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Abstract

The objective of this work is to present and numerically solve a mathematical model
for the thermal behavior of a casting ladle devoted to purification of silicon. A
nonlinear and non-local boundary condition is considered for radiative heat transfer
in an inner closed cavity of the domain. We also propose a numerical approximation
using a finite element method. An iterative algorithm and numerical results are
presented.
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1 Introduction

Radiative heat transfer plays a major role in a huge range of engineering ap-
plications involving high-temperature processes such as glass manufacturing,
industrial furnace design and so on (see [5,9,10]). In many cases numerical
simulation provides an insight into the radiative analysis of these complex
systems and it promotes improvements of the process optimization.
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Fig. 1. Meridian section of the ladle
without silicon and location of heat-
ing elements.
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Fig. 2. Meridian section of the ladle
with silicon.

The motivation of this work is to compute the numerical solution of the prob-
lem addressed in [11] applied to a silicon purification process. Indeed, we
present a numerical model describing the thermal behavior of this process
which takes place into a so-called casting ladle. To the best of the authors
knowledge, we present the new contribution of taking into account, simulta-
neously, the phase change in the silicon and the non-local boundary condition
arising from the Stefan-Boltzmann radiation condition at the enclosure sur-
faces within the ladle.

A related problem where radiative heat transfer plays a major role in the
energy balance of the system is the sublimation growth of silicon carbide single
crystals (see [3,7]). These papers consider a so-called growth cavity having an
axisymmetric geometry which is more general than the inner one in the present
paper. Actually, the simplicity of our cavity allows us to compute the radiation
kernels in a quite simple way, becoming a challenge for more complicated
geometries. However, papers [3,7] do not consider phase transition.

The outline of this article is as follows. In section 2 the physical problem is in-
troduced. In section 3, using the axisymmetry of the domain, we formulate the
mathematical problem in a two-dimensional domain by means of cylindrical
coordinates. Section 4 is devoted to introduce space and time discretization of
the aforementioned problem and to present an iterative algorithm. Finally, in
section 5, several numerical results are shown.
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2 The physical problem

Metallurgical grade silicon (MG-Si), containing about 1% of other metals, is
widely used in the aluminum and silicon chemical industry, the manufacture of
semiconductors, solar photo-voltaic cells and so on. It is obtained from a silicon
oxide in electrical submerged arc furnaces. A technique of MG-Si purification is
to melt it and to induce its directional solidification; this method of removing
impurities is based on the fact that most impurities tend to remain in a molten
region rather than resolidify.

This purification process is taking place into a casting ladle which consists
of a finite axisymmetric cylinder containing a cylindrical enclosure. After the
casting ladle being electrically heated, its lid is open and molten silicon is
poured into its inner cavity keeping a gap between the top of the silicon and
the upper part of the inner ladle surface where several heating elements are
located (see figures 1 and 2). The objective is now to push upwards the metal
impurities by means of inducing one-directional solidification switching on the
heating elements and then keeping molten the top of the silicon ingot. In doing
so, the solid silicon grows gradually upwards into the liquid and the metallic
impurities are segregated into the melt region during solidification; thus, at
the end of the process most of impurities are concentrated at the top of the
silicon ingot.

Even though several authors take into account semi-transparency of silicon by
considering an additional temperature-dependent term in the thermal conduc-
tivity (see [7]), including semi-transparency is out of the scope of this paper.
Indeed, radiation heat transfer is considered in the inner cavity and materials
of the enclosure are assumed to be opaque (see [6]); therefore radiation may
be treated as a surface phenomenon. Moreover, we assume both that the walls
of the cylindrical enclosure behave as black surfaces and that the medium
within the enclosure is radiatively nonparticipating so that it has no effect on
the radiation transfer between inner surfaces. We also assume that radiative
properties are independent of wavelength.

