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ARTICLE INFO ABSTRACT

Keywords: The effects of the passive resistive voltage divider network in a photomultiplier tube (PMT) have been
Photomultiplier tube investigated by developing an in-house Monte Carlo simulation code and compared with experimental
Photodetector

measurements and an analytical model. The simulation code follows an iterative procedure that takes into
account the transport and amplification of the electrons within the device depending on the electrostatic
fields produced by the electrode voltages. The PMT gain, dynode voltages, rise time and transit time have
been studied as a function of the photocathode current and supply voltage. A good agreement between the
analytical model, the simulations and numerous experimental measurements using a Hamamatsu R13408-100
PMT has been obtained. The simulation results endorse the use of logistic functions within the analytical model
to account for the collection efficiency in the last dynode stages. This works deepens the understanding of
passive voltage dividers and develops an advanced behavioral circuit model of photomultiplier tubes. Although
validated for a single PMT, the proposed methodology is applicable to any PMT model. This aids in optimizing
the design of fully active voltage dividers, to be applied in extremely pulsed applications with high count rates
such as prompt gamma-ray imaging during proton therapy.

Proton therapy

Passive voltage divider network
Monte Carlo simulation

Gain drift

1. Introduction In particular, the voltage supply of the electrodes of the PMT is usually
accomplished with a passive voltage divider, also known as bleeder
Photomultiplier Tubes (PMTs) are photodetectors with an excellent  ¢ircuit. It is based on a chain of resistors that divides the total supply
signal to noise ratio, and the ability to detect down to a single photon
in an area as large as 20 square inches [1]. Such devices exploit the
photoelectric effect in the cathode and the subsequent amplification of
photoelectrons in the dynodes thanks to secondary electrons emission,

until the amplified charge is collected in the anode. They are one of

voltage according to the ratios recommended by the manufacturer for
each dynode.

It is well known that the use of a passive divider is a robust voltage
supply solution, albeit not linear with the intensity of illumination. For

the most frequently deployed photodetectors in fields such as nuclear
physics, environmental radiation control and life sciences [2] as well
as medical imaging and treatment monitoring [3,4].

The behavior of PMTs has been thoroughly investigated from the-
oretical, semi-empirical and statistical perspectives [1,5,6]. However,
the use of equivalent circuit models [7-9] to optimize their voltage
supply electronics [10] is less widespread in the scientific community.

* Corresponding author.

example, severe variations of the amplification of the PMT as a function
of time are observed in PMTs operated in conjunction with scintil-
lation crystals [3] for the monitoring of proton therapy treatments
with pencil-beam scanning. These instabilities render the application
of PMTs sub-optimal, as complex gain drift correction and threshold
adjustment algorithms need to be designed and applied, which degrade
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Abbreviations

The following abbreviations are used in this manuscript:

ADC Analog to Digital Converters

CT Computed Tomography

DC Direct Current

MC Monte Carlo

PCB Printed Circuit Board

PMT Photomultiplier Tube

SPICE Simulation Program with Integrated Circuit Emphasis

SEY Secondary Electron Yield

the accuracy of the y-ray spectrometer when operated at very high
count rates [11,12].

A common mitigation strategy is to use active voltage dividers,
which add transistors to stabilize the voltage in each dynode. Their
design is usually optimized in an iterative process, with manufacturing,
experimental tests at a beam, and modification of the electronics board.
This procedure has two drawbacks: (i) the underlying cause of the gain
drifts is not fully understood, and thus its mitigation might not be
pinpointed to the optimum component, (ii) the empirical optimization
is burdensome, takes time and resources, and might not converge to
the best solution.

To cover this gap, recent developments have focused on the design
of more accurate behavioral circuits that can be used for fast but also
reliable electronics optimization. To validate these equivalent circuits,
accurate Monte Carlo modelings of the PMT are needed alongside, and
have been recently published [13,14].

In this manuscript, our goals are to:

+ derive a circuit model of the passive voltage divider coupled to
the electrodes of the PMT, which are described as current sources,
and solve the corresponding system of non-linear equations;

« validate the proposed analytical model with accurate Monte Carlo
simulations of the PMT geometry and electron transport;

+ compare both predictions with experimental measurements on a
dynode-by-dynode basis of the gain and timing properties, rather
than just a simple end-to-end test of the amplification.

The manuscript is structured as follows. In Sections 2 and 3, we
describe the behavioral circuit model and the Monte Carlo (MC) simu-
lation framework, respectively. In Section 4, we explain the technical
details of the experimental setup platform. In Section 5, we compare the
equivalent circuit model solution and the MC simulation results with
experimental measurements to validate the developed methodology,
and discuss the study limitations. In Section 6, we summarize the main
findings and give an outlook on future research.

