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Abstract

The aim of this paper is to prove the existence of one or multiple solu-
tions of nonlinear difference equations coupled to a general set of boundary
conditions.

Before to do this, we construct a discrete operator whose fixed points
coincide with the solutions of the problem we are looking for. Moreover,
we introduce a strong positiveness condition on the related Green’s func-
tion that allows us to construct suitable cones where to apply adequate
fixed point theorems.

Once we have the general existence result, we deduce, as a particular
case, the existence of solutions of a second order difference equation with
nonlocal perturbed Dirichlet conditions.
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1 Introduction

It is very well known that the theory of difference equations appears in many
different fields as, among others, computer science, economical models or pop-
ulation dinamics. We refer to the reader the classical books by Agarwal [1] and
Kelly and Peterson [15] for a general overview on the basic theory of this type
of equations, coupled with some interesting examples and mathematical models
of the related topics.

More recently, several authors have focused their investigation in proving the
existence and multiplicity of solutions of difference problems by using various
methods from nonlinear analysis.

In particular, the method of upper and lower solutions coupled to Leray-
Schauder degree theory and some different kinds of fixed point theorems in
cones are very useful tools to obtain the existence of solutions of nonlinear



boundary value problems. We make special mention of the paper [16], where
Legget and Williams established a fixed point result, which has been extended
during the next decades. Such results have been improved by the same authors
in [17], where, as an application, it is proved the existence of multiple solutions
of the following third order boundary value problem:

u”(t) + f(t u(t), u'(t),u"(t)) =0, t € (0,1),

m—2

u(0) = Y kiu(§). u'(0) = /(1) =0,

with 0 < & < & < . < Epa < 1, k; € Rt fori = 1,...,m — 2 and
0< " Pk < 1.

A result in the line of Legget-Williams fixed point theorem, that ensures the
existence of at least a positive fixed point on different sets defined by means of
suitable functionals, is obtained in [2].

In [8] the authors generalized the triple fixed point theorem of Legget-
Williams, which allow them to prove the existence of three positive symmet-
ric solutions of the discrete second order nonlinear conjugate boundary value
problem

{ A2zt —1)+ f(z(t)) =0, forall t € [a+1,b+ 1],
z(a) =0=2(b+ 2),

where f: R — R is continuous and nonnegative for x > 0.

Recently, in [5], the authors proved a new fixed point theorem that gives us
a different existence result for problem studied in [2].

In [14] it is proved the existence of one or multiple solutions of a wide range of
nonlinear ordinary differential equations, coupled to boundary value conditions,
by imposing the following hypothesis on the kernel G :

(Pg1) There exist ®, ky and ko continuous functions on [a, b] such that ®(s) > 0
for all s € (a,b), 0 < ky1(t) < ko(t) for all ¢t € (a,b) and

O(s)kn (1) < G(t, 5) < (s)ha(t), ¥(t,s) € [a,b] x [a,B].

This kind of conditions have been introduced in [9] and ensure the validity
of monotone iterative techniques in a general framework. Moreover, under this
condition, a characterization of the set of real parameters where the Green’s
function has constant sign is given. The extremes of the corresponding intervals
are the first eigenvalues of the operator defined on related functional spaces, see
[11, 12, 13] for details.

In this paper, we assume the discrete version of the above hypothesis and,
moreover

(F) f:Ix]0,00)— [0,00) is a continuous function.

Here we denote I = {a,...,b}, with b —a > 2.
We obtain multiplicity results for a family of n-th order boundary value
problems given by

u(k +n) + i:pi(k)u(k +i) = f(kulk), kel (1)
=0

Liv = 0, i=1,...,n. (2)



Here
L :RV-H SR i=1,...,n,

are linear operators, for which the following condition for the related Green’s
function is fulfilled:

(G) There exist non negative functions on I, ®,[; and I3, such that ®(s) > 0
forallse J={a+1,...,0—1}, 0 <li(k) <la(k) for all k € J and

B(s)ly (k) < G(k, s) < B(s)la(k), ¥ (k,s) € I x I. (3)

As an application of these results, in Section 4 we continue the ones given
in [10] for a second order problem. Moreover, we prove the existence of at least
two or three solutions of the considered problem.

