GONOSOMAL ALGEBRAS AND OPERATORS ASSOCIATED TO
GENETIC SYSTEMS WITH A SINGLE MALE GENOTYPE
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ABSTRACT. This article is devoted to studying gonosomal algebras and operators with a
single male genotype. We compute the limit points of the trajectories of the corresponding
normalised gonosomal operators, describing the development of specific populations and
providing the corresponding biological interpretations.

1. INTRODUCTION

A population is defined as a group of individuals of the same species that inhabit a
specific geographic region at a given time and have the ability to interbreed. The analysis
of populations, along with the factors and mechanisms that regulate them, is essential for
understanding ecosystems. This task is undertaken by population dynamics, historically
recognised as one of the most prominent branches of mathematical biology (see [5]).

Etherington introduced abstract algebra into the study of genetics in his series of
papers [8, [7, [9]. He defined several classes of non-associative structures, such as baric or
train algebras, which have significantly contributed to population genetics. Over time,
numerous studies (see [12, [16] 20, 21} 25], for example) have confirmed that non-associative
algebras are the appropriate mathematical framework for studying genetics. As a result,
the term “genetic algebras” was coined to refer to these primarily non-associative algebras,
which enable the modelling of inheritance in the field of genetics.

In this paper, we focus on the dynamics of certain bisexual populations. One of the main
challenges when constructing algebraic models for sex-linked inheritance in such populations
lies in the diversity of sex-determination systems, which are the biological mechanisms that
determine the development of sexual characteristics in organisms. Although sex can be
determined by environmental factors (such as temperature [22]), it is primarily controlled
by a pair of chromosomes known as gonosomes. The most widely known sex-determination
system is the male heterogametic XX /XY system found in most mammals in which XY
individuals develop as males and XX individuals develop as females. Other organisms,
such as birds, have a ZZ/ZW chromosomal system in which heterogametic ZW individuals
develop as females and homogametic ZZ individuals develop as males. In fact, there even
exist polygenic sex determination systems (see [I4]), where the sex of an organism is
influenced by multiple genes rather than being determined by a single gene or chromosome.

2020 Mathematics Subject Classification. 17D92, 17D99, 92D25.
Key words and phrases. gonosomal algebra, gonosomal operator, sex-determination system, limit points.
1


https://orcid.org/0000-0003-4299-4392
https://orcid.org/0000-0002-0543-4508
https://orcid.org/0009-0007-1095-5328

2 Y. CABRERA, M. LADRA, AND A. PEREZ-RODRIGUEZ

Ladra and Rozikov established the foundation for algebraically modelling the evolution
of bisexual populations in [IT] by introducing the evolution algebra of a bisexual population
(EABP). However, certain sex-determination systems, such as haemophilia (see [23, Exam-
ple 1]), cannot be accurately modelled using an EABP. To address this limitation, in [23],
Varro extends the definition of EABP by introducing gonosomal algebras. Furthermore, he
illustrates several constructions of gonosomal algebras with nearly twenty genetic examples,
demonstrating their ability to algebraically represent a wide range of genetic phenomena
related to sex.

Every gonosomal algebra gives rise to a quadratic operator known as gonosomal operator,
which connects the genetic states of two successive generations. However, this operator
does not map the simplex into itself (as illustrated, for instance, in the case of haemophilia
in [I9) Lemma 1]), complicating the biological interpretation of its dynamics. To deal
with this issue, the normalised gonosomal operator is introduced, which, as we will see
later, ensures that the simplex is mapped into itself. This normalised operator links the
frequency distributions of genetic traits across consecutive generations. A key challenge lies
in determining the limit points of the trajectories generated by these operators from an
arbitrary initial point. While there are several studies exploring the dynamical behaviour of
specific operators (see [II, B, 4, 2, [18, [19], for example), the absence of a general method for
analysing non-linear discrete dynamical systems further complicates the problem, making
it a particularly difficult and open area of research.

In [23], examples of sex-determination systems with a single male genotype are presented.
Another example, involving finitely many female genotypes and only one male genotype, is
analysed in detail from an algebraic point of view in [I0]. Motivated by these cases, this
paper focuses on studying gonosomal algebras and operators that model these particular
genetic systems. We compute the limit points of the trajectories of the normalised gonosomal
operators, illustrating the development of specific populations and deriving the corresponding
biological interpretations.

The text is structured into five sections. Following this introduction, Section [2| covers the
preliminaries, reviewing the basic language and the fundamental concepts of gonosomal
algebras and (normalised) gonosomal operators within the context of genetic systems with
a single male genotype. Subsequently, Sections [3| and [4] build upon such genetic examples
given in [23]. In particular, in Section [3| we explore a ZW sex-determination system in which
infection by the bacterium Wolbachia induces Z7Z individuals to develop as females, and we
analyse its development in terms of Wolbachia’s transmission rate to the offspring. Section
is devoted to the study of XY sex-determination systems that model the population of
some rodents, such as the African pygmy mouse or the Arctic lemming. Notably, in both
sections, we have been pioneers in restricting the domain of certain normalised gonosomal
operators to obtain meaningful biological interpretations. Finally, in Section [5], we provide
the first complete mathematical model of African cichlid fish populations, addressing a case
that had not been previously explored in the literature.
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2. PRELIMINARIES ON GONOSOMAL ALGEBRAS AND OPERATORS

Throughout this paper, we denote the set of natural numbers by N = {0, 1, ...} and N* :=
N\ {0}. Moreover, we denote A :={1,...,n}. Given a field K with characteristic different
from 2, a K-algebra o is gonosomal of type (n,m) if it admits a basis (e;)1<i<n U (€p)1<p<m
such that for all 1 <i,5 <n and 1 < p,q < m we have that

n m
eie; =0, e, =0 and ee,=¢,e; = Z Yipk€r + Z”yiprer,
k=1 r=1

where Y7y YVipk + 2oty Yipr = 1. The basis (€;)1<i<n U (€,)1<p<n is called a gonosomal basis
of 7. All gonosomal algebras considered in this work will be stochastic, that is K = R and
Vipk,> Yipr = 0, and will model sex-determination genetic systems with a single male genotype.
Hence, from now on, we will assume that all the gonosomal algebras are R-algebras which
admit a gonosomal basis (f;);en U h such that for all i, j € A we have that f;f; = hh =0
and fih = hf; = Y pen YirSr + Yih, where ;5,7 > 0 and Y pep vie + 7 = 1.

Mainly (but not solely), we will focus on those gonosomal algebras, which can be realised as
the commutative duplicate of a baric algebra (see [23, Subsection 4.2]). Next, after revising
some necessary background and fixing some notation, we recall what this construction
consists in already in the context of genetic systems with a single male genotype.

