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1. Introduction

Fractional differential equations involve derivatives of fractional order. They arise in many
engineering and scientific disciplines such as the mathematical modeling of systems and
processes in the fields of physics, chemistry, aerodynamics, electro-dynamics of complex
medium, and polymer rheology. In consequence, the subject of fractional differential
equations is gaining much importance and attention. For examples and details, see [1-17]
and the references therein. However, the theory of boundary value problems for nonlinear
fractional differential equations is still in the initial stages and many aspects of this theory
need to be explored.

The subject of multipoint nonlocal boundary value problems, initiated by Ilin and
Moiseev [18, 19], has been addressed by many authors, for instance, [20-26]. The multipoint
boundary conditions appear in certain problems of thermodynamics, elasticity, and wave
propagation, see [27] and the references therein. The multipoint boundary conditions may
be understood in the sense that the controllers at the end points dissipate or add energy
according to censors located at intermediate positions.
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Form € N,m > 2,and g € (m — 1, m], we consider the following nonlinear fractional
differential equation of order g with nonlocal boundary conditions:

‘Dix(t) = f(t (), O0<t<l,

x(0)=0, x'(0)=0, x"(0)=0,...,x"2(0)=0, x(1)=ax(n), (1.1)
0<n<l, an™'#1, acR,

where D is the Caputo fractional derivative and f : [0,1] x X — X is continuous. Here,
(X, | - 11) is a Banach space and C = C([0,1],X) denotes the Banach space of all continuous
functions from [0,1] — X endowed with a topology of uniform convergence with the norm
denoted by || - ||.

By a solution of (1.1), we mean a function x € C of class C™[0, 1] which satisfies the
nonlocal fractional boundary value problem (1.1).

2. Preliminaries
Let us recall some basic definitions [12, 15, 17] on fractional calculus.

Definition 2.1. For a function g : [0,00) — R, the Caputo derivative of fractional order g is
defined as

t
‘Dig(t) = ﬁj‘o(t -5)" g (s)ds, n-1<q<mn n=[q]+1, (2.1)

where [g] denotes the integer part of the real number 4.
Definition 2.2. The Riemann-Liouville fractional integral of order g is defined as

t

g(s)
I'(q)J)o(t-s)"

Ig(t) = ds, q>0, (2.2)

provided that the integral exists.

Definition 2.3. The Riemann-Liouville fractional derivative of order g for a function g(t) is
defined by

1 AN M {C) ~

provided the right hand side is pointwise defined on (0, o).

We remark that the Caputo derivative becomes the conventional nth derivative of
the function as g — n and the initial conditions for fractional differential equations retain
the same form as that of ordinary differential equations with integer-order derivatives.
On the other hand, the Riemann-Liouville fractional derivative could hardly produce the
physical interpretation of the initial conditions required for the initial value problems
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involving fractional differential equations (the same applies to the boundary value problems
of fractional differential equations). Moreover, the Caputo derivative for a constant is zero
while the Riemann-Liouville fractional derivative of a constant is nonzero. For more details,
see [17].

Lemma 2.4 (see [28]). For q > 0, the general solution of the fractional differential equation
¢Dix(t) = 0 is given by

x(t) = co+ it + ot? + -+ cpat™ Y, (2.4)

wherec; €R,i=0,1,2,...,n-1(n=[gq] +1).

In view of Lemma 2.4, it follows that
I°Dx(t) = x(t) + co + c1t + ot + -+ + cp1t™ 7, (2.5)

forsomec; €R,i=0,1,2,...,n-1(n=[g] +1).
Now, we state a known result due to Krasnoselskii [29] which is needed to prove the
existence of at least one solution of (1.1).

Theorem 2.5. Let M be a closed convex and nonempty subset of a Banach space X. Let A, B be the
operators such that

(i) Ax + By € M whenever x,y € M,
(ii) A is compact and continuous,
(iii) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

To study the nonlinear problem (1.1), we first consider the associated linear problem
and obtain its solution.