It is well known that, provided problem (1)-(2) has u = 0 as its unique
solution when f = 0, the solutions of problem (1)-(2) are given as the fixed
points of the difference operator

b

Tu(k) = Z G(kv S)f(sv U(S))7 (4)

s=a

where G(k, s) is its associated Green’s function.

Thus, in order to find the fixed points of operator T, we previously study
in Section 3, the existence of at least two or three fixed points of the difference
operator.

2 Description of the problem and some previous
fixed point existence results

In this section, in order to study the existence of some fixed points of the
difference operator, defined in (4) in an appropriate cone, we give some basic
definitions and we recall some previous results.

First of all, we recall some definitions.

Definition 2.1. Let B be a real Banach space. A nonempty closed conver set
P C B is called a cone if it satisfies the following two conditions:

1) Ax € P forallz € P and A > 0.

2) If v € P and —x € P, then x = 0.

Then, consider a subinterval Iy = {aq,...,b1} C I such that Iy(k) > 0 for
all k£ € I, and denote:

Ly = max!ly(k) >0, m =minly(k) >0, Ly = maxlz(k) > 0. (5)
kel k kel

€l

Finally, let us consider the cone

P= {u .1 [0,00), u(k) > “L(’;) lull., ke 1},

where

Jull o = max [u(F)]

Now, we give definitions of concave and convex functional on a cone.



Definition 2.2. A map « is said to be a nonnegative continuous concave func-
tional on a cone P of a real Banach space B if a: P — [0,4+00) is continuous
and

altr + (1 —t)y) > ta(z) + (1 —t)aly), Yz, y € P, t € [0,1].
Similarly, a map B is said to be a nonnegative continuous convex functional on
a cone P of a real Banach space B if 5: P — [0,400) is continuous and

Btz + (1 —t)y) <tB(x)+ (1—-1)8(y), Vx, y € P, t € [0,1].

Let 8, and 6, be nonnegative continuous convex functionals on the cone P,
and « and 1, nonnegative concave functionals on P. Thus, for nonnegative real
numbers d, p and ¢, we define the following subspaces of the cone P :

P(v,r) {ueP|y(u)<r},
P(y,a,p,r) = {ueP|[p<au) vy
Q. B:d;r) = {ueP|Bu) <d,

P(v,0,a,p,q,7) = {u€P|[p<a(u),

<rj,

<rj,
(U) < g y(u) <7}

Recall a result, proved in [6], which ensures the existence of two fixed points on
the cone P.

/‘\/\
£ <
— —

Theorem 2.3. Let P be a cone in a real Banach space B. Let « and v be
increasing and nonnegative continuous functionals on P. Let 0 be a nonnegative
continuous functional on P with 6(0) = 0, such that, for some positive constants
r and M,

a(u) < 0(u) <v(u) and |u|| < Ma(u), for allu € P(a,r).
Assume that there exist two positive numbers p and q with p < q < r such that
O(Au) < MN(u), for all0 <A <1 andu € IP(0,q).

Suppose that L : P(a,r) = P is a completely continuous operator satisfying
i) a(Lu) > r for all u € OP(a,r),
it) O(Lu) < q for all w € OP(6,q),
iii) P(v,p) # 0 and v(Lu) > p for all u € OP(v,p).
Then, L has at least two fized points uy and us such that

p < ~v(uy), with 6(u1) < g,

and
q < 0(ug), with a(ug) <.

Finally, we introduce a result, see[4], that ensures the existence of three fixed
points of L on the cone P.

Theorem 2.4. Let P be a cone in a real Banach space B, and let v and M
be positive numbers. Assume that o and b are nonnegative, continuous and
concave functionals on P, and vy, B and 6 are nonnegative, continuous and convex
functional on P with

a(u) < B(u) and |ul| < M~y(u), for alluw € P(y,r).