A K-algebra of is called baric if it admits a non-zero algebra morphism w: &/ — K,
which is called a weight function of </. By [25, Lemma 1.10], a n-dimensional K-algebra
4/ is baric if and only if it admits a basis B = {e; };ea such that e;e; = Y pcp Vijrer with
ke Yijk = 1 for all 4, j € A. Moreover, given a commutative K-algebra .7 (non-necessarily
baric), the quotient space D(#/) = (&7 ® &7)/I, where I =span{z @y —yQz: z,y € &}
endowed with the component-wise multiplication is said to be the commutative duplicate
of @. By x ® y, we will denote the elements of D(<7). Lastly, we recall the surjective
morphism p: D(«/) — @?, x ® y — xy, which is called the Etherington morphism.

Construction 2.1 ([23 Proposition 12]). Let </ be a baric R-algebra with basis {e;}iea
and multiplication given by eje; = eje; = > en Vijker such that 3,4 vijx = 1 for any
i,7 € A, and D(&7) the commutative duplicate of o/. Let I' = A x A and consider a
subset 2 ¢ I' and a pair (k,l) € I'\Q. Let F = span{f,.s = e, ® e5: (r,s) € Q} and
M = span{h = e}, ® e;} be two subspaces of D(/) such that

w(F) @ p(M) = span{e,es @ exe: (r,8) € QF C F @ M.

Then, the subspace F' & M C D(«/) with the product given by

frsh := (eres) @ (exer) = (Z %spe”) ¢ (Z 7qu6‘1"> = > YrspWuiaSpg + Vst Viuh,
p=1 q=1

= (pg)€A

for any (r, s) € Q and zero in another case, is a gonosomal algebra with basis (frs)(rs)ea U h.

Nevertheless, the following example shows that not every genetic system with a single
male genotype can be modelled using only Construction [2.1}
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Example 2.2 ([23, Example 16]). If we identify e; <> X, e3 <+ X* and e3 «» Y, in the
particular case of Dicrostonyx torquatus (Arctic lemming), the result of one of the crosses is

1 1 1
(62 X 63)(61 & 63) = §€1 & e + 562 X €3 -+ 561 & es. (21)
Now, suppose there exists a baric algebra with basis {eq, s, e3} such that gives rise to (2.1
by following Constructionwhere F = span{e;®eq, e1Qe9, e2Re3} and M = span{e;®es}.
We can write pu(ea®e3) = eses = e +anes+ages and pu(e;®ez) = ejes = [re1+Paea+Fses
with ay + as + a3 = 1 + 2 + 3 = 1. Thus, we have that

(e2 ®e3)(e1 ®e3) = ar1fie1 ® €1 + aaflaes ® eg + azfzes @ e3
+ (012 + azfr)er ® ea + (a1 85 + asfr)er ® ez + (azfs + azfa)es @ es.

From (2.1) and the previous expression, we get that o181 = a0 = azf3 = 0 and
Q102 + By = a1 83+ a3 = anfs + aszfs = % However, this system of equations does not
admit any solution, which yields that such baric algebra does not exist.

Given the previous example, we revise how, given a gonosomal algebra, we can obtain
others by reducing its gonosomal basis (see [23], Subsection 4.1]), already in the framework
of genetic systems with a single male genotype, too.

Construction 2.3 ([23], Propostion 10]). Let </ be a gonosomal K-algebra with gonosomal
basis (f;)iea U h and product given by fih = > ;.ca Viefr + Yih. If there is a subset I C A
such that for all i € A\l we have o; := 1 — > 1c;vir # 0, then the subspace spanned by
(fi)iea\r U h with the product given by

fixh=a" ( > Wikfk+7~ih)

kEA\I
and f; * f; =h*h =0 for all i, j € A\I, is a gonosomal algebra.

In Section [£.2] we will see how Example [2.2] can be modelled by combining Construc-
tions 2.1 and [2.3] In fact, all the genetic examples considered in this work can be obtained
by using any of such procedures or a combination of both.

Next, we recall how a gonosomal algebra is associated with a gonosomal evolution operator
and vice versa. Following [I7, Section 10.1], given the inheritance real coefficients {7;;}i jea
and {7;}iea of a gonosomal algebra, the corresponding gonosomal evolution operator is
defined in coordinate form by V: R — R™™ (2, ... 2y, u) — (2], ..., 2, ),

T, = UY;enVikTi, k€N,
v:{ b e (2.2)

;o _
U = U iep Vil

As explained in [17, Section 10.3], the operator V' does not map the simplex S™ of R™*!
to itself. For this reason, is necessary to define the corresponding normalised gonosomal
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evolution operator V with coefficients 7i; and 7; over the set S™ in coordinate form as

;WD ien YigT

o, = LAV e g
' U — U ien Vii '
UD e T

Notice that this operator 1% maps the simplex S™ to itself. Furthermore, for applications in
genetics, we work with the subset

Sl = {(xl,...,xn,u) eERY: D 2 >0,u>0,) z+u= 1} c s”
ieA ieA
whose elements can be interpreted as the frequency distributions of the genotypes f; and
h. We know that V also maps S™ to itself if and only if (i1, ..., Vi, ) € S™' for any
i € A (see [I7, Proposition 10.3]). Moreover, we have that if V maps T C S™! to itself
then, given an arbitrary initial point s = (21, ..., 2,,u) € T, it holds that u®) > 0 for any
k € N. Consequently, the study of the trajectories of the normalised gonosomal evolution
operator V is equivalent to the study of those of the following operator:

x;':ZzEAIYJ' 7 jEA
DA Ti
S (24)
r__ ZzeA Yils
RS S
ieA Ti

From now on, if T is an invariant subset of S™! with respect to V, we will use both
operators and interchangeably.

On the other hand, as shown in [I7, Proposition 10.4], there exists a one-to-one correspon-
dence between non-zero, non-negative fixed points, that is, non-zero fixed points with all
non-negative coordinates (equivalently non-negative and normalisable fixed points) of
and the fixed points of . Concretely, (x1,...,2T,,u) is a non-negative and normalisable
fixed point of if and only if (S;ep i +u) ' (21, ..., 2, u) is a fixed point of [23).

In this work, we only use the operator to compute the fixed points of , which
will be essential for studying the limit points of the trajectories

{s(k) = VF(s) = (azgk), - ,:cg“),u(k))}keN
for an arbitrary initial point s = s(¥ € S™! and for drawing the corresponding biological
interpretations.

