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Preface

Nowadays, a complete understanding of phenomena in solids mechanics is fundamental in order
to develop new methods or techniques which allow saving huge amounts of money and time in
applied fields like aluminium or ceramics industries. Historically, engineers have considered linear
models in order to simulate these processes. However, real materials often exhibit a non-linear
behavior and, at this moment, more and more new materials are emerging which push the linear
models to their limits. Therefore, the use of nonlinear models has become more relevant in the
numerical simulations of this type of industries.

In the present dissertation thesis, we distinguish three parts well defined and different but joined
by a common topic: the mathematical study and numerical resolution of nonlinear problems in
solid mechanics, arising from physical processes presented in the aluminium or ceramics industries.
We consider real situations where different nonlinearities appear: behaviour laws of viscoplastic
type, boundary conditions such as unilateral contact, etc. So, in the first part, we focus on the
mathematical study of aluminium casting process, and we introduce some efficient algorithms to
carry out its numerical simulation. In this problem, two nonlinearities appear: the nonlinear
aluminium behaviour law and a contact condition with the block containing the metal. Then,
the second part is devoted to the study of the well-known three-point bending experiment and
the modulus of rupture of brittle materials. In this problem, again a contact condition introduces
a nonlinearity in its formulation. Finally, the third part presents a mathematical analysis of an
elasticity problem for catalyst supports.

In what follows, we describe every part and chapter in more detail.

Part 1. Aluminium casting processes: Efficient algorithms for their numerical simu-
lation.

In this first part we propose two algorithms in order to solve numerically the deformation suffered
for a slab in the aluminium casting process. We consider that the casting process is a quasi-static
problem for a thermo-elasto-viscoplastic solid with a unilateral contact condition with the bottom
block. In a first stage, to deal with the plastic and contact effects, the numerical solution was
based on the well-known Bermudez-Moreno algorithm and the numerical procedure was introduced
in [5]. During the stationary stage, in which the contact condition does not have a significant
influence, this algorithm worked well; however, during the start stage, when two nonlinearities
worked together, the convergence was worse, increasing considerably the cpu-time. The objective
of this first part is to design new strategies to obtain a computationally efficient algorithm, such as:
generalized Newton methods, an adimensionalization of the constitutive law, a partial Cholesky
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factorization or an automatic choice of algorithm parameters.

This first part is organized as follows:

e In Chapter 1, we give an introduction to the problem we want to solve and a description of
the physical problem associated to the casting process.

e In Chapter 2, we introduce the mathematical model to simulate the butt curl deformation
during the casting process, giving a description of the boundary conditions, equilibrium
equations and the nonlinear behaviour law associated to aluminium casting.

e Chapter 3 summarizes the most important results for the mathematical analysis and the
numerical solution of the butt curl deformation, introducing its weak formulation in terms of
suitable functional spaces and some existence results. Finally, we recall a former numerical
procedure, based in the Bermudez-Moreno algorithm.

e Since this former algorithm did not give good convergence results in the butt curl deforma-
tion, Chapter 4 describes a new numerical procedure. To solve the nonlinear contact condi-
tion, we propose a generalized Newton method for nonsmooth equations and a penalization
technique. To deal with the nonlinear behaviour law we propose two methods to improve
the convergence: a Newton algorithm together with some numerical strategies designed to
improve its efficiency and a Bermidez-Moreno algorithm with variable parameters.

e In Chapter 5, we introduce some academic examples with known analytical solutions to
validate the proposed algorithms and we present the numerical results for the simulation of
the butt curl deformation, showing that the better results are obtained when considering the
Newton algorithm for the contact, and the Bermudez-Moreno one with variable parameters
for the nonlinear behaviour law.

e Finally, in Chapter 6 we present the most important conclusions of Part I.

Part 2. Three-point bending tests: Mathematical study and numerical simulations.

This second part is devoted to the mathematical analysis of the three-point bending test and to
the calculation of the modulus of rupture of brittle materials. In this type of tests, a sample of
a brittle material is placed between three cylinders, without additional support, while the upper
cylinder applies an increasing gradually force until the beam breaks. From this test, the modulus
of rupture is obtained: the maximum surface stress of the bent beam at the instant of failure. In
the engineering literature, this property is calculated by an explicit formula which involves the
value of the load at failure, the distance between the two lower cylinders and the second moment
of inertia of the transversal section of the beam. Firstly, in this part we carry out a complete
mathematical analysis of the three-point bending test: we prove the existence of a unique solution
to the elastic problem with frictionless unilateral contact that arises from this type of test and, in
order to justify the classic formula for the modulus of rupture, we look for its limit model by using
asymptotic analysis techniques. Secondly, we analyze analytically and numerically, from several
perspectives, the modulus of rupture for brittle materials. In particular, we give four different
approaches to the modulus of rupture: through the classical theory of beams; by means of the one
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and three-dimensional numerical simulations; and by using an improved expression to the modulus
of rupture obtained through its asymptotic analysis.

The second part is organized as follows:

e In Chapter 7, we give an introduction to the problem we want to solve and a description of
the physical problem associated to the three-point bending tests.

e In Chapter 8, we introduce the mathematical model arising from the three-point bending test
and we prove the existence of a unique solution under suitable conditions of compatibility
on the data.

e Chapter 9 is devoted to the asymptotic analysis of this problem. We deduce the one-
dimensional models associated to the displacement components, and we give the existence
and uniqueness of solution for them. Moreover, we give an expression for the normal axial
stress in the beam which is related to the MOR of brittle materials.

e In Chapter 10, we detail several examples for laboratory tests for cylindrical and rectangular
beams made of porcelain and we deduce analytical solutions of the bending and axial dis-
placements for them. Moreover, we introduce a new expression for the MOR, which takes
into account not only the rupture load and the total length of the beam but also the distance
between the two lower cylinders, the effect of the gravity and the distance between the ends
of the beam and the lower cylinders.

e In Chapter 11 we present the numerical simulations of the real experiments introduced in
the previous chapter and we compute the different approaches for the MOR described in this
manuscript.

e Finally, in Chapter 12 we present the most important conclusions of Part II.

Part 3. An elasticity problem for catalyst supports: Unfolding method.

The study presented in this third part was carried out during a research stay in the Labora-
toire Jacques-Louis Lion of the Univerist “é Pierre et Marie Curie. A catalytic converter in an
automobile’s exhaust system provides an environment for a chemical reaction where unburned
hydrocarbons completely combust, in such a way that the pollution is reduced. In automotive
industry, an enormous effort is being made with the purpose of developing appropriate supports
and the catalyst itself. In some cases the correct support is what makes all the difference to the
viability of a process. The goal of this third part is to study the asymptotic behaviour of catalyst
supports in a linear elasticity problem when the catalyst support is a structure made of beams,
placed periodically and with inner holes. To do that, we consider the unfolding method, which
offers tools to study the asymptotic behavior and the homogenization of different structures formed
by a large numbers of rods, plates or shells.

The third part is organized as follows:

e In Chapter 13, we give an introduction to the problem we want to solve and a description of
the physical problem associated to the catalysis process.
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e In Chapter 14 we introduce the three-dimensional elasticity problem for structures used as a
catalyst support. These structures are made of a periodic family of elastic rods with a small
thickness and inner holes.

e Chapter 15 is devoted to present some tools used when applying the unfolding method.
Firstly, we introduce the unfolding operator related to the elasticity parameter and, secondly,
we define the unfolding operator related to the periodicity parameter.

e In Chapter 16, under suitable hypotheses on the applied forces, we give the limit problem
of the three-dimensional elastic problem when the elasticity and periodicity parameters go
to zero, obtaining three uncoupled problems: The first problem defines the longitudinal
displacement and the second one gives the transversal bending of the structure, while the
third one defines the torsion angle.

e Finally, in Chapter 17, we present some conclusions of this third part.

Finally, the last part of the manuscript gathers the acknowledgments and a summary of this
dissertation thesis in Spanish language.
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Chapter 1

Introduction

The aim of Part I of this manuscript is to obtain efficient algorithms to solve nonlinearities arising
from behaviour laws of viscoplastic type, or from boundary conditions such as unilateral contact.
A real situation, where those two nonlinearities appear and which is the motivation of this research,
is the casting process in aluminium production. During casting processes, the liquid aluminium
is poured onto a water-cooled mold which is called bottom block; when the aluminium begins to
solidify the bottom block starts to descend leaving room for more liquid metal (see Figure 1.1). A
detailed description of the complete process can be found in [33, 41, 75].

liquid aluminium

S

watercooled
mould ——

‘\)/6 1
» cooling jets C\/( /

i
4
\\

<,

-
~f

bottom block

Figure 1.1: Scheme of a casting process and a photograph of the mold.

The casting process can be divided into two stages. During the start stage, the temperature field,
the solidification front, and the slab shape change with time. The large thermal stresses due
to the cooling jets cause the butt of the slab to bend and lose contact with the bottom block.
This deformation is known as butt curl (see Figure 1.2). When the length of the slab is 1m,
approximately, the temperature field has attained a steady state. In this stationary stage the
solidified shell contracts inwards and the resulting cross-section has a “bone” shape.
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/. Butt curl

: X Bottom block

Figure 1.2: Butt curl deformation

The deformations of butt curl and of cross-sectional could be minimized by optimizing casting
parameters but first it is necessary to be able to predict the deformations with fixed casting
conditions. To predict casting behaviour, the main difficulties are due to coupling effects, to the
presence of nonlinear terms, to the existence of free boundaries and to the computational domain
which varies with time (see [6]). Specifically, in order to simulate the butt curl deformation we
must solve a problem of frictionless unilateral contact between a thermo-elasto-viscoplastic body
of Maxwell-Norton type and a rigid foundation.

This manuscript is the continuation of the research initiated in [5] and [9]-[13], where several
mathematical aspects of this subject have been studied:

e The detailed formulation as a variational inequality.
e The establishment of sufficient conditions for the existence of a solution.

e The numerical implementation of the metallostatic pressure on the liquidus-solidus inter-
phase.

e The numerical approximation of the variational inequality and the description of a numerical
scheme to solve it.

In [5], an approximate solution of this problem was obtained by using an implicit Euler scheme
in time and a finite element method in space. To deal with the nonlinearities, the numerical so-
lution was based on the Bermudez-Moreno algorithm with the participation of two multipliers:
the viscoplastic multiplier (to take into account the nonlinearity from the behaviour law) and the
contact multiplier (to avoid the nonlinearity due to the contact condition). These two multipliers
were approximated by using fixed point algorithms (see |9, 10, 16]). During the stationary stage, in
which the contact condition does not have a significant influence, this algorithm worked well; how-
ever, during the start stage, when two nonlinearities worked together, the convergence was worse,
increasing considerably the cpu-time. Moreover, this algorithm presents a strong dependence on
its parameters, which could not be determined a priori. These facts made difficult the massive
usage of this algorithm to help in the understanding of the different effects in casting processes.



The fundamental objective of this research work is to develop efficient numerical methods that
incorporate adaptive procedures to accelerate the treatment of the nonlinearities and hence, be
able to simulate numerically the butt curl deformation in a reasonable cpu-time.

Several approaches are employed to achieve this objective:

e Contact condition. Approximating the contact multiplier using generalized Newton methods
together with a penalization technique to conserve the matrix’s symmetry (see [7, 14, 46,
54, 72]). The resultant algorithm for the treatment of the contact condition is fast, accurate
and its convergence is independent of the algorithm parameters. Nevertheless, the stiffness
matrix needs to be recalculated at each iteration. So, taking into account that usually the
nonlinear boundary condition only involves a small part of the boundary, we propose to use
a factorization of the stiffness matrix adapted to the problem’s geometry.

e Viscoplastic law. Two options are considered:

— Approximating the viscoplastic multiplier with standard Newton techniques without
modification of the stiffness matrix at each iteration (see [7, 14]).

— Approximating the viscoplastic multiplier with a generalization of the Bermidez-Moreno
algorithm with variable parameters automatically calculated (see [43]).

When the nonlinearity coming from the viscoplastic law is solved by using Newton techniques,
the strong thermal gradients of stresses force to employ some numerical techniques to obtain
a good convergence: an adimensionalization technique, an Armijo rule and an optimization
of the time step. We present academic problems in order to show the good behaviour of this
methodology but, in the real casting process, the convergence is not always achieved. Due
to this, we propose a second algorithm which is a generalization of the Bermidez-Moreno
algorithm with an automatic choice of its parameters.

The outline of this Part I is as follows:

In Chapter 2, we introduce the mathematical model to simulate the butt curl deformation
during the casting process, giving a description of the boundary conditions, equilibrium equations
and the nonlinear behaviour law associated to aluminium casting. The latter is a thermo-elasto-
viscoplastic law, where the viscoplastic part is given by a nonlinear Maxwell-Norton law, and the
thermal part is a generalization of Arrhenius law.

In Chapter 3, we make a review of the most important results for the mathematical analysis and
the numerical solution of the butt curl deformation. We propose a weak formulation for the problem
in terms of suitable functional spaces, following the works of Geymotat and Suquet (see [45]) and
Barral and Quintela (see [13]). Moreover, some existence results proved by Barral and Quintela
in [13] and Barral et al in [8] are presented. Finally, we recall the numerical procedure proposed
in [5] to approximate the solution of the problem and to simulate the butt curl deformation. This
procedure is based in the Bermudez-Moreno algorithm.

With the aim of improving the poor convergence of the former algorithm in butt-curl simulation,
Chapter 4 describes a new numerical procedure to approximate the solution of the problem. The
contact condition is solved by means of the Bermudez-Moreno algorithm (see [16]), in which the
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contact multiplier is a fixed point of a nonlinear equation. To approximate this multiplier we
propose a generalized Newton method for nonsmooth equations and a penalization technique. In
order to deal with the nonlinear constitutive law we use again the Bermidez-Moreno algorithm
and we propose two methods to approximate the corresponding multiplier: a Newton algorithm
together with some numerical strategies designed to improve its efficiency and a Bermudez-Moreno
algorithm with variable parameters.

In Chapter 5, we present some academic examples with known analytical solutions to validate
the proposed algorithms. These examples have been designed to reproduce a behaviour analogous
to semicontinuous casting behaviour: large gradients of stresses with respect to time and a gap
between the computational domain and the rigid foundation which grows with time. Numerical
results are given to compare the efficiency of these methodologies with the former Bermidez-
Moreno algorithm used in [9, 10]. Finally, we present the numerical results for the simulation
of the butt curl deformation, showing that the better results are obtained when considering the
Newton algorithm for the contact, and the Bermiidez-Moreno one with variable parameters for the
viscoplasticity.



Chapter 2

Mathematical model

In this chapter we introduce a mathematical model to simulate the deformation suffered by an
aluminium slab during the solidification process. For this purpose, we consider a quasi-static
problem for a thermo-elasto-viscoplastic solid with a unilateral contact condition with the bottom
block.

In this manuscript, coupling between thermal and mechanical models is not considered. The
temperature field is computed a priori by using the code presented in [63] and used as a data in
the mechanical simulation. A detailed description of the thermal model can be found in [6, 17, 63].

Several authors have studied the mechanical deformations in casting processes. In 1982, Kris-
tiansson and Zetterlund (see [55]) studied the deformation in steel continuous casting by means
of a two-dimensional viscoelastic model, formulated on a horizontal section. Later, in 1992, Mari-
aux et al. (see [59]) studied the butt curl simulation in aluminium casting and, in 1995, Drezet
et al. (see |34]) simulated the cross-sectional deformation; both works considered a viscoelastic
model. In 2005, Sengupta et al. (see |77]) presented a coupled thermal-stress model to simulate the
start-up phase of the casting process. Nevertheless, all these works present numerical results, but
they do not specify the used models or algorithms. Contrarily, in 2001 Barral (see [5]) presented
a mathematical analysis and a numerical study of a quasistatic evolution problem to model the
thermomechanical behaviour of an aluminium casting, identifying all the governing equations as
well as the suitable functional spaces and numerical algorithms. In this manuscript we are going
to use this mathematical model in order to simulate the butt-curl deformation arising from casting
processes.

The outline of this chapter is as follows: In Section 1.1, we introduce some notations we will use
hereafter in Part I, and the computational domain of the mechanical simulation. In Sections 1.2
and 1.3, we present the boundary conditions and equilibrium equations, respectively. Section 1.4
is devoted to introduce the nonlinear behaviour law; a thermo-elasto-viscoplastic law is considered,
where the viscoplastic part is given by a nonlinear Maxwell-Norton law and the thermal part is
a generalization of Arrhenius law. Finally, in Section 1.5, the initial conditions are given and in
Section 1.6 we present the complete mathematical model.
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2.1 Computational domain and notations

Let Ox12223 be a fixed system of rectangular Cartesian axes associated to the slab, whose origin
coincides with the center of the slab base.

Hereafter in this manuscript, Latin subscripts are understood to range over the integers {1, 2, 3},
and Greek subscripts over the integers {1,2}. Einstein notation of summation over repeated
subscripts is implied.

Given two vectors u, v € R3, with components (u;)i=1,23, (v;)i=1,23, respectively, u- v denotes
their scalar product. From now on, S3 denotes the space of symmetric second order tensors
endowed with the usual scalar product

T:§ =784, T,§ € Ss.
Given 7T a tensor function in Sz, we denote its divergence
diV(’T)i = 04Tij,
and its trace

3
tr(7) = Z Thi-
k=1

Moreover, we introduce the following norm in Ss:
|T| = \/tr(7T: 7).
From here on, we will use a superposed dot to denote differentiation with respect to time.

Let [0,t¢] be the time interval to carry out the mechanical simulation. Due to casting symmetry,
Q(t) represents a quarter of the slab at the instant ¢ € [0,t¢]. The temperature field T'(x, t) at each
point x € €(t) is previously computed by using the mathematical model developed in [63]. The
mechanical domain at each time instant ¢ corresponds to the solidified part of the slab, denoted
by Qs(t), which is obtained from the solution of the thermal problem:

Qs(t) = {x € Qt); T(x,t) < T},

where Tj is the liquidus temperature (see Figure 2.1). We assume that at the initial instant ¢t = 0
there exists a solidified part of the slab, that is, Q4(0) # 0.

The mechanical problem consists of determining the displacement field u(x,t) and the stress
tensor field o(x,t) at each point x € ,(t) and at each instant ¢t € (0,t¢].

2.2 Boundary conditions
Let I'(t) be the boundary of 4(¢) and n the unit outward normal vector to 4(¢). Boundary I'(¢)
is split into five disjoint parts

D(t) = Ta(t) UTc U T g () UT, (1) UTH(D),

where:
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Mold )
Water jet
from mold Liquidus interface
')
Ly(t)
Aluminium Ingot
Q1)
A Butt curl
N L0
T, x
Figure 2.1: Computational domain (¢).
e The upper boundary I'y(¢) is defined by the isotherm corresponding to the liquidus temper-

ature T;. This isotherm is the free boundary of the thermal problem and, therefore, it varies
with time. I'g(t) is subjected to the metallostatic pressure exerted by the overlying liquid
metal

on =pn, p(x,t) = p(T(x,t))g(x3 — h(t)) on Tgy(t), 0 <t < ty,
where p is the temperature-dependent mass density of the aluminium, g the gravitational

acceleration and h(t) the length of the slab at the instant ¢.

I'c is the part of the slab susceptible to be in contact with the bottom block. This is
assumed to be rigid, so aluminium cannot penetrate it, that is, the normal component of
displacements, u,, = u - n, cannot be positive:

up < 0on e x (0,ty].

Moreover, due to the action-reaction principle, where an effective contact exists, u, = 0,
the bottom block exerts a pressure in the normal direction and upwards. So, the normal
stress, 0y, = oj;n;n;, verifies o, < 0. Contrarily, where a contact does not exist, u,, < 0, the
distance between the slab and the bottom block is not null and, consequently, the motion
takes place freely, o, = 0. Therefore,

onpun =0 on T'e x (0,t].

Finally, taking into account that water is flowing down the slab sides, we assume that friction
does not exist in the contact zone, that is, the tangential stress, oy = on — op,n, is null.

Summing up, to reproduce the butt curl deformation, we consider a frictionless contact
condition with the bottom block, known as Signorini unilateral frictionless contact condition

0r=0, 0, <0, u, <0, opu, =0o0n e x (0,ty].

A detailed description of this contact condition can be found in [54].
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e Boundary I'}(¢) denotes the part of the lateral outer faces which has already solidified; so,
it is free of forces
on=0onT;(t),0<t<t;.

e The boundary I'2(#) corresponds to the mushy region, which is confined by the mold; so,

o1 =0, u, =0o0nT2(t), 0 <t <t

e Finally, on I'gy () we assume usual symmetry conditions:

o =0, u, =0on Lgyn(t), 0 <t <ty

2.3 Equilibrium equations

Under the small strains assumption and in the quasistatic case, the slab behaviour is given by the
equilibrium equations
—div(e) = f in Q4(t),

where f represents the volume forces due to the gravity, that is

f(x,t) = (0,0,—p(T)g).

2.4 Behaviour law

Following the works of Drezet et al. [34], Mariaux et al. [59] and Barral et al. [9] where this type of
deformations were studied, we assume that the aluminium is a nonlinear Maxwell-Norton thermo-
elasto-viscoplastic solid; so, the strain rate tensor is the superposition of elastic, viscoplastic and
thermal components:

g(u) = &% u) + €%(u) + éth(u).

Here the strain tensor is related to the displacement field by the usual formula
1
eij(w) = 5 (Oui + Jiy).
The elastic deformations €€ are related to the stress tensor o through Hooke’s law with material

parameters dependent on temperature

el — _ 1+ v(T)
ef(u) = As(T)o = BT o— E(T)

tr(o)1,

where F, v denote the Young’s modulus and Poisson’s ratio, respectively, and I is the identity
tensor. Reciprocally, the stress tensor o can be written in terms of the strain tensor €°,

o = (A(T))"" e*(u) = A(D)tr(e ()T + 2u(T)e (w),
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being A and p the Lamé coefficients related with £ and v with the usual expressions:

E(T)v(T) .
1+ (7)1 - 2v(T))

ANT) =

A detailed description of the elastic behaviour law can be found in [28, 52].
The thermal expansion is related to the temperature by a generalized Arrhenius law
€

where oy is the coefficient of thermal expansion, including volume changes due to possible phase
transformations. A detailed description is found in [19, 59].

The viscoplastic part of the strain rate field, €7, is governed by Norton-Hoff’s law (see [42]).
To describe this law, let us introduce the dissipation potential ®, defined on S3 by

1
Dy(7) = —0(T)|7|*,
q
q > 2 is a fixed real number and 6 denotes a positive material parameter depending on temperature,
-G
O(T) = fpe RT+273)

O being a material parameter, G the activation energy and R the universal gas constant.

Norton-Hoff’s law may be written as (see [42])
eP(u) = V&, (a?) =0(T) | o |72 &P,

where V®, denotes the gradient of ®, relative to the inner product on &3 and 70 denotes the
deviatoric part of 7 given by

1
R gtI‘(T)I.

Summing up, the constitutive law can be formulated as

e()(t) = (A(T)o)(t) + (VO (D)) (1) + (as(T)T) (T in Qu(t), 0 <t < t;.

2.5 Initial conditions

In order to complete the mathematical model, we consider the following initial conditions:
u(x,0) = up(x), o(x,0) =0p(x) in Q(0),

where ug, o verify suitable compatibility conditions detailed in Chapter 4.
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2.6 Problem (P)

The problem we must solve is the following:

Problem (P):

Find the displacement field u(x,t) and the stress tensor field o(x,t), at each point x € Q4(¢)
and at each instant ¢ € (0,t¢] such that:

—div(e) =f in  Q(2), (2.1)
on=pmn on Ig(t), (2.2)
on=0 on T.(t), (2.3)
g1 =0, u, =0 on TZ(t)UTgyn(t), (2.4)
0,=0,0,<0, u, <0, opu, =0 on I'¢, (2.5)
e() = (As(T)o) + VO, (0P) + as(T)TT  in  Qy(t), (2.
u(0) =ug, o(0)=0¢ in 4(0). (2.7



Chapter 3

State of the art

In this Chapter, we make a review of the most important results for the mathematical analysis
and the numerical solution of Problem (P); many of these results can be found in the PhD Thesis

[5].

In order to obtain a weak formulation of Problem (P), in Section 3.1, we introduce a suitable
framework to treat the nonlinearities due to the behaviour law and the contact condition. Following
the functional framework for Norton-Hoff’s law studied by Geymotat and Suquet (see [45]), we
present the functional subsets of admissible displacements and stresses.

In Section 3.2, we introduce the hypotheses on the temperature field, the applied forces and
the initial conditions, needed to obtain a variational formulation of Problem (P).

In Section 3.3, we give a variational formulation of Problem (P) which involves an inequality
due to the contact condition. A detailed description of variational formulations for different contact
problems can be found in [54] for elastic materials, [27] for perfect plastic materials and [78] for
some viscoplastic materials.

Section 3.4 is devoted to collect some results of existence of solution for Maxwell-Norton ma-
terials.

Finally, in Section 3.5, we recall the numerical algorithm proposed in the PhD Thesis [5]: First,
we extend Problem (VP) to the entire slab using a fictitious domain method to implement the
metallostatic pressure on the interphase. In order to solve numerically the variational formulation,
we employ a finite element method to discretize the problem in space. In order to solve the
nonlinearities due to the contact condition and the constitutive law, we use the Bermidez-Moreno
algorithm which involves two multipliers. In Section 3.6 we summarize the complete Bermidez-
Moreno algorithm to solve a casting problem, coupling the two nonlinearities due to the contact
and the viscoplasticity.

15
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3.1 Functional framework

From now on, we assume that at each instant ¢ € (0,ty], Q4(t) is an open, bounded, connected
region in R? with a Lipschitz boundary. Let us assume that the exponent of the viscoplastic law
verifies 2 < g < 400 and so its conjugate exponent p verifies 1 < p < 2.

We consider the space of displacement fields as
VP(t) = {v e [WHP(Q,(1))]°; div(v) € L*(Qs(1))},
which is a Banach space endowed with the norm

IVllvewy = IvIlze @,y + 1E° W lize@a@e + 14Vl 20, @)-

Let UP(t) be the subspace of VP(t) obtained when considering the confinement condition in the
mushy region and the symmetry condition (see (2.4)):

UP(t) = {v € VP(t);v,, = 0 on T2(t) UTgym(t)}.
The subset of kinematically admissible displacements at each instant ¢ is
UP (t) = {v € UP(t); v, <0on ¢}
We define the space of stress fields
X(t) = {T = (7)) 7ij = 7ju, 77 € [LUQ(1))]°, tr(7) € L2(Q(t))},

which is a Banach space endowed with the norm

7 lIxacey = 172l zag@aeye + I60(T) 20 1y)-
We introduce the subspace of X9(t)

HY(t) = {7 € X*(t); div(7) € [LI(Q(1))]°},
which is also a Banach space endowed with the norm

|7 leza(e) = 17 lIxaqe) + 1AV [[za o, )3

It can be proved that the space of distributions [D((t))]? is dense in HY(t) (see [45]). Moreover,
the following properties are verified:

Lemma 3.1.1. The application
T e HI(t) — mn € [W o)),

is linear and continuous. Moreover, the following Green’s formula is verified:

/ T:e(v)dr + / div(T) - vdr = (T, v)py), V7 € HY(t), Vv € VP(1),
Qs () Qs(t)

where (-, -)p(y) denotes the duality product between [I/V_%’q(l“(t))]3 and [Wl_%’p(f‘(t))]g’.
The subset of kinematically admissible stresses at each instant ¢ is

H!,(t) = {7 € HI(t); —div(7) = f(t) in Q(t), Tn =0 on I'}(¢), 7n = p,(t)n on Iy(t),
Tt =0o0nT'cUTgn(t)U F%(t), 7 < 0 on FC} .
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Boundary conditions
Given t € (0,t;], consider T'(t) C T'(t), with ['(t)NT'¢ = 0 and meas(I'(t)) > 0, and h e [LI(T(¢))]>.

Definition 3.1.2. Let 7 € HY(t). Then Tn =h on I'(t) if
(1, v)re —/ h-vdrl,
I'(t)

for all v € [Wl_%’p(I‘(t))]?’ such that v =0 on T'(t) \ L'().

Definition 3.1.3. Let 7 € HY(t) be such that 7n = h on I'(t). Then 7y =0 on T if

<Tn,v>p(t) = / ﬁ-vdF,
r

for all v e [Wl_%’p(f‘(t))]3 such that v =0 on IT'(t)\ (Tc UT(t)) and v, = 0 on T¢.

Definition 3.1.4. Let 7 € HY(t) be such that Tn = h on I'(t) and 7, = 0 on T'¢. Then 7, <0
on Lo if

(T, v)pp > / h - vdr,
r

forall v € [VVP%’I)(I’(IS))]‘3 such that v =0 on T(t)\ (Cc UT) and v, <0 on I¢.

3.2 Assumptions on the data of Problem (P)

From now on, we assume that the following hypotheses are satisfied:

(H1) The temperature field 7' € W1°(0,t; L= (Q4(1))).

(H2) The metallostatic pressure p, € Wl’OO(O,tf;Wfé’q(F(t)) N L9(Tg(t))), the volume forces
f e Whoo(0,t4; [L9(02(¢))]?) and the density is such that p(s) > py > 0, Vs € R.

(H3) The elasticity tensor A; € [WH°(R)]3 is symmetric and:

38> 0; Ay : T > B|7|?, V7 € S3, ae. in R.

(H4) The coefficient of thermal expansion as € L*(R) and the coefficient of the viscoplastic law
0 € L>®(R).

(H5) o9 € H!,(0), up € U?,(0) and verify the natural compatibility conditions which are de-
scribed in Chapter 4.
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3.3 Variational inequality. Problem (V' P)

Proposition 3.3.1. Under assumptions (H1) — (H5), if 7 € H(t) and u(t) € UP (t) verify

/ roe(v—u(t)ds > / £. (v —u(t))dz +/ po()n - (v — u(t))dr, ¥v € UP (1),
Qs(t) Qs(t) Ts(t)

then T € HY (¢).

Proof. Tt is easy to prove from Green’s formula in Lemma 3.1.1 and taking into account boundary
conditions introduced in Definitions 3.1.2-3.1.4. O

Therefore, the variational formulation of Problem (P) we consider is:
Problem (VP):
Find u € Wh*°(0,¢5; U ,(t)) and o € W°°(0,¢5; HI(t)) such that a.e. t € (0,y]

/ o(t) : e(v — u(t)) dz > / £(t) - (v — u(t)) dut
Qs (t)

Qs(t)

/F PO (v u)ar, v U0, (3.1)
e()(t) = (As(T)o)(t) + (VP (o)) () + (as(T)T) (DI, in Qs(2), (3.2)
u(0) =ug, o(0) =0y, in Q4(0). (3.3)

Proposition 3.3.2. If (u(t),o(t)) is a smooth solution of Problem (V P) at the instant t, then
(u(t),o(t)) is a solution of Problem (P). The reciprocal is also true.

Proofs of Propositions 3.3.1 and 3.3.2 can be found in the PhD Thesis [5].

3.4 Existence of solution

In [56] the existence of solution for Maxwell-Norton problems with classic boundary conditions of
type Dirichlet-Neumann is given. Later, in [24] the previous result is generalized for a Maxwell-
Norton law depending on time. Nevertheless, these results are not applicable to Problem (P)
since they use variational formulations in velocities, which are not valid to solve Signorini contact
conditions.

In [13] it is proved a result of existence of solution for an analogous problem to that presented
here, over a domain independent of time and without considering the thermal effects. In this
result, the authoresses based their proof in that given in [32] for a Maxwell-Norton quasi-static
problem with mixed boundary conditions.
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3.4.1 Elasto-viscoplastic problem of Maxwell-Norton type with contact condi-
tions

Let Q be a bounded, open, connected region of R? such that 2 € C*!. Moreover, its boundary is
partitioned into three non-empty, open and disjointed parts I'p, I'y and I'¢c satisfying

F:aQ:f‘DUf‘NUfc,

with meas(I'p) > 0.

Problem (P):
Find the displacement field u and the stress tensor o verifying
—div(e) =f, in (0,tf] x Q,
e(t) = Ao + V&, (a?), in (0,t4] x Q,
u=0,on (0,tf] xI'p,
on=h, on (0,t7] x I'y,
up < 0,0, <0,00=0,0,u, =0, on (0,tf] x I'c,
u(0) = ug, o(0) = o9, in Q.

Assumptions

(ﬁi) The elasticity tensor Ay is independent of time, symmetric and A, € [L*°(Q)]3!. Further-
more,
3B >0; Ayt T > B|T]3, VT € S3, ae. in R.

(ﬁi) The applied forces satisfy
£ eW?(0,t5; [L(Q)]%)

2 -1 3 3
h eW=2(0,ts; (W™ «4(T)]> N [LYTN)]").
(ﬁv3) The initial stress field o and the corresponding initial displacement verify

—div(op) = £(0) in £,
oon = h(0) on I'y,
ug = 0 on PD,

uon < 0,000 < 0,00t = 0,000u0n =0 on I'c.

(ﬁi) The exponent ¢ verifies 2 < ¢ < 6, and therefore 6/5 < p < 2.

Theorem 3.4.1. Under the above assumptions (/}ﬁ) - (m), there exists a solution (u,0) €
WL2(0,4,,07,) x (WE2(0,t 5 X2) 1 L0, X9)) of Problem (P), where

ﬁif{veVP; v=0onTp, v, <0 onT¢c}.
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3.4.2 Thermo-elasto-viscoplastic problem of Maxwell-Norton type

In [8] it was proved the existence and uniqueness of solution for a quasistatic thermo-elasto-
viscoplastic problem of Maxwell-Norton type with coefficients depending on temperature when it
is verified that 7" > 0. In this case, contact conditions were not considered.

Let © be a bounded, open, connected region of R? with a Lipschitz boundary. Moreover, its
boundary is partitioned into two non-empty, open and disjointed parts I'p and I'y satisfying

r=00Q= fD U fN,
with meas(I'p) > 0.
Problem (P):
Given the temperature field 7', find the displacement field u and the stress tensor o verifying
—div(e) =f, in (0,tf] x §,

f_.\ .
e(1) = (As(T)o) + VOq(a”) + as(T)TT, in (0,1] x €,
u=uy, on (0,t] x I'p,
on=h, on (0,t;] x I'y,
u(0) = ug, o(0) = oy, in £,

Assumptions

(ﬁ) The temperature field T € W2°(0,tz; L®(Q)). Moreover it is positive and 7' > 0 a.e. in
Q, Vvt e [O,tf].

(ﬁ\2) The applied forces satisfy
£ eW>(0,t5; [LUQ)]%)

h €W2%°(0, ¢7; [W™+9(T)] N [LYTx)P).

(ﬁg) The elasticity tensor Ay is symmetric and the following hold true:

o As € [W2°(R)]®L, therefore, there exists 3; > 0 such that |As(r)7T| < B1|7| and there
exists B2 > 0 such that [AL(r)7| < fa|T|, VT € S3, Vr € R.

e There exists 8 > 0 such that Ag(r)T : T > B|7|?, VT € S3,Vr € R.
e N(r)T:7>0,V1r € 83,Vr eR.

(I/{\4)The coefficient of thermal expansion a5 € W1 (R).

(ﬁg) The coefficient of the viscoplastic law 8 € L*°(R) and 6(r) > 6. > 0, Vr € R.
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(ﬁg) The initial stress field g € H? and the initial displacement ug € VP verify

—div(og) = £(0) in €,
oon =h(0) on I'y,
up = uy(0) on I'p,

e(ug) = As(To)op in .

(ﬁ’\Y)The boundary Dirichlet condition satisfies ug € W2°(0, ¢ ; [W'=1/P)p(T)]3).
(ﬁg) The exponent g verifies ¢ > 2, and its conjugate p is such that 1 < p < 2.

Theorem 3.4.2. Under the above assumptions (ﬁ\l) - (ﬁg) there exists a unique solution (u, o) €
Wh2(0,¢5; VP) x (WH2(0,t5;X?) N L>®(0,t5; X)) of Problem (P).

3.5 Former numerical solution

In this section we are going to review the numerical resolution of Problem (V' P) defined by (3.1)-
(3.3), given in [5]. The main difficulties to overcome in the numerical solution of this problem were
the following:

e The solidified part of the slab, which is the computational domain of the mechanical sim-
ulation, changes with time. Furthermore, on the upper boundary, which is the isotherm of
the liquidus temperature and, therefore, the free boundary of the thermal problem, we must
impose the metallostatic pressure due to the liquid metal. To deal with this difficulty, a
fictitious domain method is considered.

e To model the butt curl, we must solve a contact condition between the slab and the bottom
block. To deal with this nonlinear condition, the Bermiidez-Moreno algorithm, based on
maximal monotone operator techniques, was considered.

e The aluminium behaviour is nonlinear and depends strongly on the temperature field. In
order to avoid the nonlinearity of the constitutive law, again the Bermuidez-Moreno method
was used.

e The computational domain grows with time and the zone with steep gradients changes. To
overcome this difficulty, the meshes were constructed in a way adapted to the problem’s
geometry.

3.5.1 Imposing the metallostatic pressure

In the mechanical simulation of an aluminium casting, the computational domain is the solidified
part of the slab. So, its upper boundary coincides with the isotherm corresponding to the liquidus
temperature, denoted by I'g(t), which is the free boundary of the thermal problem. On this
boundary, it is necessary to impose the metallostatic pressure exerted by the weight of the liquid
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metal. In order to implement numerically this condition, we are going to use the fictitious domain
method introduced in [11]. It consists of solving the problem over the entire slab, assuming that
the liquid metal is a very elastic material under the action of the gravity forces; so, the liquid
metal does not offer resistance to solid deformations. This methodology has the advantage that
remeshing is not needed at each time instant to adjust the free boundary, and so the numerical
implementation is easier.

r~ =Y

Mold

Water jet

from mold Liquidus interface

Aluminium Ingot

A Butt curl

L

Figure 3.1: Fictitious domain ().

Let ©;(t) be the liquid zone of the slab at the instant ¢,
(t) = {x € Q1) T(x,1) > Ti}
The boundary of ;(t) is split into four disjoint parts:
OV (t) = Tsup(t) U Ty (¢) UT(t) U T4 (2),

where I'g,,(t) denotes the upper boundary, Iy, (t) the symmetry boundary and I'(¢) the outer
lateral boundary (see Figure 3.1).

In the liquid domain, €;(t), the applied forces are the following:

e To impose the weight of the liquid aluminium, we consider volume forces due to gravity, with
constant density p; = p(T7).

e Since the liquid must not offer resistance to solid deformations we consider that the surface
forces on the upper boundary, I'g,,(t), are null.

e On the outer lateral boundary, I';(t), the aluminium is confined by the mold.

In order to impose that the liquid metal is a very elastic material, we consider that the behaviour
law in the liquid domain is given by the Hooke’s law depending on a small parameter ¢,

of(u) = A te(uf) = Adiv(u®)I + 2pfe(ud),
where the Lamé coefficients of the liquid domain, Aj, uuj, change with different length scale:

)\? = eﬁx’ ,u; = eI,
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with X, 7, o and 3 real positive numbers independent of €. Assuming that a > (3, this has the
effect of applying the metallostatic pressure to the solidification front, as it was proved in [12]| by
using asymptotic expansion techniques. In order to simplify the notation, from now on, we omit
the index € in the behaviour law.

With this technique, the variational inequality (3.1) can be extended to the complete slab and
the integral over the thermal free boundary I'y(t) disappears. Therefore, from now on, we will
consider this new extended weak formulation over the entire slab Q(t) = int(Qs(¢) U (t) UL (t)):

Problem (EV P)
Find u € Wh*°(0,t; UL, (t)) and o € WH>°(0,t5; HI(t)) verifying a.e. in (0,tf]:

/ o(t):e(v—u(t))de > / f(t) - (v —u(t)) de,¥v e U (1), (3.4)
Q)

Q(t)
D)) + (T2, ()@ + (as(DT) (O in 2400,

(Njo)(t) in O(t),
u(0) =ug, o(0) =0y, in 2(0). (3.6)

e(n)(t) = (3.5)

Remark 3.5.1. Notice that the functional spaces are extended to the complete slab in the natural
way.

The initial data, ug and o, should be extended to all 2(0), ensuring that the following compati-
bility conditions are satisfied:
—div(e) = £(0) in ©(0),
oon = 0 on T',,(0) UTL(0),
oot = 0, ug, = 0 on Ty, (0) UTZ(0) UT(0),
oot =0, oon <0, upp <0, oopuon =0 on I'e,

| As(Th)oo  in Q4(0),
e(uo) = { AZO'OO ' in €;(0).

Remark 3.5.2. In casting processes the temperature at t = 0, 1y, corresponds with the liquidus
temperature Tj.

3.5.2 Discretization in space

Finite element approximation to simulate the model is considered in the usual way. Displace-
ments are discretized in space using the Lagrange tetrahedral finite element method of degree one.
Stresses are assumed constant within each element. Let 73 (¢) be a tetrahedral mesh on the compu-
tational domain Q(t) compatible with the boundary partition. As usual, & denotes the maximum
diameter of 75(t) and

En(t) = {biti<i<n, (1)
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the nodes set of the tetrahedral mesh. Moreover, S, and Z,(t) are the triangulations induced on
the contact boundary I'c and the boundaries I'2(t) U I';(t), respectively.

We construct a family of finite dimensional subspaces Vj(t) of VP(t) by approximating the
test functions v by piecewise polynomials of degree one over the tetrahedral mesh 7j(¢) on the
computational domain Q(t):

Vi (t) = {vi € [COQ))]%; vl k € [PL(K)P, VK € T(t)},
Uh(t) = {Vh S Vh(t); (Uh)a =0on [xa = 0], Vh|C . n|C = O,VC S Zh(t)},

where P;(K) denotes the space of polynomials of degree i defined on K and vy (resp. njc)

denotes the value of vj, (resp. n) on the barycenter of C. Therefore, the discrete space of admissible
displacements is

Uadh (t) = {Vh S Uh(t);vh|() ‘o <0,vC € Sh}.

Stresses are assumed constant within each element. We denote by X, (t) the discretized space
of stresses

Xn(t) = {&n; (&n)ij = (€n)jis &l € [Po(K)]°, VK € Tp(t)}.
In this space, we consider the norm induced by L?2.

Functions vy, € Vj(t) are characterized for their values in the vertices of the elements,

Np(t)

vile) = 3 valbi)i(o),

i=1

where {¢i}i:1,..., Na(t) BT€ the corresponding shape functions. Elements &; € X,(t) are character-
ized for their value in the barycenter of each element,

&)= > &ulxXk(x),

KeTy(t)

where Xk denotes the characteristic function of the element K. Moreover, T} denotes the dis-
cretized temperature field, which is considered constant by element.