Suppose that L : P(v,r) — P(v,r) is a completely continuous operator and
there exist nonnegative numbers h,d,p,q with 0 < d < p, such that
a){u € P(v,0,a,p,q,7) | a(u) > p} # 0 and a(Lu) > p foru € P(v,0,a,p,q,7),
b){u e P(y,B8,%,h,d,7) | B(u) <d} # 0 and B(Lu) < d foru € P(y,B,%, h,d,r),
¢) a(Lu) > p for all u € P(v,a,p,r) with 0(Lu) > q,
d) B(Lu) < d for all w € Q(~, B,d,r) with ¢ (Lu) < h.
Then, L has at least three fized points uy,us and us € P(y,r) such that

Blur) < d, p<afuz) and d < B(us) with a(uz) < p.

3 Existence of multiple fixed points

This section is devoted to prove the existence of multiple solutions of problem
(1) = (2). To this end, we previously obtain some useful properties of operator
T defined in (4).

Let u € P be arbitrarily chosen. Clearly, from condition (G), we have that
Tu > 0on I and, moreover, we deduce that the following inequalities are fulfilled
forall k e I:

b b
Tu(k) = > Gk, s)f(s,u(s)) > (k) @(s)f(s u(s))
b b
= 11[(/1;) ngg;(lz(k)@(s)f(s,u(s)) > llL(f) Sz:;%lea;( {G(k,s)} f(s,u(s))

l1(k)
Ly

1Tull o -

In other words, T': P — P.

Moreover, due to the continuity of function f, it is clear that T is a com-
pletely continuous operator.

Now, from Theorems 2.3 and 2.4, we deduce the existence of two or three
fixed points, respectively, of operator T' defined in (4). We follow the steps given
in [3, 14].

Theorem 3.1. Suppose that there exist positive integers p,q and r such that
p < q <r, and assume that function f satisfies the following conditions:
(i) f(k,u) > —*—— forallk € I and u € 7, %r}, being the inequality
m 3 ®(s)

s=aq

strict at u =,
(ii) f(k,u) < —2— for allk € I and u € [0, %q}, being the inequality

strict at u = q,
(iii) f(k,u) > —2E2 for allk € I and u € [L%p,p} .

by
Ly Y li(s)®(s)
s=aq

Then if G(k, s) satisfies condition (G), then operator T has at least two fixed
points, u1 and ug, such that

p<lluille, maxui(k) <q<maxuy(k), minus(k) <r.



Proof. Let us denote:

au) == iréllr} u(k), (6)
0(u) = maxu(k), (7)

and
Y(w) = [l - (8)

For all u € P we have that a(u) < 6(u) < v(u). The fact that u € P gives us
that
( )

= 1 k >
au) min u(k) > ?élln

Thus v(u) < £2a(u) for all u € P.
Hence, for all A > 0 and u € P, we verify that:

lulloo = T ().
2

O(\u) = gleal)l({)\u(k)} = )\Ikneal)lcu(k) = A0(u).

If u e OP(a,r), ie. Ircmln u(k) = r, then a(u) =7 > 7= ||lufl
€l
Using (i) and (G), we deduce the following inequahtles.

b

o(Tu) = gél}ll G(k,s)f (s u(s)) = gg}iZh su(s))
e S u(s)
> gg}}ll(k) Z ®(s)f(s,u(s)) = Z O(s) 35—
s=aq s=ai S; (I)(S)

The fact that a(u) = r gives us that there exists k1 € I; with u(ky) = r.

According to (i) we have f (k1,u(ky)) > % Since ® > 0 on Ij, the
m 3. ®(s)

s=a

inequality for « is strict too, and it follows that

by
a(Tu) > Z @(s)blui > r for all u € OP(a, 7).

