AVyis the
standard Riemann-Liouville fractional difference operator, a(t), w(t) € R
withw #0on I, and f: [v—1,v+b]y, , xR — R is a continuous function.
We use the following notation: N, = {a,a+ 1,a+2,...} for a € R, and
[e, ¢+ noln, = [¢, ¢+ no] NN, for ¢ € R and ng € Nj.

During the last decade, a lot of authors studied fractional difference
equations. This is due to the fact that there has been a progress made in
developing the basic theory in this field (see [5] 6, 9, [10, 11] and references

© Year Diogenes Co., Sofia
pp. xxx—xxx, DOL: ..



2 Alberto Cabada and Nikolay Dimitrov

therein). First, Diaz and Osler [9] define a fractional difference as an infi-
nite series and a generalization of the binomial formula for the n-th order
difference A" f operator. Later, Miller and Ross [14] studied the linear v-th
order fractional differential equation as an analogue of the linear n-th order
ordinary differential equation. In [I] and [2] Atici and Eloe have developed
and applied a transform method for fractional finite differences and for frac-
tional g-calculus problems, respectively. The same authors introduced in
[3] and solved well-defined discrete fractional difference equations, while in
[4] some properties of discrete fractional calculus in the sense of a backward
difference, were introduced and developed as well as some properties of the
Laplace transform for the nabla derivative on the time scale of integers.

Atici and Sengiil introduced in [6] some analysis of discrete fractional
variational problems. Their paper also provided some initial attempts at
using the discrete fractional calculus to model biological processes as they
showed a model of tumor growth. Similarly, Goodrich [I0} [IT] has estab-
lished some important results on discrete fractional boundary value prob-
lems. However, due to the complexity of the fractional calculus, the Green’s
functions for fractional boundary value problems have not yet been well
developed and only a few different discrete fractional problems have been
studied.

In [5] Atici and Eloe showed that (see also Goodrich and Peterson [12]),
for all (t,s) € [v—2,v+b+1]n,_, x I

v—2

t0=1) (ppb—sg) (VD

—(t—s—1DV | s<t—v+1,

1 (v-D
Colt _ (v+b+1) ~
olt:5) = Ty t<1}zl>+<zilz>;fg<; v t—v+1<s.
v
(1.2)

is the related Green’s function to the Dirichlet problem

—A(t)=h(t+v—-1), tel,
y(v—-2)=y(v+b+1)=0.

This result was obtained by expressing the general solution of the first
previous equation in terms of the v-th fractional difference operator.

We point out that the method used in [5] fails to work if we study a
more general problem such as

A% () +at+v—1y{t+v—-1)=0, tel, (1.3)

due to the complexity caused by the extra non-constant terma (t +v — 1)y (t + v — 1).
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This is the reason why we follow the approach given in [13], where Graef
et al. studied the Dirichlet problem

—Dg u(t)+a(t)u(t) = wt)f(tul), 0<t<l,
uw(0) = u(l)=0,

with Dg, the Riemann-Liouville fractional derivative for 1 < a <2, w €
C(]0,1]) such that w (t) > 0 on [0,1] and f € C (]0,1] x R, R).

Similarly to them, we want to obtain the Green’s function related to
as a series of functions by using the spectral theory. Then, under
suitable conditions, we are able to obtain existence and uniqueness of solu-
tions of FBVP . Our work provides a new approach for constructing
Green’s functions for discrete fractional boundary value problems. This
method can be further extended to problems with more general boundary
conditions.

The paper is organized as follows: In next section we recall some defini-
tions and preliminary results. In Section 3| we obtain some technical results
and properties of the Green’s function related to the linear problem. After
that, in Section [ under suitable conditions, we establish and prove our
existence, non-existence and uniqueness results. In the last section we give
some examples to illustrate the applications of these results.

2. Preliminaries

Let us first recall some basic definitions and lemmas, which will be used
till the end of this work.

DEFINITION 2.1. We define t(*) = %, for any ¢ and v for which
the right-hand side is well defined. We also appeal to the convention that
if t4+ 1 — v is a pole of the Gamma function and ¢ 4+ 1 is not a pole, then

tv) = 0.

DEFINITION 2.2. The v-th fractional sum of a function f, for v > 0
and t € Ny, is defined as

t—v

ATUF(t) = AVF (t0) = F(l) S (t—s— ) f(s).