Finally, at each time instant ¢ we consider the operator

Ep . Vh(t) — Xh(t)

Vp e Eh(Vh): Z E(Vh|K)XK,
KeTy(t)

and we denote by €} its adjoint operator.

With this notation, the discretized variational formulation corresponding to Problem (EV P)
is the following:

Problem (DV P):
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Find u, € WH(0,¢5; Ugg, (1)) and o € WH2(0,t4; X, (t)) verifying a.e. in (0,t):

/ O'h(t) . Eh(Vh — uh(t)) dx > / f(t) . (Vh - uh(t)) daZ,VVh € Uadh (t), (37)
Q(t) ' Q(t)
(o) — 4 STa)@ + (TeE@DO + (o T)Th) O e, o
(Mjorp)(t) in (1),
up(0) = ug, o,(0) =0y, in 2(0). (3.9)

To simplify the notation, from now on we omit the index h to denote the elements of the
discretized spaces.

3.5.3 Bermudez-Moreno algorithm for the numerical solution of the contact
problem

Both the contact condition and the viscoplastic behaviour, generate nonlinearities. A simple way
to transform these nonlinearities is to use the well-known Bermudez-Moreno lemma (see [16]). This
lemma is the main idea of the algorithm developed in [9] and that we introduce in the following.

In order to introduce an algorithm to deal with the nonlinearity due to the contact condi-
tion, we focus on solving a simplified problem, corresponding to Problem (DV P) suppressing the
viscoplastic part in the constitutive law. Therefore, the discretized variational problem remains:

/ o(t) : e(v —u(t)) dz > / £(1) - (v — u(t)) da, ¥ € U, (£), (3.10)
Q)

Q(t)

aumao+( [ T 0.0 ) T in 9,0

e(u)(t) = (3.11)
(o) (1) in (1),
u(0) =ug, o(0) =0y, in Q(0). (3.12)
Remark 3.5.3. If we remove the viscoplastic behaviour from the constitutive equation (3.8), we
have

) D) + ()T T in 0,0,

(Ajo) in Q(t).

Therefore, if we integrate this equation in time, assuming that ug, oo verify the elastic law at
t =0, we obtain the constitutive equations (3.11).

In [85], it can be found an overview of different methods to solve contact problems. For
numerical reasons, following [16, 27|, to deal with the inequality in (3.10), we introduce a Lagrange
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multiplier. For that purpose we consider the following notations:

En ={pn € L™(T'¢); prlc € Py(C), VC € Sp},
Qn = 1{pn € En; prlc <0, VC € S}

In [9], it is proved that the discretized problem in space (3.10)-(3.12) can be formulated as a weak
equality in the following manner:

Theorem 3.5.4. Every solution of the discretized problem (3.10)-(3.12) is a solution of the prob-
lem:

Findu € Wh°(0,t5; Ugg, (), 0 € WE(0,t4; X5 (t)) and p € Wh°(0,t¢; Ep) such that:

/ o(t):e(v)de +/ Yepvpdl = / f(t) - vdz —/ p(t) vpdl, Vv € Uy(t), (3.13)
Q(t) T'c Q(t) I'e

o)+ ( [ T aur)dr ) T in (0,

e(u)(t) = (3.14)

(Aro)(2) in (1),
p(t) = G (un(t) + Ae p(t)) onTc,  (3.15)

for all t € (0,t¢], and the initial conditions given in (8.12). Here X., . denote real numbers such
that A\c >0, 0 < Aeve < 1 and G}CE is the Yosida approzimation of G7¢ = G — .1, G = 0lg, being
the indicator function of the closed convexr Q.

Remark 3.5.5. The Lagrange multiplier p(t) takes into account the nonlinearity due to the contact

condition and it will be called contact multiplier.

In order to introduce an iterative algorithm to deal with the contact condition, we discretize
the problem (3.13)-(3.15) in time using the following notation: The time interval of interest is
divided into N steps

0=0,# =t/ + At, j=0,...,N — 1, At:Nf.

From now on we denote by ¢/ an approximation of a given function g(t) at time #/.

It is easy to prove that the Yosida approximation of G is given by the expression (see [16])

1 1
G (p) = I (90 — g, <1_)\C%<P>> ;¢ € Ep,

where Ilg, is the orthogonal projection over @)y,

1fph < O’

DPh
Mg, (pn) = { 0 ifp,>0.

Then, from Theorem 3.5.4, we obtain the following fixed point algorithm to solve Problem (3.10)-
(3.12) introduced in [5]:
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e Let (ug, ag,po) be given and 7., A. > 0 such that Ay, < 1.

e Then, for j > 0, (u/, o7, p) known at time ¢/, we determine (u/*!, g7+, pi*+1) at time t/+1,
an approximated weak solution of Problem (3.10)-(3.12). To do so, we propose the following
iterative algorithm:

i) Given (ul}, o2t} pI 1), we compute (w)™, ot!) € Uy, (911) x X, (#771) by solving

the variational equality

/ 0'{:“ ce(v)dx —|—/ Ye (uffl) v dl =

Qi+1 o n

/Qj+1 I+ vde —/F p?ctll vpdl, Vv € Uy (t7Th),
C

where

" (A1) (™) = ag(TH)(@ T = TL) i QI
J
o, =

A;le(uiﬂ) in Q{H.
ii) The updated contact multiplier is given by relation
- .
("), A0t

1— e

‘ 1 . .
1 1 1
P = " (U?j )n + A1ty — o,

Remark 3.5.6. It can be proved that the weight of the entire slab is the total reaction force exerted
by the bottom block over the slab. This property is used to initialize the contact multiplier (see [9]).

3.5.4 Bermidez-Moreno algorithm for the numerical solution of the nonlinear
constitutive law

In order to avoid the nonlinearity due to the constitutive law (3.8), the numerical resolution is
based on the Bermiidez-Moreno algorithm which involves a viscoplastic multiplier, which is a fixed
point of a nonlinear equation. In a first stage, as in the contact case, the problem was solved in
[10] by using fixed point techniques, which let to design an algorithm that we introduce in the
following.

As we have done in previous subsection, we are going to consider a simplified problem, cor-
responding to Problem (DV P), replacing the contact boundary condition by a null Dirichlet
condition. Therefore, the discretized variational problem remains:

/ o(t):e(v)de = / f(t) - vdx,Vv € Ugg, (t), (3.16)
Q(t) Q(t)

sy | B0+ (@)@ + (D) O w0,

(Aro)(2) in (1),
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u(0) =ug, o(0) =09, in 2(0), (3.18)
where

Uadh(t) = {Vh € Uh(t);vh =0 on Pc}.

As in previous section, the thermo-elasto-viscoplastic law (3.17) is discretized in time by using
an implicit Euler scheme:

E(uj'H) . s(uj) — (As(Tj+1)o.j+1 B AS(Tj)O'j) + as(Tj+1)(Tj+l N Tj)I+
At VO, ((ajH)D ) in Q1
e(w) —e(w!) =Aj07™! — Ajo7 in Q{Jrl.
Once we have discretized the constitutive law, our objective is to obtain an explicit expression
for 077! and to substitute it in the mixed variational formulation (3.16). However, the nonlinearity

of the viscoplastic function makes difficult to compute the stress tensor in Q4(¢). In order to solve
this difficulty, we are going to use again maximal monotone operator techniques.

The proofs of the following results can be found in [5].

Proposition 3.5.7. At each time step t/11, j =0,...,N — 1, the stress tensor in Qg“ 1S given
by the relation

+1 +1 +1 1, Abyps’™! i+1 j
o/ =V e(W!T) — Atg?T + ?tr(s(uj NI+F7 ), (3.19)
where o/ t1 is the viscoplastic multiplier at the time step t7T1
! = (Vo) r ((07) ") = (v, = 51) (7)), (3.20)

and FI is the history of the solidified metal up to time t/ together with the expansional effects of
the temperature changes at the time interval [t7,t/71]

F/ = —e(w) + Ay(T7)07 — ag(T7H)(T9H — T9) (1 + Atyps? ™) I+
Atry,sitl

(St - (e (3.21)

where v, > 0 and

__B(T)
1= 2u(T9)°
In (3.19), the automorphism V(T') is defined by

s/

V(T)T = NT)te(7)I + 20(T) T,

being
E(T)
2(L(T) +v(T))’
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Lemma 3.5.8. At each time step t/1, j =0,..., N — 1, the viscoplastic multiplier ¢/ is a fived
point of the equation

o = (VD)) ((aﬂ“) +>\pqﬂ'+1), (3.22)

for A\ a real positive number such that A\py, < 1. In this equation, (V(I)q)zi denotes the Moreau-
Yosida approximation of (V®4)" given by the expression

vy = S (1 1
(V(I)q)zp )= )‘To (1 (1 - Ap’Yp)) G E5

where /Tt =1 (¢) is the unique root of the equation

e AT

q—1 _ Y o SR
(1—)\7 ya—1

" g% = (3.23)

in the interval [1,+00).

Here we summarize the Bermuidez-Moreno algorithm to solve Problem (3.16)-(3.18) introduced
in [5] and based on the results of Lemma 3.5.8:

e Let (ug,00) be given and v,, A, > 0 such that \,y, < 1; we compute q° = (V®,)7 (o).

e Then, for j > 0, (u/, 67, ¢’) known at time ¢/, we determine (u/*! g7+! /*!) at time
t7+1 an approximated weak solution of Problem (3.16)-(3.18). To do so, we propose the
following iterative algorithm:

i) Given (uﬂl,a’fjll, q{jl) we compute (u ffl JH) € Ugg, (V1) x Xp,(t771) by solving
the variational equality, obtained by substituting expression (3.19) in equality (3.16),

) Atry,giT1 , ,
V(T [s( fl)—l—’}gstr(s(u?l))l} L e(v)da + /Q A s e(v)da
l

Qitt
j+1 JHL] . _ J+I\RI] .
/Q . [V(T )Atqkfl].e(v)dx /Q " V(TTHYFI] : e(v)da+t
/ £ vde Vv € Uy, (1),
QJ+1

where FJ is given by expression (3.21), and

Atry,si Tt

V(Ti+1) (s(u;jl) At + 5

tr(e( J+1))I+F]) in QT
0’?:_1
A te(ulth in Q71

ii) The updated viscoplastic multiplier is given by relation

+1 +1
G+ _ (U?“ ) i (1 : >

qz 1
Ap 77? (1= A7)
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in QZH, where
) . \D A
1 1 1
77?:— =7 ((Ui—'— ) + /\pcﬁg—t1> s

is the solution of equation (3.23) in [1, +00).

3.6 Bermudez-Moreno algorithm to solve the casting problem: FPM
algorithm

In this section we are going to summarize the Bermidez-Moreno algorithm for the numerical
resolution of the complete model (3.7)-(3.9). To do this, we must combine the algorithm introduced
in Section 3.5.3 to solve the contact condition, with that introduced in Section 3.5.4 to deal with
the constitutive law.

1. Let (ug,oq) be given and let consider p° as the weight of the liquid metal column for each
point and q° = (V®,)7(aD).

2. Then, for j >0, (0/, o/, ¢/, p?) known at time #/, we determine (w1 g/t g/*! pitl)
at time #/*! an approximated weak solution of Problem (3.7)-(3.9). To do so, we propose
the following iterative algorithm:

2.1. Initialize u}™ = v/, p*" = p7 and

qj-‘rl _ q] n Qg? )
0 0 inQ/FN\QL

2.2. With qf::ll, piill known, calculate ui“ by solving the variational equality

Atry,si Tt

3 tr(e(uﬁl))I] ce(v)dz+

V(T [s(u;jl) +

-
Q4

Al_ls(u?:rl) ce(v)de +/ Ve (uﬁl) vpdl =

it I'c
/ ,, [V(Tﬂl)mqitll] e(v)de — / C TYE : e(v)da—
Qitt ot
/F Pt vndl + /Q . £ vdr Vv € Uy, (1), (3.24)
C
where FJ is given by expression (3.21).
2.3. The updated stress tensor is defined by
) : : At~ i1 ) ) )
V(T ) <e(ugj1) — Atalt) + %tr((s(ugjl))l + FJ> in QI

g+l _
o, =

A e(ulth in Q"
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2.4. The updated contact multiplier is given by

("), A0t

1— e

‘ 1 . .
1 1 1
P = " (U?j )n + A1ty — o,

2.5. The updated viscoplastic multiplier is given by

. D .
+1 +1
o (o) hail (o)

qQ. = -
Ap 77?1(1 = App)

. +1
in Q™! where

) \D .
+1 +1 +1
M =1 <<Ui ) + qui;_l) ,
is the solution of equation

AO(TIH)
(L= Apyp)it

q—1 q—2
77 —

in the interval [1, 4+00).

Remark 3.6.1. The only difficulty remaining in the variational formulation (3.24) is how to
impose the confinement condition on the liquid and mushy zones:

Vic g = 0,vC € Zh(t),

included in the definition of the space of displacements fields Up(t).

In three-dimensional simulations, since the transversal section of the slab is not rectangular,
this difficulty is overcome by using a penalization technique in the liquid and mushy region. In
two-dimensional simulations, this condition does not imply a coupling between the components of
the displacement field.

Remark 3.6.2. In practice, updating the contact and viscoplastic multipliers is performed with a
relazation parameter V. For example, the updated viscoplastic multiplier is obtained by formula

a ' =va + (1 -9)alt, 0<v<1.



32

Chapter 3. State of the art




Chapter 4

Improved numerical solution

The Bermiidez-Moreno algorithm presented in Section 3.6 is robust and converges well in academic
tests. Moreover, this algorithm is very efficient to solve the stationary stage in casting processes.
Nevertheless, when it is applied to the simulation of the butt-curl deformation, its convergence
gets worse due to its strong dependence on the parameters and the large gradients of the thermal
stresses. Due to this, it is necessary to find efficient strategies in order to improve the convergence,
which is the objective of this chapter.

The main difficulties we must overcome to improve the numerical solution of this problem are
the following:

e To model the butt curl, we must solve a contact condition between the slab and the bottom
block. To deal with this nonlinear condition, we use the Bermuidez-Moreno algorithm, based
on maximal monotone operator techniques, together with a generalized Newton method.

e The aluminium behaviour is nonlinear and depends strongly on the temperature field. In
order to avoid the nonlinearity of the constitutive law we use again the Bermudez-Moreno
method that is combined with two different techniques: an algorithm using Newton tech-
niques and another one improving the Bermutudez-Moreno algorithm by considering that their
parameters are variable.

The outline of this chapter is as follows: In Section 3.1, we take again the algorithm presented
in Section 3.5.3 to treat the contact between the slab and the bottom block; to approximate the
contact multiplier which is a fixed point of a nonlinear equation, we propose a generalized Newton
method for nonsmooth equations combined with a penalization technique. In Section 3.2, to deal
with the constitutive law we use again the Bermudez-Moreno algorithm presented in 3.5.4 and we
describe two methods to approximate the viscoplastic multiplier: the Newton algorithm and the
Bermudez-Moreno algorithm with variable parameters. Finally, in Section 3.3, we summarize the
two algorithms to solve a casting problem, that put together the two nonlinearities due to the
contact and the viscoplasticity.

33
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4.1 Newton algorithm to approximate the contact multiplier

The fixed point algorithm introduced in Section 3.5.3 is robust and converges well for academic
tests; nevertheless, the greater the problem’s magnitude, the slower its convergence. In casting
processes, in which we must join two nonlinearities -contact and viscoplasticity-, this difficulty
becomes more apparent. In this section we will use a generalized Newton method based on the
Lipschitzian properties of G, (see [39, 64, 72]) in order to improve the fixed point algorithm for
the nonlinear equation (3.15). This new algorithm was published in [7].

In order to introduce a new algorithm to solve the contact condition, we consider v, = 0 and
Ae > 0 in Theorem 3.5.4 and, therefore, every solution of the discretized problem (3.10)-(3.12) is
a solution of the problem:

/Q(t) o(t) :e(v)der + /Fc p(t) vpdy = / f(t) - vdz, Vv € Up(t), (4.1)

Q(t)

amoe -+ ( [ ' ()1 in 9,0

c(u)(t) = n (4.2)
(No)(t) in (),
p(t) = G)\C (un(t) + /\c p(t)) on Fc, (4'3)
where 1
G (p) = x (I —g,) (¢), ¢ € Ep, (4.4)

C

IIg, being the projection of Ej onto the closed convex @,.
Remark 4.1.1. [t is easy to prove that Gy, is contractive for A\c > 1. So, given u,, € Ey, p is the
unique fixed point of (4.3) (see [16, 26, 86]).

Notice that, from (4.4), at each ¢ € Fj,

Gx.(@)jc = Gr.(p)0), VC € Sh,

where
0, if s <0,

Ga(s) = { s/Xe, if s> 0, (45)

at each point s € R. Moreover, G ). is differentiable at each point s # 0. In order to obtain an
approximation of G, at s = 0, we need to introduce the following definitions which generalize the
concepts of subdifferential and Jacobian (see |64]):

Definition 4.1.2. Let F' : R® — R™ be a locally Lipschitz function. The B-subdifferential, OpF,
of F' at x € R" is defined by

OpF(x) ={V e R™™V = lim JF(x;), F is differentiable at x; for all i},

X;—X

where JF' is the Jacobian matriz of F.
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Definition 4.1.3. Let F : R* — R™ be a locally Lipschitz function. The Clarke generalized
Jacobian of F at x € R™, denoted by OF(x), is the convex hull of its B-subdifferential OpF (x).

Remark 4.1.4. Let F' : R" — R be a locally Lipschitz function. If F is convex, the Clarke
generalized Jacobian OF (x) is the subdifferential of F' in x (see [60]).

The Clarke generalized Jacobian is a powerful tool that allows to extend to non smooth func-
tions many classical results for smooth functions. In particular, by using this tool, the classic
Newton’s method can be extended to semismooth functions (see [39, 65, 69, 79]). There are
several equivalent ways to define this property but we use that definition found in [65]:

Definition 4.1.5. A locally Lipschitz function F : R™ — R™ is semismooth at x € R" if F is
directionally differentiable near x and
[F'(%:% —x) — F'(x;x — x|

lim = = 07
% % —x||

where F'(x;X — x) denotes the directional derivative of F at X in the direction X — X.
Moreover, if F verifies that

[F(%; % = x) = F'(x;% = x|

1% —x|1?

lim sup
X — X

X #£X

then F is strongly semismooth at x.

< 00,

The proof of the following Lemma can be found in [68, 69]:

Lemma 4.1.6. Let F : R™ — R™ be a locally Lipschitz function. If F is semismooth at x € R",
then for anyh — 0 and V € OF(x + h),

F(x+h)—F(x)—Vh=o(]h]).
If F' is strongly semismooth at x, then
F(x+h)—F(x)—Vh=0(|h]?).

Remark 4.1.7. In [79] it is proved that convex and piecewise smooth functions are semismooth.
Moreover, in [39] it is proved that piecewise affine functions are strongly semismooth.

Application to the contact problem

It is easy to prove that the B-subdifferential of G 2 at s=01s

A 1
aBG)\c(O) == {07 )\c} )
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and therefore, its Clarke generalized Jacobian is the interval
A 1
0G,,(0) = |0, —
0= o]
which coincides with its subdifferential.

Lemma 4.1.8. At each point sg € R, the following approximation for G,\C(so) holds true:

. . 0, if s0 < 0,
G)\C(So) = G)\c(sl) + —Vsy, if so = 0, (4.6)
(80 — 81) //\C, if s0 > 0,

for s1 € R close enough to sy, where V' belongs to the subdifferential 0@,\6(50). Furthermore, the
error of this approximation is of order O (]so — 31|2).

Proof. Since G ., defined in (4.5), is differentiable at every point s # 0 and strongly semismooth,
we can write for all sg,s; € R thanks to Lemma 4.1.6

G (50) = Ga(s1) + V (s0 = s1) + O (|so = s1]%)
where V € dGy.(so). Taking into account the definition of Gy, (see 4.5), we obtain (4.6). O

Remark 4.1.9. To solve numerically the contact problem we consider the election V =0 in (4.6).

In order to introduce an iterative algorithm to deal with the contact condition, we discretize
the problem (4.1)-(4.3) in time in the same way that in Section 3.5.3.

Then, from Lemma 4.1.8, at each time step #/T!, given the starting values (u%“,agﬂ,pgﬂ),

successive approximations (ufl,afl,pfjl), k > 1, of the solution (w/*! /%! pitl) can be
computed by using the recurrence formulas:

Aj+1 O'Z:'f'l : E(V)dl' —'—/]; p‘ljc-i_l ’Und’y = /Qj+1 fj+1 . de, VV c Uh(tj+1)7 (47)
(e

(Ag(Ti1)) ! (s(ugjl) — o (T (T — Tl)I) in QI
A te(ulth in Q71
0, if 5771 <0,

o 1
Pr =Pyt 1 in - (49)
(s?j — siil) /e, if 5;:1 > 0,

where

= (W) At (4.10)

Py = Ga (st (4.11)
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Notice that approximation (4.9) corresponds to the choice s; = sitll, S0 = s?:rl and V = 0 for
so =0 in (4.6).

Remark 4.1.10. Note that at each iteration the variational equality corresponding to (4.7) is
equivalent to the linear problem

—div (a?—l) = It L
(u‘ljj_l)n =0, (Ui—H)t =0 on F?L(tj+1) ] Fl(tj+1) U Fsym(tj+1),
Ui+1n =0 on TL(# 1) UT,,(H11),

j+1 i+1 i+1
(03 n=—p3", (637 )= 0 on T'c,
in the distributional sense; so the contact multiplier pfjl represents the obstacle reaction on I'c.

When analyzing formulas (4.7)-(4.11), we notice that there exists a coupling between the
displacements and the contact multiplier on the boundary I'¢; furthermore, from (4.15), normal
stresses only depend on the contact multiplier on this boundary. In what follows, our objective is
to split I'c at each iteration into two parts: on the first part we will know the contact multiplier
—and, in turn, the normal stresses—, on the second part the normal displacements will be null. This
procedure will first allow us to compute displacements and stresses at each iteration, and then to
compute the contact multiplier.

Lemma 4.1.11. Let us consider the following sets:
(o)™ ={C € Su; s <0}, (4.16)

(&) T ={Ce Sy s >0} (4.17)
Then,
P =00n (Fgy Y1,

(uf:rl)n =0 on (Fak_l)jﬂ. (4.18)

Proof. With the notation introduced in (4.16) and (4.17), relation (4.9) can be rewritten as

J— ‘+1

0, on (I'gy )™,

J+1 _
Py = 1 1 -
J J J + +1
Pipa ™ (Sk - Sk—l) [Ae; on (T, )7,

since CAT‘AC is null on each C € (I'; k_l)j“. So, we can easily update the multiplier pfl by zero
on (Fak,l)jﬂ- Neyertheless, on each face of (Fg7k71)j+1, taking into account (4.10) and (4.11),
we must compute pfjl verifying
G+1 Jj+1 j+1>
g1 _ Skt (sk 1) 1 <uj+1) 4 pitt
k Ac Ac Ae UF Ty koo

and this equality can only be verified if (uﬁl)n =0 on (Fg A O
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Thus, at each iteration the boundary I'¢ is split into two parts:

° (FE k,_l)jH, where the normal displacements and the tangential component of stresses are
null,

e (I'g 4_1)? 1, where the normal and tangential stresses are null.

It is very important to note that this division of I'¢ is the only data which is modified at each
iteration.

There are several ways to achieve the solution using formulas (4.7)-(4.11), but since our objec-

tive is to couple the contact effects with the viscoplastic ones, in the next subsection we propose
an algorithm based on two steps. In the first one, we compute (u{jl, afjl) using Lemma 4.1.11

and Remark 4.1.10 to remove the contact multiplier in equation (4.7). Afterwards, we compute
piT and update (T'F, )7+

Newton algorithm to solve the contact problem

The proposed algorithm to solve Problem (3.10)-(3.12) is the following:

e Given ug, g, we choose p° = —(0¢)n.

e Then, for j >0, (u/, o/, p’) known at time ¢/, we determine (w/!,67F! p/1) at time t/+1,
an approximated weak solution of Problem (3.10)-(3.12). To do so, we propose the following
iterative algorithm:

Step 1: Given (u]™}, 0771, p2t}), we compute (w)™, o) € Us (#71) x X, (#771) by solv-
ing the variational equality

/Qm ol e(v)de :/ £+ vdz, Vv € Ui (#7),

Qi+t
together with the constitutive law (4.8), where

U(F1) = {v € Up(#"); v, = 0 on (T, )7},

In this first step the tangential component of Uf:rl is assumed to be null on I'¢, but
normal stresses due to the contact are unknown on (I‘g k71)3+1. For the practical

computation we impose the Dirichlet condition (4.18) on (T'S,, _,)’*! by using a penalty
method in the variational equation

. 1 . A
/ ol e (v)do + / (u{jl> Undry :/ £t vz, (4.19)
Qi+t €c (FJCr',k—l)j+1 n Qi+l

for all v € Uy (t/*1), where €. is a small parameter.
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j+1_j+1 j+1 j+1
L O

Step 2: Known (u;" ,o} ") and given that p3"" = 0 on (I, k_l)j“, we update p n
(T'f )7t thanks to the variational equality (4.7):
/ piJrlUnd’Y = —/ 0'?_1 ce(v)dx —I—/ I vde, (4.20)
(Fg et Qi+1 Qi+l

for all v € Uy, (/) and we update (T'f,; )7 using (4.17).

Then, taking into account expression (4.19) when updating pffl on (Fak_l)jﬂ, we

obtain that

. 1 : .
/ _ pﬁlvnd'y = — _ (ufjl) vpdy, Vv € Uy (#7711,
(FJcr,k—ﬂ]H €e (FJcr,k—1)J+1 "

that is,
DN (4.21)

)

+1 L g4
Pl = (), on (s
€c n

Matrix factorization

To solve the matrix of equations system resulting from applying the finite element method we use
a direct method of resolution. Although it might seem reasonable to employ an iterative method,
such as the conjugate gradient, several factors discourage us from its use: the large gradients of
temperature and stresses, the penalty term of the contact condition and the multiscale nature of
the fictitious domain technique to impose the metallostatic pressure. Due to this, we decided to
use a classical resolution method using a Cholesky factorization.

The mean disadvantage of the Newton algorithm presented here is the need to factorize the
stiffness matrix at each iteration, which implies an important increase in the computational cost
with respect to the fixed point algorithm presented in Section 3.5.3. In order to avoid this difficulty,
taking into account that the contact condition only involves a small part of the boundary, we
propose to use a factorization of the stiffness matrix adapted to the problem’s geometry.

For this purpose, we take into account that the computational domain grows with time far
from the contact region. Then, there are two possibilities:

e To consider a lower factorization K = LDLT ~where D is a diagonal matrix and L is a lower
triangular matrix with unitary diagonal- and number the mesh in such a way that the last
nodes correspond to the contact nodes. This method is not advisable in the casting case
since the computational domain grows with time far from the contact region, and the mesh
is constructed by layers to model the filling process.

e To consider an upper factorization K = UDUT where U is an upper triangular matrix with
unitary diagonal (see Figure 4.1) and number the mesh in such a way that the first nodes
correspond to the contact nodes.

The factorization is carried out in the following way:
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K U D U’

Figure 4.1: Scheme of the upper factorization

Adapted partial factorization. We consider the upper factorization K = UDUT where U is
an upper triangular matrix with unitary diagonal and it is easy to prove that D and U are
characterized by the following formulae:

dnn = knna
i=n—1,n-—2,...,1
W — kin
m o T
dTLTL
n
kij— Y udyug
I=j+1 . .
Ujj = 7 , J=n—-1n—-2...,14+1,
33
n
2
dii = kii — Z g dy.-
I=i+1

In the practice, the factorization is stored in the matrix K itself: D will be the diagonal
of K and U its upper triangular submatrix. The pseudocode of the factorization is the
following:

fori=n—1to1do
for j=n—1toido
fori=j+1tondo
kij = kij — kakuks
end for
if ¢ # j then
kij = kij/kjj
end if
end for
end for

Since with this methodology the contact rows are the first ones of the matrix, if we compute
the factorization row by row from downwards to upwards and from the right to the left, during
a time step we can conserve all the rows of the factorized matrix except those corresponding
to the contact nodes (see Figure 4.3). So, at each iteration we must only compute and
factorize the first rows of the matrix, corresponding to the contact nodes.
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Contact rows

A

A

First direction

L _ < Second direction

Figure 4.2: Upper skyline by rows Figure 4.3: Direction of the upper factorization

Matrix storage. In order to storage the matrix K, we employ a non standard storage by means
of an upper skyline by rows. So, we store the upper matrix of K in vector form, row by
row from upwards to downwards and from the left to the right. We denote by ux the array
defined by

(rK)1 =0,
(bK)2 =1,
(K )it = (i )i + pim1 — (1 — 1) + 1,

where (ux)i+1 gives the position of the diagonal term Kj;, p; being the column corresponding
to the last non null element of the ith row of the matrix K (see Figure 4.2).

Figure 4.4 shows a flowchart of the Newton algorithm with the new matrix factorization. After
initializing variables (Step 1 in Figure 4.4), a time step loop is carried out. In this loop, at the
j +1 iteration, the displacement vector u/*! is computed by constructing the fixed stiffness matrix
(Step 2) and solving iteratively (Steps 5-8) equations (4.19) and (4.21), where the variable stiffness
matrix is constructed at each iteration (Step 5).
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Stop Test?
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Figure 4.4: Flowchart of Newton algorithm with adapted factorization.
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4.2 Algorithms for the numerical solution of the nonlinear consti-
tutive law

In order to avoid the nonlinearity due to the constitutive law (3.5), the numerical solution is based
on the Bermiidez-Moreno algorithm which involves a viscoplastic multiplier, which is a fixed point
of a nonlinear equation. In a first stage, as in the contact case, the problem was solved in [10]
by using the Bermiuidez-Moreno algorithm described in Section 3.5.4. Although this algorithm was
very robust, its convergence turned out to be slow in butt curl simulation. In order to improve its
efficiency, we propose two new methodologies:

e To apply a Newton method to compute the multiplier.

e To consider the Bermudez-Moreno algorithm with variable parameters introduced in [43].

As we have done in previous subsection, we are going to consider a simplified problem, cor-
responding to Problem (DV P), replacing the contact boundary condition by a null Dirichlet
condition. Therefore, recall that the discretized variational (3.16)-(3.18) is:

/ (1) : e(v)de = / £(¢) - v, Vv € Ung, (1),
Q)

Q(t)

ey | TR0+ (90,070 ¢ (D)) (01 200,
(Ao) (1) in (1),
u(0) = ug, o(0) =0y, in 2(0),

where
Uadh(t) = {Vh S Uh(t);vh =0 on FC}.

As in Section 3.5.4, the thermo-elasto-viscoplastic law is discretized in time by using an implicit
Euler scheme:

e(Wt) —e(w!) = (A(TV 1)o7t — Ay (T9)07) + s (TIH) (T — T9)1+
ALV, (@) in 7, (4.22)

e(Wth) — e(w) =Ao? ™t — Ajo? in QI

4.2.1 Newton algorithm to approximate the viscoplastic multiplier

In order to introduce a Newton algorithm to approximate the viscoplastic multiplier, in this section,
we consider 7, = 0 and A, > 0 a real positive number in Proposition 3.5.7 and Lemma 3.5.8.
Therefore, we obtain the following expression for the stress tensor in Q4 (t/+1):

oI = (A1) (e(wT) - Atg T + FY), (4.23)
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where
F/ = —e(w) + Ay(T7) o7 — o (T7T) (17 — 79I, (4.24)
is the history of the solidified metal up to time ¢/ and the viscoplastic multiplier q/! verifies
JHL j+1 P j+1
ot = (Va,), ((67)7 + et (4.25)
being
1 1
(Vqu)/\p (C) = )\* 1_W Ca (4~26)
p
where 7/t = 1 (¢) is the unique root of the equation
Nt =0T = XB(TV ¢ =0, (4.27)
in the interval [1,400).
Remark 4.2.1. Since V®, is a mazimal monotone operator, (V<I>q))\p is contractive for A\, > 1

(see [16, 26, 86]). Then, the fized point of (4.25) is unique.

In order to couple the two nonlinearities due to the contact condition and the constitutive
law in casting processes, a key component of our procedure must be that the stiffness matrix is
preserved and we do not need to recalculate it at each iteration. At the same time we wish to
achieve the efficiency of Newton techniques. To this end, assuming that the stress tensor is known,
we linearize the equation (4.25) to obtain an approximation of the viscoplastic multiplier.

Lemma 4.2.2. Gwen any o € S3 and \, > 1, the fized point q € Sz of the equation
a=(Ve), (¢ +Na), (4.28)

can be approximated by
. 1 o . . .
a=(VP),, (07 +X,a) + (1 - 77) (@—a) +7((6” +3a): (a—a)) (6" + Ma),  (4.29)

for § € Sz close enough to q and provided that o + Ap@Q # 0. Heren =1 (O'D + APQ), and 1 1s
given by the expression

(¢—2)(n—1)
n((g—1Dn—(g-2) e +Ad*

The order of this approximation is O (|q — 61]2)

= (4.30)

Proof. Since (V&) /\p (&) is twice-differentiable for € # 0, we can apply Taylor’s formula to appro-
ximate q. Then, for § € Ss close enough, if o + \,§ # 0, we obtain from (4.28)

a=(V®), (67 +X3a) + D (V), (7 +X3a) (A (a— @)+ 0 (jla—a). (4.31)
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From expression (4.26) we deduce that
3 ( 1 ) T Dn(7)(§)
D (Vo TNE) =" |1-—— )+ ———5=, Vr,€ess. 4.32
( q))\p ( )( ) )\p 77(,7_) )\p 77(7-)2 ( )
Deriving implicitly with respect to & in expression (4.27),
MO(T) (g — 2)| 7|

Dn(T)(€) = = D)2 = (g = D) (1:&),Vr,£€Ss. (4.33)

From (4.32) and (4.33),

R 6(T)(q — 27|47 - €)
(l - >>+<

3
D (V&g),, (1)(€) = C g — (T — (g — 2)m(r)a1"

P
Therefore, from (4.31),

q= (V(bq)/\p (P + Q) + <1 - 717> (q—q) +

(07 +24) : (a—a) (7 + 1) + O (la—a),
where n =17 (O'D + APQ) and
M) (g - 2) |0 + Al
(q—1)n?—(g—2)n*"
Taking into account expression (4.27), we can simplify the expression for 7 in the following form:
MO(T) (0= 2) o + 26" (a=2)|e” + Ml 0 - n?)
(=1n?—(g—2)n*" (=1)n?—(g—2)n*"
(¢=2)(n—1)
n((g—=1)n—(q-2) o+ \al”

and therefore, expression (4.30) is obtained. A detailed explanation of this procedure can be found
in [73]. O

]

Remark 4.2.3. The case oP + ApQ = 0 was excluded from Lemma 4.2.2 since from equation
(4.25), if o + X\p,q = 0, then q = 0 is the fized point.

Summing up, if we replace expression (4.23) in equality (3.16) at time step t/T1, we obtain a
variational formulation in displacements of our problem. So, we propose the following iterative
algorithm:

At each time step t/t!, given the starting values (u6+1,06+1,q6+1), successive approximations
(ul ™, Ufﬁ“,qﬁjl), k > 1, of the solution (w/*!,67%! g/*!) can be computed by using the recur-

rence formulas:
i -1 i+1 — i+1
/Qj+1 (A(T9) " e(ul™) : e(v)de + /Qj+1 Ate(u™) e(v)de =
s l

/Qj+1 (As(Tj—s—l))_l <Atqii11) ce(v)dr — /QHI (AS(TJ+1))—1 FI - e(v)dx+

/Q " £ vde Vv € Uy, (), (4.34)
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where FJ is given by expression (4.24).

The stress tensor and the viscoplastic multiplier are updated by the following expressions:

(A1) 7 (e(uf™) - Atal™) +F9) in Qf*,

1
ol = | (4.35)
A; 5( ?jl) in Q{Hv

0, if HJJFI 0,

att = j+1 Gl (4.36)
k (V@q),y (”k )+ {1- 77?9 <Qk —qy_ 1) '
Jﬂ_’iH( G+1, (qg:rl q?c“l)) j+1’ T anrl 20,
in Qg“, where
j+1 +1\? j+1

Ky = (a’k ) + XA, (4.37)

and ﬁi“ is given by
(a-2) (™ - 1)

1 1 1
.t (( - (q—2)) AR

j+l _
M

(4.38)

for 77]+1 = n(n?jl).

The fixed point of (4.36) can be explicitly computed thanks to the following lemma.

Lemma 4.2.4. At each time step /Tl § =0,...,N — 1, and at each iteration k > 0, the fized
point qﬁl of equation (4.36) can be computed using the recurrence formula

+1
0, if Ky, 0,

(" -1)
qgjl k (( ]H)D I (77]'+1 _ 1) q— 2mj+1> (4.39)

% i PESAY
Ap m

j+1 Q=2 (41, g1 it j+1
_ (nk — 1) |K‘,j+1|2 (qk_l DKy, ) Ky, if K, # 0,
k

\

in Qs(t7 1), where nfj is given by (4.37) and 17]+1 77( j+1>.

Jj+1

Proof. Let us consider ;" # 0. Taking into account the expression of (V&) )y, given by (4.26),

we obtain from (4.36) the equality

1) /1

1 1 1 1 —j+1 1 1 1 1

@ = (1—nj+1) (Ap"v?f + (af” q?fl)) i (s (a7 -alt) ) /1T (a40)
k
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where ﬁj *1is given by (4.38). In order to obtain an explicit expression for i/,“, we multiply
equation (4.40) by s
1
J+l. g+l _ J+1 24 JHL_ gt dtl
(qk Ky, ) = \l==7 <’“ "+ (a —ayy c Ky, )>
M p
1 1 1 j+1 j+1
+77j+ ( j+ q;:r qitl) PEaar
1 1, i 1 i1y 1,2 i1 Gl
— 1 —— 7‘,41]—&- ‘2_ (1_ . J+ ‘KJ ‘ (qj - )
1 k I k-1 KL
( e > Ap .
1 i1 412 i+1 . g+l
+<1—77j+1+ TR ) (@) k).
k

This allows us to rewrite (q{jl fcﬁl) as

JHL gt j+l 1 "””JHP J+1 1 7]+1 J+12 G+ .+
(qk -k > = Xk 1_77j+1 P Xk |1 = + Ry <qk 1° R ) )
k k

(4.41)
where
1
XJH 77?;
ET T_j+1 1
L= e
Taking into account the definition of 7, +1,
1 77]Jr1 41
+
o= ey = @ UmT — (2= 2),
(e =a-2)
and we deduce that
AR ORI AR (E)} (4.42)

Besides, by doing simple calculations, we have that

j+1 —j+1, j+12 ) _ k —j+1 j+12 ) _
Xk L= =3 + 1 LA 1 it g+1 T (LT T T [y, 17| =
m, A 7

U k
j+1 i+1 _j+1) j+1 +1 i1 _j+1), j+1
/e S S S G e/ i/ S S MR
1— J+17]+1 Jj+12 1 J+1—J+1 Jj+12 Xk )
m, k3, . oA

Thus, expression (4.41) remains

41 j+1 1 1 |"5]+1|2 i1 g+l 1

L ) G+l j j

(qk Ky, ) = Xk 1_77j+1 " + (qkq PRy ) (1 Xk ) .
k
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Replacing this expression in equation (4.40) we deduce that
. 1 1 . : 4 . . : .
1 1 1 1 _j+1 1 1 1
@ = (1_77j+1> <Apﬁ?f +(al" —q?fl)> A AT PE A
k

i1
S ) [ 1 \"‘?j 2 G+ L) (L j+1
M Xk _anrl )\p + qk_l . K’k - Xk K’k .
k

So, the updated viscoplastic multiplier is characterized by the explicit expression

j+1_1
i1 Tk JERAN S SRS SR NN TR N B N S
q = N 0y M g K Q1) Ky
i1
Lol ) g (g CANE JH1 L g (it 1
Me Xe M — N t\ A1 PR, )T — Xk Ky,

G+l 1)
(77’“ (( j+1)D+fj+1 j+1

N g% T Xi |8

KITL

k

j+12 g+1 J+1_5+1_j+1 Jj+1 . g+1
7Ky, >_77k M Xk (qk—r"‘k )

Finally, taking into account expressions (4.38) and (4.42) we obtain formula (4.39) to update the
viscoplastic multiplier. O

Newton algorithm to solve the viscoplastic problem

Summing up, the proposed algorithm to solve Problem (3.16)-(3.18) is:

e Let (ug, o) be given; we compute q° = V&, (o).
e Then, for j > 0, (u/, 67, /) known at time ¢/, we determine (w/*! g7+ ¢/*!) at time

t7+1 an approximated weak solution of Problem (3.16)-(3.18). To do so, we propose the
following iterative algorithm:

i) Given ()}, ot} qlT1), we compute (u] ™, o4") € Ugg, (#771) x Hy,(#711) by solving
the variational equality

/ (AT el s e(v)da + Ate(u)™) : e(v)da =
Qi+t

o/t
j+1y) 1 VAR _ J+1) .
/Q o () (At - e(v)de /Q i (ST e
/ I vde, W e Uadh(tj+1),
Qi+l

where
F/ = Ay (T o7 — e(w!) — a (T (17T — THT in QI
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and

| (A1)~ (s(uf™) - Atalt) + F7) i 027,
o_j+1 _

k
A e(ulth in Q71

ii) The updated viscoplastic multiplier is given by relation (4.39).

Adimensionalization technique

Due to the large thermal gradients that appear in the ingot during casting, sometimes convergence
is not achieved when using the Newton algorithm described above to simulate Problem (3.16)-
(3.18), as we will show in Section 5.2. To solve this unexpected difficulty, we propose to employ
an adimensionalization technique on the stresses. This technique consists of choosing a reference
stress and introducing new nondimensional unknowns in order to transfer the magnitude of the
stresses to the coefficients of the behaviour law (3.17) to solve a similar problem for these new
unknowns.

Let n and § > 0, such that n7° is the size of reference stress; let introduce the new nondimen-
sional unknown
o5(x,1) = o (x,1).

For the displacement and the temperature fields we consider:
us(x,t) = u(x,t), Ts(x,t) = T(x,t).
The new mechanical coefficients considered in Qg(t) are
A (Ty) = As(T5), 07(T5) = n6(T5),

where ¢ and (8 must be calculated in order to obtain the same solution when the problem is
formulated in terms of these new unknowns and coefficients. In particular:

e Behaviour law: ug, o5 and Ty must verify
e(ug) = (AE(T(;)O'(;) + Gﬁ(Tg)]aﬂqdag) + (OéS(T(;)T(;)I, in Q(t).
For this reason, the following expression must be satisfied:
(As(T)a) + 0(T)|aP |7 2P + (as(T)T)I =

1~ (A T5)as) + 07000 (T5) |0 P17 20 P + (s (T5)TH)T,

in Q4(t), which implies that we must take £ = — and § = —d(q — 1).