2. Analytical model
2.1. Electrode currents

We study a steady-state of an N-stage PMT tube model (N > 0),
consisting of N + 2 electrodes (cathode i = 0, dynodes i € [1, N] and
anode i = N + 1), supplied by a passive voltage divider network with
resistors. Unlike in the physical world, we assume that there is no time
sequence or ordering of the interactions in the amplification cascade.

Let us define ¢, ; as the number of electrons per unit of second that
escape electrode i into the vacuum tube, and ¢, ; the corresponding
flow of electrons stemming from the vacuum and impacting with
electrode i. We define ¢, as the flow of electrons (towards the vacuum)
per unit of second produced by the incident light on the photocathode.
The associated current entering the vacuum is thus negative: I, = —e¢,,
where e is the elementary charge constant.
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Fig. 1. Scheme of the definition of the elements of the correlation matrix ¢ for a PMT
with a cathode, 2 dynodes and an anode. The element &;; represents the probability that,
given a voltage difference between electrodes, one electron emitted from the electrode
j reaches the electrode i. The arrows indicate the direction of the movement of the
electrons.

In general, the electrons emitted from the electrode j can travel to
any other electrode i, including the emitting electrode if i = j. This
effect can be modeled by a correlation matrix & where the element
&;; is the probability that an electron emitted from the electrode j into
the vacuum arrives at electrode i, cf. Fig. 1, and §}; is the secondary
emission coefficient which corresponds to an electron emitted from the
electrode j that impacts on the electrode i. Both S and ¢ depend on
the PMT geometry, material and the effectively supplied inter-electrode
voltages. For simplicity, it is assumed that all electrons will eventually
arrive to an electrode (i.e. ZjV: J{)l &i=D. Also, second and higher-order
contributions are disregarded (¢;;5;;¢;,S;; < 1). Thus, the flow rate of
electrons ¢, ; from the vacuum into the electrode i is then:

N+l

bri= D &by, 1E€I0,N+1], @
Jj=0

and the flow rate of electrons from each electrode into the vacuum ¢, ;
after photoelectric or secondary emission is given by:

by i=0,
boi =YX mp Sji€udbyys i €ILNI, )
0 i=N+1

where it is assumed that secondary electrons cannot be emitted from
the cathode and the anode (S;y = S;y) = 0 for all j).

On the other hand, the current I,; going through each electrode
i=0,...,N + 1 towards the voltage divider network is obtained using
the Kirchhoff’s current law:

e(d — Prp), =0,

Ie,[ = e(d’v,i - d’/\,i)» ie[l,N], 3)
—€P N+l i=N+1,

where I, = I, = Iy — e, corresponds to the cathode, I, v, = I,

to the anode, and I ; = Iy, ;. i € [1, N] to the dynodes, cf. Fig. 2. Note
that I, <0, I, <0 and the gain of the PMT is given by:
_ OaN+y I

G .
o I

4

It is worth mentioning that if we assume that the electrons emitted
from the electrode i can only travel to the next dynode with an
efficiency #; = ¢4, (the usual case if the effective voltage supply is
monotonously increasing with dynode number) or be self-absorbed in
the emitting dynode (i.e. S; = 0) with probability &; = 1 — #;, then
the model is analogous to the one presented in [7], after substituting
Sii+1) = & and offsetting by 1 the indices.’

1 A mistake in the equations of the published version [7] was corrected in
the institutional repository: https://hdl.handle.net/10550/80331.
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Fig. 2. Schematic of an N-stage PMT connected to a supply voltage V; in negative
polarity mode and a chain of resistors R; with i € [1, N + 1]. The power supply bias
current is Iy, and the electrode voltages V(i) are shown for i € [0, N + 1]. The vacuum
tube consists of N+2 electrodes: one photocathode (i = 0), N dynodes (i = 1,..., N), and
one anode (i = N + 1). The electrode currents are I, Iy, ;. i € [1,N], and I,, whereas
the current flowing through the resistors is labeled as Iy;, i € [1,N + 1]. A photon
(y) generates a photoelectron in the cathode. The electrons (small balls) can flow in
vacuum to any electrode. The dashed arrows indicate some of the possible directions
followed by the electrons and the corresponding flow of electrons per unit of second.
¢, is the flux of electrons going away from dynode i, while ¢, = Zf/:;l &by, is the
flux of electrons impacting on dynode i, which is illustrated as a dotted ellipse for
dynode 2. Note that, for the sake of clarity, we only depict two of the contributions
to the sum (the most relevant ones).

