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Abstract

Diffeological spaces are a generalization of smooth manifolds. They were intro-
duced around 1970 by the French mathematician and physicist Jean-Marie Souriau
(1922-2012), in an attempt to formalize quantum mechanics and geometric quantiza-
tion. This approach proved to be useful in several settings which involve objects that
rarely are finite dimensional manifolds, like the space of smooth maps between two
manifolds or the space of leaves of a foliation.

In this thesis we are mainly interested in the Cartan calculus on diffeological
spaces. We clarify the properties of the De Rham cohomology groups, which are
typical of the algebraic topology of manifolds but were less known in this setting. We
introduce several new constructions like the Mayer-Vietoris sequence, the relative De

Rham cohomology groups and the relative cup-product.



Hypothesis

Diffeological spaces are a generalization of smooth manifolds. Essentially, a diffe-
ology on a set X indicates for each integer number m > 0 and each open subset
U C R™ which are the maps from U to X that are considered differentiable. These
maps are called plots and are subject to three axioms: covering, locality, and compat-
ibility. A smooth map between diffeological spaces is any map which sends plots to
plots.

This approach proves to be useful in several settings which involve objects that
rarely are (finite dimensional) manifolds. For instance, the space of smooth maps
between two manifolds or the subductions of manifolds, like the space of leaves of a
foliation [35]].

In fact, Fréchet manifolds form a full subcategory of the category Diff of dif-
feological spaces [|30]. This includes (infinite dimensional) Banach manifolds [15].
Manifolds with borders also can be viewed as diffeological spaces [14]]. Finally, orb-
ifolds (that is, spaces locally modeled on subductions of open subsets of R™ by finite
group actions) are diffeological spaces [25].

Another advantage is that the definition of a diffeology on a set X is essentially
categorical, as it is given as a presheaf on the category whose objects are the open
subsets of Euclidean spaces and whose maps are the smooth maps. This framework
facilitates natural contravariant constructions which are usually less complex than
those within the scope of manifolds. In fact, the category Diff is closed under lim-
its and colimits [2]]. For example, every subset of a diffeological space inherits a

diffeological structure with the good properties of a regularly immersed manifold.
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One negative aspect of the category of diffeological spaces is that it is so large
that does not allow for strong geometric results that hold for all its objects [3]. We
will comment this issue when speaking about the Mayer-Vietoris sequence. Further-
more, the covariant constructions like the tangent bundle or vector fields are more
involved to define. A discussion on the best setting for developing Cartan calculus
based on vector fields, Lie brackets and a tangent bundle has been carried out by
Blohmann in [3]]. This author introduced the so-called elastic diffeologies, but we
will not follow this approach because limits and colimits do not work as well as in

the general context.



Objectives

Diffeological spaces were introduced around 1979 by the French mathematician and
physicist Jean-Marie Souriau (1922-2012), in an attempt to formalize quantum me-
chanics and geometric quantization [38]]. They were designed for dealing easily with
infinite-dimensional groups of diffeomorphisms in symplectic geometry [21]]. They
are built on the model of Kuo-Tsai Chen’s differentiable spaces [3|], for which the
structure is defined over convex Euclidean subsets instead of open Euclidean do-
mains. But the latter setting makes diffeology more suitable to extending differential
geometry. The formal definition of a diffeological space, without refering to group
theory, is due to Souriau’s disciples Paul Donato and Patrick Iglesias-Zemmour [8]].
The main reference for this theory is now Iglesias’book [20]]. A quick introduction to

the main ideas of diffeology is given in [21]].

Let us comment the relationship between diffeology and topology. Contrary to
many constructions in differential geometry, a diffeology is defined just on a set with-
out any preexisting structure, neither a topology nor anything else. Once the diffe-
ology is given on X, a natural topology can be defined, the so-called D-topology: a
subset A C X is D-open iff P~1(A) is a (usual) open set in the domain U C R™ of
any plot P: U — X of the diffeology. In other words, the D-topology is the largest
topology on X that makes continuous all the plots.

Even though the D- topology facilitates the introduction of various topological
and homotopical concepts within diffeological spaces (such as homotopy groups),

we have refrained from employing it. Our belief is that it disrupts the intrinsic con-
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travariant nature of our framework. Additionally, the subspace diffeology is incom-
patible with D-topologies. Also, this topology is determined by the smooth curves

only, so that many different diffeologies induce the same topology [2].

Today, diffeology covers many traditional fields in Geometry and Topology, like
higher homotopy theory, fiber bundles, Cartan-de Rham calculus, moment map and
symplectic geometry.

In this thesis we are mainly interested in the Cartan calculus on diffeological
spaces, and more specifically in the De Rham cohomology. As we shall see, differ-
ential calculus is one of the most developed domains in diffeology. Chen’s spaces
were introduced thinking about homology and cohomology in mind, and that is why
he chose the convex subsets as domains for his plots. Anyway, the very definition of
a diffeology leads naturally to define contravariant objects like differential forms.

Essentially, a differential form w in the diffeological space X is defined by giving
its pullbacks wp = P*w for all the plots P: U — X, submitted to a compatibility
condition. That is, we give a compatible collection of usual differential forms on
Euclidean domains. An important fact is that O-forms on X can be identified with
smooth functions X — R. The two main operations on the differential forms on a
diffeological space are the pullback (f*w)p = wsop for a smooth map f: Y — X,
and the exterior derivative (dw)p = dwp. Then, we have a De Rham complex
(Q(X),d), withd o d = 0, whose cohomology is denoted by H(X).



Methodology

In this thesis we follow the usual way to do Mathematics. First, we guess what it
is interesting to approach, in our case the study of De Rham’s cohomology in the
framework of diffeological spaces, in parallel to what is done for the differentiable
manifolds of finite dimension or for the space of leaves of a foliation. Then we studied
the relevant antecedents that exist in the literature. Finally we developed results that
were published in two prestigious journals, as they are Indagationes Mathematicae
and MDPI Mathematics. Finally, we prepared this memoir that contains the cited
results plus an extensive work explaining the theory and the preliminary results, as

well as some open questions.



Introduction

De Rham cohomology in diffeological spaces has several interesting applications.
For instance, Iglesias extended the notion of symplectic formalism and moment maps
to diffeology in [[23[]. It was Souriau who introduced the notion of a moment map for
the first time in the classical setting. Also, it has been proved that the cohomology of
the space of leaves of a foliation equals the so-called basic cohomology, a very well

known tool in foliation theory [18].

We now review several recent works in this field. First we have two papers where
the notion of differential form in a diffeological space is applied to manifolds with
boundary and corners [11]] and to stratified spaces [|12}13]].

An important issue in Cartan Calculus is the Mayer-Vietoris sequence. However,
in the setting of diffeological spaces we encounter a difficulty to obtain partitions of
unity and thus the Mayer-Vietoris is not an exact sequence in general. This problem
was studied in [26}[27]] when trying to obtain a De Rham theorem (that is, an iso-
morphism between the De Rham cohomology and the singular cohomology of the
underlying D-topological space). In those papers a notion of partition of unity and
some kind of nice open covering for the D-topology are introduced. These notions
were also given in [[16]. Even with these tools, the authors need a different notion of
differential form, for obtaining the so-called cubical De Rham cohomology.

In [28]], Kuribayashi compares the De Rham complex with another singular de
Rham complex defined by a simplicial differential graded algebra. This author con-

siders a singular De Rham complex that can be regarded as a diffeological variant

7



Introduction

of Sullivan’s polynomial simplicial forms for a topological space [29]. Finally, the
cochain complex of smooth singular simplicial set of C°° maps from the standard
n-simplex into X defined by G. Hector in [19] is also considered.

Haraguchi’s paper [16] shows that Mayer-Vietoris long exact sequences exist for
the De Rham cohomology with compact support of diffeological subcartesian spaces
(that is, a diffeological space locally diffeomorphic to some subspace of an Euclidean
space), if one can find a subordinated partition of unity.

Iglesias has proposed a Cech-De Rham bicomplex in cohomology [22] which is
connected with the De Rham cohomology, through a double-complex.

Recently, Minichiello [[34] has obtained new exact sequences in all higher degrees
for the Cech-De Rahm cohomology by using homotopy pull-backs. Diffeological

Cech cohomology was introduced by Alireza Ahmadi in [1]).

We will approach these problems in a very different way [32]. First we will
replace the notion of open covering with that of generating family, which is much
more intrinsic than D-topology. Also, we will use systematically categorical notions
as pullback, push-out and join to obtain the Mayer-Vietoris sequence. Hence our
results do not depend on the D-topology.

Our main contribution will be to define two different versions of a relative version
of De Rham cohomology. The first one is inspired in Godbillon’s definition of the De
Rham cohomology of a pair formed by a manifold M and a submanifoldi: N — M
[10]; it is the cohomology of the complex ker ¢* of differential forms on M which are
null on N. The main problem with this cohomology is that there is not a long exact
sequence of the pair (M, N) due to the lack of partitions of unity. Hence differential
forms on NV cannot be extend to the whole ambient manifold M.

The second one is a generalization of the cohomology of a pair defined by Bott-
Tu [4] . In order to do that we have introduced the notion of f-horizontal forms for
a smooth map f. In this way we can develop many of the usual properties of the
relative cohomology groups.

For both cohomologies we define a relative cup-product and we prove its main

properties, specially the skew-commutativity.



Contents

We will explain in some details the contents of each chapter.

In the First Chapter we introduce some preliminaries about diffeological spaces,
following Iglesias’ book [20], which is the main reference in the field. We study
the definition of diffeologies, smooth maps and then we show that a manifold is
a diffeological space. Comparing diffeologies is necessary in the understanding of
some definitions. The difeologies can be built starting with a generating family; this
notion is one of the most used in this thesis. Any subset of a diffeological space
inherits a diffeology. Pushforward and pullbak help us to describe the transposing
of a diffeology along a map. Subductions are an important particular example of
smooth maps in diffeology: they are surjective smooth maps characterized by the
local factorization of the plots of the codomain through the diffeology of the domain.

In the Second Chapter we introduce some categorical concepts. They are of a
more general nature that allow us to construct new diffeological spaces from old
ones. Some of these constructions are familiar from topology and sets. It is worth
note that the category of diffeological spaces and smooth maps allows any kind of
limits and colimits. We will sudy in detail the pullback of two maps and then we will
study pushouts. Also in this chapter we will show how to construct the join of two
maps, and finally we will give the non-finite pullback.

The Third Chapter is dedicated to the study of Cartan calculus. Differential forms
and De Rham cohomology can be generalized to the context of diffeological spaces.
We study all concepts related to them in this chapter, like for instance the exterior

product and the exterior derivative.



Contents

In Chapter Four we introduce the notion of horizontal forms. This is another
fundamental idea in this work and we will need all the results of this chapter in the
following ones.

Chapter Five is devoted to the relative cohomology groups. Many classical con-
structions in Algebraic Topology and Cartan calculus can be generalized to diffeo-
logical spaces. Among them, the graded algebra 2°(X) of differential forms, the
exterior derivative d and the De Rham cohomology algebra H*(X) = H(Q2*(X),d).
We will study two different types of relative cohomology groups, denoted with the
letters H (Godbillon type) and H (Bott-Tu type) and then we will show the relation-
ship between them.

In Chapter Six we will study the cohomological properties of generating families.

When ag, . .., ay is a generating family of the diffeology we will prove that
H(X, a;*---xa,) =0.

and
H(X, a1 % - xay) = 0.

We also show that how the cohomology of X is determined by any generating family.
In Theorem [6.17, we will prove that if {(a1,U1), ..., (an, Uy,)} is a generating
family of the diffeology D on X, then

H(X,D) 2 H(Uy * - - % Uy).

This result can be extended to the infinite case.

Chapter Seven is the biggest one in this thesis and it is devoted to study the
Mayer-Vietoris Sequence.

Instead of a covering {U, V'} of X by two open sets of the so-called D-topology,

which would give the classical sequence for manifolds
0—-QX)=QU)sQV) = QUNV)—0,

our version of the Mayer-Vietoris result is based on a generating family {«, 5}

formed by two plots «, 3. We get an exact sequence

0— QX) = Qa)®Q2B) — QP),
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where () (resp. ©(/3)) is the subcomplex of Q(U) of a- (resp. 5-horizontal) forms
and P is the pullback of two plots (see 1.6). This idea is natural, because U NV can
be viewed as the pullback of the inclusions U,V C X.

Our objective is to understand how the De Rham complex of X is determined by
« and 5. This is achieved in Theorem Our procedure is close to the diffeolog-
ical gluing procedure in [36]], which can be considered as a form of Mayer-Vietoris
construction.

Also, we construct an improved Mayer-Vietoris sequence and get an exact se-
quence

0 = Qaxf) = Qa) @ Q(B) — Qpx) (0.1)

where px = aopy = Bopy.

In the last section we introduce split Mayer-Vietoris sequences, those which ad-
mit a global linear section.

In the last Chapter we will study cup product in relative cohomology.

In Section [8.2] we introduce a relative cup product by considering two arbitrary
plots a: U — X and 3: V' — X of the diffeology. In order to do that, we define a
smooth map a3 : UxV — X, the join of o and 3, which plays the role of the union
of two open sets; actually this map is the categorical push-out of the pull-back of «

and (. In such a way we have a well defined bilinear map
H'(X,a) ® H¥ (X, 3) — H(X, axB)

for the first type relative cohomology groups. In Section 8.3 we will define a cup
product in relative cohomology of the second type when the Mayer-Vietoris is split
and we show that it is skew-symmetric.

Unfortunately not every pair of plots is split due to the lack of partitions of unity.

11



Conclusions

We have developed the theory of De Rham cohomology in diffeological spaces, in
order to clarify the relationship between several invariants and constructions which

are typical of the algebraic topology of manifolds but were less studied in this setting.

MYV The existence of a Mayer-Vietoris sequence, which fails to be exact due to the

inexistence of partitions of unity.

LESP The existence of a long exact sequence for a pair (X, U) of a diffeological

space and a subspace, or more generally, of a smooth map U — X.

CP The definition of a relative cup-product, which could be useful in several ap-

plications.

