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ABSTRACT. We establish compression-expansion type fixed point theorems for systems of
operator inclusions with decomposable multivalued maps. The approach is vectorial allowing
to localize individually the components of solutions and to obtain multiple solutions with
multiplicity not necessarily concerned with all components of the solution. A general scheme
of applicability of the theory is elaborated based on Harnack type inequalities and illustrated
on systems of differential inclusions with one-dimentional ¢-Laplacian.
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1. INTRODUCTION

The main goal of this paper is to discuss the existence, componentwise localization and
multiplicity of positive solutions for systems of differential inclusions with one-dimensional
¢-Laplacian, namely

— (¢1(u})) € G1(t,ur,uz)
(1) { - (¢2(Ué))/ € Ga(t, u1, u2),

for t € (0,1), subject to the boundary conditions
uy (0) = u5 (0) = g (1) = uz (1) =0,

where for each i € {1,2}, ¢; : (—as,a;) = (=b;,b;) (0 < a;, b; < +00) is an increasing home-
omorphism with ¢;(0) = 0 and G; is a multivalued map. In particular, the homeomorphisms
¢1, P2 can be one of the following

p:R—=R, ¢(z)=|z[ 2

x

x

¢:(-1,1) =R, ¢(z) il

corresponding to the one-dimensional p-Laplace operator, the mean curvature operator in
the Euclidian and Minkowski space, respectively. Such type of equations involving the ¢-
Laplacian has been investigated in a large number of papers using fixed point methods, degree
theory, upper and lower solution techniques and variational methods. We refer the reader
to the papers [1-8,10-12, 14, 15,17, 18, 24], to the survey work [16], and the bibliographies
therein.

It is worth noting that in our work on system (1.1), the two homeomorphisms ¢1, ¢ can be
of different types. Also, for a solution u = (uj,ug) , different localizations of the components

1

»:R—(-1,1), o¢(x)=



2 RADU PRECUP AND JORGE RODRIGUEZ-LOPEZ

u1 and ue are possible, allowing to obtain multiple solution results where the multiplicity
concerns either only one of the components or both of them.
More general, we shall discuss systems of operator inclusions in Banach spaces, of the form

{ L1 (ul) S F1 (ul,ug)

(1.2) Lo (ug) € Fy (u1,u2),

where, in this abstract setting, the ‘boundary conditions’ are simulated by the belonging of w;
to the domain D (L;) of the not necessarily linear operator L; (i = 1,2), while the ‘positivity’
of solutions means their belonging to a given cone.

If the operators L; (i = 1,2) are invertible, as is the case of the boundary value problem
related to system (1.1), then (1.2) is equivalent to the fixed point problem

(1 3) { uy € Llel(ul,uz)
U € L;ng(ul,UQ),

with decomposable multivalued maps Llel and Ly lEy.
Thus, it is natural to develop a theory for abstract systems of inclusions, of the form

ul € Nl(ul,uQ)
1.4
( ) { U2 € Nz(ul,UQ),

in a Banach space X, where N = (N,Ns) : A C X? — 2X% is a multivalued operator
such that each of its components is a decomposable map, that is, the composition of two
multivalued maps

Ni(u) = U;(u, ®i(u)), u=(ui,uz) €A (1=1,2).

Our theoretical strategy is to make the reverse path, from abstract to concrete. Thus, first,
in Section 2, we develop a fixed point theory with localization on components for the general
system (1.4); next, in Section 3, we apply this theory to systems of type (1.2); and, finally,
in Section 4, we particularize even more to obtain results for the considered boundary value
problem related to system (1.1). Of course, one may use the abstract theory to obtain similar
results for system (1.1) subject to some other boundary conditions. Also the results can be
immediately extended to systems of more than two inclusions. Our restriction to systems of
two inclusions is only to simplify the presentation.

The common approach to systems is to look at them as generalizations of equations. On
the contrary, in our vectorial approch, a system is seen as a particular equation that has the
splitting property. Consequently, a larger diversity of results may be expected in the case of
systems.