3 The mathematical model

In this section we present a thermal model for a transient conductive-radiative
heat transfer problem with phase change taking place in the casting ladle.
This container is axisymmetric with respect to the z−axis and it has an inner
cavity, that is to say it is a connected body with disconnected boundary.
Using cylindrical coordinates the three-dimensional problem is transformed
into a two-dimensional one written on a vertical section of the ladle.
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We denote by Ω ⊂ R3 the casting ladle with silicon, which consists of a domain
generated by the rotation about the z−axis of a bounded polygonal connected
set

D ⊂ {(r, z) ∈ R2; r ≥ 0},
called meridian section of Ω (see [4]). We assume that Ω has a Lipschitz
boundary and that the intersection of the set ∂D with the z−axis does not
contain isolated points. We assume that the boundary of Ω is the union of
two disjoint sets: an outer part, denoted by Γc, and an inner boundary, called
Γ. Moreover, we assume that the boundary of D is the union of γ0, γc and γ
where γ0, γc and γ are disjoint open sets and (see figure 3),

• γ0 is a subset of the z−axis,
• γc is the outer part of ∂D,
• γ is the boundary generating Γ.

We denote by γ1, γ2 and γ3 the subsets of γ depicted in figure 4; we denote by
Γ1 the subset of Γ which is generated by rotation of set γ1 about the z−axis.

Similarly, let Ωs and Ωl be the subsets of Ω corresponding to silicon and ladle
which are generated by rotation of sets Ds and Dl, respectively, about the
z−axis (see figure 3).

Let [0, T ] ⊂ R be the time interval with T > 0. Moreover we set QT = Ω ×
(0, T ). Throughout this paper we denote by T (x, t) the absolute temperature
at each point x ∈ Ω and each time t ∈ [0, T ]. Assuming both there is no
convection and there is no internal heat source, transient heat conduction is
described by

ρ(x, T )c(x, T )
∂T

∂t
(x, t)−∇.(k(x, T )∇T ) = 0 in QT , (1)
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where ρ is density, c is specific heat and k is thermal conductivity, all depending
on the spatial variable x and temperature T . We assume that the medium is
piecewise homogeneous and nonlinear, therefore

ρ(x, T ) = χΩs(x) ρs(T ) + χΩl
(x) ρl(T ),

c(x, T ) = χΩs(x) cs(T ) + χΩl
(x) cl(T ),

k(x, T ) = χΩs(x) ks(T ) + χΩl
(x) kl(T ),

where χA denotes the characteristic function of the set A. We assume that
a change of phase is taking place in Ωs at a single temperature Ts. Thus,
introducing an enthalpy function H(x, T ) we have

H(x, T ) = χΩs(x) Hs(T ) + χΩl
(x) Hl(T ) (2)

where

Hs(T ) =





Φs(T ) T < Ts,

[Φs(Ts), Φs(Ts) + L ρ(Ts)] T = Ts,

Φs(T ) + L ρ(Ts) T > Ts,

(3)

Hl(T ) = Φl(T ), (4)

Φj(T ) being the function

Φj(T ) =

T∫

0

ρj(ζ)cj(ζ) dζ, (5)

with subscript j being both s or l representing silicon or ladle, respectively,
and L being the latent heat per unit mass. Notice that multivalued function
(3) is accounting for phase change at temperature Ts in the silicon, whereas
enthalpy in (4) is considered in the ladle where there is no phase transition.

Hence the heat transfer equation reads

∂e

∂t
(x, t)−∇.(k(x, T )∇T ) = 0 in QT , (6)

where e denotes enthalpy density which is expressed, in terms of temperature,
as follows

e(x, t) ∈ H(x, T (x, t)). (7)
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Remark 3.1 If ρj(T ) and cj(T ), for j = s, l, are continuous functions such
that there exist constants ρ?, ρ?, c? and c? for which

0 < ρ? ≤ ρj(T ) ≤ ρ?, ∀T ∈ R, j = s, l,

0 < c? ≤ cj(T ) ≤ c?, ∀T ∈ R, j = s, l,

then H is a maximal monotone mapping (see [13]).