Our main tools are two different versions of a relative De Rham cohomology.

* One follows Godbillon’s idea of considering the kernel of the induced restric-
tion map Q(X) — Q(U). This version verifies CP but not LESP.

* The second one adapts a Bott-Tu construction by defining
O(X, f) =2 (X) e 2 H(U).

It verifies LESP, but not CP, excepting when an additional condition is as-
sumed, namely that of being an “split” pair. Anyway, the proof is much more
dificult.

12



Another powerful tool is the notion of generating families. In fact, our general
philosophy is to adapt the usual constructions for open coverings to the generating
families. The main example is the Mayer- Vietoris sequence.

For instance, we have proved several results about how the definition of a differ-
ential form can be simplified with this notion.

Also, we have given a crucial role to the notion of being a horizontal form, a
property that all the pullbacks of a form satisfy.

The behaviour of differential forms face to subductions (quotient maps) is an
important step to generalize results of fiber bundles and foliation theory.

Finally, we have focused our attention to categorical constructions like the pull-
back, the push-out and more importantly the join of a family of maps. In fact we have

proven that a diffeological space is the join of any generating family.
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Chapter 1

Diffeological Spaces

1.1 Introduction

Diffeological spaces were initiated by Jean-Marie Souriau in the 1980s under the
name espace différentiel and later expanded by his students Paul Donato and Patrick
Iglesias.

A related idea was introduced by Kuo-Tsai Chen in the 1970s, using convex sets in-
stead of open sets for the domains of the plots.

Diffeological spaces are a generalization of differentiable manifolds, which provides
a unified framework for non-classical objects in differential geometry like subduc-
tions of manifolds or spaces of smooth functions. Also, diffeology theory seems to

be a convenient setting for many problems that appear in various areas of physics.

1.2 Diffeologies and diffeological spaces

The set of C¥ mappings from U to V is denoted by C*(U, V). For k = oo, we

say that f is infinitely differentiable or smooth. Let V be a domain, we call smooth

parametrization in 'V every smooth (infinitely differentiable) map f: U — V.

An open subset U C R™ of some Euclidean space, m € N, is called an m-domain.
A parametrization on the set X is any set map o: U — X, where U C R" is an

open subset of R™, n > 0. Often we shall denote it by (U, «).

Let X be a non-empty set. A diffeology on X is any set D of parametrizations such

that the three following axioms are satisfied:

14



1.2 Diffeologies and diffeological spaces

DI1. Covering: any constant parametrization on X belongs to D;

D2. Locality: if a: U C R™ — X is a parametrization that locally belongs to D
(i.e. for every x € U there exists a neighbourhood U, such that 7, € D),
then o € D;

D3. Smooth compatibility: if « € D and h: V' — U is a change of coordinates,
then o h € D.

The pair (X, D) will be called a diffeological space. Axiom 1 ensures that D # ();
from Axiom 2, parametrizations can be glued together; Axiom 3 means that we can

change coordinates inside D.

Example 1.1. If U C R™ is an m-domain, m > 0, the C*°-differentiable maps
V' — U with codomain U form its usual diffeology. More generally, if M is a
finite-dimentional differentiable manifold, the C*° maps V' C R™ — M with any m-
domain, form the usual or standard diffeology on M. In this case, all the diffeological

objects that we shall define correspond to the usual ones.

1.2.1 Smooth maps

A map (X, D) ER (X', D) between diffeological spaces is smooth if f o o € D’ for
any o € D.
The set of smooth maps from X to X’ is denoted by D(X, X').

Theorem 1.2. The composition of two smooth maps is a smooth map.

Proof. Let X, X', X" be three diffeological spaces whose diffeologies are denoted
by D,D',D". Let f: X — X’ and g: X’ — X" be two differentiable maps. that is
foDCDandgoD C D" then(go f)oD=go(foD)CgoD CD".

Therefore, g o f is a smooth map. 0

Theorem 1.3. The plots U — X of D are smooth maps for the usual diffeology on
U.

15



Diffeological Spaces

Let f : U — X be a smooth parametrization. Thanks to Axiom (D3) , the composite
f oy, where 7, is the identity of U, is a plot of X. Thus, D(U, X)) C D(U). Now,
let a: U — X be a plot. Thanks again to the the axiom (D3), for every smooth
parametrization JF in U, the paramerization « o f belongs to D. Hence, « is smooth.
Thus, D(U) € D(U, X).

1.3 A manifold is a diffeological space

Let M be a finite dimensional smooth manifold. The plots of the "standard" diffe-
ology are the maps a: U — M which are smooth in the usual sense of differential
geometry. We will briefly check if the three axioms of a diffeology are satisfied. (D1)
clearly constant maps are smooth. (D2) let « be the smallest extension of the «; for
any x € U, there is an ¢ € [ such that z € U; and hence «|y, = «; is smooth.
Now, smoothness is local condition, so « is smooth on all of U,. (D3) composition

of smooth maps are smooth.

Lemma 1.4. Given two smooth manifolds M and N, the usual smooth maps coincide

with the smooth maps as a diffeological space.

Proof. If a: U — M is a smooth map and f € C°°(M, N), then the composition
f o« is again smooth. Conversely, let f be a morphism between M, N. We have to
show that f is smooth, so let ¢: U — R" be a chart in a given atlas A of M.

1

By choice of f, the map f o ¢~ is a plot for IV, and therefore a smooth map. This is

true for every chart in A. O

Remark 1.5. In the terminology of category theory, the above lemma is expressed
by saying the category of smooth manifolds is a full subcategory of the diffeological
category.

16



1.4 Comparing Diffeologies

1.4 Comparing Diffeologies

The inclusion of diffeologies, regarded as subsets of the power set of all the parametriza-

tions of a set, is a partial ordering.

1.4.1 Smallness of diffeologies

We shall avoid the words finer and coarser when comparing diffeologies on the same

set X. If D C D’ we say that D’ is larger than D, equivalently D is smaller than D’.

Remark 1.6. Let us denote by X; and X5 the same set X equipped with two diffe-
ologies Dy and D,. The diffeology D; is smaller than D; if and only if the identity
map 1y : X9 — X is smooth.

1.4.2 Discrete diffeology

Let X be a set. The locally constant parametrizations of X are defined as follows:
A parametrization a.: U — X is said to be locally constant if for all r € U there
exists an open neighborhood V' of r such that «|y is constant.

The locally constant parametrizations in X form a diffeology called the discrete dif-

feology

1.4.3 Indiscrete diffeology.

Let X be a set. The set of all the parametrizations in X is a diffeology. This diffeol-

ogy, larger than every other one, is called the indiscrete diffeology.

Theorem 1.7. Let X be any set. Let D = {D;};c 7 be any family of diffeologies of
X, indexed by some set J. The intersection of the elements of the family, denoted by

D= ﬂ D;,
iedJ
is still a diffeology of X, smaller than each element of the family D.

17



Diffeological Spaces

Proof. Let us first check the three axioms of diffeology.

Axiom D1: Since every diffeology contains the constant parametrizations, they are
contained in each element D; of D. Hence, the constant parametrizations also are
contained in the intersection [);c s D;.

Axiom D2: Let a: V — X be a parametrization in X such that for every point r
in U there exists an open neighborhood V' of r for which «|y is a parametrization
belonging to the intersection ()¢ ; D;, that is, for each i in 7, aly € D;. Thus, by
application of the axiom D2 to the diffeology D;, « is a plot for D;. Therefore, for
alla € D;, 1 € J,thatis, o € ﬂiejl)i.

Axiom D3: Let o € ﬂie 7 D; and let F' be a smooth parametrization in the domain
of a. For each 7 in J, a € D;. Since each D; is a diffeology, o o F' belongs to
D;, hence a o F' belongs to the intersection ﬂie 7 D;. Therefore, D = ﬂie 7 D;isa
diffeology of X. 0

1.5 Generating families

A diffeology can be obtained from a generating family. Any collection of parametriza-
tions of a set generates a diffeology. This way of building diffeologies is very conve-
nient since it can simplify the analysis of the properties of a diffeological space to a

subset of its plots, most times smaller than the total diffeology.

1.5.1 Generating diffeology

Let F = {a;} be an arbitrary family of parametrizations o;j: U; — X and let
D = (F) be the intersection of all the diffeologies on X containing F. We say that
F is a generating family for D.

The diffeology D = (F') generated by the family F is then the smallest diffeology
containing it. The intersection is not void because F is always contained in the
indiscrete diffeology. It is always possible to add to a generating family any family of
parameterizations that generate the discrete diffeology, without altering the generated

diffeology; consequently, we shall always assume that the family J contains all the

18



1.6 Pullbacks of diffeologies

locally constant parametrizations.

Example 1.8. Let X be a set, and let us consider the empty family .% = (). The
diffeology of X generated by the empty family is the discrete diffeology, that is, the
intersection of all diffeologies of X. (§) = D, (X).

Example 1.9. Any atlas on a manifold M is a generating family of the manifold

diffeology.

Theorem 1.10. The parametrization (U, &) is a plot in (F) if and only if for all x €
U there exists a neighborhood V' of x in U such that there exist aplot f: W — X in
the family F and a change of coordinates h: V' — W such that oy, = f o h.

1.6 Pullbacks of diffeologies

In this Section we describe the transport of a diffeology by pullback. Given any set
X and any map f from X to a diffeological space X', the set X acquire a natural
diffeology by pullback of the diffeology of X'.

Let X be a set. Let X' be a diffeological space and D’ its diffeology. Let f: X —
X' be a set map.There exists a largest diffeology on X such that the map f is smooth.
This diffeology is called the pullback of the diffeology D’ by f, and it is denoted by

fH(D).

Theorem 1.11. A parametrization o in X belongs to f*(D') if and only if f o «
belongs to D'.

Proof. Letus consider the family D of all the diffeologies of X such that f is smooth.
A diffeology of X belongs to D if and only if the left composition of each of its ele-
ments by f is an element of D’. The family D has a supremum. It is the intersection
of all the diffeologies of X containing the set of all the parametrizations v of X such
that f o a belongs to D’. But this set, let us call it D, is already a diffeology, let us
check it.

D1. The composition of every constant map by any function f is constant. Hence the

19



Diffeological Spaces

constant parametrizations belong to D.

D2. Let a: U — X be a parametrization such that, locally at each point r of U,
foaeD. Since D' is a diffeology, f o a is a plot for D’. Hence, o belongs to D.
D3. Let a be a parametrization in X. If f o « is a plot of X', for every smooth
parametrization F' in the domain of o, f o (¢ 0 F) = (f o ) o F is a plot of X',
Hence, o o F' belongs to D.

Therefore, D is the supremum of D, that is, the largest diffeology such that f is
smooth. O

1.7 Subspaces and Diffeological Space

A nice characteristic of diffeological spaces is that any subset inherits a diffeology,
making the theory much more clean than the usual theory of differentiable manifolds

and submanifolds.

1.7.1 Subspaces

If (X, Dy) is a diffeological space and Y C X is any subset, we define the induced
diffeology or subspace diffeology Dy on Y as the family of plots (U, «v) in Dx whose
image is contained in Y.

The inclusion iy : Y — X is smooth. In fact, a map F': Z — Y is smooth if and

only if the composition iy o F': Z — X is smooth.

Example 1.12. Let N C M be any subset of the differentiable manifold M. We
endow N with the subspace diffeology formed by plots a: U — M of the manifold
diffeology D) such that a(U) C N.

Theorem 1.13. Dy is a diffeology on Y.

Proof. Constant plots certainly are in Dy . Now take a compatible family (U;, ov;) €
Dy and a|y, = «; because o; € Dy so a|y, € Dy therefore oy, € Dx and
Ima |y, C Y then o € Dy-.
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To verify Axiom 3,letw and h: V C R™ — U C R" be composable where o € Dy
and h is smooth. We have o € Dx, Ima C Y and a o h € Dx. We know
Imaoh C Imasolmaoh CY therefore o h € Dy. O

1.8 Pushforward of diffeologies

In this section we describe the transport of a diffeology by pushforward. Given a dif-
feological space X and a map f from X to some set X', the set X’ inherits a natural
diffeology by pushing forward the diffeology of X to X’. Let X be a diffeological
space, and let X’ be a set. Let f: X — X' be a map. There exists a smallest diffeol-
ogy of X’ such that the map f is smooth. This diffeology is called the pushforward,
by f of the diffeology D of X, and will be denoted by f.(D).

Theorem 1.14. A parametrization o.: U — X' is a plot for f.(D) if and only if it

satisfies the following condition:

For every r € U, there exists an open neighborhood V' of v such that, either

aly is a constant parametrization, or there exists a plot 5: V. — X such that

aly = fop.

In the case where oy = f o [3, we say that « lifts locally, at the point r, along the
map f.

Proof. The set D of all the diffeologies of X’ such that f is smooth is nonempty,
since it contains the indescrete diffeology. Now, this family D has an infimum, let
us denote it by D/, it is the intersection of all the elements of D. We have now to
check that this infimum is actually a minimum, that is, f is smooth for the diffeology
D'. But by the definition of smooth maps, for any plot « belonging to D, f o «
belongs to every element of D. Thus, « o f belongs to their intersection D’. Next,
let us check that the set of parametrizations satisfying condition is a diffeology. The
axioms D1 and D2 are satisfied by definition. Let us consider then a parametrization

a: U — X' satisfying condition, and let F': U’ — U be a smooth parametrization.
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Leta/ =aoF,r" €¢U',r = F(r'"),V' = F~1(V). Since F is a continuous, V" is a
domain, and by construction an open neighborhood of 7’. Then, let 3’ = 3 o F, then
aly = fo (B implies o |y:= f o 8. Therefore, the axiom D3 is satisfied. Now, let
D’ be a diffeology such that the map f is smooth, that is, for every plot 3 of X, fo 3
is a plot of X’. Hence, the diffeology D’ contains the set of all the parametrizations
of the type f o 8. By restriction to any subdomain of the plots 3 (allowed by the
axiom D3), D’ contains the elements of the diffeology described by condition. It
also contains the locally constant parametrizations. Therefore, this diffeology is the

smallest diffeology such that f is smooth. O

Theorem 1.15. Let X be a diffeological space and let X' and X" be two sets. Let
f: X =X andg: X' — X" be two maps, and

x,D) L x' & X"

we have g.(f«(D)) = (g o f)«(D). In other words, the pushforward of diffeologies

is associative.

