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Analyzing the escape direction of animals subject to covariates is a prob-
lem that requires statistical techniques beyond classical regression methods.
Apart from the periodicity of the angle of direction, which demands the use
of circular statistics, animal escape data usually call for the exploration of the
preferred orientations rather than the expected orientation. In this paper we
propose the use of a nonparametric method to estimate the conditional local
modes of the escape directions of animals from a regression perspective. We
present the estimation algorithms and study the asymptotic properties of the
estimators as well as its finite sample performance through some simulation
experiments. Our proposal is used to model the escape behavior of a group of
larval zebrafish escaping from a robot predator. More broadly, the approach
presented in this paper can be applied to many existing problems related to
animal behavior or other fields.

1. Introduction. There is a broad literature in the biological field dealing with the study
of orientation choices or escape behavior in animals after being startled by a stimulus. Es-
cape responses have been studied both theoretically and through behavioral experiments for
many different animal species (Domenici, Blagburn and Bacon (2011a, 2011b)). Of especial
interest is the investigation of how certain covariates can influence the escape direction (Card
and Dickinson (2008), Marchetti and Scapini (2003), Obleser et al. (2016), Sato, Shidara and
Ogawa (2019), Scapini et al. (2002)). In particular, the motivation of our research is to study
the escape responses of larval zebrafish (Danio rerio) when sensing the visual stimulus of
a chasing predator. Although logic would suggest that the animals should turn immediately
away from predators, this is not always the case, and the study of their escape directions
becomes necessary to understand the behavior of the fish and validate theoretical escape
strategies. In this paper we analyze a data set obtained from Nair et al. (2017a), concerning
an experimental study on the escaping behavior of larval zebrafish, where the situation of a
predator chasing the larvae was simulated.

1.1. Zebrafish larve data. In our case study, a collection of n = 502 larval zebrafish were
kept in an aquarium which disposed of high-quality moving cameras used to collect the data
regarding the movements of the fish. A robot was disguised with the body of a dead adult
zebrafish and was used to imitate a real predator. This robot was kept still in the middle of the
aquarium until the beginning of the experiment. At this point and with the goal of studying
the escape responses of the larval zebrafish when startled by a visual stimulus, the robot was
moved at a constant speed, emulating a real predator. The variable determining the direction
of escape from the robot predator is the variable of interest in our study, and we aim to analyze
how this escape direction changes with the angle from which the fish were approached by the
predator. Thus, we analyze the zebrafish dataset from a regression perspective, where the
angle of approach or direction of stimulus is the predictor variable and the escape direction
is the response variable.
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FIG. 1. Diagrams of the zebrafish experiment, where the gray shape represents the robot predator, the dark
colored larvae represents the initial position of the fish and the light colored larvae represents its position after
the escape response. Own elaboration using the image from Wikimedia Commons (2014). Left: Contralateral
escape. Right: Ipsilateral escape.

Figure 1 contains illustrative diagrams of the experiment showing how the variables of
the study were defined, where the gray shape represents the robot predator, the dark larval
zebrafish represents the original position of the fish and the light colored larvae represents the
direction of the fish after initiating the escape response. The angle of stimulus, �, which is the
angle in which the fish were approached by the robot predator, was measured (anticlockwise)
with respect to the initial orientation of the zebrafish’s body, as indicated in the left panel
of Figure 1. The support of this variable is determined by the animal’s vision field. Values
of the stimulus direction close to −π/4 indicate that the robot approached the fish through
the rostral (near the rostrum or front end) side of the body. On the other hand, stimulus
directions close to π show that the robot approached the fish through the caudal side (near the
tail). Approaching the fish through the rostral or caudal sides (front or tail) conveys that the
robot appeared in the fish’s peripherical vision. The direction of escape was considered as the
response variable, �. This variable was measured (anticlockwise) with respect to the heading
direction of the predator at the moment of the visual contact, as it can be seen in Figure 1. An
escape response in the range (−π,0), such as the one depicted in the left panel of Figure 1,
is considered to be a contralateral escape. On the contrary, an escape direction in the range
(0, π) is known as an ipsilateral escape, since the larvae would be escaping to the same side
where its predator lies, as represented in the right panel of Figure 1. More technical details
about the experiment can be found in Nair et al. (2017b), where the zebrafish dataset was
initially analyzed and the authors tried to model the relationship between the escape direction
and the angle of stimulus through simple linear regression. However, when trying to analyze
this dataset with regular regression methods, we encounter two problems: (i) the periodicity
of the variable determining the direction of escape, which is, by definition, a circular variable
and (ii) the need to estimate the preferred directions (which may not be unique), conditionally
on the stimulus direction, instead of the (conditional) expected or mean direction.

1.2. Circular data. Classical theory on circular data (observations defined on the cir-
cumference of the unit circle) has been around for decades (Fisher (1993b), Jammalamadaka
and SenGupta (2001), Mardia and Jupp (2000)), but its usage in practice has been limited,
maybe due to the lack of accurate records of circular random variables (circular observa-
tions). Advances on technology have made it possible to precisely register this type of data,
increasing the interest of circular statistics in recent years (Ley and Verdebout (2017), Pewsey,
Neuhäuser and Ruxton (2013)) from a more applied perspective. The particular nature of this
kind of observations calls for the need of specific modeling and inferential methods beyond
those tailored for data on the real line.

Three different regression contexts can be considered when dealing with circular variables:
when the response is circular and the predictor is real-valued, when both variables are circu-
lar, as in our zebrafish experiment, and the case where the response is real-valued and the
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FIG. 2. Representations on the cylinder and on the torus of simulated data from regression models with a
real-valued predictor and a circular response (left), a circular predictor and a circular response (middle) and a
circular predictor and a real-valued response (right).

predictor is circular. The regression function can be represented on a horizontal cylinder in
the first scenario, where the height of the cylinder represents the magnitude of the predictor
variable and the angle represents the value of the response; when both variables are circular,
the regression function can be represented on a torus and, in the real-valued response case,
the regression function may be represented on the surface of a vertical oriented cylinder, as
shown in Figure 2. Several proposals for parametric regression models in the three different
contexts can be found in Jammalamadaka and SenGupta (2001). However, parametric models
may not be sufficiently flexible to capture more complex relationships between variables, so
nonparametric methods stand as a useful alternative. Di Marzio, Panzera and Taylor (2009)
use a local-polynomial regression method for circular predictors and a real-valued response
by including periodic kernels. For the cases where the response is a circular variable, Di
Marzio, Panzera and Taylor (2013) propose a kernel-type regression estimator by smoothing
the cosine and sine components of the response.

1.3. Multimodal regression. All the aforementioned parametric and nonparametic meth-
ods consider the conditional mean as the target function to estimate. However, as we stated in
point (ii), the classical approach of regression to the mean might not be suitable in situations
where the conditional density is multimodal. In order to explain why classical mean regres-
sion methods might fail for this type of data, let us present, as a toy example, the classical
periwinkle dataset given in Fisher and Lee (1992), consisting of measurements of distance (in
centimeters) and directions moved by small blue periwinkles after being relocated. The inter-
est lies on studying the influence of the distance (real-valued predictor variable) on the escape
direction (circular response variable). In the top-left panel of Figure 3, we have represented
the data in a horizontal cylinder, where the height of the cylinder represents the magnitude of
the distance. For clarity purposes, the top-right panel in Figure 3 shows a planar representa-
tion of the same dataset. The curve in continuous trace represents a nonparametric estimation
of the regression function, regarded as the expected circular mean direction given the covari-
ate, computed with the method of Di Marzio, Panzera and Taylor (2013) which accounts for
the circular behavior of the response. We can see that, for small distances, this estimation
is located in a region without data, where there seems to exist two different groups or two
different preferred directions. Something similar happens in our case study with the zebrafish
dataset which is represented both on the torus and on the plane in the bottom part of Figure 3.
The nonparametric estimator of Di Marzio, Panzera and Taylor (2013) for the mean regres-
sion curve is also computed for this dataset (continuous trace). It is distinctly observed that
the data presents a multimodal structure, and the conditional circular mean direction fails
to effectively capture this feature. Thus, estimating the conditional local modes, instead of
the conditional mean, would be a more adequate approach in this case, always taking into
account the circular nature of the response variable.
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FIG. 3. Top: Representations on cylinder (left) and on the plane (right) of the periwinke data with the kernel
estimator of the mean regression function (continuous trace) and the proposed multimodal estimator (dotted
trace). Bottom: Representations on the torus (left) and on the plane (right) of the zebrafish data with the estimated
regression multifunction (dotted trace) and the estimated mean regression function (continuous trace).

The idea of estimating the local modes of the conditional density in the Euclidean context
was first introduced by Scott (1992), who obtained the conditional modes by computing a
linear blend of the bivariate averaged shifted histogram estimate. Einbeck and Tutz (2006)
proposed using a conditional version of the mean shift algorithm (Cheng (1995), Comaniciu
and Meer (2002), Fukunaga and Hostetler (1975)) to estimate the regression multifunction
based on a kernel-type conditional density estimator. The theoretical properties of this ap-
proach were studied by Chen et al. (2016) and extended to measurement error problems by
Zhou and Huang (2016). A recent review of multimodal regression for Euclidean variables
can be found in Chen (2018). The mean shift algorithm was extended to directional variables
by Oba, Kato and Ishii (2005) in the context of nonparametric modal clustering, and it was
also studied by Kobayashi and Otsu (2010) in the same setting. The convergence of the algo-
rithm and some other theoretical results were recently obtained by Zhang and Chen (2021a),
and the extension to directional product spaces was studied by Zhang and Chen (2021b).
However, modal regression for circular variables, where the circular nature may characterize
the response, the covariate or both, has not been addressed in the literature.

