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1. Introduction

Crossed products of an algebra A by a Hopf algebra H, both living in a category of K-vector spaces, were introduced
independently by Blattner, Cohen and Montgomery [1] and by Doi and Takeuchi [2]. Such crossed products consist of an
algebra structure on A ® H whose multiplication fta4, 4 is given in terms of an action ¢4 : A® H — A and a twisted normal
two-cocycle o, : H ® H — A. The unit of this product is given by nas,u = 1na ® nu, for n4 and ny the unit of A and the
unit of H respectively. The necessary and sufficient conditions are given in [1,2] for uas, 1 to be associative and also for
Nas, 1 to be the unit. Moreover a crossed product of an algebra by a Hopf algebra is used to characterize Galois extensions
of Hopf algebras that satisfy the normal basis condition, that is, cleft extensions. The generalization of crossed products to
braided Hopf algebras is due to Majid, and it turned out to be an important tool in the study of quantum geometry (see for
example [3-5]). In particular, Galois extensions of Hopf algebras can be seen as non-commutative principal bundles being
cleft extensions trivial principal bundles.

In order to obtain a more general setting to study principal bundles, Brzezinski and Majid define in [6] the so-called
entwining structures, where they replace the Hopf algebra structure by an algebra and a coalgebra related by an entwining
morphism. In this new context Brzeziriski and Hajac [7] define the concept of coalgebra-Galois extension, and Brzezinski
in [8] gives a general theory to study crossed products. He replaces the Hopf algebra H by an arbitrary vector space V, and
the weak action ¢, is generalized by a linear map fﬁ :V®A — A®V and the two-cocycle isreplacedby 6 : VQV — AQV.
These morphisms, under some necessary and sufficient conditions, are used to obtain an associative multiplication onA®V.
Moreover a unit can be defined, provided that there exists a morphism e : K — V that must satisfy certain equalities with
respect to 12/ and ¢. This unit is given by nagy = 14 ® e, and it is the last ingredient to obtain an algebra structure on
A ® V. This general crossed product was used by Bespalov and Drabant in [9] to obtain crossed products without a cocycle.
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Moreover it generalizes the classical crossed products of Hopf algebras, of braided Hopf algebras and was also used by
J.A. Guccione and ].J. Guccione in [10] to develop a theory of braided Hopf crossed products which include the classical ones
and the Ore extension type.

Although Brzeziniski’s general crossed product supposes a very useful and general tool to study a wide class of crossed
products, it turned out that it was not enough general to cover more recent generalizations of Hopf algebras, as weak Hopf
algebras, given by Bohm, Nill and Szlachanyi in [11], and the more general setting of weak entwining structures due to
Caeneepel and De Groot [12]. These weak cases of Hopf algebras and of entwining structures imply that the properties of
the units of the algebras and the counits of the coalgebras are weaker than that in the classical cases. These weaker properties
reveal the existence of some idempotent morphisms that in the non-weak cases were identities, and in particular when one
tries to extend crossed products to weak contexts one finds that these idempotent morphisms appear in a very natural
way (see for example [13]). In [14] we give a general theory of crossed products where we combine the ideas in [8] and
the use of the idempotents in [13,15]. We define a product on A ® V, for an algebra A = (A, 4, n4) and V an object both
in a strict monoidal category € where every idempotent splits, by means of two morphisms 1//(} V®A - A® V and
a(} :V®V — A® V that must satisfy some conditions that generalize the classical ones. Associated to these morphisms
we obtain an idempotent

Vigy = (Ua®@ V) o (A® (Y o (V@) :AQV —> ARV

which plays the role of the identity in the non-weak case. Now we obtain not only a multiplication on A ® V but on the
image of the idempotent V,gy. If we also ask for the existence of a morphism 7y : K — V, where K is the base object in
the category ©, we obtain under certain conditions a weak crossed product system with unity, that permits us to give a unit
for the product on the image of the idempotent V,gy, and hence to endow it with a unital algebra structure. In [14,16] we
use our theory to obtain a crossed product related to a weak C-cleft extension for a weak entwining structure (A, C, 1),
where A is an algebra, C a coalgebraand ¥ : C ® A — A ® C the weak entwining morphism (see [12] for weak entwining
structures and [17] for weak C-cleft extensions), provided that there exists nc : K — C and that the cleaving morphism
satisfies f o n4 = nc. In the Hopf algebra case this equality does not suppose any restriction, but in the weak case we cannot
assure it for all weak cleft extension, not even in the simplest case of weak Hopf algebras. Then the theory developed in
[14] was suitable and valid for the cleft extensions associated to projections of weak Hopf algebras (see [13,18,19]) but not
complete, as it did not cover all the general cases.

Following the relation of the existence of a preunit and an idempotent morphism on a non-unital algebra given in [12] by
Caenepeel and De Groot, and the relation of weak contexts with idempotent morphisms, we found that the key to define a
weak general crossed product is to replace the morphism ny : K — V by a morphismv : K — A ® V that will play the role
of the preunit. Using this idea we obtain in this paper a general theory of crossed products that recovers the one in [14] and
the non-weak ones. To present this theory we give in the first section a survey of preliminary results where we recall the
definition of a preunit and its relation with idempotent morphisms. In the second section we give, first of all, the notion of
a weak crossed product, where we introduce the morphisms 1//(}, a{,‘ and the idempotent V,gy. Then using classical twisted
and cocycle conditions we give an associative product on A ® V and on the image of V,gy. The next step is to introduce
a morphismv : K — A ® V, that permits us to obtain a weak crossed product with preunit. In Theorem 3.11 we give
necessary and sufficient conditions to obtain a left A-linear multiplication on A® V with preunit v, or equivalently to obtain
a weak crossed product with preunit. This crossed product with preunit permits us to endow the image of the idempotent
Vagv With an algebra structure, and then to recover the classical cases of crossed products. In particular we obtain the weak
crossed products for weak bialgebras given in [20] as an example of our general weak crossed products.

Throughout the paper € denotes a strict monoidal category with tensor product ® and base object K. Given objects A, B,
D and a morphism f : B— D, we write A® f forid4, ® f and f ® A for f ® id,4. Also we assume all idempotent splits, i.e., for
every morphism Vy : Y — Y, such that Vy = Vy o Vy, there exist an object Z and morphismsiy : Z — Yandpy : Y — Z
satisfying Vy = iy o py and py o iy = id;.

As for prerequisites, the reader is expected to be familiar with the notions of algebra (monoid), coalgebra (comonoid),
module and comodule in the monoidal setting. Given an algebra A and a coalgebra C,weletn, : K — A, us : A® A — A,
ep : D — K,and ép : D — D ® D denote the unity, the product, the counity, and the coproduct respectively. Also, if A, B are
algebras, f : A — Bis an algebra morphismif f o 54 = ngand f o ug = up o (f ® f). In a dual form we have the notion of
coalgebra morphism.

2. Preunits and products

Definition 2.1. Let V4 : A — A be an idempotent morphism. Fix Im(V,) = A,and i, : A — Aand p, : A — A the injection
and the projection associated to V.

If there exists a morphism s : A® A — Athat s o (A ® ua) = pa o (Ua ® A), i.e., it is an associative product on A,
then we say that it is normalized with respect to V, (or in general that it is normalized) if it satisfies:

Vaopia = pa = pa o (Va ® Vy).
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Lemma 2.2. Suppose tf_zat Va 1 A — Ais an idempotent morphism as above, and suppose that pj : A®A —> Aisan
associative product on A. Then there exists an associative product us : A ® A — A normalized with respect to V, such that
Ma = Da o pa o (ia ® ia).