The same procedure is also applied to the behaviour law in the liquid domain €2;(¢):

e(l;) = A %65, A0 = 070N,
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e Equilibrium equation: o verifies
—div(os) = f5 in Q(1),
if we consider the scaling down on the volume force f5 = n°f.
e Boundary conditions: It is clear that us and o verify the corresponding boundary conditions.
e Initial conditions: us and o verify
us(z,0) = ug,(x), os(x,0) = oo,(z) in 2(0),

if we consider the scaling down on the initial data ug; = ug, oo, = noy.

Summing up, the adimensionalized model, corresponding to Problem (3.16)-(3.18), to solve is

—div(es) =f5 in Q)

osn=0 on TL(t

(06)t =0, (us)p, =0 on TIZ(t)UTLgym(t) UTy(t),
u; =0 on I'g,

e(lty) = (A2 (Ty)os) + 0700 (Ty)|oP 97200 + (au(T5)T5)I in Qu(t),

e(us) = A %a5 in (1),

us(x,0) = ug, (), os(x,0) =0ps(x) in Q(0).

Optimization of the time step and Armijo rule

Newton method is known to be an efficient method, but, unfortunately, in time-dependent prob-
lems, it is necessary to use a very small time step discretization. Since the time interval of interest
in casting processes is about 150s to reproduce the butt curl deformation, if we want to apply
Newton algorithm we should be able to increase the used time step. To solve this problem, we
propose to use an optimization technique on the time step in such a way that, given At fixed, if
convergence is not achieved, the time step is automatically reduced until the algorithm converges.
When the convergence is stabilized, the time step is again automatically increased.

Furthermore, to stabilize the Newton method we employ an Armijo rule on the computation of
the viscoplastic multiplier (see [20]) which consists of the following: Since the viscoplastic multiplier
g’*! is the fixed point of the equation (4.28) we define the error function

. . . N2
BE(g) = gt - (Vd,), ((U]+1)D n /\quﬂ)‘

So, for the time step t/+1, given two successive iterants qf:rl, qf:_ll, we distinguish the two following
possibilities:

o If E(qf:rll) < E(q{jl), the algorithm works well.
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o If F (q{;ll) >F (qi“), q?::l moves far away from the fixed point. Then, by using an Armijo
rule, we look for a constant ¢ such that

Bal™ +s(aily — i) < Bla™). (4.43)
For that purpose, let us define
() = E(a" +<(aly —al™), s eo,1].

Then, from (4.43), ¢ must verify
¢(<) < ¢(0).
Given s > 0, f € (0,1) and m € (0,1), the Armijo rule consists of choosing

Sn=B"s,
where 7, is the first nonnegative integer such that

B(sn) < $(0) + mey, ¢'(0).

4.2.2 Bermudez-Moreno algorithm with variable parameters to approximate
the viscoplastic multiplier

As we will see in Chapter 5, numerical results in academic tests show that the previous combination
of the Newton algorithm with the adimensionalization technique and the optimization of the time
step works well in academic examples. Nevertheless, we find difficulties to achieve convergence
in the real casting simulation. In these simulations, large thermal gradients appear, producing
great variations in the viscoplastic multiplier. In this Section we propose to take advantage of
the robustness of the method introduced in Section 3.5.4 and to improve it with the methodology
proposed in [43, 67]. For this purpose, since the performance of the first algorithm strongly depends
on the choice of the two constant parameters \,, 7,, and the viscoplastic behaviour varies strongly
depending if an element is recently solidified or not, we propose to replace the constant parameters
by scalar functions depending on time and space.

Therefore, in this section, we consider that ,, A, are functions from € x (0,%f) to R and we
propose the following algorithm, obtained when considering these modifications in that presented

in Section 3.5.4:

At each time step t/t!, given 72, )\% and the starting values (u%“,a%“,q%“), successive
approximations (ufjl,afjl, qul), k > 1, of the solution (w/*!,a7*! g/*!) can be computed by
using the recurrence formulas:

j+1
fo v

/Q » [V(Tjﬂ)Atq{ill] L e(v)dz — /Q L @] (v da+

. At~ git1 .
1 g - 1
e(u)™) + A le(u]™) 1 e(v)da =

o/t

tr(e(u;jl))ll ce(v)dz +

/Q " £ vde Vv € Uy, (), (4.44)
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where
F/ = —e(W) + A(T7)o? — ag(TIH)(T7H — 19) (1 + Aty ) T+
At~lgitl /1 A . .
t”% <jtr(aﬂ) - tr(e(uﬂ))> Iin QI+ (4.45)
S
and
, 4 . At~d git1 . A 4
| V(T ) <€(ui“) — Atql] + w%tr(e(uﬁ NI+ FJ) in QI+
ol = (4.46)

A te(ulth in Q1
The updated viscoplastic multiplier is given by

. D .

Jj+1 JJ+1

a = : 1-— — | in QY (4.47)
Ap m. (1= X7)

. \D o
and ,ﬁjl =7 <<g{€+1> + A q?:rll) is the unique root of the equation

/\%9<Tj+1) q-2 0

\D .
_ J+1 j g+l
(1= Myg)a? (Uk ) A i

nq—l _

in the interval [1, +00).

~ The main question is to determine the suitable technique to update the value of parameters fyg,
A3, from the solution obtained at the time step t/. Taking into account that the optimal parameters
to convergence verify A}y = 1/2 (see [16, 66]), the problem is reduced to calculate, for example,

-

Application to plane strain case

Due to the great computational demands of the three-dimensional simulation in casting processes,
in the numerical simulations presented in this manuscript we consider the two-dimensional as-
sociated problem under the plane strain assumption on the symmetry plane [x; = 0]. Due to
this, in this section we present the algorithm to approximate the viscoplastic multiplier under this
assumption. So, at each element K € 7j,(¢/), any 7 € X (#/) can be written in the matrix form

11 O 0
TIK = 0 722 To3 € M3X3(R).
0 703 733

Taking into account that the Norton-Hoff’s law (2.6) only involves the deviatoric part of the stress
tensor, in this study we consider for each element K € 7p(t7):

VP = {1 = (1;) € M3x3(R); 7 = Tji, 712 = 713 = 0,711 = — (722 + 733) },
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the space of matrices with null trace under the plane strain assumption. It is easy to prove that a
basis of the space VP is Byp = {7‘1, 7'2,7'3} with

-1 0 -1

0 00 000
0 10 |,7%= 00],72=(001
0 0 0 0 1 010

We recall that in Section 3.5.4 the following expression for the viscoplastic multiplier g/ was
obtained from the Bermudez-Moreno Lemma:

) D 1
o’ = (V) /o) ((JJ) + %q9> , (4.48)

for v, > 0 and where o’ is given by equation (4.46) at the time step #/.
In order to simplify the notation, we denote by H the application of the dissipation potential
H:VP —vP
T — H(1) = (V®) (7);
the regularized Yosida of the perturbed operator H — ~,I,
Hjigyy - V2 — VP
™ Hyy (1) = (V8 ,) (7):
and, at the time step ¢/,

qr, vl —vP

1/(2vp)
- D 1
T — H;Y;@%)(T) = ((V@q)'{’/’(z%)) ((0-3) + 2%7') )

So, with this notation, the viscoplastic multiplier g/ can be rewritten as:

Pl = ) ()" I+ gl ) = W) @) VK €TiE), (100

that is, qj|K is obtained as the fixed point of fIY;’@%).

In [43], Gallardo et al. introduced a generalized Yosida regularization and they presented a
generalization of the Bermudez-Moreno algorithm that allows the use of very general operators
as parameters. Moreover, as a particular case, they analyzed the use of scalar and matrix-valued
parameters, proving that the optimal choice of the parameter 3 would be a matrix-valued function.
Furthermore, in [4], Arregui et al. presented an application of this generalized algorithm with scalar
parameters in one-dimensional problems.

Taking into account the complexity of the real problem, in this study we propose to consider
that the parameter ~, is a scalar function. We will see in Chapter 5 that, although in [43] this choice
did not give good results in academic cases, in the casting process the convergence improvement
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is considerable. This fact is due to that the viscoplastic behaviour varies greatly from one element
to another and from one time step to another, which explains the poor convergence results when
considering +y, constant.

Then, the strategy proposed in [43] consists of finding a parameter 'yg such that

Y .
DH”  (¢’|x)=0. 4.

To simplify the notation, from now on in this section we will omit the restriction to an element

K € T,(t).
Therefore, in order to give a scalar expression for v,, we try to minimize p%p, the spectral radius

of DFIZ;J’(W)(qj). To do that, we give the following Lemma:
p

Lemma 4.2.5. The differential Dﬁ;}’@%)(qj) s given by the expression

DHj5,,)(@) = [I_ (;” 2r1prH (("j)DDl] ’
with & = (V&) ((07)7).

Proof. In [16] it is proved the following result:

1 Y
H < T>— P+ 1eVP,
T A= A L=

1
HP (1) = ———
Ap (7) 1=\

for all Ay, vy >0, A\pyp < 1. So, for v\, = 1/2 we have that

Hlvf(z»yp)(T) :2H% (2T) — 27T

By using the definition of the Yosida regularization, we obtain that

H{5 o (T) =27 [I - (I + ;H) _1] (27) — 29,7 = 2, [T - (1 + ;p H) - (QT)] _

2 1I+1H_1() 2, | T 1I+1H_1()
T—| = — T)| = — |z — T).
T 2 2y, T 2 2y,
Then, applying the chain rule it results
DH® =2y, [I-D 1I L H - =
1) (T) =20 | 1= 2 "oy, )| =

1
2, [1_ (;H 2}prH(77)> ] , (4.51)
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for
SO (4.52)
=(-I+— T :
n= 31+ 2, :
or equivalently,
1 1 1 1
=|=I+—H = —H(n). 4.53
T (2 T, )(n) 2"t 5, (m) (4.53)

In particular, if we consider in (4.52)

, 1 .
— (UJ)D + %qj’ (4.54)

and taking into account that q’ is defined as the perturbed operator of H with parameter Vp (see
(3.20)), we have that

r=(c’)" + Qiqu = (o9)" + 2,1yp 1 ((07)7) =3 ()] =
5@) 4o ((@)). (4.55)

From (4.53) and (4.55), we deduce that for 7 defined by (4.54) the corresponding n is n = (O’j)D
Then, from (4.49) and (4.51), we infer that

~ T b1 1. 1 o)
Tp J) — Tp J J) = I J
DHl/(Q'yp)(q ) _2,YPDH1/(2'yp) <(0- ) + 27pq > - [I <21+ QVPDH ((0- ) )> ] 5
and the Lemma is proved. O

Lemma 4.2.6. Let assume that DH ((o-j)D) 1s positive definite and consider that 0 < w{ < w% <

wj are its eigenvalues. Then,

J

Wi
W +
are the eigenvalues of Dﬁff(%)(qj) for g/ = (V®,)" <(0'j)D> and its spectral radius is
= max |[—+—*—|. .
o ir:nl,2}7{3 wi + Yp

Proof. Let M{ be an eigenvalue of DFIY;?(% )(qj); then, by using Lemma 4.2.5, there exists 7 € VP
P

such that B
[I - (;I + 2flprH ((a’j)D)> ] (1) = plT.
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By doing some simple calculations, we obtain

(1— ) <;I+ 2Ply/pDH ((aj)D)> (t)=T1

from where we deduce that

Let us denote

(4.57)

then wg is an eigenvalue of DH ((crj )D> and we can write the eigenvalue ,uz in terms of wlj in the

following manner:
J
j_Wi= W
1 i :
(A)i + Yp

O

The optimal %Z will be that minimizing (4.56). In the following result we give an expression
for ~7:

Proposition 4.2.7. Under the assumptions of Lemma 4.2.6, the parameter 'yg MINIMAZING Pry,, 18

given by:
'yg = \/w{wg. (4.58)

Proof. The proof is similar to that given in [43] and it is based in the following property:

j j j
M7 Y270 BT

Y >0, J = J = J
Wity Wyt W3t

J

We have to analyze several cases depending on the position of -y, with respect to eigenvalues w;

e If0< < w{, it is easy to prove that

J J
: _W3Tw
min p - J
0<yp<wy w3 + wi
e Analogously,
J J
W3 Wi
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Functions r(y,)

Figure 4.5: Functions r;(7y,)

e Finally, let suppose that v, € (w{,wj ) and define

w! —
ri(yp) = ‘w; _’_pr .
i P

Then, we have that (see Figure 4.5)
= r3(p) if wi <p <,
P nw) iy <ap Swi

where 75 is the unique element in the interval (w{,wg) such that r1(v,) = 73(7,). A simple

calculation gives 75 = \/wiw;.

Notice that

. . . o

SN Pry,, = rl(Vp) = r3(7p) < %a

w] <yp<w} wy + wiy
so the best choice for v, is precisely 7. O
Proposition 4.2.8. The associated matriz of DH ((O'j)D> in terms of the basis Byp is:
T ACY () + B AICL(07)D 247(07)53(07)5
DH((@)")=|  WCL(e)g  AChER+B 240)B)E |,

AIC3(07) 3 AIC3(07)gs 247 (07)33(07) 35 + B

where
. . D q—4
Al = 0(T9)(q - 2) ‘(a']) : (4.59)
. . . q—2
BY = 0(T9) ‘(UJ)D‘ , (4.60)

Chy = (o)) — ()8, ¢ = ()5 — (0))F.
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The eigenvalues of DH ((O'j)D) are given by the expressions:

wl =wl =B, =B+ BAJ 2 (4.61)
where o2 cq is the Von Mises equivalent stress defined by
3 D D
2 :
=2 ()’ ()"

Moreover, the eigenvalues verify that wf >0,1=1,2,3.
Proof. 1t is easy to prove that DH ((a’j )D> is given by the expression
D . .DQ*4 D D . .DQ*2
DH((OJ) >T:0(T])(q—2)‘(0']) ‘ ((0']) I’T) (0']) —I—O(T])‘(a']) ‘ T =
Al ((a’j)D : 7'> (O'j)D + BT,
for all 7 € VP. Then, in order to obtain its associated matrix in terms of the basis Byn, we
calculate the image of each element 7° € By, i=1,2,3, and we write them in terms of the basis
BvD:

DH ((0/)") (1) =47 (61, = (¢))R) (¢7)” + Bir! = 41C, (o) + BIT! =

AJ C%l(oj)n BI 0 0
0 AJC§1(‘7])22 + B/ Ajcél(aj)zg =
0 AICY (B AIC) ()R

(Ajcg1(0j)2Dz + Bj) T+ AJC%1(UJ>337'2 + Ajcg1(0j)%7'37

DH (7)) (%) =47 (e = (¢))R) (07)” + BI7? = 1G4, (o) + BIT? =

AJC31(U])11 B’ 0 0
0 Ajcgl(ffj)% A]:C§1(Uj)2D3 =
0 AICy(o%)yy AVCy (o) g3 + BY

AICE (Bt + (AT (0))5 + BT) 72+ ATCH, (0 Brr?,

DH ((aj)D) (3) :2Aj(aj)2% (a_j)D 4 Bt —

247 (a7)53(0") 1 0 4
0 247 (o7)33(07) 5 QAJ(U])%( ])23+BJ =
0 249 (07 (c7) 5y + B 247 (07) (7))

247 (07) (o) + 247 (07) (o) 57 + (247 (07)33(07 )33 + BY) 7°

By using symbolic calculus, we obtain the eigenvalues of the associated matrix, that are given by
expressions (4.61). O
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Then, from Propositions 4.2.7 and 4.2.8, we can conclude the following result:

Corollary 4.2.9. The optimal choice of parameters for the viscoplastic multiplier off is
1

7;) = w1w37 )\% = 7’
27

where w{ and wg are given by expression (4.61).

Bermiudez-Moreno algorithm with variable parameters to solve the viscoplastic prob-
lem under plane strain assumption

Summing up, the proposed algorithm to solve Problem (3.16)-(3.18) is:

0
e Let (ug,00) and ’yg be given; we compute q° = V@gp(ag)).

e Then, for j >0, (w/, a7, q’,~}) known at time /, we determine (u/*!, g7*1, qj+1,'yg+1) at
time #/*1, an approximated weak solution of Problem (3.16)-(3.18). To do so, we propose
the following iterative algorithm:

i) Given (ui:ll, afill, qfill), we compute (uf:—l, 0'?1)6 Ugg, (7)) x X3, (#7T1) by solving
the variational equality

At sitl
3

/Qj+1 Al_ls(ufjl) ce(v)dr = /QHI [V(TJH)Atqfiﬂ re(v)dz—
! s

V(Tj'H)

j+1
- e(u,") +

tr(s(ugjl))ll ce(v)da+

/ +1 V(TTHF] 2 e(v)da +/ 711 vdz Vv € Uy, (9711,
Q]

QJ+1

s

where

P = —e(w) 4 Ay(TV)07 — ay(TVH)(TI = T9) (1 4 Atydsi ) T+

J gj+1 . . 4
A”gs <1jtr(0'3) - tr(e(uﬂ))> Iin QI+
S

and the updated stress tensor is given by

Atv{,'sj“

V(T (s(Uiﬂ) - Atgy") + 3 tr(e(u} "))+ Fj) in Q4

g+l _
o =

Al_ls(uf;rl) in Q{Jrl,

and the discretized space Uy, (/71) is restricted to the plane strain case in the usual
way.
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ii) The updated viscoplastic multiplier is given by

. . . D 1 2
Jtl _ o] Jj+1 J+1
q =2 (a’k ) + Aqk_ll (1—.1> .
’ [ 2% "

e Once the convergence of the viscoplastic multiplier is achieved, the updated parameter 7%“
is given by

where w{ﬂ,wgﬂ are given by (4.61).

4.3 'Two new algorithms to solve the casting problem

In this section, we are going to summarize two algorithms for the numerical resolution of the
complete model (3.7)-(3.9). To do this, we combine the algorithm introduced in Section 4.1 to
solve the contact condition with those introduced in Section 4.2 to deal with the constitutive law.

As we will see in the next chapter, in the numerical simulations presented in this manuscript,
we consider the two-dimensional problem under the assumption of plane strain on the symmetry
plane [x; = 0]. Due to this, we are going to introduce the algorithms in the particular case of
plane strain. The two algorithms are the following:

e NM algorithm: In this case, we use the Bermtudez-Moreno algorithm together with Newton’s
techniques, introduced in Sections 4.1 and 4.2.1.

e NVPM algorithm: In order to overcome the poor convergence of the NM algorithm in the sim-
ulation of casting processes, we consider the following methodology: the Newton algorithm
for the contact nonlinearity introduced in Section 4.1, together with the Bermudez-Moreno
algorithm with variable parameters for the viscoplastic nonlinearity presented in Section
4.2.2.

Let us summarize these algorithms in the following sections. Notice that the discretized spaces are
restricted to the plane strain case in the usual way.

4.3.1 NM algorithm

1. Let (ug,00) be given and let consider p° = — (09),, and q° = V&, (a7) .

2. Then, for j > 0, (v, o/, g/, p’) known at time ¢/, we determine (uw/*!, a/*! g/*! pitl)
at time /!, an approximated weak solution of Problem (3.7)-(3.9). To do so, we propose
the following iterative algorithm:

2.1. Initialize w)"™ = v/, @' = ¢/, pJ" = p7.
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2.2. With qfill, pfill known, calculate (uﬁl, pﬁl) in two steps:
2.2.1. Solving the variational equality

/Q @) e s ewde + [ AT () e(v)dat

o/t
1 . )
— (ufjl) Vpdry :/ £ vda+
€c (Fg,kfl)j-H n Qi+1
/ @)™ (Atqitll - Fj> L e(v)dz, Vv € Uy (1), (4.62)
Qi

F/ = Ay(T)o? — e(0) — ag (T (T — THT in Q7T

2.2.2. Updating the contact multiplier

j 1 ; .
+1 +1
it = (u; )n on (T, )", (4.63)
and the effective contact boundary
(TE ) ={Ce Sy st >0}, s = (u;jl)n +epith, (4.64)

2.3. The updated stress tensor is defined by

| (A1) (e(uf™) - Atglty + F7) i 027,
ol = (4.65)
Al_ls(uiﬂ) in Q{Jrl.

2.4. The updated viscoplastic multiplier is given by

( 0, if K7 =0,
41
i+1 (77k - 1) . \D . -9 .
q, = N (0?1) i (77?1 _ 1) Qj+1 Kt (4.66)
P up
41 q—2 [ 1. 1) g+l e g+l
— (nk — 1) |nj+1|2 (q]%l Ky ) Ky, if k377 #0,
k
‘ . . \D . .
in Q! where nfjl = <0’?€+1) + )\pqitll, Ap > 1 and nfjl is the unique root of the

equation
—_ — 1+1,0—
nq 1 nq 2 )‘pHOIK'g:_ ‘q 2 _ 07

in the interval [1, +00).

Figure 4.6 shows a flowchart of NM algorithm to solve aluminium casting problems. After
initializing variables (Step 1 in Figure 4.6), a time step loop is carried out. In this loop, at the
j +1 iteration, the displacement vector u/*! is computed by constructing the fixed stiffness matrix
(Step 2) and solving iteratively (Steps 5-7) equations (4.62)-(4.66), where the variable stiffness
matrix is constructed at each iteration (Step 6).
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4.3.2 NVPM algorithm

0
1. Let (up,00) and fyg be given and let consider p° = — (0y),, and q° = Vo, (ad).
2. Then, forj >0, (v/, o/, q’, fyg, p7) known at time #/, we determine (u/*!, o7/t g/*! ’ygﬂ, pITh)
at time #/T! an approximated weak solution of Problem (3.7)-(3.9). To do so, we propose
the following iterative algorithm:
1 eS| ;
=d,py =p’.

2.2. With qitll, p{:ll known, calculate (uﬁl, pﬁl) in two steps:

. G4+l i g+
2.1. Initialize up"" = v/, q

2.2.1. Solving the variational equality
At sitl

V(Tj"’l) g

»
0]

; 1
/ CAte(ul™h s e(v)de + — (u
0 o Jwg,

s(uﬁl) + tr(e(uﬁl))I] ce(v)dz+

j+1 J+1 . _ VRS ny AN
/Q " Vst s e(v)de /Q o VIR e)dot
/ £ vdr Vv € Uy (1),
Qi+l

where
F/ = —e(u!) + A(T9) 07 — ag(T9T)(T7H = T9) (14 Aty /) I+
%W <81jtr(o'j) - tr(s(uj))> Iin QT
2.2.2. Updating the contact multiplier
pit! = €1C (uiﬂ)n on (Tg, )",
and the effective contact boundary
(Fak)jﬂ = {C e Sy s >0}, 8 = (uﬁl)n +Apith
2.3. The updated stress tensor is defined by

At sitl

. tr(s(ugjl))HFj) in Q1

J+l _
o, =

j j+1 i+1
V(T <s(u?€+ ) — Atql] +
A te(ulth in Q7"
2.4. The updated viscoplastic multiplier is given by

A ) . \D 1 2
Gl o g j+1 J+1
q =2y (a’k ) + qkl] (1—.1> .
’ [ 27 et
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2.5.  Once the convergence is achieved, the updated parameter %H is given by

. - A . 1
J+1 _ Jj+1 j+1 Jj+1 _
Y = \wr wz, AT = g F1

Yp

where
- )
w{+ — B+l
wy' = 3 Teq>

being

AITL = o(Ti+Y) (g — 2) )(o.j+1)D)q_4

I

Bt = (Tt ‘(ajﬂ)D‘H.

The flowchart of NVPM algorithm is analogous to that in Figure 4.6, taking into account that,

once the convergence is achieved in a time step, it is necessary to compute the value of parameter
p for the next time step.

Remark 4.3.1. In practice, as in the case of the FPM algorithm, updating the contact and vis-

coplastic multipliers is performed with a relaxation parameter ¥. For example, the updated vis-
coplastic multiplier is obtained by formula

qf:rl = ﬁq{jl +(1- 19)qif11, 0<v<1.
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Figure 4.6: Flowchart for the NM algorithm.



Chapter 5

Numerical results

In this chapter, we compare and validate the algorithms proposed in Chapter 4 by applying a
numerical code on several academic examples in plane strains. These tests have been designed to
try to reproduce a behaviour analogous to semicontinuous real casting behaviour. To show the
efficiency of the new algorithms, we compare the cpu-time!, the number of iterations, and the
displacement and stress errors between the new NM and NVPM algorithms and the former FPM
algorithm. Finally, we present the results obtained in the simulation of a casting process.

5.1 Test 1: A growing butt curl

The aim of this test is to solve a contact problem when there is a gap which grows with time
between the slab and the rigid foundation. This gap is similar to the butt curl deformation in
a real aluminium casting process. For this purpose, we use the Newton algorithm introduced in
Section 4.1, which involves an adapted matrix factorization. We compare the efficiency of this
algorithm with the fixed point one described in Section 3.5.3.

Let (0,200s] be the time interval of interest and €2 be the cylindrical body whose axis is parallel
to x1-direction and its section the square of dimensions 0.5mx0.5m in the plane xox3. For the
sake of simplicity, we consider ) independent of time. On 9f) we distinguish four parts:

8QZFDU1:‘NUFCUFi,
where

fD =00N ([xg = 0] U [$3 = 0.5]),f]\[ =90nN [332 = 0.5],
Lo =00N[r3=0], T+ =00nN][z; = £1].

Let
t
T(t) =T; + (100 — Tl)%, t € [0,200] (5.1)

!The numerical solution was computed on a PC with Intel Pentium IV 3.00GHz processor running on LINUX.

65
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be the temperature function and 7; = 649°C. Notice that the slab temperature is constant at each
time instant and lower than T; at ¢t > 0.

In this test we assume that the material is thermo-elastic and, then, the constitutive law
corresponds to expression (3.11). We consider the elastic parameters E = 10°N/m?, v = 0.35,
independent of time and temperature, and we denote by A, i the corresponding Lamé coefficients.
The coefficient of thermal expansion is given by

1/3
1 op dp(T) T < T,
ap(T) = 3p(T)3 dT (5.2)

0 it T > T,

where the mass density function is (see [38])

(7) = 2700 — 0.237 if T < T,
~ 1 2360 it T =1,

T, = 607°C being the solidus temperature. The values of p(T") for T € (Ts,T;) are approximated
by linear interpolation. These data correspond to an aluminium alloy.

The problem to solve is

—div(e)=f in Q,
u=1u on Ip,
on = (0,0,3uh?) on Iy,
o,=0, u, =0 on I'y,

o=m, 0, <0, u, <0, opu, =0 on I'¢,
T
e(u) = Ao + / as(r)drI in Q,
T
u(0) =u(0), o(0)=0(0) in Q,

with

h(zo,t) = 2o — 0.4 + 10753,

£z t) = —3(\ + pu)h%es — 6uhzses, if xo < 0.4 — 1073,
" —6phes, if zo > 0.4 — 1073¢,

[ —3h%uxses, if o <0.4— 1073,
m(z,?) = { —3h2ues, if £9 > 0.4 —1073¢,

. E ([T h3zses, if w5 < 0.4 — 1073¢,
u(z,t) = oM </T a(r) d7"> (xoe2 + x3€3) + { hes if > 04— 10-3¢
1 ) M 9

T ARSI + Q/thEz + 3uh2x3E3, if 19 <0.4 — 107375,
o(x,t) = —E(/ a(r) dr) E; +

7 3uh’Es, if 29 > 0.4 — 1073¢,
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where

We notice that in this test the frictionless condition on I'c has been replaced by a nonhomogeneous
condition for the tangential stress when there is a gap. Although this condition has not physical
meaning it is necessary in order to obtain the analytical solution for this test problem with an
effective and nontrivial contact. The solution of this problem is

u=1u, o0 =o.

As we have mentioned, to reduce the size of the problem and due to symmetry conditions we
consider the corresponding plane strain problem over the plane zox3 and we present the numerical
simulation on the two-dimensional domain (see Figure 5.1). To solve this problem we use a uniform
spatial mesh with 12800 triangles and 6561 vertices and for time discretization At = 0.1s. We
initialize the contact multiplier by

pO — { 17 on (FJQF’)&
0, on (I'p)”.
Finally, we consider the following parameters:
e for the FPM algorithm:
e =0.5 %107, A\, = 1077, 9 = 0.9;

e for the NM algorithm:

1
Ae = —, €. = 1071%, 9 =0.9.
At’e 0 , 0.9

Ip A
\VAAVARVARVAAVARVARVA

o

T3

VVVYV VYV
)

L2

NG

Figure 5.1: Computational domain.
The stopping test on the contact multiplier p is

Pk — Pr—1] < Smax{g, |pkl}, VC € Sy, and

- L 5.3
|pk — G,\C(Sk)| < 5max{5, | G)\C(Sk)’}, VC € Sh, ( )

where ¢ is a small parameter and s = (ug)n + Acpg. In this sample, 5 =103
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Remark 5.1.1. Notice that, with stopping test (5.3), if the multiplier is close to zero we perform
an absolute test with 6% and, in the other case, a relative test with §.

Figure 5.2 shows the displacements on the deformed configuration at two different time steps
and the Von Mises norm of stresses at the last time step is represented in Figure 5.3.

-0.01

0 0.1 0.2 0.3 0.4 05
=200s

Figure 5.2: Displacements on the deformed configuration at two time steps.

x 10

16
P4
1.2
1
0.8
0.6

0.5

Figure 5.3: Von Mises norm of stresses at the last time step.

In this test we compare the results obtained with the NM algorithm with those obtained
with the FPM one. The L? relative error at the last time step obtained with both algorithms is
3.957 x 10~*m in displacements and 7.452 x 103N /m? in stresses. Table 5.1 gathers the obtained
results, showing that with NM algorithm the cpu-time decreases approximately 74% with respect to
the FPM method and the number of iterations decreases 99%. In order to check the improvement
of carrying out a matrix factorization adapted to the contact problem, the third column gathers
the results for the NM algorithm without that factorization, denoted by NM*.
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Method FPM NM NM*
cpu-time (s) 17480.61 4615.30 7315.46
iterations 258 3 3

Table 5.1: Cpu-time and number of iterations for At = 0.1s.
5.2 Test 2: A problem with large gradients

In this second test we want to solve an elasto-viscoplastic problem with displacements and stresses
whose gradients have a magnitude similar to that of real aluminium casting. Nevertheless, it does
not reproduce the diverse behaviours which appear in the real process. For this purpose, we use
the NM algorithm introduced in Section 4.3.1, which involves an adimensionalization technique
and a time step optimization, and the NVPM algorithm described in Section 4.3.2. As in the
previous test, we compare the obtained results with those of FPM algorithm.

Let (0,0.5s] be the time interval and Q be the cylindrical body of Test 1 (its axis is parallel to
x1-direction and its section the square of dimensions 0.5mx0.5m in the plane zox3). For the sake
of simplicity, we consider €2 independent of time. On 9€) we distinguish four parts:

N=TpUlyUTcUTy,
where

fD =00nN [.CCQ = O]7 fN =900nN ([.732 = 0.5] U [373 = 0.5]),
fc =900nN [xg = O], f‘i =900nN [271 = :I:l].

In this test, we consider that €2 is already a solidified block with constant temperature. Then,
there are not thermal stresses and the material parameters corresponding to the constitutive law,
independent of the temperature T', are

E =10°N/m?, v =0.35, fy = 1.953125 x 10~ m?/(sN), ¢ = 6.

These data are similar to those of an aluminium alloy.

The problem to solve is

div(e) =0 in €,
u=nh(t)(0,x2,—x3) on Ip,
on=10%g on Ty,
o,=0,u,=0 on Iy, (5.4)
o,=0,0,<0, u, <0, opu, =0 on T¢,
eu)=Aod+0|aP |20 in Q
u(z,0) =0, o(x,00=0 in £, )

1 2
with h (t) = 108%15 - 5104090t6 and
[ tn, on I'y N [z = 0.5],
g(x,t) = { —tn, onI'yN[zs=0.5]
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Its solution is readily verifiable

0 0 O
u(z,t) = h(t) (0,29, —x3), o(z,t) =10 0 ¢t 0
0 0 —t
A N
T'p 0 -

I'e

Figure 5.4: Computational domain.

As we have mentioned, to reduce the size of the problem we consider the corresponding plane
strain problem over the symmetry plane [z1 = 0] (see Figure 5.4). To solve this problem we use a
uniform spatial mesh with 800 elements and 441 nodes, corresponding to a discretization parameter
Az = 0.025 m. For time discretization we use a small time step (At = 10~°) since the solution is
nonlinear in time.

We initialize the multipliers in this way
q’=0,p" =107,

and we consider the following parameters:

e for the FPM algorithm:
ve = 0.5 x 10*2, A, = 10712,
Yp =107% ), = 0.5 x 10,
¥ =0.9;

e for the NM algorithm:
Ae=Np=1,e.=10"° 9 =0.9.

The test for convergence is performed on both multipliers. The stopping test on the contact
multiplier p is detailed in (5.3).The stopping test on each component of the viscoplastic multiplier
qis 3 3
(k)i = (qe-1)al < 0 max{d, | (qr)al}t, VK € Tp, and
[(@r)a — (Vq(a)), | < dmax{d,| (V&4(a])), [}, VK € T,

where § is a small parameter.

(5.5)

Firstly, we have tested the Newton algorithm for the elasto-viscoplastic law considering a
Dirichlet condition on I'c. Nevertheless, convergence is not always achieved due to large gradient
stresses. To overcome this difficulty, we use the adimensionalization technique introduced in Section
4.2.1 to reach the convergence of this algorithm.
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Testing adimensionalization technique

We consider that the adimensionalization parameter is ° = 108, From now on, we will denote by
NM* the Newton method together with this technique. Figure 5.5 shows the successive iterants
calculated with and without adimensionalization. The cpu-time, the L? relative error at the last
time step and the mean of the number of iterations are summarized in Table 5.2. Notice that with
the NM* algorithm the number of iterations decreases approximately 95% and the cpu-time 85%

with respect to the FPM algorithm.

A.- Without adimensionalization

80
* approx
60
40
20
0 = .
0 2 4 6 8 10 4.996 4.998 5 5.002 5.004
x 107 x 107
80 B.- With adimensionalization
q — exact 2.45
22 % approx 20
60 1
2.445
40
2.44 i i
iy
20 1 *i1
2.435
/P
0
0 0.2 0.4 \—‘0.6 0.8 1 0.4996 0.4998 0.5 0.5002

Figure 5.5: Numerical approximation of viscoplastic multiplier. The top row of figures without
adimensionalization and the second one with the proposed adimensionalization technique. The %

shows the successive iterants with the NM* algorithm.

Table 5.2: Problem (5.4) without contact with At =§ = 107>,

Method FPM NM*
cpu-time (s) 18790.2 2744.0
iterations 57 3

u (m)-error 2.622 x 107°  2.621 x 107

o (N/m?)-error 1.245 x 107° 1.244 x 10~°

Finally, adding the contact condition on I'c to Problem (5.4), the reduction in cpu-time and

in the number of iterations is analogous to that obtained previously (see Table 5.3).
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Table 5.3: Problem (5.4) with At = § = 107>,

Method FPM NM*
cpu-time (s) 25256.8 5365.2
iterations 69 3

u (m)-error 2.918 x 107°  2.917 x 107

o (N/m?)-error 1.345 x 107° 1.345 x 10~°

We notice that the NM* algorithm needs less iterations for convergence, and also less cpu-time,
than the FPM algorithm. Nevertheless, the FPM algorithm is more robust and it does not need
the adimensionalization technique.

Increasing the time step

Since the time interval of interest in the aluminium casting is about 150s, if we want to employ
the NM* algorithm in casting simulation we must be able to increase the time step used in the
previous simulations. If we do so, the FPM algorithm works well, but the NM* algorithm does
not always converge due to the large gradients. To solve this problem, we use the optimization
technique on the time step, introduced in Section 4.2.1: given At, if convergence is not achieved,
we reduce the time step until the algorithm converges. Furthermore, to stabilize the Newton
algorithm we employ an Armijo rule on the viscoplastic algorithm (see [20]). Summing up, we use
the complete NM algorithm introduced in Section 4.3.1 to solve Problem 5.4.

Table 5.4 shows the obtained results; the NM algorithm obtains smaller displacement and stress
errors than the FPM algorithm; in this case, the time step is reduced from 0.0625 to 1.5625 x 1072,
Furthermore, the number of iterations with these techniques decreases 93% and the cpu-time 48%.

Table 5.4: Problem (5.4) with At = 0.0625 and 6 =105

Method FPM NM
cpu-time (s) 6.58 3.39
iterations 254 18
u (m)-error 2.66 x 1071 7.30 x 1072

o (N/m?)-error 1.63 x 1071 2.70 x 1072

Testing the NVPM algorithm

From the above results we can state that NM method introduced in Section 4.3.1 is a good
method to solve mechanical problems with elasto-viscoplastic laws of Maxwell-Norton type and
a Signorini contact condition. Nevertheless, when using this method to solve the real casting
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problem, convergence of NM method slows down dramatically. Due to this, we propose to use
the NVPM algorithm where the Newton algorithm in viscoplasticity is replaced by the Bermidez-
Moreno algorithm with variable parameters. The considered parameters for this algorithm are:

Ae=1€e=10" ) =0.1,9 =09

Table 5.5 shows a comparison between the three mentioned algorithms. Although as expected the
NM algorithm continues to obtain better results, the reduction in cpu-time (40%) and iterations
(83%) of the NVPM algorithm with respect to the FPM one is considerable.

Table 5.5: Problem (5.4) with At = 0.0625 and § = 1073.

Method FPM NM NVPM
cpu-time (s) 6.58 3.39 3.92
iterations 254 18 43

u (m)-error 2.66 x 1071 7.30 x 1072 2.03 x 107!

o (N/m?)-error 1.63 x 1071 2.70 x 1072 8.40 x 1072

5.3 Numerical simulation of casting processes

In this section we are going to present the results obtained in the numerical simulation of a real
casting process. Real data have been provided by ALCOA-INESPAL S.A. (A Coruna, Spain). We
compare the efficiency between the FPM, NM and NVPM algorithms.

The considered computational domain is shown in Figure 5.6.

Lo(®

[(®)

")

Q(t)

()
L0

Q1)
L.
1,
>

Figure 5.6: Computational domain.



74 Chapter 5. Numerical results

Mesh construction

The mesh used for the simulation is built in a natural way. Firstly we make the mesh of the
aluminium contained inside the bottom block before it begins to go down. After the start of the
casting, at each time step we add the mesh of the liquid aluminium poured in that time interval.

The mesh construction takes into account the peculiarities of casting processes:

e The contact zone corresponds with the part of the slab rested on the mold. So, the mesh is
constructed in such a way that the first nodes correspond to the contact nodes.

e The slab deformation depends strongly on the thermal gradients, which are larger in the
recently solidified zone, that varies with the time. So, the mesh is finest-grained where the
thermal gradients are larger.

e The computational domain grows with time. Then, the mesh is structured in layers to model
the filling process and it is reconstructed at each time step adding the amount corresponding
to the metal poured during that step.

Figure 5.7 shows the mesh of the computational domain at the start and the end of the casting
process. The initial mesh has 1320 elements and 732 nodes while the final mesh has 2520 elements
and 1342 nodes.

A) Initial mesh

B) Mesh after 145s of casting

74
7 4
7 4

2 4
4
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111!!!!!////111””

Figure 5.7: Initial mesh and mesh after 145 s of casting

The considered time interval is (0, 145s] and in the numerical solution a time step At = 1s is
used. We must take into account that the NM algorithm has incorporated a time step optimization.
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Behaviour law data
The parameters to characterize the thermo-elasto-viscoplastic law of aluminium (see (2.6)) have
been introduced in the previous works [9, 10, 11] after carrying out a complete bibliographic search

in the engineering literature (see |38, 57, 84]):

e Elastic law: Values for Young’s modulus E and Poisson’s coefficient v depending on tempe-
rature are obtained from Table 5.6 by linear interpolation:

Table 5.6: Elastic law parameters.

T(°C) FE(10°N/m?) v

126.9 67 0.3134
326.9 58 0.3448
526.9 40 0.45

e Viscoplastic law: The viscoplastic parameter 6y is computed from the data of Table 5.7 as

b O

(V2k)?

Table 5.7: Viscoplastic law parameters.

#(s7!)  Kk(10°N/m?) G(Kcal/mol) ¢
4.0 x 1012 15.72 37.3 6

e Thermal law: We consider the density function introduced in [38], given in Kg/m3:

()= [ 27000237 T <T,,
~ 1 2360 if T =1,

where Ty = 607°C and 7} = 649°C. The density values in (Ts,7;) are computed by linear
interpolation.

Algorithm parameters
In the following, we detail the parameters associated to the algorithms used in this simulation:

e for the FPM algorithm:
ve = 0.5 %105 A\, = 1076,
Yp = 1.25 x 10712, )\, = 0.4 x 10'2,
¥ =0.9;
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e for the NM algorithm:
Ae =1, €= 0.001, \, = 1,
9 =097 =107
e for the NVPM algorithm:
Ae=1, €. =0.001, 7) =1.25 x 107%,
9 =0.9, n° =10

e for the stopping test in both multipliers, §=10"%

Finally, to impose the metallostatic pressure by using the fictitious domain method introduced in
Section 3.5.1, we consider the following parameters in the liquid:

A=1.2414 x 10", 1 =1.3793 x 10*°, a =2, =1, e = 1073,
Numerical results

Figure 5.8 shows the isotherms obtained with the code developed in [63] after carry out a parameter
adjustment, and the butt curl obtained at the last time step.

Temperature

S70.0

6610
656.5
6520
&5
430
385
3.0
825
£25.0
S35
SRE0
L1159
.0
025
Soe
6635
SBA.0
SB4.5

Butt curl

Figure 5.8: Isotherms and butt curl deformation after 150s.

The numerical simulation of the problem has been carried out by using the three algorithms.
Although the NM algorithm has a very good convergence in the academic problems as we have
seen in Sections 5.1 and 5.2, in real casting simulations, when a zone of the slab is recently
solidified, sometimes the convergence is not achieved. Besides, the FPM algorithm has a good
but slow convergence which depends strongly on the chosen parameters. Due to this, the NVPM
algorithm incorporates the good convergence properties of the Newton algorithm in contact and
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improves the convergence of the fixed point algorithm in viscoplasticity, computing automatically
the parameters.

The cpu-time and the mean of the number of iterations obtained with the FPM and NVPM
algorithms are summarized in Table 5.8. Data for the NM algorithm are not shown since, as we
have said, convergence is not always achieved.

Method FPM  NVPM
cpu-time (s) 2660.49 465.562
iterations 6593 89

Table 5.8: Cpu-time and number of iterations after 145s of casting.