1.4. Outline of the paper. The goal of this manuscript is to introduce statistical tools to
analyze the zebrafish dataset by taking into account the multimodal structure of the data. In
addition, the methodology proposed in this work allows to estimate modal trends in regres-
sion contexts not only when both variables are circular as in the zebrafish experiment but
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also when one of the variables (covariate or response) is real-valued. The potential of our
approach is highlighted in Figure 3, where nonparametric multimodal regression estimators
are represented both for the periwinkle example and for the zebrafish dataset. Clearly, the
new approach allows to identify different trends in the data which are not captured by more
classical circular regression methods.

The organization of the manuscript is as follows: Section 2 presents the regression scenar-
ios and details the algorithms that allow to estimate the circular regression multifunctions.
Section 3 deals with the error measurement in the circular multimodal regression context,
while the problem of bandwidth selection is discussed in Section 4. The finite sample perfor-
mance of the estimators is studied in Section 5 through simulation experiments, and Section 6
contains a more complete analysis of the zebrafish data with the proposed methodology. Some
final comments are given in Section 7.

2. On the use of mean shift for circular modal regression. Nonparametric multimodal
regression aims for estimating the conditional density of a response over a covariate with a
flexible nonparametric estimator and, afterward, compute the conditional local modes with
the so-called mean shift algorithm (Cheng (1995), Comaniciu and Meer (2002), Fukunaga
and Hostetler (1975)). In this section we will detail the algorithms designed for estimating
the multimodal regression multifunctions in the different contexts involving circular variables
depicted in Figure 2. Although we aim to use this methodology to study the zebrafish escape
behavior (and, more generally, to animal escape problems with a circular response variable),
we start by contemplating the case of a real-valued response and a circular predictor, since
the methodology in this case is closer to the real-valued scenario (Chen et al. (2016), Einbeck
and Tutz (2006)) and is a good starting point for understanding our proposal. In addition,
multimodal regression for a circular covariate and a real-valued predictor has many potential
applications in the animal behavior field, for example, when studying the size of a school of
fish as a function of a periodic variable such as the flood/ebb index (Williamson et al. (1962)).

Consequently, we will distinguish the case where the response is a real-valued variable in
Section 2.1, where we make use of the usual conditional mean shift algorithm with suitably
adapted weights and the cases where the response is circular in Section 2.2, where the circular
conditional mean shift is proposed and applied to the regression context. Throughout the
manuscript the circumference will be represented by T = (−π,π ], and all of the arithmetic
in the circumference will be performed modulo 2π ; that is, for θ1, θ2 ∈ T, we will write
θ1 + θ2 instead of (θ1 + θ2)(mod 2π).

2.1. Real-valued response. Consider a circular predictor, �, with support on the cir-
cumference of the unit circle, T and a real-valued response, denoted by Y , with support
on � ⊂ R. Let {(�j ,Yj )}nj=1 be a bivariate sample from (�,Y ) with conditional density
function f (y|θ) satisfying assumption (A1) in Supplementary Material 1 (Alonso-Pena and
Crujeiras (2023a)). In order to model the relationship between the predictor and the response,
we consider the modal regression multifunction (Einbeck and Tutz (2006)) which, for each
θ ∈ T, is defined as the set of local modes (or local maxima) of the conditional density func-
tion,

M(θ) =
{
y ∈ � : ∂

∂y
f (y|θ) = 0,

∂2

∂y2 f (y|θ) < 0
}
.(1)

The estimation of the set M(θ) in (1) is carried out through an indirect approach: first, the
conditional density is estimated, and next, the conditional local modes are computed. For



ANALYZING ANIMAL ESCAPE DATA WITH CIRCULAR MULTIMODAL REGRESSION 135

the estimation of the conditional density of the response over the covariate, we will use a
kernel-type estimator,

f̂ (y|θ) =
∑n

j=1 Kκ(θ − �j)Lh(y − Yj )∑n
j=1 Kκ(θ − �j)

,(2)

where Lh(·) = 1
h
L(·/h) is a linear kernel with bandwidth h, that is, a symmetric around zero

density where L(·) satisfies condition (A2) in Supplementary Material 1 (Alonso-Pena and
Crujeiras (2023a)), and Kκ(·) is a circular kernel with concentration κ ,

Kκ(·) = cκK
[
κ
(
1 − cos(·))],(3)

where cκ is a normalizing constant depending on κ and K(·) is a function satisfying assump-
tion (A4-1) in Supplementary Material 1 (Alonso-Pena and Crujeiras (2023a)). This matches
the definition of directional kernel given in Bai, Rao and Zhao (1988) for the particular case
of circular data. It must be noted that κ plays a role opposite to h in the smoothing of the ker-
nel density estimator: if κ is small, an oversmoothed estimator is obtained, and if the value
of κ is large, the kernel density estimator will be undersmooothed. A circular kernel usually
employed, in practice, is the von Mises density f (θ;μ,κ) = exp{κ cos(θ −μ)}/I0(κ), where
I0(κ) denotes the modified Bessel function of the first kind and order zero. This is a unimodal
circular density, centered at μ with concentration κ . Note that the numerator in (2) is propor-
tional to the product kernel estimator of the joint density in the cylinder (García-Portugués,
Crujeiras and González-Manteiga (2013)) and the denominator is proportional to the circular
kernel density estimator (Fisher (1989)). Thus, the kernel density estimator of the conditional
density depends on two smoothing parameters, κ and h which, as we will comment later,
play a different role in the estimation of the regression multifunction.

In order to estimate the regression multifunction, we plug the expression in (2) into (1),
obtaining

M̂(θ) =
{
y ∈ � : ∂

∂y
f̂ (y|θ) = 0,

∂2

∂y2 f̂ (y|θ) < 0
}
.(4)

The computation of the conditional local modes is not straightforward, and thus, the condi-
tional mean shift algorithm is used. We will assume Lh(·) is a radially symmetric kernel with
profile l so that L(·) = cL × l{(·)2}, with cL ∈R+. A local maximum of f̂ (y|θ) must satisfy

∂

∂y
f̂ (y|θ) =

2cL

h3

∑n
j=1 Kκ(θ − �j)l

′{(y−Yj

h

)2}
(y − Yj )∑n

j=1 Kκ(θ − �j)
= 0.

By taking g(·) = −l(·)′, we have

∂

∂y
f̂ (y|θ) = −2cL

nh3f̂ (θ)

n∑
j=1

Kκ(θ − �j)g

{(
y − Yj

h

)2}
(y − Yj ) = 0,(5)

where f̂ (θ) = ∑n
j=1 Kκ(θ − �j)/n. Note that the last factor in the sum of the first equality

in (5), (y − Yj ), is the shift of each datum Yj to the point y. Therefore, the partial derivative
in (5) is a weighted sum of the shifts from the observations to the point y. Now, by assuming
that G(·) is a function proportional to g{(·)2}, we have

y =
∑n

j=1 Kκ(θ − �j)G
(y−Yj

h

)
Yj∑n

j=1 Kκ(θ − �j)G
(y−Yj

h

) .
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Algorithm 1: Conditional mean shift
Data: Sample {(�j ,Yj )}nj=1, smoothing parameters κ and h.
1. Initialize mesh points T ⊂ T.
2. For each θ ∈ T , select starting points y

(1)
0 (θ), . . . , y

(p)
0 (θ).

3. For each θ ∈ T and for k = 1, . . . , p iterate until convergence:

y
(k)
l+1 =

∑n
j=1 Kκ(θ − �j)G

(y
(k)
l −Yj

h

)
Yj∑n

i=1 Kκ(θ − �j)G
(y

(k)
l −Yj

h

) with l = 0,1, . . . .

However, this equation cannot be solved for y since it appears in both equation terms, that is,
we have a fixed-point equation y = ω(y), where

ω(·) =
∑n

j=1 Kκ(θ − �j)G
( ·−Yj

h

)
Yj∑n

j=1 Kκ(θ − �j)G
( ·−Yj

h

) .

Note that, when L(·) is a Gaussian kernel, G(·) is also a Gaussian kernel and that the function
ω(y) is actually a weighted mean of the observations with weights depending on the proxim-
ity of the data to the point (θ, y). In order to obtain the solutions of the equation y−ω(y) = 0,
we apply the conditional mean shift algorithm. The unconditional version of the mean shift
for Euclidean variables was proposed by Fukunaga and Hostetler (1975) in the context of
gradient density estimation and subsequently studied by Cheng (1995), Comaniciu and Meer
(2002), Li, Hu and Wu (2007). The convergence of the algorithm was also investigated by
Aliyari Ghassabeh, Linder and Takahara (2015), Aliyari Ghassabeh (2013, 2015). The algo-
rithm was generalized to a conditional version by Einbeck and Tutz (2006) in the regression
setting, and Chen, Genovese and and Wasserman (2014) considered general weights in the
context of mode and ridge estimation. Now, we apply the conditional mean shift where the
weights are given by circular kernels. For each value of θ , we consider the so-called mean
shift function, defined as

m(y) = ω(y) − y,(6)

which represents the shift we get when moving from y to the weighted mean of the obser-
vations with weights depending on y, where the function is evaluated. The key of the mean
shift algorithm is that, for a local maximum of the conditional density, the mean shift function
takes the value zero. The conditional version of the mean shift algorithm with weights given
by circular kernels is described in Algorithm 1.

