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MSC: We introduce an adaptive isogeometric method for multi-patch surfaces and Kirchhoff-Love
65D07 shell structures with hierarchical splines characterized by C' continuity across patches. We
65D17

extend the construction of smooth hierarchical splines from the multi-patch planar setting to

65N30 analysis suitable G' surfaces. The adaptive scheme to solve fourth order partial differential
65N50 equations is presented in a general framework before showing its application for the numerical
Reywords: ) solution of the bilaplacian and the Kirchhoff-Love model problems. A selection of numerical
igf:;‘;i;m analysis examples illustrates the performance of hierarchical adaptivity on different multi-patch surface

. . . configurations.
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1. Introduction

Isogeometric analysis (IGA) is a framework for the numerical solution of partial differential equations (PDEs), which has raised
much interest in recent years, due to the advantages of splines for the description of both the geometry and the discretization
spaces of the problem (see, e.g. [1]). A very attractive feature of splines in this context is high smoothness, since it allows to
numerically solve high-order PDEs without writing them in mixed form. In particular, C! regularity is enough to solve the bilaplacian
problem, the Kirchhoff-Love shell or Cahn-Hilliard phase-field model without moving away from their direct formulation. Moreover,
choosing spline spaces which allow local refinement, that is, which do not have an underlying tensor-product structure, leads to an
increased computational efficiency. The goal of this work is to combine these two features to obtain adaptive isogeometric methods
for high-order PDEs in complex geometries.

High smoothness of splines is a property which can be obtained in a straightforward way in geometries having a single-patch
description. For complex multi-patch domains, which are described by stitching several patches together, the construction of C!
spline functions is far from being trivial. The existing techniques can be roughly classified into the so-called weak and strong
approach depending on whether the C! continuity conditions across the patch interfaces are weakly or strongly enforced. While
the weak approach generates functions which are in general just approximately C! across the patch interfaces, the strong approach
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constructs exactly C! functions. We summarize below some of the ideas and main references, and refer to [2] for an in-depth survey
and comparison of some of them.

An example of the weak approach is variational coupling, which avoids to directly construct a space of C' (or approximately C')
splines on the domain. This is achieved by weakly enforcing the C! continuity across the patch interfaces by a modification of the
equations of the problem: this gave rise, for instance, to penalty methods (see, e.g. [3,4]), Nitsche’s methods (see, e.g. [5,6]) and
mortar methods (see, e.g. [7,8]). In contrast to variational coupling, the methods [9-12] directly generate basis functions which are
approximately C!, and the jump on the first derivative decreases when the mesh is refined.

The strong approach has been extensively investigated in recent years, with different solutions according to the type of imposed
continuity in the vicinity of extraordinary vertices, where less or more than four patches meet. In [13-15], spline spaces with C!
continuity everywhere, that is, between all neighboring patches, are defined. This leads to singularities around the extraordinary
vertices, which is handled by using a technique inspired by the D-patches introduced in [16]. Closely related to these constructions
are subdivision based methods (see e.g. [17-19]). Alternatively, it is possible to replace the C! continuity with G' smoothness near
extraordinary vertices, as it was done in [20-23]. A further alternative is to use G' parameterizations of the geometry, where the
C! continuity is provided only inside the patches, while G' smoothness is obtained on the interfaces, see e.g. [24-26] based on
bilinear multi-patch domains, and [27-29] employing more general G' multi-patch geometries.

In this paper, we employ a particular class of G! multi-patch spline geometries called analysis-suitable G' multi-patch
parameterizations [30], and we emphasize that any G' multi-patch parameterization can be closely approximated by an analysis-
suitable G! multi-patch geometry (see e.g. [31-33]). The use of these geometries provides the construction of a subspace of the C!
spline space on the geometry with optimal polynomial reproduction properties, dimension not depending on the parameterization
of the single patches, and an explicit expression of the basis for the planar [34] and the surface case [31]. These C' spline spaces
have been successfully used in isogeometric methods to solve several high-order PDEs on planar multi-patch parameterizations [35]
and on multi-patch surfaces, including Kirchhoff-Love shells [31,36]. Closely related to techniques using analysis-suitable G! multi-
patch geometries are the so-called scaled boundary methods (see [37,38]), which employ multi-patch parameterizations that are
analysis-suitable G' everywhere except at the scaling centers, where the multi-patch parameterization possesses in each case a
singularity.