Notice that with the NVPM algorithm the cpu-time decreases approximately 83% with respect
to the FPM algorithm and the number of iterations decreases 99%.
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Chapter 6

Conclusions

In Part I of this manuscript we have introduced two new algorithms to solve numerically a Signorini
contact problem in Maxwell-Norton materials arising from an aluminium casting simulation. In
[5], Barral presented a numerical method based on the Bermudez-Moreno algorithm involving two
multipliers which can be obtained as fixed points of two nonlinear equations. Due to the slow
convergence of this algorithm and its strong dependence on the parameters, we propose two new
techniques to improve its efficiency: firstly, taking advantage of the good convergence properties of
Newton methods and secondly, by means of considering the parameters of the Bermutidez-Moreno
algorithm as variable scalar functions. The efficiency of these algorithms are compared with the
fixed point algorithm introduced in [9, 10]. The three studied algorithms are:

e FPM algorithm: the Bermidez-Moreno algorithm combined with fixed point techniques sum-
marized in Sections 3.5.3 and 3.5.4 to deal with the two nonlinearities which was introduced
in [5].

e NM algorithm: the Bermudez-Moreno algorithm together with Newton techniques, intro-
duced in Sections 4.1 and 4.2.1.

e NVPM algorithm: the Newton algorithm for the contact nonlinearity introduced in Sec-
tion 4.1 together with the Bermudez-Moreno algorithm with variable parameters for the
viscoplastic nonlinearity presented in Section 4.2.2.

Numerical results show that:

e The FPM algorithm is slow and strongly dependent on its parameters, but in turn very
robust.

e The NM algorithm combined with some numerical strategies is fast and accurate. It needs
fewer iterations and less cpu-time that the FPM one. The numerical strategies presented
here —the adapted matrix factorization to the problem geometry, an adimensionalization
technique and a time step optimization— work well in academic examples but, when they
are applied to the casting simulation, convergence is not always achieved. Our guess is that
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this unexpected difficulty is due to the very different behaviours found in casting processes
(between recently solidified zones and others already cold).

e The main disadvantage of the FPM algorithm is its strong dependence on the parameters
(see [9]). The NVPM algorithm overcomes this difficulty since the parameters are considered
variable scalar functions, depending on time and space and they are automatically calculated.
Moreover, it takes advantage of the good convergence properties of Newton method when
solving the nonlinear contact condition. Numerical results in casting simulation show that
the NVPM algorithm is adequate to solve the butt curl deformation.
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Chapter 7

Introduction

An increasing number of new challenges are constantly arising for engineers, comprising new appli-
cations, new materials or possibly both. Very often, the behaviour of a certain material under new
conditions cannot be correctly predicted, and many trial tests are needed in order to determine
whether it can be used or not. Therefore, an enormous effort is actually being made with the
purpose of developing new prediction techniques that allow saving huge amounts of money and
time in testing the materials. Strangely enough, there are very few studies about how to predict
the behaviour of the different materials under simple conditions. Several factors, such as slight
differences in the composition or in the microstructure, can dramatically affect the result of the
considered tests, making useless previous tests to use on similar materials. This is particularly
critical for the ceramic materials.

In the common applications, materials are subjected to different forces, with complicated com-
ponents of bending, torsion, compression and usually combinations of all of them. To predict the
behaviour of a certain material, without performing expensive destructive tests, it is necessary to
understand the mechanisms that affect its resistance to select the suitable failure criteria. The
properties of the material are carefully measured in laboratory tests on a sample of material; these
tests determine the value of their mechanical properties by measuring the applied forces and the
corresponding relative changes of length. There exist many tests to determine material proper-
ties, classified into several groups attending to the applied forces, the sample conditions at the
experiment instant, the environment conditions, etc. The most important experiments are:

e Tensile or compression test: An axial load is applied to a sample in order to obtain a uniform
stress distribution on the cross-section.

e Torsion test: This test determine the behaviour of samples subjected to a pair of loads.

e Bending or flexure test: This test determine the behaviour of materials subjected to simple
loads, for example, concentrated or uniformly distributed loads.

e Fatigue test: Used to study the behaviour of materials subjected to variable loads.

e Impact test: This test is a particular case of previous tests; the load is applied suddenly.
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Figure 7.1: Three-point bending experiment.

In Part II of this manuscript we will focus our study on bending tests. The relative simplicity
of these tests has permitted its popularization for measuring the mechanical properties of brittle
materials. One of the most common tests is the three-point bending test: a sample of a brittle
material is placed between three cylinders, without additional support, while the upper cylinder
applies an increasing gradually force until the beam breaks (see Figure 7.1). From this test a
property known as modulus of rupture (MOR) is obtained, which represents the maximum surface
stress of the bent beam at the instant of failure. In the engineering literature, the MOR is calculated
by an explicit formula which involves the value of the load at failure, H, the distance, 2[, between
the two lower cylinders or supports, and the second moment of inertia, I1, of the transversal section
of the beam (see [25]).

Nevertheless, discrepancies by no means negligible for MOR values have been noticed in exper-
imental measurements depending on the specimen size, the ratio between the area of its section
and the overall length or the relation between the distance of the two lower cylinders and the
overall length of the beam. The fact that samples of same material can lead to different values for
the MOR is something quite common but so far there are not many studies about this behaviour.

The aim of Part II is to study the mathematical problem associated to three-point bending
tests in order to increase the knowledge about the MOR for brittle materials. Specifically, we prove
the existence of a unique solution to the elastic problem with frictionless unilateral contact that
arises from the mechanical model of the three-point bending test. Furthermore, in order to justify
the classic formula for the MOR, we are interested in finding its limit model by using asymptotic
analysis techniques when the thickness of the sample beam goes to zero (see |2, 18, 36, 80, 81|). By
using this method, classical theories like Bernouilli-Navier, Saint Venant, Timoshenko and Vlassov
theories were studied and justified (see [18, 80]). Also beams with a unilateral contact with a
rigid foundation have already been studied in [82, 83| but only when the beam is clamped at the
ends. Despite the absence of Dirichlet conditions for the three-dimensional mechanical problem
associated with the three-point bending test, the asymptotic method allow us to obtain the limit
one-dimensional problems for bending and for traction and to identify the relationship between
the failure load and the corresponding axial normal tension. All theoretical results are collected
in [70].

Besides, we are interested in finding an effective method to compute the MOR. from brittle
materials. To do this, we use all the theoretical background presented here to compute various
approximations of the MOR. The procedure is the following: Once we have carried out several
laboratory tests with ceramic beams, we determine the maximum force that beams can support
until breaking —the rupture load. By using the classic formula for the MOR, we calculate the first
value for it —the theoretical MOR. Then, after making numerical simulations of the one and three-
dimensional models, considering the rupture load, we compute two new approximations for the
MOR —the 1d and 3d numerical MOR. Finally, we obtain a fourth approach for the MOR by using
a new expression obtained from the asymptotic analysis of our problem. All these methodologies
are applied for cylindrical and rectangular beams made of porcelain, which is a brittle material
used very frequently in engineering.
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The new theoretical formula obtained in this manuscript leads us to a better approximation of
the MOR for brittle materials. This expression takes into account not only the rupture load and
the total length of the beam but also the distance between the two lower cylinders, the effect of
the gravity and the distance between the ends of the beam and the lower cylinders (see [51]).

The outline of Part II is as follows:

In Chapter 8, we study the static behaviour of a three-dimensional elastic beam when is sub-
jected to a three-point bending test. Under suitable compatibility conditions on the applied forces
and on the geometry of the beam, we prove the existence of a unique solution for the associated
contact elastic problem. These conditions of compatibility on the data come from the absence of
a Dirichlet condition on the beam boundary.

In Chapter 9, we study the asymptotic behaviour of this problem; in particular, we deduce
the one-dimensional models associated to the displacement components, and we give the existence
and uniqueness of solution for them. Moreover, we give an expression for the normal axial stress
in the beam which is related to the MOR of brittle materials. In the final part of the chapter, we
deal with the regularity of the solution for the bending problem and we prove some properties of
the coincidence set.

In Chapter 10, several examples for laboratory tests for cylindrical and rectangular beams
made of porcelain are detailed. We show that the previous assumptions of compatibility are
satisfied for these real experiments. Moreover, we present analytical solutions of the bending and
axial displacements for these real experiments. Their solutions are obtained from their differential
formulations given by means of the asymptotic analysis. Moreover, we introduce a new expression

for the MOR.

Finally, in Chapter 11 we gather all the approaches for the MOR of the porcelain by using
the methodology described above. We apply this procedure for both cylindrical and rectangular
beams. In Appendix A we offer a brief description of the classic expression for the MOR used
in mechanics of materials given that this information is not usually included in the mathematical
bibliography.
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Chapter 8

Mathematical study of three-point
bending tests

In this chapter we introduce a mathematical model to simulate the deformation suffered by a
beam subjected to the three-point bending test as well as its associated variational formulation.
Moreover, we obtain a result of existence and uniqueness of solution under suitable compatibility
conditions.

In Section 8.1, we show the mathematical model associated with the three-point bending test:
an elastic problem with a unilateral contact condition, without friction, formulated in displace-
ments. In Section 8.2, we propose a weak formulation of the problem in the appropriate functional
spaces. Despite not impose Dirichlet conditions, assuming a suitable condition of compatibility
on the applied forces, we prove the existence of a solution in Section 8.3. Assuming additional
conditions of symmetry in the geometry of the beam and in the applied forces, in Section 8.4 we
demonstrate the uniqueness of the solution.

8.1 Mathematical model

As usual in solid mechanics, Latin subscripts are understood to range over the integers {1,2, 3}
and Greek subscripts (other than €) over the integers {1,2}. Moreover, Einstein summation over
repeated subscripts is implied.

Given two vectors u,v € R3, with components (u;), (v;), respectively, u - v = w;v; represents
their scalar product. We denote by RY the space of second order symmetric tensors over R3,
endowed with the usual scalar product

o:.T =0Ty, O,TE Rg.
Let w be a bounded, open, connected Lipschitz subset of R? with area A. Given 0 < € < 1,

we define w® = ew and we consider the domain Q¢ = w® x (=L, L), L > 0, which corresponds to
the reference configuration of the beam. Consequently, the beam length is 2L and the area of the
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cross section is A = €2A. We refer the motion of the beam to a fixed Cartesian system 0z§z$§z
whose origin is situated at the center of gravity of the beam (see Figure 8.1).

Figure 8.1: Sketch of the three-point bending test.

The physical problem consists of determining the displacement vector field, u¢, and the stress
tensor field, o€, that the beam €€ suffers when it is subjected to a three-point bending test.

8.1.1 Boundary conditions

Let I'* be the boundary of the beam which is the union of the lateral boundary I'f = 7€ x [-L, L],
where 7¢ = Jw€, and the ends of the beam I'C = w® x {£L}; I'“ is assumed to be Lipschitz-
continuous.

An arbitrary point of Q€ is denoted by x¢ = (x§, 5, x5) and n¢ denotes the outward unit normal
vector to I'. Notice that n°(x°) = (n{, n5, 0) on the lateral boundary I'f, where (n{(x{, z5), n5(x{, z5))
is the outward unit normal vector to w* in (z{,z5) € v¢. Moreover, n® = (0,0,+1) on I'..

Lateral boundary Iy 1_s par‘EitioneEI into three non-empty, open and disjointed parts I't;, I'y,
and I'yy, satisfying = I'c UTYy, UTY,, where:

° f‘EC is the region of the beam where, due to the presence of the two lower cylinders, the
normal component of the displacement cannot be positive. To impose this constraint and
take into account the reaction force exerted by the two lower cylinders when the contact is
effective, we consider a Signorini condition (see [54|):

s =0,05 <0, u; <0, u,or, =0, on I'ex (8.1)

where uf, and of, are the normal displacement and the normal stress at each point of the
boundary, respectively, and ul and o are the tangential displacement and the tangential
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component of o‘n®, respectively. We suppose that the two-dimensional measure of I'¢, is
strictly positive.

e I'y, corresponds to the region of the boundary in which the upper cylinder exerts a com-
pression force with density h® known.

e I'y, represents the remaining lateral boundary of the beam that is free of forces.

The ends of the beam are also assumed to be free of forces.

8.1.2 Equilibrium equations

Under the assumption of small displacements, the behaviour of the beam is governed by the usual
equilibrium equations
—div(o€) = f° in QF,

where the divergence operator is given by the expression

€
oty

€ )
O:Uj

(@ive(r)); =

and f€ denotes the volume density forces. In practice, we will only consider the gravitational forces.

8.1.3 Behaviour law

Let u§ denote the i component of the displacement vector field u; then the components of the
infinitesimal strain field are given by

1 [ous  Ouj
€ (u) = = d 2
=) =3 <8w§+8x€.>’ (82)

7

where % denotes the partial derivative of the component u§ with respect to x; We assume that

J
e(u®) is related to the stress tensor o€ through Hooke’s law (see [28] or [52]),
o = A%(u). (8.3)

In the above expression, A€ is the fourth order linear elasticity tensor defined by

AT = Xtr(m)I 4 2u°T, (8.4)
where A and p€ are Lamé parameters of the material, related to Young’s modulus E¢ and Poisson’s
ratio v¢ by

36— E€ye Me _ E¢

(1 —2v)(1 4 ve)’ 2(1+ve)’
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8.1.4 Problem (P)

Summing up, the problem we must solve is the following:
Problem (P¢):

Find the displacement vector field u(x) and the stress tensor field o(x), at each point x € Q,
satisfying:

—dive(e€) = f° in Q°, (8.5)

o‘n =hon I'y, (8.6)

on“=0on 'y, UTY, (8.7)

0. =0, o5, <0, uy, <0, o5u;, =0o0nI'g, (8.8)

o = A€ (u) = Atr(ef(u))I + 2pe(u) in Q°. (8.9)

8.2 Weak formulation

To carry out the mathematical analysis of Problem (P€), we introduce a weak formulation in a
similar manner to those used in [40, 46, 54].

We consider the space of displacement vector fields H'(Q¢) = [H'(02€)]® which is a Hilbert
space with the norm

X X 1/2
Ivellee = { Do I0ilBoc + D e (vIIEas |
i=1 ij=1
where || - [|o.qc denotes the usual norm in L?(2€). The subset of kinematically admissible displace-

ments is the convex set (see [54])
K(QF) = {vc ¢ H(Q%);v5 <0 on &}
Let us define the stress tensor space X (2¢) = [L2(Q°)]2 where
1292 = {7 = (15) € [LA(Q))% 75 = 75}
X (€2) is a real Hilbert space endowed with the usual norm in [L?(Q€)]°. Its subspace
H(div, Q%) = {7¢ € X(Q°); dive(7°) € L*(Q)},
is also a Hilbert space with the norm

. 1/2
17N raivesy = (176106, 0e + 1div(T) G ae)

We denote H'/2(I'¢) = [H/2(I'“)]® as the image set of the trace application from H'(Q). The
following Green’s formula holds:

/ 7€ e (vO)dat 4+ | dive(T®) - vodz® = (T°n°, V)T,
€ Qe

for all 7¢ € H(div, Q) and v¢ € H'(QF), where (-,-)pe represents the duality between H~1/2(T)
and HY2(T).
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8.2.1 Assumptions

From now on we consider the following hypotheses.

(H1¢) The volume forces satisfy f¢ € L*(2) and the surface forces h® € L*(I'y;, ).

(H2¢) The material is homogeneous and isotropic; so, the elasticity tensor A€ defined in (8.9) is

such that A¢, u€ € R, A°, u€ > 0.

(H3¢) The applied forces verify the following compatibility condition

/ fe - wedx® +/ h® - wedl <0,
€ r

M
for all w¢ € K(2°) N R(Q°), where
R(Q) = {w* € H'(Q°) : e°(w®) = 0 in [L*(Q9)]"},

is the set of rigid displacements. Moreover,

/ £ wdx® + / h® - wedl'* = 0,
€ r

N
if and only if w¢ € R,,(Q2), where

R, (Q°) = {w € R(Q);w;, =0 a.e. on I'c}.
(H4°) The set (K(2°) NR(Q2)) \ R,,(22°) is non-empty.

8.2.2 Weak formulation of the problem

To simplify the writing, the following notations are useful:

e The external virtual work for the applied forces over the virtual displacement v¢ € H' ()

is defined as:
Fe(ve) = / fe - veda© +/ h® - vedre.
e r

5v1
e The internal virtual work is related to the bilinear form a® defined by

at(ve,we) = Afef(ve) : ef(w)dx",
Qe

for all v¢, w¢ € H(Q°).

(8.10)

(8.11)
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With the above notation, we propose the following weak formulation:
Problem (V P¢):
Find (uf, o¢) € K(2°) x X(€) such that

{ a‘(uf,ve —u) > F(v® —u), Vv € K(Q°), (8.12)

o = Ae(u).

It is easy to prove that every solution of the classic Problem (P°¢) is a solution of the weak Problem
(V P€) and the reciprocal is also true (see [54]).

8.3 Existence of a solution of Problem (V' P¢)

Results of existence and uniqueness for Problem (V P€) when there exists a Dirichlet condition on
a part of the boundary can be found in [61] or [58]. If there does not exist a Dirichlet condition, a
result of existence was given by [40], rewritten Problem (V' P€) as a minimization problem under
the assumption of compatibility (H3¢).

It is a classic result (see [37]) that Problem (V P€) admits the equivalent formulation:
Problem (M P¢):

Find u € K(9€) such that
J(uf) < J(ve), Vv e K(QF),

where the minimization functional J€ is defined by

J(v) = %QE(VE,VE) _ PV, v e HYQY), (8.13)

Consequently, we have the following result of existence:

Theorem 8.3.1. Under assumptions (H1¢)-(HA4S), there exists a solution u® of Problem (V P€).

Proof. The regularity properties of the domain Q¢, the assumptions (H3¢) and (H4¢) and that
the bilinear form a¢ verifies

a(ve,v) > 2/1,EHEE(V6)H%7QQ v e HY(QF),

let us guarantee the hypotheses of theorem XVII of [40] so we can get the existence of a minimum
of Problem (M P€) and consequently the existence of a solution of Problem (V P¢). O

8.3.1 Properties of a solution of Problem (V P¢)

In the following Lemma we are going to prove that, if there exists a gap between the beam and
the lower cylinders, then the movement of the beam is free there.
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Lemma 8.3.2. Let (uf,0) € K(Q°) x X(Q) a solution for Problem (VP). Let A C T¢,
meas(A) > 0, such that ul, < 0 on A. Then of, =0 on A.

Proof. Since (u, o) is a solution of Problem (P€) in the sense of the distributions, we obtain that

(on, ve —u)pe > / he - (v —u)dl,

€
FNl

for every v¢ € K(Q2). By choosing v¢ = 2u® and v® = u/2, we have that
(on,u)pe = / h® - u“dl“. (8.14)
F§V1

Let us assume that o5, < 0 on B C A, with meas(B) > 0. Since o‘n® = h® on I'y;, 0°n° = 0 on
I'y,: 07 =0on I'; and o}, <0 on I'G;, we can deduce that

(ohr > [ beevedr,
I,

for every v¢ € K(€Q€) such that v < 0 on B. This is a contradiction to (8.14) if we consider
ve =u". O

Lemma 8.3.3. Under assumptions (H1°)-(H4), there exists a subset I'y, C I'e,, meas(I'y) > 0,
such that the solution u® of Problem (V P€) satisfies:

uy, =0 on I'f.

Proof. Let us assume that there does not exist I'f; in those conditions. Then u;, < 0 on I'g, and,
from Lemma 8.3.2, o‘n® = 0 on I'S,. Therefore, the tensor on® € [L?(I'°)]? verifies

e.e | h° onF?Vl,
an _{ 0 onI%, UL UTE. (8.15)

Given that u® is a solution of Problem (P€) in the sense of the distributions, we can replace
boundary conditions (8.6)-(8.8) by (8.15) to conclude that

af(u’, we) = FS(w°), Yw® € H'(Q°).
By choosing w® € (K(£29) N R(Q2)) \ R,,(£2°), we find
0= F¢(w) = / £€ . wedz® +/ he - wedl™,
€ F§V1
which is a contradiction with the assumption (H3¢). O

Lemma 8.3.4. Under assumptions (H1¢)-(H4°¢), if u® is a solution of Problem (V P€), any other
solution is given by u® + w¢, where w¢ € R, (Q°).



96 Chapter 8. Mathematical study of three-point bending tests

Proof. Thanks to assumption (H3¢), if u® is a solution of Problem (V P¢), then u®+ w* is also a
solution for each w® € R(Q€) such that wf, = 0 on I'i,. Let us see the reciprocal.

Let us assume that u® is a solution of Problem (V P€). By choosing as test functions v¢ + u€,
with v = 2u® and v¢ = u‘/2, we obtain

v

ae(ue’ve) _ Fe( e)

ve) >0, WeeK(Q), (8.16)
a®(uf,u) — F¢(u) = 0.

(8.17)

Expressions (8.16) and (8.17) allow us to prove the following inequality:

TV — Jo(u) = %ae(vﬁ,ve) _F(v) - %ae(ue, u) + Fe(uc)

> %ae(u6 —viu®—v) >0, v e K(Q°).

If ¢ € K(€Q°) is another solution of Problem (V P¢) and equivalently of Problem (M P€), then
0 = JE(E) — JE(uf) > %a

that is, u® — a° € R(Q°). Therefore, we have

e(ue _ ﬁe’ue _ ﬁe) >0,

u =u‘+w, weR(Q).

In addition, given that u® is also a solution of Problem (V P¢), if we take v¢ = u° in (8.12), we
obtain

0> F¢(w°) = / £ wedz© +/ h® - wedl*.
€ 1"?\/1
Now, exchanging u¢ and u€ in the above reasoning, we can conclude that F¢(w¢) = 0. Therefore,
from assumption (H3¢), w;, = 0 on I'g,. This allows us to conclude the proof. O

8.4 Existence of a unique solution

In this section we are going to prove the uniqueness of solution of Problem (V P€) in the convex
set K(Q€). To do so, we assume the following assumptions of symmetry in the domain and in the
applied forces.

(H5°) e Domain w€ is symmetrical with respect to the lines z{ = 0 and z§ = 0.

e Boundaries I'yy, and I';; are symmetrical with respect to the planes z{ = 0 and 5 = 0.
Furthermore,

Ny = (X eI fag] <0, (21, 25) € v, (23) 1,
&= {x" €50 <|ag| =1 <6, (af,2%) € 1e(a5)},

where 2/ is the distance between the two lower cylinders, 7§, (2§),v&(x§) C v and 6, )

being small parameters, verifying § <1 — 6.
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e The second component of the outward normal vector to I'“ is not null on I'; and with
constant sign. Moreover, it is even with respect to x§.

(H6°) Volume and surface forces verify that

e fi and h{ are odd with respect to x| and even with respect to xf,
e f5 and h§ are even with respect to x{ and zf,

e f5 and hj§ are even with respect to z{ and odd with respect to 5.

We consider the following subspace of H!(Q¢):
v{ is odd in z{ and even in z§
H!(Q) = { ve € H(Q); 0§ is even in 2§ and x§
v5 is even in z{ and is odd in z§
Theorem 8.4.1. Under assumptions (H1¢)-(H6¢), there exists a unique solution u¢ € HL(QE) of
Problem (V P€)

Proof. Suppose that u¢ € H!(Q¢) NK(F) is a solution of Problem (V P¢) and let @€ be the vector
field defined by:

A€ € € € € € € € € € € € € € € €
0 (2], 5, 25) = (—uj(—af, 25, 25), uy(—af, 25, 25), ug(—af, 25, 25)).
Taking into account assumptions (H5¢) and (H6°), we can conclude that € is also a solution of

Problem (VP€). Moreover, it is easy to prove that 4 = = 1/2(u® + 1) is a solution of Problem
(V P€) such that ul is odd with respect to z{ and u2 and uf§ are even with respect to zf.

Analogously, if u€ is the vector field

it ('Tla 1:2’ 1‘3) (ul(ljla 1‘2, .Tg), ﬁ;(xla L2, _x3)7 _&g(xiv '7“57 _555))’

both u® and G i = =1/2(u° ") are solutions of Problem (VPe) moreover, 1 is odd with respect
to 2§ and u§ and uf are even with respect to z{, that is, = HL(Q°).

Finally, let @€ € HL(Q) be any solution of Problem (V P¢). From Lemma 8.3.4, there exists
we € R, (Q2°) such that 3
i =0+ we

In addition, w® must belong to H.(Q€), so we can conclude w® = 0 thanks to assumption (H6).
O

Remark 8.4.2. Condition (H5) implies that the coordinates system 0x{x§ is a principal system
of inertia associated with the domain w€, that is,

/ xf, dridxs :/ xixsdridzs = 0. (8.18)
we we

Then, the 2 x 2 geometrical inertia tensor of the cross section w€ is just a diagonal matriz whose
components are:

If:/ (25)2daS das, I§:/ (5)2daS das. (8.19)
we we
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Chapter 9

Asymptotic analysis of three-point
bending tests

In the previous chapter we have studied the existence of the unique solution for an elastic problem
with a frictionless unilateral contact condition in displacements arising from the mathematical
modeling of three-point bending tests. In order to find a mathematical justification of the classic
theoretical expression for the MOR —arising from the classical theory of beams—, our next objective
is to study the behaviour of the solution (u, €) of Problem (V P€) when € tends to be smaller. To
do this, we use the well known asymptotic expansion method (see [81, 18, 80]). This methodology
allows us to obtain a one-dimensional limit model from the three-dimensional problem and to
identify on it the relation between the rupture load and the corresponding MOR. By using this
method, the classical theories of Bernouilli-Navier, Saint Venant, Timoshenko and Vlassov were
studied and justified (see [18, 80]). Also beams in unilateral contact with a rigid foundation have
already been studied in [82] when the rod is clamped at the ends.

The outline of the chapter is as follows: In Section 9.1, we redefine Problem (V P¢) in a domain
independent of the cross-section parameter € by means of a variable change, and we introduce
the fundamental scalings on the unknowns and the assumptions on the data. The application
of the asymptotic expansion method is described in Section 9.2, giving a characterization of the
terms of first order of the expansion through one-dimensional variational problems. In addition,
we give results of existence and uniqueness of solution for the corresponding axial and bending
displacements. Section 9.3 is devoted to study the strong convergences of displacements and
stresses. In Section 9.4, we rewrite the limit problem over the original domain and, finally, in
Section 9.5, we present the differential formulations associated with the one-dimensional models
and we give some properties of the coincidence set as well as some regularity results for the bending
problem.
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9.1 Rescaling functions and changing variables

Following [80] and in order to simplify the calculations, we are going to introduce the mixed
variational formulation of Problem (P°).

Problem (MV P¢):
Find u® € K(Q°) and o€ € X(£2€) such that

1 € €
/ [ z!j o — Z,etr(ae)l} cTdx = / ef(u) : 7z, V7 € X(Q°), (9.1)
/ o ef(ve —u)dz® > F¢(v® —uf), v € K(Q°), (9.2)

where E€ and v€ are the Young’s modulus and the Poisson’s ratio of the material, respectively,
related to the Lamé parameters by the usual relations.

Remark 9.1.1. Under assumptions (H1¢)-(H6), there exists a unique solution of Problem
(MV P¢) in (HL(Q°) NK(QF)) x X(QF) thanks to Theorem 8.4.1.

Given that the dependence of the solution (uf,o€) of Problem (MV P€) with respect to € is
very complex, we define an equivalent problem for which this dependence is explicit. To do so, we
use a change of variable to a fixed domain and the subsequent rescaling of the displacements and
stresses. The reference domain, independent of ¢, is

Q=wx(~L,L), 2=,
y=0w=~T=00=T%
We associate each point x € Q with a point x¢ € Q° through the transformation (see [18])
I : 0 — O
x = (21,29, x3) — II¢(x) = x° = (ex1, €x9, x3), (9.3)

in such a way that
I = T(T), n(x%) = n(x),

where n is the outward unit normal vector to the surface I'.

We associate the functions v¢ € H!(Q¢) with the scaled functions v(e) € H(Q) through
va(€)(x) = €vg,(X°), v3(€)(x) = v3(x°), (9-4)

and the functions 7¢ € X(€Q¢) with the scaled functions 7(e¢) € X(€2) through

Tap(€)(x) = € 155(x), T35(e) (x) = € 'T55(x7), 33(e) (x) = 73(x). (9.5)

Notice that (9.4)-(9.5) are not a priori assumptions on the order of magnitude of the displacements
or stresses. It will be a result of the forthcoming analysis that the rescaled unknowns are actually
bounded.

In what follows, we consider the following additional assumptions on the data:
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(H7¢) The Lamé parameters are independent of e: A\ = A\, u¢ = pu. Consequently, Young’s modulus
and Poisson’s coefficient are independent of e.

(H8¢) There exist functions f € [L2(Q2)]? and h € [L?(T'y,)]? independent of € and such that
fo(x) = efa(x), [3(x) = f3(x), x € Q,
RE(x) = €2ha(x), h§(XC) = ehz(x), x € Ty, .
In addition, f and h verify:
Joa € %), fs € H' (=L, L); I*(w)),
ha € L*(Tn,), hs € H'((—=6,6); L*(,))-

Under the previous assumptions we obtain the following result:

Theorem 9.1.2. Under assumptions (H1¢)-(H8¢), the scaled displacement and stress fields (u(e), o (€))
of the solution (uf,a¢) € (HL(Q) NK(Q)) x X(QF) of Problem (MV P¢) is the unique solution
of the problem:

Problem (MV P(e)):

Find u(e) € HY(Q) NK(Q) and o(e) € X(2) such that
ao(o(€), ) + €2az(o(€), T) + e*as(o(€), ) — b(T,u(e)) = 0, V1 € X(Q), (9.6)
b(o(e),v —u(e)) > F(v—u(e), ¥veHL{(Q)NK(Q),

where
1
ap(o,T) = / —033733dT, (9.8)
o F
21 +v v
az(o,T) = / [(157)035735 - E(U33Tuu + 0putss) | de, (9.9)
Q
1
ag(o,T) = / [%0’&5 — %awéa,g] Topde, (9.10)
Q

b(T,V):/TijEij(V)dm’, (9.11)
Q

Proof. Taking into account expression (9.4), we obtain the following relation between the linearized
strain tensor €°(v¢) and the scaled linearized strain tensor e(v):

cap(v(€)) = €'ei3(v), e35(v(e)) = eeh(v), e33(v(€)) = eha(v).

So, we have that
he . vedl€ = ¢ (/ f-v(e)dx +/ h- V(e)df) ,
Q I'n,

/efe-vecl:f—l-/r?v1
[ ot e = ([ o) s evion).
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thanks to (9.3)-(9.5). Consequently,
b(o(e),v —u(e)) > F(v —u(e)), Vv € HL(Q) NK(Q).

Analogously, substituting expressions (9.4), (9.5) and (9.8)-(9.12) in Problem (MV P€) and apply-
ing the change of variable theorem, we obtain expression (9.6). O

9.2 Asymptotic expansion method

From now on in Part II, unless otherwise stated, we assume hypotheses (H1¢)-(H8¢). We suppose
that the solution (u(e), o (€)) € (HL(Q) NK(Q)) x X(Q) of Problem (MV P(¢)) can be written as
a formal expansion

(u(e),o(e)) = (u°,0°) + 2(u?, 62) + €*(u?, ) + o(*), (9.13)

where u’ € HL(Q) N K(2) and o € X(9) are independent of . Substituting expression (9.13)
in Problem (MV P(e)) and identifying the coefficients of the same powers of €, we obtain formally
that the terms of order zero must be a solution of the problem:

Problem (MV P):

w e HI(Q)NK(Q), o’cX(Q),
ap(e?,7) —b(r,u’) =0, VreX(Q), (9.14)
b(o, v —u) > F(v-1’), vveH.(Q)NK®).

In order to characterize the element (u®, o), solution of Problem (MV PY), we consider the de-
composition

H, () = Wi(Q) x Hy (),

where

W2 (Q) = {(v1,v2) € [H' (Q)]%; (v1,02,0) € H{(Q)},
Hi(Q) ={ve H'(Q);(0,0,0) € H{(Q)}.

Taking into account that in the contact boundary I'c the outward normal vector is given by
(n1,n2,0), we have that

K(Q) = K () x H'(),

where

Ko (Q) = {(v1,v2) € [H(Q)]?; vana < 0on T'ol.
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Consequently, Problem (MV P%) can be rewritten in the equivalent form:

(uf,ud) € Wy(Q) NKy(Q), uf € HX(Q), 0% € X(Q), (9.15)
1
/ —agnggdx — / 83ug7'33d:c =0,Vr33 € L2(Q), (9.16)
oF Q

/ (W) T = 0,¥(755) € [LA(Q)]7, (9.17)

Q
/ s (W) Tupda = 0,Y(ras) € [L2(Q)]L, (9.18)

Q
/ (0330503 + 03503v3)da = / favsdx + / havsdl, Vs € H(Q), (9.19)

Q Q I'n,

/Q 0% 50005 — u3) + 0350 (vs — ul)]dz > /Q fo(vs — u)dz + /F ha(og — u%)dl,  (9.20)
Ny

V(Uﬁ) S WSQ(Q) N KQ(Q)

To characterize the solutions of Problem (9.15)-(9.20), we introduce the following notations:

e The total force per unit of length is

qi(l'g) = / fZ'(l'l,:L'Q,xg)dxld{L‘g —&-X[_&(g}(.’ﬂg)/ ( )hi(azl,mg,mg)dq/. (9.21)
w TN (23

e The total moment about the origin of the cross-section per unit of length is defined as
M(z3) Z/(xzf& —x1f3, 71 fa — 22 f1)dr1dT2+
w

X[—é,(ﬂ (xg) / (xghg, —xlhg, xlhg - .%'th)d’y. (9.22)
TNy (xd)

We also introduce the subspace of H!(£2) corresponding to Bernouilli-Navier displacements (see
[80]):
Ven(Q) = {v e HY(Q); vy € H*(—L,L),v3 = v3 — £40300,v3 € H' (=L, L)}.

Moreover, to take into account the hypotheses of symmetry, we consider the subspace of
H™(-L,L), H"(—L,L) and H"(—L,L), m = 1,2, corresponding to its even and odd functions,
respectively.

The following theorem characterizes the solutions of Problem (9.15)-(9.20):
Theorem 9.2.1. Every solution of Problem (9.15)-(9.20) verifies:

(i) The displacement field u® € Vpn(Q); ul being given by
ud (21, 29, 23) = u3(x3) — T2O3us(23), V(x1, T2, 23) € Q, (9.23)

with v} € HY(—L, L). Moreover, u{ is null and u3 € H?(—L, L).
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ii) The axial stress 0% is given b
33159 4

053 = Edzuy = E(O3u — w2033u9), (9.24)

and the corresponding component of the bending moment is

mg = / $20§3da:1dm2 = —E11833u8.
w

(iii) The stretch component u$ is a solution of the axial problem:
Problem (PY): Find u} € HX(—L, L) such that

L L
/ FEAd3ul03v3drs = / qzv3das, (9.25)
L ~L

for allv) € HY(—L, L).
(iv) The displacement u) is a solution of the bending problem:
Problem (P9): Find u3 € H2(—L, L), (0,u)) € Ka(), such that

L

L L
/ EI933u3033(v9 — ul)dxz > / g2 (v9 — ud)das —/ M1 03(vS — uY)dxs, (9.26)
L L -L

for all v§ € H2(—L, L), (0,19) € Ka().

Proof. (1) By expression (9.18) we obtain that
81u(1’ = 82’[1,(2) =0, 8lug + 82u(1) =0.
Then, we deduce

u(z1, 02, 73) = ¢ (w9, 73), uY(1, T2, 73) = PI(21, 73),
020 (w2, x3) + D199 (21, 23) = 0.

Given that the variables z1,z9 and x3 are independent, we find that

0ot (wa, w3) = —D1 95 (w1, 23) = 2%(w3)
and consequently,

ui(w1, 22, 23) =27 (23) + 222" (23),

ud(z1, T2, x3) =29(23) — 212°(23).
In addition, u{ must be odd with respect to x1, so 20 = 20 = 0. Therefore, u{ = 0 and
uy = 29(x3). Moreover, (ul,u3) € Wy2(Q) and consequently, 25 € H(—L, L).

Furthermore, from (9.17), e35(u’) = 0, thus

0 0 0 0 0
81'[1/3 = _831,01 = 0, 82U3 = — 63”2 = —8322.



9.2. Asymptotic expansion method 105

Integrating, we obtain that
ug(xl, T2,x3) = gg(xg) — @8323(373) = gg(mg) — xgagug(arg). (9.27)
Summing up, we have proved that:
(1, 29, 23) = (0,ud(23), ul(23) — 2203ud(x3)) € HL(Q) NK(Q). (9.28)

In particular, 3ul = dsul — x2053u3 € L*(Q), from which we infer that:

L L
/ (Ou0)2dz — A / (050l (23)) 25 + I / (s5ul(z5)) 23 < 00;
Q —L L

souy € HX(—L,L) and u§ € H}(—L, L).
(11) It is easy to prove (9.24) substituting expression (9.27) in equation (9.16).

(117) Substituting expression (9.24) in (9.19), we deduce that

/ [E(03u§ — 2053u9)d3v3 + 09305vs]dw = / favsdx + / havsdl, Yvs € H}(€).
Q Q r

Ny

Choosing vs(r1, v2,73) = v§(x3) € HY(—L, L) as a test function, we have that

/E(é?gug — acgaggug)@gvgd:r = / fgvgdx—l—/ hgvgdf.
Q Q T

N1

Taking into account (8.18), we conclude that

L L s
/ EA@gg%@gvgdarg = / </ fgdxldx2> Ugdxg —I—/ / hsdy vgdxg,
—-L -L \Jw =5\, (z3)

for all vJ € H}(—L, L). Therefore, from expression (9.21), u3 is a solution of Problem (P).

(iv) By choosing (vi,v2) (21, 2, 23) = (0,09(x3)) € W2(Q) N K2(Q), with v € HZ(—L,L), as a
test function in inequality (9.20), we obtain that

/903283(21(2) — ug)dl‘ > /Qfg(vg — ug)dw + h2(v3 - ug)df. (9.29)

I'ny

Moreover, choosing v3(z1,72,23) = 2203(vy — u9)(z3) € HL(Q) in expression (9.19), we
deduce that

/Q (09,05 (20308 — 1)) + 030 (2205 (02 — u2))]de

= / f3x283(v(2) — ug)dx —l—/ hgxzﬁg(vg — ug)dI‘,
Q TN,
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and, consequently,
[ 8520008 ~ u8) + 0008 ~ )z
Q

= / fgm'zag(vg - ug)da: +/ hgm'gag(vg — ug)dl“ (9.30)
Q I'ny

Now, taking into account expression (9.24), we have that

L
/ Jg3x2833(vg — ug)dx = / 333(1}8 — ug) (/ J:QE(aggg — :Cgaggug)dl‘ldﬂf2> drs =
Q —L w
L
—/ E11833u8833(7)8 - ug)dazg (931)
L

From (9.29)-(9.31) we infer that:
L
/Qog283(vg - ug)dx :/ E[laggugag,g(vg - ug)dm;;—i—
~L

/Q$2f383(v(2) — ug)dx +/ $2h383(11(2) — ug)dl“,

IN

/Qag283(vg — ug)dx > /Q f2(v8 — ug)dx —|—/F hg(vg — uo)df.

Ny
Finally, from expressions (9.21) and (9.22), we deduce inequality (9.26) and then (iv).
O

Theorem 9.2.2. Under assumptions (H1¢), (H2), (H7¢) and (HS8°), there exists a unique
solution of Problem (P3).

Proof. Since uJ must be an odd function, the bilinear form associated to Problem (P$) is coercive
on HY(—L,L) C C([~L, L]) and the uniqueness is proved. O

Theorem 9.2.3. Under assumptions (H1¢)-(H3¢), (H7¢) and (H8F), there exists a unique so-
lution of Problem (PY).

Proof. Tt can be proved by applying a well-known result of Lions and Stampacchia [58]. Then, we
consider V = H2?(—L, L) which is a dense subspace of H!(—L, L) C C°([-L, L)).

We denote by pg the usual norm in H'(—L, L) which gives a pre-Hilbert structure to V and
by p1 the seminorm in V:
d*v
dz?

0,(—L,L)

no)=|
The subspace Y = {v € V;p1(v) = 0} is finite-dimensional since

Y ={veViv(zs) =cceR}.
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Moreover, due to the compact injection V < H}(—L, L), we have that (see [74])

inf po(v —y) < e1p1(v), Yo € V. (9.32)
yeyY

If we denote by a the bilinear form in (9.26), we obtain that a is continuous on V' and semicoercive,
ie.,

a(v,v) > copi(v), Yo €V, ¢z > 0. (9.33)
In addition, the right-hand side of equation (9.26) can be identified as an element of V'

L L
(F°v) —/ govdrs —/ M 03vdxs,
L -L

and, thanks to hypothesis (H3¢) for £ = 1, it is easy to prove that

(F%y) <0, YyeY,y#0,(0,y) € Ks(9). (9.34)
Relations (9.32)-(9.34) allow us to apply Theorem 5.1 of Lions and Stampacchia [58] and obtain
the existence of, at least, one solution of Problem (P9).

Now, let us assume that u and @ are two different solutions of Problem (P9). Then, we can
prove that there exists y € Ysuch that ©« = v+ y. Indeed, given that v and @ are solutions, we
can write

that is,
a(t —u,u—u) <0.

Consequently, from (9.33), y € Y and (F,y) = 0; so, from (9.34), ¥ = 0. In conclusion, there
exists a unique solution of Problem (PY). O

9.3 Convergence of scaled displacements and stresses

In order to complete the asymptotic analysis of the problem, we are going to carry out a convergence
analysis of the solution of Problem (MV P(g)), (u(e), o (¢€))->0, when € goes to 0. For all v € H(Q),
we denote

ViLa = [Ivlloa + lle()lloo;

which is an equivalent norm to | - |[1,o in H'(); the first addend gives a pre-Hilbert structure to
H'(2) and the second addend is a seminorm in H*(Q).

Definition 9.3.1. We define the subspace Y (Q) = HL(Q) N R(Q2)

Y(Q) = {w € H(Q); [e(w)[loo = 0} = {w = (0,¢,0);¢ € R}.
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Lemma 9.3.2. Let P be the projection of HL(Q)) onto Y (Q), with respect to the pre-Hilbert struc-
ture on HL(Q) defined by || - lo.q. Then,

Pv = (0, Mq(v2),0), ¥v € H(Q),

1
Ma(v:) meas(2) /sz o
Furthermore,
i%f@ v —wlloq = |v—Pvlloqa < Clle(v)|oq, Vv € HX(Q), C >0, (9.35)
we

C depending only on .