1.9 Subductions

Subductions are surjections between diffeological spaces, where the diffeology of
the codomain is determined by the pushforward of the domain. Let X, X’ be two
diffeological spaces, and let f: X — X’ be some map. The map f is said to be a

subduction if it satisfies the following conditions:
1. The map f is surjective.
2. The diffeology D’ of X' is the pushforward of the diffeology D of X.

Theorem 1.16. Let X, X' be two diffeological spaces, and let f: X — X' be some

map. The map f is a subduction if and only if the following conditions are satisfied:
1. The map f is a smooth surjection.
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2. Foreveryplota: U — X', for every r € U, there exist an open neighborhood
Vofrandaplot B: V — X such that oy = f o S.

Put differently, the map f is a subduction if and only if f is smooth and every plot of
X' lifts locally along f, at each point of its domain.

Proof. The first condition is equivalent to f.(D) C D’. The second condition is the

reduction of the condition D" C f.(D), in the case of a surjection. O

Theorem 1.17. Let X, X' be two diffeological spaces, and let f: X — X' be a
subduction. If f is injective, then f is a diffeomorphism. Conversely, diffeomorphisms

are injective subductions.

Proof. A subduction is, by definition, smooth and surjective. If moreover, f is injec-
tive, then f is a smooth bijection. Now, let a.: U — X' be a plot, for every r € U
there exist an open neighborhood V' of r and a plot 8 of X such that f o 5 = «fy.
But since f is bijective, 3 is unique and 3 = f~' o (al|y), thatis, f~! o a is locally a
plot of X at each point 7 of U. Hence, f~! o a is a plot of X (axiom D2) and f~! is
smooth. Thus f is a diffeomorphism. Conversely, let D and D’ denote the diffeolo-
gies of X and X'. If f is a diffeomorphism, then it is smooth and f.(D) C D’. Now,
its inverse also is smooth and f,; ' (D’) C D. But, this is equivalent to D’ C f.(D).
Therefore, f.(D) = D'. O

1.10 Quotients by an equivalence relation

Any quotient of a diffeological space acquires the subduction diffeology defined as
the pushforward of the diffeology of the source space.

Let X be a diffeological space, and let D be its diffeology. Pick an equiva-
lence relation R on X. The quotient set X /R carries a natural diffeology D/R, the
pushforward of the diffeology D by the natural projection map X — X/R. This
diffeology is called the subduction diffeology. For the subduction diffeology, the pro-
jection map is a subduction. The set X /R equipped with the subduction diffeology
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is called the quotient space or the diffeological quotient of X by the relation R. For
example, let /3 be a diffeological space. Every surjection 7: X — (3 defines a natural

equivalence relation R, that is, xR’ if w(z) = 7(a’).

Example 1.18. Let R be any equivalence relation on the manifold M andlet7: M —
M /R be the quotient map. We endow M /R with the subduction diffeology Dys/R
where ao: U — M /R belongs to Dy /R if it locally factors through some plots of
the manifold diffeology Djs on M.

Theorem 1.19. Let X, X' and X" be three diffeological spaces. Let m: X — X' be
a subduction. Amap f: X' — X" is smooth if and only if f o 7 is smooth.

/ " Yﬂ (1.1)
!

X/ X//

Proof. Let D, D' and D" be the diffeologies of X, X’ and X”. The map f o 7 is
smooth if and only if (f o 7).(D) C D". But (f o m)«(D) = fi(7«(D)). Since 7
is a subduction, 7, (D) = D’ and f.(m«(D)) = f«(D'). Hence, (f o 7).(D) C D"
is equivalent to f.(D") C D" which means that f is smooth. Note that if f o 7 is
surjective, then f is surjective. Next, replacing above the inclusion by an equality

proves the second assertion. O

Corollary 1.20. A subduction map o.: U — X is a diffeomorphism if and only if it

is bijective.

Theorem 1.21. Let X be a diffeological space and R be a equivalence relation
on X. Let X/R be the diffeological quotient. Let Q be a set and o: X — Q be a
surjection such that o(z) = «(z') ifand only if tRx’. Then, the map f: [x] — a(x),
is a diffeomorphism from X/R to Q, where Q is equipped with the pushforward
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diffeology of X.
X

ﬂl o (1.2)
N,

We say that the space () is a representation of the subduction X /R.

25



Chapter 2

Categorical Constructions

2.1 Introduction

In this chapter, we introduce some categorical concepts. If we have a finite family
{ai,...,a,} of plots a;: U; — X, we can compute its limit by taking the limit
L= L(aq,...,qa,) of the underlying sets and endowing it with the initial diffeology
for the natural maps p;: L — U;. This is easily seen to generalize the pull-back
construction, because the product diffeology and the subspace diffeology are initial

diffeologies for the projections and the inclusion, respectively.

2.2 Initial and final Diffeology

Given a family of diffeological spaces {(Y;, Dy;)}icr and maps f;: X — Y; from
a set X, we define the initial diffeology on X with respect to the maps f; to be the
diffeology consisting of all plots P: U — X such that f; o P € Dy; forall i € I.
This is the largest diffeology making all the f; smooth.

Given a family of diffeological spaces {(X;, Dx;,) }icr and maps f;: X; — Y to aset
Y, we define the final diffeology on Y with respect to the maps f; to be the diffeology
generated by the maps f; o P for all ¢ € I and all plots P € Dx. It is the smallest
diffeology making all the f; smooth.
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2.3 Product Diffeology and Disjoint Union

Given a family of diffeological spaces {(X;, Dx, ) }icr, we can form the direct prod-
uct of the sets X; in the category of sets and maps. We equip the direct product
[ 1, X; with the initial diffeology with respect to the projections ;. Then projections
are subductions.
Note that for two spaces X, Y the product diffeology is generated by plots of the
form (P;, P») where P, € Dx and P, € Dy.

Given a family of diffeological spaces {(X;, Dx,)}icr, we can form the disjoint
union of the sets X; in the category of sets and maps. We equip the disjoint union

|J; X; with the final diffeology with respect to the injections L; : X; — | |X;. Then
i

the injections are subspaces.

2.4 Pullbacks

The category of diffeological spaces and smooth maps allows any kind of categorical
limit. In particular, we shall need the following development of the pullback (or
fibered product) of two maps (in particular, of two plots).

Let (U, ) and (V, B) be two maps into the diffeological space (X, D).
We consider the subspace P (endowed with the induced diffeology) of the product
U x V (endowed with the usual diffeology) given by

P={(u,v) €U xV:a(u) =p(v)}
also we consider the smooth maps
pu: P—=U , pu(u,v)=u,

and

pv: P—=V | py(u,v)=wv,
induced by projections. They verify
aopy = popy.
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Proposition 2.1. P is a pullback in the category of diffeological spaces. That means

that it verifies the following universal property: given any diffeological space Y and

two smoothmaps a: Y — U andb: Y — V such that c«oa = [ ob, then there exists

a unique smooth map F:'Y — P such that pyy o F' = a and py o F' = b,

2.5 Pushouts

Given a diagram of sets and maps like this:

We consider () as a quotient of the coproduct ULV given by

Uu V/i(a:)

also we consider smooth maps
qU:U_>Q ) qU(“’):[u]?

and
qv: V=0 , qv(v)=],

They verify qiy o i = qy o j.

2.1)

(2.2)

Proposition 2.2. Q) is a pushout in the category of diffeological spaces, that is, it

verifies the following property:
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given any set Y and two smooth maps qu: U — Q and qv: V — @ such that
quoi=gqyojwherei: X — Uandj: X — V, then there exists a unique smooth
map F: Q =Y suchthat F o Quy = fand F o Qy = g.

X 2

c

<
«—

=)

S
~

v 2.3)

qv

QO

~N

Q
~

2.6 Joins

The category of diffeological spaces is stable under limits and colimits ([2]). This
allows to introduce the join of two maps (in particular, two plots). Let a: U — X
and B: V' — X be two maps into (X, D). The join of « and f is a diffeological
space U * V endowed with a smooth map o * 3: U *« V — X, defined as follows.

We take the disjoint union U LI V' with the coproduct diffeology generated by the
manifold diffeologies Dy and Dy, .

We introduce the equivalence relation in U U V' given by

u~v iff welUwveV alu) =p5w),

and we endow the quotient space U xV = (UUV') /~ with the subduction diffeology.

Finally we define the smoothmap o 3: U x V — X as

a(u), ifw=wueU,
Bv), fw=ueV.

(axB)([w]) =
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Then we have a commutative diagram

Remark 2.3. This join of two maps is in fact the push-out of the pull-back of the two

plots, as it is clear from the following constructions.

First, one can consider the pullback P of the maps « and (3. It is defined as the
subspace P C U x V of pairs (u,v) € U x V such that a(u) = S(v). Then the

projections induce the maps py, py in the following diagram:

PP,y
! 8 (2.5)
U—23 X

Now we consider the push-out of py, py. It is given as the space () obtained by
introducing in U LI V' the equivalence relation © ~ v iff u € U , v € V, and there
exists w € P such that py(w) = w and py (w) = v. New maps a7, By appear, as in

the following diagram:

(2.6)

It is easy to check that ) = UxV/, and that ax3: UxV — X is the map obtained by
the universal property of the push-out.

We refer to [31] for more information about the join construction in other settings.
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2.7 Infinite families

It is possible to give non-finite versions of all those constructions. For instance, the

non-finite pull-back would be defined as follows.

Definition 2.4. Let 7 = {a,: Uy — X } e be an arbitrary family of smooth maps
with codomain the diffeological space (X, D). The pull-back or limit of the family
F is the diffeological space

P={(zy) € H Ur: ax(zy) = aplzy,) VA pe A}
AEA

We endow [],., Uy with the product diffeology (the smallest diffeology making
smooth all the projections) and P with the subspace diffeology. The projections
mx: [[ X\ — X induce smooth maps py: P — U, such that

aropy=azop, YA puecA.

Then the usual universal property of the pull-back holds, that is, if () is a diffeo-
logical space and ¢y : @@ — U, are smooth maps such that

aXxOgN =y oqy V)\,/.L € A7
then there exists a unique smooth map f: () — P such that

pof=aq VIeA

(see Diagram [(2.7))
Q
I lF u
P 2.7)
nN
Uy Up
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Lemma 2.5. Let A\, ;v € A and let Py, be the pull-back of ay and o,. Then there
exists a unique map Fy,: P — Py, such that

p)\:p/)\OF)\/u
Pu =1, © Fau

(see Diagram[(2.8)). Notice that Fy,, is the projection onto the coordinates \ and .

P
Px \LFA# Pu
Py, (2.8)
LN
Ux Uu

Remark 2.6. Analogously we can define the join of the family JF, that will be denoted
by A\ € Aay.
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Chapter 3

Cartan Calculus

3.1 Introduction

The general philosophy of diffeology is to transport, functorially, geometrical objects
defined on real domains to diffeological spaces. Since a diffeology on a set X is
defined by parametrizations in X, geometrical contravariant objects fit well to this
method (differential forms are one of the main examples).

In the second section of this chapter, the bases of differential calculus on mani-
folds are recalled.

In the third section the differential calculus in diffeology is developed. There we

begin to state the main results relative to differential forms in diffeology.

3.2 Differential forms and the exterior differentation
Let M be a differentiable manifold. We can construct the exterior r-bundle
A (M) = Upenr A (T; M)
and the exterior algebra bundle
A(M) = Upenr A(Ty M)

over M. Under a coordinate chart (U, z) of M, the natural basis of A"(T;yM) for
p € U is given by

{dziy A+ ANdz'": 1 <iy < --- < i, <n}
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evaluated at p. A section of the exterior r-bundle A"(M) is called an r-form on M.
A differential form on M is a section of the exterior algebra bundle A(M) which is
smooth, in the sense that it varies differentiably with regard to the point and the vari-
ables. The space of r-forms (differential forms, respectively) is denoted by 2" (M)
(Q(M), respectively).

By definition, Q°(M) is simply the space C°°(M) of smooth functions on M.
There is a canonical exterior product structure on the real vector space (M ) induced
by the exterior product “A” on each fiber point. It turns out that () is an infinite
dimensional (graded) algebra over R. A differential form w can be uniquely written
as

w=w"+w +- +w"

where each w” is an r-form in Q" (M), and n = dim M.
By the definition of the exterior algebra, an r-form w can be regarded as a (0, r)-type
(antisymmetric) tensor field. The form w acts on the space X(M) of smooth vector

fields on M as an alternating r-linear map
w: X(M) x---X(M) — C*(M).
Under a coordinate chart (U, %), an r-form w can be expressed as

w= Z Qiyooiy AT N - A daT

1<ip << <n

Analogously to functions, differential forms can be "derived" via the exterior

differentiation.

Theorem 3.1. There exists a unique linear operator
d: QM) — QM)

such that:

(1) Foranyr > 0,
d(Q"(M)) c QM)
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(2) If wy is an r-form, then for any wy € Q(M),

d(w1 VAN wz) =dwy Awy + (—1)Tw1 A dws.

(3) If f € C°(M), then df is the differential of f.
(4) d*> =0.

Assume that F': M — N is a C*™ map between manifolds. We define the pull-
back of differential forms by F to be the linear map F*: Q"(N) — Q"(M) given
by

(F w)p(v1, -5 0r) = wpe) (Fpe(v1), -+ o, Fpu(v7))

Proposition 3.2. F* commutes with d. In other words, the following diagram com-

mutes.:
Q"(N) —E 5 or(m)

dl dl 3.1)

QrHi(N) s r ().

It is immediate to prove that if F': M — N and G: N — P are C°° maps

between manifolds, then

(GoF)* =F*oG*: Q(P) — Q(M). (3.2)

3.2.1 The de Rham cohomology groups

We will be mainly focused on the study of a very important algebraic topological
invariant over differentiable manifolds: the de Rham cohomology. This is a funda-
mental object carrying topological information of the manifold.