Proof. Take py =iy o 1z o (pa ® pa) and compute:
pao (a ®A) = in oz o (1uz ® A) o (pa ® pa @ Pa)
= ipouz 0 (A® z) o (pa ® Pa ® pa)
= pao (A® ua)
by virtue of the definition of 14 and the associativity of pz. Now as V4 o iy = ia:
Vaopa = Vaoisopzo(pa®pa) =iao kzo (Pa®pa) = ta.
In a similar way, and as p4 o V4 = pa:
a0 (Va4 ® V) =igopuzo((paoVa) ® (pao Va)) =is0 uzo (pa®pa) = Ua,
and hence p4 is indeed a normalized product. Finally,

Mz =Dpaoisopzo(Pa®pa)o(ia®is) =paopuso(ia®is). O

Then if we have an idempotent morphism and an associative product on its image, we can recover an associative product
defined on the whole original object, but we cannot say anything about a possible unit for this product, even if the image of
the idempotent is an algebra. To study this cases we need the concept of a preunit introduced by Caenepeel and De Groot
in[12]:

Definition 2.3. Let A be an objectin € and 4 : A® A — A an associative product. The morphism v : k — A is a preunit for
pa if
Hao(A®V) = po (V®A) = g0 (A® (a0 (v ®v))).
Observe that if (A, 14, (t4) is an algebra, then v = 5, is a preunit for p4.
Remark 2.4. Note thatif Ais an object in © with an associative product 114 : AQA — Aand preunit v, thenv’ = uso(V®V)

is also a preunit. Furthermore u4 o (V' ® V') = v’. Henceforth we will consider that v satisfies this condition as it does not
suppose any loss of generality.

The existence of a preunit is very closely related to the existence of an idempotent morphism as is claimed in the next
proposition:
Proposition 2.5. Let A an objectin C and s : A ® A — A an associative product. Then the following assertions hold:
(i) If v : k — Ais a preunit for s, the morphism V, : A — A given by
Vi=iao(A®V)

is idempotent, multiplicative and such that s o (A® V,) = V} o ua.
(ii) If v : k — Ais a preunit for ja, then (A, nz, nz) is an algebra, where A = Im(V}), p, and iy are the morphisms such that

V., =1, 0py pyoiy =ids uz =p,opnao (iy ®i,) and nz = pj, o v.
(iii) If V4 : A — A'is an idempotent morphism and A = Im(V,) is an algebra, then the morphism s = is o 1z o (pa @ pa) is

an associative product on A with preunit v = i o nz. Moreover V4 = V}.
(iv) If v is a preunit for A, then V) = id, if and only if v is a unit (that is, if A is an algebra).

Proof. To prove that V, is an idempotent morphism just consider the equality
Hao (A® (a0 (VV))) = ppo (A® V)

and the associativity of 4 and compute:
VioVi=pso((ao(A®@V)®V) = a0 (A® (uao (VO V))) = puao (AR V) = V.

Hence V, is idempotent.
Now using the properties of the preunit and the associativity of 114 we obtain:

Ao (Vi®Vy)) = ao(A® pa) o (A® (mao (v ®A)) ®v)
= pao (Ua® (nao (v Rv)))
= VXOMA,
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and then V} is multiplicative. On the other hand, equality V, o ua = ua o (A ® V) follows by the associativity of x4 and
implies that V} is of left A-modules.

To prove the second assertion of the proposition first consider A = Im(V}) and define pu; = pj o ua o (iy ® iy). This
expression gives an associative product on A. Indeed:

17 0 (17 ® A) = pjo a0 (Vi o ) ® A) o (i} ® i) ® i)
=ppouao(A® pa) o (iy @iy @1iy)
=pponac(A® (Vyoun)o (iy ®iy ®iy)
= pzo (A® 1z)
by the multiplicativity of V,, equality V} o iy = i, and the associativity of 4. Hence the product uj is associative. Now
compute:
pao(A®nz) = pyomao iy ®iy) o (A® (ph o v))
=phopao (AR V}) o (i ® )
=pyaoV,0oV,oiy
= p)oi,
= idy
using the definition of V,, that it is of left A-modules and equalities p; o V, = pj, and V} o iy = i,. On the other hand:

1z 0 (N5 ® A) = pj o a0 (i ®A) o (Dy ® v) ® i)
= phouao (Vi ®A) o (v @iy
=pyoViouso(V®A)oi,
=py,oVyoV,oiy
= idy
by similar arguments to the previous ones and by the properties of the preunit. B
To show the third assertion let V, : A — A be an idempotent morphism such that (A, xj, ;) is an algebra, and define
Ha = ip o 4z o (pa @ pa). This morphism gives an associative product on 4, as is shown in Lemma 2.2.
Now to check that v is a preunit compute:
pao (V@A) = irozo((pacison;) ®A)opa
ia oz o (mz ®pa)
Va
= ip oz o (Pa ® nz)
inoio(A® (paoisonz))opa
= pao (A®v)

just by using that p4 o i4 = id; and that nj is the unit from p;. Using again these two conditions:

Hao (A® (uao (v ®V))) =igopzo(Pa® (pacia))o(A® (uz o (mz ®np)))
iaopzo(pa®uz) o (A® Nz ®ng)

ia 0 pa

=V,

so v is a preunit for 114. Observe that by these calculations we have also obtained that V4 = s o (A® v) = V,,.
Finally if V; = id4 then A = A and as the unit in A is given by p, o v, we obtain that v is a unit, as in this case ps = ida.
Conversely if v is a unit it is clear that V; = id,. O

3. General weak crossed products

The following section is devoted to define a weak crossed product structure on A ® V, for an algebra A and an object
V in the category C. The idea that we followed is to consider an associative multiplication on A ® V such that when it is
endowed with a preunit we can define an idempotent morphism whose image has an algebra structure in a natural way.
If in particular the preunit is 74 ® ny, where ny : k — V is a morphism in the base category, and K is the base object, we
recover the crossed product described in [ 14]. Of course, if we have not only a non-unitary algebra but an algebraon A ® V
we recover the general crossed product described in [8,9] and at last the crossed product of a Hopf algebra by an algebra.
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Moreover, it is possible to give a general crossed coproduct structure of a coalgebra C by an object V in € (see the final
Appendix). The idea to obtain this crossed coproduct is to define a non-counital coalgebra structure on C ® V such that
if it has a precounit we will manage to define a coalgebra structure on a subobject of C ® V given as the image of an
idempotent morphism related to the precounit. This general crossed coproduct theory has as particular instances some
crossed coproducts that appear in the context of Hopf algebras [21] and in general in [8,9].

Throughout the rest of the section we will consider that the left A-module structuresonA® VandAQ V ® AR V, for A
an algebra and V an object in the base category C, are given by

Yagv = Ua ® 'V, Proveasy = MAaQV QAQV.