Adaptive methods for finite elements can recover optimal convergence in case of singular solutions, and their mathematical
analysis is now well understood, see for instance [39,40] and references therein. In IGA, different generalizations of B-splines have
been introduced to incorporate local refinement and adaptivity, such as T-splines, LR-splines, PHT-splines or hierarchical splines, see
the recent survey [41] for an in-depth analysis of T-splines and hierarchical splines, and Section 4.3 of the same paper for discussion
of other available approaches. Concerning spaces with C! continuity on multi-patch geometries, not many works exist so far. Local
refinement combined with C! continuity at extraordinary vertices was first studied for T-splines in [42,43] and for subdivision
surfaces in [44], but the approximation properties of the spaces were suboptimal around extraordinary vertices. The concept of
D-patches mentioned above has been applied to T-splines in [14,45], with local refinement constructed a priori, i.e., without using
an error estimator. The same D-patch approach was later combined with hierarchical splines in [46], showing good numerical results,
although it has not been proved that the obtained spaces fulfill the requirements of the hierarchical framework. In previous works,
we have developed adaptive methods for the C! splines on analysis-suitable G' parameterizations from [34], by recasting them into
the framework of truncated hierarchical splines [47], first for planar two-patch geometries in [48], and later for planar multi-patch
geometries in [49]. The latter required to relax the assumption of local linear independence from the hierarchical framework, which
was replaced by linear independence of single-level functions on certain regions of the mesh. In the same paper we introduced a
refinement algorithm that respect this condition by refining few extra elements in the vicinity of extraordinary vertices. The method
was then applied to simulations of phase-field modeling in [50], considering both adaptive refinement and coarsening.

In this paper we extend the construction of the hierarchical C' space for planar domains from [49] to the multi-patch surface
case. We will show that the C' spline space [31] defined on analysis-suitable G' multi-patch surfaces satisfies the same properties
of linear independence as for the planar case, and the definitions and algorithms in [49] can be applied seamlessly. This allows
us to develop adaptive isogeometric schemes to solve high order PDEs on multi-patch surface domains, whose performance will be
tested on bilaplacian and Kirchhoff-Love shell formulations.

The paper is organized as follows. Section 2 presents the C' splines construction from [31] for analysis-suitable G' multi-
patch surface domains, in particular highlighting the difference with respect to the planar case. Section 3 recalls the hierarchical
construction and its properties, showing how it can be applied to the C! multi-patch splines of the previous section, and it provides
the description of the refinement scheme which will be employed in our adaptive framework. Section 4 contains the definition of the
proposed adaptive isogeometric methods to solve fourth order PDEs on surfaces, and extensive numerical tests for the bilaplacian
and Kirchhoff-Love shell problems.

2. C! splines on multi-patch surfaces with uniform meshes

The development of the adaptive isogeometric method with C! hierarchical splines over a planar multi-patch domain, introduced
in [49], was based on the definition of C' spline spaces for planar multi-patch domains and for each single level [34]. The extension
to the surface case, as studied in this work, requires the use on each level of the C! spline space in [31], which generalizes the
previous construction to multi-patch non-planar surfaces. These spaces must be defined on a domain described by an analysis-
suitable G' multi-patch geometry [30]. While the definition of analysis-suitable G' multi-patch surfaces is analogous in the planar
and non-planar cases, by just considering parameterizations in R? or in R3, the extension of the C' multi-patch spline space for
planar domains to the C' multi-patch spline space for surfaces requires an adaption in the construction of the functions in the
vicinity of a vertex. Below, we will briefly present the class of analysis-suitable G! multi-patch surfaces, and will then introduce the
C! isogeometric spline space [31] with a focus on the similarities and differences compared to the planar case.
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2.1. Analysis suitable G' multi-patch surfaces

Let §) be the univariate spline space of degree p > 3 and regularity 1 < r < p — 2 over the unit interval [0, 1] with the internal
breakpoints k%l, j=0,1,....,k, and k € N,. We consider a connected multi-patch surface domain 2 C R3, which is the union of
closed quadrilateral surface patches Q7, i.e., 2 = |J eIy 0O, We assume that no hanging nodes exist, and that the intersection of
any two surface patches Q01 and Q@), i|,i, € I, with i; # i,, is either empty, a common vertex or a common inner edge. We
denote for the multi-patch surface £ the inner and boundary edges by =@, i € Is = I3 U Ig, as well as the inner and boundary
vertices by x), i € T Y= I; uTl 5 , Where 13 and I; collect the indices of the inner edges and vertices, and Ig and T 5 collect the
indices of the boundary edges and vertices. We further assume that each surface patch 2, i € I, is the image of a bijective and
regular geometry mapping

FO : (0,112 - O,

with F® ¢ S, ® S7)3, and denote the multi-patch surface parameterization of 2, which consists of the single surface patch
parameterizations F©, i € I, as F. The resulting multi-patch surface F is assumed to be analysis-suitable G', which means that for
each inner edge =, i € I3, with =0 c QU0 n Q(1), assuming that @ is parameterized as FiD(¢,0) = F@0)(0,¢), £ € [0, 1], there
exist linear functions a®%, o@D, g9 and p@D | with a9 and D relatively prime, such that for all & € [0, 1]

a“O(@a V(&) > 0
and
a“O@0FWE,0) + a0 F0,8) + @DV (E) + oD@ ()0, F 0 (0,6) = 0,

see [30,31] for the details. Note that analysis-suitable G' multi-patch surfaces are a particular class of G' multi-patch surfaces which
allow the design of C! isogeometric spline spaces with optimal polynomial reproduction properties for the traces and transversal
derivatives along the edges [30,34]. Existing methods for the construction of analysis-suitable G' multi-patch surfaces can be found
in [31-33].