S=a

We also define the v-th fractional difference for v > 0 by AVf(t) :=
ANAY=N£(t), where t € Nyj, and N € N is chosen so that 0 < N — 1 <
v <N.
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LEMMA 2.1. [I0, Lemma 2.3] Let t and v be any number for which
t®) and t(*=1 are defined. Then At¥) = vt(v=1),

LEMMA 2.2. [I0, Lemma 2.4] Let 0 < N —1 < v < N. Then
AUAVY(t) = y(t) + C1t =D + Cot=2) 4 4 Cnt(=N) for some C; € R,
with 1 <i¢ < N.

Next result imporoves [5, Theorem 3.2].

LEMMA 2.3. The Green’s function Gy(t, s) given by (|1.2) satisfies:
(i) Go(t,s) > 0 for each (t,s) € [v =1, v +bly | X I

(i) maxie 2,04 b4 1], 72{G0(t, s)} = Go(s+v—1,s) for each s € I;
(iii) there exists v € (0,1) such that

min  {Gq(t,s)} >~ max {Go(t,s)} = vGo(s+v—1,s) for s € I.
e[t et tel-2wtbiy,

Proof (i) Consider first the case s = 0. In this situation we have

(v—1) v (v-1)
Golt.0) = F(lv) (t(vﬂ():l;)()“_l) _(t_l)(u_1)>
1 (F(t+1)F(b+v+1)F(b+3) T >
T \I'(t+2-v)L(b+2)T(b+v+2) T(t+1-v)
1 T (t) (b+ 2) T ()
- r(u)<(t+1—v)r(t+1—u)(b+v+1)_F(t+1—u)>
_ I (t) ( t(b+2) _1>
Fv)'t+1—-v) \(t+1—-v)(b+v+1)
_ L' (t)
= Groi DT TGz g TV HE-tw=b-1)

> 0

since t € [v—1,0+0b]y _, and vb+ v +t—tv—b—1=0v—1>0 for
t=>b+wv.

The case 1 < s < b+ 1 has been proved in [5, Theorem 3.2]. So, (i) is
proved.

(1) First,let 1 <s<b+1,since G(v—2,5)=G(v+b+1,5)=0,
it is proved in [5, Theorem 3.2] that

Go(t = Go(t =G —1,s).
o2y, (CoN = g, iy, AGEs)} =Gols 4o —1,9)
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Now, if s = 0, we need to show that

Go(t.0)} = Go(v — 1.0).
tE[UfZ,gf‘b)il]NU72{ o(t,0)} o(v —1,0)

To this end, from the expression of G(¢,0), we have that Go(v—2,0) =

2 —_ —b—
Go(v + b+ 1,0) = 0. Moreover, we have that F(t)(vb;(i—i_zt_;)v b—1)

creasing on ¢t € [v—1,v+bly . Thus, Go(t,0) is decreasing on t €
[v—1,v+b]y, _, and

1

Go(t,0)} = Go(t,0)} = Go(v —1,0
te[vilrgﬁﬁl]l%fz{ olt: 0)) te[“*ﬂ)%]klwl{ o0} olv 0):

is de-

and the assertion is concluded.
(13i)  In this case, from (i7) we have that G(t,0) is decreasing on ¢.
Then,

min ~ {Go(t,0)} = Go (U o 0>

te[ =4, 2] !

and we need to show that there exists v € (0, 1) such that Gy (“TH’, 0) >
Go(*3,0)

vGo(v — 1,0), which is equivalent to v < Golo—T0)

< 1 since Gy(t,0) is
decreasing on .
The case 1 < s < b+ 1 has been proved in [5, Theorem 3.2]. O

LEMMA 2.4. [I5, Theorem 1.B] Let X be a Banach space, A: X — X
be a linear operator with the operator norm ||A|. Then, if |A| < 1, we

have that (Id — A)™" exists and (Id — A)™* = 3. A™. Where Id is the
n=0

identity operator.

3. Previous Inequalities and Hypotheses

In the beginning of this section, we will show an important technical
result, which extends the one given in [5, Theorem 3.2 (ii)].