Lemma 3.1. Let A be an algebra and V be an object in C. Suppose that there exists a morphism 1//(} :V®A— AQ® V such that
the following equality holds

(A ® V) o (A® Yy) o (Y ® A) = Yy o (V ® pa). )
The morphism Vagy : AQV — A® V defined by
Vagy = (a® V) 0 (AQ Yi) 0 (A®V @ 1a) (2)
is idempotent. Moreover, Vagy satisfies that
Vagy 0 (ua® V) = (ta ® V) o (A® Vagv),
that is, Vagy is a left A-module morphism.
Proof. First note that due to the associativity of 14, Vagy is @ morphism of left A-modules, that is:
@agy © (A® Vagy) = (La ® V) 0 (A® Vagy) = Vagy o (ua ® V) = Vagy © ¢agy-
Besides, and as a consequence of (1) we obtain:
Vagy © ¥y = . (3)
Indeed:
Vagv 0 ¥y = (A ® V) 0 (A® ¥y) o (Y ® 114)
=Yy o (V® (nao (A® 1))
=y
This equality and the left A-linearity of Vgy yield that Vgy is idempotent, as:
Vagv © Vagy = Vagy o (ta ® V) 0 (A® (Y o (V ®@ 1))

(1a ® V) 0o (A® (Vagy o ¥y o (V ® ma)))

= (u®V)o(A® (Yl o (V1))
= Vagv. O

3.2. From now on we consider quadruples (4, V, w(), o(,*) where A, V and 1//(,‘ satisfy the conditions of Lemma 3.1 and
o‘j‘ :V®V — A®V isamorphism in €. Also, for the idempotent morphism V,gy, defined in Lemma 3.1 we denote
by A x V the image of Vagy, and by ixgy : A XV — A® V and pagy : A® V — A x V the injection and the projection
respectively.

Definition 3.3. We say that (A, V, ¥{, o)) satisfies the twisted condition if

(1a®V)o (AR Y o (o) ®A) = (1a® V) 0o (AR 0y o (Y ® V) o (V @ Y. (4)

Proposition 3.4. Let (A, V, 1//(}, a(}) satisfying the twisted condition. Then the following equalities hold:

(1a®V)o(A® 0y o (Y @ V) o (V® Vagy) = Vagv 0 (ua ® V) 0 (A® o) o (Y ® V), (5)
Vagv o (a®@ V) o (AR U\f/‘) 0 (Vagv ®V) = Vagr o (ua® V) o (A® 0(;‘)- (6)
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Proof. The proof for equality (5) is the following:
(Ma®V)o (AR af) o (Y ® V) o (V® Vagy)
=(®V)o(A®ap) oYy ®V)o (VR (A ®V) o (A® (¥ o (V ® 14)))))
=(®V)o(A® o)) o (AQ Yy ®V) o (Yy ® (Yy o (V & na)))
= (V) o (AR UuA®V) o ARARG)) 0 AR Yy ® V) o (Y & (Y o (V & na)))
=(a®@V)o (AR B V)0 (ARAR YM) o (AR o ®A) o (Y @V ® na)
= Vagv o (LA ® V) o (A® o) o (Y @ V).

The first equality follows by definition, the second one by (1), the third one by the associativity of 4, the fourth one by
the twisted condition and finally the fifth one by the associativity of 1.
On the other hand, the proof for identity (6) is

Vagy 0 (ua ® V) 0 (A® o) o (Vagy @ V)
= Vagr 0 (La® V) o (a ® 01) 0 (AR (Y} o (V@ 1)) @ V)
=(ua®V) o (A® (Vagy o (ua ® V) o (A® 7)) o (Y o (V ® 14)) ® V)))
=(a®V)o (U ® ) o AR Y ®V) o (AR V ® (Vagy 0 (14 ® V)))
=(Ua®@V)oA® (la®V)o(AQ o) o (Y @V) o (VR Y)) o (AR V @V ® na)
=(ua®V) o (A® (Vagy 0 o))
= Vagy o (a ®@ V) o (V® o),

where to derive the first equation we used the definition of V,gy, the second one is a consequence of the left A-linearity of
Vagv and the third one is a consequence of (5). The fourth one follows by equality Vagy o (ns @ V) = 1//(} o (V ® n4) and
the fifth one by (4). The last one is a consequence of the linear properties of Vagy. O

The following definition contains the notion of crossed product system introduced in [14].

Definition 3.5. An algebra A and and object V together with two morphisms
Uy VRA— ARV, o) VRV —>ARQYV

is called a crossed product system if it satisfies (1), (5) and (6).

Obviously, every crossed product system is an example of the quadruples considered in this paper and, by Proposition 3.4,
we obtain that every quadruple (A, V, w(}, o(}) satisfying the twisted condition is a crossed product system. As a consequence
we have that under twisted conditions equalities (5) and (6) are redundant in the definition of crossed product system.

Definition 3.6. We say that (A, V, ¥{, o) satisfies the cocycle condition if

(A ®V)o(A® ) o (oy @V)=(a®V) o (AR o) o (Yy ® V) o (V ® o). ™)

Proposition 3.7. For a quadruple (A, V, w(,‘, a(,“) that satisfies the twisted and the cocycle conditions there exists a morphism
VRV > A® Vsuchthat (A, V, ¥, ©}) satisfies the equality Vagy o T = T}, the twisted and the cocycle conditions.

Proof. Take 7} = Vagy o o{\. Then (1) holds for (A, V, ¥, 7{}) and Vagy o Tjf = 1.
The twisted condition follows by:

(Ma®V)o (AR Y o (T ®A) = (1a ® V) 0 (A® ¥})) © (07 @ A)
=(Ua®V)o(A® o) o (Yy ®V)o (VYY)
= (ua®V)o(AQoy) o (Yy ® V) o (V® Vagy) o (V @ ¥p)
= (Ua®V)o (AR ) o (Yy ® V) o (VR Y)

where we used Lemma 3.1 to obtain the first equality, in the second one we applied (4), the third one is a consequence of
(3) and the last one of (5) and the left A-linearity of Vgy.
Finally, using equality (5), the cocycle condition for (A, V, 1//(,‘, cr(,‘) and Eq. (6):

a®@V)o (AR T o (Y ®V) o (VR T)) = Vagy o (a® V) 0 (A® o) o (Y @ V) o (V ® o))
= Vagv o (ua®V) o (A®ay) o (o) ®V)
= ®V)o (AR T o (1) ®V)

and hence the cocycle condition is satisfied for (A, V, ¢}, 7). O
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By virtue of Proposition 3.7 we will consider from now on, and without loss of generality, that
VA®V o O"/} = O'";‘
for all quadruples (A, V, ¥}, of}).
In the following proposition sufficient conditions are given for A x V and A® V to be objects with an associative product.
Proposition 3.8. For the quadruple (A, V, ¥}, of}) define the product

Hagy = (a® V) 0 (s ® o) 0 (AR Y ® V) (8)
and let 4y be the product

Maxv = Pagv © Magv © (iagv ® iagy)- 9)

Then if w(} and o‘ﬁ‘ satisfy the twisted and the cocycle condition, pagy is an associative product that it is normalized with
respect to Vagy. AS a consequence [1axy is also an associative product.

Proof. If (A, V, ¥}, oi}) satisfies the twisted condition we know that (A, V, ¥}, oi}) is a crossed product system. Then, the
associativity of pagy and paxy follows by Proposition 2.7 of [14].
On the other hand, as a consequence of (1) we obtain:

(1A ®V) 0 (A® Y) o (Vagy ®A) = (1a ® V) 0 (A® ¥). (10)
To prove this assertion compute:
(1A ®V) o (A® Y o (Vagy ®A) = (1a® V) 0 AR (1a @ V) 0 (A® Y{) o (Y @A) 0 (AQV @1, ® A)
= (a®V)o(A® (Yy o (V® ua) o (V@ na ®A)))
= (1a®V)o A® Y.
As V,gy is a morphism of left A-modules we obtain:
Vagy © tagy = (1ta ® V) 0 (11a ® (Vagy 0 07)) 0o (A® Y ® V).

Hence for Vagy o off = of! equality Vagy o pagy = tagy is satisfied.
Finally consider

agy © (Vagy ® Vagy) = tagy © (A® V ® Vagy)
= (ua®V)o (ua® (Vagy 00y)) o (AR Yy @ V)

as a consequence of (10) and (5). Then if Vagy o o} = oy} we have

tagy © (Vagy ® Vagy) = flagy
and the product is normalized. O
Definition 3.9. If (A, V, W(}, a{,’) satisfies (4), i.e., the twisted condition, and (7), that is, the cocycle condition we say that
(A®V, nagy) is a weak crossed product.