Proof. The projection P is well defined because Y (£2) is a finite-dimensional space. In addition,
given that Y () is a closed subspace, we have for each v € HL(2) (see [26])

(v—-Pv,w)=0,VweY,

that is,

0= (v—Pv,(0,¢,0)) = c/ (vg — (Pv)2)dz, Ve € R, ¢ # 0.
Q

Taking into account that (Pv)sy is a constant, we can deduce

1

T @)

/ vodz = Mgq(ve).
Q

Finally, Mq(vi) = Mgq(v3) = 0 since v € H.(Q) and from Poincaré-Wirtinger inequality, we
obtain (9.35). O

From now on, we will use an auxiliary stress tensor & (¢) defined by

G33(e) = a33(€), G3ple) = easple), Faple) = oas(e). (9.36)

Lemma 9.3.3. The following estimates hold:

160 < C1 (I€log + IBllory, ) (@), (9.37)
Calle(u(e)) B < F(u(e)), (9.39)
le(a()IBq < Cs (IElon + oy, ) lu(e)lo (9.39)

Proof. If we consider v =0 and v = 2u(e) in (9.7) and 7 = o (¢) in (9.6) we obtain that
ag(a(€),o(€)) + €2az(a(€), o(€)) + e*as(o(€), o(€)) = b(a(€),ule)) = F(u(e)). (9.40)

From (9.8)-(9.12) and (9.40) and taking into account expressions (9.36), it is easy to prove that

R

/Q (12”51-]-(6) - E*pp(e)éij> Gij(e)dx = /Q fiui(e)dx + hiu;(€)dT.

I'n,
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Thanks to the properties of the Lamé coefficients and the assumptions on the volume and surface
forces, we have that

Cillr @l < [ (F505(0 - Fomls, ) s =

/inui(e)da: + /FN1 hiu;(e)dl’ < Cs <||f|

00+ [hllory, ) [a(@)le;
and consequently,

Cuallé(e)2q < /Qf~u(e)dx+/r h-u(e)dl = F(u(e)), (9.41)

Ny

160 < Cu (I€log + IBllory, ) (@),

where C7 and Cy are positive constants depending on ), ' and v. So, we have proved estimate
(9.37).

From (9.6) and taking into account the definition of bilinear forms ag, az and a4, we obtain
that

< Cslla(e)lloellTlloge, V7 € X(2), Cs > 0,

/Q‘T ce(u(e))dx

since 0 < € < 1. By choosing 7 = €(u(e)), we deduce that

le(u(e))llo.q < Csllo(e)lloo- (9-42)

From inequalities (9.41) and (9.42), we have that

C’2||s(u(e))||(2)79 < /Qf -u(e)dx +/F h-u(e)dl' = F(u(e)), Cy > 0,

Ny

therefore,

le() e < Cs (Ifllo + IBllory, ) Iu(E)lh.o,
and hence estimates (9.38) and (9.39) are verified. O

Theorem 9.3.4. There exist constants C7 and Cg, independent of €, such that for all 0 < e <1
the solution (u(e),o(€)) € (HL(Q) NK(Q)) x X(Q) of Problem (MV P(g)) verifies

lu(e)]|1,0 < Cr, (9.43)

loo < Cs,  €lloas(e)llog < Cs. (9.44)

"033(6)H0,Q < 08, 6”0'3/3(6)

Proof. Let us assume that (9.43) is false, so there exists a sequence R,, — +00 as n — +00 such
that for all n > 0 there exists ¢, satisfying

la(en) 1.0 = Rn. (9.45)
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We define the sequence
1

R,
that verifies w,, € H(Q)NK(Q) and obviously ||wy||1,o = 1. Therefore, there exists a subsequence,
still denoted by (Wy,)n>0, such that w,, — w in H(Q) as n — +oco0 and w € HL(Q) N K(Q).

u(en), (9.46)

W, —

From inequality (9.39), it is verified

le(u(en))l3a < Cs (Ifllo.c + [Bllory, ) Rus (9.47)
and consequently,
le(wn)lloo = O(1/V/ Ry), (9.48)
thanks to (9.46); so
le(w)llo,0 =0, (9.49)

that is, w € K(2) N Y (Q).
Let P be the projection of H(Q) onto Y (£2) given by Lemma 9.3.1. Then,
|Pwy 0,0 > Co >0, as n — oo. (9.50)
Indeed, if the subsequence (wy,)n>0 verifies
[Pwallo,o — 0,
then, from (9.35) and (9.48),

0.2 < Clle(wn)log + [Pwallo.a — 0,

[Walloo < lwn — Pwallog + [[Pwy
and consequently,
[wall1o = O(lle(wn)llo.0 + [[Pwnllo.0) — 0,
while ||wy, |10 = 1 by construction; so (9.50) is true.

Since dimY (2) < +o0o0, the projection of H. () onto Y (£2) is compact (see [71]), so Pw,, — Pw
and hence, from (9.50),
||PW||079 > (Cy > 0.

Moreover, from (9.49), Pw = w, so we can deduce that w € Y () N K(2) is not null.

If Y(©2) N K(R2) = {0}, we obtain a contradiction. If Y(Q2) N K(Q2) # {0}, from assumptions
(H3¢) and (H5°) for € = 1, and since w,, = cna, ¢ # 0, we have that

/f-wda:—i—/ h-wdl'= F(w) =—r* <0.
Q T,
So, for each r fixed, r € (r*/2,3r*/2), there exists n, such that

F(Pw,) = / f-Pw,dz —l—/ h-Pw,dl' < —r <0, Vn > n,. (9.51)
Q

I'ny
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From inequality (9.38),
Colle(u(en)) 0 < F(u(en)) = F(u(en) — Pu(en)) + F(Pu(en)), C2 > 0,

and we obtain that

Clle(u(en)) I3 = RuF(Pwlen)) < (0.0 + [Bllory, ) (en) = Puten) o0 <
C (Il + Ibllory, ) (e log < Crolle(ulen)llo;

thanks to (9.35) with Cy9 > 0. Finally, from (9.47),

—R,F(Pw(e,)) < Cio\/Rn,

and taking into account expression (9.51), we conclude

rR, < Cio V Ry, n > n,,

which is obviously absurd since R,, — +00. So, expression (9.45) cannot be true and, consequently,
estimate (9.43) is verified. Therefore, from Lemma (9.3.3), bounds (9.44) are obtained and the
proof of Theorem 9.3.4 is complete. OJ

Corollary 9.3.5. The auziliary stress tensor & (€) defined by (9.36) and the auxiliary strain tensor
g(€) given by

E33(e) = £33(u(e)), E35(6) = € e35(u(9)), Zasle) = € Zap(u(e)), (9.52)
verifies that
Gij(€) = 1_'E_V€~ij(6) Y Vl)jg - 2y)5pp(f)5z‘j = Nijrici(e),

5 1+v._ v o 1 -
€ij(e) = T%’(E) - Eo-pp(e)(sij = Aijllclakl(e)-

Moreover, there exists C11 > 0 such that for alle, 0 < e <1,

€33(€)]lo,0 < Cr1,  |[E38(6)]Jo,0 £ Cit,  IEag(€)]on < Crr. (9.53)

Theorem 9.3.6. There exists a subsequence of (u(e),o(€)), also denoted with €, and there exists
an element W = (V;;) € X() such that

u(e) = a, n HY(Q), (9.54)
o33(€) = Wa3, o3p(e) = Vg, €0ap(e) = Vag, in L*(9), (9.55)

when € goes to zero. In addition, the following symmetry properties hold:

o U, i=1,2,3, are even with respect to x1 and x3,

o Wy is odd with respect to x1 and even with respect to x3,
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o W3 is odd with respect to x1 and x3,

o Wo3 is even with respect to x1 and odd with respect to x3.

Moreover,
/ W350pvdr = 0, Yv € HE(Q), (9.56)
Q
/ U,30qvpdr > 0, Y(v1,v2) € Wi (Q) N Ko (). (9.57)
Q
Proof. From Theorem 9.3.4 and Corollary 9.3.5, there exists a subsequence of (u(e), o (€))e=o such
that (u(e), & (¢)) converges weakly in H.(£2) x X () when € goes to zero, i.e.:

u(e) — @, in H(Q),
033(6) — \1133, 60’35(6) — \Ilgl@, ezaag(e) — \Ijaﬁ in LQ(Q).

The symmetry properties are a direct consequence from u(e) € H.(Q).

By choosing (v1 +u1(€), va+uz(€), uz(e)), with v = (v1,ve,0) € HL(Q)NK() as a test function
in (9.7) and multiplying by €2, we have that

62A0a5(6)8a5(v)d$+262/903g(6)63ﬁ(v)dx > €2 [/Q ngﬁd.ﬁ-}-/ thﬁdF] .

N1

Taking limits when € goes to zero, we obtain
/Q\Ilageaﬁ(v)dx >0, Vv=(v1,v2,0) € HY(Q)NK(Q),
and thanks to the symmetry properties of ¥,3 we deduce that
/Q\I/agaavﬁda; >0, V(vi,v2) € We(Q) NKy(9).

With the same procedure, by choosing u(e) + (0,0,v), with v € HL(Q), as test functions in (9.7)
and multiplying by €, we have that

6/ ‘736(6)3ﬂvd$+6/ 033(€)03vdr = € [/ fgvd:c+/ hgvdF] .
Q (9] O FNl

Taking again limits when € goes to zero, we find that

/ WU3505vde =0, Vo€ HY(Q).
Q



9.3. Convergence of scaled displacements and stresses 113

Corollary 9.3.7. The limit stress components Vg verify
/ \I’agaavlgdl’ = 0, \V/('Ul,'UQ) € WSQ(Q). (9.58)
Q

Moreover,

/\Ifaadxldxg :/sz\l’aadl‘ldﬂfg = 0. (959)

w

Proof. The three-dimensional stress tensor

_ Wi Y2 0
W= Wy WUy 0 ],
0 0 O

verifies variational problem (9.57), which can be written in differential form as

—divl = —0a¥ap = 01in Q,
Un =0 on IN\I¢,
¥.=0on Teo,
\T/n <0onTIq,

where the boundary conditions must be understood as described in [13]. Consequently,
0= —/ divWdz = Undl :/ W,,ndl. (9.60)
Q o0 T'o

Given that ¥, has constant sign on I'c and thanks to hypothesis (H5¢) concerning to ng, we

deduce that i/n = 0 on I'c. Therefore, components ¥,5 are a weak solution of variational problem
(9.58).

Choosing (v,v2) = (z10%, 220%), with v° € H}(—L, L) as a test function in (9.58), we have
that

L
/ vo/ U oodridradrs =0, Vo € HY(—L, L),
—L w

so, since ¥, is also even with respect to x3, we conclude

/ \Ifaadl‘ldl’g =0.

Analogously, choosing as test functions in (9.58) (v1,v2) = (0, 3230°) and (v1,v2) = (21220, 12300),

12
with v € H}(~L, L), we obtain

L
/ vo/xl\lflgdxldxgdazg =0,
—L w

L
/ ’UO/<$2\I/aad$1d.Z'2 + .’L‘qulgdl'lde)da}g =0,
—L w
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for all v° € H}(—L, L); then,
/xQ\Ilaadxldzvg =0.
w
So, components ¥, verify expression (9.59). O
Corollary 9.3.8. There exists a subsequence of (o (€))e=o such that
o33(€) = W33, eo3g(e) = Vg, eZgaﬁ(e) — V3,
in L?(Q) and there exist a subsequence of (u(e))eso and ¢ € X(Q) such that
ess(u(e)) =33, € 'egp(ule)) =z, € “eqp(ule)) = cap,

in L2(2). Moreover,

E vE
V. — . Siv = A
ij 1t V§z] + (1 T I/)(l — 2V) Spp9ij ijkISkl>
1+v v 1
i =5 Vi — 5 Vel = Ay V-
Proof. The result is a direct consequence of (9.52), (9.53) and (9.55). O

Theorem 9.3.9. The sequence (u(e))eso verifies

u(e) = u’ in HY(Q), (9.61)
where u® € Vgn(Q) is the first term in the asymptotic expansion (9.13).
Proof. There exists a subsequence, still denoted by (u(e))eso, in HL(£2) that converges weakly in

H!(Q) thanks to Theorem 9.3.6; let 1 € H(2) be its limit. We will prove that @ = u’.

Taking limits when € goes to zero in (9.6) and taking into account expressions (9.8)-(9.12), we
have that

1
/ \1133T33d$ — V/ \IIHHT33dx = / Ez‘j(ﬁ)ﬂ'jd:t, VT € X(Q),
E Jo E Jo Q
thanks to (9.55). From this relation we obtain:
£qp(0) = e35(11) = 0,
U3y = E€33(ﬁ) + I/\I/#u. (962)
So, a similar methodology to that used in proof of Item (i) in Theorem 9.2.1, allow us to deduce

€ Vpn(Q),

up =0,

Gy € H2(—L, L), (0,12) € Ko(),
U3 = Uy — 12031lg, Uy € HX(—L, L).

(9.63)

Consequently, replacing these results on (9.62), we find that

Pgg = E(83@3 — 1‘2833’112) + V\I/u,u- (9.64)
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If we consider v € Vpn(2) N K(Q2) as a test function in (9.7), we obtain

Q

/Q 733 (€) e (v)dz — / 015 (€)es; (u(e))da > / Fi0s — ug(€))da + /F il ()l (969

Moreover, taking into account expression (9.36) and Corollary 9.3.5, we have

[ osteuuonas = [ Fereoi = [ Aseraes

and, from Corollary 9.3.8,

liminf/Jij(e)eij(u(e))dxZ/Aczgd:):—/\I’:gdm—/\llijqjdm, (9.66)
Q Q Q Q

e—0

since A is a weakly lower-semicontinuous function (see [54]). So, taking lower limits when € goes
to zero in (9.65), we have for each v € Vpy(Q2) N K(),

/\P33€33(V)d$—/\lfij§ijdl‘ Zlimiélf/ 033(6)633(V)d$—liminf/ O‘ij(E)Eij(u(E))d$ >
Q Q € Q Q

e—0

it [ swa@emv)de — [ oy0esae)tr) =

liminf (/ fi(vi — wi(e ))dm+/FN1 hi(vi—ui(e))dI‘> _

/in(vi_ﬁi)dx-i-/r hi(v; — @;)dT.

Therefore,
/ \I/33€33(V —u)dz > / fl(’l)z — ;)dx +/ hi(v; — @;)dl+
Q Q I'ny
/ \I/gﬁ§3gdx + / \I/aﬁ§aﬁdl', Vv € VBN(Q) N K(Q) (967)
Q Q
Moreover, choosing v = uz(€) € HL(Q) in expression (9.56), we find that
/ U3305us(e)dr = 0.
Q
Multiplying by ¢! and taking limits when ¢ — 0, we deduce
/ \I’gﬁgggdl' =0. (9.68)
Q

Furthermore, choosing (vi,v2) = (u1(€),u2(€)) € Wgo(Q2) N Ka(Q) in expression (9.58), we have
that

/ VU ,30qug(€)dr = 0.
Q
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Multiplying by e~2 and taking limits, we see that
/ U, 5Sapdr = 0. (9.69)
Q

Therefore, from (9.67)-(9.69) we obtain
/ Ussess(v —u)dx > / f-(v—u)dx +/ h-(v—ua)dl, Vv e Vpy(2) NK().
Q Q T'ny
Taking into account the expression for W33 obtained in (9.64), we can write:

/ [E(O313 — w203312) + vW¥,,les3(v — 0)dr > /
0

Qf-(v—ﬁ)dzb—i—/ h-(v—u)dl,

I'ny

for all v.e Vpn(©) NK(2). Then,

/ E83Q3€33(V - fl)d(l: - / Ex2833712€33(v - ﬁ)dw + / V\I/MME33(V — fl)dIL’ >
Q Q Q

/ f-(v—1u)dx +/ h-(v—u)dl, Vv € Vpy(2) NK(Q). (9.70)
Q

I'ny

In particular, considering in equation (9.70) v € Vpxn(22) N K(Q2) such that v; = 0, vy depending
only on z3 and even with (0,v2) € K2(Q2) and v3 = @5 — x203v2, we obtain

/ Ew%agg?ZQagg(Ug — ﬁz)dw Z / fg(vg — ﬁz)d:ﬂ +/ hQ(UQ — ﬁQ)dF—
Q Q I'n,y

/ x2f383(v2 — ’L~L2)dSE - / $2h3(93(’02 - ﬂg)dr +/ I/xg\lf‘uuagg(vz - ag)d.’ﬂ,
Q FNl Q

thanks to (9.63). Taking into account (9.59), we conclude that

L

L L
/ E1,05312033(ve — tig)dx3 > / q2(v2 — Gig)dzs — / M103(vg — 12)dzs,
_L L —L

for all vy € H2(—L, L), (0,v2) € K2(Q); s0, ig = uy thanks to Theorem 9.2.3.

Similarly, choosing v € Vpy(Q2) N K(Q2) as a test function in (9.70), such that v, = @, and
vy = U3 + vy, with v3 € HY(—L, L), we find that

L L
/ E A0s3t303v5dx3 +/ v, 03vsdx :/ q3vsdrs,
—L Q —L

and from (9.59), @3 = uJ thanks to Theorem 9.2.2, which proves (9.61) for the subsequence u(e).
We can repeat this procedure for each subsequence of (u(e))c~ converging weakly in H.(Q); then,
the uniqueness of the limit implies that the entire sequence (u(e))eso converges weakly to u®. [
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Remark 9.3.10. From previous Theorem and Corollary 9.5.8,
1

Cas(u(©) = 2ap(@’) =0, peas(u(e) = ap (9.71)
3p(u(e)) > esp(u’) =0, ~egpu(e)) > sap (9.72)
533(11(6)) — 633(110) = ¢33, (9.73)

weakly in L?(Q).

Theorem 9.3.11. For each 0 < € < 1, let (u(e),o(€))es0 € (HL(Q) NK(Q)) x X(Q) be the solu-
tion of problem (9.6)-(9.7). Letu® € HL(Q)NK(Q), 095 € L?(Q) be the first term of the asymptotic
expansion (9.13). Then, when € — 0, the following convergences are obtained:

lu(e) —u’[l1.q0 — 0, (9.74)
lo33(€) — a83]l0,0 — O, (9.75)
ellosgllon — 0, (9.76)
€loapllon — 0. (9.77)

Proof. Convergences (9.75)-(9.77) are obtained by applying the same methodology given in Proof
of Theorem 10.4 in [80].

In order to prove (9.74), since u(e) converges weakly in H!(€2), there exists a subsequence, still
denoted u(e), such that converges strongly in [L?(2)]3,

[u(e) = u®flo.0 — 0. (9.78)
From (9.6) and (9.14), we obtain the following identity:
b(r,u(e) —u) = ap(o(e) — 60, 7) + az(o(€), T) + las(o(€), 7). (9.79)
Moreover, for each 7 € X(Q)
lao(o(€) — 0%, 7) + az(a(e), ) + elas(o(€), )| <

Crz [loss(e) — ogslloq + eloss(e)lloq + Elloas(@lloe] [Tlos. (9.80)

4

taking into account that 0 < € < 1 and then €2, €* can be bounded by € and €2, respectively, when

necessary.
Choosing T = e(u(e) — u®) in relations (9.79) and (9.80), we have that
Crrlle(u(e) = u?)[[f o < ao(o(e) — 0, e(u(e) —u’))+

Zaz(o(e),e(ue) —u?)) + elas(o(e), e(ufe) — u’)) <

0.0) lle(u(e) = u) o,

Cr2 (|loss(e) — osllo + ellosa(e) oo + €[|oas(e)
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therefore,

le(u(e) —u®) o0 — 0,
and taking into account (9.78) we conclude (9.74) for the subsequence u(e). This procedure may
be applied to any weakly convergent subsequence of (u(e))eso in H*(Q); so, the whole sequence
converges strongly. O

9.4 Returning to domain )¢

In previous section, we have proved that the first term of the asymptotic expansion (u’, o) is a
good approximation of the scaled displacements and stresses (u(e), o(¢)) when the cross-section
parameter € is small. Then, by applying the inverse transformations of (9.3)-(9.5), we obtain an
approximation of (u€,o¢), denoted by (u’, %), such that

The following theorem gives a characterization of this approximation:

Theorem 9.4.1. The terms u%, 0% are determined as follows:

(i) The displacement field u® belongs to the subspace V gy (Q°), where u{® is null, u3® € H2(—L, L)
and

u3® = ud® — x503us°, u3* € H}(—L, L). (9.81)
(ii) The stress component o35 is given by
035 = E(d3ud° — x5033u5°). (9.82)
(iii) The axial displacement gge is the unique solution of the problem:

Problem (PJ¢):
Find u3¢ € HX(—L, L) such that

L
/ EA°Q3ud* 03v5dx3 = / ¢§vadas, Yol € HY (L, L), (9.83)
-L

(iv) The displacement u3¢ is the unique solution of the bending problem:
Problem (P9¢):
Find u3* € H2(—L, L), (0,u3) € K2(Q), such that

L
/ Elf(?ggugeagg(vg—ug€)dx32/ q§( —u2 dZL‘g—/ Mlag( —u2 Vdxs, (9.84)
L L

for all v§ € H*(—L, L), (0,19) € Ka(2).
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9.5 Some properties of the limit models

In the axis of the beam, we distinguish:

° I‘?Vl = (—0,9), the part of the axis corresponding to the beam slice in which some surface
forces are applied.

o T% = (I — 6, —1)U(l,140), the parts of the beam axis under sections where their boundaries
intersect with I'¢.

From now on and without loss of generality, we consider that the second component of the
normal vector is negative, ny < 0, on the contact boundary I'¢,.

Theorem 9.5.1. The unique solution u3* € H}(—L,L) of Problem (PS) verifies the following
differential formulation:

EA°AuY = ¢, (9.85)
EAOuY (+L) = 0. (9.86)

In addition, vy € HX(—L, L).

Proof. Firstly, choosing an odd function ¢ € D(—L,L) C H'(—L, L), as test function in (9.83),
and applying integration by parts, we obtain

L L
—/ E A AuS pdas —/ qspdzs.
~L L

So, expression (9.85) is obtained in the sense of distributions. Moreover, since ¢§ is smooth,
uy € Hy(=L,L).

Multiplying (9.85) by v € H}(L, L) and applying again Green’s theorem, we have

L L
/ gsvdxs = / EAeﬁgggeagvdxg — EAeaggge(L)v(L) + EAeﬁggge(—L)v(—L) =
L —L

L
/ qvdrs — 2B AO3ud¢(L)v(L),
~L

taking into account expression (9.83), so we deduce (9.86). O

Theorem 9.5.2. Let uy € !—[62(—11, L) be the unique solution of Problem (PY%) and let denote the
coincidence set I = {x3 € T%;uY¢(z3) = 0}. Then there exists a nonnegative Radon measure u
such that

EI{A*uS = ¢§ + OsMf + p in (—L, L), (9.87)
I3 AU (£L) = Auy*(£L) = 0, (9.88)

with supp(p) C I.
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Proof. Firstly, let ¢ € D(J) C H?(—L,L) be an even function, with J = (—L,L)\I'%; taking

19 = ud¢ £ ¢, as test function in (9.84), and applying integration by parts, we find that

/ EI{AuS A¢dxs = / qsddrs + / O3 M pdis.
J J J
So, we obtain in the sense of distributions
EI{A*ud = ¢§ + 93 M5 in D'(J). (9.89)

Therefore, multiplying (9.89) by a test function v, taking into account that H2(L, L) C C*(~L, L)
and since q§ + 93M; € L?(—L, L), applying again integration by parts, we deduce that

/ EI{A*uSvdrs = / EI{AuS Avdrs — EIf93AuS (—L)v(—L)+
J J

BI03AuS (L)v(L) + EI{AuS (—L)dsv(—L) — EISAuSS(L)dsv(L) =

/qgvd:ngr/ O3 Mivdzxs,
J J

for all v € H3(—L, L) such that v = 0 in I'Y, and hence, using variational formulation (9.84), we
deduce (9.88).

Next, let 2§ € TS\, 3 > 0, be arbitrary and B,(+z9) = B.(23) U B,(—29). Because
(0,u9) € Ka(Q°), there exist r > 0 and ¢ € D(B,(£29)) such that

$(z) > 0 in B, (Fz3),
ud¢ > ¢ in H?*(B,(£29)).

Then, for all £ € D(BT/2(:I:J:g)), there exists v > 0 such that
udt + vé > % in H2(BT/2(:i:xg)).

Choosing v§ = u3¢ + v¢ in (9.84) and dividing by v, we have that

/ EIS AU Acdrs > / gsedzs + / ME8s€das.
Br/2(i$g) Br/2(i$g) Br/2(i$g)

Analogously, applying the same procedure to —&, we obtain the equality

/ EISAuY Atdrs = / g€z + / MSs€ds,
Br/2(i$g) Br/2(i$g) BT/Z(izg)

for all £ € D(B, 2(£19)), and then,
EIA%UY = g5 + 03 M in D' (TA\I). (9.90)

Now, we notice that from (9.84),

L
/ EIfAugeAvda:gZ/
~L

L L
gsvdrsg — / M;i0s3vdxs,
L -L
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for all v € H2(—L, L) with v > 0 in I'Y; in particular,
a(uds,v) — (f§,v) > 0,Yv € H*(—L,L)N H}(—L,L), v > 0 in T'Y,
where a is the bilinear form
L
a(u,v) :/ EI{AulAvdzrs, Vv € H3(—L, L),
-L

and f§ € [H2(—L, L)] is given by

L L
(fs,v) = / gsvdars +/ dsMfvdxs, Vv € H(—L,L) N HY (=L, L).
L —L

Therefore, by Riesz-Schwartz theorem (see [76]), there exists a positive Radon measure p in (—L, L)
such that

L
a(uggvvg) - (fé?vg) = / U(Z)dﬂvvvg S Hg(_L7L> N H(%(_LvL)a U(Q) =>0in FOC’
-L
Finally, from (9.89) and (9.90), supp(p) C I and we deduce (9.87). O

Remark 9.5.3. The problem defined by equations (9.87) and (9.88) constitutes a generalization
of the Euler-Bernouilli theory for the case of beams in contact with a rigid foundation, in which
becomes into a singularity in the resultant of the applied loads. Other generalizations of Bernouilli-
Euler models with singularities are shown in [21] and [80].

Proposition 9.5.4. The limit vertical displacement satisfies the following regularity properties:
uy® € C*(—=L,L)NC3*((—L, L)\I).
Moreover, the lateral limits 93 Au3S (x3) ewist for all x3 € I and
D3 AU (x7) > O3Auy (3 ), Vas € I. (9.91)
Proof. From previous Theorem it is clear that A2u3¢ € L?((—L, L)\I). Since I is a closed interval,
uye € H*((—L, L)\I), and then, u3¢ € C3((—L, L)\I).

Moreover, from (9.87) and given that p is a positive Radon measure, and hence it can be
considered as the derivative of an increasing function ¢ (see [76]), we can write

EI{o3AuS = G + ¢ in (—L, L), (9.92)
thanks to (9.88), where G¢ is the continuous function in (—L, L) given by
z3
Geaa) = [ (a3(o) + 0 (5)s, (9.99)
—L

and ¢ is defined by:
3
plas) = [ dn (9.94)

—-L
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By integrating (9.92) and thanks again to (9.88), we obtain

3
BT AW (z5) — / (G + p)ds, w5 € (—L, L), (9.95)
—L

where the right-side term is a continuous function in (—L, L); therefore, Au3¢ is continuous in
(=L, L) and, consequently, u3 € C*(—L, L).

Finally, we know that ¢ defined by (9.94) is a function of bounded variation in all closed
interval; hence the discontinuities of ¢ are only jump discontinuities (see [3|) and hence, from
(9.92), the lateral limits 83Au8€(:v§:) exist and verify (9.91) thanks to ¢ is growing. O

Proposition 9.5.5. i) If the axial forces F3 and Hs are null, the axial stress component O'g§ 18
null on int(I).

ii) If I C (—L, L), the measure p verifies:

L
u(l) = —/LQSd:vs, (9.96)

= —q5 — O3M;s in D'(int(I)). (9.97)
iii) The jump discontinuities of d3AuYc lie in OI.

Proof. i) It is easy to prove that Qg€ = 0.

Then, let z3 € int(I); there exists o > 0 such that

uy(y) = 0, ¥y € Bo(x3) C int(I),

which implies that

ud(y) = O3ud (y) = Os3ud(y) = I333u5(y) = 0, Vy € Ba(x3). (9.98)

So, thanks to (9.82), 35 is null in B, (x3), and therefore, 03§ is null in int(I).

ii) Multiplying expression (9.92) by dsv, with v € H2(—L,L), such that v > 0 in 'Y, and
integrating in (—L, L), we find that:

L L

L
/ EI{0sAuSdsvdas = / G Ozvdasz + / pd3vdas.
L L

_L _
By applying Green’s identity and the even character of v, we can write

L L L
—/ EI{AuY Avdry = — / gsvdxs + (/ qu:b3> v(L)+
L

—L L

L L
/ MiOsvdxs + / pdzvdrs. (9.99)
~L ~L
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Besides, from the variational formulation (9.84) we obtain that

L
/ EI{AuS Avdzs 2/
-L

L L
gsvdxs —/ M7dsvdzs, (9.100)
L L

By term-by-term addition of (9.99) and (9.100), we have that

L L
0> (/ qux3> v(L) —I—/ wdzvdas, Yo € H>(—L,L);v >0 in T, (9.101)
~L ~L

Let us choose v such that supp(v) N supp(p) = @ and let us consider v = v — v(L) €
H2(—L,L)N H(—L, L); by using the definition of derivative in the sense of distributions,

L L L L
/ch(?gvdxg = /Lgo8317d:v3 = —/_L vdp = —/_Lvdu+v(L)u(I) =v(L)u(l). (9.102)

So, substituting (9.102) in expression (9.101), we deduce that

L
v(L) (/ g5dxs + ,u([)) <0,Yv € H*(—~L,L);v > 0in I'%.
L

Then, we conclude (9.96) considering test functions v such that v(L) = +1.
Finally, if v € D(int(I)) is an even function, from (9.99) we obtain that

0= /EIfAugeAvdmg = /q§vdac3 +/83vadm3+/vdu,
I I I I

and so (9.97).

iii) From the demonstration of Proposition 9.5.4, we know that d3AuY¢ has only jump discon-
tinuities that are in the coincidence set I. Due to (9.98), d3AuY¢ is continuous in int(I)
(identically zero) and, therefore, the discontinuities must appear on 1.

O

Proposition 9.5.6. Let u3¢ be a smooth solution of the differential problem (9.87)-(9.88). If
uye >0 in T, then ud is the solution of Problem (PY°).

Proof. Following the same reasoning that in Proposition 9.5.5, we can write:

L L L L
/ EI{d3Aud dsvdas = — / gsvdzs + v(L) / ¢5dxs + / M7 0z3vdrs—
~L L L -L

L L
- / vdp — U(L)/ g5dxs =
-L -

L L L
—/ qgvd:cg—l—/ Mf@gvdzng—/ vdpu,
—L —L —L

for all v € H2(—L, L) such that v > 0 in I'2.
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Besides, by applying integration by parts to the first term in the previous expression and taking
into account (9.88), we have that

L L L L L L
/ EIfAugeAvdazg = / gsvdxs — / M;0svdxs + / vdp > / gsvdxs — / M7 0svdxs,
L L ~L —L -L ~L

since u is a nonnegative measure and, therefore, the theorem is proved. O



Chapter 10

An improved formula for the MOR

As we have mentioned in the introduction of Part II, the relative simplicity of the three-point bend-
ing tests has permitted its popularization for measuring the MOR of brittle materials; nevertheless,
the fact that samples of same material can lead to different values for the MOR is something quite
common. Our guess is that this effect is due to the classic theoretical formula generally used in
engineering to compute the MOR which, from our point of wiev, should be completed with some
three-dimensional effects.

By taking advantage of all the theoretical results collected in Chapters 8 and 9, in this chapter
we are going to obtain a new formula for the MOR. This new expression takes into account not
only the rupture load and the total length of the beam but also the distance between the two lower
cylinders, the effect of the gravity and the distance between the ends of the beam and the lower
cylinders.

The outline of this chapter is as follows: In Section 10.1, we introduce the classic formula for
the MOR of brittle materials. Section 10.2 is devoted to recall the mathematical model associated
with this experiment: an elastic problem with a frictionless unilateral contact condition. We
summarize the assumptions of compatibility on the forces needed to obtain the existence of a
unique solution of the associated variational problem. Several examples for laboratory tests for
cylindrical and rectangular beams are detailed in Section 10.3: The Experiments I and II. We show
that the previous compatibility assumptions are satisfied for these real experiments. In Section
10.4, we obtain, from the differential formulation of the bending and axial displacements obtained
in Section 9.5 by using the asymptotic analysis, analytical solutions for Experiments I and II.
Moreover, we introduce the new theoretical expression for the MOR.

10.1 The theoretical MOR

In the classical theory of beams, the MOR, is given by an explicit expression which involves the
value of the load of failure, H, the distance, 2/, between the two lower cylinders, and the second
moment of inertia, I, of the transversal section of the beam (see [5]).

In particular, the theoretical MOR, of a cylindrical beam with radius R subjected to a failure

125
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load with modulus H is
2HI

oI T TR3
analogously, if the beam is rectangular with width 2a and height 2b, the theoretical MOR is

(10.1)

3HI

An explanation on the classic expression for the MOR will be presented later in Appendix A.

10.2 Mathematical model for the real experiments

We recall in this section the mathematical problem arising from the three-point bending test
already introduced in Chapter 8 and, from now on, we omit the index e to simplify the notation,
that is, e = 1.

Let w be a bounded, open, connected domain in R?; we consider a beam which occupies at
rest the domain Q = @ x [—L, L], L > 0, and we refer the motion of the beam to a fixed Cartesian
system Oxjzoxs whose origin is situated at the center of gravity of the beam (see Fig. 10.1).

€T,
w' .

Figure 10.1: Sketch of three-point bending test.

The physical problem consists of determining the displacement vector field, u, and the stress
tensor field, o, that the beam €2 suffers when it is subjected to a three-point bending test.

Let I' be the boundary of the beam which is the union of the lateral boundary I'; and the
ends 't = w x {£L}, n being the outward unit normal vector to I'. T is partitioned into three
non-empty, open and disjointed parts I'c, I'y;, and I'y,, where I'¢ is the region of the beam resting
on the two lower cylinders for which we impose a Signorini frictionless contact condition (see [54]);
'y, corresponds to the region of the boundary in which the upper cylinder exerts a compression
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force of known resultant, H, and I'y, represents the remaining lateral boundary of the beam that
is free of forces. The ends of the beam are also assumed to be free of forces.

The most used materials in three-point bending tests are brittle materials that break suddenly,
being its response, until the moment of failure, almost elastic and linear. Then, we assume that
the infinitesimal strain field, £(u), is related to the stress tensor, o, through Hooke’s law and that
the material is homogeneous and isotropic.

Under the assumption of small displacements, the behavior of the beam is governed by the
usual equilibrium equations:

Problem (P):

Find the displacement vector field, u(x), and the stress tensor field, o(x), at each point x € ,
satisfying:

—div(e) =f in Q, (10.3)
on=hon 'y, (10.4)
on=0onIly Ul'y, (10.5)
o,=0, 0,<0, u, <0, opu, =0o0nI'e, (10.6)
o = Ae(u) = Mr(e(u))I + 2ue(u) in £, (10.7)

where u,, is the normal component of u and o,, and o, are the normal and tangential components
of on, respectively. In (8.9), A and p are the Lamé parameters of the material, related with
Young’s modulus, F, and Poisson’s ratio, v, by the usual expressions.

In order to carry out a mathematical analysis of Problem (P), associated with the three-point
bending test, we consider the space of displacement vector fields H!(Q) = [H!(2)]® and the convex
subset of kinematically admissible displacements

K(Q) = {veH(Q);v, <0onT¢}.
The corresponding space of stress fields is defined by
X(Q) = {r = (r); 7 € [LX(Q)), 735 = 7).

From now on in this Part II, we consider the following hypotheses.

(H1) The volume forces satisfy f € L?(2) and the surface forces h € L2(T'y,).

(H2) The material is homogeneous and isotropic; so, the elasticity tensor A defined in (8.9) is such
that A\, p € R, A\, u > 0.

(H3) The applied forces verify the compatibility condition

/f-wdx+/ h - wdl' <0,
Q 'y,

for all w € K(Q2) NR(Q2), where
R(Q) = {w ¢ HY(Q) : e(w) = 0 in [L*(Q)]°}, (10.8)
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is the set of rigid displacements. Moreover,

/f-wdx—i—/ h - wdl' =0,
Q I'n,

if and only if w € R,,(£2), where

R, (©2) ={w e R(Q);w, =0 a.e. onT'c}.

(H4) The set (K(2) "R(2)) \ R,(£2) is non-empty.

(H5) e Domain w is symmetrical with respect to the lines 1 = 0 and x2 = 0.

e Boundaries I'y, and I'c are symmetrical with respect to the planes z; = 0 and x3 = 0.
Furthermore,

Iy, = {x €[5 |as| <6, (z1,72) € v, (23)},
I'c = {X S FZ;O < |.7}3| —-I< 3, (xl,wQ) S 7(;(;1:3)},

with vn, (z3),vc(z3) C 7, and 4, 6 being small parameters, verifying § < [ — 4.

e The second component of the outward normal vector to I' is not null on I'¢ and with
constant sign. Moreover, it is even with respect to .

(H6) Volume and surface forces verify that
e f; and h; are odd with respect to 1 and even with respect to xs,

e fo and hs are even with respect to x1 and x3,

e f3 and hg are even with respect to x1 and odd with respect to xs.

The weak formulation corresponding to Problem (P) is the following:
Problem (VP):
Find u € K(€) such that:

/QAe(u) re(v—u)dx > /Qf- (v —u)dx —I—/ h-(v—u)dl, VYveK().

Ty,
By using a well-known result of Fichera (see [40]), in Section 8.4 we have established the
existence of a unique solution of Problem (PV) (see [69]):
Theorem 10.2.1. i) Under assumptions (H1)-(H4), there exists a solution of Problem (V P).

ii) Under assumptions (H1)-(H6), there exists a unique solution u € HL(Q) N K(Q) of Problem
(VP), HL(Q) being the set:

vy 48 odd in x1 and even in x3
H!(Q) = {vecH(Q); vy is even in x1 and x3
v3 18 even in xr1 and is odd in x3
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10.3 Verifying hypotheses for two laboratory experiences

In this section, we are going to describe in detail the two real cases of bending tests carried out in
laboratory and to prove that the assumptions of compatibility introduced in previous Chapters are
satisfied. These experiments have been carried out in collaboration with the Institute of Ceramics
of the Universidade de Santiago de Compostela where porcelain is used as the brittle material and
cylindrical and rectangular beams are considered. For both, numerical results will be presented in
Chapter 11.

10.3.1 Description of data of the experiments

In the following, we present a description of the geometry of the samples, of the different regions
considered at the boundary and of the applied forces. In three-point bending tests, the boundary
I'y, corresponds to the region of contact between the beam and the upper cylinder, which is
assumed to be known in advance. In this region, the force is applied vertically to the beam and its
resultant, H = —Heq, H > 0, is measured in laboratory. In practice (see Figure 7.1), this force
is very close to a “Dirac’s delta” distribution, which can be approached in numerical simulations
as top hat functions defined on small areas and with the same resultant. In effect, according
to Saint Venant’s principle (see [35]), if a body is submitted to a system of forces acting over a
bounded region of its surface, stresses and strains induced away from this region do not depend
on the particular form of the applied force, but rather on its resultant. Taking into account that
our objective is to compute the MOR, which depends only on the stresses induced in the region
opposite to I'y,, in order to simplify the computations, we assume that the applied force is a top
hat function with constant density, h,

H

h=-hey, h=——.
°2 area(T'y, )

The contact boundary, I'¢, corresponds to the region where the beam may come into contact
with the two lower cylinders; while I'¢ is fixed in advance, the actual contact area is, of course, a
priori unknown.

The only volume force acting on the beam is due to the action of the gravity and its expression
is
f = —pges,

where p is the density of the material and g is the gravitational acceleration. In both experiments
we consider, as brittle material, the porcelain.

We detail below the two considered experiments.

Experiment I: Cylindrical beams.

In this first case, we are going to use a system of cylindrical coordinates {r,8,z}. We
consider a beam of length 2L whose section is a circle of radius R and we assume that there
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is a distance 2l between the two lower cylinders. The geometry of the beam can be expressed

by

Q={(r,0,2);r€[0,R),0 €[0,2m),z € (—L,L)}. (10.9)
The expression for the boundary I'y, is

Ty, = {(R.,0,2);0 € (g—a,gm) 2 € (=6,8)), (10.10)

where ¢ is a positive parameter and small enough to assure that the resultant force on I'y,

is H; therefore,
1/2
s ()
4hR

The contact boundary, I'¢, is given by the expression

sm_9 3”+5> 2 € (=l=0,-) U (L,1+3)}, (10.11)

Te={(R,0,2);0 il
C {(Ra 72)7 € (2 27 9 92

where § is the thickness of the contact zone between the beam and each lower cylinder; 5 is
a positive parameter and small.

Experiment II: Rectangular beams.

In the second experiment, we use rectangular beams of length 2L, width 2a and height 20,
so their geometry is described as

Q= (—a,a) x (=b,b) x (=L, L).
The expression of the boundary I'y, is
Ty, = {(21,b,23); 21 € (—a,a), 23 € (—4,0)}, (10.12)
where, again, 26 is chosen such that the resultant force on I'y, is H:

H
0= —.
4ha

The contact boundary, I'¢, is given by the expression
To = {(21,-b,x3); 71 € (—a,a),23 € (—1 — &, ~1) U (1,1 + )}, (10.13)

where, again, § is the thickness of the contact zone between the beam and each lower cylinder.

10.3.2 Behaviour of applied forces

As we have recalled in Section 10.2, there exists a unique solution of Problem (V' P) if assumptions
(H1)-(H6) are verified. In this section, we focus on prove that the assumption (H3) is satisfied
for both experiments I and II. For this, first, we are going to characterize the expression of rigid
displacements.



10.3. Verifying hypotheses for two laboratory experiences 131

Characterization of rigid displacements

The following lemma identifies the elements of R(f2) defined by (10.8).

Lemma 10.3.1. The following conditions are equivalent:

(1) weR(Q),
(ii)) w(x) =c+d x x, a.e. inQ, withc,d € R3,
(iii) w(r,0,z) = wre, + wpeg + w,e,, where
wy = (A sin 6 + Bcosf) + z(C sin § + D cos§),

wy = (Acos@ — B sin 0) + z(C cos@ — D sin 0) + Er,
w, =F —r(C sin 8 + D cos¥),

a.e. in Q, with A,B,C,D,E,F € R,

where x denotes the vectorial product, x is the position vector of the point (x1,x2,x3) and (r,6, z)
are the cylindrical coordinates of x in 2.