3. ZW SYSTEM WITH MALE FEMINIZATION

This section is dedicated to studying the ZW sex-determination system that Woodlice
follows (see [6]). Wolbachia is an intracellular maternally inherited bacteria affecting a wide
range of arthropods. In the case of woodlice of the Armadillium vulgare species, Wolbachia
is responsible for the feminisation of genetic males. When Wolbachia infects a male with



6 Y. CABRERA, M. LADRA, AND A. PEREZ-RODRIGUEZ

genotype 77, denoted by ZZ+w, it becomes a female, which can cross with a male ZZ. So,
in this population, there are three female genotypes: f, <+ ZZ + w, fo <> ZW and f3 <
ZW+w, and a male genotype h <> ZZ. As explained in detail in [23, Example 15|, the
results of crosses can be retrieved by a gonosomal algebra obtained by Construction
with gonosomal basis {f1, f2, f3, h} and product given by

1 1
fh=nfit (L=nh, foh=Cfotsh fsh=1fi+

where 7 (% < n < 1) denotes the transmission rate of Wolbachla in the offsprmg. Consider
the associated gonosomal evolution operator V,,, with % <n <1, given by

Lh+ i+ —"h (31)

(3.2)

1 1— . !
Ty = Smu+ Slrsu; U = (1—77)951u+ Loou+ 1 —lasu.

vy = nriu+ frsy; Ty o= 2w3U;
Vr] .
Proposition 3.1. The operator Vn: with 1 < n < 1, has three non-zero fixed points:
2 2 -2
(2 N’ 2—m’ 2—n’ 5) (0202)and(1 77700 ) ]
Moreover, V% and Vi have infinitely many non-zero fixed points: the first one has
(3, % —3,4) and the family (p,2 — p,0,2) with p € R and the second one has the family

(B,2,—B,2) with B € R.

Proof. We need to solve the system of equations given by

(3.3)

T = NI+ frsy; r3 = fasuy;
1 1- . 1 1—
Ty = FTu+ Slwsu; u = (1 —n)viu+ 300 + Flrsu.

First, assume that % <n<l1. Ifz3=0,itis deduced that xr1 =0 or u = % On the one
hand, if 1 = 0, we get either u = 0 or x5 = 2. But if 3 = 1 = u = 0, then necessarily
x9 = 0. However, if 25 = 2, we have the non-trivial solution (0,2,0,2). On the other hand,

if u = % then we obtain that 2o = 0 because  # 3. Finally, as n # 1, then 21 = .

1-n
Therefore, (- 50,0, ) is another solution of (3.3). Next, assume that z3 # 0. Hence,
u = % This implies that T1 = x9 = —x3. We conclude that z; = 2%77 Thus, we obtain the

: 2 2 -2 2
solution (ﬂ7 ﬂ7 ﬂ, E)

Now, let’s the extreme cases 1 = 5 and n = 1. It is easy to check that, for n = %, the
solutions of ({ are the points (3, 3 %, 4) and (p,2 — p,0,2) with p € R and for n = 1
the solutlons are the family of points (5,2, —f,2) with g € R. O

Once the fixed points have been obtained, we consider the normalised version of ((3.2)),
that is

I/ — nu(2a:1+z3) . x/ — nuT3 .
V. - ! 2u(z1+aatas)’ 3 2u(z1+aotas)’ (3.4)
K o = ul@at(l-mzs). W = w=n)Qeitas)tas) '
2 7 2u(zitzatzs)’ - :

2u(x1+x2+3)
Next, we study the limit points of the different trajectories for arbitrary initial points.

Case 1: ; <n < 1.
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In this case, it is clear that ‘777 maps S*! to itself and that its fixed points are (0, %, 0, %)

and (n,0,0,1 —n).

Proposition 3.2. Consider the opemtor ‘7,7 defined by (3.4) with % <n < 1. Then, for

any initial point s = (:cg ), xé ), (0) ©)) € 831, the following assertions hold:

(i) & <2 + ! <7;fo7’allk>1
(ii) xé ) <n and x§k+ ) < xék forallk > 1;
(iii) there exists a natural number ng such that 2 4+ (1+n)xy ) < 277(;55’“) + :cék)) for all
k > ngy; and
(iv) there exists a natural number mq such that x(kH) xgk) for all k > my.

Proof. Take s = @2, 20 2 u©) e 31 First, we introduce the notation a®) :=

x%’“) + xé )4 £B3 ) for any k > 0. For item (i) and item (ii), consider an integer number k > 1.

Then, we observe that

1 _a® (29— 1)af*" B O R L
2= 200D = 20(h=1) =
where the second term is actually azgk) + xé’“), what yields the claim.
For item (ii), observe that 2a*) > 2(z} ) 4 xgk)) > 1 using item (i). Then,

(k—1) (k—1) (k)
(k) (k) n(zy + X3 ) (k4+1) _ 71)T3 (k)
xy + sy = D) <n and x3 = 50 ® < nzy’.

From the first one, we get that xé ) < x(k) + xé ) < 7. From the second one, as m;g ) < n

and nxg ) < xgk), we are done.

For item (iii), we first claim that there exists a number ng € N such that 2 4 (1+
n)Ts (o) < 2n(x (n°)+:1:( )) Indeed, by contrary, assume that z" )+(1+77)a:§ ) > 277(335 )+x(k))
for all k € N. Equivalently, we have that x(k)(l —-n) > :)sék)(%] — 1) for all £ € N.

Consequently,

(k1) 2D (k1)
nry + (1 n)T;

which is equivalent to (1 — n)Zxék_l) > (2n — 1)x§k_1) for all £ € N. In the same way, we
get that (1 —n)(1 —n— n2)x§k_2) > (2n — 1)x§k_2). Inductively, it is easy to check that

A1 =) (1 - inj) > (20— Dt~ 35)

for all [ € N, I < k. Hence, as 5 < n < 1, the series >°7° L= & > 1. Therefore, there
exists a number m € N large enough such that >>7*; 7’ > 1. Then, taking a number
k € N,k > m, we obtain that z{*"™ (1 —n)(1 — "L177) < 0, which is a contradiction with
the fact that (2n — 1)z*™™ > 0 and (B-9).
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Moreover, looking at the previous calculations, we have just proved that if x3 (1 —
n)? < (k)(277 1) for certain k € N, then x3k+1)(1 —n) < x§k+1)(2n — 1). But, taking
into account that 1 < n < 1 and using that there exists a number ng € N such that
21 —p) < ("0)(27] 1), we get that z3" (1 — n)? < 2{™ (1 — ) < 27 (2 — 1), which
completes the proof.