Our next task is to characterize weak crossed products with preunit.

Remark 3.10. Let A be an algebra and V an object in C. If gy is an associative product defined in A ® V with preunit v
and such that it is left A-linear and normalized with respect to V,,, the morphism

B:A—>AQV, B =(ua®V)o (AR V)

is multiplicative and left A-linear. Indeed, the left A-linearity is a consequence of the associativity of 4, and to prove that it
is multiplicative compute:
Hagv © (By @ By) = (ua ® V) 0 (AQ tagy) ©(A® YV Q (A ® V) o (A® v)))
= Ua®V)o(AQ tagy) o (A® (La® V) 0 (A®V)) ® V)
= (Ha ® V) o (1a ® (Hagy © (Vv ® V)))
= Pvola
using in the first equality that pagy is left A-linear, in the second one the properties of the preunit, in the third one using

again that u,gy is of left A-modules and the last one is a consequence of Remark 2.4.
Although B, is not an algebra morphism, because AQV is not an algebra, we have that 8, on4 = v, and thus the morphism

,B_vzp;l@‘/oﬂv:f\—)AXV
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is an algebra morphism, where A x V = Im(V,g,,) and p,, is the projection associated to V. Indeed, it is multiplicative
because:

MAxv © (/3_1) ® /3_1)) = p,:®v O AV © (VX®V ® VX@V) o (B, ®By)
= p::@v o v/li)®V O UaAgV © (,Bv ® ,Bv)
= p,:@)v o ﬂv O A
= /3_\) O MA-
And as 8, o n4 = v we have that:
:3_\) O 7a =p,z®v OV = Naxv
and hence ,B_V is a morphism of algebras.

In the following theorem we give a characterization of weak crossed products with preunit:

Theorem 3.11. Let A be an algebra, V an object and mygy :AQV ® AQ V — A ® V a morphism of left A-modules.
Then the following statements are equivalent:

(i) The product mygy is associative with preunit v and normalized with respect to Vg,

(ii) There exist morphisms w(,‘ VRA—>AQYV, o‘j‘ V®V - A®Vandv : k > A® V such that if uagy is the product
defined in (8), the pair (A ® V, pagy) is a weak crossed product with magy = pagy Satisfying:

(a®V)o (AR o) o (Y ®V) o (V@ V) = Vagy o (1a®V) (11)
(1a®V) o (A® ) o (V@ V) = Vagy 0 (a ® V) (12)
(1a® V) o (AR Yy) o (v ®A) = B, (13)

where B, is the morphism defined in Remark 3.10. In this case v is a preunit for pagy, the idempotent morphism of the weak
crossed product Vagy is the idempotent Vg, and we say that (A ® V, uagy) is a weak crossed product with preunit v.

Proof. If mygy is an associative product with preunit v define:

Vi = Mgy 0 (M ®V ® B,) (14)
of =Magv o (M AV @1s®V) (15)
where B, is the morphism introduced in Remark 3.10. First observe that as a consequence of being mugy of left A-modules
and equality B8, o ng = v:
Vagy =agy 0 (A®V ® V) = Vg,
and then, by (i) of Proposition 2.5, the morphism V,gy is multiplicative and magy 0 (A ® V ® Vagy) = Vagy 0 Magy.
Now, for being g8, multiplicative:
(HAa®V)o (AR Y() o (Y ®A) = Magy 0 (N4 ® V ® (Magy o (B, ® Bu)))
Mgy © (N4 @V ® (B o a))
¥ o (V ® )

equality (1) is satisfied.

As mygy is a normalized product and V,o, = Vgy we obtain that Vagy o a“;‘ = 0(}. To complete the proof for
(A ® V,mugy) to be a weak crossed product just consider the associativity of mugy, and using that it is a morphism of
left A-modules and the properties of the preunit compute on the one hand:

(1a®V)o (AR oy) o (Y @ V) o (VR oy)
= Mgy 0 (Magy @ NA B V) o (na @V & (A ® V) 0o (A V) ® V) o (V& (Magv 0 (14 ®V @ 1a ®V)))
=gy o (MAOV® (La®V) o (AR Mugy) o (AQVR®NAQ®V))) o (V (Magy 0 (14 ®V @ 1a ® V)))
=gy 0 ((Magv 0o MARV @M AV)®na®V)

and on the other hand by similar arguments:
(A ®V)o(AQ o) o (o) ®V) = (ua® V) 0 (A® (Magy 0 N @V AR V)))
o((Magv 0o (MA®V N1 Q®V)) ®na®V)
= Magy 0 (Magv 0 MA RV @M V) ®@na V).
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Thus (A, V, 1//(}, a(}) satisfies equality (7), i.e., the cocycle condition. The twisted condition follows by:

(a®V) o (A®0y) o (Y @ V) o (V ® ¥p)
=Magv 0 (M OV QMugy) o (VR B, m@V)o(V@mMugy) o (VOMVQB,)
=Magv 0 (M AV Oua®V)o (VRARMugy) o (VAN RV Q)
o(V@mugy)o(VRnNa®V®4B)
=Magyv 0 (MA®V ® (Vagy omagy)) o (VR @V ® B,)
=Magyv 0 (M OV &Mugy) o (VRMOV®B,)
= ®V)o (AR Y o (o) ®A).

To check equality (11) calculate:

(a®V) o (A® o) o (Y @ V) o (V@)
= Mgy 0 Mgy ®NA @ V) o (i ®V B, ®V) o (VV)
=Magv oMV OuUARV)o (VRARMagr) o (VR®ARVR®nNa® V) o (VRv)
=Magv oMV OuUAaRV)o (VRARMagr) o (VR®ARNMAV ®v)o (V)
= Vagv 0 (14 ® V)

where we used that mugy is associative, of left A-modules and the properties of the preunit. By similar deductions:
(1a® V)0 (A® ) o (V®V) =Mpgro (V®Na®V) = Vagy o na ® V),
so (12) holds. Finally:

(A® V)0 (AQ Yp) o (VR A) = Magy 0 (v ® f)
= (ua®V) o (A® (Mygy o (v ® V)))
=B
and assertion (13) is verified.

Then it just remains proving that mugy = pagy. But using the associativity of pagy, its left A-linearity and that it is
normalized we have:

Hagy = (HAB®V)o(AQ ua® V)0 (ARAR®Mugy) o ARA®NA AV &1 ® V)
0(A® Mgy ®V)o (AR OV ® B, ®V)
= Magy 0 (Magy @Na B V) o ARV ® B, ® V)
Magy 0 (A®V @Mygy) o ARV @B, ®na®V)
Magv 0 AQV @ uAa®@V)oc(AQVR®ARMugy) o AQV QAR V® Ny ®V)
Magv 0 (AQV @ Mugy) c ARV RARV ®v)
Magy © (AR V & Vagy)
Vagyv 0 Magy 0 (AQ V ® Vygy)
Vagyv © Magy © (Vagy ® Vagv)

= Mpgy

where we also used the properties of the preunit. Then the pair (A ® V, magy) is a weak crossed product with preunit v.
Conversely suppose that (A® V, mygy) is a weak crossed product satisfying (11)-(13) such that magy = pagv. Therefore
Mygy IS an associative normalized product. To see that v is a preunit first compute:

Magv © AQV V) = (ua® V) o (AR (Vagv 0 (14 ® V))) = Vagy
using equality (11).
Now check:

pagv 0o (V®ARV) = (ua®V) o (A® ap) o (1a® V) 0 (A® Yp) 0 (v ®A)) ® V)
= (ua®V)o(A®0y) o (Vagy ® V) o (B, ® V)
=(UA®V)o(A® (La® V)0 (AR a}) o (v V)))
= (Ua®V)o (A® (Vagy 0 (mna @ V)))
= Vagv,
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by properties (12), (13) and the left A-linearity of V,gy. Finally:

Magy © (A®V ® (tagy © (v @ v))) = pagv © ((Hagv ©c ARV ®v)) ® v)
= ptagv © Vagy ® v)
Vagv © Vagy

= Vagv

as a consequence of equality puagy 0 (A ® V ® v) = Vugy and the idempotent character of V,gy. Hence we obtain that v is
apreunit and Vagy = Vg, O

As a corollary of Theorem 3.11 and Proposition 2.5 we obtain:

Corollary 3.12. If (A® V, wagy) is a weak crossed product with preunit v, then A x V is an algebra with the product defined in
(9) and unit naxy = pagv © V.