This paper extends for inclusions the theory established in [9], [20], [21] and [22] for equa-
tions, and in [13] for inclusions with convex-valued maps. The extension is not trivial since, as
explain in [19], several difficulties arise when treating compositions of multivalued maps. One
of them consists in guaranteeing continuity properties for the maps, another one concerns the
geometric properties of their values. For example, even if one of the maps is single-valued
(but nonlinear) and the values of the other one are convex, the values of the composed map
can be non-convex, contrary to the hypotheses of basic fixed point theorems for multivalued
maps.
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2. EXISTENCE RESULTS FOR OPERATOR SYSTEMS WITH DECOMPOSABLE MULTIVALUED
MAPS

Let X be a Banach space and consider the fixed point problem

up € N1(U1,U2)
U € Ng(ul,’u,g),

where N = (N1, Ny) : A € X? — 24 is a multivalued operator such that each of its compo-
nents is a decomposable map, that is, the composition of two upper semicontinuous (usc, for
short) multivalued maps:

Ni(u) = U(u, ®i(u)), u=(ui,uz) €A (1=1,2).

2.1. A Schauder type fixed point theorem. First, we present a generalization of Kaku-
tani’s fixed point theorem for a system of two decomposable maps. For the case of a single
equation, the reader may find a similar result in [19].

Theorem 2.1. Let A be a nonempty, conver and compact subset of X2, Y1, Yo Banach
spaces and N = (N1, Np) : A € X% = 24, (N, No)(u) = (U1 (u, ®1(u)), To(u, P2(u))), a
multivalued operator such that for each i € {1,2},

(i) ®; : A — 2% is usc with compact convex values;
(i) W; : A x Y; — 2% is usc with closed convex values.

Then N has a fixed point in A.
Proof. Consider the set B = A x co®1(A) x coPy(A). Since A is compact and P, is usc with
compact values, ©o®1(A) is compact (similarly, co®,(A) is also compact). Hence, B is the

Cartesian product of compact convex sets, so it is a compact convex subset of X2 x Y?2.
Now, we associate to N the map II : B — 25 given by

(w1, ug, vi,v2) = Uy (ur, ug, v1) X Wolur, ug, v2) x ®q(ur,u2) X Po(ur, usz).

Note that II is usc with closed convex values and thus the Bohnenblust—Karlin fixed point
theorem ensures that I has a fixed point (u1,usz,v1,v2) € B, that is,

u] € ‘Ill(ul,uz,vl), U € \IIQ(ul,UQ,’UQ), IS @1(U1,U2), Vg € (I)Q(ul,UQ).
Therefore, the pair (u1,us) € A is a fixed point of N. O

Corollary 2.2. Let C be a nonempty, convex and closed subset of X2, Y1, Yo Banach spaces
and N = (N1, Np) : C € X% — 2C, (N1, No)(u) = (U1 (u, ®1(u)), To(u, Po(u))), a multivalued
operator such that N(C') is relatively compact and for each i € {1,2},

(i) ®; : C — 2Yi is usc with compact convex values;
(ii) W, : C x Y; = 2% is usc with closed conver values.

Then N has a fixed point in C.

Proof. Tt suffices to take the compact and convex set A = 6N (C') C C and to apply Theorem
2.1. O
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2.2. A vector version of Krasnosel’skii’s fixed point theorem in cones. Now we
present the vector version of Krasnosel’skii’s fixed point theorem in cones for the class of
decomposable maps. Note that this type of componentwise localization of positive fixed
points for systems was initiated in [20,21] for single-valued compact maps and continued
in [13] by a similar result for usc multivalued maps. Also, a Krasnosel’skii type fixed point
theorem in cones for a single decomposable map was proved in [5] (see also [23] for a fixed
point index theory for decomposable maps).

Recall that a closed convex subset K of a Banach space X is a cone if it satisfies that
KN(-K) = {0} and Az € K for every z € K and for all A > 0. Any cone K induces a
partial order relation in X, denoted by =<, namely x <y if y — x € K. One says that x < y
ify—ae K\{0}.

In the sequel, let K7 and K9 be two cones of the Banach space X and so K := K; x Ko
is a cone of X2. For r,R € R2, r = (r1,72), R = (R1, R2), we denote

(Ki)ry ;= {u € Ki : i < lul| < Ri} (i =1,2),
K, p:={u=(u1,u2) € K : 7 < |jus|| < R; fori=1,2}.