Lemma 2.6. For a given o € C[0, 1], the unique solution of the boundary value problem,

‘Dix(t)=0o(), O0<t<l ge(m-1,m], meN, m>2,
x(0)=0, x'(0)=0, x"(0)=0,...,x"m2(0)=0, x(1)=ax(y), (2.6)
0<n<l, ar[m_17é1, aeR,

is given by

(t=9)"" (1-5)"" 1(n-s)""
x(t) = f ) —————o0o(s)ds - - cxnm ) [I ) o(s)ds—aJ‘OWg(s)ds ]
2.7)
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Proof. Using (2.5), we have

t—s)1t
j (t=5) ————o0(s)ds—cy —cit — o2 — o = ey t™ (2.8)

I'(a)

where ¢y, c1,¢,...,cm-1 € R are arbitrary constants. In view of the relations “D719x(t) = x(t)
and I71Px(t) = I7Px(t) for q,p > 0,x € L(0,1), we obtain

L(t-s)T2

't = | —— ds—c1—2ct =+ — (m—1)cpat™ 2,
X0 = | T Tyoeds-a -2 (m = 1)cmr
(2.9)
X'(F) = tMo(s)ds—Zc S (m=1)(m = 2)C £
= ' T(G-2) 2 m-1t" 7,
Applying the boundary conditions for (2.6), we find that co = 0,¢1 =0, ..., ¢y =0, and
_ q 1 _ o\ 1
Cm-1 = ; U (1-5) o(s)ds — f (1=5) o(s)ds]. (2.10)
(1- 0”1’” ) I'(q) I'(q)
Substituting the values of ¢y, ci, ..., -1 in (2.8), we obtain
t _ o\9-1
x(t) = &o(s)ds
I'(q)
-1 (2.11)
gm-1 'a-s)T! (n -s)
- — o(s)ds —a o(s)ds]|.
(I-an™') [Jo T(q) CT()
This completes the proof. O
3. Main Results
For the forthcoming analysis, we need the following assumptions:
(A) [If(tx) = f(E, )l < Lllx - yll, forall £ € [0,1], x,y € X;
(Ay) IIf (%)l < p(t), forall (t,x) € [0,1] x X, p € L([0,1], R*).
In relation to the nonlocal problem (1.1), we define the constants:
L(1 q
S U . Gl Ol (3.1)
T(g+1) T(q+1)[1-an™|

Theorem 3.1. Assume that f : [0,1] x X — X is a jointly continuous function and satisfies the
assumption (Az). Then the boundary value problem (1.1) has a unique solution provided A < 1, where
A is given by (3.1).
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Proof. Define | : C — Cby

N g1
(Fx)(t) = wa(s,x(s))ds - m .
- "(n-5)"" |
x Jo ) f(s,x(s))ds —a Ou—q)f(s,x(s))ds , te]o,1].
Let us set SUP;ef0,1] lf (¢t,0)|| = M, and choose
M 1+ |a|n?
" a-pran <l it —m’“l)' &)

where f is such that A < f < 1. Now we show that f B, C B,, where B, = {x € C: ||x|| < r}.
For x € B,, we have

t _ q-1
i< [ 0<tr(j) 1 (s, x(s)) || ds
pm=1 1(1_ )— (71_ )ql
e [ [ 2 s ol o] S o

- Ft—s)T!

o T(q)
tm-1 (1-s)1

+|1_a,zm1|[ ) T(a) (Ilf(s x(s)) = f(s,0)ll + 11 £ (s,0)Il)ds

s)7!
|“|f (nr( )) (If (s, x(s)) = f(s,0)[ + 11 £ (s, 0)||)ds]

D g1 (1-g)7! GUEDIRY
S(Lr+M)< T ds+|1—0”1’"1|[ @) ds +|rx|f ) ds
L L(1+|aln?) M 1+ |aln?
S<T(q+1)+T(q+1)I1—vﬂf’"1|>r+T(q+1) <1+I1—an’"‘1|>

q
=A7+L 1+ﬂ
T(q+1) |1 —an|

<S(A+1-pP)r<r.