It can be easily seen that the conditional mean shift is actually a gradient ascent method on
f̂ (y|θ) for a fixed θ , where the step size is implicitly chosen, since m(y) in (6) is proportional
to and has the same direction as ∂

∂y
f̂ (y|θ). The convergence of the algorithm is guaranteed

by the convergence of the unconditional version of the algorithm and, following Comaniciu
and Meer (2002), once y

(k)
l+1 gets sufficiently close to a local mode of the conditional density,

it will converge to it. Note that the number of starting points in Algorithm 1, namely p, may
be different for each value of θ . Einbeck and Tutz (2006) use a fixed set of starting points
for all the values of the predictor variable and Chen et al. (2016) take the whole sample as
the starting points, as it is usually done in nonparametric modal clustering. However, in order
to initialize the algorithm at regions close to the data, we recommend a local initialization
where, for each value of θ , the starting values are the quartiles of the sample responses closer
to θ .
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2.2. Circular response. Consider now a circular response variable, �, with support on
T and either a real-valued predictor X with support on � ⊂ R or a circular predictor � with
support on T. We will use 
 to denote a generic predictor, with support either on the real
line or on the unit circumference. Let {(
j ,�j )}nj=1 be a random sample from (
,�), with
conditional density function f (φ|δ) satisfying assumption (A3) in Supplementary Material 1
(Alonso-Pena and Crujeiras (2023a)). Similarly to Section 2.1, for each value of the predictor
variable, δ, the modal regression multifunction is defined as

M(δ) =
{
φ : ∂

∂φ
f (φ|δ) = 0,

∂2

∂φ2 f (φ|δ) < 0
}
,(7)

with f (φ|δ) being the conditional density of � given the value of 
. Note that an interesting
feature of multimodal regression for circular responses is that the parameter of interest is
analogous to the Euclidean setting and it is uniquely defined. This is not the case when con-
sidering mean regression methods, since not only can one define the mean direction through
the circular mean (see Fisher (1993b)) but also through the Fréchet mean, and they are not
always defined, making the problem of circular mean regression not easy to handle in some
situations. Conversely, the local modes are always well defined as long as the conditional
density is not uniform.

In order to estimate the multifunction in (7), we take the same indirect approach as in the
previous section: estimate the conditional density, and then compute its local maxima for each
value of the predictor. We consider the kernel density estimator of the conditional density for
a circular response (Di Marzio et al. (2016)). If the predictor variable is real-valued (
 = X),
the estimator is given by

f̂ (φ|x) =
∑n

j=1 Lh(x − Xj)Kκ(φ − �j)∑n
j=1 Lh(x − Xj)

.

In this case, Lh(·) is a linear kernel with smoothing parameter h, and Kκ(·) is a circular
kernel with concentration parameter κ . If the predictor is circular (
 = �), the conditional
density is estimated as

f̂ (φ|θ) =
∑n

j=1 Kν(θ − �j)Kκ(φ − �j)∑n
j=1 Kν(θ − �j)

,

where the expression in the numerator is proportional to an estimation of the joint density
with a product of circular kernels (Di Marzio, Panzera and Taylor (2011)). Here, the kernel
associated to the predictor has concentration parameter ν, and the kernel associated to � has
concentration κ . From now on, we will denote the weights corresponding to the predictor
variable (X or �) at the point δ as wδ(
j ), j = 1, . . . , n. Note that such weights depend on
the smoothing parameter h or ν (depending on 
 being circular or real-valued). Thus,

f̂ (φ|δ) = 1

nf̂ (δ)

n∑
j=1

wδ(
j )Kκ(φ − �j), f̂ (δ) = 1

n

n∑
j=1

wδ(
j ).

Consequently, the estimator of the multimodal regression function (7) is given by

M̂(δ) =
{
φ : ∂

∂φ
f̂ (φ|δ) = 0,

∂2

∂φ2 f̂ (φ|δ) < 0
}
.(8)

To obtain the local maxima of f̂ (δ|φ), we establish the necessary condition for a critical
point: ∂

∂φ
f̂ (φ|δ) = 0. By applying (3), it holds

∂

∂φ
f̂ (φ|δ) = κcκ

nf̂ (δ)

n∑
j=1

wδ(
j )K
′[κ(

1 − cos(φ − �j)
)]

sin(φ − �j).(9)
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Consequently, the derivative of the estimated conditional density with respect to φ is a
weighted sum of the sines of the differences from each observation to the point φ. In this
case the sine function is used for measuring the shifts from the observations to φ. This is very
intuitive since, if φ = �j , then sin(φ − �j) = 0. In addition, if the difference φ − �j is very
small, then sin(φ −�j) ≈ φ −�j . Therefore, the right side of equation (9) can be interpreted
as a weighted sum of the shifts from the observations to φ. By expanding the last factor in
the right side of (9), we get

∂

∂φ
f̂ (φ|δ) = κcκ

nf̂ (δ)

n∑
j=1

wδ(
j )K
′[κ(

1 − cos(φ − �j)
)]

(sinφ cos�j − cosφ sin�j),

and by equating it to zero, we have

sinφ

n∑
j=1

wδ(
j )T (φ − �j) cos�j = cosφ

n∑
j=1

wδ(
j )T (φ − �j) sin�j,

where T (·) is proportional to K ′[κ(1 − cos(·))]. Therefore, if we denote

Sδ(φ) =
n∑

j=1

wδ(
j )T (φ − �j) sin�j and Cδ(φ) =
n∑

j=1

wδ(
j )T (φ − �j) cos�j,

we have that if Sδ(φ) �= 0 or Cδ(φ) �= 0, then φ = atan 2(Sδ(φ),Cδ(φ)), where the operator
atan 2(a, b) returns the angle between the x-axis and the vector from the origin to (b, a) (see
Jammalamadaka and SenGupta (2001), Chapter 1). Thus, we obtain that

φ = ω̃(φ) = atan 2
(
Sδ(φ),Cδ(φ)

)
.(10)

Note that the function ω̃(φ) actually returns a weighted circular mean direction of the obser-
vations, since the quantity Sδ(φ) is a weighted sum of sin�j and Cδ(φ) is a weighted sum
of cos�j (where the weights depend on the point (δ,φ)). Since in the previous expression
we have a fixed-point equation, we use a mean shift-type algorithm in order to obtain the
conditional mode estimator. As an analogy with the mean shift function in equation (6), we
define the circular mean shift function as

m̃(φ) = sin
(
ω̃(φ) − φ

)
.

As discussed before, given that for small values of ω̃(φ)−φ we have sin(ω̃(φ)−φ) ≈ ω̃(φ)−
φ, the sine function is used to measure the shift from φ to ω̃(φ). In addition, for a local mode
of the conditional density estimator, the circular mean shift function takes the value zero.
Consequently, the estimated regression multifunction (8) is obtained by using the conditional
circular mean shift algorithm, which is described in Algorithm 2. As in Algorithm 1, the
number of starting points, p, can be different for each value of δ, and we recommend the
same initialization, as in in Algorithm 1, but using circular quartiles (see Fisher (1993b)).

REMARK. The unconditional version of Algorithm 2 actually coincides with the direc-
tional mean shift proposed by Oba, Kato and Ishii (2005) and studied by Kobayashi and Otsu
(2010) and Zhang and Chen (2021a) in the particular case of data in the unit circumference.
Note that, however, the derivations of the algorithms are different. The results in Zhang and
Chen (2021a) guarantee the convergence of Algorithm 2 and the fact that the algorithm con-
verges to a mode of the estimated conditional density.
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Algorithm 2: Circular conditional mean shift
Data: Sample {(
j ,�j }nj=1, smoothing parameters κ and h/ν.
1. Initialize mesh points S ⊂ � if 
 = X or T ⊂ T if 
 = �.
2. For each δ ∈ S (or δ ∈ T ), select starting points φ

(1)
0 (δ), . . . , φ

(p)
0 (δ).

3. For k = 1, . . . , p iterate until convergence:

φ
(k)
l+1 = atan 2

(
n∑

j=1

wδ(
j )T
(
φ

(k)
l − �j

)
sin�j,

n∑
j=1

wδ(
j )T
(
φ

(k)
l − �j

)
cos�j

)
,

with l = 0,1, . . .

3. Error measurement. The aim of this section is to introduce a way to measure the
quality of the estimators described in Section 2. Note that usual error metrics in kernel re-
gression (such as the mean integrated squared error or the integrated squared error) are not
adequate to measure the quality of the estimators since, in the multimodal regression context,
our objective function is actually a multifunction, that is, for each value of the predictor, we
seek for a set of values of the response. Following Chen et al. (2016), we consider pointwise
and mean integrated errors based on a distance between sets.

We first introduce the Hausdorff distance which, for two sets A,B ⊂ Rq is defined as

Haus(A,B) = max
{

sup
x∈A

d(x,B), sup
x∈B

d(x,A)
}
,(11)

where, d(x,A) = infz∈A ‖x − z‖. The Hausdorff distance measures how close two Euclidean
sets are from each other. In the real-valued response case exposed in Section 2.1, the Haus-
dorff distance is an adequate measure of the distance from the true regression multifunction
to the estimated multifunction, because M(θ) in equation (1) and its estimated version M̂(θ)

are subsets of R. However, in the circular response scenario, our multifunctions M(δ), M̂(δ)

are subsets of T, and thus, it is necessary to generalize the definition of the Hausdorff distance
by considering, for A,B ⊂ T,

H̃aus(A,B) = max
{

sup
x∈A

d̃(x,B), sup
x∈B

d̃(x,A)
}
,(12)

with d̃(x,A) = infz∈A 1 − cos(x − z). The Hausdorff distances defined in (11) and (12) are
used to construct the pointwise error metrics, defined as

�(θ) = Haus
(
M(θ), M̂(θ)

)
, �̃(δ) = H̃aus

(
M(δ), M̂(δ)

)
,(13)

where the first pointwise error is applied to the multifunctions with a circular predictor and
real-valued response and the second is used for multifunctions with a circular response. The
pointwise errors measure how close the estimated multifunction is from the true regression
multivalued function for each value of the predictor, θ or δ, respectively. In order to obtain a
global error measure, we consider the modal mean integrated squared error (MISEm), as in
Chen et al. (2016), and the modal circular mean integrated error (CMIEm), defined as

MISEm(M̂) = E

[∫
θ∈T

�2(θ) dθ

]
, CMIEm(M̂) = E

[∫
δ∈Supp(
)

�̃(δ) dδ

]
,

where Supp(
) denotes the support of 
 which, recall, can denote either a circular or real-
valued predictor. The MISEm is obtained by taking the expectation of the integrated squared
pointwise error and is a global error measure for the multimodal regression estimator in (4).
The CMIEm, constructed to measure the global error of the estimator in (8), is the expectation
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of the integrated pointwise error. The reason why the circular error is not squared is that it
is constructed as an analogy with the Euclidean case: for real-valued variables, the mean
squared error of an estimator is the expectation of the squared distance between the estimator
and the parameter while, for circular variables, the so-called circular mean squared error,
defined by Kim and SenGupta (2017), is the expectation of the cosine distance between the
estimator and the parameter.