=Y a()

S=aq

Next, if u € OP(0, q), i.e. Iggxu(k) = g, we deduce that

m
() 2 0(u) = g = a(u) = 7-5(u)
The last one gives us that ¢ < |Ju|| . < £2¢ and from (ii) and (G), we obtain:
b
= <
0(Tu) glealfs aG(k »8)f (s, %%f;llz ,u(s))

IN

b b
Ly Y 0(s)f(s.u(s)) <> B(s)——



Following the previous arguments, #(u) = ¢ gives us that there exists ko € I3
with u(ke) = ¢. Using (i) and the fact that ® > 0 on J we arrive at

0(Tu) < Z@(s)% = q for all u € OP(0,q).
> ®(s)
Now, since P(vy,p) = {u € P | ||u| <p} # 0, we deduce that ||ul|, = p

and a(u) > 7tp for all u € OP(v,p).
Finally, using (i74) and (G), one can check that:

b

v(Tu) = IileaIX Gk, s)f(s,u(s) >male1 ,u(s))
> I i@(s) )> L Z Lou(s)
- Lal S LY, b))
s S A

T Ell()()

S=a1

Thus, v(Tu) > p for all u € OP(~,p) and all the assumptions of Theorem
2.3 are verified. Hence, T" has at least two fixed points on P, u; and us, such
that p < y(u1) = |lu1]|, and ¢ > O(u1) = gcnalxul(k:). Moreover, ¢ < 0(uz) =

€l

Iléfleaj)l(UQ(k‘) and r > a(ug) = min us (k). O

Remark 3.2. We point out that due to the properties that the fixed points uy
and us satisfy, both of them are not trivial.

As an application of Theorem 2.4, we formulate the next result that gives
us the existence of at least three fixed points of operator T.

Theorem 3.3. Let p,q and r be positive integers such that:
Lo
p<qg< —q<r.
m

Suppose that the function f satisfies the assumptions below:
(a) f(k,u) < ——— forallk € I and u € [0, 7],

Lo 2 P(s)

(b) f(k,u) < —F—— forallk € I and u € [0, p],
Lo ; o(s)

(c) f(kyu) > —*—— forallk € I and u € [q7 %q] , being the inequality
m Y ®(s)

s=aj
strict for u = q.
Then, operator T has at least three fized points uy, uz,us € {u € P | |lu||,, <7}
h that k) < p, ¢ < mi k dp < k) with k) <q.
such tha 1’}1€al}1<u1( )< p,q ilélﬁug( ) and p ggneaﬁ(ug( ) wi ineal)l(ug( ) < q

Proof. Let o, 0, are defined as in (6)-(8), ¥(u) = a(u) and S(u) = 0(u). It is
easy to check o and ¥ are concave and nonnegative functionals in P, while 3,6
and ~ are convex and nonnegative functionals in P.



We already proved that T'(P) C P. Now, let us show that T (P('y,r)) C
P(v,r). Indeed, if u € P(v,7), i.e. ||ul| <r, then using (a) it follows that:

[Tulle = max "Gk, ) (s u(s)) < maXZl2 u(s))
b
= ngq)(s)f(s,u(s)) < Z@(s) . LN —
s=a s=a Sz::a(b(s)
Hence, Tu € P(v,r) andT( )CP%)

Clearly, a(u) < B(u) and 5( W =l
One can check that u,(k) = 72¢ belongs to the set

L
{u er (%9704%7;(177”) | a(u) > q}.