Lastly, for proving item (iv), We know that there exists a ng € N large enough such that

P (14 n)zs ) < 2n(x 0y gl ) for all & > ng by item (iii). Now, we have that a® <n
for all k > ng + 1. Indeed,
k-1 k—1 k—1 k—1 k—1
5 ona! )—i-(l—i-n)xg )—i-acg ) < 2n(m§ )+JJ§ )—l—x( ))

(k) — —
a 90 (1) > 90 (h—1) n

for all & > ng + 1. Then, taking mg = ng+ 1 we obtain that 2x1k)( *) —p) — 77173 ) <0 for
all & > mg, which implies that 2a(k)x§k) < 77(29(:( )+ xg ) for all k > my. Therefore,

k
LD W(Qiﬂg )+ 95:(1, )) > k)
o 2a() =
for all £ > myg, and the result follows. OJ

Remark 3.3. Let be the operator V defined in (3.4) and suppose that limy, xgk), limy,_ o0 a:gk)
0)

and limy,_,o0 25 exist for any initial point s = (z1”, 2%, 2", u(®) € $31. Then, observe that

limy,_ o u® # 0. Indeed, if suppose that lim;Hoo u®) = 0 then limy_, o xg ) + xg ) + :L'(k) 1

and necessarily limy,_, (1 —n)(2x§k) (k)) —|—x2 = 0. Asn # 1, it holds that limy_,, xgk) =
limy 00 xgk) = limy 00 .Z‘3k) = 0, a contradiction with the fact that xg )+x§ )+x( pu®) =1

for any k > 0.

Theorem 3.4. Consider the operator \777 given by (3.4] . ) with % <mn < 1. Then, for an
initial point s = (xgo),m( ) 2 ,u®) € S31 it holds that

{(0,;,0 ) ile)—xéo)—(),

lim Vk( )=
(7,0,0,1 —n), otherwise.

k—o0

Proof. Consider s = (x§ ),:pgo),xé ) ul 9) € §3!. First, note that if 20 = xé) = 0, then
clearly V*(s) = (0,3,0,3) for all k: > 1 and so limy,_,o, V(s) = (0, 3,0, ).

)90 )90

Otherwise, we can ensure 2" # 0. By Lemma (iv), we have that {asgk)}keN is
an increasing bounded positive sequence. Consequently, its limit exists and is positive.
Analogously, by Lemma (ii), we have that {xgk)}keN is a descending bounded positive
sequence, so its limit exists as well. Since

0 B) 4 o(F)
ORI (L (k:;ta )2 0 and u® = 1— (2 4 2l 4 200)
2z
for all £ > 1, we deduce that {xék)}keN and {u®},cy are also two convergent sequences.
As a consequence of Remark if we take limits on both sides of the expressions which
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define the dynamical system (3.4), we have that the possible limits are exactly its fixed
points but, as limy_, mgk) > 0, we conclude that limj_, Vnk(s) = (n,0,0,1—mn).
O

Case 2: n = %

In this case, we also have that S*! is invariant under V% . We obtain the following result
regarding its limit points.
Theorem 3.5. Consider the operator f/% defined by (3.4). Then, for an initial point
5 = (xg ),a:éo), (o ), u®) € S31, it holds that

171 (s), if 3 o _ =0,
lim V1 ( ) = (1) (1) (1) _ (1)
k00 ( o ,HQ(’” ) o, ), otherwise.
1+4a, 2(1+4x5")

Proof. Let s = (xgo), xg)), l‘:(gO), ul®) e §3L. 1f xgo = 0, then it is easy to check that

VE(s) = Vi(s) = ( Gl 7y 0 1)
? : 22t +y") 22" +2y”) 2
for all £ > 1. Consequently, limy,_,, Vf( )= ‘71( ).
Next, assume that xéo) # 0. Then, ;s xg ) 4 x(k) = l for any k > 1, we have that

k-1 k—1 k—2 k—2 1
PO GIETY S YIRS N P s
) = - — — =
1+ 225 1+ (24 1)zl 1) ks L
for all £ > 2. Hence,
1 (1) oo 1 1
limx@: ()+£L'3)Z 2%: ()+x§) and limxgk)zl—i_Q(x“g’)_xg))
k=roo L+%”zk;,% 1+ da) k=bo0 2(1 + 4tV
Analogously, we have that
fe—2 1
3 14 244 (k—1) (k—2)

1+ (24 Day Tl ”ziAQ

(k)

for all £ > 2 and, so limy_,, x5’ = 0. Finally, limy_, uk) = %, and the result follows. [

Case 3: n=1. B
First, notice that, unlike the previous cases, V; does not necessarily map S*! to itself. In
fact, we have the following result.

Lemma 3.6. The set {(x1, T2, x3,u) € S>': x5 > 0} is the largest invariant subset of S>!
with respect to V.
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Proof. Clearly, if we take an initial point s = (x(lo), xéo), xé ), u(®) € S3! such that x(o) > 0,

then xék) = u® > 0 for any k € N. To prove that it is the largest invariant contained in

$31 consider an initial point s € S31 with 23 = 0. So, u(!) = 0 and thus s ¢ $31. O

Theorem 3.7. Consider the operator Vi defined by (3.4). Then, for an initial point
s = (29, 20 29 4@y e 831 with 2 > 0, it holds that
{ (07;70 )7 lfl’(O)_wg)_Oa

lim VF(s) =
(1,0,0,0), otherwise.

k—o0

Proof. Take an arbltrary initial point s = (xg ), xéo), xé ), u(®) € §3! with xéo) > 0. Firstly,
notice that if 2\* = mg) 0, then clearly VF¥(s) = (0,1,0, 1) for any k > 1, and so

. )99
limy, 00 Vlk( ) (07 ;7 0, )

Otherwise, we can ensure that 331 7& 0. Moreover, we have that
(k—1) 1)

i 2! (k— 1)+x(k 1) —I—xg,k_l)) Qk_l(x§1)+x§1))+2x§1)’
for « = 2,3 and for all £ > 2. This implies that lim_,. :L"gk) = limp_ o x(k) 0. In
additionL since xgk) = u® for all k > 1, we also have that lim;_,. u® = 0. Thus,
limy oo Vlk(s) =(1,0,0,0).
]

Biological interpretation 3.8. For Armadillium vulgare population, we can conclude that
for any initial state s € S*! (the probability distribution on the set of possible genotypes
{Z2724w,ZW, ZW+w,7ZZ}), the future of the population is always stable. If the transmission
rate is % < n < 1, then if there is no ZZ+w and ZW-+w in the initial state, the popula-
tion tends to the equilibrium state (0, ;, 0, ) where ZW and ZZ are distributed equally.
Otherwise, the population tends to the equlhbrium state (n,0,0,1 —n). Notice that, in
both cases, the individuals ZW+w tend to extinction. In the case of n = %, although the
limit always exists, it depends on the initial point. Moreover, again, the ZW-+w individuals
always tend to extinction. Finally, for n = 1 and if the probability of genotypes Z27+w and
ZW+w is zero, then the population tends to the equilibrium state (0, ;, 0, ) where ZW
and ZZ are distributed equally. Otherwise, the population tends to (1, 0,0, 0), meaning that
the proportion of males gradually decreases and tends to zero. As a result, the population

will eventually face extinction due to the insignificant proportion of males.