2.2. C' splines on multi-patch surfaces and uniform meshes

As for planar analysis-suitable G' multi-patch geometries, the C' isogeometric spline space V with respect to the analysis-suitable
G' multi-patch surface F is given as

V={peC'(Q) : ¢poF? €S, ®S,i €1y}

The associated mesh, i.e., the partition of the domain determined by the knot vectors of the univariate spaces S, is given by

o R i+ oyt 1
G={F(’)(Q):ieZQ,Q=<JI 11 >><< 2 Iz ),forj],j2=0,...,k}. D

k+1 k+1 k+1 k+1

For a function ¢ € V, we define for each inner edge =, i € I3, with @ c QU0 n QW), assuming that X is parameterized as
FUD(E,0) = F0)(0, ), £ € [0, 1], the functions

£370(0,8) = (¢ o F@)) (0,8, and i (£,0) = (¢ o FM) (£,0),

. o (i,ig) °
[0, < L@ DOD LIV @ HOY
a0 (@)

and

0, (P o F)(£,0) + pU1(£) 0 (¢ o F) (£,0)
L) '

Then, the space V can be equivalently represented as

g0 =

V=(pe L@ : goF" €S, @S i€l and /0.0 = /"€ 0. £€0.1). j= 0.1 i € T3).

see [31,36]. Let us denote the equally valued terms f;i’i")(o, &) = f}i'i‘)(g, 0) by f;i), j =0,1, where fé” describe the trace, and f l(i)
a specific transversal derivative of ¢ across the inner edge =), see [30]. For each boundary edge >, i € 7L, with =0 c Q0),
assuming that X is parameterized as F(0)(¢,0), & € [0, 1], the functions fé') and f 1(’) can be simply defined as

10@© = (0o F©) (0.6 and 1) = 0, (0 F1) (0,£).

Instead of the space V, which has a complex structure and whose dimension depends on the parameterization, see [51], we consider
the simpler subspace

A={peV : fPes fPes | jely, andpeCix?), i), ®)

3
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where C2(x(?) means C2-smooth at the vertex x”) with respect to the tangent plane at xV. Since féj ) e ;! and f {j ) e S . forje
Iy, the C! subspace A C V possesses the same optimal polynomial reproduction properties for the traces and transversal derivatives
along the edges as V, see [30, Theorem 1], and has been introduced in [31] as an extension of the planar construction [34]. The
difference to the planar case is that the functions are not C2-smooth at the vertices with respect to the domain £, rather C2-smooth
at the vertices with respect to the corresponding tangent planes. However, by requiring k > max(O 1), a basis @ of A can be
constructed as for the planar case by

P=DyUdsUD,, with &,= U @i, Ps = U Dy, D, = U D), (3)
i€ly i€ly €T,

which respectively correspond to patch interior basis functions, edge basis functions, and vertex basis functions. The particular set
of functions for each geometrical entity (patch, edge or vertex) is given as

0] . . PR PR
b0 = {9 i€dof. Jo=1i=Urh) jrjp =2 on=3),

o .. . . ; o
¢z(i>={¢jz : JEJZ}! Je={i=0nJ) tj1=3—Joccony, =4+ jp=0,1},

and
(i) . . . .. .. . .
D ={" G, with T, = (=G i =012 ji+, <2).

Thereby, the construction of the single basis functions works analogous to the planar case for the patch interior basis functions q&QU

and for the edge basis functions qbz( , see for instance [34,49], while it has to be slightly adapted for a vertex basis function qu()

by instead of enforcing the C? lnterpolatlon at the vertex x) with respect to the domain €, enforcing it with respect to the tangent
plane at x. As in the planar case [34], the patch interior basis functions q‘)g the edge basis functions ¢Z and the vertex basis
functions ¢** have small local supports within the patch Q@, in the vicinity of the edge @ and in the vicinity of the vertex x®,
respectively. Furthermore, the basis functions possess the same local and quasi-local linear independence properties as shown in [49]
for the planar case, and which are summarized in the following proposition.

Proposition 2.1. The C! basis functions satisfy the following properties:

1. The patch interior and edge basis functions @, U @y are locally linearly independent.

2. For any vertex x,i € 1,, and any element Q adjacent to the vertex, the basis functions @, are linearly independent in Q.