We look for fixed points of an operator N = (Ny, Ny) : K — 2K whose components N;
and Ny are of the form

Ni(u) = ¥;(u, ®i(uv)), uveK (1=1,2).
Here we assume that for a Banach space Y and two closed convex sets Ky,, Ky, C Y, the
following conditions on ¥; and ®; are satisfied for each ¢ € {1,2}:

(Hg) ®; : K — 2% is usc with compact convex values;
(Hy) ¥; : K x Ky, — 25 is usc with closed convex values.

Now we state and prove the main result of this section.
Theorem 2.3. Let o, 3; > 0 with o; # B, ri = min{ay, B;} and R; = max{wy, 5;} for
i =1,2. Assume that N : K, p — 2K
N(u) = (U1 (u, @1(u)), Yo (u, P2(u))),
N(K, R) is relatively compact and for each i € {1,2}, ®; and ¥; satisfy (He) and (Hy),
respectively. In addition assume that the following conditions
u; & Ni(ur,u2) + ph;  for any (u1,u2) € K, g with ||u;]| = a; and p > 0;
Au; & Ni(ui,u2)  for any (u1,ug) € K g with |Ju;|| = f; and X > 1

hold for some h; € K; \ {0} (i=1,2). Then N has a fized point u = (u1,us) € K with
r; < HUZH < R; fori=1,2.

Proof. We consider four cases which cover all the possible combinations of compression—
expansion conditions for N7 and No.

Case 1: Assume first that «; < f; for both i = 1,2 (compression for both N7 and N).
Then r; = o and R; = 3; for i = 1,2. Define the map N = (]\71,]\72) K — 2K by

Fi(ur, uz) = p(ur, us) N, <5l(“l)m’52<“2>nzzn) (1= plurug)) b

where p(u1, u2) = min {{Ju1]| /r1, [Juz|| /r2,1} and 6;(uw;) = max{min{u;, R;},r;} for i = 1,2.
The map N is a decomposable map, namely, N;(u1,u2) = ¥;(uy,ug, ®;(u1,u2)) (1 = 1,2),
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with

Q;(ur,uz) = ®; <51(u1)||112”,62(u2) 2 ) ,

[[uz||

\I/i(ul,uQ,v) = /L(’U,l,’u,z)\lli <(51(U1)”31H,5Q(U,2)H22H,’U> + (1 — u(ul,uQ)) hi.

Observe that ®; and U; satisfy conditions (Hg) and (Hy), respectively. Moreover, note that
N(K) is relatively compact since its values belong to the compact set

C =t (N(Kyr)U{h}),

where h = (hq, he) . Therefore, Corollary 2.2 applies and guarantees the existence of a fixed
point of N in C' € K. It can be shown in a similar way to the proof of [13, Theorem 2]
(or [20,21]) that the fixed point w belongs to K, r. Hence, u is also a fixed point of the
operator /N which is located in K, g.

Case 2: Assume that a3 < 1 (compression for Nj) and f2 < ag (expansion for Nj).
Note that this case can be reduced to the previous one by considering the operator N* =
(N7, N3) : K — 2K given by

. R r
N, u2) = Ny <“ <Hu22H * uall ™ 1) “) !

Ng*(ul,uz) = ( R2 =+ 2 — 1>_1 Ng <U1, (R2 =+ "2 — 1> u2> .
Jug||  Jluzll Jug||  Jluzll

Each component of N* can be written as the composition N;*(u) = ¥ (u, ®;(u)), where

7 (ur,u2) = ®; (Uh < 1t + "2 1> UQ) (1=1,2),

[uzll  [Juzll

B R r

W5 (ur, uz, ) = <R2+ ra 1>1 - (ul, <R2 Lo 1> u27v>.
Jual| ~ [luzl] Jual| ~ fluzll

Notice that the map N* is in case 1 and thus it has a fixed point v € K, g. Then the point

Ry

u = (u1,ug) defined as u; = v; and ug = (IIUzH

N.

Case 3: Assume that 51 < a1 (expansion for Nj) and ay < (2 (compression for Ny). This
case is completely analogous to the previous one.