Let M be a manifold. An r-form w on M is called closed if dw = 0; it is called
exact if dT = w for some (r — 1)-form 7. The space of closed (exact, respectively)
r-forms on M is denoted by Z" (M) (B" (M), respectively). It is easy to see that
Z"(M) and B" (M) are (usually infinite dimensional) real vector spaces. Since d? =
0, it is immediate that B" (M) is a subspace of Z" (M) for all r > 0.
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3.2.2 De Rham cohomology groups of a manifold

The graded vector space Q°*(M) = (Q"(M)),>¢ of differential forms together with

the exterior derivative d is called the de Rham complex of M. The quotient space

Z"(M)  ker(d: Q"(M) — Q"1(M))
Br(M)  im(d: Q1 — Qr(M))

as a real vector space is called the r-th de Rham cohomology group of M, and it is
denoted by H"(M). Elements in H" (M) are called cohomology classes of degree .

By definition, a closed r-form w defines a cohomology class [w] of degree r. If
[w] = [w], then there exists some (r — 1)-form 7 such that w’ — w = dr. H(M)
is just the space of C'™ functions f with df = 0, which is equivalent to the fact
that f is locally constant (that is, constant on each connected component). Therefore,
if M is connected, HY(M) is isomorphic to R. In general, H’(M) is isomorphic
to RY, where N is the cardinality of the set of connected components of M (at
most countable since the topology of M is second countable). In particular, if M
is compact (so there will be only finitely many connected components of M since
the set of connected components from an open cover of M), then H(M) is finite

dimentional.

3.3 Differential Forms on Diffeological Spaces

Differential forms on diffeological spaces are defined by their evaluations on the
plots, which are the pullbacks of the forms by the plots. These pullbacks are ordinary
smooth forms. Hence, a differential form of a diffeological space is known as soon
as we know all its pullbacks by all the plots. There is an additional condition on the

pullbacks wich expresses the condition of compatibility under changes of variables.

Definition 3.3. Let X be a diffeological space. A differential k-form on X is a map
w which associates, to every plot a: U — X, a smooth k-form w(«) or w, defined

on the domain U of « such that, for every smooth parametrization F': V — U in the
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domain of the plot o, we have
w(aoF) = F*(wg). (3.3)

The condition w(a o F') = F*(w,) is the smooth compatibility condition, and
we shall say that w(«) represents the differential form w in the plot a.
We shall denote by Q¥ (X, D) the vector space of k-forms on (X, D). Its linear

structure is inherited from the linear structure of classical forms, that is,
(tw+ w)a = twe + W), Vw,w’ € QF(X,D),t € R,a € D.

Theorem 3.4. The zero forms on a diffeological space (X, D) are identified with the
smooth maps X — R, for the usual diffeology on R.

Proof. If f: X — R is a smooth map, we define the form w(f) € Q°(X) as
W(fla=foaeQ’(U)=C*U,R)

for any plot (U, ) on X.
Conversely, if w € Q°(X), we define the function

f(w):X%Rv f(w)(x):wcm,

where for each z € X we take the constant plot ¢, : R = {0} — X with ¢,(0) = .
The function f = f(w) is differentiable because for any plot (U, ) on X, we

have
(foa)(u)= Wequy = Waoey = Cy(wa) = wa(u),

where ¢, : R® — U is the constant map u, and w, € C®(U,R). O

3.4 Pullback of a form

Definition 3.5. Let (X, D) be a diffeological space. A differential k-form on X,

k > 0, is any collection w = {w,}, where for each plot a: U — X in D we
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have a usual differential form w, € QF(U). Moreover, it must verify the following

compatibility condition: for any C*° change of coordinates h: V' — U we must have
Waoh = W W,
where h*w, € QF(V) is the usual pullback of a differential form.

Let X be a diffeological space and w € Q¥(X). Leta: U — X be a plot and let
the domain U be regarded as a smooth diffeological space. The plot « is a smooth
map from U to X, so a*(w) € QF(U). The k-form a*(w) is characterized by its
values on the plot 1y, that is, o (w) (1) = w(ao1y) = w(w). Therefore, the values
of w on the plots, which define the form w, represent just the pullbacks of w by the
plots. In other words, the differential form w is just defined by its pullbacks by the
plots of X, and the condition of compatibility just writes (o F')*(w) = F*(a*(w)),

for any plot a of X and any smooth parametrization F' in the domain of «.

3.5 Exterior Product and exterior derivative

3.5.1 ¥~ differential forms on R"

Let x1,- - - ,x, be the linear coordinates on R™. We define 2(R™) to be the algebra
over R generated by dzy, - - - , dz,, with the relations
(d.TZ)Q = 0,

dz;dr; = —dz; dx;, @ # J.
As a vector space over R, Q(R") has the basis
1,dwx;, dz;dx;, dv;deday, .. dey - doy,, 1<0<j<k<n.
The ©*° differential forms on R"™ are then elements of
¢ (R") @r QR")

Thus, if w is such a form, it can be uniqely written as f;,...; dw;, - - - dx;, where
the coefficients f;, ...;, are ¢ functions. We also write w = ) frdx;. The algebra
Q°*(R") = @_(Q%(R™) is naturally graded.
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3.5.2 The exterior derivative
There is a differential operator
d: QI(R") — QITHR™)
defined as follows:
i) if f € QY(R"), thendf =} 5.-da;,
i) ifw= Z fidx;, then dw = Z df;dz;.

The exterior product of two differential forms, written 7 A w, is defined as follows: if
7= frdzrand w =Y grdx;, then

TAwW= ZfInga:Id:cJ.
Note that 7 A w = (—1)de87 degwy, A 7,
Proposition 3.6. d is an antiderivation. In other words:
d(TAw) = dTAw + (—1)9°8 T Adw

Proposition 3.7. d%> =0

3.5.3 Exterior derivative of forms

Now we translate the preceding constructions to diffeological spaces.

Definition 3.8. The exterior derivative dx : QF(X, D) — QFF(X, D) is defined,
for any plot (U, ) € D, by

(dxw)a = dv(wa),

where dyr: QF(U) — QFFL(U) is the usual exterior derivative.
That dxw is a well-defined form follows from the commutativity of pullbacks

with the classical exterior derivative.
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Theorem 3.9. Let X' be another diffeological space, and let f: X — X' be a

smooth map. Then, for all differential forms ' on X' we have
(i) dx(f*(w")) = f*(dxw'),
(ii) dod =0,

(iii) d is R-linear.

3.5.4 Exterior product of differential forms.

Let X be a diffeological space, letw € QF(X) andw’ € Q!(X). The exterior product
w A W' is the differential (k + [)-form defined on X by

(@A W) (@) = w@) A (@),
for all plots o of X.

Theorem 3.10. The exterior product is bilinear. The following properties of the
exterior product of smooth forms pass naturally to the exterior product of differential

forms on diffeological spaces,
1 wAw = (=D)F Aw,
2. [fwAW) = f*(w) A f*(W), where f: X" — X is a smooth map.

Proof. First of all, the exterior product is well defined. Indeed, let «: U — X be a
plot,and F' € €°°(V,U) be a smooth parametrization, then

(WAW)(aoF)=w(laoF)Aw (aoF)

= F*(w(a)) A F*(w'(a))

= F*(a"(w) A a* (W)
Fr((wAw')(e).

Hence, the map a + o* (w A w') defines a differential form w A w’ € Q¥(X). O
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3.6 De Rham Cohomology

In this section we introduce the De Rham cohomology of diffeological spaces, ac-
cording to the definition of differential forms and the exterior derivative. Let X be a

diffeological space. The exterior derivative satisfies the coboundary condition
d: OF(X) - Q*Y(X), k>0, dod=0.

As it is usual in cohomology theories, when we have a chain complex of real vector
spaces Q2°(X) = {QF(X)}32, with a coboundary operator d, the space of k-cocycles
is defined as the kernel in ¥ (X)) of the operator d, and the space of k-coboundaries
is defined as the image in Q2% (X)) of the operator d. They will be denoted by

ZXe(X) = kerd: QF(X) — QFFL(X),
Bir(X) = d(Q@*1(X)) C Zr(X).

The De Rham cohomology groups of X are then defined as the quotients of the spaces

of cocycles by the spaces of coboundaries.We denote them by
Hiir (X) = Zgr (X)/Big (X)-

Example 3.11. It was proved in [[18]] that the cohomology of the leaf space M /F of a
foliated manifold (M, F), endowed with the quotient diffeology, equals the so-called

basic cohomology of the foliation.

Each differentiable map F': (X, D) — (X', D’) induces a morphism
F*:HYX', D) - HY(X, D), F*([w]) = [F*w],
and the usual properties hold,
(GoF)" =F"oG", idx =idyx).

Proposition 3.12. Let X be a diffeological space. Let { X} be a collection of sub-
spaces of X such that X = UyepXy. Then HEp (X)) and TeaHER (X)) are iso-

morphic for each k.
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Proof. We define a homomorphism 115 : QF(X) — I eaQF(X)) by (I143) (w) =
(i3 (w))aen for any w € QF(X), where i}: QF(X) — QF(X)) is induced by the
inclusion 4} : Xy — X. Let w be an element of ker(IIi}). Since (IIi)(w) =
(i%(w))aea = 0, we have w = 0. Let (73)xea be an element of I1 A Q¥ (X)). We
define 7 € QF(X) by any A € A, 7| X = 7. Then we have (IIi})(7) = (72)aea
since X, N X7 is empty for each X # . O
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Chapter 4

Horizontal Forms

4.1 Introduction

The concept of horizontal forms was first introduced by Iglesias in [20].
We will use the following property for the definition of horizontal forms:

If h,h': V — U are two changes of coordinates such that & o h = « o b/, then
h*we = (W) *wa

where a: U — X is a plotin D and w, € QF(U).

4.2 Horizontal forms

If (U,«) is a plot on X, we define the subspace Q%(a) C Q¥(U) of a-horizontal
forms as those forms p € QF(U) verifying: if h, h': V — U are changes of coordi-
nates such that «oh = awo b/, then h*p = (h')* . They form a subcomplex of Q(U)

because if w € Q¥(a) and o h = a o ' then
h*(dpw) = dyh*w = dy (h)*w = (h)*dyw,
hence dpw € Q¥ (a).

Proposition 4.1. Let f: X — Y be a smooth map between diffeological spaces and
let w € QYY) then f*w is f-horizontal.

Proof. If fh = fh then h*(f*w) = (fh)*w = (fH)*w = (W)*(f*w). O
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Lemma 4.2. If P: X — Y is a subduction map between diffeological spaces, then
P*: Q(P) — Q(X) is an isomorphism.

Proof. We shall make the proof in several steps:

Step 1. The map is well-defined by Proposition[4.1). That is P*(Q(Y)) C Q(X).
Step 2. The map is injective.

Let w € Q(Y) such that P*(w) = 0. We must show that w, = 0 for any plot
v: W — Y. For each p € W there exist a neighborhood W of p such that v on
W factor through as v = P4 where ¥: W — X, then w, = y*w = (PJ)'w =
(¥)*(P*w) = (7)*(0) = 0. This proves that w = 0.

Step 3. The map is surjective.

Let £ € Q(p) that is £ € Q(X) is P-horizontal. Let us define w € Q(Y") such that
P*w = ¢ify: W — Y is a plot, we need to define w,in a neighborhood of p € W.

Since v = P#, we define w € 4*(€) in order to prove that w is well-defined if

'Y|Wp
P35’ = ~ for another 7/, then we have P3’ = v = P~. Then, since £ is P-horizontal,
we have 7*¢ = A*¢£. Finally we have P*w = £ because for any plot7: W — X, we

have (P*w)y = ¥*P*w = (P¥)*w = €. O

Lemma 4.3. Let X i) Y % Z be smooth maps between diffeological spaces. If

p € QYY) is a g-horizontal form, then f*p € Q(X) is g o f-horizontal.

Proof. Leth,h’: W — X be changes of coordinates such that (go f)oh = (go f)oh/,
then (fh)*p = (fh')*p because p is a horizental. So, h*(f*p) = hW*(f*p). O

Lemma 4.4. Let X i> Y % Z be smooth maps between diffeological spaces. If

w € QX) isa go f-horizontal, then w is f-horizontal.

Proof. Let h,h': W — X be change of coordinates such that f o h = f o I/, then
(gof)oh={(gof)oh' Soh*w = (h)*w. O

Lemmad.5. Let X 5V % Z are smooth maps between diffeological spaces with
P a subduction map, if w € Q(X) is (g o P)-horizontal and w = P*&, for some
& € QY), then & is g-horizontal.
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Proof. If w is g o P-horizontal, then it is P-horizontal (lemma also we know

QYY) 1; Q(P) (lemma , then there exist an unique ¢ such that w = P*¢. We
need to prove that £ is g-horizontal. Let h, h': W — Y be change of coordinates
such that g o h = g o h'. Locally there are H, H': W, — X (where Wp is an open
neighborhood of p) such that PH = h/, PH' = I/, then go Po H = go P o H’,
and then H*w = (H')*w because w is g o P-horizontal, then H* P*¢ = (H)"™ P*¢.
So (PH)*¢ = (PH')*¢ then h*¢ = (h)*¢. O

Proposition 4.6. Let f: X — Y be a smooth map. The r-form w € Q"(X) is f-
horizontal if and only if for any diffeological space Z and smooth maps h,h': Z —
X such that f o h = f o h/, we have h*w = (h')*w.

Proof. If h,h': Z — X with fh = fh'. We must show that (h*w), = ((h')*w), for
any ploty: W — Z.

Since hy, h'y: W — X verifies fhy = fh'~, then (hy)*w = (h/v)*w. So y*h*w =
(v)*(h')*w. We have (h*w), = ((h')*w) for any plot ~. O

Theorem 4.7. Ifw: U — X is a subduction then the induced morphism 7*: Q(X) —
Q(U) is injective.

Corollary 4.8. For a subduction 7: U — X, the complex (X ) is isomorphic to the
complex Q(m) C QU) of w-horizontal forms.