THEOREM 3.1. Let Gy(t, s) be defined by (1.2). Then, for any (t,s) €
[v—2,v+b+ 1N, , X I, the following inequalities are fulfilled:
(b+20—1)*T (b+3)

Go(t,s) < Go(s+v—1,s) < '
ot s) o ) 4v=1 (b + 1)2(2_U) Fw)T(b+v+2)

P r o o f. First inequality has been proved in Lemma (i7), so, we
only need to prove the second one.
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If s =0, then Gp(v+1,0) = b-il:t—Qi-l and we only need to show that

b+ 2 (b+20—1)>T (b+3)
b+v+1 " g1 (b4 1) VIT ()L (b+v+2)
which is equivalent to

(b+v+1)

Y T
4071 (b + 1)27Y T (v) T+ 2) < (b+20—1)2.

I'(z+r)

r—1
T(a+1) <z for a

Now, using Gautchi’s inequality, we have that
positive real number z and for r € (0,1). Thus
SRR I U1 (R T
Using the latter inequality and the fact that T' (v) < 1 for v € (1,2), it
is enough to show that
7L+ 1) (b+v) < (b4 20 —1)%.

4v=1(p41)27Y (b4v)
(b+20—1)2
to check that the above inequality holds for b = 5, i.e.,

4716270 (5 + ) < (44 20)?,

which is true, since for v € (1,2)

9(5+wv) 3 <3)v
————s<-<(=]) .
(4 +2v) 2 2
Now, suppose that 1 < s < b. From we have that
1 (s+v—1D"Y@w+b—sY
I'(v) (v+b+1)~Y
Fs+v)T(b—s+v+1) r'®b+3)
L(s+1)T(b-—s+2) T)Tb+v+2)
Using Gautchi’s inequality again, we have

I'(s+wv) _ (s+v—1)T(s+v—-1) <(st+v—1)s2

One can verify that is decreasing on b, so we only need

Go(s+v—1,5) =

I'(s+1) I'(s+1)
and
ro—s+v+1) (b-s+v)l'(b—-s+v) .
To-s+2) —  Th-sty S CTsHulmsenT

Combining the last two inequalities we obtain that
Fs+u)T'(b—s+v+1)
Fs+1H)T'(b—s+2)

<(s+v—-1)s"2(b—s+v)(b—s+1)"2.
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Thus,
I'(b+3)

Go(stv—1,s) < (3+U—1)3072(b_3+v)(b_8+1)U_2F(U)F(b+v+2)'

By denoting
g(s):=(s+v—1)s"2(b—s+v)(b—s+1)""2 for s € [1,b]n,,

it is not difficult to verify that, for all s € [1,b]n,, v € (1,2) and b > 5, the
following properties hold:

g(s) =g(b+1—5s)

and

g <b*2‘1) = =272 (v=1)(b+1)*""° (b* + b(4v — 6) + 4(v — 2)v + 1) < 0.

As consequence, since

(v 1>sv—zl<(bs)_s+1>v—3 =(@2s=b-1) ("= s(b+1)— (v-2)(b+v)),

it is clear that
{9() (1),9 (221
= ma _ .
121?%{1; g\s max4 g g B

Let’s see now that g (b#) > g(1), ie.,
_q 2 1\ 2(0-2)
(b+v> <b+) >v(b+v—1)b"2
2 2
which is equivalent to
(b+20—1)?p2"

b+o—1)(b+1)"%
. (b+2u-1)%2 v
Denote p(b) := o D
b>5and v e (1,2).
Indeed, we have that

(b—1)(v =1 (b+1)*>(b+2v — 1) (3bv + (b — 5)b + 2v? — 5v + 2)

V.

One may check that p is increasing for

P (b) = (b+ov—1)2

It is immediate to verify that w(b) := 3bv + (b—5)b+2v? —50+2 > 0
for all b > 5. So, p is also increasing for b > 5.
Hence, we only need to show that p (5) > 4Y~1v, which is equivalent to

4+ 2v)? 9"
h(v) = TATv) >4 (5> =: k(v). (3.1)
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Since for all v € (1,2) we have that

4 (v) = 96 <U15 - (v+14)5) >0

2—v
K (v) =4 (2) log* <§) > 0.