4. XY SYSTEMS WITH FERTILE XY FEMALES

4.1. Generalising the wood lemming sex-determination system. This subsection
aims to develop the dynamic aspects of a (normalised) gonosomal operator that generalises
the modelling of some populations with atypical fertile XY females, such as some rodents.
Consider a gonosomal algebra 7 with gonosomal basis (f;);ea U h and scalars 0 < ; < %,
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some non-zero, such that the product is given by

~1—2y

f«thWifl‘i‘Zilfj*'%m (4.1)
=2 "

for any ¢ € A. Its associated gonosomal operator is

. vy = u = uden T,
Vit { T = UYen —1;_21’951, forany j =2,...,n; (4.2)
We first have to compute the fixed points of the gonosomal operator given by (4.2)) depending
on the parameters {v;}ica. For that, as xgk) = 4™ and xék) = ... =W for any k > 1, we

can equivalently compute the fixed points on the simplified two-dimensional discrete-time
dynamical system given by

r_ M),
oo {5 2B - ) .

n—1

where v =y, A =31, and (y,A) # (0,0). Clearly, there is a one-to-one correspondence
between the fixed points of (4.3) and the fixed points of (4.2]). Moreover, this correspondence
also holds if we restrict to non-zero, non-negative fixed points.

Proposition 4.1. Consider the discrete-time dynamical system SV, . x defined by (4.3),
wheren € Non > 1, 0 <~ < %, 0< A< "7_1 and (v, A) # (0,0). Then, SV, has the
following non-zero fixed points:

(i) if A =0 and v # 0, then the only fived point is (l i); and

v y(y—1)(n—1)
(ii) if X # 0, then we distinguish two cases:

(a) if A= (n — 1)y, then the only fized point is (ﬁ, ﬁ), and

(b) if X # (n — 1), then there exist at most two fixed points. In fact, (z, 1}“) is a
fixed point if and only if x is a solution of the quadratic equation

A==y a®+(n-1)(y+1) =2 )z —n+1=0. (4.4)

Proof. We need to solve the system of equations defined by

r = z(yr+Ay),
Lo 2 o2
First, if x = 0, then y = 0. For x # 0, it holds that vx + Ay = 1. If A = 0, then v # 0
and z = % So, from the second equation, we get that y = 7(7_11_7)2(2_1) If A £ 0, then
Yy = 1‘% and replacing this expression in the second equation, we obtain precisely the

equation ({.4). Now, we have to consider two cases. For A = (n — 1)y we have that z = -

1—
and y = % In the case of A # (n — 1)7, observe that the discriminant of the
equation (&4) is ((n — 1)y — 2X)* + (n — 1)2(1 — 2) > 0, and so, both solutions are also

real, which yields the claim. O
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Next, we study sufficient and necessary conditions for the non-zero fixed points to be
non-negative.

We will denote by A := ((n — 1)y — 2X)* 4 (n — 1)%(1 — 2) the radicand of (&.4)).

Proposition 4.2. Consider the discrete-time dynamical system SV, . x defined by (4.3),
wheren € Non>1,0<~ < %, 0< A< ”7_1 and (v, A) # (0,0). The non-zero fized points
of SV, 4 satisfy the following assertions:

(i) of X =0, then the only fized point is non-negative if and only if v = %;
(ii) if A # 0 and A = (n — 1), then the only fixed point is always non-negative;
(iii) if A # 0, then we state the following:
(a) if A > (n— 1)y, then we only have one non-negative fized point; and
(b) if A < (n — 1)v, then every fixed point is non-negative if and only if v =

Otherwise, at least one non-negative fized point exists.

1
3

Proof. Ttems (i) and (ii) are consequences of Proposition 4.1} To prove item (iii), denote by

2 (-1 +1)—-VA 2 = (n—=D(y+1)+ VA

T = and x9 =

2()\— (n— 1)7) 2()\— (n— 1)7)
both solutions of ({#.4]). Assume that A > (n—1)7. Since 2\ < n—1and (n—1)(14+7)+VA >

n — 1 then z; < 0. Hence, (x1, 1‘%) is not a non-negative fixed point. Now, we prove that

z9 > 0. We have that:

Ty >0 <= VA > (n—1)(y+1) — 2\
= (n— 1)’y +4\2 — 4 y(n— 1) + (n — 1)*(1 — 29)

) ) ) (4.5)
>(n—1)(y+1)"+4X° =4 (v + 1)(n—1)
= —4n -1y > —4(n— D) <= (n— 1)y < A,
but, this is true by hypothesis. Moreover, if v # 0, then zo < % Indeed,
1 1—
Lo < — <:>\/K§ 77(2)\—7(71—1))
8 8
= (n— 1)V +4X2 —4\y(n — 1) + (n — 1)?(1 — 27)
(1—9)? (4.6)

< T(ZLAQ +792(n —1)* — 4 \y(n — 1))

ZD)
—=0< ?<1—27>()\—7(n—1))

and this last inequality is true by hypothesis. Therefore, only the fixed point (o, 1*%) is
non-negative.

Next, suppose that A < (n — 1)7. It is obvious that x5 < 1. Reasoning similarly as we
did in , we get that x5 > 0 (and, consequently, x; > 0). Moreover, z; < % if and only
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if v = % Indeed, analogously to (4.6]), we have:
1 1— ZD\
1 < — <= VA< J(y(n— 1) = 2)) =0 < ¥(1—27)(/\—7(n— 1) (47)

Y v
and this is verified if and only if v = 1. Therefore, (z1, %) and (2, 1_%) are both

non-negative fixed points for v = % In any case, as A < (n — 1), observe that

1 1
1<~ = VA —T(y(n—1) -2x).
v v

Note that if %(w(n —1)— 2)\) < 0, the inequality is true. For 1’77(7(71 —1)— 2)\) > 0,
following a reasoning similar to (4.7]), we obtain that

VA > 1;7(7@—1)—2)\) — 2(1—27)@—7@—1)) <0,

but this is always true. Hence, the fixed point (s, 71_;\”2

Corollary 4.3. Consider the gonosomal operator V,, . defined by (4.2)), where n € N,

n>10<vy< % for any i € A and some non-zero. Then, every non-zero fixed point is

non-negative if and only if vy = 5 or Xy = (n — 1)m.

) is non-negative. O

Next, we consider the normalised version of the gonosomal operator defined by (4.2]),
that is,

Y = W = “ZieA%‘xi
5 1 UD e
V’Yla---v'Yn : (48)
/ . uzieA(1727'L)zi f s .
T = A~ forany j=2,...,m
(n— )uZieAxl

withn >1and 0 <~; < % for any ¢ € A and some non-zero. Notice that, in general, the
previous operator does not map the set S™! to itself, as shown in the next result.

-----

for any i € A.