Proof. Let 0 € QF(nr) C QF(U) be a m-horizontal form. We define a form w €
QF(X) as follows: if v: W — X is a plot, and p € W, then  locally factors though
m, say v = m o h for some h: W), — U. We define w, = h*f in the neighbourhood
Wp.

It is easy to check that this definition does not depend on h (because 6 is -
horizontal), that the form w is well defined (that is, it verifies the compatibility with
the changes of coordinates), and that 7*w = 6.

This proves that the image of 7* is (7). Hence Q(X) = Q(m) by Theorem
O
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Chapter 5

Relative cohomology groups

5.1 Introduction

In this chapter we study two different versions of the relative cohomology.
In section 5.4 we explain the relationship between the two types of relative coho-
mologies.

Finally, in the last section we have some examples.

5.2 A first type relative De Rham complex

In the setting of topological spaces, the relative cohomology groups are defined (see
[17, Section 3.1] or [39, Example 5.4.5]) for any topological pair (X, A), that is,
A C X is a subspace.

In the diffeological setting, the relative De Rham cohomology group H(X, «)
of any smooth map a: U — X was defined, in our previous paper [32], as the
cohomology of the complex (X, o)) = ker a*, the kernel of the induced morphism
a*: Q(X) — Q(U). However, this relative complex (X, ) has not an associated

long exact sequence in cohomology.

5.3 A second type relative De Rham complex

The problem is that, in general, the morphism «* is not surjective, because an argu-
ment based on partitions of unity is missing in the diffeological setting. In order to

overcome this inconvenience, we will introduce in this section a second type relative
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5.3 A second type relative De Rham complex

De Rham complex, denoted by {2(X, ). This complex mimics the analogous one

given by Bott-Tu for differentiable manifolds in [4, Prop. 6.49].

Definition 5.1. Let oo: U — X be a smooth map between diffeological spaces. The
relative De Rham complex £2(X, «) is defined as

(X, 0) = (X) 02 (o), 720,
with differential d: 27(X, o) — 277X, ) given by
d(w,d) = (dw, a*w — db).

The differential is well defined because w € Q(X) implies a*w € Q(«a). It is
easy to check that d o d = 0. We denote by H" (X, ) the cohomology groups of
(2°(X,a),d). A cohomology class is represented by a closed form w in X which
becomes exact when pulled back to U.

There is the short exact sequence of complexes
0 — Q" Ya) 5 27(X,0) 5 Q' (X) — 0, (5.1

where

i(0) =(0,0), w(w,l)=uw,

and the associated long exact sequence in cohomology

C— B a) 5 HT(X, ) T HT(X) 25 H(a) — - (5.2)

Notice that ¢ anti-commutes with the derivatives. It is easy to check that the
connecting morphism in is just o*.

Remark 5.2. For a differentiable manifold X and an open subet ¢;;: U — X, the

complexes (X, U) and §2(X,iy) are not isomorphic but have isomorphic coho-

mology groups, by a partition of unity argument. As far as we now, the diffeological

De Rham complexes (X, o) and £2(X, «v) are not related in this way.
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5.4 Relationship between the two type of relative cohomolo-
gies

Let a: U — X be a smooth map between diffeological spaces. Let a*: Q(X) —
Q(U) be the induced map in De Rham complexes.

Definition 5.3. The "relative cohomology" H(X, «) of the first type is the cohomol-
ogy of the complex Q(X, a) = kera*.

Note that if a*w = 0, then o*dw = da*w = 0, hence kera* is a subcomplex of

(X ); hence we have an exact sequence
0 — QX,a) — 2(X) — QU). (5.3)

Unfortunately the map «* is not surjective in general. The cohomology of second

type is defined as the cohomology of the complex.
(X, 0)=0(X) P (o)
where () is the complex of a-horizontal forms. The differential is given as

d(w,0) = (dw, a*w — db)

Proposition 5.4. We have a morphism of complexes F': Q(X, a) — Q(X, o) where
F(w) = (w,0).

Proof. We have dF(w) = d(w,0) = (dw, a*w) = (dw, 0) because w € kera™ hence
dF = Fd. 0

Let F*: H(X,a) — H(X, o) be the morphism induced in cohomology, that is
F*([w]) = [(w,0)] , dw = 0 and a*w = 0.

Proposition 5.5. If o* is surjective then F* is an isomorphism.
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Proof. Firstly we show that F'* is injective.
Let F*(Jw]) = 0 that is [(w, 0)] = 0, hence if

(w,O) = d(w1,91) = (dwl,a*wl — d@l),

then w = dw;. The problem is that w; is not a-horizontal. Let §; € Q(X) such that
a*0; = 01. Then w = d(wy — d9~1); but

a*(wl — d9~1) = a*wl - a*dél = a*wl - da*9~1 = a*(wl - d91) =0

because a*w; = db. Hence w = d(a — horizontal form), so [w] = 0.

Now, we show that F'* is surjective.

Let [(w,0)] € H(X,a) thatis dw = 0, a*w = df. Let § € Q(X) such that
o*f = 6. Then

(w—dB,0) +d(0,0) = (w— db,0) + (df, o*0) = (w, h),

hence
[(w,0)] = [(w — df, 0)] = F*([w — d]).

Notice that
o (w—df) = a*w — a*df = a*w — df = 0.

5.5 Examples

Example 5.6 (The real line). The cohomology of the real line R, with its diffeol-
ogy as a manifold, is the usual De Rham cohomology ( [[18])), that is, HY(X) = 0,
HY(X) =0.

Example 5.7 (The irrational torus). Let a be an irrational number. The irrational
torus X = T, ([8], cf. [20, Exercise 1.4]) is the quotient of U = R by the equivalence

relation s ~ t iff s — ¢t = m + na for some integers m,n € Z.
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This diffeological space X is the space of leaves of the flow F on the torus T? by
lines of constant slope a. This is an example of a foliation with dense leaves, which
is defined by the closed form dy — adx.

It is well known that the basic cohomology H(T?/F) ( 9, Prop. 1I.1]) of the
foliation JF is the cohomology of the abelian Lie algebra R, that is, H® = (1), H! = 0.

On the other hand it has been proved that the basic cohomology H(A/F) of any
foliation equals the De Rham cohomology of its space of leaves M /F as a diffeolog-
ical space ( [18]), hence H(T,) = H(T?/F).

Example 5.8 (Subductions). Let 7: U — X be a subduction. We know that
1. The induced morphism 7*: Q(X) — Q(U) is injective (Theorem [4.7).

~

2. Q(X) = Q(m) is an isomorphism with the complex of 7-horizontal forms

(Corollary [4.8).

Then the first type relative cohomology group is H(X, 7) = 0 because ker 7* = 0.

On the other hand, the second type complex is isomorphic by 7* with the complex
s (M e ) S ot (m e (r) — - (5.4)

with differential
d(w, p) = (dw,w — dp).

Example 5.9 (A subduction map). Let X = T, be the irrational torus of Example
and let 7: R — X be the subduction map for the equivalence relation defining
X. Since 7 is a subduction, the forms in £2(X) are the 7-horizontal forms in M/ = R.

First, the horizontal 0-forms are the constant functions. In fact, let f be a O-form,

that is, a real function. We consider the maps h, h': U = R — R given by
h(t)y=t, HK(t)=t+m+na.
Clearly w o h = 7 o h'. The condition h* f = (h/)* f means f o h = f o I/, that is,
ft)=ft+m+na) Vi
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Since m, n € Z are arbitrary and the set
Ala) ={m+na: m,n € Z}

is dense in R, we obtain that f is a constant function.

Analogously, the m-horizontal 1-forms are w = ¢ dt where ¢ € R is a constant.

Then we can write Q°(7) = (I)r = R and Q'(7) = (dt)g = R, and the
differential d: Q° — Q'isd = 0.

We can now compute the two types of relative cohomology groups for 7.

The first type relative groups are H(X, 7) = 0 because they are the cohomology
of ker m* = (.

For the second type groups H (7) we consider the complex [(5.4)]
s M @02 Y1) @ Q0(r) I 0 QN (r) = -
with differential

do(c,0) = (0,¢), di(adt,b) = (0,adt).

Then
HO(X,7) = kerdy = 0

and
HY(X,7) = kerd;/imdy = 0.
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Chapter 6

Cohomology and generating families

6.1 Introduction

This chapter is devoted to cohomological properties of generating families. This is
again an indication that generating families play the role of open coverings in the
diffeological setting, as we pointed out in [32].

The results of this chapter were published in our paper [|33]].

Definition 6.1 ( [20, Art. 1.66]). A collection F = {(ax,Ux)}rea of plots is a
generating family of the diffeology D if any plot of D locally factors through some
element of the family F.

Lemma 6.2. If {(a1,U1),...,(an,Uy)} is a generating family of the diffeology D

on X, then the universal map
a=arx xap: U=U % xU, = X

is a subduction.

Proof. Let v: W — X be a plot on X, and let p € W. Then, by definition of
generating family, there is a neighbourhood W), and a smooth change of coordinates
h: Wy — Uy, for some k € {1,...,n}, such that v = a; o h on W,,. Then vy,
factors through the plot « o C o i: U — U. O
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Theorem 6.3. Let (X, D) be a diffeological space. A family F = {«a;: U; — X}
of plots is a generating family for D if and only if there is a diffeomorphism o =
apx--kxay: U = Upx--- x U, — X commuting with the maps «; and the natural

maps j;: Uy = U, that is, o o j; = «; for all i.

Proof. Let F be a generating family. The map « is surjective because generating
families include all constant plots.

It is injective because a([u;]) = a([u;]) means that either u; = u; or u; € Uj,
uj € Uj and a;(u;) = oj(u; ), thatis, [u;] = [u;]. Then, o is bijective and Corollary
[I.20]applies. Hence, « is a diffeomorphism.

The converse statement follows from Lemmal[6.2] ]

Example 6.4. Let X be the disjoint union of a line X; = R and a point Xy = {0},
endowed with the diffeology generated by the constant plot ag: R? — X, ag(0) =
0, and the identity plot a1: R!' — X7 C X, a1(t) = t, respectively. Clearly,
X 2UyxUp =UyUUs.

Example 6.5. Let X be the set
X = {(z,y) € R?: 2y = 0}.
We consider the diffeology on X generated by the two plots

Qq: UIZR%Xa Oél(t):(t,(]),
a9 UQZR%X, Oéz(t):(o,t).

Then, X = Uy * Us.
As we pointed out in [32]], this is not the cross diffeology on X induced by the
manifold diffeology of R2.

Example 6.6. The manifold diffeology on a manifold M is the join of any atlas.
More precisely, let {a; C R™: U; — M} be an atlas on the manifold M™. Then

Uai(Ui) =M = xU;,
i
where the open subsets U; = «(U;) C M are glued by inclusions.
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Theorem 6.7. If oy, ..., o, is a generating family of D, then
H(X, a%- - -xay) =0.

Proof. Let [w] € H"(X, a1 *---*xa,) be a relative cohomology class, that is, w €
Q7 (X) is a differential form such that dxw = 0 and (aq*- - -*a,)*w = 0. We need
to prove that w = 0, that is, w, = 0 for any plot (W, ~) on X. Since W C R" is an
Euclidean domain, we can proceed locally. Let p € W. By definition of generating
family, there is a neighbourhood W), C W such that v factors though some oy,
1 <k < n,say

’Y|Wp = Qo h7

for some C*>°-map h: W), — U}, (see Diagram[(6.1))

Uy~ Uy u---0U,

6.1)

So, in a neighbourhood of p € W, we have
v = (ag*--*kay) oC o

hence

wy =7'w = (Coig) (ar* - *xap)'w=0. O

Remark 6.8. The two latter results easily extend to any infinite generating family.

We show in the next results how the cohomology of X is determined by any

generating family.

Lemma 6.9. Let {(ax, Uy)} xen be a generating family of plots for the diffeological
space X. If w € QX)) is a form such that ofw = 0 for all X € A, then w = 0.
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Proof. Any plot v: W — X locally factors through some «, say v = «a; o h for
some change of coordinates h: W — U,. Then, locally,

wy =7'w=h"a\w=hr"0=0 1

Proposition 6.10. Ler {(ay,Uy)}ren be a generating familiy of the diffeological
space X. Let P be the pullback of those plots, with projections py: P — Uy as in
Diagram If 65 € Q(U,) are differential forms of the same degree r, such that
pXOx = p},0, for all A\, € A, then there is an unique form 0 € Q(X) such that
a0 = 0y forany X € A.

In other words, any form w in X is completely determined by the pull-backs o\ w.

Proof. The form 6 will be defined by giving its value ¢, for any plot v: W — X.
Let p € W, then y locally factors through some a: Uy — X, say vy, = ax 0 hy
for some h): W), — U,. Then we define 6, = h30) on W,

To prove that it is well defined, assume that there are A, u € A such that
axohx =vw, = auo hy.

Then there exists F': W, — P, such that p’)\ oF = h) and p’# ol = hy, where Py,
is the pull-back of vy and cv,. By Lemma [2.5|there exists F,: P — Py, such that
pr =ph o Fy,and p, = plb o F,. By hypothesis, we have p30, = pj;,0,,, hence

F:,u(p,)\)*e/\ = F)Tu<piﬁ)*0#

But F), is a subduction map, so the induced morphism F;f# is injective, by Theorem
That means that (py)*0x = (p},)*0,, so

h30x = (p o F)"0x = F*(p))"0x
:F*(p:L)*e/i = (p;L o F)*Q# = h;ie,u ]

Corollary 6.11. For the disjoint union U UV, a form 0 € Q(U U V') is completely
determined by giving the forms if;0 € Q(U) and iy,0 € Q(V).
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Proof. The pullback of iy and iy is P = (). O

Lemma 6.12. Let {(ay,Ux)}ren be a generating family of plots for the diffeology
D on X. Denote U = x\cpUy and o = syepay: U — X. If h,h': W — U are
plots such that « o h = ao I/, then h = h/.

As a consequence, every form in U is a-horizontal, that is, Q(a) = Q(U).