So, K" and k" are strictly increasing on (1,2). Since
h"(2) ~ —1.48148 < —1.46215 ~ k"' (1)

we deduce that (h—
is concave on (1,2).
Since (h — k)(1) =~ 0.392064 and (h — k)(2) ~ 1.46226 we conclude that
(h—k)" > 0on (1,2), which implies that h—k is strictly increasing in (1, 2).
Since (h — k)(1) = 0, inequality is fulfilled on (1,2).
Thus,

b+1 (b+20—1)°
< = fi 1, 0N, -

g(s)_g< 2 ) qv=1 (b + 1)22V) or e
Now, if s = b+ 1, we have that

and

k)" < 0on (1,2) and, as a direct consequence, (h— k)’

I'(b+v+1)T(b+3)

Golb+v b+ D) = S T or2)

We will show that
g(M)T'(b+3)

bt 0,b+1 .
Golb+v.b+1) < F T o r0 32

This is equivalent to
Frb+v+1)I'(v)
r'b+2)
Again, using Gautchi’s inequality we have that
2 (Pb(“;i;l) _® +F“()br+(l;)+ Y < b+v)(b+1)2.
Thus, it is enough to show that
L) (b+v)(b+1)"2<vb+v—1)b""2,
but, since I' (v) < 1 for all v € (1,2), we only need to prove that

b+0)b* "V <vb+v—1)(b+1)*".

<vbtuv—1)r 2

Denote
(b+v—1)(b4+1)*"

a(b) = (b+v) b2
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Let us see that ¢ is increasing for b > 5 and v € (1,2). Indeed, we have
that

b >” (v=1)(b*+ (20 =3)b+v(v—2))
b+ 1 (b+v)? b3 '

Moreover, it is not difficult to verify that b2+ (2v — 3)b+v (v —2) > 0
for b > 5.

Then, we only need to check that the inequality holds for b = 5, i.e.,
527V (v +5) < v (v +4) 627V, It clearly holds, since

v+5 1 6 6\ 2"
=1 < =< = .
vtd T oFaTs <5) v

(=0

As a result, we obtain that for all s € I, the following inequality holds
(b+20—1)2T (b+3)

Go(t,s) <Go(s+v—1,5) <
o(t,s) of ) 4U71(b+1)2(2*”)F(U)F(b+v+2)

and the result is proved. |

Let X represents all maps from [v — 2,v + b+ 1]N11—2 into R, equipped
with the standard maximum norm ||-||. Clearly, X is a Banach space.
Throughout the paper, let us assume the following condition
41 (p4+1)3 =2V (0)T (b+v+2)
(b+2v—1)2T(b+3)

(A) There exists @ > 0 such that |a (t)| <@ <
forallt € v—1,v+0bly -

1

Define G : [v—2,v+b+ 1]y, x I —Rby

[e.9]

G(t,s)=> (~1)"Gn(t,s), (3.2)

n=0

where Gy (t, s) is given by ((1.2)), and set

b+1
Gr (t,s) = ZQ(T—{—U —1)Go(t,7)Gpo1 (T+v—1,5) forn > 1. (3.3)

7=0

We have the following result

THEOREM 3.2. The function G (t,s) defined by (3.2) as a series of
functions is convergent for (t,s) € [v—2,v+b+ 1]y , x I. Moreover,
G (t,s) is the Green’s function for FBVP (1.3]).
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Proof. Forany h € X and ¢ € I, let us consider the following FBVP

-Ay(t)+at+v—-1)y(t+v—-1) = h(t+v—-1), tel, (3.4)
y(v—2) = yb+v+1)=0. '
The solution y of this problem satisfies
b+1
y(t)=> Got,s)(h(s+v—1)—a(s+v—1)y(s+v—1)),
s=0
where Gy (t,s) is given by (L.2).
The last equality is equivalent to
b+1 b+1
y(®)+> als+v-1)Go(t,s)y(s+v—-1)=> Go(t,s)h(s+v—1).
s=0 s=0
(3.5)
Now, define A and B: X — X by
b+1
(AR)(t) == _Go(t,s)h(s+v—1) (3.6)
5=0
and
b+1
(By)(t) ==Y als+v—1)Go(t,s)y(s+v—1). (3.7)
s=0
Then (3.5)) can be written as
(Id+ B)y = Ah. (3.8)

Using Theorem|3.1{and condition (A), it follows that | B|| = ”InHaX | Byl <
yl|=1

1. Then, by Lemma we have that

o0

y=>» (-B)" Ah. (3.9)

n=0
First, we claim that for n =0,1,2,...

b+1

(=B)"Ah) (t) =) (-1)"Gn (t,s)h(s+v—1). (3.10)
s=0

We will prove our claim by induction. Clearly, (3.10)) holds for n = 0. Let
us assume that (3.10]) holds for some n = k. We will show that (3.10]) holds
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for n = k + 1. Indeed, using , and we have
((—B)k“ Ah) () = (—B (—B)kAh) (t)

b+1 b+1
= Y —a(r+v-1)Go(t,7)Y (-1 Gr(r+v—1,8)h(s+v—1)
= > (V"D a(r+v-1)Go(t, 1) Gr(r+v—1s)h(s+v—1)
b1 )
= ) (D" Gyt s)h(s+v—1),
s=0

which proves our claim.
Next, we will show that for n =0,1,2,...