2.2. Resistive voltage divider network

A common way to supply the N + 2 electrodes of an N-stage PMT
is to apply the total voltage bias V3 > 0 between anode (i = N + 1,
at ground) and cathode (i = 0, negative), and to use a chain of N + 1
resistances R; (i = 1,..., N+1) between electrodes i and i—1, as depicted
in Fig. 2.

Thus, using the Kirchhoff’s current law and the Ohm’s law, the
system of equations governing the PMT model is given by:

V(0) = -V
Vi)-vi-1) V@i+1)-V(@ .

R = tlu 1€1LN) (5)
VIN+1)=0V

The currents going through each dynode I, ; are responsible for
the non-linearity of the system of equations. It is worth noting that
the power supply is connected to ground on the anode, i.e. the PMT is
operated with negative polarity. The formalism is also valid when the
PMT is operated with positive polarity (cathode is at ground, anode
is at positive polarity), as the equations only depend on the voltage
differences and not on their absolute value. One just needs to replace
the boundaries of Eq. (5) with: V(0) =0V and V(N + 1) = V3.

3. Simulation program

The simulation of the amplification and transport of electrons taking
into account the resistive divider network in a realistic PMT geometry
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is carried out by means of an in-house developed code based on the
tracking of an electron within the device, whose motion is governed by
the electrostatic field. A comprehensive description of the simulation
code is given in [14].

Here, we first briefly summarize the general considerations to per-
form the simulation for a certain electrode voltages, cf. Section 3.1. We
adopt the 2.5D strategy since it is a good approximation in the absence
of magnetic fields with a much lower computational cost compared to a
3D simulation [14]. In this strategy, the electrons can move in 3D, but
the geometry is assumed to be invariant in the perpendicular direction,
so the field calculation can be done in a 2D plane in only one minute
with a standard desktop computer and a mesh resolution of 0.05 mm.
Second, we describe in Section 3.2 the iterative method developed for
including the effect of the resistive divider network.

3.1. General considerations

The 3D computer-aided design modeler FreeCAD [15] has been
used to retrace the 3D geometry of the 8-dynode linear-focused 21.5”
R13408-100 PMT from Hamamatsu (Hamamatsu, Japan) basing on
Computed Tomography (CT) scans as well as direct measurements with
a calliper. The 3D geometry is then projected on a 2D plane, which is
the one considered when calculating the electrostatic fields. We will
consider the resistors displayed in Table 1, whose values follow closely
the recommended electrode voltage ratios by the manufacturer [14,
Table 1], to provide the voltages to each dynode. The grid and acceler-
ation electrodes are supposed to be passive elements in the presented
PMT model, with no current circulating through them.

The simulation code includes the emission of electrons in a PMT,
electron transport, emission of secondary electrons and collection in
the anode grid. An overview of the simulation code is represented in a
flowchart in Fig. 3.

3.1.1. Emission

We assume that photoelectrons are uniformly emitted without ki-
netic energy from the arc line that models the photocathode. These
electrons are emitted from the cathode thanks to the photoelectric
effect due to the absorption of optical photons.

3.1.2. Transport

The electron movement in a PMT is mainly affected by the elec-
trostatic field, which depends on the electrode voltages and geometry.
The electrostatic fields are calculated using the Poisson Superfish soft-
ware [17] in a predefined mesh. Then, the electron trajectories are
obtained by numerically solving the Lorentz’s force motion equation
for each electron by means of a leapfrog algorithm: the Boris method
[18,19] with time steps of 8 ps, neglecting space-charge effects and by
interpolating the value of the electrostatic field at the particle’s position
between mesh points. This procedure allows us to update the electron
position and velocity within the PMT.

3.1.3. Secondary emission

After each position update it is checked if the particle impacts on
any electrode. When such an event occurs, the interaction between
the electron and the metal surface is modeled by calculating the total
Secondary Electron Yield (SEY) coefficient .S of the material (i.e. the
average number of electrons emitted per incident one) using the Mod-
ified Vaughan’s model [14,20,21]. In this model, the SEY coefficient
S(E, 0) is a function of the impacting electron kinetic energy E and the
incident angle 0 with respect to the surface normal. In the simulations,
we consider that the dynodes 3, 4 and 5 are made of CuBeO and the rest
of dynodes of Cs3Sb. The parameters of the Modified Vaughan’s model
for these materials can be found in [14, Fig. 3]. It is worth mentioning
that we use the parameter k5 = 1.20 that has been readjusted compared
to [14, Section 3.2] because the resistors considered in Table 1 provide
voltage ratios which slightly differ from the recommended values.
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Table 1
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Resistors between cathode, grid, dynodes, acceleration electrode (Acc), and anode of the #1.5” R13408-100 PMT.