Theoretical results showing the asymptotic error rates of the estimators in terms of the
pointwise and global errors are given in Supplementary Material 1 (Alonso-Pena and Cru-
jeiras (2023a)) along with outlines of the proofs. Roughly speaking, the derived rates show
that the pointwise errors 
(θ), 
̃(x) and 
̃(θ) converge to zero at the same rate as the first
partial derivative, with respect to the response variable, of the joint kernel density estimators,
namely, ∂

∂y
f̂ (θ, y), ∂

∂φ
f̂ (x,φ) and ∂

∂φ
f̂ (θ,φ). Note that all the obtained rates are the same

as in the Euclidean case if one thinks of κ � h−2 and ν � h−2.

4. Bandwidth selection. As it usually happens in kernel estimation, the selection of the
smoothing parameters is a crucial issue in multimodal regression. In classical kernel meth-
ods for regression in the real line (Fan and Gijbels (1996)), a large value of the bandwidth
h leads to an oversmoothed estimator, while a small value of h produces an undersmoothed
estimation of the regression function. Similarly to the context of circular kernel density esti-
mation exposed in Section 2.1, the behavior of the concentration parameter in circular kernel
regression (Di Marzio, Panzera and Taylor (2009, 2013)) is reversed: when κ is large, an un-
dersmoothed estimation of the regression function is obtained, and a small value of κ leads to
an oversmoothed estimator. However, in the context of multimodal regression two smooth-
ing parameters are required, one associated to the predictor variable and one associated to
the response, and the role of the two parameters is very different. The parameter associated
to the predictor variable controls the smoothing of the regression multifunction, having a
similar role to the smoothing parameter in classical kernel regression. On the contrary, the
parameter associated to the response variable influences the number of estimated modes. The
reason behind this behavior is that an undersmoothed estimator of the conditional density
will lead to many local modes, producing a large number of estimated branches in the re-
gression multifunction. We illustrate this behavior in Figure 4 with simulated data from a
multimodal regression model with a circular predictor and a real-valued response (so the
data cloud lies on a cylinder), although similar interpretations are obtained for the scenarios
involving a circular response variable. In the top row of Figure 4, we fix the parameter h,
associated to the response variable, while κ (the parameter associated to the covariate) takes
different values. As the value of the concentration increases, the multimodal estimator turns
more undersmoothed. On the other hand, in the bottom row the value of κ was fixed, and we
change the value of h. If h is too large, the two branches of the regression multifunction are
merged into one, but if h is too small, many local modes are estimated for each value of the
predictor, resulting into a too fragmented estimator.

The statistical literature on the selection of the smoothing parameters for multimodal re-
gression in the Euclidean setting is quite scarce. Since the estimation is carried out by ob-
taining the local maxima of the conditional density estimator, Einbeck and Tutz (2006) rec-
ommend using methods for bandwidth selection tailored for conditional density estimation.
However, such methods may not be adequate in practice, because mode estimation is related
but not equivalent to density estimation. As noted by Casa, Chacón and Menardi (2020), an
estimated density might be close to the true density in terms of ISE but have many estimated
local modes, which in the case of modal regression would lead to many estimated branches of
the regression multifunction. Zhou and Huang (2019) proposed two different methods for ob-
taining smoothing parameters in multimodal regression for real-valued response and covari-
ate. The first of them, called modal cross-validation, aims to balance the number of estimated
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FIG. 4. Simulated data from a multimodal regression model with a circular predictor and a real-valued re-
sponse. The dashed curves represent the true regression multifunctions, and the continuous trace shows the esti-
mated multifunction. In the top row the smoothing parameter is h = 0.6, and the values of κ are specified below
each panel. In the bottom row the value of κ is 30, and the values of h are specified below each panel.

local modes and the distance from the estimation to the data. Although the method shows a
good performance, in practice, nothing assures that minimizing the modal cross-validation
function will minimize the MISEm of the estimator or any other error criterion. The second
approach in Zhou and Huang (2019) is to minimize the ISEm of the estimator (the integrated
Hausdorff distance between the estimator and the true multifunction) by using a parametric
bootstrap based on a mixture of parametric regressions. Another approach was proposed by
Chen et al. (2016), which consists on constructing a prediction band for the regression mul-
tifunction and, afterward, selecting the parameters minimizing a loss function defined as the
volume of the prediction band. However, the authors assume that the smoothing parameter
is the same for both variables, which is not well justified, especially given the different role
of the two parameters. In addition, the choice of the smoothing parameters depends on the
previously selected prediction level.

4.1. Modal cross-validation for circular regression. The modal cross-validation method
in Zhou and Huang (2019) is easily adaptable to the context of circular multimodal regression.
Although the theoretical properties of the modal cross-validation method are not well studied,
the behavior of the method in practice is quite satisfactory. Thus, here we modify the cross-
validation method to deal with circular variables. For the scenario presented in Section 2.1
(circular predictor and real-valued response), the modal CV approach consists on selecting κ
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and h by minimizing

CV1(κ,h) = 1

n

n∑
j=1

d2(
M̂

κ,h
−j (�j ), Yj

)
N2−j (�j ),(14)

where d(x,A) = infz∈A ‖x − z‖, M̂
κ,h
−j (θ) is the estimator of M(θ) using data {(�i, Yi) : i �=

j} constructed with smoothing parameters κ and h and N−j (�j ) is the number of estimated
modes of M̂

κ,h
−j , at θ = �j .

For the circular response case exposed in Section 2.2, the parameters ρ and κ (where ρ

represents either h or ν, depending on the nature of the predictor) are selected by minimizing

CV2(ρ, κ) = 1

n

n∑
j=1

d̃
(
M̂

ρ,κ
−j (
j ),�j

)
N−j (
j ),(15)

where d̃(x,A) = infz∈A 1 − cos(x − z) and M̂
ρ,κ
−j (δ) is the estimator of M(δ) using data

{(
i,�i) : i �= j} and constructed with smoothing parameters ρ and κ . This approach does
not rely on a theoretical basis and computational trials are needed in order to assess the
efficacy of the method.

In this work we use a modification of this method in order to accomplish more computa-
tional efficiency. Since the role of the two smoothing parameters is quite different, we first
select a pair of reference parameters, then update the parameter corresponding to the predictor
variable by minimizing the cross-validation function and, lastly, update the second smoothing
parameter. The detailed modified criteria can be found in Supplementary Material 2 (Alonso-
Pena and Crujeiras (2023b)). Through simulation experiments (see Supplementary Material
2 (Alonso-Pena and Crujeiras (2023b))) we have verified that results using this modification
of the modal cross-validation criteria are very similar to the ones obtained with the original
procedures described in this section, but the modification is more efficient in computational
terms.

5. Simulation experiments. In this section we analyze the finite sample performance of
the circular multimodal regression estimators in the three different contexts (circular predictor
and real-valued response, real-valued predictor and circular response and circular predictor
and circular response). First, the simulation scenarios are presented, and the obtained results
are subsequently shown.

5.1. Simulation scenarios. In our simulated examples, the sample is divided into two
groups, with each group corresponding to a branch of the regression multifunction. For
each observation we use the subscript ij , where i denotes the group or branch number and
j denotes the observation number within each group. In addition, ni denotes the sample
size for the ith group. Note that these underlying groups are not known in practice, and
there is no information about them. The simulated models are presented in Table 1. The
first model in each scenario corresponds to two parallel regression curves or, seen from
another perspective, to a regression curve with a bimodal error. As for the second model
of each scenario, the regression curves are not parallel. The same happens with the third
model, although this time the support of the first group is different (and smaller) from the
support of the second group. For all scenarios and models, the sample sizes are (n1, n2) ∈
{(100,100), (100,200), (200,200), (200,300), (300,300)}. Examples of data from all sim-
ulated models are shown in Figure 5.