3.1 Boundary conditions

On Γc a convection boundary condition is considered,

k
∂T

∂n
= α(Tc − T ) on Γc, (8)

n being the outward unit normal vector to the boundary, α the convection
heat transfer coefficient and Tc the temperature of surroundings.

On Γ1, subset of the inner boundary Γ, heating elements are considered in
order to heat the upper part of the silicon. These thermal devices are switched
off if the highest temperature at this boundary, denoted by T̃ , is greater or
equal than a given temperature θ̄. Thus the boundary condition on Γ is

k
∂T

∂n
(x) = g(T̃ , t) χΓ1(x) + qrad(x) on Γ, (9)

where

T̃ (t) = max
x∈Γ1

T (x, t). (10)

Function g represents the power given to the heating elements and function
qrad, which accounts for the radiative contribution, is described below. Let us
assume

g(T, t) =





p(t) if T ≤ θ,

p(t)(θ̄ − T )/(θ̄ − θ) if θ ≤ T ≤ θ̄,

0 if θ̄ ≤ T,

(11)

where θ is the threshold temperature at which the power begins to decrease
and p(t) is a time-dependent function related with the maximum power of the
heating device.
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The objective of these heating elements located at the upper part of the ladle
hole is to keep the top of the silicon molten in order for inducing its direc-
tional solidification, i.e., the solid silicon growing upwards into the liquid.
Nevertheless, the heating elements have their maximum operating tempera-
ture, denoted by θ̄; operation temperatures beyond this threshold value may
damage these heating elements so that a thermostat function like (11) is need-
ful to stop the power supply when the threshold value is reached. The system
recovers the power supply when the maximum operating temperature on the
boundary Γ1 decreases.

Moreover, on the whole inner boundary Γ we consider a non-local radiative
boundary condition assuming that surfaces may be approximated as black sur-
faces (see [6]). Therefore, energy only leaves the surface as a result of emission
and all incident radiation is absorbed. Hence function qrad of (9) is given on
Γ by

qrad(x) = J(x)−R(x), (12)

J(x) and R(x) being the irradiation and the radiosity at point x of the sur-
face, respectively. Taking into account the Stefan-Boltzmann law and the fact
that there is no reflection, radiosity reads

R(x) = σT 4(x) on Γ, (13)

σ being the Stefan-Boltzmann radiation constant (σ = 5.670×10−8W/m2 K4).
The irradiation J at a point x only depends on radiation emitted by the rest
of the inner boundary, that is,

J(x) =
∫

Γ

F (x,y)R(y)dSy, (14)

where F (x,y) is the view factor between points x and y of Γ, and dSy is a
differential surface element. Thus J and R are related in terms of the integral
operator K defined by

K(ζ)(x) =
∫

Γ

F (x,y)ζ(y)dSy, x ∈ Γ, (15)

therefore (14) reads

J(x) = K(σT 4)(x), (16)
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taking into account the Stefan-Boltzmann law. Then using (13) and (16)
boundary condition (12) leads to

qrad(x) = K(σT 4)(x)− I(σT 4)(x) on Γ, (17)

I being the identity operator.

Remark 3.2 The view factor between points x and y of Γ quantifies the
visibility between these two points and it is given by (see [8,11] and references
therein)

F (x,y) =
nx.(y − x) ny.(x− y)

π |x− y|4 , a.e. (x,y) ∈ Γ× Γ, x 6= y, (18)

nx and ny being the outward unit normal vectors to Γ at x and y, respectively,
directed outwards Ω (see figure 5). Notice that since the enclosure is a convex
set the visibility factor equals one (see [11]).

Remark 3.3 Since Γ is both a piecewise C1,δ and a Lipschitz surface with
the set of non-smooth points, Γ̃, having zero surface measure, the integral

K(1)(x) =
∫

Γ

F (x,y)dSy = 1, (19)

for x ∈ Γ\Γ̃ (see [11]).