3. For any vertex x",i € 7, let us define ¥,y = @ \ @y». Then, on any element Q adjacent to the vertex it holds that
span(@ya | o) N span(Fyi o) =

Proof. The three statements of the thesis can be shown analogously to the proofs in [49, Lemma 4.2-4.4] with the one difference
that the C? interpolation at a vertex x) is performed with respect to the corresponding tangent plane and not with respect to 2. []

3. Hierarchical C! splines on multi-patch surfaces

In this section, we present the construction of hierarchical C! splines on multi-patch surfaces leveraging on the results recently
presented in [48,49] for the planar two-patch and multi-patch cases, respectively.

3.1. Hierarchical bases of C! splines on multi-patch surfaces

We consider a nested sequence of C! spline (sub)spaces A’ c A! c ... AN~!, as defined in Section 2.2, on the multi-patch surface
£ described with an analysis-suitable G' parameterization F as in Section 2.1. The initial space A° is defined on the same uniform
mesh as the G! parameterization F, while any successive space A?, with # > 0, in the sequence is defined on the meshes obtained
by applying dyadic uniform refinement on the elements belonging to the previous level # — 1. The nestedness of the subspaces A”
defined in this way is a direct consequence of the characterization of the subspaces themselves, see (2) and [49, Proposition 5.1]. The
mesh associated to the subspace A” is denoted by G”. Each space A?, for # =0,..., N — 1, is then spanned by the basis @’ defined
as union of patch interior functions @7, edge functions <D§, and vertex functions tbi as in (3) with respect to the tensor-product
grid G7.

To introduce the spline hierarchy over the multi-patch surface £, we also consider a sequence of closed nested surface domains
Q=002 Q' 2> ... 2 QN Each subdomain of a certain level # identifies the part of the domain where the corresponding
tensor-product grid G* has to be locally considered. The hierarchical spline basis is defined as follows:

H:={pecd :supppC Q2 Asuppp ¢ @, £=0,...,N-1}.

We may exploit the two-scale relation defined by the refinement mask presented in [49] to express any spline s € ®* as linear
combination of refined splines in @¢*!

D IAROTS

¢€a>f+l
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and define the truncation of s with respect to level # + 1 as

trunc’*(s) := Z cé“ (5) .

q)etbf“ , supp ¢¢_(2K+l

The truncated hierarchical spline basis is defined as follows
T :={Trunc™*'(¢) : p€P N H, £=0,....N — 1}, with Trunc”*!(¢) := trunc¥=" (... (trunc”™*' ()) ...)

and TruncV(¢) = ¢. In this construction, finer basis functions introduced in the hierarchical basis are removed from the
representation of coarser basis functions to reduce the overlap of basis supports at different resolution levels. In the single-patch
B-spline setting, truncated hierarchical B-splines (THB-splines) were introduced exploiting standard B-spline refinement schemes and
recovering the partition of unity property, see e.g., [47,52,53]. The linear independence of (T)HB-splines is a direct consequence
of the local linear independence of B-splines [47]. This property does not hold for the C! splines here considered, but the linear
independence of (truncated) hierarchical C! splines on multi-patch configurations is recovered under the assumption of the following
theorem, as proved in [49]. Note that a weaker assumption than local linear independence for hierarchical spline constructions was
also previously considered in [54].

Theorem 3.1. If for every active vertex function of level ¢, associated to the vertex x\¥, there exists an active element of level ¢ adjacent
to the vertex x, both H and T are linearly independent.

This means that if a vertex function of level # is active, there must be an active element of the same level adjacent to the same
vertex. This condition can be easily guaranteed by suitable refinement and coarsening algorithms.

3.2. Refinement algorithm on AS G' multi-patch surfaces

Let each surface domain Q7, for # = 1,..., N — 1, be defined as union of elements of the grid of level # — 1. The hierarchical
mesh Q

Q:={0e¢ ¢=0,...N-1}, with ¢ :={0eG :0cQ rQ¢Q™*},

is defined as the collection of surface elements ¢’ activated at different levels. We say that the hierarchical mesh Q is admissible
of class m if the (T)HB-splines in 7(Q) which take non-zero values over any mesh element Q € Q belong to at most m successive
levels. This class of hierarchical meshes collects structured graded meshes where the number of (truncated) hierarchical functions
acting on a single element does not depend on the number of hierarchical levels.