Case 4: Assume that 3; < «; for i = 1,2 (expansion for both N7 and Ns). This situation
reduces to case 1 by taking the decomposable map N** = (N;*, N5*) defined as

i) (e =) wen)
N{* (ug,u9) = + -1 N + — 1) ug,us |,
i) <Hu1\ ] Sl g ) e

. Ry T2 ! Ry T2
Ny™*(u1,u2) = + -1 No(up, | — + -1 us ).
Juz|l  Jluzl] Juz|l  Jluzll
Thus, the proof is finished. O

+ H%” - 1) vy is a fixed point of the operator

In particular, if ¥(u,v) = ¥(v), then from Theorem 2.3 we obtain the following compression—
expansion fixed point theorem for inclusion systems involving compositions of the form Wo ®.
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Theorem 2.4. Let oy, 5; > 0 with o; # B;, r; = min{ay, 5;} and R; = max{wy, 5;} for
i =1,2. Assume that N : K, p — 2K

N = (U1, Uydy),
N(K, R) is relatively compact and for each i € {1,2}, ®; and ¥; satisfy (He) and (Hy),
respectively. In addition assume that the following conditions
ui & Ni(ur,u2) + ph;  for any (u1,u2) € K, g with ||w]| = a; and p > 0;
Au; & Ni(ui,uz2)  for any (u1,ug) € Kr g with ||u;|| = f; and X > 1

hold for some h; € K; \ {0} (i=1,2). Then N has a fized point u = (u1,us) € K with
r; < Hqu < R; fori=1,2.

As a straightforward consequence we obtain the following result.

Corollary 2.5. Let oy, 5; > 0 with o # B;, 77 = min{oy, ;} and R; = max{«w, 5;} for
i =1,2. Assume that N : K, p — 2K

N = (U1, Uydy),
N(K, R) is relatively compact and for each i € {1,2}, ®; and ¥; satisfy (He) and (Hy),

respectively. In addition assume that the following conditions hold:
y Au;  forally € Ni(ui,uz), (u1,u2) € K, g with [Ju;]| = ay;
yFu; forally € Nij(ui,u2), (u1,u2) € Ky g with ||u;|| = f;.

Then N has a fived point u = (uy,u2) € K with r; < ||u;]| < R; fori=1,2.

3. POSITIVE SOLUTIONS FOR SYSTEMS OF OPERATOR INCLUSIONS

In this section, we apply the general fixed point theorems established from above to the
following system of operator inclusions
(3.1) Li(ui) € Fi(u1,us2)
) u; € D(LZ) (2 = 1,2),
where for each i, L; : D(L;) C X — Y is a not necessarily linear map which is invertible,
F;: XxX — 2" is a set-valued map, and X, Y are Banach spaces with continuous embedding
XcCcY.

Equivalently, we deal with the following inclusion system of type (1.4),

(3.2) u; € L7 Fi(ur,u2), w € X (i=1,2).

We look for positive solutions for (3.1), that is, solutions u = (uy,u2) with u; € K{ N X,
where K} C Y is a cone for every i = 1,2. We use the same symbol < to denote the ordering
in Y induced either by K} or K2. Moreover, we assume that L; '(K}) C K} for every
ie{1,2}.

Let P be a cone in X and for each i € {1,2}, consider the following basic assumptions:

(Hy) Ly : K§ — D(L;) can be written as the composition L; ' = Tj o S;, where

(a) S; : K{ — P is a continuous linear operator which maps bounded sets into
relatively compact sets and 5; o F; has closed and convex values;
(b) T; : P — D(L;) is a continuous map.
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(Hy) S; and T; are positive and increasing, i.e.,
0<u=<wv implies 0=S;(u)=S;(v) and 0 =T;(u) < T;(v).
In addition, 0 € D(L;) and L;(0) = 0. '
(H3) There exists 1; € K{ \ {0} such that for every u € K N X, one has
u = ul| i
(H4) There exists ¢; € K\ {0} such that for every u € K N X with L;yu € K§, one has
l|lul| oi 2 u (abstract Harnack inequality).
(Hs) F;: X? — 2Y is usc, maps bounded sets into bounded sets and
Fi(K} x K3)n X% c K.
(Hg) For each vector A = (A1, A2) € (0, +00)?, there exist elements F;(\), F;(A\) € K§ such

that
F(\) 2y X F;(\) for every y € Fj(uq, ug)
and every (ui,uz) such that u; € Kg NX and A\j; uj 2 A9, 5 =1,2.
For each i € {1,2}, we consider the cone in X
Ki={uec KinX : ||lu] ;s < u}

and the product cone in X2, K = K; x K».
Let N; : X2 — 2X be the operators

(33) Ni(ul,uQ) = Li_lFi<U,1,UQ), 1= 1, 2.
Note that we can write N = (N1, Ny) = (U1Pq, Ua®Py), where