Proof. Tt follows straightforward since (v;, 1;21’ e 17;21 ,7vi) € S™1if and only if 4; # 0
for any ¢ € A.

g

Thanks to the following result, it is not necessary to restrict the values of {7;}ica so
much. Instead, it suffices to take an invariant subset of S™! under V., . . Actually, we will

determine the largest invariant subset. To do this, let ‘N/%,Wn be the normalised gonosomal
operator defined by (4.§)) and consider the following two subsets of S™!, which depend on
the parameters vy, ..., V,:

Ry ={(21,... 20,u) € S™: 2, > 0 for some i € A},
Ty = (@1, 20,u) € S™b: (1 — 27;)x; > 0 for some i € A}.

For simplicity, if there is no risk of confusion, we will denote these sets as R and T. We
establish the next result.
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Proposition 4.5. In the setting above, if v1 > 0, then R is the biggest invariant with
respect to V., . ... However, if v1 = 0, then such subset is RNT.

Proof. Let s = (z1,...,2,,u) € S™'. First, notice that by the construction of the
normalised gonosomal operator, s always belongs to the simplex of R"*!. For the first
part, suppose that s(©) € R. It is clear that s®") € R since

L0, U ien Vi
U ien Ti
To prove that R is the biggest invariant contained in S™! just consider an initial point
s ¢ S\ R. So, uY) = 0 and thus s ¢ S™'. For the second part, assume that v; = 0
and consider an initial point s = (zy,...,2,,u) € RNT. Then, we know there exist
i,7 € A such that x;v; > 0 and (1 — 2v;)x; > 0. Consequently,

U e Vi 20 and 2V — U ien (1 —29)x;
U ien Ti (n — DuXier @i
for any k = 2,...,n. Hence, there exist 7,7 € A such that %%(1) >0 and (1 — 27j)x§~1) > 0,
which yields that s € T. Now, we have to see that R N T is the largest invariant set
contained in S™!. Consider s(©) € S™'\ R, so 2;v; = 0 for any i € A. Thus, u¥ =0
and accordingly s ¢ S™!. Now, we take an element s’ € S™'\ T, implying that
(1 = 2v;)z; = 0 for all i € A. Therefore :B,(cl) =0 for any k = 2,...,n and thus u® =0
which implies that s ¢ S™1. O

Next, we study the limits of (4.8) in cases where every non-zero fixed point of V., ..
is non-negative. This happens whether v, = % or 57 = (n— 1)y by Corollary .
Notice that, necessarily v, # 0, then, by Proposition 4.5 R is the largest invariant subset

of S™! with respect to V,, ... Again, to carry out this study, we consider the “normalised”
version of (4.3]), which will be given by

> 0.

W =4 = >0

;o z(yz+Ay)
T = iy

o z((1—27)z+(n—1—2X)y)
Y (-1 (@t (n-Dy)

withneN,n>1,0<y=v<iand 0<A=3",v < ;1. Observe that the set
Sl = {(z,y) €R*: 2 >0,y >0,22+ (n— 1)y =1}

ST/n,'y,/\ . (49)

is invariant with respect to SV R

Theorem 4.6. In the setting above, if v = % or A = (n — 1), then, for any initial point

s = (2, y©) e §71, we get that lim,, o g\v/zw\(s) exists. In fact, we have:
N - . ok —
(i) if 7 # L. then limyoo SV, 1 (5) = (7. 52).
(ii) if v = 5, then we distinguish the two following cases:

(a) if A > "L, then limy o SV, () = (1,0);

29
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(b) if X < 2L, then

(.0), if s = (3,0),

22 n—1-—4\
n—1’ (n—1)2

lim SV A \(s) =

k—o0

) , otherwise.

Proof. Let s = (2@, y©®) € §»1. For item (i), notice that 2/ = %_Bw = v and
Yy = (17(27_)32;17(31)_(557)1’ = =21 which do not depend on the initial point. The dynamical
system converges to this pomt in the first iteration. For item (ii), as 22 + (n — 1)y® =1
for any k € N, it is enough to study the limits of the sequence {y*}ren. We can write

(k1) _ (n—1—2X\)y® 2(n — 1 —2X\)y®

y = (4.10)
(n — 1)(x(k) +(n— 1)y(k)) (n — 1)(1 +(n— 1)y(k)>
for any k € N. If y(© = 0, clearly 1im y™*®) = 0. On the other hand, we have that:
—1—4) s 0 n—1-—4\
< U Vo S Dy
y® > ”(;II)M — 3y > ”(;I;)ZA, (4.11)
_ n—1— 0) _ n—1-4X.
= o y = =12
because y*F 1) < “&17)“ sy < "(;:)42)‘. From this, and the fact that y**1) > y*) &
y®) < ’Enil)‘é’\, we get that
>y = O <,
gD L < y®) = yO > o=l (4.12)
_ n—=1-4X — n—=1-4\
= = Y0 =

Therefore, {y®)}cy is an increasing (resp. decreasing) and upper (resp. lower) bounded
sequence, which implies that its limit always exists. Now, we note that necessarily
limy oo 2 # 0. Indeed, if limy_o0o 2 = 0 then limy_,oo 2 + (n — 1)y(k) = 1. So,
limy_,00 Ay® = 0 a contradiction since 22*) + (n—1)y® = 1 for any k € N. Taking this into
account and taking limits in both sides of (4.10]), we get that L ((n—l)QLy+4)\—( - )) =0,

that is, L, = 0 or L, —”( 1 4/\ . Observe that if n —1 =4\ # 0, then L, = 0. Now, since

Snlis an invariant Subset Wlth respect to SV,” A, We have that y*) >0 for all k € N.

Hence L, > 0. So, if A > == necessarlly L, = 0. For A\ < 7=, whether Y0 < ’”E 1 1)42’\ or
Y0 > 71(”171)4; happens, applymg ([4.11) and (4.12)), we obtam that L,= ’"Enilff. Finally,
the result follows from the fact that z(*) = H”%”’(k) for any k > 0. O

Remark 4.7. Let s = (xgo), 29 4O € R, For any k > 1, it is easy to check that

1 k+1 k+1
Svn'y)\<$g )wrg)) = (x(l * ))xg * ))

where x§1)7 $51)7 x§k+1) and $2k+1) are given by ‘771,.”,%(3) = (935 )7xgl)’ M uM) and
Vvkiflqn( s) = (l’gkﬂ)a ngﬂ), B ,I%k“), u(k“)) for any k > 1.
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Hence, we establish the following corollary.

Corollary 4.8. Consider the gonosomal operator V., . .. given by (4.2), whose fized points
are non-negative and normalisable. Let V., . be its corresponding normalised gonosomal
operator. Then, for any initial point s € R, we get that klim Vfl - (s) exists.