Proof. Equivalence between (i) and (i) can be seen in Theorem 3.2 of Chapter 6 in [61]. Implica-
tion (4ii)— (i) is obvious if we take into account the expression of the infinitesimal strain field in
cylindrical coordinates (see [53]).

We are going to prove the implication (i)— (iii). We have that w € R(f2), so it means in
cylindrical coordinates

0=¢er(W) =wyp, (10.14)
1 r
0= 699(W) = ;wgﬂ + —, (10.15)
0=c,(W) =w,,, (10.16)
1
0= 2e59(w) = wp, + wrg - % (10.17)
1
0 =2¢ep, (W) = ;wZ,Q + wp 2, (10.18)
0=2e,,(W) =wy, +w,,. (10.19)
By using (10.14), (10.16) and (10.19) we have
Wy = f1(9) + fg(ﬁ)z, (10.20)
Wy = fl(e) + fQ(Q)T, (1021)

with
f2(0) = —f2(0). (10.22)
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Deriving with respect to z in (10.18) and by using (10.16) we have that wyp ., = 0. Again, deriving
with respect to 7 in (10.18) and by using (10.21), we obtain

1

Deriving with respect to z in (10.17) and by using (10.20) and (10.23) we can write

wo- = L F1(6) + F36), (10.24)
and deriving now with respect to r
wo.r =~ F1(0). (10.25)
Expressions (10.23) and (10.25) lead to the condition
fi0)=0 Voelo,2r)= fi(0)=fL eR V0 € [0,27). (10.26)

Therefore, from (10.21), (10.22), (10.24) and (10.26) we have the expressions

wp = f5(0)z + f3(r,0), (10.27)
w. = fi — f2(0)r. (10.28)
Substituting (10.20), (10.27) and (10.28) in (10.15) and (10.17), we obtain
0=(f3(0) + f2(0))z + f1(0) + f30, (10.29)
0= fsr—  Fo(r,0) + L1(0). (10.30)

Deriving with respect to r in (10.29) and with respect to 6 in (10.30), we deduce

O = f3,7‘97

1 1
0= —;f:w + ;f{/(e)v
and then
fz0 = f1(0).
Therefore, we have
f3(r,0) = f1(6) + fa(r). (10.31)

In addition, substituting (10.31) in (10.30), we obtain that f4 must verify the ordinary differential
equation:

Fi(r) = ),

whose general solution is
fa(r) = far, faeR;

this leads to the following expression for f3:

f3(r,0) = f1(0) + far. (10.32)
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Finally, substituting the previous expression in (10.29), we have
0= (f3(0) + f2(0)z + (f{(0) + f1(9)), V(0,2) € [0,2m) x (~L, L), (10.33)
so we obtain the homogeneous ordinary differential equations for fi; and fo:

1(0) + £1(6) =0,
2 () + f2(0) =0,

whose general solutions are:

f1(0) = Asin 0 + Bcos, A,BeR, (10.34)
f2(0) =C sin 0 + Dcos, C,D eR. (10.35)

In conclusion, from (10.20), (10.27), (10.28), (10.32) and (10.34)-(10.35) we have that w verifies
(iid). O

10.3.3 Verification of assumption (H3)

In three-point bending tests, volume and surface forces are given by the following expressions in
cartesian and cylindrical coordinates:

f = —pgea = —pg(sin e, + cosbey), (10.36)
h = —heg = —h(sin fe, + cosfey), h > 0. (10.37)

We are going to prove that these forces satisfy assumption (H3) in order to obtain the existence
of a unique solution of Problem (V P).

Lemma 10.3.2. In experiment I, volume and surface forces verify assumption (H3).
Proof. Taking into account expression (10.9) and by using (10.36) and (10.37), we have

/ f-wdx + / h-wdl = —2R(wLRpg + 26%h) A, (10.38)
Q I'n,

for every w € R(Q2) given by (%ii) of Lemma 10.3.1.

Then, hypothesis (H3) is verified if we prove that A > 0, for every w € K(©2) N R(2) and
A =0 if and only if w, =0 on I'c.

Let us assume that w € K(Q) NR(Q); since n = e, on I'¢, we can write
wp, =w-n=Asinf + Bcos + z(Csinf + Dcosf) <0 a.e. on I'c.
Consequently:

A 3r 6
0> w - ndl' = —46 cos (W + ) RA, (10.39)
I 2 "2
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and so A > 0.
In order to complete the proof of (H3), from (10.39), A = 0 if and only if
w - ndl’ = 0.
NG}
Since w, < 0 on I'c, we can conclude that A = 0 if and only if w, =0 on I'¢. O

Lemma 10.3.3. In experiment 11, volume and surface forces verify assumption (H3).

Proof. In this case we consider a rectangular domain, where =1 € (—a,a), za € (—b,b) and
x3 € (—L,L). Let w € K(2) N R(2), we have that

/ f wdx + / h - wdl' = —(8abLpg + 4adh)ca, (10.40)
Q T,

for every w € R(Q2) given by (%) of Lemma 10.3.1.

Then, hypothesis (H3) is verified if we prove that ca > 0, for every w € K(£2) N R(f2) and
co = 0 if and only if w € R,,(Q2).

Let us assume that w € K(Q) NR(Q); because w - n < 0 a.e. on I'c, we have that
0> [ w-ndl = —4adcy, (10.41)
|Ne]
and so ¢co > 0. Moreover, ¢o = 0 if and only if
w - ndx = 0,
e

and, since the sign of w, is constant on I'c, we conclude that co = 0 if and only if w,, = 0 on
Tc. O

10.3.4 Existence and uniqueness of solution for experiments I and II

Proposition 10.3.4. There erxists a unique weak solution u € HL(Q) of Problem (P), defined by
(10.3)-(10.7), corresponding to experiments I and II for a porcelain beam.

Proof. Assumptions (H1) and (H6) are satisfied thanks to expressions (10.36) and (10.37). As
porcelain is a homogeneous and isotropic material, with positive and constant Lamé parameters,
assumption (H2) is also verified. Lemmas 10.3.2 and 10.3.3 guarantee that assumption (H3) is
satisfied for experiments I and II, respectively. Assumption (H5) is also verified due to the sample
geometries.

Furthermore, it is easy to verify assumption (H4). Indeed, if we consider w € K(2) N R(£2),

wW-n= (61 + doxg — dg.l‘g)nl + (CQ + d3x1 — d11‘3)n2 <0onTg.
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Finally, since no is non null, choosing ¢; = d2 = d3 = 0 and ¢z, d; # 0, we obtain that there exists
w e (K(2) NR(2))\R,(Q2), w # 0, such that

w-n = (cg —dyzz)ng # 0.

So the result is obtained from Theorem 10.2.1. OJ

10.4 Obtaining a new formula for the MOR

In Section 9.4 we have obtained the one-dimensional variational problems associated to the bend-
ing and axial displacements in three-point bending tests by applying the well-known method of
asymptotic expansions. We have proved that a good approximation of the solution of the three-
dimensional Problem (V P) is the limit displacement u® = (u,u3,uY), where the transversal
displacement, u!, is null, the bending displacement, u9, only depends on 3, and the axial dis-

placement, ug, is given by:
0 0
u3 = u3 — x203Uy.

In particular, in the scenario of experiments I and II introduced in Section 10.3, the limit bending
and axial displacements are the solution of the following variational problems:

Problem (PY): X )
Find u§ € H2(—L, L), such that uJ > 0in 'Y, = (=1 — 0, 1) U (I,l + ) and

L L
/ ELAUWA W — ul)dzs > / a2 (VS — ud)dzs, (10.42)
-L -L
for all v§ € H2(—L, L) such that v§ > 0 in F%. Here, ¢ is the total vertical force per unit of
length:
q2(r3) = —pgB — X (~s6)(x3)th,
where:
5= mR? for experiment I, | 20R for experiment I,
~ | 4ab for experiment II, | 2a for experiment II.

Problem (PY):
Find u§ € H}(—L, L), such that

L
/ d3ul B3v3dxs = 0, Vol € HY(—L, L). (10.43)
—L

Moreover, in Section 9.5, we establish some properties of the bending and axial displacements
which are collected in the following propositions (see [69]).

Proposition 10.4.1. In the scenario of experiments I and II, the bending and axial problems (Pg)
and (Pg) have unique solutions. Furthermore, gg is null and the azial normal stress is given by
the expression

093 (x) = —ExoAud(23), Vx € Q. (10.44)
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Proposition 10.4.2. Let denote the coincidence set

I={x3¢€ f%;ug(:zg) =0}.

i) The bending displacement u satisfies the following differential problem.:
ELA%WS = go + pin (L, L), (10.45)
O3AuY(£L) = Aud(+L) = 0, (10.46)
where p is a nonnegative Radon measure p such that supp(p) C I.
i) uY verifies the regularity properties:
uy € C3(—=L,L)NC3((—L, L)\I).
iii) The lateral limits 93AuS(23) exist for all x3 € I and

O3 Aud(23) > O3Aud(23),Voz € 1.

iv) The measure | verifies:

v) The reciprocal of i) is also true if ud > 0 in T'Y.

In the particular case of the experiments I and II, we can demonstrate that the effective support
on each lower cylinder will be a point or an interval.
Proposition 10.4.3. Let u3 be the solution of Problem (PY). If xg, x1 € I with 0 < zo < 1,

therefore [—x1, —xo] U [0, 21] C I.

Proof. The proof is very close to that given in [29]. From now on, we denote I = [—xy, —20] U
[x0,x1]. We define the following function:

v=ud(l—xj)

which satisfies v € H2(—L, L) as a straightforward consequence of the fact that uy € H2(—L, L) C
C'(=L,L) and u) > 0 on I'Y. Moreover, v > 0 in I'2..

We consider w = u3 —v € H2(—L, L) that verifies w > 0 on I and w = 0 on (=L, L)\I. Then,
choosing v9 = w + uJ as test function in expression (10.42), we have that

L L
/ EllAugAwdmg > / qwdzrs,
L —L

and from the definition of w,

/NEllAugAugdxg > /~q2ugda@3.
I I
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Now, choosing vJ = v as test function in expression (10.42), we have that

L

L
/ ELAuSA (v — ud)des > / q2(v — ud)dzs,
-L -L

and taking into account the definition of v,
[EllAugAugdxg < /~q2ugdx3.
I I
Therefore, we deduce that

0< / EIL AudAuddrs = / gouddrs <0, (10.47)
I I

since ¢o is negative and u positive. Relation (10.47) implies that Auy = 0 in I and as uy = 0 in
01, then u9 = 0 on I and we conclude the proof. O

Corollary 10.4.4. The coincidence set I is either two isolated points or two closed intervals.

10.4.1 Analytical solution. A new formula for MOR

It is easy to obtain an analytical solution of differential problem (10.45)-(10.46):

Proposition 10.4.5. An analytical solution of differential problem (10.45)-(10.46) is given by:

1 —(ah + pgB)zs + bzl + ds in (—6,6),
wlas) = st { —paBla — 1) ba(e] — 1) + ea(a? — 1) + day — 1) in [5.1),
1 —pgB(xs — %) + by (a3 — 13) + 1 (23 — 1?) + dy (23 — 1) in [I, L),

and by its even extension in [—L,—06), where

by = 4pgBL, by = —4ahd, bs=6pgBL(2l — L) — 6ahd(d — 21),
c1 = —6pgBL?, ¢y =6pgBL(2l — L) + 12ahdl,
dy = 12pgBLI*> — 4ahé (8% — 31%), dy = —4ahd®,
d3 = pgBl* (I — 6L(2l — L)) — ahd (81> + & — 4521).
The Radon measure p is given by:

p=(ahd + pgBL)(Ofzs=—1y + Ofzs=1}); (10.48)

and I = supp(p) = {—1,1}.

Moreover, the azial normal stress 095 on each transversal section of the beam is expressed by:

- pgB(z3 + L? — 2L1) + ah(z3 + 6% — 261), if 3 € (=4,9),
095(x) = 2721 pgB(x3 + L? — 2L1) + 2ahé(x3 — 1), if x3 € (6,1) (10.49)
pr(L - $3>27 fo3 € (laL)
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Figure 10.2: Analytical solution of Problem (10.45)-(10.46) and its derivatives.

Proof. Tt is easy to check that u9 is a solution of equation (10.45) with p given by expression
(10.48). So, the proof is a straightforward consequence from Proposition 10.4.2. O

Figures 10.2 and 10.3 show a graphical representation of the analytical solution of Problem
(10.45)-(10.46) for the experiment II with the following data:

2L = 0.118m, 2a = 2b = 0.0085m, 2/ = 0.06m, § = 0.0025m,
E = 6.9975 x 10'°N/m?, p = 2340kg/m?, h = 5649412N /m?.

These values will be used both in the experiments in laboratory and in the numerical simulations.
Notice that the second derivative of uJ is still continuous while in the third derivative there exist
two discontinuities in the support points, +I, which conform the coincidence set I.

Corollary 10.4.6. i) If the following condition is satisfied:

pgBl (3(L —1)* — 21*) — ahd(31* — 6%) < 0, (10.50)

then, there exists g > 0 such that for all § < by the analytical solution given in Proposition
10.4.5 is the unique solution of variational problem (P9).

it) If condition (10.50) is satisfied and & verifies
090 [(21 FO) (I +6)2 +12 +6L2) —AL((2 + 6)(1 +6) + 412)] —Aahd(312 — 6%) < 0. (10.51)

then, u3 is the unique solution of variational problem (P9).
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Figure 10.3: Axial normal stress obtained in the fiber zo = —b.

Proof. 1) Condition (10.50) guarantees that dzud(l) > 0, so there exists 4; > 0 such that u§
is increasing in (I, + d1). Moreover, since uy(l) = 0, we deduce that uJ is positive in the
interval (1,14 ¢), with 0 < dp = min(dy, L —1). A similar argument can be used at x3 = —I.

Therefore, uJ is the solution of Problem (P9).

ii) Condition (10.51) guarantees that the solution is positive at 23 = [+ . Thanks to condition
(10.50) and taking into account that uJ is a concave function in the interval (I, L), we can
state that u9 is positive in the interval (1,1 + ¢).

O
From expression (10.49), we can deduce a new formula for the MOR. Recall that the MOR
corresponds with the maximum surface stress of the bent beam at the instant of failure. As we will

see, the maximum stress occurs in the opposite zone to the load application zone, which coincides
with the results found in the classic literature.

Proposition 10.4.7. If 2] > L, then the mazimum fiber normal stresses are achieved at (0,+d,0)
and their values are:

oot = - [ahd (21 — 8) — pgBL(L — 20)], (10.52)
214

for the mazimum in traction and

Ome = —Omt,

for the maximum in compression, where d is the farthest distance in the xo-direction from the axis
of the beam.

Proof. Let us suppose that xo is fixed and let us define

f(as) = o83(x2, 23),
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with ¢f; defined by (10.49). Then,
df T x3(pg/8 + Oéh), if z3 € (_57 5))
—(z3) = A pgPxs + ahd,  if x3 € [4,1)
! _ngB(L - 1‘3), if T3 € (lv L]:
In order to study the extrema of f we have to analyze its critical points x5 = 0, 3 = +L and also
the jump discontinuities of its derivative zz = +I. So, we can distinguish two situations:

d:Eg

i) If 9 < 0, we have that 3 = 0 is a local maximum that verifies:
f(0) > 0= f(+L),

if 21 > L. Furthermore, f(£l) < 0, so the maximum traction normal stress is achieved at

(0,—d,0).
ii) Analogously if xo > 0, we have that 3 = 0 is a local minimum that verifies:
f(0) <0 = f(£L),

if 21 > L. Furthermore, f(%l) > 0, so the maximum compression normal stress is achieved

at (0,d,0).
O
Corollary 10.4.8. The MOR for the experiment I is given by
H F
0 _ _85) — _
Oft = (21— 6) 3 (L —21). (10.53)

where F' and H are the modulus of the total gravity forces and the load of failure, respectively.
Analogously, the MOR for the experiment II is given by
3H 3F
0 _
7= Toa2 0T Toap

(L —20). (10.54)

Proof. From expression (10.52) and taking into account that

TR 4
L =—,I1 = -ab®
1 4 s 41 3& )
for experiments I and II, respectively, we have that

2
Tmt = 3 [ahd (21 — &) — pgBL(L — 21)] for experiment I,
T

Tmt = g ra [ahd (21 — 6) — pgBL(L — 21)] for experiment II.
a

Then, since the total gravity forces and the load of failure are given by
F =2LpgB, H = 2ah,
we conclude the proof. O
Notice that if the total gravity forces, F', can be neglected and the upper cylinder exerts really

a punctual force, that is 06 = 0, expressions (10.53) and (10.54) are in line with classic formulas
(10.1) and (10.2).
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Computing the MOR

In this chapter we are going to show the results from numerical simulations of experiments I and
IT described in Section 10.3. These experiments have been carried out in collaboration with the
Institute of Ceramics of the Universidade de Santiago de Compostela.

In this section, the methodology to compute the MOR is as follows:

e Firstly, we have carried out various laboratory tests on porcelain beams in order to determine
the experimental force of rupture, H.

e Secondly, we calculate a theoretical value for the modulus of rupture, o, by using the classic
formulas of the MOR (10.1) and (10.2).

e Thirdly, considering the experimental force of rupture, H, we compute numerically the cor-
responding three-dimensional stresses and so, we compute its 3d numerical MOR, o ,,.

e Fourthly, we compute numerically the displacements and stresses by using the one-dimensional
model and, therefore, we compute its 1d numerical MOR, U?n.

e Finally, we also compute a new value for the MOR, the 1d analytical MOR, denoted by J?t,
by using expressions (10.53) and (10.54) obtained in Section 10.4.

These all experiences are repeated for different sizes of samples and for different distances between
the two lower cylinders.

In order to carrying out the three-dimensional numerical simulations that we present below
we use the finite element software package MSC.MARC!, that let us make simulations in solids
mechanics when there exist contact conditions with a foundation or a deformable body. We show
below figures corresponding to the computed stresses and displacements, and tables with computed
values for the MOR, by using hexahedrical meshes with a characteristic size of e = 0.0025 m.
Besides, for the one-dimensional numerical simulation, a MATLAB code has been developed which
uses a generalized Newton technique to deal with the nonlinearity due to the contact conditions
(see [7]).

'MSC.MARC is a registered trademark of MSC.Software Corporation.

141
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In our experiments, the beams are made of porcelain, a brittle material which breaks suddenly,
when the response is still substantially elastic and linear. In material databases, the characteristic
parameters of porcelain range between the following values:

E =6.82 x 10 — 7.175 x 10" N/m?,
v=0.17 - 0.18,
p = 2260 — 2420 kg /m3.

The characteristic parameters of porcelain we use in the numerical simulations are the following:

E =6.9975 x 101 N/m? v = 0.175, p = 2340kg/m?.

11.1 Numerical results for Experiment 1

As we have said above, in experiment I we use cylindrical beams of radius R = 0.009m and we
consider two lengths:
201 =0.125m, 2Ly = 0.18 m.

For each fixed length, three different distances between the two lower cylinders are considered:
201 = 0.06m, 2l = 0.1m, 2l3 = 0.15m.

The parameters § and & are taken as 0.0025.

Table 11.1 shows the modulus of the maximum surface stress of the bent beams at the instant
of failure. These values were obtained by making several laboratory tests, and taking the arith-
metic mean of the corresponding rupture loads. Notice that the experimental rupture load varies
substantially with the dimensions of the beam, depending on the relation between the total length
and the distance between the two lower cylinders.

Table 11.1: Experimental load of failure for cylindrical beams.

2L /21 2l1 = 0.06 m 2lp =0.1m 2[3=0.1>m
2L, =0.125m H =2054N H =1312N -
2L; =0.18m  H =2007.5N H=1394N H =845N

With the values for the rupture loads of Table 11.1 and by using the classic formula (10.1), we
obtain theoretical values for the MOR, denoted by o, which are different with each sample (see
Table 11.2).

Next, we are going to compute the MOR. by means of three-dimensional numerical simulations
and by using again the values of the experimental rupture loads, we solve the problem numerically.
Figure 11.1 shows the vertical displacement and the zsxs component of the stress tensor for a
particular sample. Notice that the greatest deflection appears in the center of the beam, while the
smallest displacements occur in the contact boundary. Moreover, it is also important to notice
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Table 11.2: Theoretical MOR for cylindrical beams.

20, = 0.06 m 20, =0.1m 203 =0.15m
H(N) o;(N/m?) H(N) o7 (N/m?) H(N) o5 (N/m?)

20, =0.125m 2054  5.38 x 107 1312  5.73 x 107 - -
2L, =0.18m 2007.5 5.26 x 107 1394  6.09 x 107 845 5.53 x 107

that the behaviour of the beam is almost constant at each cross section. We can also observe that
the greatest value of the stresses in compression is reached in the force application zone, while the
greatest value in bending appears in the opposite zone, in which the beam collapses. Table 11.3
shows the maximum value of the x3z3 component of the stresses at this zone for each sample. This
value is denoted in the following by oy, the 3d numerical value for the MOR.

Fringe: Default, INC.=17, TIME=1.: STRESS, COMPONENTS (global system) (411)-(NON-LAYERED) (XX)
Deform: Default, INC.=17, TIME=L1.: DISPLACEMENT (1), 520407

MSC.Patran 2001 13 02-Jun-06 09:44:08 20805
Fringe: Default, INC.=17, TIME=1.: DISPLACEMENT (1), -(NON-LAYERED) (YY)
Deform: Default, INC.=17, TIME=L1.: DISPLACEMENT (1), 13405
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Figure 11.1: Vertical displacement and zszs component of stresses for a cylindrical beam with
2L1 = 0.125m and 2[5 = 0.1m.

Table 11.3: 3d numerical MOR for cylindrical beams

20; = 0.06 m 2, =0.1m 213 = 0.15m
HN) o5 (N/m?) HN) o (N/m?) HN) oy, (N/m?)

20, =0.125m 2054  4.76 x 107 1312  5.32 x 107 - -
2L, =0.18m 2007.5 4.66 x 107 1394  5.65 x 107 845 5.25 x 107

By using the one-dimensional bending problem (10.42) we carry out a new numerical simulation
of the three-point bending test, obtaining in this way a 1d numerical approach for the MOR,
denoted by a?n. This new value for the MOR has a great importance to compute the MOR
for brittle materials, because the three-dimensional simulations can be inaccurate when the ratio
between the area of the cross-section and the length of the beam is very small.

In Figures 11.2 and 11.3, the bending displacement us and the axial normal stress o33 for a
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porcelain beam obtained from the one and three-dimensional numerical simulations are shown as
well as the 1d analytical solution obtained in Section 10.4.1. In these figures, the plots on the
right represent a zoom of the axial normal stress in order to better appreciate the behaviour in the
loading area; moreover, the theoretical MOR and the 3d and 1d numerical MOR are also depicted.
These values are computed in the maximum deflection line, that is, in o = —R.
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Figure 11.2: Bending displacement and axial normal stress for a cylindrical beam with 2L =
0.125m.

Notice that when comparing Figures 11.2.b) and 11.3.b) for the same distance between the
two lower cylinders, the smaller the ratio between the area of the cross-section and the length of
the beam is, the better the 1d numerical MOR, approaches the theoretical MOR. Furthermore, we
can observe that the 1d numerical MOR comes closer to the theoretical MOR when the distance
between the two lower cylinders becomes larger, while the approach is worse when the two lower
cylinders are nearer.

Finally, the last approach for the MOR is obtained by using the new expression (10.53) arising

from the analytical solution we have calculated from the asymptotic analysis of the problem, called
the 1d analytical MOR and denoted by O‘?[t (this value is also shown in Figures 11.2 and 11.3).
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Figure 11.3: Bending displacement and axial normal stress for a cylindrical beam with 2L; =
0.18m.

Tables 11.4 and 11.5 gather the different values obtained for the MOR of a cylindrical beam
of porcelain. Notice that, the differences decrease when the two lower cylinders are close to the
ends of the beam; so, the theoretical expression (10.1) gives a good approach when the beam is
supported at its ends.



146 Chapter 11. Computing the MOR

Table 11.4: Theoretical and numerical MOR, for a cylindrical beam of length 2L = 0.125m.

osi (Pa) oy (Pa) oY, (Pa) oY, (Pa)
21, =0.06m 5.38 x 107 4.77 x 10° 5.31 x 107 5.16 x 107
21, =0.1m 573 x 107 5.32x 107 5.68 x 107  5.59 x 107

Table 11.5: Theoretical and numerical MOR for a cylindrical beam of length 2Ly = 0.18 m.

gft (Pa) Ofn (Pa) 0-5)‘71, (Pa) U‘(fzt (Pa)
21; = 0.06m  5.26 x 107 4.66 x 107 5.15 x 107 5.04 x 107
2l =0.1m 6.09 x 107  5.65 x 107  6.07 x 107  5.94 x 107
21, =0.15m  5.53 x 107 5.25 x 107 5.49 x 107 5.45 x 107

11.2 Numerical results for Experiment 11

In experiment II, we use beams of square section, of height and width 2a = 2b = 0.0085 m and of
length 2L = 0.118 m. The distances between the two lower cylinders considered are 2/; = 0.06 m
or 2lo = 0.1 m. Again, the parameters J and d have the same value, that is, 0.0025.

Table 11.6 shows the modulus of the experimental load at the instant of failure and the corre-
sponding theoretical MOR, o, obtained from the classic formula (10.2).

Table 11.6: Experimental load of failure and theoretical MOR, for beams of square section.

2l; = 0.06 m 2l = 0.1m
H O ft H O ft
2L =0.118m  240.1N  3.52 x 10’N/m? 156.8N 3.83 x 10"N/m?

Following the same procedure as in the cylindrical case, firstly, we carried out the three-
dimensional numerical simulations corresponding to the experimental rupture loads obtained in
laboratory. Figure 11.4 shows the vertical displacement and the x3x3 component of the stress
tensor for a particular sample. In column 3 in Table 11.7 we show the 3d numerical MOR of
porcelain, o gp,.

Again, by using the one-dimensional bending problem (10.42) we carry out a new numerical
simulation of the three-point bending test, to obtain the 1d numerical MOR, a?n (see Column 4
in Table 11.7).

In Figure 11.5 the bending displacement, us, and the axial normal stress, o33, for a porcelain
beam, obtained from the one and three-dimensional numerical simulations are shown as well as
the 1d analytical solution obtained in Section 10.4.1. As we have done above, the plots on the
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Figure 11.4: Vertical displacement and x3x3 component of stresses for a beam of square section
with 2L = 0.118m and 2] = 0.06m.

right represent a zoom of the axial normal stress to better appreciate the behaviour in the loading
area. Moreover, the theoretical and the 1d and 3d numerical MOR are depicted. These values are
computed in the maximum deflection line, that is, in xo = —b.

Finally, the 1d analytical MOR, a?t, is obtained by using the expression (10.54) arising from
the asymptotic analysis of the problem (this value is also shown in Figure 11.5). Table 11.7 gathers
the different values obtained for the MOR of a porcelain beam of square section. Notice that, as
in the experiment I, the differences are smaller when the two lower cylinders are close to the ends
of the beam, showing that the theoretical expression (10.2) gives a good approach when the beam
is supported at its ends.

Table 11.7: Theoretical and numerical MOR for a beam of square section of length 2L = 0.118 m.

or (Pa) on (Pa) J?n (Pa) U?ct (Pa)
2l; =0.06m 3.52 x 107 3.27 x 107 3.45 x 107 3.37 x 107
21, =0.1m 3.83x 107 3.63x 107 3.75x 107  3.74 x 107
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Figure 11.5: Bending displacement and axial normal
2L; = 0.118m.

stress for a beam of square section with
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Conclusions

In Part II of this manuscript we have carried out a complete mathematical study for the three-point
bending test and a complete analysis of the MOR for brittle materials, comparing four different
methodologies to obtain an approach of its value.

Firstly, under suitable assumptions of compatibility on the applied forces and on the geometry
of the beam, we have proved the existence of a unique solution for the three-dimensional elastic
model with contact constraints associated to the three-point bending test. These hypotheses are
necessary to guarantee the existence of a unique solution of the problem due to the absence of
Dirichlet conditions.

Moreover, we have studied the asymptotic behaviour of the beam if the area of its cross-section
goes to zero. Using the asymptotic expansion method, we have obtained the one-dimensional
models associated both with the bending problem and that of axial traction as well as the corre-
sponding results of existence and uniqueness of solution. In particular, we have obtained the axial
normal stresses associated to the MOR; its expression is given in terms of the derivatives of the
vertical and axial displacements. The variational formulation corresponding to the limit problem
of bending involves an inequality due to the contact condition between the beam and the two lower
cylinders. Furthermore, the admissible test functions for the axial and bending problems are even
and odd, respectively, which is a consequence of the assumptions needed to obtain the existence of
a unique solution for the three-dimensional problem of departure. Finally, we have obtained the
differential formulations of the problems associated with the one-dimensional models and we have
presented a characterization of the zone of effective contact.

Secondly, in order to carry out a complete analysis of the MOR for brittle materials, we
have proved that the assumptions of compatibility on the forces are satisfied for laboratory three-
point bending tests with cylindrical and square beams. Moreover, thanks to the one-dimensional
problems obtained using the asymptotic expansion method, we have deduced a new expression
for the MOR, which involves not only the rupture load and the distance between the two lower
cylinders but also the gravitational effects and the distance between the supports and the ends of
the beam.

In order to find an effective method to compute the MOR of brittle materials, we have carried
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out a comparison between four methodologies applied to cylindrical and square beams: Firstly, we
have experimentally measured the rupture load at the instant of failure at laboratory. By using
the classical formulas (10.1) and (10.2), we have computed the corresponding theoretical MOR.
Secondly, from the numerical simulations we have obtained the 3d and 1d numerical MOR. Finally,
by using the new expressions obtained in this work by means of the one-dimensional analytical
solution, we have computed a new 1d analytical MOR. After comparing all the values obtained,
we conclude that formulas (10.53) and (10.54) give a better approach of the MOR for brittle
materials than the classical ones. Moreover, we want to remark that the MOR, for brittle materials
is a mechanical property strongly sensitive to variations in the dimensions of the beam; due to
this, we have found that there exist great differences between the values for the MOR obtained in
this work and the range of values found in databases in which the dimensions or the geometries of
the samples are not indicated.



Appendix A

Appendix: Modulus of rupture

This appendix offers a basic explanation of the expression for the MOR of a material obtained
by using habitual procedures in solid mechanics. In addition, using physical hypotheses, we will
deduce the classical formula for the MOR. A more detailed description of this can be found in
[15, 44, 74].

In engineering science, three-point bending tests are generally used to determine the MOR, of
materials: The value corresponding to the maximum surface stress that the beam supports until
breaking. Compressive stresses are generated on the upper surface while bending stresses occur on
the lower surface. The fracture generally starts on the lower surface, and the maximum bending
stress is produced on the region opposite to the loading area, where the upper cylinder applies
surface forces.

The classical formula for the MOR we consider in this article is obtained from the stresses
generated in a beam subjected to pure bending, that is, when the bending moment is constant.
A clear example of pure bending is a beam subjected to two pairs M of the same direction and
magnitude but acting on opposite directions at the ends of the beam. This configuration produces
a constant bending moment M over the entire length of the beam. A three-point bending test,
however, is an example of non uniform bending: the bending moment varies along the length of
the beam. Despite this difference between bending moments, the classic mechanical bibliography,
based on Saint Venant’s principle, considers that the experimental results obtained for pure bending
can also be used for non uniform bending.

In pure bending, the following bending stress formula is obtained (see [15]):

ng
L’

o33 = — (A.1)

which shows that stresses are directly proportional to the bending moment M and to the coordinate
9, and inversely proportional to the second moment of inertia, I7, of the transversal section of
the beam. The maximum bending or compression stresses are produced at points placed at the
farthest distance from the axis of the beam denoted by di and dy, above and below the beam,
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respectively. The corresponding maximum stresses are

Md, Mdy

033, = — Il ) 033, = Il

The second expression is the classical formula for the MOR when the bending moment is constant.

In three-point bending tests there exists non uniform bending moment, that is, M is not
constant. Therefore, in order to give the classical expression for the MOR when a beam is subjected
to this test, we must determine the maximum bending moment, M,,,,. Consequently, the MOR
would be given by the expression
Mmaach

L
where do > 0 denotes the distance from the axis of the beam to its boundary in the negative
direction xs.

Uf:

(A.2)

H

-

A L A

'

A

2L

- -

Figure A.1: Simply supported beam subjected to a concentrated force H.

To compute M4, we consider a beam of length 2L, that is simply supported at points placed
at a distance 2/ and is subjected to a concentrated load H in its center (see Figure A.1). If we
consider this beam like a free body, we can determine easily the reactions in the beam from the
moment equilibrium equation, that is:

H
R ;=R =—.
l l 9
We cut the beam in a section to the left of the load H and at a distance &3 from the support in
x3 = —I. From the equilibrium equation for this free body, we obtain that the bending moment
at a distance Z3 from the left support is
Hz
M:R_l.@ng?), 0<z3 <.

Analogously, if we cut the beam in a section to the right of the load H and at a distance &3 from

the support in x3 = —I, we obtain that the bending moment is
Hzi i H
M = R_jis— H(is — 1) = ﬂ—H(%—l) = S —dy), l<dz<2

2
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Therefore, the bending moment for a simply supported beam in a point placed at a distance &g

from the left support is A
Hiz 0<dg<I,

M = 2>
{§W—@%l<m<%

The maximum bending moment is

Hl
2 9
and is produced under the concentrated load H in 3 = [.

Mmam =

(A.3)

Substituting (A.3) in (A.2), we obtain that the classical expression for the MOR of a material

is
MmamdQ . Hle
L 2L

of =
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An elasticity problem for catalyst
supports: Unfolding method
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Chapter 13

Introduction

A catalytic converter in an automobile’s exhaust system provides an environment for a chemical
reaction where unburned hydrocarbons completely combust, in such a way that the pollution is
reduced. An enormous effort is being made with the purpose of developing appropriate supports
and the catalyst itself. In some cases the correct support is what makes all the difference to the
viability of a process. A catalyst support should allow the catalyst to be highly dispersed on the
surface of the support. The support needs to be stable under the reaction conditions and it must
not be affected by the reactants or products.

The objective of Part III of this manuscript is to model the catalyst process which occurs in an
automobile’s exhaust system. Due to the great difficulty of the problem, the first step is to study
the asymptotic behaviour of the supports in a linear elasticity problem. The catalyst support we
consider in this work is a structure made of rods with thickness e and inner holes of size ecd (see
Figure 13.1).
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Figure 13.1: Cross-section of a catalyst support.

A new procedure, called the unfolding method, developed by Cioranescu, Damlamian and Griso
(see [30]), is applied to solve this first approach. This method is a generalization of the notion
of two-scale convergence introduced by G. Nguetseng [62] and further developed by G. Allaire
[1]. The method is based onthe unfolding operator 7.}, similar to the dilation operator. If §
is a bounded open set and Y a reference cell in R™, the operator ’Z;h associates to any function
v € LP(Q), a function TP(v) € LP(Q x Y). An immediate property of 7! is that it enables to

159



160 Chapter 13. Introduction

transform any integral over 2 in an integral over €2 x Y. Moreover, ’Tsh allows to show that the
two-scale convergence in the LP()-sense of a sequence of functions v, is equivalent to the weak
convergence of the sequence of unfolded functions 7 v, in LP(Q x Y).

One of the most important results of the unfolding method is the following: For any weakly
convergent sequence w® in H'(Q), one can extract a subsequence (still denoted &) such that

w® — w weakly in H(Q),
TP (w®) — w weakly in L*(Q; HL(Y)),
TP (Vw) = Vw + Vyw weakly in L2(Q; HY(Y))",

where W belongs to L(Q; H.,,.(Y)).

per

Besides, a new approach of linear elasticity problems in thin domains (such as rods or plates) is
obtained by means of the unfolding method. The method consists of decomposing a displacement
in a cross-section displacement (an elementary displacement) and a warping associated to the
cross-section deformation. An elementary displacement is a displacement of the middle-line of the
beam and a small rotation of the cross-section. This new technique has been introduced in [47]
to study curved rods. The same methodology has been developed to study plates and structures
made of plates (see [48, 49]) and to study problems with junctions rods-plates (see [22, 23|). The
results presented in this part of the manuscript are published in [50].

The outline of Part III is as follows:

In Chapter 14 we introduce the computational domain and the notation we will use in the
sequel. Moreover, the three-dimensional elasticity problem for structures used as a catalyst support
is formulated. These structures are made of a periodic family of elastic rods with thickness ec and
inner holes of size egd.

In Chapter 15 we present some tools used when applying the unfolding method. We define
the elementary displacements associated to a beam and we give some estimates for this kind of
displacement. Firstly, we introduce the unfolding operator related to the elasticity parameter
e, obtaining some weak convergences. Secondly, we define the unfolding operator related to the
periodicity parameter € and we study the limit of a bounded sequence of displacements in a
structure when the elasticity and periodicity parameters, e and €, go to zero.

In Chapter 16, under suitable hypotheses on the applied forces, we give the limit problem of
the three-dimensional elasticity problem when e, € go to zero, obtaining three uncoupled problems:
The first problem defines the longitudinal displacement and the second one gives the transversal
bending of the structure, while the third one defines the torsion angle.

Part IIT of this manuscript is the result of the research stays of the author in the Laboratoire
Jacques-Louis Lions in the University Pierre et Mary Curie (Paris VI), France, funded by the
Spanish Ministry of Education and Science (Spain) by means of the FPU program.



Chapter 14

Position of the elasticity problem

In this chapter we present the elasticity problem associated to catalyst supports. These supports
are structures made of beams, placed periodically and with inner holes. We consider a static
problem for an elastic structure fixed on a part of the boundary and subjected only to volume
forces.

In Section 14.1 we introduce the notation we will use in the sequel and in Section 14.2 the linear
elasticity problem for structures used as catalyst supports together with its variational formulation
is formulated.

14.1 Computational domain and notations

Let introduce some notations we will use later on. We denote
1 1\?
w=|—=,=
2'2) 7
I 1\?
=(—-=,= [ >0.
wi ( 27 2> ) >

From now on, w = wy.
Let denote the unit cells
Y =(0,1)%
Y*=Y\[5,1- 4
with § > 0 a fixed parameter (see Figure 14.1).

Let e, e be real positive numbers such that e = Me, with M € N*. We consider L > 0 fixed
such that L = (2N + 1)ee, with N € N*. Notice that the ratio height of the beam over ec is an
odd number in order to simplify the calculations but the procedure can be extended to the general
case.
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Y™ Y

Figure 14.1: Unit cells Y* and Y.

We denote the periodic union of cells
E.={¢e€Z%et +eY Cwl.

Let consider 2. = w, x (0, L) a three-dimensional domain with cross-section w.. We denote the
perforated cross-section (see Figure 14.2)

wio= | es(¢+Y),

£€Ee
and the structure we are interested in is 27 . = w; . x (0, L). Again,
Q=0 =wx(0,L),
wi=wi.= ] el¢+Y").

§€Ee

ee

Figure 14.2: Domain w; ..

*

¢ and {2 can be expressed as the union of the following domains,

Furthermore, structures 2
respectively (see Figure 14.3):

;. =ecY" x (0,L),
Occ =ecY x (0,L).
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L | L |

§ 3
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Figure 14.3: Domains ©} _, O, ., A* and A*,

e’

Finally, let introduce other notations of three-dimensional cells used in this paper:

A*=Y*x(0,1), A=Y x (0,1), (14.1)
A ={Y x (0,D}U{Y* x [1,2} U{Y x (2,3)}, A=Y x (0,3). (14.2)

Hereafter, Latin subscripts are understood to range over the integers {1, 2, 3} and Greek subscripts
over the integers {1,2}. Moreover, summation over repeated subscripts is implied. Finally, for any
open subset O C R3, and any displacement v € H'(O;R3), we denote

E(v,0) —/O%‘j(V)%‘j(V)dﬂ?a ;
B’Ui 8%’

d
10} 8SU]' 8$j s

D(v,0) =

where ~(v) is the tensor given by

( )_1 8vi+8v]~
YWV =5\ 0x; T 0w )
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14.2 Elasticity problem

The physical problem we want to solve consists of determining the displacement vector field u®
and the stress tensor field o* that the structure Q7 . suffers when it is submitted to the action of
volume forces.

Let I'; . = 09 . be the boundary of € _ and I'}, = w; . x {0} the bottom surface. We assume
that the structure is fixed on I'}, and the remaining boundary I'}, = I'; \I'}; is free of forces.

Under small deformations assumption, the behaviour of the structure is governed by the usual
equilibrium equation
—dive® = £ in QF _,

where f¢¢ denotes the volume forces acting on the structure.

We assume that € . is made of an isotropic and homogeneous material. So, the infinitesimal

strain field «y(u) is related to the stress tensor o trough Hooke’s law (see [28])
o = Avy(u).
In the above expression, A is the fourth order linear elasticity tensor defined by
AT = Mr(T)I + 2uT,
where A and p are the Lamé parameters of the material, A, u > 0.

Summing up, the problem we must solve is the following:

Problem (P%):

*

Find the displacement vector field u®(x) and the stress tensor field o°“(x), at each point x € Q _,

satisfying:
—div(e®) = £ in Q}

e,er
ocn =0 on Iy,
u® =0 on '},

o = Mr(y(u)) L+ 2py(u®) in Q..

Moreover, the associated variational problem is the following;:
Problem (V P%):
Find u® € H%D(Q* ;R3) such that

e’

A~y(u®) i y(v)dx = / £ vdx, Vv e Hp (U ‘R3),

Q. . o
where

H%D(Q;E;]Rii) ={ve HI(Q:YE;]R:S) :v=0onTIp}.
Our objective is to study the asymptotic behaviour of a sequence of displacement fields u® €
H 1(9275; R3), solutions of Problem (V P), when thickness parameter e and periodicity parameter
€ go to zero. To do so, we use the unfolding methods in elasticity and periodic homogenization.

The volume forces will be described in Section 16.1.
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Tools of the unfolding method

In this chapter we introduce some tools used in the application of the unfolding method. Firstly,
we extend the computational domain to the whole structure without considering the inner holes.
To do this, we use some classical results. Secondly, we define the two unfolding operators we are
going to use and we obtain some estimates.

The outline of this chapter is as follows: In Section 15.1 we recall some classical results and
we obtain some extension operators. In Section 15.2 we define the elementary displacements
associated to a beam and we give some estimates for this kind of displacement. In Section 15.3 we
introduce the unfolding operator 7.° related to the elasticity parameter e and we obtain some weak
convergences. Finally, in Section 15.4 we define the unfolding operator Tah related to the periodicity
parameter € and we study the limit of a bounded sequence of displacements in a structure when
the elasticity and periodicity parameters go to zero.