Taking into account (19) the right hand side of (17) reads

K(σT 4)(x)− I(σT 4)(x) =
∫

Γ

F (x,y)(σT 4(y)− σT 4(x))dSy. (20)
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Finally (17) leads to

qrad(x) + G(σT 4)(x) = 0, (21)

where

G(σT 4)(x) = (I − K)(σT 4)(x). (22)

On the boundary γ0 we take into account the axisymmetry of the domain and
we have

k
∂T

∂n
= 0 on γ0. (23)

3.2 Cylindrical coordinates

Due to the axisymmetry of the domain and assuming that all the fields in-
volved in this problem are independent of the angular variable θ, we transform
the 3D problem into a 2D one using cylindrical coordinates.

Setting RT = D× (0,T ), a straightforward computation from (6) and (7) leads
to

∂e

∂t
− 1

r
[
∂

∂r
(rk

∂T

∂r
) +

∂

∂z
(rk

∂T

∂z
)] = 0 in RT , (24)

e(r, z, t) ∈ H(r, z, T (r, z, t)). (25)

On the other hand, if x ∈ Γ, its cylindrical coordinates (r, z, θ) are such that

(r, z) ∈ γ, θ ∈ [0, 2π).

Since temperature is independent of θ, it reads T (r, z) in cylindrical coordi-
nates and taking x = (r, z) on γ and y =(r̃ cos θ̃, r̃ sin θ̃, z̃) on Γ (see figure 5),
the heat flux (21) leads to

qrad(r, z) = −G(σT 4)(r, z) =
∫

γ

σf(r, z, r̃, z̃) [T 4(r̃, z̃)− T 4(r, z)] r̃ dγ(r̃,z̃), (26)

dγ(r̃,z̃) denoting the differential element and f the function accounting for the
view factor (18) which reads
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f(r, z, r̃, z̃) =

2π∫

0

c2 cos2 θ̃ + c1 cos θ̃ + c0

π(d− 2rr̃cosθ̃)2
dθ̃, (27)

where c0, c1, c2 and d are given by

c0 = (−rnr + nz(z̃ − z))(−r̃ñr + ñz(z − z̃)),

c1 =−(r̃2 + r2)nrñr + (z − z̃)(r̃nrñz − rnzñr),

c2 = rr̃nrñr,

d = r2 + r̃2 + (z − z̃)2,

respectively. Notice that (nr, nz) and (ñr, ñz) are the outward unit normal
vectors to γ at points (r, z) and (r̃, z̃), respectively (see figure 6). On the other
hand, we emphasize the fact that function f is independent of the angular
variable θ due to axisymmetry. Moreover, f verifies

f(r, z, r̃, z̃) = f(r̃, z̃, r, z), ∀(r, z), (r̃, z̃). (28)

Remark 3.4 If r r̃ 6= 0, (27) reads

f(r, z, r̃, z̃) = c2
(a3

1 + a3
2 − 5a1a

2
2 − 5a2

1a2 + 8a
3
2
1 a

3
2
2 )

(a1 − a2)2a
3
2
1 a

3
2
2

+
c1(a1 − a2) + c0(a1 + a2)

a
3
2
1 a

3
2
2

(29)

where

a1 = (r + r̃)2 + (z − z̃)2,

a2 = (r − r̃)2 + (z − z̃)2.
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(r, z) (r̃, z̃) (nr, nz) (ñr, ñz) c0 c1 c2