M Vo m

Proof. 1t follows straightforwardly from Corollary [4.3] Theorem [£.6] and Remark 4.7 O

Finally, we apply the previous results to study the dynamic behaviour of a concrete
population.

Example 4.9 (see [13] 24]). This first example models some rodent populations, such
as Myopus schisticolor (wood lemming) and Mus minutoides (African pygmy mouse). In
this case, we describe three female genotypes: fi <> XX, fy +» XX* and f3 <> X*Y; and
only one male genotype: h <> XY. Then, as explained in [23, Example 16], applying
Construction [2.1] it is possible to obtain the following gonosomal algebra, which realises
the results of crosses:

1 1 1 1 1 1 1 1
flh:§fl+§h7 f2h21f1+1f2+1f3+1h and f3h:§f2+§f3' (4.13)

Therefore, the corresponding (normalised) gonosomal operators are given by

r 1 1 I— g = _u2ritzs)
T =u =301u + 12U, ~ ry =u = du(z1+z2t23)”
Vv . . . and V' : (w2 223) (4.14)
T = 1l = =1ou ZTall: I U T2TAT3)
2 3 4 2 + 2 3, 172 56'3 4U(I1+$2+Q?3).

Notice that if n = 3, 1, = %,72 = i and 3 = 0, then the gonosomal algebra , the
gonosomal operator (4.2)) and the normalised gonosomal operator correspond exactly
with and espectively. As 71,72 # 0 but 3 = 0 then, by Proposition , we
have that

R = {(z1,29,73,u) € S*': 21 # 0 or 29 # 0}

is the biggest subset of %! which V maps to itself. Consequently, Theorem and
Corollary can be applied. Then, since A = v, + v3 = % < % = "T_l, for any initial point

s = (:vgo), xéo), xéo), u(o)) € R it holds that

- (2:0.0.8). ita = =0,
A VEL® = 1 .
o (L I Z) , otherwise.
Biological interpretation 4.10. For some rodent populations, such as the Myopus schisticolor
and Mus minutoides, we can conclude that for any initial state s € R (the probability
distribution on the set of possible genotypes{ XX, XX* X*Y XY}), the future of the popu-

lation is always stable. If there are no XX* and X*Y individuals in the initial state, the
population tends to the equilibrium state G, 0,0, %) where XX and XY are distributed

1 111

equally. Otherwise, the population tends to <Z’ D Z)’ where all possible genotypes appear

in the same proportion.
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4.2. The Arctic lemming sex-determination system. So far, we have only considered
particular genetic examples which can be modelled by a gonosomal algebra obtained by
Construction [2.1] This subsection is devoted to studying the dynamical behaviour of a
Dicrostonyzx torquatus (Artic lemming) population, which, as shown in Example cannot
be realised as the commutative duplicate of a baric algebra. Actually, we need to combine
Constructions and Define the baric algebra o7 with basis {ej, €2, €3} and product
given by €? = ¢;, eje; = %(61 + €;) and egez = %(62 + e3) for any i = 1,2,3. Then, we
take the subspaces F' = span{f; = e; ® e, fo = €1 ®eq, f3 = €3 R e3, f1 = e3 ® e3} and
M = span{h = e; ® ez} of D(«7). Notice that f; is not a possible genotype, but as the
baric algebra o7 is defined, we need to include it to u(F) @ u(M) C F @ M. Finally, we just
need to reduce the gonosomal basis { f1, fa, fs, f1, h} by taking I = {4} in Construction [2.3|
Therefore, the gonosomal algebra, which realises the results of crosses, has a gonosomal
basis {f1, fa, f3, h} and its product is given by

1 1 1 1 1 1 1 1 1
f1h=§f1+§h7 f2h=1f1+1f2+1f3+1h and f3h=§f2+§f3+§h-

Its associated gonosomal operator is

/ 1 1 / 1 1

X = SXT1U+ FT2U X = SXoU + FT3U

1 21 42t 3 12 33U,
V:{ (4.15)

xh = ixgu + %xgu, T— %:Ulu + i@u + %xgu;
and its fixed points are given by the following result.

Proposition 4.11. In the setting above, there exist two non-zero fixed points: (2,0,0,2)

36 12 12 12
and (35, 350 350 7 )-

Proof. As !, = x4, we need to solve the system of equations given by
1 1 7 1 7
T =U <2x1 + 4x2> , Xy = Exgu and u=wu (2561 + 12x2> )
First, if x5 = 0, it is easy to check that 27 = u = 0 or 27 = u = 2. Otherwise, we get © = 2.

7
Then, from the third equation, we get that %xl + %xz =1, or equivalently, r1 =2 — %xQ.

Changing this expression of x; in the first equation, we get o = % and, consequently,
36
T = 25" O

Next, we consider the normalised version of (4.15)), that is,

fL’l o u(6x1+322) ZIZ'/ u(3z2+4x3)
‘7. 1 7 12u(zitzatzs)’ 3 12u(x1+x2+x3)’ (4 16)
) o = _u(Beatdws) o = wbzit3zatdzs) '
2 7 12u(xitzetws)’ T 12u(z1twetxs)
- - : 1 1 77 7 5
This normalised gonosomal operator has as fixed points (5,0,0,5) and (55, 555 55 15)-

Moreover, it is easy to check that V maps S to itself.

Proposition 4.12. Consider the normalised gonosomal operator V defined by (4.16) and an

initial point s(©) = (asgo), 20 2 w©®) € $31. Then, the following assertions are equivalent:

(i) 621" < 62f” + 120" (resp. 621" > 62" + 120" );
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(ii) « F) < 320 (resp. 2 > 3x§k)) for any k € N*;
(iii) :Eg ) > & (resp :Eg ) < o) for any k > 2; and
(iv) 2P > 37— Exl (resp. 2 < & fxl )for any k > 2.

Proof. Let s = (xgo), 20 20, u(o)) € 531, We only prove the result for one inequality;

the other is trivially analogue. First, we prove that (i) is equivalent to (ii). Notice that
6x§0) < 63:50) + 12x§0) is equivalent to acg ) < 3:52 Indeed, adding 33:% ) to both sides we

have that
62\” < 628" + 122 = 62" 4 320 < 3(3xé0) + 4x§0)) 2V <32,

Moreover, we claim that xgk) < 3x§k) is equivalent to azgkﬂ) < 33:5’”1) for any k£ € N*. It
holds that

2 < 320 = 62" < 182 = 62" + 32(Y < 3(72) = 2TV < 3 Y,

which completes the proof.
Next, we prove that both (iii) and (iv) are equivalent to (ii). Just notice that for any
k > 1, we have that

(
(k+1) 2y 7 () (k)
T — > — <= <35
? 12(zF 4 228y ~ 60 ' ?
k k k
:Cngrl) > X _ }xgkﬂ) — 7x; ) > 7 _ 6x§ = 3$§ ) — xgk) < 333516)_
24 2 1227 4 220y T 24 24(2F) + 220) B

O
Remark 4.13. Let be the operator V defined in and assume that limy_ . xgk),

limy o xgk) and limy_, o xék) exist for any initial pomt 5 = (xg ), a:go), © ), u(®) € $31. Then,
notice that limy_,. u®) # 0. Indeed, by contrary, if limy .o u*) = 0 then limy_,o 6x§k) +
Bxgk)+4x§k) = (0. Then, it necessarily holds that limj_, xgk) = limy_, :L‘ék) = limy_, xék) =
0, a contradiction with the fact that xg )+ xé )+ 96( ) u® =1 for any k > 0.