For r, R € (0, +00)%, r = (r1,72), R = (R, R2), the notation K,  stands for
K,p={ue K :r; <||u| <R; fori=1,2},
and from (H3) and (Ha), for every (ui,us) € K, g one has
rj i 2 lluilles 2wy 2 lujll vy = Ry, 5 =1,2.
Observe that clearly for ¢ = 1,2, the map V¥, is usc with convex and compact values since it
is a single-valued continuous map. Moreover, ®; is usc (as the composition of a continuous

single-valued map and an usc multivalued map) and ®;(K, r) is relatively compact since
Fi(K, r) is bounded and S; maps bounded sets into relatively compact sets.

Lemma 3.1. Assume that conditions (Hy)-(Hs) hold. Then for N = (N1, N3), one has
N(K) C K.

Proof. Let us see that N;(K) C K; for i = 1,2. Indeed, if u € K and v € N;(u) = L; ' Fj(u),
then u; € K} N X, up € KN X and thus, by (Hs), F;(u) C K¢ Next, by (Hz), we obtain
that v € L; 'F;(u) ¢ K;ND(L;) € K;N X. Finally, Lyv € F;(u) and F;(u) C K} imply that
|lv]| ;i = v, as a consequence of the abstract Harnack inequality in (Hy). Therefore, v € Kj,
as wished. O

Now we present the following general existence and localization result.
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Theorem 3.2. Assume that for each i € {1,2}, conditions (Hy)-(Hg) hold and there exist
g, B > 0 with a; # B; such that

(3.5) L;lﬂ(HulH Nuzll) A wi for all w € K, g with |Ju;|| = o,
(3.6) u; A LZ_IE(HmH Nuzll)  for allw € Ky g with ||u;|| = B,
where r; = min{ay, B;} and R; = max{a, 5;}.
Then problem (3.1) has at least one positive solution u € K with
i < lug|| < R; (i=1,2).

Proof. Let us apply Corollary 2.5 to the operator N defined in (3.3) and the cone K considered
above. Note that IV is a decomposable map with ®; and ¥; as in (3.4).

First, we prove that
(3.7) L'y Awu; forall y € Fy(u) and all u € K, g with || = .
By condition (Hg), Fi(|juill,|luz]|) = v for all y € Fj(ui,u2) and all u € K, gr. Hence, by
(Ha), Ly 'Fy(|ua]| , [Juzl]) < L; 'y for all y € F(uy,us) and all u € K, . Now condition (3.5)
implies (3.7).

Secondly, we show that
(3.8) u; A L'y for all y € Fy(u) and all u € K, p with ||Ju;|| = 5;.
By conditions (Hz) and (Hg), L; 'y < Ly ' Fi(|lu1], [Juz]l) for all y € Fi(u1,us), u € K, g.
Then condition (3.6) implies (3.8).

Therefore, Corollary 2.5 ensures the existence of at least one fixed point for N located in
K, r, which is a positive solution of the system (3.1). O

It is said that the norm ||-|| of the Banach space X is monotone with respect to the ordering

given by the cones K} (i = 1,2) if 0 < 2 < y implies ||| < ||y||. In that case, conditions
(3.5) and (3.6) hold provided that (3.9) and (3.10) below are satisfied.

Corollary 3.3. Assume that, for each i € {1,2}, conditions (H1)-(Hg) hold, the norm ||-|| is
monotone with respect to the ordering and there exist oy, 5; > 0 with o; # B; such that
(3.9) L7 E(ull s uzl))|| > o for all w € Ky g with |ui]] = o,
(3.10) L7 Fi(fuall, uzl)|| < Bi for all u € Ky g with |Jul| = B,
where r; = min{ay, B;} and R; = max{w, 5;}.

Then problem (3.1) has at least one positive solution u € K with

n<ull <R (i=1,2).
A number of particular examples of differential problems which illustrate the applicability

of the previous theory can be seen in [9] (see also [22]). Roughly speaking, the abstract theory
works provided that a Harnack type inequality can be obtained for the problem.