Proof. Letw € W. If, h(w) = [uy] for some A € A, then (o h)(w) = ay(uy).
Analogously, (o o h')(w) = o, (u,) for some p. By hypothesis, uy ~ uy, that is,
[ur] = [uy], hence h(w) = h'(w). O

Proposition 6.13. Let G: A — B be a subduction. If {«; }ic 7 is a generating family
for the diffeology in A then {G o «;}ic 7 is a generating family for the diffeology in
B.

Proof. Let 3: W — Bbeaplotin B, if p € W there exist v: W, — A such that
G oy = B. But since {«; };c 7 generates the diffeology in A, there exist +': W;’) —
U; where W, C Wp C W for some plot («;,Uj) such that v = «; o+, then
B=Goy=Gajon onW,.

This proves that {G o a; };c 7 is a generating family. O

Corollary 6.14. Let ULV be the disjoint union of the domains o: U — X, B: V —
X of two plots, then iy : U — U UV, iy : U — U UV are a generating family. Let
G: UUV — U %V be the quotient map, then Jy: U - U xV, Jy: V - U=xV
are generating families (with Jy = G o iy, Jy = G o iy).

Letay: Uy — X, az: Uy — X be a generating family for diffeological space
on X, If w € Q"(X) is a differential form on X, We have the forms ajw € Q" (Uy),
asw € " (Us), they verify that the restriction to the Pull-back in the same:

pi(ajw) = (a1p1)*w = (agp2)’w = p3(asw).

Proposition 6.15. let oy, g be a generating family on X, Let wy € Q"(Uy), we €
Q"(Uz) are two r-forms such that pjwi = piwo on the Pull-back P, Then exists an

unique form w € Q" (X) such that vy = ojw and wy = abw.
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Proof. In order to define w € €Q(x), we need to define v*w = w, for any plot
v: W — X. Assume that p € W, and let ~y factors through «, that is, there exists
7 : Wy — Uy with v = a17y; on Wp,. Then we define w, = 7fajw = yjws.

We need to prove that this form is well defined:

Assume thaty factors through «; and ao, then there exists w;,’ such that v =
a1y1 = QY2 on W; . By definition of pull-back, there exists F': WI’,’ — Uj such
that p1 F' = 71, po ' = 72, then 7wy = F*(pjw1) = F*(pjwz) = vsw1.

Finally, we check that we have defined two forms:

If h: W' — W is a change of coordinates in WI’) (by community) h, factors
through the same «; thaty, hence wy,y = (a;h)*w; = h*(ofw;) = h*w,. O

Corollary 6.16. For the disjoint union , the pull-back of the plots iy: U — U UV,
iv: U — UUV is the empty set, then QU UV) = Q(U) @ QUV). That is, a form
on U UV is an arbitrary pair of forms wy € Q(U),wy € Q(V).

By applying Corollary 4.8/ and Theorem[6.2] we have

Theorem 6.17. If {(a1,U1), ..., (an,Up)} is a generating family of the diffeology
D on X, then
H(X,D) 2 H(Uy * - + Uy).

Clearly this result and the next one extend to the infinite case.
The following result is the second version of Theorem [6.7]

Corollary 6.18. If a1, ..., oy, is a generating family of D, then
H(X, ap%- - xay,) = 0.

Proof. Let & = aq* --- %oy, It follows from Theorem [6.17] and the long exact
sequence [(5.2)] that 0 = kera® = im7*. Also, i* = 0 because ima* = H(a) =
keri*. Hence, H (X, a) = 0. O

Actually we have proved

Theorem 6.19. If 7 is a subduction then H(X, 1) = 0 = H(X, 7).
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~

Proof. We give a direct proof. Since 7*: Q(X) = Q(«) is an isomorphism (Theorem
[.7), we have Q(X, ) = ker 7* = 0, hence H(X, ) = 0.
Denote C" = 2" (X, ) and let

KO = O™ h(w,8) = ((%)716,0).

It holds
doh+hod=idg,

hence id¢ is homotopic to the zero map, that is, H(X,7) = 0. O
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Chapter 7

Mayer-Vietoris Sequence

7.1 Introduction

In the classical De Rham theory, the Mayer-Vietoris sequence is considered the main
basic tool for computing the cohomology groups of a manifold that can be written
as the union of two open subspaces. In diffeological spaces, versions of this Mayer-
Vietoris result have been given. For instance, Iwase and Izumida [26] introduced a
new version of differential forms (cubical differential forms) in order to obtain par-
titions of unity and an exact Mayer-Vietoris sequence. Also, Haraguchi [16] consid-
ered the Mayer-Vietoris sequence for general differential forms and gave sufficient
conditions for the existence of partitions of unity. In [29], Kuribayashi developed
cohomological methods in diffeological spaces and used a Mayer-Vietoris argument
for different cochain complexes.

In all these cases, the classical theory is imitated by considering two open sets of
the so-called D-topology. Those are the sets W C X such that o' (W) is open in U
for any plot a: U — X of the diffeology. However, it is our opinion that introducing
the D-topology fits poorly with the general philosophy of diffeological spaces, where
topology is often irrelevant and differential objects are defined intrinsically: we can
give a space a differentiable structure without first giving it a topology. See [40]] for a
discussion on this issue. In other words, smoothness is a property that is not based on
continuity: for instance, the D-topology is determined by the smooth curves, while
diffeologies are not [6, Theorem 3.7].

There is another notion more intimately linked to the foundations of the theory,

namely that of a generating family (1.5.1). Many diffeologies are constructed by only
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giving a generating family of plots, often much smaller than the whole diffeology.
This mode of construction of diffeologies is very useful because it reduces the study
of a diffeological space to a subset of its plots.

In section we recall Mayer-Vietoris Sequence in a manifold. Section
is devoted to introducing Mayer-Vietoris sequence for finite generating families in
diffeological spaces. In section we will study generalization to a countable gen-
erating family. Section[7.6]is dedicated to an improved Mayer-Vietoris sequence.

Finally, in the last section we will have split Mayer-Vietoris sequences.

The results of this chapter were published in our paper [|32]]

7.2 Mayer-Vietoris Sequence in manifolds

The classical Mayer-Vietoris sequence allows one to compute the cohomology of the
union of two open sets. Suppose M = U UV with U,V open. Then there is a

sequence of inclusions

0
M«UUVEUNY
o1

where U LI V is the disjoint of U and V" and Jy and 0; are the inclusions of U NV in
V and in U respectively. Applying the contravariant functor ¥, we get a sequence

of restrictions of forms
8*
QF(M) - Q(U)  QH (V) == Q*(UNV)
o
where by the restriction of a form to a submanifold we mean its pullback by the
inclusion. By taking the difference of the last two maps, we obtain the Mayer-Vietoris

sequence
0— Q (M) = Q"(U) & Q*(V) = QU NV) =0

Proposition 7.1. Mayer-Vietoris sequence is exact.

Proof. Let w be a formon U N V. Let {py, py } be a partition of unity subordinate
to the open cover {U, V'}.
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Note that pyw is a form on U, that is, to get a differentiable form on an open set we
must multiply by the partition function of the other open set. Since
(pvw) — (—pyw) =w

we see that for a general manifold M, if w € Q(U NV), then (—pyw, pyw) in
Q(U) @ QF(V') maps onto w. O

7.3 Mayer-Vietoris sequence for generating families in dif-
feological spaces
We shall consider a generating family of (X, D) formed by two plots (U, «) and

(V, 8). We want to understand to what extent the cohomology H(X, D) is determined
by these two plots.

7.3.1 Restriction and difference morphisms

Let (P, py, pv) be the pullback defined in Section 2.4 and Proposition 2.1:

P,y

lpU lg (7.1)

U—"> X
We have the sequence of complexes

0— QF(X) DL QFa) @ QF(B) S Qk(P) (7.2)

where we call r a restriction morphism and 0 the difference morphism. They are
defined by

r(w) = (a*w, f*w)
and
6(p,v) = pyp — pyv.

The complexes 2(«) and () of horizontal forms were considered in Section 4.2.
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Lemma 7.2. r and 6 are well defined morphisms of complexes.

Proof. If w € QF(X), and h,h’': V — U are two changes of coordinates such that
aoh =aoh/, then

h*(a*w) = (o h)'w = (W)*(a*w).

Then o*w is a horizontal form. Analogously for 5. This proves that r is well defined.

The morphism r commutes with the differentials, (dy @©dy )or = rodx, because

(dy @ dy)r(w) =(dy @ dv)(a*w, f*w) = (dya*w, dy *w)
=(a*dyw, B*dxw) = r(dx (w)).

That ¢ is well defined follows from the definition of the pull-back of forms (section

3.3). Finally, ¢ is a morphism of complexes because

(dp 0 6)(p,v) =dp(pyu — pyv) = dppyp — dppyv
=pydup — pydvr = 0(dyp, dyv).

This proves dp o § = § o (dy @ dy). O
Theorem 7.3. The sequence[(71.2)|is exact.

Proof. We shall make the proof in several steps.

Step 1. The morphism r is injective.

Let w € QF(X) such that 7(w) = 0. We must show that w, = 0 for any plot
v: W — X. Since {«, 5} is a generating family, for each p € W there exists
a neighborhood W of p such that either 7y, is constant, in which case ~ factors
through co: W — R? = {x} and we have wy = ¢y0 = 0 on W, or there is a change
of coordinates h: W — U with vy = « o h (analogously vy = o B’ for some
h': W — V). Then, on W we have

wy =7"w=(aoh)'w=h"a"w=0.
This proves that w = 0.
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Step 2. imr C ker 6.
We show § or = 0:

Pz’ — Py = (aopu)'w — (Bopy)'w = 0,

because Diagram is commutative.

Step 3. ker§ C imr.

Let (u,v) € QF(a) @ QF(B) such that pj;u = p},v. We need to define a form
w € QF(X) such that a*w = p and B*w = v. For that, we need to define w,, €
QF (W) for any plot (W, ~) on X.

Obviously, for v = a we take w,, = p. If h: W — U is a change of coordinates,
we put weop = h*p. This form does not depend on A due to the definition of hori-
zontal form, that is, if « o h = o b’ then h*pp = (h')*p. Analogously, for v = 3 we
take wg = v, and for a change of coordinates ': W — V' we put wgopy = (R/)*v. It
may happen that o« o h = (3 o I/, for some changes of coordinates h: W — U and
h': W — V. In this case, by the pullback property of Proposition 2.1, there exists a
differentiable map F': W — P such that pyy o F' = h and py o F' = h/. Hence

(WY*v=(py o F)'v=F'pyv=Fpiu=(pyoF)n=nh*n

This proves that the preceding definitions are consistent.

Finally, let v: W — X be an arbitrary plot. For each point p € W there is a
neighbourhood W), such that the restriction of v to W), either is constant, in which
case we define w, = 0 on the neighbourhood W), or vy, = awoh for some h: W), —
U, in which case we define w, = h*wq, or Yw, = B o K, in which case we state Wy
to be (h')*ws on W),

The compatibility condition can be checked easily. This proves that we have a

well defined k-form w on X such that r(w) = (u, v). O

The latter Theorem shows that the complex 2(X) is isomorphic to the subcom-
plex ker § of Q(«) @& Q(B).
Note that we do not prove the surjectiveness of §. This would require the exis-

tence of partitions of unity, a practically impossible objective in such a wide context.
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Example 7.4. In order to emphasize the analogy between a generating family and
an open cover, let us consider X = S', with the usual diffeology as a differentiable
manifold, and the open subsets U = S\ {NP} and V = S'\ {SP}, where NP
(SP) stands for “North pole” (respectively “South pole”). Accordingly to Example
since X = U UV, the inclusions o = ¢y: U < X and § = iy < X form a
generating family. Since those plots are injective, the horizontal forms are Q(«) =
Q(U) and Q(B) = Q(V). Finally, the pull-back of iy and 4y is the intersection

U N V. Hence, one recovers the usual Mayer-Vietoris sequence.

7.4 An Example

We shall compute the De Rham cohomology of the following Example as an appli-
cation of our Theorem [7.3]

Let X be the set obtained as the union of the two coordinate axis in R2, that is,
X = {(z,y) € R?: 2y = 0}.

We take on X the diffeology D generated by the two axis inclusions, that is, by the
plots
a:U=R—-X, afs)=s0),
and
B:V=R—=X, B(t)=(0,1).
The pullback of these two plots is P = {(0,0)}, because «(s) = £(t) if and only if
s =1t=0.Then Q°(P) = R and Q¥ (P) =0 for k > 1.
Remark 7.5. Notice that this diffeology D is strictly smaller than the subspace diffe-
ology D’ of X as a subset of R2. In fact, the 1-plot a: R — X C R? given by the
C* map
(et 0) ift <0,
a(t) = 4 (0,0) ift =0,
(0,1t ift >0,
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7.4 An Example

does not belong to the diffeology, by Theorem 1.9. Hence the computation of the
1-differential forms for (X, D’) (the so-called cross) in [24] does not apply here.

We compute the horizontal forms for D: since p;a = idp, for the first projection
p1: R? = R, the condition « o h = aco b/ for h,h': W — U = R means in fact
h = h'. Hence Q(«) = Q(U). Analogously Q(3) = Q(V).

Now, we know that Q%(X) = imr = ker§ C QF(a) © QF(B). For k > 2 that
means QF(X) = 0. For k = 0 we have that (F,G) € Q°(R) @ Q°(R) is a pair
of functions ), G: R — R, and being in the kernel of 4 means F'(0) = G(0). For
k = 1, we have a pair of 1-forms (u,v) € QY(R) @ Q'(R), say p = f(t)dt and
v = g(t)dt. The pair of functions (f,g) is arbitrary because p;;u = 0 = pj,v in
QLpP)=o.

We consider the resulting De Rham complex of X, say,
0- X)L Q(X) =0
which can be written as
0 = C®(R) @ C°(R) & C®(R) & C®(R) — 0 — - --

where

d(F,G) = (F',G").

The kernel of d is a pair of constant functions, which must be equal by the condition
F(0) = G(0), hence

H°(X,D) =R.

We compute the image of d. Since any f € C*°(R) is the derivative of some F,
unique up to a constant, we can always write f = dF', g = dG and we can assume
that F'(0) = G(0), by taking G — G(0) + F'(0). Hence d is surjective and

H'(X,D) = 0.
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7.5 Generalization to a countable generating family

Instead of a generating family with only two plots, we shall now consider an ordered
countable generating family {av, ..., ay, ...} of plots a;: U; — X. Of course the

family may be finite.