15.1 Extension of a displacement field
We recall some classical results:

e Let O C R3 be an open bounded subset with Lipschitz-continuous boundary. Then, there
exists a linear and bounded extension operator P from H*(O) to H'(R3?) such that

[Pl sy < Cllvllg oy, Yo € HY(0),
where C' > 0 (see [44]).
e For each u € H'(O,R3), there exists a rigid displacement r such that

[u = r[3 sy < CE(M,0), C > 0.

We have two consequences from these results:
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Remark 15.1.1. There exists an extension operator from H*(A*;R3) to H'(A;R®) such that for
all u € HY(A*;R3), its extended displacement @ to A wverifies

e HY(A;R?),
E(@,A) < CE(u,A*), C > 0.

Remark 15.1.2. There exists an extension operator from HY(A*;R3) to H(A;R?) such that for
allu € HY(A*;R3), its extended displacement @ to A verifies

@ c H'(A;RY),
E(@,A) < C&E(u,A%), C > 0.

By using the above remarks, we are going to obtain an extension operator from H 1(92,5; R3)

to H'(Q;R3). To do so, we will use an intermediate result. We recall that A, A* and A* are
defined by expressions (14.1) and (14.2).

Lemma 15.1.3. There exists an extension operator from H(0} ;R3) to H (O R3) such that

e,e)

for each displacement u € Hl(@zﬁ;R?’), its extended displacement, still denoted by u, belongs to
HY(O..;R3) and verifies
£(1,0cc) < CE(u,O;,),

where C' > 0 independent of e and €.

Proof. Let u € H'(©},;R?) be an arbitrary displacement and we define v, € H!(A*;R?) as follows

eg?

(by using a homotecy):

Vp(y1, Y2, y3) = ulecyr, ecys, eep + ecys),
(y1,92,93) € A*, p€{0,2,...,2N}.

From Remark 15.1.1, the extended displacement v,, of v;, to A verifies
g({’% A) < C(‘:(Vp, A*)

Then, by inverse homotecy, u is extended to eeY X ]eep,ec(p + 1)[, with p € {0,2,...,2N} (still
denoted by u) and

E(u,ecY X Jegp,es(p+ 1)) < CE (u,ecY™ x leep,ec(p+ 1)[),
with C' > 0 independent of e and €.

Analogously, we define v, € H 1(A*;R3) as follows (by using a homotecy):

Vp(y1, Y2, y3) = u(ecyr, ecya, ecp + ecys),
(y1,y2,y3) € A*, pe {0,2,...,2N}.

Thanks to Remark 15.1.2 and by inverse homotecy, u is extended to ecY X (eep, es(p + 3)), with
p€{0,2,...,2N — 2} (still denoted by u) and

E (u,ecY X Jeep,ec(p+3)[) < CE (u, (0,0, ee) + eaA*) ,
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Figure 15.1: Extending displacement fields.

with C' > 0 independent of e and ¢.

Since OF, is a union of an odd number of domains esA* and combining the previous results
k)

we have finished the proof (see Figure 15.1). O

Theorem 15.1.4. There exists an extension operator from H'(Q} ;R3) to H'(Qe; R?) such that
for each displacement u € Hl(Q;E;R?’), its extended displacement (still denoted by u) belongs to
H'(Q¢;R?) and verifies

E(u, Q) < CE(u, Q%) (15.1)

with C' > 0 independent of e and €.

Proof. The result is obtained by applying Lemma 15.1.3 on (e + ecY™) x (0, L), £ € E.. O

Remark 15.1.5. If u € H'(Q}_;R3) is null on w?_ x {0}, then we can choose its extended

e’ e,

displacement u € H*(Qe; R?) also null on we x {0} and verifying (15.1).

Now, it will be easier to obtain estimates and convergences by using the extension operator.

15.2 Elementary displacements in a beam

As we have mentioned at the beginning, in a catalyst support, under the action of any displacement
u, the structure is submitted to a translation and a rotation, called elementary displacement, and
to a displacement which deforms the cross-sections, called residual displacement or warping (see
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[47]). A priori estimates are obtained by using some results due to Griso (see [47]), which are
based on the method used by Kondratiev and Oleinik [54] and by Cioranescu et al. [31] to establish
Korn inequalities for frame-type structures and junctions. Once a priori estimates are established,
we study the convergence of displacements and strains of the structure when thickness parameter
e goes to zero.

We recall here the definition given in [47].
Definition 15.2.1. An elementary displacement in the beam . is defined in the form
Uc(x1,x9,23) = U(x3) + R(x3) A (T1€1 + 22€2),
where U, R € L'(0, L; R?).
Definition 15.2.2. Each u € L'(Q¢;R3) is written in the form u = U, + ,
uy (w1, x2, 3) = Uy (13) — 12R3(x3) + Ut (x1, T2, 73),
ug(z1, x2, x3) = Us(x3) + z1R3(x3) + Uz(x1, 22, x3), (15.2)

’LL3(331,.’L'2,.T3) = U3($3) — ZL‘1R2($3) + $2R1(ZE3) +63($1,l’2,$3),

where U, is an elementary displacement and @ € H'(Q¢; R?) verifies
/ u;dridrs = 0,
We
/ Tougdridrs = 0,
We

/ (331@2 — xgﬂl)dxldxg =0.

Remark 15.2.3. For each u € L'(Q¢;R?), its elementary displacement U, is given by

Ui(x3) = 612/% ui(x1, x9, x3)dr1dT,,

Ri(x3) = 641]2 /we xous(z1, T2, x3)dxr1dTe,

Ra(x3) = —64111 /wﬁ xius(z1, T2, x3)dxr1dTe,

Rs(x3) = (34(111_”2) /we(:clug(:z:l,:cg,xg) — zouy (21, X2, x3))dx1dx,

where
I, = / X2dX,dX,.
w

The following result gives us some estimates of displacements in H!(€.) related with its ele-
mentary displacement:
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Theorem 15.2.4. For each displacement u € H'(Q:;R3), we have 6 € H'(Q;R3), U, R €
H'(0, L; R3) verifying the following estimates:

D(@, Q) < C&(u, ), (15.3)
181720 3y < C€*E(w, ), (15.4)

dR du C
2”d733”%2(0’L;R3) + dex?) —RA 93||i2(0’L;R3) < gg(u, Q). (15.5)

If the structure is fized at the bottom we x {0}, we have U(0) = R(0) = 0 and moreover,

C
||RH%{1(07L;R3) < gg(u, Qe), (15.6)
9 C
||ua||H1(o,L) < 6745(11’ Qe), (15.7)
2 C e
HU3HH1(0,L) < gg(u, e)- (15.8)
Constants C' are independent of e.
Proof. The proof is given in [47]. O]

Corollary 15.2.5. For each displacement u € H'(Qe; R3),

lusllf2(o,) + €*lluallfz(q,) + €*D(u, Q) < CE(u, Q).

Proof. Let u € H'(Q¢;R3) be arbitrary. Thanks to expression (15.2), we have that
luslr2(a.) < elUslirzo.r) + € IR2llz20.2) + € IR 1l z2(0.0) + lusllz2 ()
and by using estimates (15.4), (15.6) and (15.8), we obtain that
lusll72(,) < CE(u, Q).

The remaining estimates are obtained analogously. O

15.3 The unfolding operator 7°

We are going to define the unfolding operator we will use in the following results:
Definition 15.3.1. The unfolding operator T, from L*(Qe) to L*(Q) is defined by

7-ee(UJ)(X1,X2,fI}3) = w(eXl, 6XQ,.’L‘3),
w e L3(Q), (X1, X, x3) € Q.



170 Chapter 15. Tools of the unfolding method

Proposition 15.3.2. The unfolding operator T2 verifies the following properties for all w €

HY(Q,):
N OTE(w) o [ Ow
D x, — L (axa>’
L OTE(w) . (Ow
ZZ) 8.TU3 - 7—6 (8.2?3)7

e 1

i) |75 (w)llp2) = llwllzz .,

zv)/ wd:x:eZ/?;e(w)Xmngdxg.
Qe Q

Definition 15.3.3. For each displacement u € H'(Q¢;R?), we define the formal warping displace-
ment U € L?(0, L; H' (w;R?))

— 1 - — 1 - dify dis
Uo=-T°(uy), Usz=-TF° Xi|—-R Xo| —+R1 . 15.9
J20(Wa), Us = _Tc%(us) + 1<d$3 2>+ 2<d$3+ 1) (15.9)

Proposition 15.3.4. The formal warping displacement U verifies the estimates
T7 5(117 Qe)
||U||2L2(0,L;H1(w;R3)) < 0762 ; (15.10)
— 2
a ;e

HaU < C‘S(uiﬁ, (15.11)

with C' > 0 independent of e.

Proof. These estimates are a direct consequence of estimates (15.3)-(15.8) by taking into account
properties of Proposition 15.3.2. O

Let consider
HEH(Qe;R3) = {v € H'(Q;R?); v = 0 on w, x {0}}.

Theorem 15.3.5. Let {u®}.>0 be a sequence in Hy(Qe; R?) such that

£ Q) < Ce (15.12)
Then the following convergences (up to a subsequence) are obtained:
el —U, weakly in H(0,L), (15.13)
U —~Us  weakly in H' (0, L), (15.14)
eR¢ =~ R weakly in H'(0, L;R?), (15.15)
U° =~ U  weakly in L*(0, L; H' (w; R?)), (15.16)

where U, € H*(0, L), Us € H*(0,L), R € H'(0, L;R3) and

dL{I :R27 dMQ = _Rb
dzs T
dZ/[a
Ua(0) = dT:g(O) =0, U3(0) =0, R;(0) = 0.
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The formal warping displacement U € L%(0, L; H'(w; R®)) verifies

/UiXmdXQ = /(XlUg — X5U1)dX1dXy = 0. (15.17)

Moreover, the following c:nvergences of th: unfolded strain tensor (up to a subsequence) are hold:
7 (Yaa(u?)) = g)U(Z, (15.18)

72 (712(u%)) — % (gg(; + gij{i) : (15.19)

75(v33(0”)) — Ccllgj - X1 CSZ%} - Xz CZ?, (15.20)

72 (m3(u%)) — % <‘X26(l17§j + ggg) : (15.21)

75 (v23(u%)) — % (chf;j;’ + g)U(z> : (15.22)

weakly in L*(Q).

Proof. For each u® € H'(Q.;R?) we have that
uy (21, 72, v3) = Ui (v3) — 22R5(23) + 0 (21, T2, 3),
us(x1, e, x3) = U5 (x3) + 21 R5(23) + us(x1, T2, T3),
u3(z1, 22, 3) = Us (23) — 11R5(23) + 22 R (23) + U (71, T2, T3).

From estimates (15.6)-(15.8) we obtain weak convergences (15.13)-(15.15) on ¢ and R°. From
(15.5) and (15.12) we have that

€g

€g
dis

1 ec ec
R n ‘ ‘ LR <c
dx3 L2(0,L) dxs L2(0,L)
and then, from (15.13)-(15.15), we obtain that
dUy dUo
— =R — = —R,.
d.%’g 2 d.%’g !

Thanks to estimate (15.10), we conclude weak convergence (15.16) on U°. Moreover, from Def-
inition 15.2.2, expression (15.9) and property iv) of Proposition 15.3.2, we prove that U verifies
(15.17).

By doing some easy calculations, we obtain that

Vap(1%) = Yap(1),
o dUS dRS dR§ ~ ou
733(11 ) N dIg o d:l?g 2 d$3 * (91‘3’
1 [/ dug dR§ ~ou§  Oug
ey — = —RE) — — 1
713(11 ) 2 |:<d.%'3 2) 2 d.%'g + 8.%'3 8.%'1 ’

1 dUs dRS Ou5  OJu§
e 2 e 3 2 3
voa(1€) = = R p 3 Y2
23(u%) 2 |:<d33‘3 1) ! drs = Ox3 83:2] ’
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and transforming these equalities by applying 7.°, we have that

. e OUq o e 1 (0U]  0U,
dUS dRS dRS  9TE(uS)
Te e — 3 _ X 2 X 1 e 3
o (733(u”)) S +eXy s + o

o1 dR§ ~ 9U; OU,
72 (13(u)) = 3 <—€X2 dx; +€8x31 + 8X?> ;

1 e T € =
<€X1 dR§ U5 | 8U3> |

7’63(723(116)) = 5 dﬂ?3 axg aXQ

Passing to the limit when e goes to zero, weak convergence (15.16) gives weak convergences (15.18)
and (15.19).
In order to obtain convergence (15.20), we must prove that
0T
6333 ’

in L?(2). In fact, thanks to estimate (15.3) and properties i) — iii) of Proposition 15.3.2,

2

e (=€) |2 13 2 us

HW =7 <8ug> N ' o < CE(u, Q) < Ce,
0Xo lz2(0) 0%a/ Nz 119%alliz,)

e . 7= (52) Lo Lewan <
O3 |20 “\0x3 )2y € 110x3]l L2, ~ € ST

Besides, from estimate (15.4),
e/=€\[|2 L 2 2
172 (Ug)HL2(Q) = eﬁ”“?)”[ﬂ(ﬂe) < C€(u, Q) < Ce,

so, 72(u§) is bounded in H'(Q) and Z2(u§) — 0 in L?*(Q), from where we deduce the result.
Then, convergence (15.20) is obtained by taking into account convergences (15.13)-(15.15).

Analogously, we obtain convergences (15.21) and (15.22). O
15.4 The unfolding operator 7"

Definition 15.4.1. The unfolding operator T2 from L*(Q) to L?(Y x Q) is defined by

Teh(w)(Y,X,xg) =w <E [f] +EY,x3> , (Y, X,x23) €Y xwx(0,L),
weLXQ), Y =(Y,Y2), X = (X1, Xs),

where [X] = ([X1], [X2]), [Xi] denotes the integer part of X; € R.
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The next result contains the main properties of 7 (see [30]).

Proposition 15.4.2. The unfolding operator T2 verifies the following properties:

i) For all v,w € L'(f),
T (vw) = T (0) T (w).

i) For all w € L*(Q),

/ deldXQdJ}g = 7—6h(QU)d}/1dY2dX1dX2dx3.
wx(0,L) Y xQ

iii) For all w € LY(Q),

/ |w|dX1dXodrs = / |72 (w)| dY1dYad X d X odzs.
wx(0,L) Y xQ

w) Let 1 < p<oo. Let {w®}eng C LP(Q) such that w® — w strongly in LP(QY). Then
) p {w}es gly
Thw) = w,
strongly in LP(Y x Q).

v) Let {w®}eso C L*(0,L; HY(w)) such that w® — w weakly in L*(0,L; H*(w)). Then there
exists a subsequence, still denoted by w®, and w € L*(Q; HY,,.(Y)) such that

per
Th(w?) = w,
,Z;h(vst) — Vxw+ Vyw,
weakly in L*(Y x Q). The function © € L*(Q; H).,(Y)) is determined up to a function
belonging to L?(£2).

vi) Let w € HY(S),

I (w) Th (8w> _

Oz3 ~ e Ozs

Theorem 15.4.3. Let {u“}.>0 be a sequence in HllD (U _;R3) such that

e’
E(u*, Q) < Ce. (15.23)

There exist U, € H?*(0,L), U3 € H*(0,L), R3 € HY0,L), U € L*(Y* x ;R3) and @ €
L2(Q; HY (Y*;R?)) such that

per

_ o
_dl‘g

/ U;dX,dXs = / (X105 — XoU)dX1d X, = 0,

w

ua(o) (0) = 07 u3(0) = 05 R?)(O) = 07

/ 9 dY1dYs = 0,
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and the following convergences are hold:

€17 (uy”) — U,
T (uf’) — U = —XoRg,
TR () — U,
T (ug") —Uy" = X1Rg,
dity dity

TO(uS) = Us — X1t — X2

weakly in H'(Q).

Moreover, the following convergences of the unfolded strain tensor (up to a subsequence) hold:

T (T (Yap(u™)))

1 <8Ua

2\ ax;,

+ aUﬁ) 41 <8a°‘ +
20X, ) " 2 \ oy,
d’t d?Us
1Tx§ 2 Tx% )

dRs  0Us , 0i
i)’

TP (T (v33(u™))) — - X

h e ee g
T.M(72(113(u™))) 20 T X,
aRy | Uy | Oig

0Ys )’

h e ee RN —_ av
T (T2 (y23(u™))) Vies  0X,

weakly in L*>(Y* x Q).

iy
oY,

) : (15.29)
(15.30)
(15.31)

(15.32)

Proof. Thanks to Theorem 15.1.4, we obtain an extended displacement of u® to {2, still denoted
by u®, verifying (15.12) by Remark 15.1.5 and u® € H%D(QG;R?’). By applying Theorem 15.3.5

and using properties of Proposition 15.4.2, we have proved Theorem 15.4.3.

O



Chapter 16

The unfolded elasticity problem

The objective of Part III of this manuscript is to study the asymptotic behaviour of catalyst
supports in a linear elasticity problem. By means of the unfolding method and from the estimates
obtained in Chapter 15 we obtain the limit problem when the thickness of the structure beams, e,
and the periodicity parameter € go to zero.

The outline of this chapter is as follows: In section 16.1 we introduce suitable applied forces
such that its associated displacements in the structure are bounded. In Section 16.2 the complete
characterization of the limit problem is given and in Section 16.3 strong convergences are obtained.

16.1 Determination of applied forces

Recall that we are interested in studying the asymptotic behaviour, when e, € go to zero, of the
variational problem we have introduced before:

Problem (V P%):
Find u® € H%D (92 _;R3) such that

e,e)

Ay(u®) : y(v)dz = / £ . vdx, Vve H%D (2 & R3), (16.1)
Q. Q.
where

Hp (9 R%) ={ve H' (U ;R*) :v=0o0onTpH}.

€,e) e,e)

In order to use results given in Theorem 15.4.3, we have to obtain some suitable volume forces £*°
such that its related displacement field verifies estimate (15.23).

Proposition 16.1.1. Let £ € L?(QZ _;R?) be the volume forces given by

e,e)

efi(ws) — 2 fr(zs)
£ (21, 22, 23) = | efe(ws) + L fr(xs) |, (16.2)
f3(w3)

175
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where f1, fa, f3, fr € L*(0,L). The displacement field corresponding to volume forces £ verifies
the estimate

E(u”, Q) < Ce. (16.3)

Proof. Using the decomposition (15.2) of u®®, the estimates (15.4), (15.6), (15.7) and (15.8) in
Theorem 15.2.4, we immediately obtain the following inequality:

/ fee . uCdr
Q

*
e,

< Ce&(u”, 9278)1/2,

and, thanks to the coercivity of the problem, we can conclude the result. O

16.2 Obtaining the limit unfolded problem and displacements

The displacement field u® which is the solution of Problem (V P®) can be written as in expression
(15.2). Our objective is to find some limit problems for the elementary displacements U, R3 and

U in order to obtain simpler problems or expressions for our solution. To do this, we will use
Theorem 15.4.3 which will give us the weak limits of our elementary displacements.

First of all, we will obtain the unfolded problem, limit of the variational problem (16.1).
Formally, motivated by weak convergences (15.24)-(15.28), we can write the solution of Problem
(V P%%) in the form

1 T 1 T
uee($1,$2,$3) ~ (eul(l':g) — ;R3($3)> e + (eu2($3) + ;’R;;(x;;)) es+

I dZ/lI X9 dZ/fQ
U o 22
< 3(w3) drs e dm3> est
eU <ﬂ,%,m3) + ecli (ﬂ,@,xg,ﬂ,ﬁ). (16.4)
e’ e e’ e ec’ ee

We define the following displacements space D:
_ay 0) — dVs

D=V =V, Vs,V3,A3,V,¥); V1,V € H*(0, L), V1(0) = V2(0) = — —=(0) =0,
dl’g dl’g
Vs, As € H'(0, L), V5(0) = As3(0) =0,
(V,9) € L*(0, L; H' (w; R?)) x L*(; H,,.(Y*;R?)),
/ VidX1dX, = / (X1Vy — XoV1)dX1d X = 0, / 0;dY1dYs = o} . (16.5)

We associate to any element V in D a formal displacement v as in (16.4):

1 1
v(x1,$2,x3) = (evl(xg) — ?Ag(%g)) e + <€V2(x3) + TA3($3)> e+

x1 dy o AV
(vg,(xg) _ndh ) et

e dxs e drg
— (T1 X2 ~ (T1 T2 T1 T2
eV (—, —,:Ug) + eeV (—, —,r3, —, —) .
e’ e e’ e ec’ e€



16.2. Obtaining the limit unfolded problem and displacements 177

Analogously, motivated by weak convergences (15.29)-(15.32), for any element V € D, we define
a formal strain tensor I';;(V) expressed in Y* x Q. To do that, we calculate the strain tensor of
v and we omit some partial derivatives (those which do not make sense):

Las(V) = + (g;‘; + g;i) + % <gf% + gfg) , (16.6)
R (16.7
I3(V) = % <—X ‘fl’;s + g;j + g;fi) (16.8)
To3(V) = % <X Cﬁ; + g;z + gff;) (16.9)
Finally, we define the following inner product:
< U,V >= / / / Ty (V)dY1dYadX1dXodzs, YU,V € D. (16.10)

Proposition 16.2.1. The associated norm to the inner product in D is equivalent to the norm
Il - || of the product space

[H%(0,L)]* x [H*(0,L)]? x L*(0, L; H' (w; R3)) x L*(; H:, (Y*;R?)).

per

Lemma 16.2.2. Let V € D. The following estimates are verified:

L L
/0 HVaH%{l () dx3 +/ / ||ﬁaH%I;ET(Y*)dXd‘T3 <
c/ // Tus(V))2dY dX das, (16.11)

)2 0.0y + /O 17120y s + /0 [ Vsl X <

L
C / / / (T'34(V))?dY dX dxs, (16.12)
0 w *
L
Walleoy + Vallnon <€ [ [ [ (Ca(v)2avaxas, (16.13)

The constants depend only on Y* and L.

Proof. The proof is made in three steps.

Step 1: We recall that v € L?($; H;GT(Y*;R‘g)). We define v € L2(Q; H(Y*;R?)) in the
following form:

2 . o, 1/0V, OV
01(Y1,Ys,-) = 01(Y1,Ye,) + % <1+ 2)

ox, ! 0X, ' 0X,

- ) 1/0Vy 0OV, Vs
Yy, Y, ) = 0o(Y7, Yo, ) + = | ot Y] 4+ —2Y5.
02(Y1, Yo, ) = 0o(¥1, Yo, )+2 (8X2+8X1> 1+ e 2
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Thanks to Korn inequality for displacements in H'(Y*;R?), there exists a rigid body displacement
re L2(Q; H'(Y*;R?)),
1 (Yia }/2, ) = al(') + b()}/27
T?(Yla }/2, ) = (12(') - b()}/l,
ai,as,b € Lz(Q),

such that
H‘:’ - 1"”%2(Y*x§z;R2) + HVY(‘Q’ - f)||%2(y*xQ;R2) <
L
C/ / / Tas(V)|?dYdX dzs.
0 w *
Moreover,

w

due to the continuous injection from H!(Y*) in L2(8Y). By considering the trace of ¥ —r on Y,
we have that

510, Ya,-) — r1(0,Ya2, ) = 91(0, Ya, -) + [1 (‘Wl + WZ) - b(-)] Yo —ai(),

0Xs 0Xy
. ) ov; oV oV
Ul(l,YQ,-)—Tl(l,YQ,-):’Ul(l,YQ, )+87AX}1+ |: <8X12 +6)(21> —b():| Yg—al(.)’
A . oV,
U2(0aY2) ) - T2(0aY27 ) — UQ(Oa}/Qa ) + 87)(2}/2 - GQ('),

. - 10V OV oV
’U2(07Y2, ) — 7‘2(1,Y2, ) = 7}2(1,}/2, ) + |:2 (8)(2 + 8X1> + b( ):| + 67)(2}/2 CLQ( )

and due to the periodicity of ¥, we obtain that
: : v ||”
(0 = 7)1(0, Y2, ) = (0 = m)1(1, Yo, M F2 0,1y ey = H8X1 Q)

L
9 = rlsovnzy <C [ [ [ IPas(V)Pavaxds,

A A 1 /oW 8V2>
—1)2(0, Ya,-) — (6 — r)a(1, Ya, - — = (L2 4y <
166 =200.95,) = G = 0¥ Mo = 5 (555 + 5 )+,
L
Hv—r\iQ@YXQRQ)gc/O //*\raﬁ<v>|2dede3. (16.14)

Analogously,

LoV oVl
2 \0X> 6X1

OV

0Xs

<C / / / Top(V)[?dY dX dxs,
L2(Q) *

<C / / / Tos(V)|?dY dX das, (16.15)
L2(Q *
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and from estimates (16.14) and (16.15),
I %1,

2
2%t ax o <C / / / 5(V)|2dY dX das,

Hb”%%m < C/o // ITos(V)|2dY dX dxs.

Then, we obtain (16.11) thanks to (16.14), (16.15) and the 2d-Korn’s inequality applied to the
displacement Vie; + Voes and remembering that:

oL
A N 0X1
Vytr = Vytr — oL | o )
x> T oxy

Vyts = Vyty — 28\72 1 .

0X>o

D=

D=

Step 2: We define 03 € L2(€; H*(Y*)) in the following form:

. . dAs oVs dAs OVs
Vo Vo) — (Y Y o2 4+ 23 v+ (X -~ ) Y2
03(Y1, Ys) = 03(Y7, 2)+< 2dac3 +6Y1> 1+< 1d +8X2 2

Thanks to Poincaré-Wirtinger inequality, there exists a function m € L?(Q) such that

|03 — mH%Q(Y*XQ) + (o3 — m”%%awxg) < CHVY@BH%?(Y*XQ;RZ) <

L
C / / / IT34(V)|?dY dX dzs.
0 w *

Then, taking into account that 8”3 = 2I'3,(V), we have that

dAs Vs || ” dAs OV,
—Xo—— 4+ — + | X15— + 2o

C/OL/W/* T34(V)[2dYdX.

In order to obtain estimate (16.12), we use the fact that

R X d.Ag + 8V3

N no dx 0X

VYU3 = VY’U?, ( X dA33+ an1 .
dx3 0Xo

2(Q)

Step 3: Estimates of V,, V3 are immediate. O

Lemma 16.2.3. Let V(w) be the subspace

V(w) = {VGHl(w);/deXzo}.
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Then, in V(w) + R the following norms are equivalent:

1/2
IV +allvsm = (lal* + 19V

2

9 1/2
[V +alyw)+r = (H—XQG + g;{/l ) + HXla + ;);2 L%)) :
Therefore, there exists a positive constant C' such that
v |? v |?
af? + 9V |3y < C (H—Xza S I e L%)) , (16.16)

for allV4+aeV(w)+R.

Proof. Let us assume that estimate (16.16) is not verified. Then, there exist sequences {V}, }nen,
{an }nen such that

IVVallL2(w) + lan| = 1, (16.17)

oV, oV, 1
—Xoay + - + | X1an + = < - 16.18
H 24 a*le L2(w) H 1 8)(2 L2 (w) n ( )

The sequences V,, and a,, are bounded and there exist subsequences (denoted in the same way)
such that

V,, = V in H'(w) weakly,
an — a.
Moreover, thanks to (16.18) we have

av, av
Xoay+ D _xa+ 2V g
20 + o5, T 20 5y

av,
Xy, + 2™ s Xja+ — =,
Ln + 5% MO 5%

strongly in L?(w), and we obtain that V =0, @ = 0. Then,
VV, — 0 in L*(w) strongly,
which leads us to a contradiction when we pass to the limit in (16.17). O

Proof. (Of Proposition 16.2.1) Obviously, the associated norm to the inner product in D is a
seminorm in the product space. Thanks to estimates of Lemma 16.2.2 the seminorm is a norm.

It remains to prove that both norms are equivalent. Thanks to the definition (16.5), we have
that
<V,V><a|V|3VVeED, a>0.

We can conclude that both norms are equivalent using estimates given in Lemma 16.2.2. O
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Theorem 16.2.4. The limit problem of Problem (V P) is given by the following unfolded varia-
tional problem:

Problem (UP):
Find U € D such that

L
/// ikl (U)C g (V)dY1dY2d X1d Xodzs =
0 wJY*

L
/ / {faVa + f3V3 + (XF + X3) frA3}dY1dYed X 1dXodxs, YV €D, (16.19)
0 wJY*
where a;ji1 are the usual elasticity coefficients
ikt = NijOrr + p(dikdj1 + 046k )-

Proof. Firstly, we choose as a test function v in (16.1)
1
Vi(ws) — 2 A3

(w3)
v(z1, 29, 73) = Vo (w3) + L As(a3) € HY (Q;
V3(z3) — LD (13) — L29¥2 (z3)

where V1, Vs € H?(0, L), V3, A3 € H'(0, L), with

_ i dn

Vi(0) = V2(0) = V5(0) = As(0) = 77(0) = 7=

By applying 7.° to the strain tensor 7;;(v), we obtain that
12 (Vap(v)) = 0,

1, dA
Tons(v) = =5 X > = Tus(V),
1, dA
15 (v23(v)) = §X1%j = Ta3(V),

15 (v33(v)) = T X1

where V = V.. We transform the left-hand term in (16.1) by applying 7.° and Tsh and we obtain
that

A~y (u®) : y(v)dz1dxodrs =
Q2.

L
e’ /0 / AL+ 2T (33 (%)) + AT (111 (1)) + T2 (122(u))) T (V)

+2p7E (13(u))13(V) + 207 (723(0*))T13(V) } dX1d Xodas =

e2

T g AL 20T (s (0)) o+ AT (12 (0™) + T2 (r22(%) | Ta(V)

+2u TN (T (113(u®)))T13(V) + 2M72h(7;e(723(ue€)))F13(V)} dY1dY2d X 1dXods,
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and the right-hand term is given by

2
/ £ . vde = e— (foVa + f3V5 + (XT + X3) frAs) dY1dYod X1d Xods.
Q Y*| Joxy

*
e,e

Then, by passing to the limit when e, e go to zero, we obtain the unfolded problem
| A+ 200m(0) + AR (U) + Ta(0)] (V)
xXY*
+2;LF13(U)F13(V) + 2/LF23(U)F13(V)} dY1dYodX1dXodxs =
/ (AiV1+ 2V + (XT + X3) frAs) dY1dY2d X d Xodxs,
QxY*

where

U — XoRs3
U= U + X1R3 +U+0a=U.+U+1. (16.20)

_ day ity
Z/{g Xl dxs X2 dxs

Then, we obtain the unfolded problem

/ al-jkll“kl(U)I‘ij(Ve)ledYnglngdazg =
QxY*

/ (fiV1 + foVo + (X1 + X3) frAs) dY1dYad X 1dXodxs, VVe. (16.21)
QXY*

Next, we choose as test function in (16.1)

V(ZEl,ZL‘Q,ZL‘g) = GV(;, ?71"3)7
where V € H'(€;R3). So, we have that
T Gaal®) = 222 = T (V)
e Yaa\V)) = 8Xa = 1laa ,
e 1 V4 (9Vﬂ _
7200000 = 3 (55 + 532 ) = ToolV)
. 10V, OV
7o) = 5 (50 + i) — Ta(V)
o 1/ 0Vy 0V
Tomalv) = 5 (52 + Gt ) — V),
oV, —
TS (v33(v)) = € S > — Ig(V) =0,
T3

strongly in L?(£2) when e goes to zero. Moreover, by property iv) of Proposition 15.4.2, 72 (72(v;;(v)))
converge strongly in L2(Y* x ). Then, we obtain that the left-hand term in (16.1) can be written

L
Ay (u®) : y(v)dzidrodrs = 62/ / aijii T (v (0°9)) T8 (735 (V) d X1 d Xodxs =
0 Juwg

62

‘Y*’ QxXY*

*
Qe,e

;i T2 TE (1 (0%)) TR T2 (15 (V))dY1dY2d X 1d Xodas,
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and the right-hand term is given by

2
/ £ . vdx = 67* e(efiVitefaVa+ f3V3
QF |Y | OxY*

—XQfTvl + leTVQ) dY1dYodXdXodxs.

So, by passing to the limit when e, e go to zero and taking into account that H'(€2;R?) is dense
in L%(0, L; H'(w; R?)), we obtain the unfolded problem

/ awklf‘kl(U)FU(\_/)ledYQXmdXdeg == O, (1622)
QxY*
VYV e L2(0, L; H (w; R3)).

Similarly, we choose as a test function in (16.1)

v(x1,x2,x3) = ect) (%, %,.Tg) v (i—;, Z—i) ,
where ¢ € D(Q), v € H),,(Y*;R?). So, we have that
T2 (aa¥) = St + U5 — UTaa(9),
T2000(v) = 5 (it + V52 + 33 + V5 ) — UTap(9)
T () = 5 (e in -+ 200+ UL ) — UTn(V),
Tma(V) = 5 (co gt e ta+ 05 ) — uTm(V)
75 (733(V)) = 655;/)3@3 — 0,

strongly in L?(2) when e, e goes to zero. Again, thanks to property iv) of Proposition 15.4.2,
TP(72(7i;(v))) converge strongly in L2(Y* x Q). By passing to the limit and taking into account
that D(Q) ® HL.,.(Y*;R3) is dense in L?(Q; H, (Y*;R3)), we obtain the unfolded problem

per per

/ aijiil ki (U)i5(9)dY1dYad X1d Xodas = 0, (16.23)
QAxY*
V¥ e L3(Q; HL, (Y5 R?)).

per

Consequently, from unfolded problems (16.21)-(16.23) we have obtained expression (16.19) for any
V eD. O

Remark 16.2.5. Problem (UP) has a unique solution in D.

Our next aim will be to obtain the limit problems associated to limit elementary displacements
U and Rg.
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16.2.1 Determinating ug, Us; and R;

Firstly, we are going to obtain an expression for @z in terms of Uz and R3. Let ¢ € L2(9),
¢ € H}.(Y*) and we choose in expression (16.19) test functions in the form

V(Y1,Ys, X1, Xo,23) = V(Y71, Yo, X1, Xo, 23) = (Y1, Y2) (X1, X2, x3)es;
S0,

Toa(V) = T1a(V) = 0,
I's3(V) =0,

1,0 0
Lia(V) = 3050 Ta(V) = 050

Then, we have that
o
2#F13(U)¢7dY1dY2d(L’3dX1dX2+
Y*xQ 8Yl
o
2#F23(U)¢7d}/1dY2d$3dX1dX2 = 0,
Y*xQ (9Y2
and we can supress the integral over €2, obtaining that

Vyiss : VypdY = — / M o3(Ue + U) O 1vidyy, Vi € HL, (YY),

Y * * ay

In order to simplify the previous limit problem, we define some suitable correctors

o € Hpe, (YY),
0
VyXa: VyypdY = — 81% ay, Vi e per(Y*) (16.24)
Y* Y+
Consequently,

. dRs 0Us\ . dR3  0Us 2

0 = Xo—2 Xi— 4+ — 16.2
s < 2dl’3 +6X1>X1+( dl’3 +6X2 ( 0 5)

Remark 16.2.6. By choosing suitable test functions and by using some very simple changes of
variable like

Vi=Y), Yo=1-Ys,
Vi=1-Y1, Yo =Yy,

it is easy to prove that correctors Xo verify

x1(Y1,Y2) =x1(Y1,1 - Ys) = —f( (1-Y1,Y7),
x2(Y1,Y2) = —x2(Y1,1 = Ya) = x2(1 — Y1, Y2),
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Consequently,

OXa

—dY1dY, = 0.

Similarly, if we consider the change of variable Yy = Ya, Yo = Y1, we obtain the following relations:
X1(Y1,Y2) = xa(Y2, Y1),

and, consequently,

ox1 X2
M oividYs = | 224v14dYs
S ) Y )

Secondly, we are going to obtain an expression for Uz in terms of R3. By choosing in expression
(16.19) o _
V(Y1,Y2, X1, Xo,73) = V(X1, X2, 23) = ¢(23)V (X1, Xo)es,

where ¢ € L?(0,L), V € H'(w), we have that

dR?’ 8(]3 8’11,3
—Xo—— —dY dYsd X1dXod

dR3 8U3 8U3
x, 48 O AVidYyd X dXdas = 0,
/Y*XQ“< dus X, T oy, ¢8X2 1aF2dA1dA20Ls

for all ¢ € L%(0,L), V € H'(w). Again, we can suppress the integral over (0, L). By taking into
account expression (16.25),

dR3 U3 B dR?, U3\ %1 dR3 37[73 X2 oV
/Y*Xwﬂ[ X2d +75X1 —I—( X2 + (9X1> Y, + <X s + an) v, 7aX1deX—|—
ng 6U3 ng 8U3 6X1 ng 803 )%2 8V
and thanks to Remark 16.2.6,
ox1 dRs 8?3 ov
1+ = —-X dYdX
/w/< +(91/1)( 20y T 0X, ) 09X, *

8X2 dR3 8U3 8V 1
/UJ/*(1+8}/2><X1 8X2)(9X2deX_O VYV e H' (w).

. X1 gy — %2
v [ (2 Yar = [ (1028

thanks to symmetry properties of Remark 16.2.6, and the previous problem remains

» dRs 0U3z\ 0V
_x X,dX
/wb ( 2 s +6X1> o, (A 1d Xt

dR3 8U3 GV 1
b (X dX1dXy = H
/w < 1dx3+8X2>8X2 1dX> =0, YV € H'(w).

Therefore, we define
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* a)Zl
b —/*<1+8Y1>dY>O.

In fact, by using definition of corrector x,
. 2 .

/<8X18X1+8X13X1+1+2‘9’“>dyz/ <—8X1+1+28X1)dY:
Y* Y+

Moreover,

2

/ |Vy (%1 + Y1) [2dY = dy =

0Y1 0Y1  0Y2 0Ys oY, oY, oY,

X1
1+ 2= 1dY =b*>0.
/*<+8Y1> =

If b* = 0, then X1 + Y7 = C, which is impossible, since 1 € HL, (Y*).

per

Therefore,

b*—/ |4 Na dY—/ IVy (Xa + Ya)|2dY, (16.26)

and we obtain the problem

/VXUg . VXVXmdXQ =

dRs ov dRs ov ~ 1
/w( Xo dzs 0X1 + X1 dzs aXz)Xmng,VVGH (w)

We introduce the corrector ¥ which is the solution of the problem

X € H'(w),
- N o _
/ VxX: Vx0dX = _/ (Xla)lé - X28;é> dX, Vi € H' (w). (16.27)
Consequently,
— dR
U3(X1,X2,l’3) = %j(xg)Y(Xl,XQ). (16.28)

Thirdly, we are going to obtain the problem associated to R3. By choosing in expression (16.19)

— X9 A3
V(Yla}/éaX17X27x3) = X1A3 )
0

where Az € H'(0, L), we have that

d$3

dRs  0Us  0Ous dAs
Xi——+ s + o5 | Xi5—dY1dYod X 1dXodrs =
/Y*XQ'U < ! d$3 + 8X2 * 8Y2 ! dxg 102 ! 20

dRs U3  9ig) . dA;s
N ~Xo 2 o 2 | Xo——dY1dYad X dX
/Y*XQ'U< s * 0X1 + ay1> 2 dY1dYed X dXodws+

L
/ / / (X2 4+ X2) frAszdY1dYsd X dXodx3.
0 w *
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Taking into account expression (16.25) and Remark 16.2.6,

- / u( x,9Re | OUs | (—Xz Ry | aU?’) 6X1) % 0y ax des+
Y*xQ

d €T3 8X1 d.%‘g 8X1 6Y1 dl‘3
ARy U ARy 03\ %2 ¢, M
X — 4+ — X dYdXdxg =
/Y*XQ“ < drs 09Xy ( Vs T 0%, ) 0y, ) N dns T3 =

/ /(X12 + X3) frAsdY dX dxs,
0 w

that is,

/ ,U,b* <X2 Ry + 6U3> dAs dX1dXodxs3+
Y*xQ2

dl’g 8X1 dl‘
(o dRs  9Us\ . dAs
X Xy dXodzs =
/Y*XQ“b < Vs +8X2> Vg, 14X 2ds =

L
/ / (X7 + X3) frAsdX dXodas.
0 w
Taking into account expression (16.28), the previous problem is written

- / ub* (—X2+ X > x, 4Rs dA3dX1dX2da:3+
Q

8X1 dxg dxg
8x ng d.A3
b* [ X X dX1dXodxs =
/Q“ ( “LaXQ) Vg dis 10208

L
/ /(X12 +X22)fT.A3dX1dX2dIL‘3.
0 w

Then,
L d d L
/ (1b* by, &ﬁdm: / / (X7 + X3) frAsdX1dXodzs,
0 d dx Z3 0 w
where 5 5
X X
w = Xo | Xo — —=- X X1+ =~ X1dXs.
e [ (g ) o0 (o g ) i

It is easy to prove that the coefficient b, is strictly positive. In fact, taking into account definition

of corrector y, we have that

/[(aié X2>2+<$52+X1>2] dX =

ox 8)( ox 9Ox ox ox
— 22Xy 42X -+ X2+ X2 | dX =
/w <8X1 axl Tox,0x, T ax, T Max, Thrt
ox ox ox B
/w< X18X2+X28X1 2X28X1+2X18X —|—X2 —I—Xl dX =

ox ox 9 2
Xo—2 4 X1 =2 + X2+ X2)dX =b, > 0.
/w< 26X1+ 16X2+ 7+ X3 >0
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If b, = 0, then
ox ox
—— =Xy, = =-X
8X1 2, 8X2 1
which leads to
0*x 0°x

= = —1
0X2X1 T 0X1Xo ’

which is impossible.

Therefore,

_ X X _
b, —/w [Xz <X2— 8X1> + X <X1+ 6X2>} dX =

/ [(8(?;((1 X2>2+ (;;éJFXl) ]dX- (16.29)

In conclusion, we have obtained a problem for Rg

dRs dA Lj
/ KR dAs g, / L frdsdes, VA; € H'(0, L),
daj‘g d]]g 0 6

where

X _x 2+ IX L x i dYdX
ox, 2 0x, Ot '

16.2.2 Determinating 4, U, U, and U

K* = pb*by = / / ¥y (R + Ya)

Firstly, we are going to obtain an expression for 4, in terms of Uy, U, and Us. Let introduce some
notation we will use in this paragraph:

'Ya@Y(V) - 5 (8)/6 + 8Y ) VV € Hper(Y ’R )a
. 1/0U, 0Us
tas.x(V) =3 <aXﬁ T ax,

> , YV € HY(w;R?).
Let ¢ € L*(2), ¢ € H,,(Y;R?) and we choose in expression (16.19) test functions in the form
V(Y1,Y2, Xu, Xo,23) = ¢1(Y1, Y2)p(X1, Xo, w3)er + ¢ (Y1, Y2)d(Xq, Xo, x3)es;

S0,

Lap(V) = ¢vapy (¥),
T15(V) = Day(V) = Dy3(V) = 0.