Ly
eP < k), k) < —q, < .
{wer a<pinu, macam < 2o, Julg<rf 20

kel

Thus

Let u € P ('7797 Q, q, %qm) . From (c), it follows that:

b

alTu) = minp Gk, s)f(s, >gg}}zll su(s))
bj ’ by u(s)
> m Z D(s)f(s,u(s)) > Z @(s)bli.
s=ai s=ai S; (I)(S)

If there exists s; € I; such that u(sy) > ¢, then from the last inequality, we
have a(Tu) > q.
Otherwise, if u(s) = ¢ for all s € I, then by using (c), we obtain:

by by
a(Tu) >m Z D(s)f(s,q) > Z @(s)blui =q.
s=ay s=ay z ‘I’(S)

S=ay

Similarly as above, function u, (k) = 7-p belongs to the set

{ueP(’yB, pp,)lﬁ(ﬂ)ﬂ)},

—p < < .
{u€P| P < ?&I}“(k)’ Eleaﬁu(k)<p, ||uoo_r}7é®

SO



IfueP (’y, B, 7-p, p, r) , then using (b), one can check that:

b

B(Tu) = {53 G(k,s)f(s,u(s)) < ggfz Ly® u(s))
b
< LQZ‘I)(S)+ =p.
s=a L2 Z: (I)(S)

Hence, f(Tu) < p for all u € P ('7757 v, L%p,p, r).
Suppose that u € P (y,a,¢,7) and 0(Tu) > %q. One can verify that

b

a(Tu) = ,{}g}} G(k,s)f (s, u(s)) = Ircrélllllzll ;u(s))
= LZZLz >>>L—23 max G(k, ) (s, u(s))
S ZGk u(s)) = Mo(ru) > L2
- L2 I]gleé})l{ —a s L2 Y L2 1=4¢

Ifue@(,B,p,r) with U(Tu) < 7-p, it follows that

b

b
B(Tu) = max G(ks (s,u(s))SZLg@(s)f(s,u(s))

kel

- L B(s)f (s, u(s)) < Ly min G(k,s) f (s, u(s))

om ~ m “keh ’ ’

< L2 b Gk, s)f(s,u(s)) = Z2W(Tu) < =2 —p=
m keh = ’ o P=

Thus, all the assumptions of Theorem 2.4 are verified, which ensures us the
existence of at least three critical points such that p > S(u;) = max ui(k), ¢ <
€l

alug) = min ug(k) and p < B(ug) = Ikneali(u?’(k) with ¢ > a(us) = I]glél]lu;>,(k‘) O
Remark 3.4. We point out that the fized points uy and us obtained in previous

result are not trivial. However, without additional assumptions on the data of
operator T', we cannot ensure such property for us.

4 An application to a second order problem

In this section, in order to maintain a similar notation to the one used in [10],
we redefine I = {0,...,N}and I =J ={1,...,N—1},i. e, a=0,b= N,
ap=1land by =N — 1.



Our goal in this section is to extend the results given in [10] concerning the
following second order problem with perturbed Dirichlet conditions:

~Nu(k—1) = f(kuk), keJ, N>2, 9)
d

u(0) = 0, u(N)=p> u(k), p>0,1<c<d<N-—1 (10)
k=c

In that case, existence of one or two nontrivial solutions are deduced by
means of the Krasnoselskii’s fixed point theorem. In this section, as a direct
application of the previous fixed point theorems, we deduce the existence of two
or three solutions of problem (9) — (10). To this end, we assume the following
property

2N
() e (0. ratierry )
So, by denoting J; = {1,..., N}, we have the following result

Theorem 4.1. [10, Theorem 2.1] If u satisfies hypothesis (H1) then there is G
the Green’s function related to the linear part of problem (9) - (10). Moreover
G(k,s) > 0 for all k € Jy and s € J, and there are two positive constants
0 < my < My for which

my G(N,s) < G(k,s) < M; G(N,s) (11)
forallk € Jy and s € J.

Since G(0,s) = 0 for all s € J, it is clear that condition (G) is fulfilled in
this situation.

Remark 4.2. On [10] some explicit estimations of the constants my and M,
are obtained. Such expressions are very complicated and depends on the relative
positions of s and a and b.

In particular, we have that ®(s) = G(V, s), 11(0) = I2(0) = 0, and
li(k)=m; and Iy(k) =DM, forallkeJ.
As consequence, the constants defined in (5) satisfy, in this case:
m=1Ly=m; and My = Ls.