The refinement algorithm proceeds as follows. Given a set of mesh elements marked for refinement, an additional set of elements
of coarser levels will also be refined, to guarantee that on any element of the refined mesh only a bounded number of (truncated)
hierarchical functions will be non zero. The specific bound to be considered depends on the chosen class of admissibility m: on
any active element of the hierarchical mesh constructed with the admissible refinement approach, only hierarchical basis functions
introduced at (maximum) m different levels will be active. The considered refinement algorithm for THB-splines has been introduced
in [55] to prove the converge of the adaptive isogeometric method. The refinement scheme to address the multi-patch setting was
presented in [49], and it extends directly to the surface case.

When C! hierarchical spline functions on multi-patch surfaces are considered, the refinement algorithm does not only need
to preserve the admissibility of the hierarchical mesh configuration, but also the linear independence of the basis functions. To
guarantee this, whenever an element of level # adjacent to a vertex is marked for refinement, every element in its vertex-patch
neighborhood is also refined. The vertex-patch neighborhood collects all active elements of level # belonging to the same patch as
the marked element, and contained in the support of vertex functions associated to the considered vertex. Fig. 1(a—b) show what
happens when an element adjacent to a vertex is marked for refinement: the elements of its level contained in its vertex-patch
neighborhood are also refined. If the marked element is not adjacent to a vertex instead, no further elements are refined, even if it
belongs to the support of a vertex function, see Fig. 1(c-d).

Note that, when the adaptive scheme needs to perform both refinement and coarsening during the simulation, an analogous
algorithm to coarsen the multi-patch hierarchical discretization can be considered [50]. The algorithm preserves both the mesh
admissibility property, and the linear independence of the hierarchical basis functions.

4. Adaptive method for fourth order partial differential equations

In this section we detail the adaptive approach for the solution of fourth order PDEs on surfaces, based on the hierarchical C!
spaces of Section 3. We will first present the adaptive method in a general framework, and show examples by applying it to the
solution of the bilaplacian problem and to Kirchhoff-Love shells. All the numerical tests are run using the GeoPDEs library [56,57],
and the code to reproduce them has been incorporated into the latest version of the library.
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(c) Marked element not adjacent to any vertex. (d) Refined elements after the marking shown in (c).

Fig. 1. If an element adjacent to a vertex is marked for refinement, highlighted in dark gray in (a), all the elements in its vertex-patch neighborhood must be
also refined (b). If the marked element is not adjacent to any vertex (c), no additional elements need to be refined (d), even if the marked element belongs to
the support of vertex basis functions.

4.1. General adaptive framework

The structure of the method follows the widely employed adaptive loop (see, e.g., [41])
SOLVE — ESTIMATE — MARK — REFINE. 4

At each step of the adaptive loop we have a hierarchical mesh on which we define a discrete space V;, of hierarchical C! splines of
degree p, whose precise definition will depend on the particular problem and the boundary conditions. We solve the problem using
a Galerkin method, for which we have to consider the variational formulation generally written as

a(uy,v) = F(v,) forall v, €V, 5)

with the bilinear functional a : V), XV}, - R and the linear functional F : V,, -» R. Once the solution is computed, it is necessary to
estimate the discretization error to decide which region needs to be refined. We use an a posteriori error estimator based on bubble
functions, which follows the original idea from [58], and was already applied for the bilaplacian problem and Kirchhoff-Love shells
in IGA [59,60]. Although other estimators are possible, such as the residual error estimator, this one has the advantage that it avoids
the computation of third or fourth order derivatives. To compute the estimator, we construct a set of bubble functions of degree
p+1and C' continuity across elements, with support in one single element, and denote the space they span by B,,. Once we have
constructed the space of bubble functions, we compute an estimator of the error e, as the solution of the problem

aley, by) = F(by) — a(uy, by,)  for all by, € By,.

Since the bubble functions are supported in one element, the linear system associated to this problem has a block diagonal structure,
with one block per element, and is very easy to parallelize. Then, the estimate of the error on each element Q € Q is given by
computing the energy norm |le, ||é( o= aleplg, eplp)- Once we have computed an estimator for each element, we mark the elements
to refine following Dorfler’s strategy [61]. Finally, the set of marked elements is passed to the algorithm of Section 3.2 in such a
way that some additional elements are marked for refinement to maintain admissibility and linear independence of hierarchical C'
splines. When the mesh is refined, the discrete space is updated accordingly, and a new step of the algorithm begins.



C. Bracco et al. Computer Methods in Applied Mechanics and Engineering 431 (2024) 117287

(a) (b)

Fig. 2. Domain (a) and exact solution (b) for the bilaplacian problem on a three-patch domain.

4.2. Adaptive method for the bilaplacian problem

We employ the adaptive framework explained above to solve the bilaplacian problem

Au=f inQ,
u=g on 0£2,
— =g, onadfL.