4. APPLICATION TO ¢-LAPLACIAN SYSTEMS OF INCLUSIONS

The aim of this section is to derive sufficient conditions for the existence and localization
of positive solutions for systems of the form

—(¢1(u})) € Gi(t,ur,ug) in (0,1)
0,1

(4'1) - (¢2<u/2)>/ € GQ(t7u17u2) in ( ) )
u1(0) = u1(1) = 0 = u5(0) = ua(1),
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where for each ¢ € {1,2}, ¢; : (—as,a;) — (=b;,b;) (0 < a;,b; < 4+00) is an increasing
homeomorphism such that ¢;(0) = 0 and G; : (0,1) x R2 — 28+ is an usc multivalued map
with closed convex values, which maps bounded sets into bounded sets.

Problem (4.1) can be studied by means of the abstract scheme described in Section 3. Here
X =C[0,1], Y = L*(0,1), ||-|| = |||lc the sup-norm in X, P is the positive cone of C[0,1],
K¢ is the positive cone of L>(0,1), 1; = 1 and

Li(w)(t) = = (6:(w' (1)), Fi(ur,uz) = Gi(-yur (), ua(-)) (i =1,2).
Note that, for each w € L*°(0,1) and each i € {1,2}, one has

(12) o= [ ot (= [(wirar)as

and L;' =T;oS;, with

1 t
Ti(w)(t) = —/t ¢; ' (-w(s)ds,  Si(w)(t) :/0 w(r) dr.

In the sequel, we assume that G; is such that S; o Fj is an usc multivalued map with closed
and convex values. Clearly, conditions (H;), (H2), (Hs) and (Hs) hold.

On the other hand, condition (H4) holds here thanks to the following Harnack type inequal-
ity proved in [10] for the differential operator Lu := — (¢(u')) (where ¢ : (—a,a) — (—b,b) is
an increasing homeomorphism with ¢(0) = 0) and the boundary conditions »'(0) = u(1) = 0.

Proposition 4.1. For each ¢ € (0,1) and any v € C*[0,1] with u'(0) = u(1) = 0, u'(t) €
(—a,a) for everyt € [0,1], pou’ € WH(0,1) and (¢(u')) < 0 on [0, 1], the following inequality
holds:

u(t) > (1 —c)||ull,, forall te[0,c.
Hence, condition (H4) holds by taking the function ¢; given by

) 1=¢, fortel0,c
pilt) = { 0, for t € (¢, 1],
where 0 < ¢; < 1 is fixed.
Assume that for each ¢ € {1, 2}, the multivalued map G; satisfies the following condition:

(C) There exist continuous functions f;, h; : [0,1] x R — Ry such that
(i) fi and h; are nondecreasing in the second and third variables on Ry ;
(ii) for every (t,z,y) € [0,1] x RZ,

filt,z,y) <z < hi(t,z,y) <b; forall z € Gi(t,x,y).
Finally, hypothesis (Hg) is satisfied for

Fi(A1, 22)(t) = fi(t, 1(H) A1, pa(t)A2),
T, M) (1) = ha(t, Av, Aa).

Therefore, as a consequence of Corollary 3.3, we obtain the following result concerning the
existence of positive solutions for (4.1).
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Theorem 4.2. Assume that, for eachi € {1,2}, condition (C) holds and there exist a;, 3; > 0
with «; # B; such that

(43) -/ o' (- [ 5in = cvarea(rim) dr

(4.5) —/01 ¢! <— /O hi(r, B1, Ry) dr
(4.6) —/01 byt <— /0 ho (T, Ry, B2) dT

where r; = min{wy, B;} and R; = max{«;, B;}.
Then problem (4.1) has at least one positive solution u = (ui,u2) € K with

)

(4.4) - /C: ¢y <— /062 fa(m,p1(T)r1, (1 = c2)as) dT> ds > ag,
)
)

i < Juilloo < Ry (i=1,2).

Proof. Let us apply Corollary 3.3 with the operators L;l as defined in (4.2).
First, let us show that condition (3.9) is satisfied for i« = 1 (the case ¢ = 2 is analogous).
Since for each nonnegative function w € L*(0,1),

el == [ s (— [ e df) ds,

by the monotonicity assumptions on fi, we have that for each v € K, g with |jui||,, = a1,

1 S
|27 Fillor s Tl 2 = [ 07" (— / f1(7,¢1(7)a1,¢2(7)r2)d7> s

v

_/Cll e (_ /Os fi(r, @1(7)041,@2(7)@)&) ds

_/11 ¢! (_ /061 filr (- cl)al,@(T)m)dT) ds.