Theorem 4.14. Consider the normalised gonosomal operator V given by (4.16). Then, for
any initial point s = (azgo), 20, 2 4© )€ 8371, it holds that

k—o0 (% = = —), 0therw1se.
)

Proof. First, notice that if x(o) :(,,

and 5o lim,, o V"(s) = (3,0,0, )
Otherwise, we can ensure that x2 7& 0 for any k € N*. Moreover after some computations,

it is easy to check that x(kH) > xé ) (resp. xé < x2 ) for any k£ € N* if and only if

= 0, then clearly f/”(s) = (%, 0,0, %) for any n € N
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xék) < i — %x&k) (resp. xék) > % — %xgk)) for any k € N*. Then, by Proposition , for

any k € N*, we have that

. 0 0 0 k . 0 0 0
e it 62" < 62 + 122", N = 25 if 6219 < 620 1 1229,
2 < i 629 > 629 4 1220 ? > 2® it 620 > 620 4 1220
< &0 1 =0Ty 35 = Xy, 1 = 0%y 3

Consequently, in both cases, we have that {xé )}keN* is a monotone bounded sequence; its
limit exists and, moreover, is a positive number. Furthermore, since

(k) (k) (k)
2% Ty _ 2x§k) and  u*tD — 6y + Tz,
1225+ 12(2" + 220)

for any k € N*| we deduce that {xgk)}keN* and {u®}en- converge. As a consequence of Re-
mark if we take limits on both sides of the expressions which define the operator (4.16)),
we have that the possible limits are exactly its fixed points: (%,9, 0, %) and (%, 6—70, %, 5)
Hence, as the limit of {z$"”} e is positive, necessarily limy_o V(s) = (F 5 o 55)-

g

Biological interpretation 4.15. For Dicrostonyx torquatus population, given the previous
result, we can conclude that for any initial state s € S*! (the probability distribution on
the set of possible genotypes { XX, XX* X*Y, XY}), the future of the population is always
stable. If there are no XX* and X*Y individuals in the initial state, the population tends to
the equilibrium state (%, 0,0, %), where XX and XY are distributed equally. Otherwise, the
population tends to the equilibrium state (2—70, %, %, %), where the first female genotype
and the male genotype are the most frequent.

5. A COMBINATION OF XY SYSTEMS AND ZW SYSTEMS

In this section, we describe the dynamic behaviour of some African cichlid fish populations
[see [14], T5]], which has not yet been modelled. These species with polygenic sex determi-
nation (see [14]) have a multi-locus system, where alleles at an XY locus on chromosome
seven and a ZW locus on chromosome five segregate independently. Most importantly, the
W allele overrides the Y male determiner, so ZWXY individuals are females. Hence, when
a female with a ZW sex determiner is mated to a male with an XY sex determiner, they
produce siblings with four possible sex classes: ZZXX, ZWXX and ZWXY females, and
727XY males. That is,

ZWXX x ZZXY - 177XX,17ZXY,1ZWXX, 1ZWXY.

As shown in [15], many other genotypes and crosses with different outcomes are possible.
However, we will consider a simplified version in which the only female and male genotypes
are the previous ones. Moreover, to show such dominance of W over Y, we will assume that
W causes the elimination of Y during gametogenesis. Hence, the remaining crosses are:

2ZXX X 2ZXY — %ZZXX,%ZZXY; and
IWXY x ZZXY — 27ZXX, 727ZXY, %ZWXX, iZWXY.

4
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In order to build the corresponding gonosomal algebra, we consider two spaces A and
B, with bases {ay, a2} and {by, b}, respectively. Then, the space &/ = A ® B with basis
{e(i,j) =a; X bj}i,je{l,Q} and the multiplication given by

o ean +ean +ewa +ewn) i () (D) # (2,2)
i) C(kl) = .
EED %(e(i,l) + 6(271)>, otherwise;
is a baric algebra. Next, we define
I = span {e(i,j) ® eki) = Ekd) @ €(ig)s €(ij) @ €(ht) — €Gid) @ €rj): 4,7, k, 1 € {1, 2}},

and take the subspaces F' = span{en 1) ® eq 1), e1,1) @ €21),ea,1) ® €2} and M =
span{e(11) ® eq1,2)} of the quotient (& ® «7)/1. So, analogously to Construction [2.1], this
allows us to obtain a gonosomal algebra with gonosomal basis {f; = e, ® ey, fa =
e, ®e@n), fzs =eun) @epa,h=eqn® 6(1,2)} and product given by

1 1 1 1 1 1
flh:§f1+§h and f2h=f3h=1f1+1f2+1f3+1h~ (5.1)

Using the coding a; <+ Z, as <+ W, b; <+ X and by <> Y, we obtain the desired frequency
distribution of crosses. Furthermore, the corresponding (normalised) gonosomal operators
are given by

/ / 1 1 1 I ) — 2zitaodws
T =U = 521U+ 1 ToU, +7T3U ~ Ty =u = )
1 241 g2ty T L3, 4(x1+xz2+x3)
V: { . L, ) and V: ) , 2otrg (5.2)
Xy = Ty = ZfBQU + Zl‘g'[h Xy = Ty = m

Notice that if n = 3, 1, = % and v = v3 = i, then the gonosomal algebra , the
gonosomal operator and the normalised gonosomal operator correspond exactly
with and , respectively. Now, by Lemma it is clear that S*! is invariant with
respect to V. Moreover, as v, = % then, by Corollary all non-zero fixed points are
non-negative. Consequently, Theorem and Corollary can be applied. Then, since
A=+ =3 >3 = "7, for any initial point s = (3310 ,xéo),méo),u(0)> € 83! it holds
that
. ok 1 1
Jim VEo(6) = (3:0.0.5).

Biological interpretation 5.1. For the African cichlid fish population, we can conclude
that for any initial state s € S*! (the probability distribution on the set of possible

genotypes {ZZXX,ZWXX, ZWXY,ZZXY}), the future of the population always tends to
the equilibrium state (%, 0,0, %), that is, ZZXX and ZZXY individuals will survive in the
same proportion, but ZWXX and ZWXY individuals will disappear in the future.
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