(—1)" G (t,5)| <a" (b+2v—=1)°T (b+3) " (3.11)
T e e )T ()T (bt o+ T

Clearly, for n = 0, (3.11]) is Theorem Assume that (3.11)) holds for
some n = k. Then

b+1
()L G (1, s)( < Yla(r+v—1)[Go(t,7) Gy (r+v—1,9)
7=0
b+1 2
20—-1)°T
S Zi b+ v ) (b+3) Gk(’r—l—v—]_’s)

=41 (b + 12T ()T (b4 v + 2)

n+2
_ ”ianﬂ (b+2v—1)2T (b+3)
=~ 401 (b+ 1)’V T ()T (b+ v + 2) ’

ie., holds for n =k + 1.

By induction, holds for any n =0,1,2,...

Finally, using condition (A) and inequality (3.11), for all (¢,s) € [v — 2,0 + b+ 1]y _, %
I, we obtain that

e o0 (b+20—1)°T (b+3) "
Gtol= nzzo( G Sg <4v L+ 1)PEIT ()T (b+v+2)> -

Hence, G (t,s) is convergent on [v — 2,v +b+ 1y X I.

From (3.2), (3.9) and (3.10)) it follows that

oo b+1 b+1

=> > (- h(s+v—1) ZGts (s+v—1). (3.12)

n=0 s=0
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On the other hand, let y be defined by (3.12)). By (3.2, (3.6) and (3.7,

y satisfies (3.9). Thus, (3.8) holds. Again, by (3.6)) and (3.7)), y satisfies
(3.5)). Therefore, y is the unique solution of FBVP (3.4) and G is the

Green’s function related to FBVP (L.3]). O

LEMMA 3.1. Let G be defined by (3.2)) and

L (b4 12T ()T (b+ v +2)

G (s) = Go(S‘l‘U—l, 5) (41}1 (b N 1)2(271)) r (U) T (b + v+ 2) — E(b + 2v — 1)
(3.13)

Then, |G (t,s)| < G (s) for all (t,s) € [v—2,v+b+ 1]y _ xI.

v—2

P roof. Weclaim that forn =0,1,2,...

\(—1)”Gn(t,s)<G0(s+u—1,s)< a(b+2u—1) (b+3) )

401 b+ 12T ()T (b+ v +
14)
Clearly, from Theorem the inequality (3.14]) is true for n = 0.
Assume that (3.14]) holds for some n = k. Then, using Theorem
again, for all (t,s) € [v—2,v+b+ 1]y, , X I, we have

2r(b+3)>'

b+1
(DM G ()] < Y lalr 4o =1 Golt,7)|Gi (7 +v - 1,5)]
7=0
b+1
< ZEGO(T+U—1,7‘)G0(3+U—1,S)
7=0
k
y a(b+20—1)2T (b+3)
401 (b+1)*FIT ()T (b4 v + 2)
— 2
< Go(s+v—1,s) a(b+222v_— D'T(b+3)
41 (b+1)*FVIT ()T (b4 v + 2

Hence, (3.14)) holds for n = k + 1, which proves our claim by induction.

k+1
>> |
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Combining (3.2)), (3.13) and (3.14]), we obtain that

[e.e]

> (=1)"Gn(t,s)

n=0

G ()] =

> ( a(b+20—1>°T(b+3) )”

< Go(s+v-—1,s
ol )nz:% 40=1(b+ 1)’V T ()T (b + v + 2)

= G(s).
|

As a direct consequence of previous result, we deduce the following one
for a nonpositive potential a(t).

COROLLARY 3.1. Assume that condition (A) is fulfilled and —a <
a(t) <0onfv—1,v+bly, . ThenG(t,s) > 0foreach (t,s) € [v—1,v+by  x
1.