∈ γ1 ∈ γ1 (0,−1) (0,−1) 0 0 0

∈ γ1 ∈ γ2 (0,−1) (−1, 0) r̃(z − z̃) −r(z − z̃) 0

∈ γ1 ∈ γ3 (0,−1) (0, 1) (z − z̃)2 0 0

∈ γ2 ∈ γ1 (−1, 0) (0,−1) −r(z − z̃) r̃(z − z̃) 0

∈ γ2 ∈ γ2 (−1, 0) (−1, 0) rr̃ −(r2 + r̃2) rr̃

∈ γ2 ∈ γ3 (−1, 0) (0, 1) r(z − z̃) −r̃(z − z̃) 0

∈ γ3 ∈ γ1 (0, 1) (0,−1) (z̃ − z)2 0 0

∈ γ3 ∈ γ2 (0, 1) (−1, 0) −r̃(z − z̃) r(z − z̃) 0

∈ γ3 ∈ γ3 (0, 1) (0, 1) 0 0 0

Table 1. Coefficients of f .

Moreover we obtain

f(r, z, r̃, z̃) =





2c0/a
2
1 if r r̃ = 0,

n2
r/(2 r2) if (r, z) = (r̃, z̃), r > 0.

(30)

Remark 3.5 The values of coefficients of function f are given in table 1 by
taking into account the shape of the inner boundary Γ (see figure 4).

We emphasize that the simple evaluation of the view factor (27) is due to
the particular geometry of the casting ladle; for a general setup this can be
a substantial challenge. We refer to [7] and the references therein where the
circular projection method (see [2]) is used to deal with complicated geometries
arising when sublimation of SiC single crystals is modelled.

3.3 Initial condition

Finally we introduce the initial condition

e(r, z, 0) = e0(r, z) in D. (31)

Then the initial temperature can be computed by

T0(r, z) = H−1((r, z), e0(r, z)) in D. (32)
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3.4 Weak formulation

Multiplying (24) by a test function, integrating in the meridian section D and
using a Green´s formula we deduce

∫

D

∂e

∂t
vrdrdz +

∫

D

k∇T.∇v rdrdz =
∫

∂D

k
∂T

∂n
vrdγ. (33)

Taking into account boundary conditions (8), (9), (21) and (23) this equation
reads

∫

D

∂e

∂t
v r drdz +

∫

D

k∇T.∇v r drdz +
∫

γ

G(σT 4)vrdγ = (34)

=
∫

γc

α(Tc − T )vrdγ +
∫

γ1

g(T̃ , t)vrdγ,

for all test function v.

4 Numerical solution

In this section we use a one-step implicit scheme for time discretization of
equation (34) and a finite element method for space discretization. Function
T is approximated by piecewise linear finite elements on a triangular mesh.

4.1 Time discretization

We consider the time interval [0, T ], N ∈ N, N > 0 and we set ∆t = T /N .
Now we introduce the mesh Π = {t0, · · · , tN} of the time interval given by

t0 = 0,

tn+1 = tn + ∆t, n = 0, 1, . . . N − 1.

We denote by F n(r, z) the value of field F at point (r, z) ∈ D and time t = tn.
Now the value of ė((r, z), t) at (r, z) ∈ D and t = tn+1 is approximated by
Euler scheme:

ė((r, z), tn+1) ≈ en+1(r, z)− en(r, z)

∆t
.

Therefore, from (34) we obtain the semi-discretized problem:
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For each n = 0, 1, · · · , N − 1 find functions T n+1 and en+1 such that

1

∆t

∫

D

en+1v r drdz +
∫

D

k(T n+1)∇T n+1.∇v r drdz +
∫

γ

G(σ(T n+1)4)vrdγ =

∫

γc

α(Tc − T n+1)vrdγ +
∫

γ1

g(T̃ n+1, tn+1)vrdγ +
1

∆t

∫

D

env r drdz, (35)

for all test function v, where

T̃ n+1 = max
x∈ γ1

T n+1(x), (36)

and

en+1(r, z) ∈ H((r, z), T n+1(r, z)). (37)

4.2 Space discretization

Associated with a family of triangular meshes τh of domain D, we consider
the space of continuous piecewise linear finite element given by

Vh = {vh ∈ C(D̄), vh|K ∈ P1(K) ∀K ∈ τh}, (38)

P1(K) being the space of polynomials of degree ≤ 1 defined on an element K.