Electrodes | Cathode | Grid | Dyl | Dy2 [ Dy3 [ Dy4 | Dy5 | Dy6 | Dy7 | Dy8 (Acc) | Anode |
R (M) 12.7 [ 469 T 15 T 15 [ 10 [ 10 100 [ 10 [ 10 ] 10
Initialization of
electron position
Interpolation of Update of electron
electrostatic field to 9 trajectory and
particle positions velocity (Leap-Frog)
r‘\ END. Output results:
At Effective electron YES .| number of collected
NO U collected at anode? "I electrons N, transit
lNO time, ny; and ny;
End time (30 ns) of the NO Collision of effective YES Update of the number of electrons
simulation reached? electron with dynodes? impacting on dynode i: n,;

YES

END. Effective electron is
not collected at anode

SEY calculation

Update of the number of
electrons N and calculation of
the departure angle and energy

|

Update of the number of electrons
emitted from dynode i: ny;

Fig. 3. Simulation code flowchart for each electron emitted from the photocathode. We deploy an in-house developed code written in MATLAB [16] by MathWorks (version
2022b). This includes the emission, transport with electrostatic field using Leap-Frog method assuming fixed voltages at electrodes and secondary electron emission if the particle

impacts on an electrode.

The amplification is modeled considering one effective electron
which represents a number N of real electrons that is updated after
each impact. The parameter o = 2.2eV (fitted to the experimental
results) is employed when the Rayleigh distribution is used to calcu-
late the departure kinetic energy as E,,, = og+y/—2Inu; [14], where
u; € [0,1] is a random number. The direction of emission is obtained
assuming a local spherical coordinate system centered at the impact
point and calculating the polar angle 6, (respect to the normal of
the surface) and the azimuthal angle ¢, using the 3D cosine law
6oy = arcsin(y/u,) [22], and a uniform probability density ¢, = 27u3,
respectively, where u; € [0, 1] are random numbers.

3.1.4. Collection

As the simulations are based on an effective model, we obtain
the time that the /th original emitted electron takes to arrive to the
anode and the number of electrons "IA,N 4 that it represents. A total
of Nt = 20000 electrons are emitted (uniformly distributed) from the

photocathode; thus, the Gain is given by
L
Z[:] My N+

Ny (6)

Gain =

where L < Ny is the number of effective electrons that are collected
in the anode. The temporal figures of merit of the PMT are obtained
by fitting a Gaussian curve to the histogram of the number of collected
electrons as a function of transit time.

3.2. Simulation of the resistive divider network

Because the PMT electrodes are not supplied individually with
independent voltage sources, but indirectly with a single voltage supply
and a passive divider network, there is no assurance that the voltages
at the electrodes are stable unless the tube is in complete darkness.

The flow of electrons in the vacuum tube behaves as a current
source, which acts simultaneously to the voltage supply source. Hence,
the electrode currents going through each electrode towards the voltage
divider can disturb the dynode voltages, as seen in Eq. (5), and,
consequently, modify the gain of the PMT.

This effect is taken into account following an iterative simulation
strategy. First, we perform a simulation neglecting this effect (i.e. using
the nominal dynode voltages for the electrostatic field solution) and
we calculate the mean number of electrons 7, ; that impact on each
electrode i and the mean number of electrons 7, ; that are emitted from
each electrode i per electron emitted from the cathode. As we simulate

N independent electrons emitted from the cathode:
Nt o1

n, .
— I=1"Ai
Ay = 2L @
i NT
N-
— =1 "i,i @)
v,i NT ’

where "lA,i (”Iv,i) are the number of electrons impacting on (emitted
from) dynode i for the /th emitted electron from the cathode, cf. Fig. 3.
Therefore, the current flowing through each dynode, cf. Eq. (3), is given
by Iy, = e(i,; — iy )by = (i, — iy ).

Once the electrode currents are obtained, Eq. (5) is a linear system
that can be easily solved to obtain the dynode voltages, as compared
to [7] where the currents are unknown and the system is non-linear.
Then, the electrostatic fields are calculated and the simulation repeated
for these new electrode voltages. New values for 7, ;, i, ; and I4,; are
obtained, as well as for the dynode voltages when solving Eq. (5). This
procedure is repeated iteratively until the voltages converge as depicted
in a flowchart in Fig. 4(a). We use the following convergence criterion:
that the voltage of all the dynodes resulting from Eq. (5) differs by
less than ey = 1V with respect to the voltages used for calculating the
electrostatic fields of the current iteration of the simulation.