In order to assess the performance of the estimators, the modal mean integrated error
(MISEm) and the circular mean integrated error (CMIEm) are approximated by generating
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TABLE 1
Simulated models. CL stands for circular predictor and real-valued response, LC stands for real-valued

predictor and circular response and CC stands for circular predictor and circular response. For CL models,
ε1j , ε2j ∼ N(0, σ 2) with σ ∈ {0.75,1,1.25}. For LC and CC models, ε1j , ε2j ∼ vM(0, τ ) with τ ∈ {6,8,10}

for LC and τ ∈ {10,12,14} for CC

Model Data generation Regression multifunction

CL-1 Y1j = 2 sin(2�1j ) + ε1j

M(θ) = {2 sin(2θ),8 + 2 sin(2θ)}Y2j = 8 + 2 sin(2�2j ) + ε2j

�1,�2 ∼ Circular Uniform

CL-2 Y1j = −2 cos(�1j ) + ε1j

M(θ) = {2 sin(2θ),8 + 2 sin(2θ)}Y2j = 2 sin(2�2j ) − 10 + ε2j

�1,�2 ∼ Circular Uniform

CL-3 Y1j = 2 cos(�1j ) + ε1j M(θ) = {2 sin(2θ)} if θ ∈ [0,π),

M(θ) = {8 + 2 sin(2θ)} otherwise,
Y2j = 8 + 2 sin(2�2j ) + ε2j

�1 ∼ U(0,π),�2 ∼ Circular Uniform

LC-1 �1j = 6 tan−1(2.5X1j − 3) + ε1j M(x) ={6 tan−1(2.5x − 3),

π + 6 tan−1(2.5x − 3)}
�2j = π + 6 tan−1(2.5X2j − 3) + ε2j

X1,X2 ∼ U(0,1)

LC-2 �1j = atan 2(sin(3X2
1j ), cos(3X2

1j )) + ε1j M(x) ={atan 2(sin(3x2), cos(3x2)),

π/2 + 2 tan−1(10x + 1/2)}�2j = π/2 + 2 tan−1(10X2j − 1/2) + ε2j

X1,X2 ∼ U(0,1)

M(x) = {π/4 − 3 tan−1(2.5x − 3),π/2+
6 tan−1(2.5x − 3)} if x ∈ [0,0.5]

M(x) = {π/2 + 6 tan−1(2.5x − 3)}
otherwise

LC-3 �1j = π/4 − 3 tan−1(2.5X1j − 3) + ε1j

�2j = π/2 + 6 tan−1(2.5X2j − 3) + ε2j

X1 ∼ U(0,0.5),X2 ∼ U(0,1)

CC-1 �1j = 2 cos�1j + ε1j

�2j = 3π/4 + 2 cos�2j + ε2j M(θ) = {2 cos θ,3π/4 + 2 cos θ}
�1,�2 ∼ Circular Uniform

CC-2 �1j = 3/4 cos�1j − π/2 + ε1j

�2j = π/2 − cos�2j + ε2j M(θ) = {3/4 cos θ − π/2,π/2 − 2 cos θ}
�1,�2 ∼ Circular Uniform

CC-3 �1j = 2π/3 + 3 sin(�1j /3) + ε1j M(θ) = {2π/3 + 3 sin(θ/3),3π/4 + 1.75 cos θ}
�2j = 3π/4 + 1.75 cos�2j + ε2j if θ ∈ [2π/3,3π/2]
�1 ∼ U(2π/3,3π/2),�2 ∼ Circular Uniform M(θ) = {3π/4 + 1.75 cos θ} otherwise

500 Monte Carlo replicates of the simulated data and computing the average of the modal
integrated error/modal circular integrated error (ISEm or CIEm) of the multimodal estimator,

ISEm(M̂) =
∫
θ∈T

�2(θ) dθ for Euclidean response,

ĨSEm(M̂) =
∫
δ∈Supp(
)

�̃(δ) dδ for circular response,

where the integrals are numerically approximated by Simpson’s rule and �,�̃ are defined
in (13). In the simulation experiments the smoothing parameters were selected by the mod-
ified version of the modal cross-validation method described in Supplementary Material 2
(Alonso-Pena and Crujeiras (2023b)).

5.2. Simulation results. The simulation results are presented in this section. Comments
about the first and second models in each scenario are given, whereas the results of the third
models (CL-3, LC-3 and CC-3) are discussed later as a special case.
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FIG. 5. Representations on the cylinder and torus of simulated data and true regression multifunctions from
models CL-1 (top left), CL-2 (top center) and CL-3 (top right) with standard deviation σ = 1; models LC-1
(middle left), LC-2 (middle center) and LC-3 (middle right) with concentration τ = 8; and models CC-1 (bottom
left), CC-2 (bottom center) and CC-3 with concentration τ = 12. Sample sizes are (n1, n2) = (200,200) for all
models.

The estimated MISEm for models CL-1 and CL-2 is reported in Table 2. Results are ob-
tained with the smoothing parameters selected by the modified modal cross-validation and
also with the optimal parameters minimizing ISEm, which are used as benchmarks. As ex-
pected, the estimated MISEm generally decreases both when increasing sample size and
decreasing standard deviation. In addition, the performance of the modal cross-validation
criterion to select the smoothing parameters is quite satisfactory, as the estimated MISEm

obtained using this method is reasonably close to the benchmark MISEm. The larger differ-
ences are obtained for the smallest sample sizes, especially when σ = 1.25. Note that, al-
though the estimations of MISEm tend to decrease when increasing the sample size, a much
remarkable decrease is obtained when the sample size is the same in both groups, that is,
(n1, n2) ∈ {(100,100), (200,200), (300,300)}. When the sample size in each group is differ-
ent, we observe that the estimated MISEm does not decrease so fast and is sometimes larger
than with the previous sample size when using the modal cross-validation criterion. This be-
havior is due to the need of different degrees of smoothing in each branch of the multifunction
when the sample sizes are highly unbalanced.

Results for models LC-1 and LC-2 are given in Table 3, while Table 4 contains the results
for models CC-1 and CC-2. Results are similar to those of the real-valued response scenario:
the estimated value of CMIEm generally diminishes as the sample size is larger. The few
cases where this behavior is not observed is when the sample sizes are unbalanced, that is,
(n1, n2) ∈ {(100,200), (200,300)}. In addition, a large value of the error concentration also
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TABLE 2
Monte Carlo estimates of MISEm for models CL-1, CL-2 and CL-3 with different values of the standard

deviation σ and the sample sizes. Results under B (benchmark) correspond to the ones obtained with smoothing
parameters minimizing ISEm, and results under CV1 refer to the ones obtained with smoothing parameters

selected by modified modal cross-validation

σ = 1.25 σ = 1 σ = 0.75

Model (n1, n2) B CV1 B CV1 B CV1

CL-1 (100,100) 2.308 3.644 1.456 1.877 0.928 1.012
(100,200) 1.935 3.382 1.191 1.653 0.729 1.021
(200,200) 1.172 1.321 0.776 0.851 0.480 0.509
(200,300) 1.031 1.215 0.650 0.706 0.411 0.438
(300,300) 0.835 0.940 0.527 0.574 0.340 0.359

CL-2 (100,100) 1.578 3.194 1.076 1.777 0.697 0.951
(100,200) 1.270 3.252 0.836 1.439 0.528 0.903
(200,200) 0.880 1.143 0.596 0.686 0.381 0.432
(200,300) 0.735 0.912 0.489 0.583 0.309 0.345
(300,300) 0.613 0.710 0.412 0.473 0.261 0.290

CL-3 (100,100) 1.489 3.673 0.921 2.080 0.749 1.144
(100,200) 0.959 2.321 0.590 1.244 0.358 0.731
(200,200) 0.785 1.917 0.491 0.849 0.299 0.448
(200,300) 0.570 1.179 0.359 0.607 0.219 0.356
(300,300) 0.534 1.307 0.338 0.515 0.206 0.278

leads to a smaller estimated CMIEm. The performance of the cross-validation criterion is also
more than acceptable, as for large values of the sample size, the value of the estimated CMIEm

obtained with smoothing parameters selected by the modified modal cross-validation is very
close to the values obtained with the optimal smoothing parameters. The poorest performance
is achieved in model LC-2 when τ = 6. As shown in the middle-center panel of Figure 5,
when the value of the predictor variable is around 1, the two branches are very close, which
makes it difficult to discern the two groups when the error concentration is small.

5.3. The unknown boundary condition. In this section we analyze results for models CL-
3, LC-3 and CC-3. We study these models as a special case since, unlike in the other models,
here the support of the first group is different from the support of the other group. In fact,
the support of the first group is always contained in the support of the second group. This
issue makes the analysis of the performance of the estimators rather tricky, as it is difficult to
obtain the optimal smoothing parameters. We will illustrate this situation with model CL-3,
but it also applies for the other two scenarios.

Figure 6 shows a representation on the plane of simulated data from model CL-3 with
the true and estimated regression multifunctions. In the left panel the smoothing parameters
were selected by modal cross-validation, while the right panel shows the estimation where
the smoothing parameters are the optimal ones minimizing ISEm. Focusing on the left panel,
we can see that the lower branch of the estimated regression multifunction includes a part
falling outside of its support (represented with triangles). This is a general and expected
behavior for all kernel methods, both for density and regression. Usually, one just restricts
the estimation to the support of the variable, but in multimodal regression the support of
each group is unknown (recall that these groups are unknown in practice, and we have no
information about them). On the early stages of modal regression, Scott (1992) had already
noticed this behavior, referring to it as the unknown boundary condition. Thus, the yellow part
in Figure 6 leads to a huge ISEm. Since the part represented with triangles is the main source
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TABLE 3
Monte Carlo estimates of CMIEm for models LC-1, LC-2 and LC-3 with different values of the concentration τ

and the sample sizes. Results under B (benchmark) correspond to the ones obtained with smoothing parameters
minimizing CIEm, and results under CV2 refer to the ones obtained with smoothing parameters selected by

modified modal cross-validation

τ = 6 τ = 8 τ = 10

Model (n1, n2) B CV2 B CV2 B CV2

LC-1 (100,100) 0.021 0.034 0.016 0.023 0.013 0.018
(100,200) 0.016 0.039 0.012 0.024 0.011 0.018
(200,200) 0.011 0.019 0.008 0.012 0.007 0.010
(200,300) 0.010 0.016 0.007 0.011 0.006 0.009
(300,300) 0.007 0.012 0.006 0.008 0.005 0.006

LC-2 (100,100) 0.016 0.035 0.012 0.025 0.010 0.018
(100,200) 0.016 0.070 0.010 0.039 0.008 0.024
(200,200) 0.010 0.023 0.007 0.012 0.005 0.009
(200,300) 0.009 0.038 0.006 0.017 0.005 0.011
(300,300) 0.007 0.015 0.005 0.009 0.004 0.007