7.5.1 Generalized Mayer-Vietoris sequence

We shall follow as closely as possible the notations in Bott-Tu’s book [4] Definition
8.2] for the classical generalized Mayer-Vietoris sequence. Denote the finite limit
L(aq,...,an) by Ly, .. o, In particular, L,, = U;, the domain of «;.

Then we have a sequence of differentiable maps

9]
— — o 5
_ o) > 1
[ |—| . Lo‘ilo‘izo‘i:a —2 |—| Lo‘ilo‘iz Os |—| Lal X
11<12<13 33 11<12 — Qa1

where 0y, is the map which “ignores” «;, . For example, 01 : La;asa; — Lagas 1S the
arrow given by the universal property of the limit L,,o, With respect to the arrows
Loasas — Us, fori =2, 3.

This sequence of maps induces a sequence of restriction morphisms between hor-

izontal forms

5 o, 2 _
1
Q(X) — @Q(al) 5 @ Q(O‘ilaaiz) g @ Q(O‘ilaaiwais) :;
a1 i} 11 <ig 53 11 <i9<13 .
=

Clearly the morphisms are well defined. Now we define a “difference morphism”

J: @Q(ail,...,ain) — @Q(Oxip.--,ainH)

whose components are the alternating sum

n+1 A
(5("))041...(1” = Z(_]‘)Z+1wal...ozi...ocn+17

i=1
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where we have suppressed the restriction operator on the right side. The hat denotes
omission, as usual.

It is not hard to check that § o 6 = 0. Moreover we have the following general-
ization of Theorem [7.3]

Theorem 7.6. The sequence

QX) S B S P Uiy ou) > B oy, iy, aiy) > .

a1 11 <12 11 <12<13
is exact.

We omit the proof since it is completely analogous to the case n = 2.

7.6 Improved Mayer-Vietoris sequence

In order to obtain new results in we can replace Q(P) with Q(px). In this

Section, we will construct a Mayer-Vietoris sequence
0 — Qaxpf) L Q) @ Q(B) 5 Qpx) (7.3)
where Q(px) C Q(P) is the space of px-horizontal forms, for

px =aopy =Popy: P> X

(see Diagram[(7.4))
P
2N
U—0UuUV +—V
ZU\ lc ZV (1.4)
UxV
&\‘ la 8

X
The morphisms J, IT in[(7.3) are defined as

J(p) = (agp, Byp), I(0,7) = pp0 — pyr.
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Proposition 7.7. The sequence|(7.3)|is well defined and it is exact.

Proof. Step 1: The morphism J is well defined: If p is (a* 3)-horizontal then (C o
irr)*p is a-horizontal, as follows from Lemma[4.3] Analogously, (C o iy)*p is -

horizontal.
Step 2. That the morphism /7 is well defined follows again from Lemma[§4.3]

Step 3. It is an exercise to check that J and /I are morphisms of complexes (i.e.

they commute with the differentials).

Step 4. That J is injective follows from Lemma because {C o i;,C o iy} is
a generating family of plots for U« V.

Step 5. im J C ker I] because I o J = 0; on the other side, ker II C im J
because given (0, 7) € () ®(3) such that p};0 = pj, 7, there exists p € Q(UxV)
such that of;p = 6 and 3, p = 7, by Lemma Here we are using that {C oir7,Co

iy } is a generating family for U V. Moreover, the form p is (v 3)-horizontal. [

7.7 Split Mayer-Vietoris sequence

The formulae in this Section are inspired in those of Macias-Virgés in [31]. In the

previous section we constructed a Mayer-Vietoris sequence
0 — QO (axB) L Q" (a) @ (B) D Q" (px) (1.5)
where Q(px) C Q(P) is the space of px-horizontal forms, for
px =aopy =Popy: P— X,

and
J(p) = (agrp, Byp), 11(0,0") = pir6 — pi.b'.
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(see Diagram|(7.6))

i

NG
o lows

In general, the morphism I7 will not be surjective.

Definition 7.8. When 7 is surjective , we will say that the pair («

In this case we can take a (vector space) linear section S,
S: Q" (px) — Q" () & Q" (B)

where IT o S = id.

(7.6)

,B) is "SPLIT".

In general the section S is not a morphism of complexes. Hence we consider

A =dS — 54,

O (a) ® O (B) 22— O (px)

dl / ld

Qr—i-l(a) o) Qr—l—l Qr—i—l(px)

which is a morphism of complexes (up to sign)
A O (px) = @ a) @ QTH(B)

because

dA = d(dS — Sd) = d% — dSd = —dSd

Ad = (dS — Sd)d = dSd — Sd? = dSd.

(7.7)
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Then it passes to cohomology. But notice that ITA = 0 because
II(dS — Sd) =IIdS — IISd =dlIS—d=d—-d=0

since I1S = id, hence imA C Q" (a x ).

So it is more appropriate to write
JA =dS — Sd. (7.8)

Proposition 7.9. If I1 is surjective, we have a long Mayer-Vietoris exact sequence in

cohomology,

. — H'(ax B8) — H'(a) @ H"(B) — H"(px) 25 H (a % B) — -+
(7.9)

where the connecting morphism is A*.

Example 7.10. In a finite dimensional manifold M with the natural diffeology, the
Mayer-Vietoris sequences for the inclusions of two open sets U C M and V C M

are split. See proposiition

Example 7.11. In [26]], Iwase and Izumida considered a nice covering of a diffeo-
logical space as a pair U, V' of open subsets of the D-topology for which there exists
a partition of unity py, pv ( [26, Definition 2.1]). Then the corresponding Mayer-
Vietoris sequence is split ( [26l Definition 2.1])
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Chapter 8

Cup product in relative cohomology

8.1 Introduction
In section [8.2] we introduce a relative cup product
H(X,a) ® H¥ (X, 3) = H (X, a * )

by considering two arbitrary plots («, U), (3, V) of the diffeology.

Also, in this chapter we define a relative cup product
H(X,a) @ H (X, B) = H (X, a*j)

and we check that it verifies the usual properties.

8.2 Relative cup product

We can define a structure of algebra in the De Rham complex *(X) = &,>0Q"(X)

by means of the exterior product of forms. Since the exterior derivation d verifies
dlwAp)=(dw)ANp+ (—1)"wA (du), weN(X), peQ(X).

the exterior product induces a structure of algebra in the De Rham cohomology
H (X, D). The morphism

o: H'(X)®@ H¥(X) — H™$(X),
W]~ [u] = [w A pl.
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is usually called the absolute cup product.

Our aim is to define a relative cup product
w: H'(X,a) @ H¥ (X, 3) = H (X, axpB),
where (o, U), (8, V) are plots and (a3, U= V) is the join.

Definition 8.1. The relative cup product is defined as

[w] ~ (1] = [w A pl.
Proposition 8.2. The relative cup product is well defined.

Proof. We have differential forms w € Q" (X) with dyw = 0 and a*w = 0, analo-
gously € Q°%(X), withdxpu = 0and S*u = 0.
Clearly w A p € Q"5(X) anddx(w A p) =0
Denote
pr=(axf) (wAp) € QU=V).

It only remains to show that p = 0.

Let v: W — UxV be aplotin UxV. We have to show that (p,), = 0, for
any p € W. By definition of subduction diffeology, there is some neighbourhood
Wy C W such that vy, factors through U UV, say

Yw, =Co7y

where C: UUV — UxVandy: W, = UUV.
Assume for instance that (p) € U. Then, by definition of coproduct diffeology,
there is some neigbourhood WZQ C W, such that «y factors through U, that is (see

Diagram [(2.4)),

YWy =Coiyoy,
for some map y: W, — U.
Then in a neighbourhood Wé of p € W we have

(axf) oy = (axf)oCoiyoy=acy,
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hence
py =7"p=7"(axB) (wAp) = ((axB) 0y)"(w A pu)
= (o) (wAp)=@)a*(wAp) =0,

because o (w A p) = a*w A a*p and a*w = 0.

The proof is analogous when 5(p) € V. O

8.3 Cup product

If the Mayer-Vietoris sequence is split in Chapter|[7] then we have the map
K=id-SII: Q" (a)®Q"(B) = Q(a) Q" (P)
with
HK=IO-1ISII=1-1I=0
because /1.5 = id. Hence
K: Q(a)®Q"(B) = Q" (ax*f).
Then it is more appropriate to write
JK =id — SIIL 8.1)
Moreover
KJ=(Gid-SIIJ=J—-SI1J = J.
Finally K is not a morphism of complexes, in fact
dK — Kd=-All
because
dK — Kd =d(id — SIT) — (id — SII)d
=d —-dSII —d+ SIId
=(—dS+ Sd)I1
=—All
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Definition 8.3. We define a relative cup product,
w H(X,a) @ HY (X, B) = H'H(X, o % B),
for differentiable maps a: U — X and 3: V — X, as
[(w,0)] = [w',6)] = [(w A &', 8], (8.2)

where
E=KON, (-1)“BwAl)+ (—1D)“A(pg;0 A p*VG’).

In what follows we will verify that this product is well defined.

Proposition 8.4. The product in is well defined.

Proof. First, d(w A w’) = 0 because
dwAw) =dwAd + (1) wAd,

with dw = 0 and dw’ = 0.
Now we will prove that (a*)*(w A w') = d&.
We have

af(axB)* (wAW) =a*(wAwW) =a*wAa*W =di A a*w =d(0 A a*W’)
and
Bi(akB) (W Aw) = B (wAW) = B'w A B = BwAdl = (~1)“d(B'w A6,
because d3*w = 0 and
d(B*fwAl) = (-1)¥B*w A db.

Hence
J(axB) (wAW) =d(O A’ (-1)B*wAY). (8.3)

Now we compute Jd¢. We have
Jd¢ =dJE =d(JK(O A ™, (-1)“B'wnd))
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+(=1)*dJA(p0 A py o)

=d(@ A ', (-1)YB'wAl)—dSIT(O A, (-1)BwAd)
+(=1)d(dS — Sd)(py,0 A p¢)

=d(0 A a*W, (=1)*B*w A 0) — dS(p[0 A praw — (=1)“py 8w Api o)
—(=1)*dS(dpgr0 A py 0’ + (—1)"pg0 A dpi o)

=d(0 A a*W, (=1)¥B*w A 0') — dS(p[0 A pratw — (=1)“py 8w Api o)
—(=1)%dS(p;;d0 A piy 0’ + (1)’ pir0 A pirdd)

=d(0 A", (1) A 0) = dS(p0 A ppatw’ — (=1)“py Bw A pi0)

—(=1)“dS(pfra*w A p} 0 + (—=1)°pf0 A pi ).

Now, since o o pyy = px = B o py, itis pj;a* = py, 3%, so we have
Jdé =d(O Aot (-1)YB'wnd)

like in Equation [(8.3)] because the term in

PO A ppetw' = pi0 A py B = i A piyde’
has coefficient

(—1) = (-1)*(-1)" = (=1) = (=) ' =0,
while the term

Py B w APy = ppatw A pyd = ppdd Apy e

has coefficient
(1) = (~1)* =0.

Theorem 8.5. The cup product is skew-symmetric, that is
[(@,0)] = [(w, 0)] = (=1)**"[(w,0)] ~ [(,0")]. (8.4)
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Proof. First we will carefully recall the notation we are using. Given two smooth

maps o: U — X and 3: V — X we consider the pullback P of a and 3 and the

map px = apy = Bpy.
See the following diagram:

p-.y

pUl ﬁl (8.5)

U —25 X.

If we consider the pullback P’ of plots 3 and «, there is an obvious isomorphism
¢: P = P’ induced by the flip map

p:UxV =VxU ¢u,v)=(v,u).

Notice that p;; = py o ¢,py, = py o ¢ and p’y = px. The induced isomorphism in
cohomology

¢": Qpx) = Qpx)

sends ¢V @ ¢ into $¢Y @Y. Then, in order to simplify notation, we will consider
that ¢* = id.

Analogously, there is an obvious isomorphism between the joins axf§ = S«
induced by U UV = V U U. Again we shall consider that

Q(axp) =2 Q(B*a)

is the identity, for the sake of simplicity.
Now remember that the pair («, 3) is "SPLIT" if the map I7 in the Mayer-Vietoris

sequence is surjective,
0 — Q(axp) L (@) e (B) L 9 (px) (8.6)
where I1(0,0") = p;;60 — pi,¢’. In this case there is a linear section S,
S: Q" (px) = Q" () ® Q(B)
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where IT o S = id.

Now we have

() & Q(8) —2 O(B) @ 0" (a)

l” ”'l (8.7)
V(px) =———= " (x):
where ¢(6,0’) = (#',0) is the flip morphism. Since
', 0) = Pr¢ — Pif0 = ¢* Py — ¢* Py = —11(0,0),
itis IT'¢p = —II, then the Mayer-Vietoris sequence of (3, «) admits the linear section

S' = 8.

In fact
II's’ = —II'pS = IS = id.

The linear right section .S induces a left section
K: Q" (a)®aQ"(B) = Q" (ax*p)

where JK = id — SII.
Notice that JKJ = J — SIIJ = J, thatis, KJ = id.