The direct convergence is not ensured if I is high. For this reason,
we consider the step value A1, and we begin by solving I, = AI,, then
its solution is used as the initial dynode voltages to solve I, = 24I
up to the desired value of I, = MAI, as depicted in a flowchart in
Fig. 4(b). In some cases, it may be convenient to obtain the initial
voltages from a linear extrapolation of those obtained in the two
previous steps. Thus, we obtain a scan of the initial current emitted
from the cathode in the range [0, I, ] with steps A1, . We typically use the
step value A, = —1pA, although for high supply voltages, smaller step
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First iteration: m = 1.
Initial electrode
voltages: V(i)

l

Simulation of the Ny
emitted electrons
using the electrode
voltages V(™ (i)

Update the iteration
number:m > m+ 1

NO

Mean values:
Mp; and Ay

Are the voltages V™1 (i) similar to
those used in the simulation?
Mathematically,

VD () — v ()] < ey?
max | 0} O] <ey

Obtain 71, ; and 1,
for the recommended
voltage ratios (i.e.
assuming I, = 0)

Initialization: [, = Alj,

ves[

lay,; = —Ie(Ay; — Aipg)

END. Output results:

lay,; = —Ik(Ay,i — Ap),
where 7, ;, 71, ; are the
simulated values
obtained for I, — Al
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Update: [, = I + Al

NO
Is the desired value I},
reached?

Save the results for I,

We obtain V (i), fiy;
and 7, for ik

END. We have obtained
a scan of the initial
current emitted from the
cathode in the range

[0, Ii] in steps of AIL,

v+ (i), and from the

simulation of the Nt emitted

Solve Eq. (5) to obtain: electrons: gain, temporal
v+ (i) magnitudes, 71, ; and 7y ;

(a) Flowchart for a given Ij and supply voltage Vi

Use V(i) as the initial electrode
voltages V) (i) in the flowchart (a)
and run the entire flowchart (a)

(b) Flowchart for a scan in Ij for a given supply voltage Vg

Fig. 4. Simulation code flowcharts of the iterative method employed to take into account the resistive divider network. On the one hand, we have the iterative method to simulate
a certain /, providing initial values for the dynode voltages and, on the other hand, the iterative method to perform a scan in I, starting from the nominal dynode voltages. The

value ey, = 1V is normally used in the convergence criterion.

values (in absolute value) are required. When the voltage of a dynode
approaches zero, this iterative method may not converge and it is
required during the simulations to maintain the voltage of that dynode
within a small range of voltages and apply a kind of bisection method.
Note that if a simulation is carried out and the currents obtained
provide voltages sufficiently similar (i.e. that satisfy the convergence
criterion) to those with which the simulation was performed, these
voltages are the ones sought.

4. Experimental setup

Experimental measurements are taken using a Hamamatsu R13408-
100 PMT with a magnetic shield, an isolated aluminum housing and an
optic fiber feedthrough from Thorlabs (Newton, NJ, USA), assembled
by Hilger Crystals (Margate, UK). The PMT was supplied with negative
high voltage by an HVLAB3000 from ET Enterprises (Uxbridge, UK),
with 1V nominal precision and a maximum output power of 9W. A
PicoQuant Pulsed Diode Laser PDL 800-D operating at a repetition
frequency of 125 kHz was used as a 650 nm photon source. The Direct
current (DC)—coupled voltage divider Printed Circuit Board (PCB) was
designed and manufactured by IGFAE with the resistor values shown
in Table 1.

As a side note: it should be mentioned that the onset of gain drift
effects at high photocathode currents is strongly dependent on the
bleeder current, i.e. the current going through the resistors when no
light impinges on the photodetector. With smaller resistor values, the
effect would appear at larger photocathode currents (at the price of
more temperature due to the Joule effect and potential additional noise
due to the thermoelectrons [23]). The choice of 10 M2 was for analogy
with its active counterpart: the current development by IGFAE of a fully
transistorized divider inspired by the ET enterprises design [24].

To monitor the dynode voltage in real-time, an additional PCB
developed at IFIC was stacked on top of the divider. First, the voltage
in each dynode was divided by a factor 500 using a through-hole
resistor bridge of 5G£ (with high voltage rating) and two parallel
20MQ, cf. Fig. 5. The rationale of choosing the 5G£ resistor is to
minimize the bias introduced by the monitoring in the voltage divider
network (Table 1), whose effective resistance yields 149.6 M<2. Sec-
ond, the resulting voltage after the bridge (e.g. —3V for —1500V) is
then inverted using a high-impedance operational amplifier LMC660
from Texas Instruments (Dallas, TX, USA) deployed with unity gain
configuration.