LC-3 (100,100) 0.014 0.030 0.010 0.017 0.008 0.013
(100,200) 0.008 0.012 0.006 0.008 0.005 0.007
(200,200) 0.008 0.016 0.005 0.008 0.004 0.006
(200,300) 0.006 0.009 0.004 0.006 0.003 0.005
(300,300) 0.006 0.010 0.004 0.006 0.003 0.005

of the error in these situations, when computing the optimal parameters, which minimize
ISEm, we obtain very large concentrations (for a circular predictor) or very small values of
the bandwidth (for a real-valued predictor), leading to a heavily undersmoothed estimator,
as in the right panel of Figure 6. In order to show that the modal cross-validation criterion

TABLE 4
Monte Carlo estimates of CMIEm for models CC-1, CC-2 and CC-3 with different values of the concentration τ

and the sample sizes. Results under B (benchmark) correspond to the ones obtained with smoothing parameters
minimizing CIEm, and results under CV2 refer to the ones obtained with smoothing parameters selected by

modified modal cross-validation

τ = 10 τ = 12 τ = 14

Model (n1, n2) B CV2 B CV2 B CV2

CC-1 (100,100) 0.144 0.395 0.117 0.213 0.102 0.148
(100,200) 0.120 0.182 0.097 0.147 0.087 0.120
(200,200) 0.066 0.089 0.054 0.066 0.047 0.057
(200,300) 0.058 0.068 0.046 0.054 0.040 0.045
(300,300) 0.042 0.056 0.035 0.045 0.030 0.038

CC-2 (100,100) 0.116 0.227 0.092 0.173 0.080 0.150
(100,200) 0.085 0.232 0.068 0.159 0.057 0.120
(200,200) 0.055 0.091 0.045 0.069 0.039 0.059
(200,300) 0.046 0.092 0.037 0.066 0.032 0.049
(300,300) 0.037 0.055 0.030 0.043 0.026 0.033

CC-3 (100,100) 0.063 0.094 0.054 0.076 0.048 0.065
(100,200) 0.032 0.041 0.027 0.033 0.024 0.029
(200,200) 0.031 0.037 0.027 0.031 0.024 0.027
(200,300) 0.022 0.027 0.018 0.022 0.016 0.019
(300,300) 0.021 0.024 0.018 0.020 0.016 0.018
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FIG. 6. Simulated data from model CL-3 with the multimodal regression curve (dotted trace) and multimodal
estimator (continuous trace and triangles) with smoothing parameters selected by cross-validation (left) and
optimal smoothing parameters minimizing ISEm (right).

achieves a good performance within the support of the variables, in our simulation study we
have computed the error after having removed the estimations outside the support of each
group (which cannot be done with real data where this is unknown). In addition, the optimal
parameters were also selected by removing these extra parts of the estimators (such as the
triangle parts in Figure 6).

The bottom rows in Tables 2, 3 and 4 report the estimated MISEm and CIEm for models
CL-3, LC-3 and CC-3, respectively. For model CL-3 the estimated MISEm generally de-
creases by increasing the sample size and diminishing the standard deviation. For σ = 1 and
σ = 0.75, when the sample size is large, the results obtained with the modal cross-validation
criterion are very close to the ones obtain with the optimal parameters. More difficulties are
encountered when σ = 1.25, as the large dispersion makes the two branches really close to
each other in some areas. Unlike in models CL-1 and CL-2, a better performance is achieved
when the sample sizes within groups are unbalanced, which is also expected since the support
of the first group is half of the support of the second group, so unbalanced sample sizes are
needed to obtain a similar density of data points in each branch. For models LC-3 and CC-3,
similar results are obtained, with the estimated CMIEm generally decreasing with the sam-
ple size, although sometimes increasing when going from unbalanced sample sizes to equal
sample sizes. Again, a larger error concentration leads to a decrease of the estimated CMIEm.

Removing the parts of the estimation outside of the support of each group is only possi-
ble in this simulation scenario where we know the information about the underlying groups.
For practical purposes, a potential approach in this case would be to estimate the α-shape of
the data (Edelsbrunner, Kirkpatrick and Seidel (1983), Edelsbrunner and Mucke (1984)) ac-
counting for the cylindrical/toroidal nature of the observations and then restrict the estimation
to the interior of the estimated α-shape.

6. Analysis of the escape responses in larval zebrafish. In this section we analyze the
larval zebrafish data described in the Introduction. The angle of stimulus and the direction
of escape (�,�) are represented in the bottom part of Figure 3, both on the surface of the
torus and on the plane. While the representation on the plane seems clearer and easier to
understand, it makes more difficult to visualize the periodicity of the data, and one must take
into account that the top and bottom parts of the plot are actually united, as in the toroidal
plot.

In order to study how the escape response � changes with the stimulus direction �, one
can consider the more classical approach of estimating the conditional mean of the escape



148 M. ALONSO-PENA AND R. M. CRUJEIRAS

FIG. 7. Left: Planar representation of the zebrafish data with the estimated regression multifunction and uniform
prediction sets for a prediction level of 0.90. Right: Same representation with the nonparametric estimator of the
mean regression function and uniform prediction bands with prediction level 0.90.

direction, for example, with the kernel regression estimator for circular predictors and circular
responses of Di Marzio, Panzera and Taylor (2013). This estimator was applied to the data,
selecting the smoothing (concentration) parameter by cross-validation (see Oliveira, Crujeiras
and Rodríguez–Casal (2014)), and the estimation is represented in the bottom part of Figure 3
with a continuous trace. According to this estimator, the mean escape direction was ipsilateral
when the robot approached the rostral side of the fish, contralateral when approaching the
fish’s left or right side of the bodies and around zero when approaching the caudal side of the
bodies. This translates into the larval zebrafish escaping, on average, in a direction toward
the predator when recieving the visual stimulus peripherally around the rostrum, escaping
away from the predator if the stimulus was received laterally, and escaping in the direction
the predator is coming if the stimulus is caught peripherally around the tail.

As argued in the Introduction, estimating the conditional circular mean direction might not
be the best approach for this kind of data, and multimodal regression might help to under-
stand different features of the data. Thus, in order to obtain more insight into the relationship
between the escape direction and the stimulus angle, we apply the multimodal estimator for
circular predictors and a circular response, represented in a dotted trace in the bottom part of
Figure 3. The smoothing parameters were obtained by applying the modal cross-validation
criterion. Clearly from the bottom right panel of the figure, we can observe three different
major trends in the data, features which the more classical regression to the mean approach
fails to capture. We can observe that, when the robot appeared in the peripherical vision of the
fish (both rostral and caudal sides), there were two preferred escape directions: one ipsilateral
(toward the robot predator) and one contralateral (away from the threat). On the other hand,
only one mode is estimated when the robot did not emerge through the peripherical vision of
the fish, indicating a contralateral escape in this case.

Another advantage of the multimodal estimator is that it enables the construction of infer-
ential tools for regression from a multimodal point of view, such as prediction sets. We briefly
describe how to construct sets, which predict, for a given prediction level 1 − α, the regions
where new data will fall. Adapting the methodology of Chen et al. (2016) to the scenario with
two circular variables, we can define a theoretical uniform prediction set as

P1−α = {
(θ,φ) : θ ∈ T, φ ∈Aε1−α

(θ)
}
,

where

Aε1−α
(θ) = {

φ ∈ T : d̃(
φ,M(θ)

) ≤ ε1−α

}
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and

ε1−α = inf
{
ε > 0 : P(

d̃
(
�,M(�)

)
> ε

) ≤ α
}
.

With this definition we have P(� ∈ P1−α) ≥ 1 − α. At sample level, following Chen et al.
(2016), we can estimate

ε̂1−α = Quantile
({

d̃
(
�i, M̂(�i)

)
, i = 1, . . . , n

}
,1 − α

)
,

Âε̂1−α
(θ) = {

φ ∈ T : d̃(
φ, M̂(θ)

) ≤ ε̂1−α

}
and, then,

P̂1−α = {
(θ,φ) : θ ∈ T, φ ∈ Âε1−α

(θ)
}
.

For a prediction level of 1 − α = 0.90, we have estimated this uniform prediction set,
which is represented in the left panel of Figure 7. We observe that the prediction set consists
on three different prediction bands, each one corresponding to one of the estimated trends.
The large dispersion of the data makes these prediction bands rather wide. The unknown
boundary condition, discussed in Section 5.3, is clearly visible in the bottom-left part of
the plot, where a modal estimation and a prediction set are located in a region without any
data. The resulting prediction set is even more satisfactory if we compare it to the uniform
prediction band, obtained with the circular mean regression estimator of Di Marzio, Panzera
and Taylor (2013), which is shown in the right panel of Figure 7 for a prediction level of 0.90.
The band was computed by using 1000 bootstrap resamples of the data using bootstrapping
by pairs. The plot clearly shows that the uniform band constructed with the estimator of
the conditional circular mean is considerably wider than the set constructed with the modal
estimator.

In summary, the multimodal regression estimator allows us to estimate the two preferred
directions of escape when a fish receives the visual stimulus of a predator through its periph-
erical vision, that is, coming toward the front or tail ends of its body. It also shows how, if the
predator approaches the fish through the left or right sides of the body (where the fish’s eyes
are located), the direction of escape is in an opposite direction to the threat.

7. Discussion. When studying the escape response of fish after being startled by the vi-
sual stimulus of a predator, the variable determining the escape response is of circular nature.
Thus, the analysis of animal escape data subject to covariates should be carried out with
regression methods tailored for circular data. However, the existing literature dealing with
regression involving circular observations has focused mainly on the estimation of the con-
ditional circular mean. Animal escape data often shows a multimodal structure, as it happens
with the escape responses of the zebrafish we have considered in this work, and in such cases,
the estimation of the mean may yield to misleading results.