Using these properties, we deduce, as in Theorems 3.1 and 3.3, the existence
of two or three solutions (with at least two of them non trivial on J) respectively,
of problem (9) — (10).

Theorem 4.3. Suppose that there exist positive integers p,q and r such that
p < q <r, and assume that function f satisfies the following conditions:

(i) f(k,u) > ——2—— forallk € J and u € [T, %—ir} , being the inequal-

wy strict at uw =,
(ii) f(ku) < ——L—— forallk € J and u € [0 M, }, being the in-

Y

equality strict at u = q,

10



(i) f (k) > s forall k €] and w € [p.p]
m% 521 G(N,s)

Then problem (9) - (10) has at least two nontrivial solutions, uy; and ug,
such that

k k i k :
p < flurll, maxuy(k) < ¢ <maxup(k), minus(k)<r
Theorem 4.4. Let p,q and r be positive numbers such that:
M,
p<qg<—q=T
m

Assume, moreover, that the function f satisfies the following conditions:

(a) f(k,u) < ——L—— forallk €I and u € [0,7],
M, ;1 G(N,s)
(b) f(k,u) < ——L—— for allk € I and u € [0, p],
M3 G(N,s)
s=1
(c) f(kyu) > —x—+—— forallk € J and u € [q,%—iq} , being the in-
m1 Y, G(N,s)

s=1
equality strict for u = q.
Then problem (9) — (10) has at least three solutions uy,us,uz € {u € P | ||ul| < r}
such that max ui(k) <p, qg< min uz(k) and p < rﬁg{ug(lﬂ) with max uz(k) < gq.

In the sequel, we consider a particular case of problem (9) — (10). We fix
the values of c=1,d =N — 1 and p = ﬁ It is easy to check that condition
(H1) holds. In this case the Green’s function is given by the expression

k(N?—N+s—s?)

— ) k S 8,
G(k,s) = s(Névf(erli)fks)
NN-1) o RZS

Moreover, from (11) we have that
1) if k < s then m; < *EE=D ang
2) if k > s then my < NooNtkoks

N(N-—s)
N2_N+4k—ks
d N-—s

Nts=1 j5 decreasing on s an

Since =
that m; = 2/N.

Using similar arguments we deduce that M; = 2.

By direct calculations we obtain that

is increasing on s we obtain

N—-1 N-1 N-1 N—-1

s(N —s) 1 5 N(N+1)
§ N,s) = E = N — — )
s=1 G( ’S) s=1 N-1 N-1 ( s=1 ’ s=1 ’ ) 6

Finally, as a direct consequence of Theorems 4.3 and 4.4, we obtain the
following results

Theorem 4.5. Suppose that there exist positive integers p,q and r such that
p < q <r, and assume that function f satisfies the following conditions:

(1) f(k,u) > 1\%1 forallk € J and u € [r, Nr], being the inequality strict at
u=r,

11



(zz) flku) < % for all k € J and u € [0, Nq], being the inequality
strict at u = q,

(1i1) f(k,u) > ?;Vjilf forallk e J and u € [%,p]

Then problem (9) — (10) with ¢ = 1,d = N — 1 and p = w— has at least

two nontrivial solutions, uy and us, such that

p < |luill, mg}ul(k) <g< Igg}(ug(kL rknelglug(k) <.

Theorem 4.6. Let p,q and r be positive numbers such that:
p<g<Ng<r.

Assume, moreover, that the function [ satisfies the following conditions:
(a) f(k u) < NN+1 forallk € I and u € [0,7],
(b) fk,u) < N(N+1 for all k € I and u € [0, p],
(c) f(k,u) > N+1 for all k € J and u € [q, Nq], being the inequality strict

foru=gq.
Then problem (9) - (10) with ¢ = 1,d = N — 1 and p = w5 has at
least three solutions uy,uz,us € {u € P | lull <7} such that max u1 (k) < p,

k) and k) with k) < q.
¢ <minuy(k) and p < maxus(k) with maxus (k) < q
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