Starting from the discrete space W, := span{#}, given by hierarchical C' splines of degree p, we first construct a function u,, € W,
satisfying the boundary conditions, which are imposed strongly by a projection onto the space generated by boundary functions. At
each step, the problem is to find u, € V}, := W, n Hg(.Q) such that it solves a variational formulation as in (5), with

a(uh,uh):/AuhAuh, F(Uh):/fvh—/Aubthvh.
Q Q Q

For the computation of the estimator, the space of bubble functions B, is taken as C! splines of degree p + 1 with support on one
single element, and with zero value and derivative on the boundary.

In the following two examples we apply the adaptive isogeometric method with truncated hierarchical C! splines of degree
p = 3,4,5 and regularity r = p — 2 in the interior of the patches. For refinement we use admissible meshes with admissibility class
m = 3, and when deciding the elements to mark we choose Dorfler’s parameter equal to 0.75. We compare the results with those
obtained with the same spline spaces but refining uniformly.

4.2.1. Peak on a three-patch hyperboloid

As first test, we solve the bilaplacian problem on a three-patch hyperboloid described by dividing the square (—0.5,0.5)? in three
patches at point (0.05,—0.1), and then mapping it with the parameterization (x, y, x> — y?) as shown in Fig. 2(a). The right-hand side
and boundary conditions are chosen to have the exact solution represented in Fig. 2(b), and given by

—200 (x2+y2+22)
s

u(x,y,z) =e (x,y,2z) € Q.

This solution is smooth, but it clearly has a peak at (0,0,0). We tested the adaptive isogeometric method starting at the first
iteration from a coarse 4 x 4 mesh in each patch. The obtained meshes show that the refinement is localized around (0, 0, 0), see
Fig. 3(a)-(c). The convergence plot of the error in H? seminorm, shown in Fig. 3(d), indicates that the use of the C' multi-patch
space did not spoil the optimal convergence rates, leading to an evident advantage over the uniform refinement in terms of degrees
of freedom.

4.2.2. Singular solution on a five-patch domain

As second example, we solve the bilaplacian problem on the five-patch geometry in Fig. 4(a), which is created by removing
a patch from the six-patch geometry approximating the sphere, already employed in the tests of the C' space in [31]. We apply
homogeneous boundary conditions, and a uniform right-hand side f = 1. The reference solution, obtained by solving the problem
on a very fine uniform mesh, is shown in Fig. 4(b). The solution is known to have singularities at the four corners of the boundary
(see Fig. 4(c)). We applied the adaptive isogeometric method starting with a coarse 2 x 2 mesh in each patch. As expected, the
refinement is localized around the singularities at the corners of the boundary, see Fig. 5(a)-(c). The plot in Fig. 5(d) reports the
behavior of the estimator (since we do not have the exact solution available), which has optimal convergence like in the previous
example, while uniform refinement leads to suboptimal convergence due to the singularities.
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(b) (c)

Fig. 4. Bilaplacian problem on a five-patch domain: domain (a), solution (b) and Laplacian of the solution (c).

4.3. Adaptive method for Kirchhoff-Love shells

As a second problem to apply the adaptive method with C! hierarchical splines we consider Kirchhoff-Love shells. With respect to
the Reissner-Mindlin formulation, which uses as unknowns both the displacement and the rotation, the Kirchhoff-Love formulation
only uses the displacement, reducing the number of degrees of freedom per node. The Kirchhoff-Love shell formulation is a fourth
order PDE, which makes it well suited for its solution with IGA. Ensuring global C' continuity of the discrete functions in the
multipatch setting allows to use a direct formulation, without introducing additional gluing terms at the interfaces between patches.
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We will apply zero displacement boundary conditions on I'p, strongly, and zero rotation boundary conditions are applied on
I'p, in a weak sense using Nitsche’s method following [62]. We note that the intersection of I'p, and I';, may not be empty. The
discrete variational formulation of the problem is given in the same form as (5), with the bilinear functional a(-,-) and the linear
functional F(-) respectively defined as

a(uy,v,) = /Qe(uh) : n(vh)d.(2+/gx(uh) cm(v,)dQ

Cen
+/ %HH(uh)Hn(vh)dF—/ xm,(u,,)on(vh)dr—/ K, (V) 6, (u,)dT,
['Dz

FDZ FDZ
F(vh)=/vh-fd!2,
Q

where € and « respectively denote the membrane strain tensor and the bending strain tensor, and n,m are their energetically
conjugate stress resultants, see [63-65] for the details, while the f term appearing on the right-hand side is a given body load.
For the terms appearing on the boundary, «,, is the bending moment, 6, is the normal rotation, 4 is the local mesh size, and
Chpen is @ penalty parameter that we choose equal to 10, see [62] for the details. Note that in this formulation the unknown is the
displacement, which is a vector field, and we impose strongly the zero displacement boundary condition, for which the discrete

space is given by
Vi={vy €W, :v,=00n T} }.