Then we introduce the discretized problem:
For each n = 0, 1, · · · , N − 1 find the functions T n+1

h and en+1
h in Vh such that

1

∆t

∫

D

en+1
h vh r drdz +

∫

D

k(T n+1
h )∇T n+1

h .∇vh r drdz +
∫

γ

G(σ(T n+1
h )4)vhrdγ =

∫

γc

α(Tc − T n+1
h )vhrdγ +

∫

γ1

g(T̃ n+1
h , tn+1)vhrdγ +

1

∆t

∫

D

en
hvh r drdz, ∀vh ∈ Vh, (39)

where

T̃ n+1
h = max

x∈ γ1
T n+1

h (x), (40)

en+1
h (q) ∈ H(q, T n+1

h (q)), (41)

for all vertices q in D̄.
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Notice that the multivalued function H relates temperature to enthalpy; to deal
with this nonlinearity, we use an iterative algorithm introduced in Bermúdez
& Moreno (see [1]) which is based on the following result:

Lemma 4.1 Let H be a maximal monotone operator. The following state-
ments are equivalent:

i) p ∈ H(s)− ωs
ii) p = Hω

λ (s + λp), λ > 0,

where ω and λ are parameters such that λω ≤ 1/2 and Hω
λ is the Yosida

approximation of the operator H − ωI., i.e.

Hω
λ (s) =

[I − ((1− λω)I + λH)−1](s)

λ
, s ∈ R.

At time step n + 1, we define the function pn+1
h at each vertex q as follows

pn+1
h (q) = en+1

h (q)− ωT n+1
h (q). (42)

From (41) we deduce

pn+1
h (q) ∈ H(q, T n+1

h (q))− ωT n+1
h (q),

and lemma 4.1 leads to

pn+1
h (q) = Hω

λ (q, T n+1
h (q) + λpn+1

h (q)), 0 < λ ≤ 1

2ω
. (43)

In order to numerically solve (39) the key idea is to replace en+1
h by pn+1

h +
ωT n+1

h obtaining

ω

∆t

∫

D

T n+1
h vh r drdz +

∫

D

k(T n+1
h )∇T n+1

h .∇vh r drdz +
∫

γ

G(σ(T n+1
h )4)vhrdγ =

∫

γc

α(Tc − T n+1
h )vhrdγ +

∫

γ1

g(T̃ n+1
h , tn+1)vhrdγ +

1

∆t

∫

D

(en
h − pn+1

h )vh r drdz, (44)

for all vh ∈ Vh, where T̃ n+1
h and pn+1

h are given by (40) and (43), respectively.

4.2.1 Conservation of energy

Equation (39) verifies a discretized equality of conservation of energy. Indeed,
multiplying (39) by ∆t and taking vh = 1 as a test function we get
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∫

D

en+1
h r drdz + ∆t

∫

γ

G(σ(T n+1
h )4)rdγ = ∆t

∫

γc

α(Tc − T n+1
h )rdγ +

∆t
∫

γ1

g(T̃ n+1
h , tn+1)rdγ +

∫

D

en
h r drdz.

Summing these equalities for n = 0, · · · , N − 1 we obtain

∫

D

eN
h r drdz + ∆t

N−1∑

n=0

∫

γ

G(σ(T n+1
h )4)rdγ = ∆t

N−1∑

n=0

∫

γc

α(Tc − T n+1
h )rdγ +

∆t
N−1∑

n=0

∫

γ1

g(T̃ n+1
h , tn+1)rdγ +

∫

D

e0
h r drdz. (45)

Using (26) in the integral of the second term of (45) we get

I =
∫

γ

∫

γ

σf(r, z, r̃, z̃) [(T n+1
h )4(r, z)− (T n+1

h )4(r̃, z̃)] r̃ dγ(r̃,z̃)r dγ(r,z),

then

I =
∫

γ

∫

γ

σf(r, z, r̃, z̃) (T n+1
h )4(r, z) r̃ dγ(r̃,z̃) r dγ(r,z) −

−
∫

γ

∫

γ

σf(r, z, r̃, z̃) (T n+1
h )4(r̃, z̃) r̃ dγ(r̃,z̃)r dγ(r,z).