Proof From Lemma (i), we know, that Go > 0on [v — 1,0 + bl %

I.
The result holds immediately from (3.2)) and ({3.3]). O

REMARK 3.1. We point out that previous property allows us to de-
velop the method of lower and upper solution method coupled to monotone
iterative technique (see [7, [§] and references therein) for this situation.

4. Main Results

In this section we prove the main results of this paper. We obtain two
existence results for the nonlinear problem (1.1).
To this end, define the operator T': X — X by

b+1
(Ty) (1) => Gt,s)w(s)f(s+v—-Ly(s+v—1),yeX. (51
s=0

Clearly, T is completely continuous and, as a direct consequence of the
results proved in previous section, y is a solution of FBVP (1.1)) if and only
if y is a fixed point of operator 1" in X.

Now, we are in a position to establish our main results.

THEOREM 5.1. Assume that f satisfies the Lipschitz condition on its
second variable, i.e.,

[f (G ) = f(22)| < Koy — 2o for (8,21), (5 22) € [v—1,0+bly,_ xR

1
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_ -1
with K € (0, (ZgiéG(s)w (s)) > Then the FBVP (|1.1)) has a unique

solution. In addition, if f (¢,0) =0 on [v —1,v +bly, _,, then FBVP (L1I)
has no nontrivial solution.

Proof. For any y1,90 € X and t € [v—2,0+b+ 1]y , we have,
from Lemma 3.1, that

b+1

|(Ty1 — Ty2) ()] = ZG(t,S)w(s)(f(s—i-U—1,y1(s+v—1))—f(s+v—1,y2(s+v—1)))
s=0

b+1
S G (s)w(s)|f (s+v— Ty (s+v—1) = f(s+v—1ys (s +v—1)
s=0

IN

b+l
< (KZG(s)w(s)> ly1 — vall-
s=0

Notice that Kzgiéé(s)w(s) < 1. Thus, T is a contraction mapping.
By the contraction mapping principle it follows that T" has a unique fixed
point. Hence, FBVP has a unique solution. Moreover, if f (¢,0) =0
on [v—1,v+bly _, , then clearly, y () = 0 is a solution and by uniqueness
of solutions, FBVP has no nontrivial solutions. O

THEOREM 5.2. Assume that

lim max {M] = (5.2)
|z|—0 te[v—l,v+b]NU71 |£L“

and f(t,0) Z0 ont € [v—1,v+D0ly ,. Then FBVP (1) has at least
one nontrivial solution.

Proof Setk= m From (j5.2)), we have that there exists

s=0
a constant C1 > 0 such that [f (t,z)| < kCy for t € [v — 1,0 +bl]y | and
x with |z] < Cy.
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Consider Q :={y € X | |ly|| < C1}. Then from (5.1) and Lemma

we have

b+1
(Ty) @) = D Gts)w(s)f(s+v—T1y(s+v—1))
s=0
b+1
< MG Hs)w(s)|f (s+v—TLy(s+v—1))
= b+1
<

kC1 Y G(s)w(s) = Ch.
s=0

Hence, ||[Ty|| < C7. By Schauder’s fixed point Theorem, operator T" has at
least one fixed point in €2, which is a nontrivial solution of FBVP (|1.1)). O

6. Examples

In the end of this paper we present some examples to illustrate our
main results.

EXAMPLE 5.1. Let @ satisfying condition (A). Consider the FBVP ([1.1])
_ —1
with f (t,z) = Karctanz + g (t), where 0 < K < (ZbiéG(s)w(s))

S

and g(t) € R, with ¢ # 0 on [v — 1,v +b]y, _, . One can easily check that
f satisfies the Lipschitz condition in z, i.e.,

lf (t,x1) — f(t,x2)| < K |x1 — 29| for (t,x1),(t,22) € [v— 1,0+ b]NU,1XR'

From Theorem [B.1] the considered FBVP has at least one solution. More-
over, the solution is nontrivial since f (¢,0) Z 0 on [v — 1,v+ by, _ -

EXAMPLE 5.2. Suppose that @ satisfies condition (A). Consider the
FBVP (L.1) with f(¢t,x) = 2 4+ g (¢), where o > 1 and ¢(t) € R, with
g #0on [v—1v+b]y . Itis obvious that condition is fulfilled.
So, from Theorem the considered FBVP has at least one nontrivial
solution since f (¢,0) ZOont € [v—1,v+b]y -

1
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