In this paper we have introduced a nonparametric method to study the local modes of the
escape response conditioned on the predictor variable. Our multimodal regression method al-
lows to estimate the most likely values of the response, given the covariate, providing a more
suitable insight on the variables relationship beyond mean regression settings. The properties
of our proposal have been studied both theoretically (see Supplementary Material 1 (Alonso-
Pena and Crujeiras (2023a))) and through a simulation study in different scenarios. The ker-
nel smoothing approach taken in our proposal requires the selection of a suitable smoothing
parameter, a task that has been also accomplished in this work.

With the new methodology we have shown that the larval zebrafish have one preferred
direction of escape when being chased from a direction lateral to their bodies. However,
when the zebrafish are pursued from the caudal or rostral sides of their bodies, there are two
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preferred directions of escape. In addition, the multimodal estimator allows to graphically
perceive the differences between the escape behavior of the animals when being chased from
the caudal and rostral sides. Our proposal also allows to construct prediction sets, which are
much more informative than the ones obtained with more classical mean regression methods,
as shown in Section 6.

Regarding future work, it would be interesting to consider variable bandwidths and vari-
able concentration parameters in the conditional density estimators (see, e.g., Zelnik-Manor
and Perona (2004)). This consideration could lead to a better performance of the modal esti-
mator, although it would increase the computational cost of the method.
R functions have been programmed for the proposed methodology and are currently avail-

able from the authors upon request.
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SUPPLEMENTARY MATERIAL

1. Assumptions, results and proofs (DOI: 10.1214/22-AOAS1619SUPPA; .pdf). This
supplement contains the assumptions needed for the consistency of the estimators and the
propositions stating such consistency, including outlines of the proofs.

2. Modified modal cross-validation (DOI: 10.1214/22-AOAS1619SUPPB; .pdf). This
supplement gives the detailed algorithms containing the modification of the modal cross-
validation criterion presented in Section 4, which was used in the simulations experiments in
Section 5, along with the simulation results showing the performance of the modified method.
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This supplementary material for the paper “Analyzing animal escape data with circular
nonparametric multimodal regression” provides further results complementing the main
text. Section 1 contains the assumptions needed for the consistency of the estimators.
Section 2 gives the propositions stating the consistency, including outlines of the proofs.

1 Assumptions

We will first state the assumptions needed for obtaining the theoretical results stating
the consistency of the estimators. We will divide these assumptions in three different
blocks, according to what they are needed for. In the first place, we will assume:

(A1) The joint density function f(θ, y) is at least three times continuously differentiable
and its first two partial derivatives with respect of y are square integrable on R.

(A2) The linear kernel L(·) is a symmetric around zero linear density and

(A2-1)

0 <

∫
R
L2(u)du <∞, 0 <

∫
R
u2L2(u)du <∞.

(A2-2)

0 <

∫
R
L(q)2

(u)du <∞, 0 <

∫
R
u2L(q)2

(u)du <∞, for q = 1, 2.

(A3) The joint density function f(δ, φ) is at least three times continuously differentiable
and its first two partial derivatives with respect of φ are square integrable on T.

1



(A4) The circular kernel Kκ(·) satisfies Kκ(·) = cκK[κ(1 − cos(·))] where cκ is a nor-
malization constant, K : [0,∞)→ [0,∞) with

(A4-1)

0 <

∫ ∞
0

r
j−1
2 K l(r)dr <∞, for l = 1, 2, j = 0, 2.

(A4-2)

0 <

∫ ∞
0

r
j−1
2 K(q)2

(r)dr <∞ and 0 <

∫ ∞
0

r
j−1
2 K(2)(r)K(1)(r)dr <∞,

for l = 1, 2, q = 1, 2, j = 0, 2, 4.

In this first block of assumptions, we handle conditions on the joint densities and
its partial derivatives, since the estimation of the regression multifunction is related to
the estimation of the partial derivatives of the joint density. Note that the regression
multifunction in equation (1) of the main text is equivalent to

M(θ) =

{
y :

∂

∂y
f(θ, y) = 0,

∂2

∂y2
f(θ, y) < 0

}
and the multifunction in equation (7) of the main text is equivalent to

M(δ) =

{
φ :

∂

∂φ
f(δ, φ) = 0,

∂2

∂φ2
f(δ, φ) < 0

}
.

Note that conditions (A1) and (A3) are standard smoothing conditions on the true
density required in order to obtain the convergence rates of the partial derivatives of
the joint density estimators. Condition (A2) is also a usual condition on kernel density
estimation literature and is satisfied by many kernels in practice, such as the normal
kernel. The last condition, (A4), was required by Zhang and Chen (2021) in order
to obtain the asymptotic convergence rates of the derivatives of the kernel density
estimator in the unit hypersphere and, as noted by the authors, integrating by parts
shows that the von Mises kernel satisfies (A4).

For the next block of assumptions, we define the following function classes:

KL =

{
K{κ[1− cos(· − θ)]} ∂

q

∂yq
L

(
· − y
h

)
: (θ, y) ∈ T× R, κ, h > 0, q = 0, 1, 2

}
,

LK =

{
L

(
· − x
h

)
∂q

∂φq
K{κ[1− cos(· − φ)]} : (x, φ) ∈ R× T, h, κ > 0, q = 0, 1, 2

}
,

KK =

{
K{ν[1−cos(·−θ)]} ∂

q

∂φq
K{κ[1−cos(·−φ)]} : (θ, φ) ∈ T×T, υ, κ > 0, q = 0, 1, 2

}
.

We assume the following conditions:
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(B1) The function K{κ[1− cos(·− θ)]} ∂q
∂yq
L
( ·−y
h

)
is bounded in absolute value by CKL

for q = 0, 1, 2 and the collection KL is a VC-type class, i.e., there exist A, u > 0
such that for any 0 < ε < 1,

sup
Q
N(KL, L2(Q), CKLε) ≤

(
A

ε

)u
,

where N(T, d, ε) is the ε-covering number for a semimetric space (T, d) and Q is
any probability measure.

(B2) The function L
( ·−x

h

)
∂q

∂φq
K{κ[1−cos(·−φ)]} is bounded in absolute value by CLK

for q = 0, 1, 2 and the collection LK is a VC-type class: there exist A′, u′ > 0 such
that for any 0 < ε < 1,

sup
Q
N(LK, L2(Q), CKε) ≤

(
A′

ε

)u′
.

(B3) The function K{ν[1− cos(· − θ)]} ∂q
∂φq

K{κ[1− cos(· − φ)]} is bounded in absolute
value by CKK for q = 0, 1, 2 and the collection KK is a VC-type class: there exist
A′′, u′′ > 0 such that for any 0 < ε < 1,

sup
Q
N(KK, L2(Q), CKKε) ≤

(
A′′

ε

)u′′
.

Conditions (B1), (B2) and (B3) correspond to standard conditions on the kernels in
order to obtain the uniform convergence rates (Giné and Guillou, 2002; Einmahl and
Mason, 2005). Such conditions can be satisfied in practice by, for example, the Gaussian
kernel in the linear case and the von Mises kernel in the circular case.

With the objective of obtaining the asymptotic error rates for the multimodal esti-
mators we also need to assume the following conditions on the joint densities:

(C1) There exists λ1 > 0 such that for any (θ, y) ∈ T × Ω meeting ∂
∂y
f(θ, y) = 0,∣∣∣∣ ∂2∂y2f(θ, y)

∣∣∣∣ < λ1. In addition, for each θ ∈ T there exist B1, ρ1 > 0 such that{
y ∈ Ω : max

y∈Ω

∣∣∣∣ ∂∂yf(θ, y)

∣∣∣∣ ≤ B1,
∂2

∂2y
f(θ, y) ≤ −λ1 < 0

}
⊂M(θ)⊕ ρ1,

where A⊕ r = {x ∈ R : infz∈A |z − x| < r}.

(C2) There exists λ2 > 0 such that for any (δ, φ) ∈ Supp(∆)×T satisfying ∂
∂φ
f(δ, φ) =

0,

∣∣∣∣ ∂2∂φ2f(δ, φ)

∣∣∣∣ < λ2. In addition, for each δ ∈ Supp(∆) there exist B2, ρ2 > 0

such that{
φ ∈ T : max

φ∈T

∣∣∣∣ ∂∂φf(δ, φ)

∣∣∣∣ ≤ B2,
∂2

∂2φ
f(δ, φ) ≤ −λ2 < 0

}
⊂M(δ)⊕ ρ2,

where A⊕ r = {γ ∈ T : infz∈A(1− cos(z − γ)) < r}.
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Conditions (C1) and (C2) are imposed so that every conditional local mode is isolated
from other critical values and so that points with near zero first partial derivative
and negative second partial derivative are close to a conditional local mode. This
assumptions eliminate the cases where the branches of the regression multifunction
cross each other (Chen et al., 2016).

2 Theoretical results

Proposition 1. Let Θ be a circular random variable and Y a real-valued random vari-
able. Consider the multimodal regression estimator in equation (3) of the main text.
Under assumptions (A1), (A2), (A4-1), (B1) and (C1), it holds that,

Λ(θ) = O(κ−1 + h2) +OP

(√
κ1/2

nh3

)

and

MISEm(M̂) = O(κ−2 + h4) +O

(
κ1/2

nh3

)
,

as h→ 0, κ→∞ and nh1+2q

κ1/2 logn
→∞, for q = 0, 1, 2.