Interchanging the order of integration in the first integral we get

I =
∫

γ

∫

γ

σf(r, z, r̃, z̃) (T n+1
h )4(r, z) r dγ(r,z)r̃ dγ(r̃,z̃) −

−
∫

γ

∫

γ

σf(r, z, r̃, z̃) (T n+1
h )4(r̃, z̃) r̃ dγ(r̃,z̃)r dγ(r,z).

Finally, using (28) we deduce

I =
∫

γ

∫

γ

σf(r̃, z̃, r, z) (T n+1
h )4(r, z) r dγ(r,z)r̃ dγ(r̃,z̃) −

−
∫

γ

∫

γ

σf(r, z, r̃, z̃) (T n+1
h )4(r̃, z̃) r̃ dγ(r̃,z̃)r dγ(r,z),
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and conclude that I equals zero. Thus (45) reads

∫

D

(eN
h − e0

h) r drdz = ∆t
N−1∑

n=0

∫

γc

α(Tc − T n+1
h )rdγ + ∆t

N−1∑

n=0

∫

γ1

g(T̃ n+1
h , tn+1)rdγ,

(46)

which shows that energy is conserved by the scheme.

Remark 4.1 As we mention below, the integrals appearing in the weak for-
mulation (39) have to be approximated by using quadrature formulas. For-
tunately, analogous computations to those we have made above show that
equality (46) also holds with the integrals replaced with these quadrature for-
mulas, in which case it can be viewed as an energy conservation principle for
the fully approximate scheme.

4.3 An iterative algorithm

In this section we present an iterative algorithm consisting of three embedded
loops as the flow chart of the algorithm shows in figure 7. Hereafter we omit
subscript h associated with the space discretization for the sake of simplicity.

Initial time step: e0 is given and T0 is computed using (32). Therefore T 0 =
T0 and p0 = e0 − ω T 0.

1.- Time loop:

Let us suppose that T n and pn are known. Then en = ω T n + pn. At time
tn+1, function T n+1 is obtained as the limit of the sequence T n+1

s coming
from the following iterative algorithm:

2.- Nonlinear loop

(a) Initialization: for n ≥ 0, T n+1
0 = T n and pn+1

0 = pn.

(b) (s + 1)-th iteration: T n+1
s and pn+1

s are known. Function T n+1
s+1 is

obtained as the limit of the sequence T n+1
s+1,k computed by

3.- Multiplier loop

(i) Initialization: T n+1
s+1,0 = T n+1

s and pn+1
s+1,0 = pn+1

s .

(ii) (k + 1)-th iteration: pn+1
s+1,k is known and in order to compute

16



T n+1
s+1,k+1 and pn+1

s+1,k+1 we proceed as follows:

• T n+1
s+1,k+1 is the solution of the linear problem

ω

∆t

∫

D

T n+1
s+1,k+1v r drdz +

∫

D

k(T n+1
s )∇T n+1

s+1,k+1.∇v r drdz +

∫

γ

G(σ(T n+1
s )4)v r dγ =

∫

γc

α(Tc − T n+1
s+1,k+1)v r dγ +

∫

γ1

g(T̃ n+1
s , tn+1)v r dγ +

1

∆t

∫

D

(en − pn+1
s+1,k)v r drdz, (47)

for all v ∈ Vh where

T̃ n+1
s (x) = max

x∈ γ1
T n+1

s (x) (48)

• Then pn+1
s+1,k+1 is calculated at every vertex q of the mesh using

the formula

pn+1
s+1,k+1(q) = Hω

λ(q, T n+1
s+1,k+1(q) + λpn+1

s+1,k(q)). (49)

A two-point Gaussian quadrature on each edge of the boundary is employed to
integrate the boundary terms in (47). The use of this quadrature determines
that equality (19) can only be obtained approximately. Actually, we have
computed the relative errors by using both the trapezoidal rule and the above
mentioned two-point Gaussian formula. For the mesh shown in figure 8, they
are 5% and 0.5%, respectively.