Remark 3.13. Note that if v is not only a preunit but also a unit, Vagy = idagy and A ® V is an algebra. Conversely if
(A®V, uagy) is a weak crossed product with preunit v and Vagy = idagy then v is a unitand A ® V is an algebra.

Remark 3.14. In this section we develop a theory of crossed products in A ® V. In a symmetric way it is possible to obtain
the same results for V ® A. In this case we must work with morphisms ¢} : A®V — V®A,0) : V®V — V ® Aand the
associated idempotent, Vyga : V ® A —> V ® A, is defined by

Viga = (V& 1ta) o (Y5 0 (na ® V) @ A). (16)
The induced product puygs : V@AQV @A — VR®AIs

tvan = (V@ jup) 0 (0] ® pua) o (V @ ¥ ® A) (17)
and the preunit is a morphismv : K — V ® A.

Weak crossed products provide a general setting to study several examples of crossed products. Here we recall some of
the most important ones.

Example 3.15. The first example was developed by Brzezinski in [8] working in a category € of K-vector spaces where in
this case K denotes a field. Suppose thatf\ is an algebra and V an object in € equipped with a morphisme : K — V and
suppose also that there exist morphisms ¢/ : V®A — AQV andé : VRV — A®V that satisfy condition (1) and equalities
(4),(7)and

a@ow®m=A®a

(
() Yo(VOmM)=meV,
(c)oo(e®V)=6o(V®e)=mQV.

Then (A, V, w(} = 1/~f a(,‘ = ¢0) induces a weak crossed product (A®V, agy) With preunit v = ny®e and Vagy = idagy.
Indeed, conditions (1), (4) and (7) are satisfied by the definition of crossed product. Moreover as 1/~/ o(VRmn) =na®Vit
is clear that V4gy = idagy and then V,gy o 6 = ¢ holds. Now compute:

(1A ®V)o(A®G) o (Y ®V)o (VR =G0(VRe)=meV,
thus (11) holds. Condition (12) is straightforward and (13) follows by:
(1A ®V)o(A®Y)o(v@A) =Y o(e®A) =AQe=p,

Then, as a corollary of Theorem 3.11, we obtain Proposition 2.1 of [8], i.e., the conditions which allow one to build an
algebra structure, with unit v = 14 ® e and product pagv, on a tensor product of an algebra A and a vector space V.

Of course the last results remain valid if € is a category of modules over a commutative ring and then, as a particular
instance of the crossed product constructed in this example, we obtain the crossed products defined by Blattner, Cohen,
Montgomery, Doi and Takeuchi. Also, the twisted tensor products or matched pairs, studied by Cap, Schichl, Vanzura and
Tambara [22,23] are examples of Brzezinski’s crossed product. On the other hand, this notion of crossed products is needed
in the theory of braided Hopf crossed products developed by J.A. Gucccione and ].J. Guccione in [10], which includes the
classical type (Blattner-Cohen-Montgomery, Doi-Takeuchi) and the automorphism Ore extension type. Finally, Brzeziniski’s
theory can be generalized, in a straightforward form, to the context of braided monoidal categories, and then, we obtain as
examples, the crossed products by braided groups defined by Majid and Bespalov in [5,24,25,9].
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Example 3.16. The second example was introduced by Caenepeel and De Groot in [12]. Let K be a commutative ring and let
C be the category of modules over K. Let A and B be algebras in G, and letR : B® A — A ® B be a morphism that satisfies:

(@) Ro(up ®A) = (A® pp) o (R®B) o (BOR)
(b) Ro (B® 1) = (a ® B) o (A® R) o (R B)
() Ro(np®A) = (ta ® B) o (A® (Ro (15 ® 1ma)))
(d) Ro (B®na) = (AQ up) o (Ro (75 ® 1a)) @ B).

Under these circumstances, the morphism pagp : AQ B® A® B — A ® B given by
Mage = (s ® ug) o (AQ R® B)

is an associative product with preunit v = Vugp 0 (14 ® np). By virtue of Theorem 3.11, as uaggp is left A-linear, this product
is induced by a weak crossed product structure.
Observe that in this case the morphism 8, : A — A ® Bis given by

Br=(a®B) o (A® s ® np) = A n.
Therefore:
Vp = lags o (1a ® B A® nz) =R

and

0p = 1tags 0 (NA ® B 11a ® B) = Ro (uz ® 14)-
Note that in this case

Vags = (ua ® B) 0 (A® (Ro (B& 1a))) = tags © (A ® 113 ® 14 ® B)
and thenA x B # A ® B.

The following example, that gives a more general weak crossed product, was introduced in [14] for objects living in a
strict monoidal category C where every idempotent morphism splits.

Example 3.17. Let (A, V, w(}‘, o(}‘) be a crossed product system. If there exists a morphism 5y : k — V that satisfies

Vagy 0 (A® ny) = ¥y o (ny ® A)

we say that (A, V, 1/f(,‘, a(,“) is a crossed product system with unit. If moreover it satisfies

Vagv 00y o (y ® V) = Vagy 00y o (V@ ny) = Vagy 0 (114 ® V)

the crossed product system is said to be normal. As in the previous cases Vagy denotes the idempotent morphism Vagy =
(a®V) o (AQ (Yo (VRN :AQV - AR V.

Suppose that the normal crossed product system with unit satisfies the twisted and the cocycle conditions. Set v =
Vagv o (na®@ny).Then (AQV, ragy) is a weak crossed product with preunit v. We just have to prove the properties related
to the preunit, as the rest of them are assumed.