Outline of the proof. In the first place, by using the same approach as in Propositions
1 and 2 in Garćıa-Portugués et al. (2013), under conditions (A1), (A2) and (A4-1)
we obtain that, for fixed (θ, y) ∈ T× R,

∂q

∂yqr
f̂(θ, y)− ∂q

∂yq
f(θ, y) = O(κ−1 + h2) +OP

(√
κ1/2

nh1+2q

)
as nh1+2qκ−1/2 →∞,

for q = 0, 1, 2. Now, by also taking into account assumption (B1), we apply the method
of Giné and Guillou (2002) and Einmahl and Mason (2005), noting that the circular
kernel is bounded, and obtain

sup
θ,y

∣∣∣∣∣∣∣∣ ∂q∂yq f̂(θ, y)− ∂q

∂yq
f(θ, y)

∣∣∣∣∣∣∣∣ = O(κ−1 + h2) +OP

(√
κ1/2 log n

nh1+2q

)

as h→ 0, κ→∞ and nh1+2q

κ1/2 logn
→∞, for q = 0, 1, 2.

Lastly, by also using assumption (C1) and applying the arguments of Theorem 3
in Chen et al. (2016), we have

Λ(θ) = O(κ−1 + h2) +OP

(√
κ1/2

nh3

)
.
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The second assertion is obtained by applying the arguments in Chacón et al. (2011)
and Chacón and Duong (2013), leading to

MISEm(M̂) = O(κ−2 + h4) +O

(
κ1/2

nh3

)
.

Proposition 2. Let X be a real-valued random variable and Φ a circular random vari-
able. Consider the multimodal regression estimator in equation (7) of the main text.
Under assumptions (A2-1), (A3), (A4), (B2) and (C2), it holds that

Λ̃(x) = O(h2 + κ−1) +OP

(√
κ3/2

nh

)
and

CMIEm(M̂) = O(h2 + κ−1) +O

(√
κ3/2

nh

)
,

as κ→∞, h→ 0 and nh
κ(1+2q)/2 logn

→∞, for q = 0, 1, 2.

Outline of the proof. First, under conditions (A2-1), (A3) and (A4), we use the ap-
proach in Propositions 1 and 2 in Garćıa-Portugués et al. (2013) and Theorem 2 in
Zhang and Chen (2021) and obtain that, for fixed (x, φ) ∈ R× T,

∂q

∂φq
f̂(x, φ)− ∂q

∂φq
f(x, φ) = O(κ−1 + h2) +OP

(√
κ(1+2q)/2

nh

)
as nhκ

−(1+2q)
2 →∞,

for q = 0, 1, 2. Now, by also assuming, (B2) and by analogy with the proof of Theorem
4 in Zhang and Chen (2021) (noting that the linear kernel is bounded), we obtain

sup
x,φ

∣∣∣∣∣∣∣∣ ∂q∂φq f̂(x, φ)− ∂q

∂φq
f(x, φ)

∣∣∣∣∣∣∣∣ = O(κ−1 + h2) +OP

(√
κ(1+2q)/2 log n

nh

)
as h→ 0, κ→∞ and nh

κ(1+2q)/2 logn
→∞, for q = 0, 1, 2.

Lastly, under assumption (C2) and applying the arguments of Theorem 6 in Zhang
and Chen (2021), we have

Λ̃(x) = O(h2 + κ−1) +OP

(√
κ3/2

nh

)
.

Now, the CMIEm yields the rate of convergence

CMIEm(M̂) = O(h2 + κ−1) +O

(√
κ3/2

nh

)
.
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Proposition 3. Let Θ and Φ be circular random variables. Consider the multimodal
regression estimator in equation (7) of the main text. Under assumptions (A2-1),
(A3), (A4), (B3) and (C2), it holds that

Λ̃(θ) = O(ν−1 + κ−1) +OP

(√
κ3/2ν1/2

n

)

and

CMIEm(M̂) = O(ν−1 + κ−1) +O

(√
κ3/2ν1/2

n

)
,

as κ→∞, ν →∞ and n

κ(1+2q)/2ν1/2 logn
→∞, for q = 0, 1, 2.

Outline of the proof. The proof is analogous to that of Proposition 2 by using a circular
kernel.
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Supplement to “Analyzing animal escape data with circular
nonparametric multimodal regression”: modified modal cross-validation

Maŕıa Alonso-Pena1 and Rosa M. Crujeiras1

1 CITMAga, Universidade de Santiago de Compostela

This supplementary material for the paper “Analyzing animal escape data with circular
nonparametric multimodal regression” provides further results complementing the main
text. In this supplement we give the detailed algorithms containing the modification of
the modal cross-validation criterion presented in Section 4 of the paper and some simu-
lation results comparing their performance against the original method. This modified
criterion was used in the simulations experiments in Section 5 of the main text.

1 Modification of the modal cross-validation

criterion

In the simulation experiments of Section 5 in the main text, we use a modification of the
modal cross-validation criterion in order to attain more computational efficiency. The
motivation behind this modification is the different role the two smoothing parameters
have in the estimation of the regression multifunction.

Circular predictor and real-valued response Consider first the case with a real-
valued response, Y , and a circular predictor, Θ. We denote the multimodal regression
estimator in equation (3) of the main text as M̂κ,h(θ), where κ is the concentration
parameter and h is the bandwidth. The cross-validation criterion presented in Section
4.1 of the main text can be modified as follows:

1. Select a pair of reference smoothing parameters by minimizing the Mean Inte-
grated Squared Error of the joint density estimator f̂(θ, y) by assuming that
the joint density is a mixture of independent von Mises and Gaussian densi-
ties (Garćıa-Portugués et al., 2013). We denote these reference parameters as
(κref, href).
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2. Set κ = κref and select hcv minimizing

CV1(h) =
1

n

n∑
j=1

d2
(
M̂κref,h
−j (Θj), Yj

)
N2
−j(Θj),

where M̂κref,h
−j represents the estimator computing without observations (Θj, Yj),

N−j(Θj) represents the number of estimated local modes at θ = Θj with estimator

M̂κref,h
−j and d(x,A) = infz∈A ||x− z||.

3. Set h = hcv and select κ minimizing

CV1(κ) =
1

n

n∑
j=1

d2
(
M̂κ,hcv
−j (Θj), Yj

)
N2
−j(Θj).

Real-valued predictor and circular response Consider now the case with a cir-
cular response, Φ, and a real-valued predictor, X. Denote by M̂h,κ(x) the multimodal
estimator described in equation (7) of the main text, computed with smoothing param-
eters h and κ. In order to automatically select the smoothing parameters, we use the
following modification of the cross-validation criterion:

1. Select a pair of reference smoothing parameters by minimizing the Mean Inte-
grated Squared Error of the joint density estimator f̂(x, φ) by assuming that
the joint density is a mixture of independent von Mises and Gaussian densi-
ties (Garćıa-Portugués et al., 2013). We denote these reference parameters as
(href, κref).

2. Set h = href and select κcv minimizing

CV2(κ) =
1

n

n∑
j=1

d̃
(
M̂href,κ
−j (∆j), Yj

)
N−j(∆j),

where d̃(x,A) = infz∈A 1− cos(x− z).

3. Set κ = κcv and select h minimizing

CV2(h) =
1

n

n∑
j=1

d̃
(
M̂h,κcv
−j (∆j), Yj

)
N−j(∆j).

Circular predictor and circular response Finally, when we have a circular re-
sponse, Φ, and a circular predictor, Θ, denote the estimated regression multifunction
as M̂ν,κ(θ) when using concentration parameters ν and κ. We employ the following
modification of the algorithm:
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1. Select a pair of reference smoothing parameters by minimizing the Mean Inte-
grated Squared Error of the joint density estimator f̂(θ, φ) by assuming that the
joint density is a mixture of products of von Mises densities. We denote these
reference parameters as (νref, κref).

2. Set νref and select κcv minimizing

CV2(κ) =
1

n

n∑
j=1

d̃
(
M̂νref,κ
−j (∆j), Yj

)
N−j(∆j).

3. Set κ = κcv and select ν minimizing

CV2(g) =
1

n

n∑
i=j

d̃
(
M̂ν,κcv
−j (∆j), Yj

)
N−j(∆j).

2 Performance of the modified modal cross-validation

In this section we compare, through a brief simulation study, the performances of
the modal cross-validation method described in Section 4 of the main text and the
modification introduced in the previous section. For that aim, we simulated data
from models CL-1, LC-1 and CC-1 of Section 5 of the manuscript, where the dis-
persion/concentration parameters were set to σ = 1 for CL-1, τ = 8 for LC-1 and
τ = 12 for CC-1. We estimated the MISEm for model CL-1 and the CMIEm for models
LC-1 and CC-1, using the same sample sizes and number of replicates as in the sim-
ulation study of the main text. Results when selecting the parameters by the original
cross-validation procedure (O) and with its modified version (M) are shown in Table 1.
Both methods yield a very similar performance in terms of the estimated MISEm and
estimated CMIEm. Regarding the computational efficiency, it is clear that the modified
version requires less computational time, since it performs an optimization over one
variable (twice) while the modal cross-validation procedure described in Section 4 of
the main text implies optimization over two variables.
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Table 1: Monte Carlo estimates of MISEm for model CL-1 (σ = 1) and CMIEm for
models LC-1 (τ = 8) and CC-1 (τ = 12), with different values of the sample sizes.
Results under O correspond to the ones obtained with smoothing parameters selected
by the original modal cross-validation and results under M refer to the modified modal
cross-validation method.

CL-1 LC-1 CC-1

(n1, n2) O M O M O M

(100, 100) 1.877 1.865 0.023 0.024 0.213 0.201
(100, 200) 1.653 1.653 0.024 0.024 0.147 0.150
(200, 200) 0.851 0.840 0.012 0.012 0.066 0.065
(200, 300) 0.706 0.702 0.011 0.011 0.054 0.056
(300, 300) 0.574 0.574 0.008 0.008 0.045 0.043
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