We assume for simplicity that on Ip, the three components of the displacement are set to zero, but more general problems, for
which only some of the displacement components are enforced, can also be considered. The vector valued bubble functions for the
error estimator are defined analogously as for the bilaplacian problem, but considering one function for each vector component.
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(a) Parameterization of the paraboloid. (b) Magnitude of the displacement.

Fig. 6. Paraboloid Kirchhoff-Love shell: geometry configuration and displacement magnitude.

(a) Degree p = 3 (2128 elements). (b) Degree p =4 (1804 elements). (c) Degree p =5 (2224 elements).

Fig. 7. Paraboloid Kirchhoff-Love shell. Adaptive meshes at the last step.

In the following two examples we apply the adaptive isogeometric method with truncated hierarchical C! splines of degree
p =3,4,5 and regularity r = p — 2 in the interior of the patches. For refinement we use admissible meshes with admissibility class
m = 3, while Dorfler’s parameter is set to 0.8. We compare the results with those obtained with the same spline spaces but refining
uniformly.

4.3.1. Paraboloid shell with simply supported boundary

As a first test for Kirchhoff-Love shells we consider a paraboloid geometry with simply supported boundary conditions on the
whole boundary. The geometry is built by dividing the square (-1, 1)? in four patches of equal size, which are then mapped using
the parameterization (x, y, 1 — x> — %), which yields an analysis-suitable geometry shown in Fig. 6(a). The geometric and material
properties of the shell considered for the simulation are the thickness ¢ = 0.01 [m], Young’s modulus E = 2x10'! [N/m?] and Poisson
ratio v = 0.3 [-]. The shell is subject to a uniform vertical load of magnitude 80000 [N/m?], and we impose zero displacement in
all directions for the whole boundary, i.e., I'y, = 022 and I', = #. The magnitude of the displacement, computed in a fine mesh for
degree 5, is shown in Fig. 6(b).

Starting from a uniform mesh with 4 x 4 elements per patch, we run adaptive simulations until a maximum number of 15000
degrees of freedom is reached. The final meshes obtained for each degree are shown in Fig. 7. We see that in all cases the domain
is more refined towards the boundary, and in particular close to the corners, since it is the region where the stress is higher.

Since the exact solution is not known, to analyze the accuracy of the solution we compare in Fig. 8(a) the convergence of the
estimator for adaptive and uniform refinement. We see that the convergence rate is optimal in both cases, because the solution is
regular, but adaptive refinement gets lower values of the error with respect to the number of degrees of freedom. We also compare
in Fig. 8(b) the behavior during refinement of the energy norm, given by %a(“hvuh) (or in matrix form, %uTKu), for adaptive and
uniform refinement. We observe that the adaptive case converges much faster in terms of the number of degrees of freedom, and the
accuracy is increased for higher degree, as expected. We also analyze the result of vertical displacement at the points A = (0,0, 1) and

10
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Fig. 9. Paraboloid Kirchhoff-Love shell. Vertical displacement for points A and B.

B =(0.93,0.93,-0.7298), the first one corresponding to the tip of the paraboloid, and the second one closer to a vertex, see Fig. 6(a).
The results, that we plot in Fig. 9, show in general better behavior of the uniform case for point A, and much better behavior of
the adaptive case for point B. This is expected because, as we said above, the adaptive algorithm concentrates the refinement close
to the corners, where point B is. To obtain better results for point A, a goal-oriented error estimator should be used, but this goes
beyond the scope of this work.

4.3.2. Partly clamped hyperboloid shell

As second test we consider a hyperboloid shell, with the same geometry already used in Section 4.2.1, in a test that was already
used as a benchmark for finite elements [66]. The same test has been used for the analysis of multipatch IGA methods, without
adaptivity, in [2,36,38]. The material parameters used for the simulation are the same as for the paraboloid shell, namely, thickness
t = 0.01 [m], Young’s modulus E = 2 x 10'! [N/m?] and Poisson ratio v = 0.3 [-]. We apply a uniform vertical load of magnitude
8000¢ [N/m?], and we impose zero displacement and zero rotation at the boundary I'p, = I'p,, which is given by the set of points
(x,¥, z) such that x = —0.5. We show in Fig. 10(a) the magnitude of the displacement for a reference solution, computed in a single
patch domain for a very fine uniform mesh of 150 x 150 elements and degree p = 5, for approximately 72000 degrees of freedom.

Starting again from a uniform mesh made of 4 x 4 elements on each patch, we run the adaptive simulation until nine levels
of refinement are reached. We show in Figs. 10(b)-10(d) the meshes obtained for the different degrees. In this case, the adaptive
algorithm concentrates the refinement at the two corners separating the clamped boundary and the free boundary, as it is the region
where the maximum stress appears.