To prove (11) compute:

(maoV)o(A® o) o (Y @ V) o (V) = (a® V) 0 (A® 07) o (Y ® V) o (V @ 114 @ v)
=(ua®V)o (A®a}) o (Vagv o 14 ®V)) @ nv)
= ua®V)oma® (o) o (VRny)))
= Vagv o (A ® V)
using (5) and equation Vgy o o(,‘ = o‘ﬁ‘ (we can assume this condition without loss of generality) to obtain the first equality,
the second one is derived using Vagy o (na ® V) = 1//(,‘ o (V ® na), the third one is a consequence of (6) and the fourth one
of the normality condition. Equality (12) is straightforward using (6) and the normal property, and (13) follows by:
(1A ®V) o (AR YD) 0o (V@A) = (ka ® V) 0 (1 ® (Y 0 (v ® A)))
= Vagy o (A® nv)
= Vagv o ((ta 0 (A® 14)) ® nv)
=B
using equality (10), the unit condition and the left A-linearity of V,gy.
Observe that if we also consider 1//(,‘ o (V®na) = na®V, we are in the conditions of Example 3.15. Hence normal crossed

product systems with unit that satisfy the twisted and the weak cocycle conditions are a generalization of crossed products
described in [8,9].
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Crossed product systems have been used in [14] to obtain a crossed product induced by a weak cleft extension [17], so
the classical results of Blattner and Montgomery [26] and of Doi and Takeuchi [2] that relate cleft extensions and crossed
products are generalized to weak cleft extensions of weak entwining structures. Also the crossed products defined in this
example covers the products associated to projections of weak Hopf algebras (see [13,16,19]). The study of these products
was the main motivation of [16] where the authors introduced an associative product in A ® H with preunit obtained
composing 14 ® ny with a suitable idempotent V,gy, where H is a weak Hopf algebra and A an H-comodule algebra living
in a strict monoidal category with splitting of idempotents. To generalize Blattner and Montgomery and Doi and Takeuchi
theorem using this crossed product it is necessary to impose the condition ho ny = 1, on the associated cleaving morphism
h (Theorem 2.7 of [16]). Recall that in the Hopf algebra case this property does not suppose any restriction. In the weak Hopf
algebra case it is not possible to prove this assertion in general, and hence it seems necessary to change the definition of
weak crossed product to obtain one whose preunit is not Vagy o (74 ® ny) necessarily. In [20] this new crossed product is
defined and in the final section of this paper we will see that it is a particular instance of the general theory of weak crossed
product developed in this paper.

Example 3.18. Let C be a category. The category of endofunctors of € is a strict monoidal category with the composition
of functors, denoted by ®, as the product and the identity functor as the unit. We denote this category by End(C). The
morphisms in End(€) are natural transformations between endofunctors and we denote the composition (the vertical
composition) of these morphisms by o. The tensor product of morphisms in End(€) is defined by the horizontal composition
of natural transformations and in this paper is denoted by the same symbol used for the composition of functors (see [27]
for the details of the horizontal and vertical compositions). Given objects T, S, H and a morphism t : S — H,wewriteT® ©
foridr @ T and t ® T for t ® idr where idr denotes the identity morphism for the object T.

A monad on € consists of an endofunctor T : € — C together with two natural transformations nr : ide — T (where
ide denotes the identity functor on €)and py : T> = T ® T — T. These are required to fulfill the following conditions

(@) ur o (T ® ny) = ur o (nr ® T) = idr (as natural transformations between T and T).
(b) pr o (T ® pur) = pur o (ur ® T) (as natural transformations between T> = T® T ® T and T).

Then, a monad on € can alternatively be defined as an algebra (monoid) in the strict monoidal category End(C).

The notion of wreath was introduced by Lack and Street in [28]. A monad T in € is a wreath if there exist an object in
S € End(€) and morphisms in End(C),A : T®S - S®T,t:ide > S®Tandv :S®S — S ® T satisfying the following
conditions:

@ Sopr)oreTlo(Ter)=~ro(ures),

(b) Lo(nr@S) =S@enr,

() Seour)o(reT)=Eeour)oreT)o(Teor),
(dSour)o@weT)oSeor)ocroeS)=Geour)oreT)o(Tev),

(e) Sour)oweToSov)=GCour)o@eloSer)e(@es),

() Seour)oweTloSer)=Seon=G6eour)o@weloSer)o(tes).

Ifwe put 7 = Aando; = v, we obtain that (T, S, ¥3, 03) is a crossed product system where the associated idempotent
defined in (16) is Vs,r = idsor because A satisfies the identity (b). Then, the product induced by a wreath (wreath product)
defined by

user = S@ur)o(weour)o(SeoroeT)

is the one defined in (17) and it is associative because it satisfies (d) (twisted condition) and (e) (cocycle condition). The
preunit (in this case is a unit) is nse,r = .

Note that, in this case we do not need that every idempotent splits because the associated idempotent Vs,r = idser. In
any case it is easy to show that if every idempotent splits in C, every idempotent splits in End(C).

Therefore wreath products are examples of weak crossed products with trivial idempotent.

As in the case of weak crossed products it is possible to introduce a theory of wreaths working with a monad T an object
inS € End(€) and morphisms in End(C),A : S®T — T®S,7 :ide — T®Sandv : S©S — T ®S satisfying the convenient
conditions. In this case the wreath product is defined in T ® S. For example, if we are in the conditions of Example 3.15 we
have that the monad T = A ® — isawreath whereS =V ® —, A = 1/7 Q@ —T=n®e®—,v=0Q® —.Then, all the
examples of crossed products listed in Example 3.15 are instances of wreath products. We can find a similar construction
in [29] although wreathes are not mentioned there.

4. Weak crossed products and weak bialgebras

In this section we relate weak crossed products and crossed products of an algebra A by a weak bialgebra H. Note that
in this case we are using not only any object V in the category but a very special one, a weak bialgebra, that has a very rich
structure. Due to this structure we will consider a left A-linear right H-colinear multiplication on A ® H, that will permit us
to obtain explicit formulae for ¥} and of}.
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Let € be a strict symmetric monoidal category with natural isomorphism of symmetry ¢ where every idempotent splits.
Remember that by weak Hopf algebras we understand the monoidal generalization of the notion introduced in [11] in a
category of vector spaces. Recall that a weak bialgebra H is an algebra-coalgebra (H, ny, iy, €u, 8y) (ny is the unit, uy is

the product, ey is counit and 8y is the coproduct) in € such that the following axioms hold:

(@) dyouy = (g @ uy) o (H® cyp @ H) o 6y ® 8n),

(b) egopp o (unr ®H) = (e ® ep) o (Uup @ up) o (H ® 6y ® H) = (ey ® &) o (uy ® ) o (H ® (cyy 0 dy) ® H),

() dh®H)odyony=HQ puy ®H) o By @) oy @ ny) = H® (uy o cyp) ® H) o (8 ® ) o (N @ ).
If moreover, there exists a morphism Ay : H — H in € (called the antipode of H) satisfying:

(d-1) pugo (H® Ay) oy = ((ey o uy) ® H) o (H @ ¢y ) o ((8y o ) @ H),
(d-2) puyo Ay @ H)ody = (H ® (e o uy)) o (cyy ® H) o (H ® (8 o ny)),
(d-3) pup o (un @ H) o (A ® H @ Ay) o (6y ® H) 0 8y = Ay

we will say that H is a weak Hopf algebra.

If H is a weak Hopf algebra in G, the antipode Ay is unique, antimultiplicative, anticomultiplicative, leaves the unit ny
and the counit ey invariant and if we define the endomorphisms of H, 17}, (target morphism), 175 (source morphism), ﬁ,L_,
—R —L
and IT,; by IT}, = ((egopun) ®H) o (H® ) o (Buonuy) ®H), I = (H® (syopun))o(cyn®H)o(HR Buonn)), My =
(H® (eg o uy)) o ((6y o ny) ® H), and ﬁg = ((eg o uy) @ H) o (H @ (6y o ny)), it is straightforward to show that they

are idempotent.
Let A be an algebra and H a weak bialgebra €. Put

gt = (H® cyy ®H) o 0y ®dy) :H®H - HR®HQ®HQH.