Analogously we have
K: QB a9 (a) = Q(Bx*a)
given by J'K’ =id — S’IT'. In fact we have
K' = Ko,

because
¢JK' =id — (—¢S)(—I¢) = id — ¢SII ¢

hence
JK' = ¢ — SIl¢p = (id— Sy = JK¢,
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so K = K¢.
Finally we had defined

A: Q" (px) = U (axp)

by JA =dS — Sd.
Analogously,
A (pl) = QT (a) @ 27H(B)

by J'A" = d'S" — S’d where d’ = ¢d¢. Notice that the differential of Q(p'y ) is that
of Q(px). See the following diagram:

() & Q" (8) —2— Q"(8) @ 2"(a)

dl d'l (8.8)

() @ QB —2s HL(B) @ QT (a).
Hence A’ = —A because

pJA =J'N =d'S' — §'d = pdd(—6S) — (—pS)d
=¢(—dS + Sd) = —¢(JA)

Now, since
JE=JKO AW, (—1)“B*w A 0")+(=1)“TA(p;;0 A pi o) (8.9)
we have
JE = TK'(0ABw, (=) a*w AO)+(=1) T A (p0' A pi6)
SO

$JE =pTK G0 A B*w, (1) a*w’ AO)+(=1)" 6] (—A)(pi0' A pii0)
=¢JK((—1)” o/ N 0,0 A Bw)—(=1)*" 9T (A) (030 A pjs0)
—JK((-1)* (=)™ Ao, (-1)7“B* 0w A0
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—(=1¥0TA((=1)" 0 A pi0')

So composing with (—1)““ ¢ we have

(—1)% T8 =K (1) (~1) (=10 Ao’ (1) (~1)"“ 5w 1 0')

which equals J¢ in Equation after checking the signs:

cww +W Wl =w(w+1l4+w—1)=2ww
hence

(D)= (=¥ (1) = 1.

cww +lw=ww+uw —1)=2ww —w
hence
(—1)= (=17 = (—1)~.

cltwh ++00 =14w +w+(w—1)(w —-1) =2+ 2w —w

hence

/ /

(D=1 (=1 ()" = (-1)~.
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Hipoéteses

Os espazos difeoldxicos son unha xeneralizacién das variedades diferenciabeis. Es-
encialmente, unha difeoloxia sobre un conxunto X indica para cada nimero enteiro
m > 0 e cada subconxunto aberto U C R™ qué aplicacions de U en X considéranse
diferenciabeis. Estas aplicaciéns chdmanse plots e estdn suxeitas a tres axiomas:
cobertura, localidade e compatibilidade. Unha aplicacion diferenciable entre espa-
zos difeoldxicos € calquera aplicacion que envia plots en plots.

Este enfoque demostra ser ttil en varios escenarios que implican obxectos que
raramente son variedades (de dimension finita). Por exemplo, o espazo de aplicaciéns
diferenciabeiss entre ddas variedades ou os cocientes de variedades, como o espazo
das follas dunha foliacion [35]].

En particular, as variedades de Fréchet forman unha subcategoria completa da
categoria Diff de espazos difeoléxicos [30]. Isto inclde as variedades de Banach (€
decir, espazos modelados por espazos de Banach) [15]. As variedades con borde
tamén se poden ver como espazos difeoldxicos [[14f]. Finalmente, as orbifolds (é
decir, espazos modelados localmente en cocientes de subconxuntos abertos de R"

pola accién dun grupo finito ) son espazos difeoldxicos [[25].

Outra vantaxe da definicién dunha difeoloxia nun conxunto X € ser esencial-
mente categdrica, xa que se d4 como un prefeixe na categoria cuxos obxectos son

os subconxuntos abertos de espazos euclidianos e cuxas flechas son as aplicacidns
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diferenciabeis usuais. Este marco facilita construcidns naturais contravariantes que
adoitan ser menos complexas que aquelas dentro do ambito das variedades. De feito,
a categoria Diff é pechada baixo limites e colimites [2]. Por exemplo, cada sub-
conxunto dun espazo difeol6xico herda a estrutura difeoloxica coas boas propiedades

dunha variedade regularmente inmersa.

Obxectivos

Os espazos difeoldxicos foron introducidos arredor de 1979 polo fisico e matematico
francés Jean-Marie Souriau (1922-2012), nun intento de formalizar a mecanica cuan-
tica e a cuantizacién xeométrica [38]]. Foron desefiados para tratar con facilidade
grupos infinito-dimensionais de difeomorfismos en xeometria simpléctica [21]]. Es-
tan construidos sobre o modelo dos espazos diferenciabeis de Kuo-Tsai Chen [3]],
para os que a estrutura definese sobre subconxuntos euclidianos convexos en lugar
de dominios euclidianos abertos. Pero esta tltima configuracién fai que a difeoloxia
sexa madis adecuada para estender os resultados cldsicos da xeometria diferencial. A
definicién formal dun espazo difeoldxico, sen referirse 4 teoria de grupos, débese aos
discipulos de Souriau Paul Donato e Patrick Iglesias-Zemmour [8]]. A principal ref-
erencia desta teoria é agora o libro de Iglesias [20]]. Unha introducién rapida s ideas

principais de difeoloxia dase en [21]].

Comentemos a relacién entré difeoloxia e topoloxia. Ao contrario de moitas
construcions en xeometria diferencial, unha difeoloxia definese nun conxunto sen
ningunha estructura preexistente, nen topoloxia nen outra cousa. Unha vez dada a
difeoloxia en X, pédese definir unha topoloxia natural, a chamada topoloxia D: o
subconxunto A C X e D-aberto se P~!(A) é un conxunto aberto (habitual) no
dominio U C R" de calquer plot P: U — X da difeoloxia. Noutras palabras, a
topoloxia D € a mais grande topoloxia en X que fai continuos todos os plots.

Ainda que a topoloxia D facilita a introducion de varios conceptos topoléxicos e
homotdpicos no contexto dod espazos difeoléxicos (como os grupos de homotopia).

abstivémonos de empregala. A nosa crenza € que perturba a natureza contravariante
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intrinseca do noso marco. Ademdis, a difeoloxia de subespazo € incompatible coa D-
topoloxia. Tamén, esta topoloxia estd determinada sé polas curvas suaves, de xeito

que moitas difeoloxias diferentes inducen a mesma topoloxia [2].

Hoxe, a difeoloxia abrangue moitos campos tradicionais en xeometria e topoloxia,
como teoria de homotopia superior, febrados, calculo de Cartan-de Rham, aplicacién
momento e xeometria simpléctica.

Nesta tese interésanos principalmente o cdlculo de Cartan sobre os espazos dife-
oléxicos, e mais concretamente a cohomoloxia de De Rham. Como veremos, o cal-
culo diferencial é un dos dominios mdis desenvolvidos da difeoloxia. Os espazos de
Chen foran introducidos tendo en conta a homoloxia, e por iso el escolleu os subconx-
untos convexos como dominios dos plots. En fin, a propia definicién de difeoloxia
leva naturalmente a definir obxectos contravariantes como formas diferenciais.

Esencialmente, unha forma diferencial w no espazo difeoléxico X definese dando
os seus pull-backs wp = P*w para todos os plots P: U — X, sometidos a unha
condicién de compatibilidade. E dicir, damos unha coleccién compatible de for-
mas diferenciais habituais en dominios euclidianos. Un feito importante € que se
poden identificar as O-formas en X coas funciéns diferenciabeis X — R. As dudas
operacions principais sobre as formas diferenciais en espazos difeol6xicos son o pull-
back (f*w)p = wy.p paraunha aplicacién diferenciable f: Y — X, e a derivada ex-
terior (dw)p = dwp. Asi, temos un complexo de De Rham (©2(X), d), condod = 0,

cuxa cohomoloxia denétase H(X).

Metodoloxia

Nesta tese seguimos o método usual para facer Matematicas. Primeiro, conxec-
turamos que € interesante abordar o estudo da cohomoloxia de De Rham no marco
dos espazos difeoldxicos, en paralelo ao que se fai para as variedades diferenciabeis
de dimensidn finita ou para os espazos de follas dunha foliacién. Despois estudamos
os antecedentes relevantes que existan na literatura. Finalmente desenrolamos re-

sultados que foron publicados en ddas revistas de prestixio, como son Indagationes
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Mathematicae e MDPI Mathematics. Un terceiro artigo depositado en arXiv estd
pendente de publicacidn.

Finalmente elaboramos esta memoria que contén os resultados citados madis un
extenso traballo de explicar a teoria e os resultados preliminares, asi como algunhas

cuestions abertas.

Introducion

A cohomoloxia de De Rham en espazos difeoldxicos ten varias aplicacions intere-
santes. Por exemplo, Iglesias estendeu a nocién de formalismo simpléctico e apli-
caciéns de momentos 4 difeoloxia en [23]]. Foi Souriau quen introduciu por primeira
vez a nocién dunha aplicacién de momentos no marco cldsico. Ademais, compro-
bouse que a cohomoloxia do espazo de follas dunha foliacién € igual 4 chamada

cohomoloxia basica, unha ferramenta moi cofiecida na teoria da foliacions [[18]].

Repasamos agora varios traballos recentes neste campo. Primeiro temos dous ar-
tigos onde a nocidn de forma diferencial nun espazo difeoléxico aplicase a variedades
con bozde e esquinas [11]] e a espazos estratificados [12}/13]].

Unha cuestién importante no Calculo de Cartan é a sucesién de Mayer- Vietoris.
Non obstante, na configuracién de espazos difeoldxicos atopamos unha dificultade
para obter particiéns da unidade e, polo tanto, a sucesién de Mayer-Vietoris non é
exacta en xeral. Este problema xa foi estudado en [26,27]] ao tentar obter un teorema
de De Rham (€ dicir isomorfismo entre a cohomoloxia de De Rham e a cohomoloxia
singular do espazo D-topoldxico subxacente). Neses traballos introdicese unha no-
cién de particién da unidade e algin tipo de recubremento aberto adecuado para a
topoloxia D. Estas nociéns tamén foron dadas en [[16]]. Ainda con estas ferramentas,
os autores necesitan unha nocién diferente de forma diferencial, para a obtencién da
chamada cohomoloxia ciibica de De Rham.

En [28]], Kuribayashi compara o complexo de De Rham con outro complexo sin-
gular de Rham que pode ser considerado como unha variante difeoldxica das formas

simpliciais polinémicas de Sullivan para un espazo topoloxico [29]]. Finalmente, o
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complexo de cocadeas do conxunto de aplicaciéns C* do n-simplex estandar en X
definido por G. Hector considérase en [|19].

O artigo de Haraguchi [16] mostra que as sucesions exactas longas de Mayer-
Vietoris existen para a cohomoloxia de De Rham con soporte compacto de espazos
subcartesianos difeoléxicos (€ dicir, un espazo difeoléxico localmente difeomorfo a
algtin subespazo difeol6xico dun espazo euclidiano), se se pode atopar unha particién
subordinada da unidade.

Iglesias propuxo un bicomplexo de Cech-De Rham en cohomoloxia [22] que esté
conectado coa cohomoloxia de De Rham, a través dun dobre complexo.

Recentemente, Minichiello [34] obtivo novas sucesions exactas en todos 0s graos
superiores para a cohomoloxia Cech-De Rahm mediante o uso de pull-backs ho-
motépicos. A cohomoloxia difeoléxica de Cech foi introducida por Alireza Ahmadi
en [1].

Abordaremos estes problemas dun xeito moi diferente [32]. Primeiro substi-
tuiremos a nocién de recubremento aberto pola de familia xeradora, que é moito
mdis intrinseca que a topoloxia D. Ademdis, utilizaremos sistematicamente nocions
categdricas como pullback, push-out e join para obter a sucesién de Mayer-Vietoris.
De ai que os nosos resultados non dependan da topoloxia D.

A nosa principal contribucién serd definir ddas versions diferentes dunha coho-
moloxia relativa de De Rham. A primeira estd inspirada na definiciéon de Godbillon
da cohomoloxia de De Rham dun par formado por unha variedade M e unha subvar-
iedade i: N — M [10]; é a cohomoloxia do complexo ker ¢* de formas diferenciais
sobre M que son nulas en N. O principal problema con esta cohomoloxia é que
non hai unha sucesion exacta longa do par (M, N), debido 4 falta de particiéns da
unidade. Por iso as formas diferenciais en [V non se poden estender a toda a variedade
ambiental M.

A segunda versién € unha xeneralizacién da cohomoloxia dun par definida por
Bott-Tu [4]). Para iso introducimos a nocién de formas f-horizontais para unha apli-
cacién diferenciable f. Deste xeito podemos desenvolver moitas das propiedades

habituais dos grupos de cohomoloxia relativa, e en particular unha nocién de cup

84



Introducién

producto relativo.
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in an attempt to formalize quantum mechanics and

geometric quantization. This approach has proven useful in
various settings that involve objects which are rarely (finite-
dimensional) manifolds, such as the space of smooth maps
between two manifolds or the space of leaves of a foliation.

In this thesis, we are primarily interested in the Cartan calculus
on diffeological spaces. We clarify the properties of De

Rham cohomology groups, which are typical in the algebraic
topology of manifolds but were less understood in this

context. Additionally, we study several constructions, such as
the Mayer-Vietoris sequence and the relative cup product."



	De Rham Cohomology in Diffeological Spaces
	Abstract
	Hypothesis
	Objectives
	Methodology
	Introduction
	Contents
	Conclusions
	Diffeological Spaces
	Introduction
	Diffeologies and diffeological spaces
	A manifold is a diffeological space
	Comparing Diffeologies
	Generating families
	Pullbacks of diffeologies
	Subspaces and Diffeological Space
	Pushforward of diffeologies
	Subductions
	Quotients by an equivalence relation

	Categorical Constructions
	Introduction
	Initial and final Diffeology
	Product Diffeology and Disjoint Union
	Pullbacks
	Pushouts
	Joins
	Infinite families

	Cartan Calculus
	Introduction
	Differential forms and the exterior differentation
	Differential Forms on Diffeological Spaces
	Pullback of a form
	Exterior Product and exterior derivative
	De Rham Cohomology

	Horizontal Forms
	Introduction
	 Horizontal forms

	Relative cohomology groups 
	Introduction
	A first type relative De Rham complex
	A second type relative De Rham complex
	Relationship between the two type of relative cohomologies
	Examples

	Cohomology and generating families 
	Introduction

	 Mayer-Vietoris Sequence
	Introduction
	 Mayer-Vietoris Sequence in manifolds
	Mayer-Vietoris sequence for generating families in diffeological spaces
	An Example
	Generalization to a countable generating family
	Improved Mayer-Vietoris sequence 
	Split Mayer-Vietoris sequence 

	Cup product in relative cohomology 
	Introduction
	Relative cup product
	Cup product

	Resumo
	Hipóteses
	Obxectivos
	Metodoloxía
	Introdución

	Bibliography
	Publicaciones