Remark 4.2 Choleski factorization has been employed to solve the linear
system arising from (47). Notice that the matrix of this system is not modified
in the innermost loop of this algorithm.

Theoretical results concerning the convergence of algorithm (47)-(49) without
the radiation term can be found in [1] using maximal monotone operator
techniques. To our knowledge, the analysis of convergence considering the
radiative contribution is an open problem.

For ∆t = 1s and the mesh shown in figure 8, the average number of iterations
per time step are 1.1 for the outer nonlinear loop and 25 for the inner multiplier
loop. If the radiation term is omitted in (47), these average numbers are 1
and 22, respectively. Therefore, we can conclude that the phase change is the
main nonlinearity and the presence of the radiation term does not increase
significantly the algorithmic difficulty of the problem.
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End
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Construction of the

Fig. 7. Flow chart of the algorithm.

Remark 4.3 From the stability point of view, there is no problem in treating
the radiation term explicitly in time. This has been done in our code with
T = 1000 s and we have not observed any instability problem. Moreover, the
L2-norm of the difference between the solution for time-implicit and time-
explicit radiation term is only 4.45× 10−4%.

5 Numerical results

The aforementioned algorithm has been implemented in a computer code writ-
ten in Fortran and in this section we present several numerical results con-
cerning this code. The computation was performed on a personal computer
working under Windows.
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Fig. 8. Geometry and mesh of the ladle with silicon.

Fig. 9. Materials of the ladle with silicon.

Figure 8 shows the geometry and the mesh used for finite element discretiza-
tion. It was made with Modulef library (see [12]). Figure 9 presents the con-
figuration of the materials forming the ladle.
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Fig. 10. Isotherms (◦C) of the preheated ladle.

The ladle is preheated using the inner heating elements. Isotherms of the
preheated ladle are shown in figure 10. Notice the distribution of heat at the
inner walls of the ladle due to the non-local radiation condition: the heat
generated on γ1 is almost uniformly distributed on the walls of the enclosure.
Then, silicon at 1480 ◦C is poured into the inner cavity. The power of the
heating elements is 10 kW during the first 40000 s; afterwards, the power is
decreasing to zero as time increases, i.e., function p(t) of (11) is given by

p(t) =





10 kW if t ≤ 40000 s,
10

(t− 39999)1/5
kW if t > 40000 s.

(50)

Moreover, θ = 1450 ◦C and θ̄ = 1550 ◦C.

Figures 11 and 12 show the solidification front corresponding to times t =
1000 s and t = 36000 s, respectively. We remark that silicon solidifies around
the walls of the inner enclosure at the beginning of the process, and then the
solidification front is progressively getting flatter.

With figure 13, showing the solidification front at time t = 128000 s, we em-
phasize the fact that the solidification front grows upwards as time increases;
thus the top of the silicon ingot is the last part to solidify.
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Fig. 11. Solidification front at t = 1000 s.
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Fig. 12. Solidification front at t = 36000 s.
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Fig. 13. Solidification front at t = 128000 s.

List of symbols

x spatial variable
t time
T temperature
ρ density
c specific heat
k thermal conductivity
H enthalpy function
L latent heat
Ts temperature of silicon phase change
e enthalpy density
α convective heat transfer coefficient
Tc temperature of surroundings
g function representing the power given to heating elements
J irradiation
R radiosity
σ Stefan-Boltzmann constant
F view factor
T0 initial condition
T final time
N number of time subintervals
∆t time discretization step
Hω

λ Yosida approximation
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