Consider the following:
e There exists a measuring, that is, a morphism ¢4 : H ® A — A such that:

wao (HQ® pa) = pao (pa @ pa) o (HQ cua ®A) o by ®A® A).
e There exists a morphism o : H® H — A a morphism such that:

oo((uyoH®IMY))®H) =00 (H® (uy o (IIX @ H))).
e The morphism o is a weak 2-cocycle, that is, it fulfills

o =ps0((pao (H®na) ®0o)o (dy @ H)

= pao (0 ® (¢a o (tn ® Ma))) 0 SugH
and satisfies the 2-cocycle condition

Hao(@a®0c)o (H®cua®H) o (6y ® ((0 ® un) 0 8ugn)) = nao (A® o) o (((0 ® un) o Sugy) ® H).

e There exists v : k — A ® H that satisfies:
(A®dy)ov=(A® (unocyp) ®H) o (v & (8 o Nx))
and the weak 2-cocycle is normal with respect to v:

pao(H®na) = pao(pa®0c)o(HRcya®H) o (8 ®v)
Uao(A®o)o (v ®H).
e The normal weak 2-cocycle satisfies the twisted condition:

Hao (A® o) o (((pa®H) o (H®cua)o (du ®A) ®H)

o(H® ((pa ®H) o (H® cya) o (6n ®A))) = a0 (A® ¢a) o (((0 @ un) o Sugn) @ A).

e The morphism S, satisfies the equality:

By=(a®H)o (AR ((pa ® H) o (H ® cy,4) o (64 ® A))) o (v @ A).

Recall from [20] that, under the previous conditions, the product pias,n : A® H @ A® H — A ® H defined by:
Mateh = (A @ n) o (LA ® 0 QHQ®H) 0 (A® ¢4 ® Sngn) o (AQH Q@ cha ®H) o (AR® §y @ AQ H).
is associative, with preunit v and normalized with respect to the idempotent morphism
Vigy = (ua @ H) 0 (A® ((pa ® H) o (H ® ¢ a) © (Bu ® 14a)))-
The product pas, y will be called the weak crossed product of the algebra A by the weak bialgebra H.

(18)

(19)

(20)

(21)

(22)

(24)

(25)



J.M. Ferndndez Vilaboa et al. / Journal of Pure and Applied Algebra 213 (2009) 2244-2261 2257
Moreover, ftaz, 1 is @ morphism of left A-modules where ¢4 = s ® H, @agnessn = ¢4 ® A ® H and it satisfies the
identity
PagH © Magh = (agh ® H) © pagHeasH (26)
where pagy = A ® dy and
PagHeasH = (AQH®AQRH Q un) o (AQ® H ® cyagn ® H) o (0agh ® Pagh)-
The following result is the monoidal version of Lemma 3.8 of [20] and shows the transcendence of condition (26).
Lemma 4.1. Let A be an algebra and H a weak bialgebra, and suppose that pagy : AQ H ® AQ H — A ® H is an associative

normalized product with preunit v.
Define

a = (A® én) o tagn o (Na @ H ® B,)
and
0 =(AQey) o agn o (Na ®H ® na @ H).
Then pagy satisfies (26) if and only if the following conditions hold:

(i) pagn o (A ® H® By) = (pa ®H) o (H ® cy.a) o Oy ® A)
(ii) pagn © (MAa @ H @ na @ H) = (0 @ 1n) © SugH-

In any of these cases, o satisfies (19) and the next equation is satisfied:

fagh © (A® (o (H® M) ®A®H) = ftagn c AQHQA® ) o (A®H ® (cuao (I @A) @H).  (27)

Now we can prove the main theorem of this subsection that shows the equivalence between a general crossed product
and a weak crossed product of an algebra by a weak bialgebra:

Theorem 4.2. Let A be an algebra, H a weak bialgebra and v : k — A ® H a morphism satisfying (22). Then the following
statements are equivalent:

(i) There exist morphisms Y : H® A — A®Hand o} : H® H — A® H such that (A® H, uagn) is a weak crossed product
with preunit v and pagy is a morphism of left A-modules satisfying (26).

(ii) There exist a measuring ¢4 : H®A — A and a weak normal 2-cocycle o : H Q@ H — Asatisfying (19), the twisted condition
and g, p is an associative product with preunit v and normalized with respect to the idempotent morphism

Vagy = (ta @ H) 0 (A® ((pa ® H) o (H ® cy.4) © (Bu ® 1na))).
In this case morphism B,, is given by (25).

Proof. Suppose that (A ® H, pagy) is a weak crossed product. From the proof of Theorem 3.11 we have that o,f} =
Hagh © (Na ® H® na ® H) and w,{*, = agn © (N4 ® H ® B,), where B, is the morphism given in Remark 3.10. Define

pa=AR®en) oYl = (A® en) o agn © (Na ® H ® B,) (28)
and

o=A®ey) oo = (AR ep) o agn © (N @ H @ na ® H). (29)
By virtue of Lemma 4.1, it happens that

o= (0 @ uy) o (H®cup) o 8y ® 8y)

and moreover condition (19) holds.
Now using again Lemma 4.1:

Vi = (pa ® H) o (H® Cy ) © (8 ® A).
As a consequence of this equality ¢, is a measuring. Indeed:
gao (H® jup) = (A® en) o Yijj o (H ® i)

= (A®en) o (La®H) o (AR Yf) o (Yf @A)
= a0 (Pa®@a)o(HRcua®A) o (bn RAR® A)
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where we also used equality (1). To prove that o is a weak 2-cocycle first compute

Hao(pa®0c)o(HQcya®H)o 6y ® ((0 ® up) o Sugn))
= (A®en) o (A ®H) o (AR a})) o (Yj; @ H) o (H ® 0}
= (A®en) o (ma®H) o (A® o) o (0} ® H)
= a0 (A®0) o (0 ® un) © Sugn) ® H)

using equality (29), so we obtain (21). Now consider

pao (0 ® (gao (un ®1a)) o Suen = (A® en) o (ua ® H) o (AR o)) o (W o (H®14)) ® H)
= A®ey) o (ua®H) o (A® 0}}) o (Vagh o (114 ® H)) ® H)

(A® ey) o Vagn o o}y

=0

that follows by the definition of Vg, Eq. (6) and equality a,f,‘ = Vagh © o{?. Moreover

pao ((gao (H®1na) ®0) o By ®H) = (AQ en) o (ua ® H) 0 (A® (¥ o (H ® 14)))
= (A®8H)OVA®HOO'£
=0

by similar computations. Hence condition (20) is satisfied and o is a weak 2-cocycle. The twisted condition is a consequence
of the expressions for l/fﬁ and aﬁ in terms of ¢4 and o, and of equality (4):

Hao (A® @a) o (((0 ® py) o dngn) ® A)
=A®en) o (ua ®H) o (A Y) o (0] ® A)
=A@ en) o (ma®H) o (A® ) o (Yj; ® H) o (H @ ¥)
=uao(A®0) o (((pa ®H) o (HRcpa)o (5 ®A) @H) o (HQ ((pa ® H) o (H® ¢ a) o (6y ® A))).
Equality (23) is proved using (11) and (12) by the same techniques, and we obtain that o is a normal cocycle. Indeed:
wao (H®Mn4) = (A® en) o Vagn o (14 ® H)
= (ma®en) o (AR o) o (Y ® H) o (H® v)
mao(@a®o)o(H®cya®H)o(By ®v)

and

pao (H®n4) = (A® en) o Vagn o (na ® H)
= (ua® en) 0 (AR 0f}) o (v ® H)
= upoA®0c)o (v H).
Finally condition (25) is equivalent to (13) by virtue of the expression for w,f‘,. Hence puaz, 1 is an associative product with
preunit v and normalized with respect to the idempotent morphism Vg, .

Conversely, in light of Theorem 3.11 there exist ¢/f; : HQ A - A®Hand o]} : H® H - A® H such that (A® H, jtagH)
is a weak crossed product with preunit v where pagn = tag, 1.