(1f (s x()) = £(s,0)[| + [| £ (s, 0)[[) s

(3.4)
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Now, for x,y € C and for each t € [0, 1], we obtain

120 - (7 y) @)
f =™ b, x(5)) - f(5,y(9)) s
r()

g-1
] U S Irte ) - £ s,y s

T
f(t—s)T! g1 f1-s)" (n-5)""
SL”x_y”qo ) Tap] Uo I'(q) dsﬂalf Tl S]>
1 tm-1 1+ |aln
=L||x‘y||<r(q+1) * |1 - a1 <T(q+1)>>

<Lx-y| 14 *laln?
Y r(q+1) [1 - an™1|

= Allx -yl

AT
+|a|j (=) s, x(s)) - £, y(S))IIds]

(3.5)

Clearly A depends on the parameters (q,m,a,7,L) involved in the problem. As A < 1,
therefore, f is a contraction. Thus, the conclusion of the theorem follows by the contraction
mapping principle. O

Theorem 3.2. Let f : [0,1] x X — X be a jointly continuous function mapping bounded subsets of
[0, 1] x X into relatively compact subsets of X. Further, the assumptions (A1) — (Az) hold with A < 1,
where \ is given by (3.1). Then the boundary value problem (1.1) has at least one solution on [0, 1].

Proof. Let us fix

1 q_l

~ T(q) |1 = anm-1|

and consider B, = {x € C : ||x]| < r}. We define the operators @ and ¥ on B, as

t
(@x) () = ﬁfoa —5)1 £ (s, x(s))ds,

— )1 -5)"" 7

I ta (n
0 =~ UO Fy e - of I x(s))ds]
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For x,y € B,, we find that

1+ g
ox syl < Wl (y, Trlaln™ (3.8)
I'(q) |1 - anm |

Thus, ®x + ¥y € B,. It follows from the assumption (A;) that ¥ is a contraction mapping
for A < 1. Continuity of f implies that the operator @ is continuous. Also, @ is uniformly
bounded on B, as

Il o
I'(q)

|Ox]| < : (3.9)

To show that the operator @ is compact, we use the classical Arzela-Ascoli theorem. Let <4 be
a bounded subset of C. We have to show that ®(+#) is equicontinuous and for each ¢, the set
O(+#)(t) is relatively compact in X. In view of (A1), (Az), we define sup; ,yc(o17.5, Il f (£ )]l =
fmax, and consequently we have

[[(Dx) (t1) = (DPx) (E2) |

ﬁj‘: <(tz —8) T — (4 - S)q&)f(S,x(s))ds + :(tz - )7 f(s,x(s))ds

fmax
" T(g+1)

(3.10)

|2(t2—t1)q+tf—t§

7

which is independent of x. Thus, @ is equicontinuous. Using the fact that f maps bounded
subsets into relatively compact subsets, we have that ®(<#)(t) is relatively compact in X
for every t. Therefore, @ is relatively compact on B,. Hence, By Arzela-Ascoli theorem, @
is compact on B,. Thus all the assumptions of Theorem 2.5 are satisfied and the conclusion
of Theorem 2.5 implies that the boundary value problem (1.1) has at least one solution on
[0,1]. O

Example 3.3. Consider the following boundary value problem:

L il

‘Dix(t) = —— XN
0= T

2<q<3,te[0,1],

(3.11)
x(0) =0, x'(0) =0, x(1) = x(%)

Here, m = 3, f(t,x(t)) = (1/(t + 7)*)(Ix|/ (1 + [|x]), & = 1,1 = 1/2. As || f(t,x) = f(t,y)]| <
(1/49)||x — y||, therefore, (A1) is satisfied with L = 1/49. Further,

() " (300 ()
A= 1 = I1+=(1 = 1, 2 <3. 3.12
F(q+1)< Yiop) Twergen\tattg) ) < 2ea (12

Thus, by Theorem 3.1, the boundary value problem (3.11) has a unique solution on [0, 1].
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