Hence, applying (4.3), we deduce that condition (3.9) in Corollary 3.3 holds.
Finally, we check that condition (3.10) is also satisfied for i = 2 (the case i = 1 is similar).
We have that for each u € K, g with [|us]|,, = B2,

v

1 s
125 Tl ezl o) < /0 b5 (— /0 h2<7,Rl,ﬂ2>dT) ds.

and so the conclusion follows from (4.6). O
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Note that, in particular, if ¢; = ¢ =: ¢ and ¢; and ¢9 are odd homeomorphisms, then
conditions (4.3)-(4.6) hold if the following inequalities are satisfied:

(1- c)qﬁl_1 (c min_ f1(7, (1 —¢)aq, (1 — c)r2)> > o,

T€[0,c]

(1—c)pyt <c min_fo(1, (1 —¢)ry, (1 — c)a2)> > ag,

T7€[0,]

o1t (maX h1(77ﬁ17R2)> < fu,

T7€[0,1]

¢3! (maX ha(T, R1a52)) < fPe.

T€[0,1]

Next we give an example of application of Theorem 4.2, where the operators associated to
the two equations of the system have different behaviors: compression for one of them and
expansion for the other one.

Example 4.3. Consider the system

_ (\/1117> € Gi(u,v) in (0,1)

—v" € Ga(u,v) in (0,1)
w'(0) =u(l) =0=12'(0) = v(1),

where the usc multivalued maps G1 and Go are given by

(4.7)

1 (13 4 —u 2 .
(4.8) G (u,v) = { . ([\_/16’ x/ﬂz +eostv) e o
3 (e7! + cos®v) ifu>1
and

Go(u,v) = [1 + sin? u, 2]v2.
One may easily verify that condition (C) holds for the functions f; and h; (i = 1,2) defined

as
fw min {3 ue™", & if u € [0,1],
1\u) =
i ifu>1,
hi(w) =4/5, fo(v) =v%,  ho(v) = 20%

Moreover, choosing ¢ = 1/2, straightforward computations show that we can take oy =
1/50, p1 = 2, ag = 18 and o = 1/3. Therefore, according to Theorem 4.2, problem (4.7) has
at least one positive solution (u,v) such that

1 1

=5 Sl <2 and 2 < vl <18
Remark 4.1 (Asymptotic conditions). As shown in Example 4.3, it is meaningful the sim-
ple case where condition (C) is given by functions of the form fi(t,ui,u2) = fi(u;) and

hi(t,ur, uz) = hi(u;) fori=1,2.
In this case, the existence of the numbers «; is guaranteed by the following asymptotic
behavior at zero or infinity:

Jim sup (1—0)¢; ' (cfil(L = )N)) “1 or limsup (1= o), " (cfi((1 = 0)N)
A—0TF A A——+o00 A

> 1.
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Similarly, the existence of the numbers B; can be obtained from the following asymptotic
behavior at zero or infinity:

;" (hi(N) ¢ (hi(V)
A

lim inf - <1 or liminf2 < 1.

A—0+ A A— 00

Remark 4.2 (Multiple solutions). Multiplicity results can be immediately established if sev-
eral pairs of numbers (a1, 1) or (ag,B2) as in (4.3)-(4.6) exist. Note that we may obtain
multiple solutions with multiplicity not necessarily concerned with all components of the so-
lution, as shown in the following example.

Example 4.4. Consider the system (4.7) with G1 as defined in (4.8) and
Go(u,v) = [1 + sin? u, 2]v? + é%
To check condition (C), take f1 and hy as in Example 4.3,
fa(v) = v* + é% and  ha(v) = 20° + é%

Again, with ¢ = 1/2, one may easily verify that conditions (4.3)-(4.6) hold by taking oy =
1/50, 81 = 2 and as pair (a2, B2), any one of the following two pairs (1/500,1/4), (20,1/3).

Thus Theorem 4.2 applied twice ensures the existence of at least two positive solutions
(u1,v1) and (ug,vs) such that

1
= S lluall s lluzlle <2,

1
d =
an 3
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