The resulting output between 0 and 3V (PMT supply between 0
and —1500V) was digitized with an Arduino Due board from Arduino
(Ivrea, Italy). This board hosts a SAM3X8EA microcontroller from
Atmel (San Jose, CA, USA), featuring 12 channels on a 12-bit 1 Msps

Analog to Digital Converter (ADC). Data were transferred to a computer
through serial communication. The monitored voltage per channel was
obtained as the median of all the collected values in an interval of about
2 s. A calibration of the raw ADC value and the PMT electrode voltage
was performed separately for each channel. Furthermore, the small sys-
tematic bias introduced in the original voltage by the addition of 5 GQ
resistors in parallel with the 149.6 MQ divider chain was simulated
using Simulation Program with Integrated Circuit Emphasis (SPICE)
and used as correction factor of the experimental measurements.

In addition, the anode signal was digitized with an 8-bit 2.5 GHz
WaveRunner 625Zi oscilloscope from Teledyne Lecroy (Chestnut Ridge,
NY, USA), operated at a sampling rate of 20 Gsps and with DC coupling
(50 2), in parallel to the safety resistor of 10M to ground of the
passive divider. Since the future intended application of this PMT
(coupled to a scintillator) is for prompt gamma-ray detection in proton
therapy with an acquisition system with 50 £ impedance and zero
dead time [25], we chose an equal DC-coupling impedance in the
oscilloscope. Each data acquisition consisted of an average of 1000
waveforms to minimize the statistical error and were processed off-line.
The trigger was synchronized with the repetition frequency of the laser.

The obtained experimental data were used to validate the MC
simulations as well as to compare with the theoretical expressions given
in Section 2 assuming that the electrons emitted from the electrode i
can only travel to the next dynode i + 1 with an efficiency n; = &, or
be self-absorbed in the emitting dynode (i.e. S;; = 0) with probability
&i = 1 — n;. Therefore, the currents going through each dynode I,;
appearing in Eq. (5) can be calculated from Eq. (3) as:

i i-1
Ly = =Ling(Sorm = D, day; = I (H Sigant; = HSj(j+l)’7j>’ i €[2,N].
J=1 j=1

9

In particular, we assume efficiencies n, = 1 for all but the last two
dynodes (7 and 8), which can be described by a logistic function:
1

= i e[7,8], 10

l1+exp[B;—(V(i+1)= V(i) el (o
as was proposed in [7] to avoid non-physical voltages at the last
dynodes. We chose B; = 45V and Bg = 1V in Eq. (10) to empirically
fit the experimental measurements.

We calculated the SEY as? S = ij‘f where V;; = V(i)-V(j) and k =
0.141487, a = 0.721875 for numerically solving the system of non-linear
equations, Egs. (5), as was described in [7]. Although this expression

n;

2 In our previous publication [14] the notation was instead rE”. Here, we
abbreviate it as k* model.
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Fig. 5. Schematic of one of the twelve channels of the high-impedance circuit designed to monitor the high voltage of an electrode of the PMT without disturbing the original
voltages supplied by the passived divider network. The electrode voltage at —1500V is divided by 500 and inverted to match the +3V maximum input range of the digitizer on

the Arduino Due.
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Fig. 6. Comparison of the gain and dynode voltages obtained in the simulations, experimental measurements and the analytical model as a function of the photocathode current

for a voltage bias V;; = 1500V.

is a simplification that does not reproduce the shape of the actual
SEY curves [14, Fig. 3] and does not take into account the impacting
incidence angle, it is typically able to provide results which agree with
the simulations and experimental measurements. In section SA of the
Supplementary material, we have considered the Modified Vaughan’s
model for the SEY calculation (as in the simulations) for numerically
solving the system of non-linear equations, obtaining similar results as
with the k% model.

5. Results and discussion
5.1. Gain and dynode voltages

Fig. 6 shows the gain and the dynode voltages as a function of
the photocathode current for a voltage bias ¥z = 1500V (qualitatively
similar results but worse quantitative agreements are obtained at a
voltage bias of 1000V, see section SD of Supplementary material). It
can be seen that the gains obtained with the simulations, experiment
and analytical model are in good agreement (the average percentage
deviation of the experimental measurements with respect to the simu-
lations and the analytical model is ~3.7%), except for low photocathode
currents where the measured signal to noise ratio is rather small
because of the small pulse amplitudes. For low photocathode currents
([Ix| S 20pA), the inter-dynode voltages increase slightly with the
photocathode current except the inter-dynode voltage between dynode
7 and dynode 8 which decreases slightly (similarly to Figure 6(b)
in [7]), whose combined effect produces an increase of the gain. If
|1 | > 22 pA, the gain quickly diminishes because the voltage at dynode

8 approaches zero, resulting in a significant drop in the efficiency
of electrons going from the last dynode to the anode (cf. section
SB of Supplementary material) which becomes the dominating factor
in Eq. (4). This behavior of the gain is predicted by the analytical
model (i.e. solving the Kirchhoff’s equations and considering a gain
that depends on the inter-dynode voltage) if the logistic function is
considered. In fact, a qualitatively similar behavior was observed in [7].
On the other hand, the dynode voltages are satisfactorily described with
the three methods (the average absolute deviation of the experimental
measurements with respect to the simulations and the analytical model
is ~8V and ~5V, respectively), although the simulations predict that
the dynode 7 should get closer to the voltage of dynode 8 for high
currents.