Note that by the construction of w,f‘, in the proof of Theorem 3.11 and as 4z, 1 is of right H-comodules:
Yl = tagon o MM OH® B,)
= (pa®H) o (HQ®cy,a) o (6 ®A).
And Lemma 4.1 yields:

ot = tagn 0 (14 @ H® na @ H)
=(0Quu)oHcHy ®H) o (dp ®dy). O
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Appendix

In this section we present the coalgebra version for the results contained in the previous sections. The proofs are similar
to the algebra case and we leave this work for the patient reader.

Definition A.1. Let /¢ : C — C be an idempotent morphism for an object C in €. Fix In(J/¢) = C,andic : C - Cand
pc : C — C the injection and the projection associated to I¢.

If there exists a morphism 8¢ : C — C ® C that (6¢c ® C) o §¢ = (C ® ¢) o dc, i.e., it is a coassociative coproduct on C,
then we say that it is conormalized with respect to I'c (or in general that it is conormalized) if it satisfies:

(Ut ®TI¢)odc =6c =08colt.

Lemma A.2. Suppose that I'+ : C — C is an idempotent morphism as above, and suppose that &z : C > C®Cisa
coassociative coproduct on C. Then there exists a coassociative coproduct 6c : C — C ® C conormalized with respect to I'¢
such that 8z = (pc ® pc) o 8¢ o ic.

Definition A.3. Let C be an objectin € and ¢ : A — C ® C a coassociative coproduct. The morphismv : C — Kisa
precounit for §¢ if
WRC)odc=(CQRu)odc=(((vR®V)odc)®C)odc.
Observe that if (C, ec, §¢) is a coalgebra, then v = & is a precounit for §c.
Remark A.4. Note that if C is an object in ¢ with a coassociative coproduct §¢ : C — C ® C and precounit v, then

v = (v ® v) o ¢ is also a precounit. Furthermore (v’ ® v") o 8c = v’. Henceforth we will consider that v satisfies
this condition as it does not suppose any loss of generality.

Proposition A.5. Let C be an object in C and é¢ : C — C ® C a coassociative coproduct. Then the following assertions hold:
(i) If v : C — K is a precounit for dc, the morphism I'Y : C — C given by
If=w®C) ol

is idempotent, comultiplicative and such that (C ® I'Y') o ¢ = 8c o I'¥.

(il) If v : C — K is a precounit for 8¢, then (C, &g, 6¢) is a coalgebra, where C= Im(1), p¢ and i¢ are the morphisms such
that I'Y = i¢ op¢, pl o ig =idg, 8z = (p¢ @ pg) 0 8¢ oig and ez = v o ig.

(iii) If It : C — C is an idempotent morphism and C = Im(I'c) is a coalgebra, then the morphism 8¢ = (pc & pc) o Sz oicis
a coassociative coproduct on C with precounit v = &z o pc. Moreover I'c = I'(.

(iv) If v is a precounit for C, then I'Y = id¢ if and only if v is a counit (that is, if C is a coalgebra).

Let C be a coalgebra and V an object in €. Throughout the rest of the section we will consider that the left C-comodule
structuresonC ® VandC ® V ® C ® V are given by

Pcev =0c @V, Peevacey =0c QVRCRV.

Lemma A.6. Let C be a coalgebra and V an object. Suppose that there exists a morphism X\E :C®V — V ® C such that the
following equality holds

Xy ®C) o (C®xy) o (Bc®V) = (V&) o xy. (30)
The morphism I'cgy : C ® V — C ® V defined by
Tty = (CROV®ec) o (CR x5) o (3c ®V) (31)
is idempotent. Moreover, I'cgy is a left C-comodule morphism.

From now on we consider quadruples (C, V, X‘f, r‘f) where C, V and X§ satisfy the conditions of Lemma A.6 and
r& :C®V — V ®V is amorphism in C. For the morphism /gy defined in the previous Lemma we denote by CCOV
the image of I'cgy and by icgy : COV — C ® V, pcgv : C ® V — COV the injection and the projection associated to the
idempotent.

Definition A.7. We say that (C, V, x7, 7{) satisfies the twisted condition if
(g ® ) o (CRXNoBc®V)=(V&xy)olxy ®V)o(CR®Ty)o(Sc ®V). (32)
The quadruple (C, V, X‘E, T‘f) satisfies the cocycle condition if

(y ®V)o(VRTy)o@Bc®V)=(V&T1))o(xy ®V)o(CR1y)0 (3 ®V). (33)
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Proposition A.8. Let (C,V, X\E , r‘f ) satisfying the twisted condition. Then the following equalities hold:

(V@ TIcgy) o (xg ®V) o (CR®T) 0(Bc®V) = (xf ®V) 0 (C®1y) 0 (8c ® V) o Iy, (34)
(Feav @ V) 0 (C®T5) 0 (8c ® V) o Igy = (Tegy ® V) 0 (C® T5) 0 (5 ® V). (35)

Proposition A.9. For a quadruple (C, V, X\f , r‘f ) that satisfies the twisted and the cocycle conditions there exists a morphism
S :C®V — V@V suchthat (C,V, x5, w5) satisfies the equality »f, o I'tgy = wY, the twisted and the cocycle conditions.

By virtue of Proposition A.9 we will consider from now on, and without loss of generality, that r‘f oltgy = r‘f for all
quadruple (C, V, x5, ).

Proposition A.10. For a quadruple (C,V, X‘f , t‘f ) define the coproduct

Scgy = (C® xy ®V) o Bc @ Ty) 0 (Bc ® V) (36)

and let §coy be the coproduct
dcov = (Pcgv ® Peev) © Scey © icgy- (37)
Then if the twisted and the cocycle condition hold, §cgy is a coassociative coproduct that it is normalized with respect to I'cgy.

As a consequence Scny is also a coassociative coproduct.

Definition A.11. If (C, V, X‘S’ t‘f) is a weak crossed coproduct system that satisfies (32), i.e., the twisted condition, and (33),
that is, the cocycle condition we say that (C ® V, cgv) is a weak crossed coproduct.

Remark A.12. If §cgy is a coassociative coproduct defined in C ® V with precounit v and such that it is left C-colinear and
normalized with respect to I, the morphism
YwiC®V—=>C n=0CRu)o(c®V)

is comultiplicative and left C-colinear. Although y,, is not a coalgebra morphism, because C ® V is not a coalgebra, we have
that ¢ o y, = v, and as a consequence the morphism

Yo = Vv 0ldgy : COV — C
is a coalgebra morphism.
In the following theorem we give a characterization of weak crossed coproducts with precounit:
Theorem A.13. Let C be a coalgebra, V an object and Acgy : C ® V — C ® V ® C ® V a morphism of left C-comodules.
Then the following statements are equivalent:

(i) The coproduct Acgy is coassociative with precounit v and normalized with respect to Iy,
(ii) There exist morphisms X‘f CRV—->VRC, t‘f :CQ®V > VR®Vandv : CQ®V — K such that if Scgy is the coproduct

defined in (36), the pair (C ® V, 8cgyv) is a weak crossed coproduct with Acgy = Scgv Satisfying:

(Vev)o(xy ®V)o(C®15)oBc®V) = (sc ®V) o I'cgy (38)
WRV)o(CRT!)oBc®V) = (6c ®V) o Itgy (39)
WR®C)o(CR xy) o (Bc®V) =y, (40)

where y,, is the morphism defined in Remark A.12. In this case v is a precounit for dcgy, the idempotent morphism of the weak
crossed coproduct I'cgy is the idempotent I, and we say that (C ® V, dcgv) is a weak crossed coproduct with precounit v.

Corollary A.14. If (C ® V, §cgv) is a weak crossed coproduct with precounit v, then COV is a coalgebra with the coproduct
defined in (37) and counit ecoy = v o icgy-
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