Then, we obtain the problem

/ aaﬁazﬁlf‘aﬁ(U)'ya/ﬁ/,y(gb)ledY2 = 0’
Y*
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that is,

o0ty Ous | Oy / 09 oty | oo
2t) o + Ao Y1dY:- 2) mr + Ao YidY-
/*[(/\Jr ”)8Y1+)‘8Y2] 8Y1d 1dYs + *[(AJF )aYng)‘aYl]aYQd 1dYo+

Oty Oug\ (O OYo
%1 YidY, =
/ <8Y2 + am) <8Y2 + am) dVdY;

{/ (A+2u)11(Ue + U) + A (T'2(U, + U) 4 I'z3(U, + U)) | 211#/1
v-

P
0Ys

dY1dYo+

/ [(A+2)T22(Ue + U) + A (T11(Ue + U) + I'g3(Ue + U)) | o~ dY1dYa+
Y*

/ Nz (T'12(Ue +U) + I'y; (U, + U)) <g§2 + g;f) ledYQ} .

In order to simplify the previous limit problem, we are going to define some suitable correctors:

Xll € leer(Y*; R2)7

/ AaBa’ B VoY (X11) Yo,y (P)dY = —/ aapa’ 8 Yoy (Ut1) Yo gy (1)dY,
v v

Yap € W(Y* R?),

5&22 € H;er(Y*; R2)7

/Y AaBa’ B VoY (X22) Yo,y (P)dY = —/Y aapa’ 8 Yo,y (U22) Vg vy (1)dY,

V'I/J €H per (Y* R2)

)212 € H;Llwer(Y*; R2)7

/Y aaﬁa’ﬁ’Va,B,Y(XlQ)Va’ﬂ’,Y("p)dY = - /Y aaﬁa’,@”}’aﬂ,Y(U12)’7a’ﬁ’,Y('¢))dY7

Vo € H), (Y R?),

where
Ui = Yieq, Uz = Yaeg, Uiz = Yoe; + Yies.
Consequently,
- AW AN -
(1, 12) = | M1,x(0) +v—— | X112 + | 122,x(U) + v—— | Xa2 + 112,x(U)X12, (16.30)
dx3 dxs
where v is the Poisson coefficient and where I/ is defined by
~ dih dUs
U(X1, Xo,z3) = Us(x3) — X1 3( 3) — Xy 3( 3). (16.31)

Remark 16.2.7. By choosing suitable test functions and by using some very simple changes of
variable like

Yi=Y, Yo=1-Ys,
Vi=1-Y, Yy =Yy,
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it is easy to prove that correctors Xag verify

x11,1(Y1,Y2) = x11,1 (Y1, 1 = Y2) = —x111(1 — Y1, Y2),
x11,2(Y1,Y2) = =x112(Y1,1 = Y2) = X11,2(1 — Y1, Y2),

x22,1(Y1,Y2) = X221 (Y1,1 = Y2) = —x22,1(1 — Y1,Y2),
x22,2(Y1,Ys) = —x222(Y1,1 — Ya) = X222(1 — ¥1,Y5),

x12,1(Y1,Y2) = —x12,1(Y1,1 = Ya) = X121 (1 — Y1, Y2),
x12,2(Y1,Y2) = X12,2(Y1,1 = Y2) = —x12,2(1 — Y1, Y2).

Consequently,
/ 712,Y(Xao¢)d}/1d}/2 = 07
/ Yaa,y (X12)dY1dYs = 0.

Similarly, if we consider the change of variable Y1 = Ya, Yo = Y1, we obtain the following relations:

X22,1(Y1, Y2) = X11,2(Y2, Y1),
X22.2(Y1, Y2) = X11,1(Y2, Y1),

and, consequently,
/ 711,Y(>211)dY1d5/2=/ Y22,y (X22)dY1dYa,
* Y *

/711,Y()A(22)dY1dY2=/ Y22,y (X11)dY1dY5.
* Y*

Secondly, we are going to obtain an expression for U, in terms of U, and 3. By choosing in
expression (16.19)

V (Y1, Ys, X1, Xo,23) = ¢(23)V1(X1, X2)er + d(x3)Va (X1, Xa)es,

where ¢ € L%(0, L), V € H'(w;R?), we have that

// az’jklrij(U)Fkl(v)dyldYQXmdXQ:/

w

|| e TV T (V)Y dx =
/ . {OA+2p) 11,y (0) + T11(U)] + Alvaz,y (@) 4 Ta2(U)]} y11,x (V)dY dX +
/ .. {(A 4 21)[y22,y (@) 4+ To2(U)] 4+ Ayin,y (@) + T11(U)]} y22,x (V)dY dX +

| [ anney @)+ Do) x (V)dyax =0,
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where we consider the formal displacement U = Uje; + Uses

U(Xy, X =U X — — —
1(X1, Xo, z3) 1+V< 1 o 5 d% dx% )

— — du. U, X2 - X2 dU
UQ(X17X2,JJ3)=U2+V<X2M3—X1X2 ! 2 ! 2>
3

di2 2 da?

verifying

, 712,x (U) = m2,x(0).

_ du
a U) = aa U -
Yoo, X (U) = Yaa,x )+de3

Moreover, U € L?(0, L; H(w; R?)) and

/ UadX = / (X, T, — X,U1)dX =0,

since I; = Iy and

/ X1X9dX = 0.
w
Therefore, expression (16.30) remains

(t1,62) = v11,x (U)X11 + 722,x (U)Xa2 + m12,x (U)X 19,

and we have that

/ / {0 +20) [v11,x(O) 1,y (Ra1) + 22, x O)71,y (Raz) + 712, x () 71,y (Raz) + 11,x(0)] +

(X2

A [i1,x (O)ya2,y (i) + 722,x (O)v22,y (Xa2) + 112,x (U) 120,y (R12) + Y22, x ()] } 711, x (V)dY dX +
/ / {0 +21) [v11,x (O)y22,y (R11) + 722,x (O) 122,y (Raz) + 112,x (U)y22,y (X12) + v22.x (U)] +
A, x (O n,y (Xa1) + 722, x (O)71,y (Raz) + 712, x () 71,y (Raz) + 111,x (0)] } y22,x (V)dYdX +

// 4ulyiz,x (U)yi2,y (Ri12) + 712,x (0)]y12,x (V)dYdX = 0.
wJY*

Thanks to remark 16.2.7, the problem is written

L A0+ 200 b @y () + 2020 (O (o) + . (0] +
A r1,x (O) a2,y (Xa1) + 722, (U) 22,y (Ra2) + v22,x (U )]} 71,x(V)dYdX+
/ . {0+ 20) [n1,.x(O)r2z,y (Xan) + 722, x (U)22,y (Xa2) + 722, (0)] +
A 71, x (O)yan,y (Ri1) + 722,x (O)y11,y (X22) + 711,x (0)] } v22,x (V)dY dX +

// 4ufyi2,x (U)vi2,y (X12) + 712,x (U)]712,x (V)dYdX = 0.
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Then,

| A0+20 [0+ G 0.0+ e @y ()] +
A [r1,x (O) 22,y (Ra1) + (14 722,y (X22))722,x (U)] } y11,x (V)dY dX +
/ . {4 20) [y, x(Or22,y (X)) + (1 + 722,y (Xa2))722,x (U)] +
M+ 1,y (X11))711,x (0) + 922, x (U)711,y (Ra2)] } Y22, x (V)dY dX +

/ / 4u(1 4+ y12,y (X12))112,x (U)712,x (V)dY dX = 0.

By grouping terms, we obtain that

10200004 sy (G + My o) i (0 x (V)Y X+
10 2y () + A+ 2y o)) x @ x (V)Y X+
[ L 10 200 Gean) + A+ 00 G s (O (V)Y X+
| 10 20+ 2y (o) + X901 (o)) (D (V)Y X +

/ / Ap(1 4 712,y (X12))712,x (O)712,x (V)dY dX = 0.

We define the coefficients a, ol

i = [ 1O+ 2000+ 1m0y (1) + Mz (111, (16.52)
a1 = / [((A+ 2p) 11,y (X22) + AL+ 722,y (X22)] dY, (16.33)
Ty /Y [(A+ 2p)y22,y (X11) + A + My (X)) @Y, (16.34)
3992 /Y [(A+20) (1 + v22,7 (X22)) + A1,y (Xa2)] Y, (16.35)
s = [ 21+ oy (). (16.36)

a1y =0, (16.37)

and the problem is written

U e L2(0, L; H (w; R?)),
/aT111711,X(U)711,X(V)dX+/a§211’Y22,X(U)711,X(V)dX+
/61122711 x(U)y22,x(V)dX + // 5999722, % (U) 22, x (V)d X+

// @o19m12.x (D) y12.x (V)dX =0, YV € L*(0, L; H (w; R?)).
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The bilinear form given by coefficients (16.32)-(16.37) is symmetric and coercitive. In fact, the
symmetry of the bilinear form is a consequence of Remark 16.2.7. Let ©,3 arbitrary, then we have
that

Oo8arp OapOuarp = /Y tagarpVasy (V) asy (V)AY > Cllvasy (V)2 > ClOasl*,

where
V =011 (X11 + Yie1) + O (X22 + Yaes) + O12 (Y12 + Yoer + Yiep)

due to the definitions of correctors X,4. For instance,

/Y* Aapa/gVap (O12 (X12 + Y2€1 + Yie2)) Yorp (O12 (X2 + Y2€1 + Yien)) dY =
/ 4uB1z (M2(X12) +1) O12(m2 (X12) + 1) dY =
/ Ap (a2 m2(Xaz) + 2m2(Ra2) + 1] ©12012dY =
/ CAplrz(Xae) + 212(Xaz) +1]©12012dY =
(/ ) 4 [r12(Xa2) + 1] @12912dY> O12012 = a]91,012012.

So, the bilinear form associated to coefficients (16.32)-(16.37) is coercitive.

Therefore, the problem is written
U eL?(0, L; H' (w; R?)),

/ @ per Ve, X (0)yarg x (V)dX =0, YV € L?(0, L; H' (w; R?)).
w

Since the bilinear form associated to coefficients a, Garr 18 coercitive, we obtain that

U=o0.
Therefore,

— dus X3 — X3 d*uy d*Us
Ui=—v| Xi— - ——— - X1 X 16.38
! v ( ! dxs 2 dx? 12 dz} )’ ( )

dids U, X2 — X% dU,
Us=—-v|Xo—-X1X — 16.39
2 v ( 2 dzs 1X2 = 5 dz )’ ( )

Thirdly, we are going to obtain a simpler expression for Us. By choosing in expression (16.19)

0
V(Y1,Y2, X1, Xo,23) = 0 ,
Vs(z3)
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where V3 € H*(0, L), we have that

L
/0 / / ) [(A+2u)T33(U) + A(711(U) + F22(U))]Zz)dY1dY2dX1dX2d$3 =

L
/ / f3V3dY1dYodX1d Xodxs,
0 wJY*

that is

d
ﬁd}/idYQXmdXdef} =
dl’g

du
A+ 2/1,)d—xs + A(711,x (U) + 722,x (U)

L
/ / / f3V3dY1dYad X1d Xodzs,
0 wJY*

where A and p are the Lamé coeflicients.

I Lk

Then, by taking into account expressions (16.38) and (16.39), we have that

— — du
U) = o2 ¢ (0) = 22
711,x(U) = 722, x(U) Y Tes’

I ~ ~
du du \ dVs
A+2u)— =2 v— | —dY dXdx3 =
/0 /w/* <( + M)dl‘g de3> dl‘g 3

L
/ / f3V3dY1dY2d X 1dXodxs,
0 wJY*

L
|| e avixis -
0 w * dx3 dajg

L
/ / f3V3d1/1dY2dX1dX2dCE3.
0 wJY*

and consequently,

that is,

Analogously, we are going to obtain a simpler expression for U,. By choosing in expression (16.19)

Vl(l‘d)
V(}/la}/Q7X17X271‘3) = V2($'3) )
—X1§7V;(1U3) - X2%($3)

where V, € H%(0, L) and by taking into account expressions (16.38) and (16.39), we have that

L ~ ~ ) )
au au dVl dVg
- 26)—— — 22— | | Xi——5 + Xo—— | dY1dY2dX1dXodz3 =
/0 /w/* <()\+ #)dJEg )\de3>< 1dm§ + le%)d 1dY2d X 1d Xodxs

L
/ / faVaindYQXmdXlefg.
0 wJY*
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Then,
d’Uy ) B

/L// Ot 20 (0 EH () + %, B (1)
o oy H 1 dz2 3 2 dr2 3
2 2 2 2
-2\ <X1M§1(x3) + deuf(:cg)>} <X1d Vi + de Vj) dY1dYed X dXodrs =
dx3 dxs dx? T3 dxs

L
/ / faVad}/idY2dX1dX2d1:3.
Y*

By doing calculations,

2 2 2 2
dth &'V dthd V2> dY1dYydX1dXodrs =

L
X2E X2E
/o/w/*<1d:z:§dx§+2dm§d2

L
/ / faVad}/idYQXmdXlefg,
Y'*

that is
d2 d2 L
/ EI Z/{ 2 dl’g == / / faVaind)/QXmdXQd$3,
where F is the Young’s modulus.

16.2.3 Limit problems for the elementary displacement U

The limit problems for the elementary displacement U, are given by

Problem (PUs):
Find U3 € H'(0, L) such that U3(0) = 0 and

dUs dV L
/ R _/ f3Vsdxs, YVs e HY(0,L), V3(0) = 0. (16.40)
0 dl‘g d$3 0
Problem (PU,):
Find U, € H*(0, L) such that Uy (0) = %= (0) = 0 and
E d*U, d*V, dVe
dxs = d v H%*0,L 0 = 0. 16.41
/Olzdxng vy = /fans, Va € A0, 1), Va(0) = T20) (16.41)
Problem (PR3):
Find R3 € H'(0, L) such that R3(0) = 0 and
(16.42)

*dR3 dA?) . L 1 " B
/ K dzs d:l}g 3 _/0 6fTA3dI3’ VA3 € H'(0,L), A3(0) =
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16.3 Strong convergences

Proposition 16.3.1. The following convergences of the stress tensor hold:

TMTE(00p(u®))) — 0, (16.43)
T om(w) B (G0 - 0 G4 - 0. (16.41)
T o)~ (14 30 ) (<Xek 50 ) 0 (16.15)
ThTom(u)) (14 52 ) (304 0 ) T (16.46)

strongly in L2(Y* x Q). Moreover, convergences (15.29)-(15.32) of the strain tensor are strong in
L2(Y* x Q).

Proof. We choose V = U in Problem (UP) and we obtain that
L
/ / / al-jkll“ij(U)Fkl(U)ledYnglngdxg <
0 w *

Y*
liminf’e2’/ aijkl’y,;j(uea)’ykl(uea)dxldxgdxg S
Q*

e
‘ *

limsup 62 /Q* aijkl%j(uea)’ykl(uee)d:cldxgdxg =
*
lim sup Y ’ £ . u®dridrodrs = lim % £ - u®dzridrodrs <
Qx ee—0 € Q

L
/ / (falle + folls + (X2 + X2) 1R }dY1dYad Xy d Xoders —
0 wJY*

L
/ // aijklr‘i]‘(U)Fkl(U)ind}/QXmdXle'g.
wJY*
Consequently, we have that
L
/ // aijkll“ij(U)I‘kl(U)ledYnglngdxg:
0 w *
| *

lim 3
ee—0 €

‘/ @ik Yij (0 )y (0 ) day dzodes,
Q2
and we obtain the strong convergences of the stress and strain tensors. O

Proposition 16.3.2. The following convergences of the unfolded field T2(u®) hold:
€15 (ui") — Ui,
€15 (uy") — Us,
diy AUy
7° - X1—-X
( ) - U3 ! d T3 2 dzs dxg

in HY(Q).
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Proof. 1t is a consequence of strong convergence (15.30) and estimates (15.6) and (15.8). O
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Chapter 17

Conclusions

In Part III, we have applied the unfolding method to study the asymptotic behaviour of the
catalyst support in a linear elasticity problem. These supports are strucutres made of beams,
placed periodically and with inner holes.

We have obtained, after passing to the limit, three uncoupled limit problems: The first problem
defines the longitudinal displacement and the second one gives the transversal bending of the
structure, while the third one defines the torsion angle. Notice that the general form of longitudinal
and transversal problems are the same that those obtained in the well-known Bernouilli-Navier
theory of thin rods (see [80]). Nevertheless, the torsion problem does not coincide with those given
in Bernouilli-Navier theory, that is, this problem takes into account, by means of torsion rigidity
K*, the periodic character and the cells geometry of the structure.

Moreover, unfolded stress tensor is similar to that obtain in classical theories, but shear compo-
nents also show periodic character and cell geometry dependence by means of suitable correctors.

In a future research, we may apply the results obtained here in order to solve the fluid-structure
interaction problem which occurs in an automobile’s exhaust system. To do so, we will consider
that the holes of the structure contain certain kind of fluid and some chemical reactions take place
on the boundaries of the structure.
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Resumen

Hoy en dia, un conocimiento profundo de los fenémenos en mecanica de solidos es fundamental
para desarrollar nuevos métodos o técnicas que permitan ahorrar enormes cantidades de tiempo
y dinero en campos como las industrias cerdmicas o del aluminio. Histéricamente, para simular
este tipo de procesos se consideraban modelos lineales o clasicos. Sin embargo, muy a menudo los
materiales reales exhiben un comportamiento no lineal y, en este momento en el que cada vez més
surgen nuevos materiales, los modelos lineales estan siendo llevados a su limite. Por lo tanto, el
uso de modelos no lineales se hace cada vez mas necesario para realizar las simulaciones numéricas
de los distintos procesos en este tipo de industrias.

A lo largo de esta tesis, se pueden distinguir tres partes bien diferenciadas aunque con una
temética comin: el estudio matematico y la resoluciéon numérica de problemas no lineales en
mécanica de solidos, que surgen de procesos fisicos presentes en las industrias del aluminio y las
ceramicas. Consideramos situaciones reales donde aparecen distintas no linealidades: leyes de
comportamiento de tipo viscoplastico, condiciones de contorno tales como el contacto unilateral,
etc. Asi, en la primera parte de esta tesis nos centramos en el estudio mateméatico del proceso de
colada de aluminio, e introducimos algunos algoritmos eficientes para llevar a cabo la simulacién
numérica del mismo. En este problema, aparecen dos no linealidades: la ley de comportamiento no
lineal del aluminio y una condicién de contacto con el molde que contiene el metal. A continuacion,
la segunda parte de la tesis esté dedicada al estudio del ensayo de flexién en tres puntos y del médulo
de ruptura de materiales fragiles. En este problema, aparece de nuevo una condiciéon de contacto
en su formulacion. Por ultimo, la tercera parte presenta un anélisis matemaético de un problema
de elasticidad para soportes utilizados en catélisis.

En lo que sigue, veremos cada una de las partes de la tesis mas detalladamente.

Parte 1. Procesos de colada de aluminio: Algoritmos eficientes para su simu-
lacién numérica.

El objetivo de esta primera parte de la tesis es obtener algoritmos eficientes para resolver no
linealidades que provienen de leyes de comportamiento de tipo viscoplastico, o de condiciones
de contorno tales como el contacto unilateral. Un situacién real en la que aparecen estas dos
condiciones, y que es la motivacién de esta investigacion, es el proceso de colada en la produccion
de aluminio. Durante los procesos de colada, se vierte el aluminio liquido en un molde, refrigerado
por agua, llamado falso fondo; cuando el aluminio se empieza a solidificar, el falso fondo comienza
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a descender, dejando més espacio para el nuevo metal liquido. Se puede encontrar una descripciéon
detallada del proceso completo en [33, 41, 75|.

Generalmente, el proceso de colada se divide en dos fases. Durante la fase de arranque, el
campo de temperaturas, el frente de solidificaciéon y la forma de la placa se modifican a lo largo
del tiempo. Los fuertes gradientes térmicos, debidos a los chorros de agua, hacen que el la parte
inferior de la placa se deforme y pierda contacto con el falso fondo. Esta deformacién se conoce
como deformacion del talon y se caracteriza por un levantamiento de la base de la placa de metal.
Cuando la altura de la placa es de aproximadamente 1m, el campo de temperaturas se vuelve
estacionario. En esta fase estacionaria, la placa solidificada se contrae hacia dentro y la seccién
resultante presenta paredes laterales concavas.

La deformacion del talon y la contraccion de la placa pueden minimizarse optimizando los
pardmetros de colada, pero en primer lugar, es necesario ser capaz de predecir las deformaciones
que sufrira la placa para condiciones de colada fijas. Para predecir el comportamiento de la colada,
las principales dificultades se deben a los efectos del acoplamiento de fenémenos, a la presencia
de términos no lineales, a la existencia de fronteras libres y a que el dominio computacional varia
con el tiempo (véase [6]). Concretamente, para simular la deformacion del talon debemos resolver
un problema de contacto unilateral sin rozamiento entre un cuerpo termo-elasto-viscoplastico de
Maxwell-Norton y un sélido rigido.

El trabajo que presentamos en esta primera parte es la continuacién de la investigacion iniciada
en [5] y [9]-[13], donde se han estudiado varios aspectos matematicos del problema:

La formulacién como desigualdad variacional.

La busqueda de condiciones suficientes para la existencia de una solucién.

La implementacién numeérica de la presion metalostatica en la interfase liquido-sélido.

e La aproximacién numérica de la desigualdad variacional y la descripcién de un esquema
numérico para resolverla.

En la tesis doctoral [5], se obtuvo una soluciéon aproximada de este problema usando un esquema
de Euler implicito en tiempo y un método de elementos finitos en espacio. Para tratar las no
linealidades, la resolucién numérica se bas6 en el algoritmo de Bermiidez-Moreno que involucra
dos multiplicadores: el multiplicador viscoplastico (que tiene en cuenta la no linealidad debida a
la ley de comportamiento) y el multiplicador de contacto (que permite resolver la no linealidad
debida a la condiciéon de contacto). Estos dos multiplicadores se aproximaban usando algoritmos
de punto fijo (véase [9, 10, 16]). Durante la fase estacionaria, en la que la condicion de contacto
no tiene una influencia significativa, este algoritmo funcioné bien; sin embargo, durante la fase de
arranque, donde aparecen simultdneamente las dos no linealidades, la convergencia empeoré en
gran medida, incrementando el tiempo de ejecucion. Ademas, este algoritmo presenta una fuerte
dependencia con respecto a sus parametros, que no pueden ser determinados a priori. Todos estos
problemas hacen muy dificil el uso masivo de este algoritmo para ayudar en los procesos de colada.
El objetivo fundamental de este trabajo de investigacion es desarrollar métodos numéricos eficientes
que incorporen procedimientos adaptados para acelerar el tratamiento de las no linealidades y, por
la tanto, ser capaces de simular numéricamente la deformacién del talén en un tiempo razonable.
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Para lograr este objetivo analizamos varias opciones:

e Condicién de contacto. Aproximar el multiplicador de contacto utilizando métodos de New-
ton generalizados junto con una técnica de penalizacién para conservar la simetria de la
matriz (véase [7, 14, 46, 54, 72|). El algoritmo resultante para resolver la condicion de con-
tacto es rapido, preciso y su convergencia es independiente de los parametros del mismo. Sin
embargo, este algoritmo necesita recalcular la matriz de rigidez en cada iteracién. Por lo
tanto, teniendo en cuenta que generalmente esta condicién de contorno sélo involucra una
pequena parte de la frontera, proponemos usar una factorizaciéon de la matriz de rigidez
adaptada a la geometria del problema.

e Ley de comportamiento viscopléstica. Se consideran dos opciones:

— Aproximar el mutiplicador viscopléstico con técnicas de Newton estandar sin modificar
la matriz de rigidez en cada iteracion (véase [7, 14]).

— Aproximar el multiplicador viscoplastico usando una generalizacién del algoritmo de
Bertudez-Moreno con parametros variables, que se calculan automéaticamente (véase

[43]).

Cuando la no linealidad debida a la ley viscopléstica se resuelve usando técnicas de Newton,
los fuertes gradientes térmicos obligan a emplear algunas técnicas numéricas para obtener
una buena convergencia, como son: una adimensionalizacién de las tensiones, una regla de
Armijo y una optimizacion del paso de tiempo. Para mostrar el buen comportamiento de
esta metodologia, presentamos ejemplos académicos disenados para reproducir el proceso de
colada. Sin embargo, al aplicarlo al proceso que se lleva a cabo en la fabrica, no siempre se al-
canza la convergencia. Por ello, proponemos un segundo algoritmo que es una generalizacién
del algoritmo de Bermudez-Moreno con una elecciéon automatica de sus parametros

Esta primera parte de la tesis esté organizada como sigue:

Capitulo 1: Introduccién. Hacemos una introduccién al problema que queremos resolver y
damos una descripcion del problema fisico asociado a los procesos de colada.

Capitulo 2: Modelo matematico. Introducimos el modelo matemético para simular la de-
formacion del taléon que se produce durante el proceso de colada, dando una descripcién
detallada de las condiciones de contorno, la ecuaciones de equilibrio y la ley de compor-
tamiento no lineal asociada al aluminio. Esta tltima se corresponde con una ley termo-
elasto-viscoplastica, donde la parte viscoplastica viene dada por una ley de Maxwell-Norton
no lineal, y la parte térmica es una generalizacion de la ley de Arrhenius.

Capitulo 3: Estado del arte. Hacemos una revisiéon de los resultados mas importantes del
anélisis matematico y de la resolucién numeérica de la deformacion del talén. Proponemos una
formulacion débil para el problema en términos de espacios funcionales adecuados, siguiendo
los trabajos de Geymotat y Suquet (véase [45]) y Barral y Quintela (véase [13]). Ademas,
se presentan algunos resultados de existencia obtenidos por Barral y Quintela en [13] y por
Barral et al en [8]. Por ultimo, recordamos el procedimiento numeérico propuesto en [5| para
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aproximar la solucién del problema y, de este modo, simular la deformacién del talén. Este
procedimiento esta basado en el algoritmo de Bermiidez-Moreno.

Capitulo 4: Resolucién numérica mejorada. Con el objetivo de mejorar la convergencia del
algoritmo anterior para la simulacién de la deformacién del talén, este capitulo describe
un nuevo procedimiento numérico para aproximar la soluciéon del problema. La condicién
de contacto se resuelve usando el algoritmo de Bermudez-Moreno (véase [16]), en el que el
multiplicador de contacto es el punto fijo de una ecuacién no lineal. Para aproximar este
multiplicador proponemos un método de Newton generalizado y una técnica de penalizacion.
Para tratar la ley de comportamiento no lineal usamos de nuevo el algoritmo de Bermudez-
Moreno y proponemos dos métodos para aproximar el correspondiente multiplicador: un
algoritmo de Newton junto con algunas estrategias numéricas disenadas para mejorar su
eficiencia, y un algoritmo de Bermiidez-Moreno con pardmetros variables.

Capitulo 5: Resultados numeéricos. Presentamos algunos ejemplos académicos con solucién
analitica conocida para validar los algoritmos propuestos. Estos ejemplos se han disenado
para reproducir un comportamiento analogo al de la colada de aluminio real: fuertes gradien-
tes térmicos con respecto al tiempo y una separacién o hueco entre el dominio computacional
y el solido rigido que crece con el tiempo. Comparamos la eficiencia de las metodologias
propuestas con el antiguo algoritmo de Bermudez-Moreno introducido en [9, 10]. Por tltimo,
presentamos resultados numéricos de la simulacion de la deformacién del talén.

Capitulo 6: Conclusiones. Presentamos algunas de las conclusiones mas importantes de esta
primera parte de la tesis, remarcando que los mejores resultados numeéricos se obtienen al con-
siderar el método de Newton en contacto y el método de Bermudez-Moreno con parametros
variables en viscoplasticidad.

Parte 2. Ensayo de flexiéon en tres puntos: Estudio matematico y simulacion
numeérica.

Cada vez mas surgen nuevos retos en ingenierfa, ya sean nuevas aplicaciones, nuevos materiales
o ambos casos simultaneamente. Habitualmente no se puede predecir correctamente el compor-
tamiento de cierto material bajo nuevas condiciones, y es necesario realizar gran cantidad de
experimentos de prueba para determinar si puede ser utilizado o no. Por lo tanto, hoy en dia se
esta llevando a cabo un enorme esfuerzo con el objetivo de desarrollar nuevas técnicas predicti-
vas que permitan ahorrar tiempo y dinero al testear nuevos materiales. Sin embargo, no existen
demasiados estudios sobre como predecir el comportamiento de los materiales bajo condiciones
simples. Factores como pequenas diferencias en la composicién o en la microestructura afectan
en gran manera a los resultados de los experimentos méas habituales, haciendo que la experiencia
previa en materiales similares no haya sido de utilidad. Este hecho es particularmente critico para
los materiales ceramicos.

Generalmente, en las aplicaciones los materiales son sometidos a distintas fuerzas o cargas,
con componentes mas o menos complicadas de flexion, torsién, compresion y combinaciones de
todas ellas. Para predecir el comportamiento de cierto material, sin llevar a cabo experimentos
destructivos, es necesario entender los mecanismos que afectan a su resistencia para seleccionar
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el criterio de ruptura mas adecuado. Las propiedades del material se miden cuidadosamente
mediante experimentos o ensayos en el laboratorio sobre una muestra del material; estos ensayos
determinan las propiedades mecénicas de un material mediante la medicién de la carga aplicada y
el correspondiente cambio de longitud en las dimensiones de las muestras utilizadas. Hay muchos
tipos de ensayos o tests para determinar las propiedades de los materiales, y se pueden clasificar
en varios grupos atendiendo a la forma en que es aplicada la carga, a la condicién de las muestras
en el momento del ensayo o a la condiciéon del ambiente durante el ensayo. Los més importantes
son los siguientes:

e Ensayo de tension y compresion: Se aplica una carga axial a una muestra para obtener una
distribucion uniforme de las tensiones sobre la seccion transversal.

e Ensayo de torsion: Determina el comportamiento de las muestras sometidas a pares de cargas
opuestas.

e Ensayo de flexion: Determina el comportamiento de materiales sometidos a cargas simples,
por ejemplo, cargas concentradas o distribuidas uniformemente.

e Ensayo de fatiga: Utilizado para estudiar el comportamiento de materiales sometidos a cargas
variables.

e Ensayo de impacto: Es un caso particular de los ensayos anteriores; la carga se aplica sibita-
mente.

En esta segunda parte de la tesis centraremos nuestro estudio en los ensayos de flexiéon. La relativa
sencillez de estos ensayos ha permitido su popularizacién para medir las propiedades mecéanicas
de materiales fragiles. Uno de los ensayos mas comunes es el ensayo de flexidn en tres puntos:
se coloca una muestra del material entre tres cilindros, sin sujecién adicional, dejando que el
actuador o cilindro superior ejerza una carga gradualmente creciente hasta que se produzca la
ruptura. La medida que generalmente se determina con este experimento es el médulo de ruptura
(MOR), es decir, la maxima tension superficial que soporta la pieza doblada antes de romper. En
la literatura, el MOR viene dado por una férmula explicita, que involucra el valor de la fuerza
maxima que soporta la muestra, la distancia entre los cilindros inferiores y el segundo momento
de inercia de la seccién transversal de la muestra.

Sin embargo, hemos detectado que, al calcular experimentalmente distintos valores del MOR
para cierto material, aparecen discrepancias importantes que dependen del tamano de la muestra,
de la relacién entre el area de la seccién transversal y la longitud total de la muestra o la relacion
entre la distancia de los cilindros inferiores y la longitud total. Es muy habitual que muestras del
mismo material nos lleven a diferentes valores para el MOR, pero hasta ahora no hay estudios
sobre este comportamiento.

El objetivo de la Parte II es estudiar el problema matematico asociado a los ensayos de flexiéon en
tres puntos para mejorar el conocimiento sobre el MOR de materiales fragiles. Més especificamente,
probamos la existencia de una solucién tinica para el problema de elasticidad con contacto unilateral
sin rozamiento que proviene del modelo mecanico del ensayo. Ademas, para justificar la férmula
clasica utilizada para calcular el MOR, nos interesa encontrar su modelo limite usando técnicas de



208 Resumen

analisis asintotico cuando el espesor de la viga de muestra tiende a cero (véase |2, 18, 36, 80, 81]).
Usando este método se han justificado teorias clésicas como la de Bernouilli-Navier, Saint Venant,
Timoshenko y Vlassov (véase [18, 80]). También se ha estudiado el caso de vigas con contacto
unilateral con solido rigido (véase [82, 83]), pero tnicamente en el caso de extremos anclados. A
pesar de la ausencia de condiciones Dirichlet para nuestro problema mecéanico tridimensional, el
método asintdtico nos permite obtener los problemas limites unidimensionales para la flexiéon y
la traccion e identificar la relacion entre la carga de ruptura y la correspondiente tensién normal
axial. Todos los resultados tedricos han sido publicados en [70].

Ademés, estamos interesados en encontrar un método efectivo para calcular el MOR para
materiales fragiles. Para ello, usamos todos los resultados teodricos que presentamos en esta tesis
doctoral para obtener varias aproximaciones del MOR. El procedimiento es el siguiente: Una vez
realizados en el laboratorio varios ensayos para vigas de ceramica, conocemos la fuerza maxima
que la viga soporta antes de romper — la fuerza de ruptura. Utilizando la férmula clasica para el
MOR, obtenemos un primer valor para el mismo — el MOR teérico. En segundo lugar, realizamos
simulaciones numeéricas del ensayo experimental para los modelos unidimensional y tridimensional,
considerando la fuerza de ruptura, de donde obtenemos dos nuevas aproximaciones del MOR — los
MOR numéricos 1d y 3d. Por ultimo, obtenemos un cuarto valor para el MOR usando una nueva
férmula obtenida del anélisis asintético de nuestro problema. Aplicamos esta metodologia sobre
vigas cilindricas y rectangulares hechas de porcelana, que es un material fragil muy usado en
ingenieria.

La nueva férmula tedrica que obtenemos aqui permite calcular una mejor aproximacion del
MOR para materiales fragiles. Esta expresion tiene en cuenta no soélo la fuerza de ruptura y la
longitud total de la viga, sino también la distancia entre los cilindros inferiores, el efecto de la
gravedad y la distancia entre los extremos de la viga y los cilindros inferiores (véase [51]).

Esta segunda parte de la tesis esté organizada como sigue:

Capitulo 7: Introduccién. Damos una descripcion del problema fisico asociado a los ensayos
de flexién en tres puntos y presentamos la motivacion del completo estudio realizado en la
Parte II.

Capitulo 8: Estudio matematico del ensayo de flexiéon en tres puntos. Estudiamos aqui
el comportamiento estatico de una viga elastica tridimensional sometida al ensayo de flexién
en tres puntos. Bajo condiciones de compatibilidad adecuadas sobre las fuerzas aplicadas
y la geometria de la viga, probamos la existencia y unicidad de soluciéon del problema de
elasticidad con contacto asociado. Estas condiciones de compatibilidad sobre los datos son
debidas a la ausencia de una condicién de contorno Dirichlet sobre la frontera de la viga.

Capitulo 9: Analisis asintotico del ensayo de flexién en tres puntos. Este capitulo esta
dedicado a estudiar el comportamiento asintotico del problema; en particular, deducimos
los modelos unidimensionales asociados al desplazamiento y damos resultados de existencia
y unicidad de solucion para los mismos. Ademas, introducimos una expresion para la tension
normal axial en la viga que esta relacionada con el MOR de materiales fragiles. En la altima
parte del capitulo estudiamos la regularidad de solucién del problema limite de flexién y
damos algunas propiedades del conjunto de coincidencia.
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Capitulo 10: Una férmula mejorada para el MOR. Detallamos los experimentos reales lle-
vados a cabo en laboratorio para vigas cilindricas y rectangulares de porcelana y probamos
que se verifican las condiciones de compatibilidad para ambos. En estos dos casos, ademas,
presentamos soluciones analiticas para los problemas limites de flexion y traccién. Dichas
soluciones se obtienen de las formulaciones diferenciales dadas por el analisis asintético. Por
iltimo, presentamos una nueva expresion tedrica para el MOR.

Capitulo 11: Calculando el MOR. En este capitulo calculamos varias aproximaciones para
el MOR de la porcelana utilizando el procedimiento descrito anteriormente y hacemos una
comparaciéon de los resultados obtenidos.

Capitulo 12: Conclusiones. Como conclusién, se puede observar que las nuevas formulas teori-
cas obtenidas en esta tesis doctoral dan una mejor aproximacion del MOR, para materia-
les fragiles que las formulas clasicas. Ademads, queremos hacer notar que el MOR es una
propiedad mecéanica muy sensible a variaciones en las dimensiones de las muestras. Debido a
esto, se pueden encontrar grandes diferencias entre los valores del MOR obtenidos aqui y el
rango de valores encontrado en las bases de datos de ingenieria, en las cuales no se indican
las dimensiones o geometrias de las muestras utilizadas.

Parte 3. Un problema de elasticidad para soportes de procesos de catalisis: El
método de desdoblamientos.

Para reducir las emisiones de gases contaminantes a la atmosfera, desde hace poco tiempo, se
incorpora al tubo de escape de los automéviles el convertidor catalitico o catalizador. En este
componente se produce un proceso de catalisis heterogénea, donde un sélido que recubre los canales
de un soporte de ceramica o acero inoxidable cataliza una reaccién entre gases. El catalizador
provee un entorno adecuado para una reaccién quimica en la que los hidrocarburos sin quemar se
oxidan completamente, de tal modo que la contaminacién se reduce. Hoy en dia, se esta llevando a
cabo un considerable esfuerzo con el objetivo de desarrollar soportes adecuados para el proceso de
catalisis. En algunos casos el soporte utilizado es el factor que marca la diferencia en la viabilidad
del proceso: el soporte deberia permitir que el catalizador se disperse totalmente sobre su superficie,
y ademas necesita ser estable bajo las condiciones de reaccién y que los reactivos o productos no
afecten a su estructura.

El objetivo de esta tercera parte de la tesis es modelar el proceso de catalisis que tiene lugar
en el tubo de escape de los automéviles. Debido a la complejidad del problema, el primer paso es
estudiar el comportamiento asintotico de los soportes en un problema de elasticidad lineal. Los
soportes para el proceso de catélisis que consideramos aqui estén formados por estructuras de
multiples celdas con forma de panal, con un espesor ec y con huecos interiores de tamano eed.

Para resolver esta primera aproximaciéon utilizamos un nuevo procedimiento, llamado método
de desdoblamientos o “unfolding”, desarrollado por Cioranescu, Damlamian y Griso (véase [30]).
Este método es una generalizacién de la nocién de convergencia en dos escalas introducida por G.
Nguetseng [62] y desarrollada mas tarde por G. Allaire [1]. El método se basa en el operador de
desdoblamientos o “unfolding”, ’];h, que es similar a un operador de dilataciéon. Si 2 es un conjunto
abierto y acotado e Y es una celda de referencia en R", el operador Tah asocia a toda funcién v en
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LP(Q), una funcion 72 (v) en LP(Q x Y). Una propiedad inmediata del operador “unfolding” 7.*
es que permite transformar cualquier integral en § en una integral en Q x Y. Ademas, 7.* permite
probar que la convergencia en dos escalas en el sentido de LP(2) de una sucecion de funciones v,
es equivalente a la convergencia débil de la sucesién de funciones desdobladas 7Pv. en LP(2 x V).

Uno de los resultados mas importantes del método de “unfolding” es el siguiente: Para cualquier
sucesion débilmente convergente w® en H'(2), uno puede extraer una subsucesion (todavia deno-
tada por ¢) tal que

w® — w débilmente en H'(),
TP (w®) — w débilmente en L*(Q; H(Y)),
TR (Vw®) = Vw + Vy débilmente en L*(Q; HY(Y))",

donde 0 pertenece a L?(; HI}GT(Y)).

Ademas, mediante este método se puede obtener una nueva aproximaciéon de los problemas
de elasticidad lineal en dominios o estructuras delgadas (tales como vigas y placas). El método
consiste en descomponer un desplazamiento en la combinacién de un desplazamiento elemental
y un alabeo asociado a la deformacién de la seccion transversal. Un desplazamiento elemental
es un desplazamiento de la linea media de la viga junto con una pequena rotacién de la seccién
transversal. Esta nueva técnica ha sido introducida en [47] para estudiar vigas curvas. La misma
metodologia ha sido desarrollada para estudiar placas y estructuras hechas de placas (véase [48, 49))
y para estudiar problemas de uniones entre vigas y placas (véase [22, 23]).

Esta ultima parte de la tesis esta organizada como sigue:

Capitulo 13: Introduccién. Hacemos una introduccién al problema que queremos resolver y
damos una descripcién del problema fisico asociado a los procesos de catélisis.

Capitulo 14: Problema de elasticidad. Introducimos el dominio computacional y la notaciéon
que se usara en las secciones siguientes. Ademaés, se formula el problema tridimensional de
elasticidad lineal sobre las estructuras usadas como soportes en el proceso de catalisis. Estas
estrucutras estan formadas por una familia periddica de vigas elasticas de espesor ec y huecos
interiores de tamano e&d.

Capitulo 15: Herramientas del método ‘“unfolding”. Presentamos algunas herramientas que
se usaran al aplicar el método “unfolding”. Definimos los desplazamientos elementales aso-
ciados a una viga y damos algunas estimaciones para las deformaciones correspondientes.
En primer lugar, introducimos el operador “unfolding” relacionado con el parametro de elas-
ticidad e, junto con algunas convergencias débiles interesantes. A continuacion, definimos el
operador “unfolding” relacionado con el parametro de periodicidad e y estudiamos el limite de
una sucesién acotada de desplazamientos en una estructura del tipo anterior, cuando ambos
paradmetros, elasticidad e y periodicidad €, tienden a cero.

Capitulo 16: Problema de elasticidad desdoblado. Bajo hipétesis adecuadas sobre las fuer-
zas aplicadas, presentamos el limite del problema tridimensional de elasticidad, cuando e y
¢ tienden a cero, obteniendo tres nuevos problemas desacoplados: El primer problema define
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los desplazamientos longitudinales y el segundo nos da la flexiéon tranversal de la estructura,
mientras que el tercer problema define el 4ngulo de torsion.

Capitulo 17: Conclusiones. Presentamos algunas de las conclusiones més importantes de esta
tercera parte de la tesis, remarcando que, aunque los problemas limites de flexion y traccién
son los mismos que los obtenidos mediante la teoria de Bernouilli-Navier, en el caso del
problema limite de torsién se tiene en cuenta, a través de la rigidez de torsiéon K™, el caracter
periodico de la estructura asi como la geometria de las celdas.

La Parte 111 de esta tesis es el resultado de las estancias de investigaciéon realizadas por la autora en
el Laboratoire Jacques-Louis Lions de la Université Pierre et Mary Curie (Paris VI), en Francia,
financiada por el Ministerio de Educacion a través del Programa de Formacién de Profesorado
Universitario FPU.
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