Fig. 7 depicts the gain and the dynode voltages as a function of
the voltage bias for different photocathode currents. It can be seen
that typically the gain decreases if the photocathode current increases.
Furthermore, there is a saturation for high voltages which becomes
more important and appears for smaller voltages for higher photo-
cathode currents. In general, there is a moderate agreement between
the simulations, experimental measurements and the analytical model
(the average percentage deviation of the experimental measurements
with respect to the simulations and the analytical model are ~24%
and ~35%, respectively, for the three photocathode currents). It is
worth mentioning that the higher gain experimentally obtained for low
voltages is probably due to an underestimation of the SEY curve of the
materials for small impacting energies, as was mentioned in [14]. The
experimental dynode voltages are adequately explained by the simula-
tions and the analytical model, although there are small discrepancies
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Fig. 7. Comparison of the gain and dynode voltages obtained in the simulations, experimental measurements and the analytical model as a function of the voltage bias for different
photocathode currents: —13 pA, —37 pA and —60 pA. For I, ~ —60 pA the simulations do not converge properly for high voltages and, for this reason, are not plotted for V5 > 1600V.

for high voltages for I, ~ —13pA and in the range Vy € [900, 1300] V
for the other values of I, where the experimental values are higher
than the ones obtained with the other methods. Numerically, the mean
absolute error of all dynode voltages between the experiment and the
simulations and the analytical model is ~ 9 V.

5.2. Rise and transit time

We have studied the dependence of the PMT temporal magnitudes
on the photocathode current. Fig. 8 illustrates the relationship between
the photocathode current and both the simulated and experimental rise
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Fig. 8. PMT temporal magnitudes obtained in the simulations and the experimental measurements as a function of the photocathode current for a voltage bias V; = 1500V.

time and electron transit time. Regarding the rise time, it can be seen
that they have similar values for very small photocathode currents,
but the simulated values, in general, decrease up to || =~ 23pA,
whereas the experimental values increase monotonically. Then, in the
intermediate region |I; | € [23,50] pA, both experimental and simulated
values increase, but simulations predict a value ~ 0.6ns smaller. For
the higher photocathode currents, the experimental rise time remains
approximately constant contrary to the simulations, which predict a
rapid increase (i.e. a degradation of the pulse). This degradation may
be explained because many electrons experience several bounces on
dynode 8 since the difference of voltage between dynode 8 and anode
is very small (cf. section SB of Supplementary material). The simulated
and experimental values of the electron transit time have a similar
behavior compared to the rise time. In general, the mean error between
simulations and experiment is ~ 0.45ns in the rise time and ~ 0.58 ns
in the transit time. It is worth mentioning that the numerical values do
not agree for |I; | - 0 because the simulations are performed with the
2.5D strategy which underestimates this magnitude.

Fig. 9 compares the simulated and experimental rise time and
electron transit time for different photocathode currents as a function
of the voltage bias. We can see a good agreement in the rise time for
the lowest photocathode current: |, | ~ 13 pA (mean error of ~ 0.12ns
in the rise time and ~ 0.48ns in the transit time). For higher |[;|,
the simulations predict an increase of the rise time for high voltages,
while the measurements show that this increment occurs for smaller
voltages and even the rise time begins to decrease for higher voltages.
Regarding the electron transit time, in addition to the displacement
due to the use of the 2.5D strategy, we can see that both simulations
and experimental measurements show an increase of the transit time
when the photocathode current increases. Similarly to the rise time, this
behavior begins for smaller voltages in the experimental measurements
compared to the simulations. Numerically, for |1, | ~ 37pA and |I; | ~
60 pA the mean error in the rise time is ~ 0.41ns and ~ 0.68ns in the
transit time.