11
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(a) Magnitude of the displacement. (b) Degree p = 3 (612 elements).

(c) Degree p = 4 (528 elements). (d) Degree p =5 (570 elements).

Fig. 10. Hyperboloid Kirchhoff-Love shell. Reference solution, and adaptive meshes at the last step.

To study the accuracy of the adaptive method, we compare in Fig. 11(a) the results of the energy norm for uniform and adaptive
refinement, and their convergence towards the reference solution mentioned above, obtained in a very fine mesh for a single patch
domain. The adaptive method shows a better behavior compared to the uniform refinement, and the same accuracy is obtained with
one order less of degrees of freedom. Moreover, we also analyze the vertical displacement at the point A = (0.5,0, —0.25), located at
the middle point of the edge opposite to the clamped side, see Fig. 2(a). The results, displayed in Fig. 11(b), show a similar behavior
as for the energy, with higher accuracy of the adaptive method compared to uniform refinement. In contrast to the example of the
paraboloid shell, this is true even if the point is far away from the highly refined region.

It is known that a displacement-only discretization as we are using causes membrane locking, and the results in Fig. 11 confirm
that our adaptive method is not free from locking, although local refinement can mitigate its effects. There exist other shell elements
in the finite element literature, and in particular the Mixed Interpolation of Tensorial Components (MITC) elements [66] or their
enriched versions [67], that overcome locking. This comes at the cost of a higher number of degrees of freedom per element.
Moreover, the use of isogeometric methods also allows a better representation of curved geometries, which leads to better accuracy
with few elements, but it is important to note that the MITC element has been recently generalized to the isogeometric setting [68].
Finally, the analysis of methods to remove membrane locking is an active research topic in IGA (see [69,70] and references therein),
and the feasibility of extending these methods to the hierarchical multipatch C!-setting should be analyzed.

A note about the computational time. To better understand the performance of the method, we present convergence results for the
computed energy and for the vertical displacement at point A with respect to the computational time, instead of the number of
degrees of freedom as in Fig. 11. When performing uniform refinement the computational time takes into account the evaluation of
the basis functions at quadrature points, the assembly of the matrix and the right-hand side, and the solution of the linear system. For
adaptive refinement we also take into account the computation of the a posteriori error estimator, and the refinement of the mesh
at each iteration. All the simulations are run on a workstation with system specifications: 12th Gen Intel® Core™ i5-12400 x 12,
16 Gb DDR4 memory. The software environment is Matlab 2023b running on Ubuntu 22.04.4, and all simulations are performed
using a single thread. The code is run ten times for each case, and we consider the average of the computational times.

The obtained results are presented in Fig. 12, where for better visualization we plot in logarithmic scale the difference in absolute
value with respect to the reference solution. We remark that the computational time for uniform refinement refers to the solution
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Fig. 12. Clamped hyperboloid Kirchhoff-Love shell. Convergence of the energy, and vertical displacement at point (0.5,0, —0.25).

for a single mesh, while the time for adaptive refinement takes into account all the iterations of the adaptive process, starting from
the coarsest mesh. We observe that, when the meshes are coarse, the simulation with uniform meshes is more accurate than the
adaptive one, independently of the degree, and this is because the cost of the estimator and the adaptive refinement is relatively
large with respect to the solution of the linear system. As soon as the mesh gets finer, the adaptive method performs better than
the uniform one, because the local refinement gives much smaller linear systems, and therefore lower computational cost. It is also
worth to note that, in our implementation, increasing the degree does not pay off for any of the methods, but this probably depends
strongly on the implementation. These results suggest that computing on a coarse uniform mesh performs well when low accuracy is
acceptable, but if very accurate results are needed, the adaptive method performs better. Obviously, if the need for local refinement
is identified a priori, based on engineering expertise, a hierarchical mesh can be used as the starting point to run the adaptive
procedure, in practice saving the computational effort for the first iterations.

Finally, it is important to remark that the presented results can give a qualitative idea of the performance of each method, but the
conclusions should be taken with care. Indeed, the code used for computational comparison is not efficient for any of the methods,
and all the simulations were run on a single core with a single thread. A more rigorous comparison of the methods should be done
using a more efficient implementation, preferably in a compiled language, but this is beyond the scope of the present work.

5. Conclusions

An adaptive isogeometric method for solving fourth order PDEs on multi-patch surfaces and shells was presented. In particular,
we extended previous results recently obtained in the planar setting to the case of analysis-suitable G! multi-patch surfaces and the
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Kirchhoff-Love shell problem. The numerical experiments validate the behavior of the adaptive scheme based on C! hierarchical
spline on a selection of different test cases. Thanks to the local refinement capabilities of the proposed adaptive method, optimal
convergence rates are obtained even when singular solutions of different nature are considered.
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