Thus, we have seen that the simulations are not able to predict the
experimental temporal magnitudes with high accuracy if the photocath-
ode current and/or the voltage bias are sufficiently high. In those cases,
the number of electrons that make up the avalanche within the PMT
becomes huge, with peak anode current of over 10 mA. Here, we expect
that the high voltage supply maximum current limitation circuit affects
the measurement, with some transient effects due to the internal capac-
itors, that are not modeled analytically nor in the simulations. In fact,
at high peak anode currents (above 12 mA, especially for measurements
at > 1200 V) we observe periodic oscillations in the electrode voltages
measured with the Arduino Due board, with a frequency of ~4 Hz and

amplitude of ~5V around the mean value. Note that this oscillation
frequency is completely unrelated to the pulse repetition frequency of
125kHz.

Additionally, space-charge effects may modify the electron motion,
degrading the pulse shape. This effect is not included in the simulations
and may contribute to the discrepancies between the simulations and
experimental measurements.

5.3. Novelty and limitations

Compared to previous literature on PMT equivalent circuit mod-
els [7,26], experimental validation [10] and MC simulations [13,14],
our study incorporates the following innovations:

1. our generalized analytical model considers a correlation matrix
&;; to take into account that electrons can travel between any
electrode pairs, not only from one electrode to the subsequent
one in the ladder (a diagonal matrix). We then later verify that,
for our PMT and setup, the diagonal approximation is valid
except for the last two dynodes.

2. our framework couples the MC simulations with the actual re-
sistances in the divider circuit, thus providing more realistic
results. It calculates the electrostatic field solution and reruns
the simulation based on the electrode voltages resulting from
solving the system of Egs. (5), whose variables depend on the
resistors and on the previous iteration of the simulation (the
currents flowing through to the electrodes during the transport
and amplification of the electrons within the device);

3. our simulations have demonstrated that the analytical model
may use the k% approximation without loss of precision, but
that it needs to incorporate a logistic function to characterize
the efficiencies 5, of the last two dynodes in order to have a
good agreement with the experimental measurements, as was
predicted in [7];

4. numerous validation experiments have been carried out for sev-
eral voltages, intensities and with high-resolution steps, moni-
toring in real-time each electrode voltage, the gain, electron rise
time and electron transit time. In particular, we have demon-
strated that the gain and the dynode voltages (in absolute value)
decrease for high photocathode currents, in analogy to the sat-
uration of the gain at higher voltages that was experimentally
found in [14].

Among the limitations, both the analytical model and the Monte
Carlo simulation do not include transient effects but only steady-state
solutions; likewise, our experimental voltage divider has no capacitors
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Fig. 9. PMT temporal magnitudes obtained in the simulations and the experimental measurements as a function of the voltage bias for different photocathode currents.

inserted in any electrode stage (other than builtin capacitors of the
external voltage supply). Actually, capacitors and transistors are usu-
ally added to the voltage dividers to mitigate the gain drift effects.
This would however have a dramatic impact on the computational
load of the model and MC simulations. Furthermore, the maximum
current limitation circuit of the HVLAB3000 voltage supply has not
been modeled.

Although a continuous wave laser could have been used for a
more adequate comparison between the experimental measurements
and the simulations (where a mean steady-state photocathode current
is assumed), we have chosen a pulsed laser, since it resembles better the
illumination conditions when coupling fast scintillation crystals with a
PMT, as well as the resulting gain drifts published in the literature [3].

It is also worth mentioning that an inaccurate 3D geometry of
the PMT may add systematic errors in the MC simulation. Finally,
space-charge effects are not accounted for, even if they may have an
impact at very high voltages and photocathode intensities, especially
in the region between dynode 7, dynode 8 and the anode. We have
started investigations in this direction [27], as the formula of Ackerstaff
et al. [28] predicts that space charge may start to be important at 6 mA
anode current for this geometry (assuming that dynode 8 and anode
are plane-parallel electrodes with area 60 mm?, distance 0.5 mm and a
voltage difference of 5V).

6. Conclusions

In this work, we have proposed a general analytical model to
describe the effect of the currents flowing through the passive divider
network as a result of illuminating the PMT. Furthermore, we have
described an iterative procedure that couples Monte Carlo numerical
simulations with the voltage drifts predicted according to the resistors
used in the divider.

The simulations have been compared with experimental measure-
ments and the analytical model obtaining a good quantitative agree-
ment in terms of gain and dynode voltages, and a moderate one in
terms of electron rise time and transit time. It has been shown that
even a simple SEY model, such as the k* model, is capable of providing
accurate results, but that logistic functions need to be introduced to
take into account the collection efficiency in the last dynodes.

Future work will be devoted to modeling transient effects and active
voltage dividers, and to the research of space-charge effects, which may
become relevant at high photocathode currents and/or supply voltages,
especially for pulsed regimes such as prompt gamma-ray imaging in
proton therapy.
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