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Abstract

We determine all non-Einstein Ricci solitons on four-dimensional Lorentzian Lie
groups whose soliton vector field is left-invariant. In addition to pp-wave and plane
wave Lie groups, there are four families of Lorentzian metrics on semi-direct exten-
sions R3 x R and E(1,1) x R. We show that some of these Ricci solitons are
conformally Einstein and they may be expanding, steady or shrinking.
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1 Introduction

A Ricci soliton is a triple (M, g, X) consisting of a vector field X on a pseudo-
Riemannian manifold (M, g) satisfying the differential equation

Lxg+p=nug (1

where £ denotes the Lie derivative, p is the Ricci tensor and i € R. Ricci solitons not
only generalize Einstein metrics but also are self-similar solutions of the Ricci flow and
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conversely, thus corresponding to geometric fixed points of the flow (modulo scaling
and diffeomorphisms). A Ricci soliton is said to be expanding, steady, or shrinking if
the soliton constant u < 0, u = 0 or u > 0, respectively. Furthermore, if the soliton
vector field X is the gradient of some potential function, then the soliton is said to be
a gradient Ricci soliton. We refer to [11] for more information.

A Ricci soliton is said to be trivial if the pseudo-Riemannian metric is Einstein, in
which case one may solve Equation (1) setting X = 0. It immediately follows from (1)
that two Ricci soliton vector fields X1 and X» on a given manifold (M, g) differ on a
homothetic vector field £ = X| — X». While the existence of homothetic vector fields
is a very rigid condition in the positive definite case, Lorentzian manifolds may admit
homothetic vector fields without being flat. Moreover, the Ricci soliton equation (1)
is invariant by homotheties in the sense that (M, g, X) is a Ricci soliton with soliton
constant u if and only if (M, kg, %X ) is a Ricci soliton with soliton constant % for
any k > 0. Hence we work modulo homotheties in what follows.

A metric Lie group (G, (,)) is an algebraic Ricci soliton if the Ricci operator
satisfies Ric = wId +D for some derivation of the corresponding Lie algebra [24].
Algebraic Ricci solitons are critical points of the scalar curvature for an appropriately
restricted family of metrics [24] and, moreover, they are critical for a quadratic cur-
vature functional with zero energy in dimensions three and four [6]. Algebraic Ricci
solitons give rise to Ricci solitons whose soliton vector field is generically not left-
invariant and there is a relation between Riemannian and Lorentzian algebraic Ricci
solitons in the nilpotent case (see [30]). In contrast, Ricci solitons on Lie groups with
left-invariant soliton vector field are not necessarily critical for any quadratic curvature
functional, thus being of a different nature.

Non-trivial homogeneous Ricci solitons are necessarily expanding in the Rieman-
nian setting and they are algebraic in dimension four [1]. Left-invariant Ricci solitons
do not exist on Riemannian unimodular Lie groups, and there are no three-dimensional
non-trivial left-invariant Ricci solitons on Riemannian Lie groups [14]. In sharp con-
trast, the Lorentzian signature supports such solitons (see [4]).

The purpose of this work is to classify left-invariant Ricci solitons on four-
dimensional Lorentzian Lie groups. After reviewing left-invariant Einstein metrics
and plane waves, we recall the situation in dimension three, which is much sim-
pler than the four-dimensional one. Our main result (Theorem 1.2) gives a complete
description modulo homotheties of non-trivial left-invariant Ricci solitons which are
neither symmetric nor pp-waves. The symmetric case is treated in Remark 1.5 and the
pp-wave Lie groups are considered in Sect. 5.

1.1 Einstein metrics on Lorentzian four-dimensional Lie groups

While four-dimensional homogeneous Einstein metrics are locally symmetric in the
Riemannian setting [19], the Lorentzian signature allows other possibilities. Left-
invariant Einstein metrics on four-dimensional Lorentzian Lie groups were studied in
[9] and a different approach shows that left-invariant Einstein metrics split into three
categories: symmetric spaces, plane waves and left-invariant metrics which do not
correspond to any of these.
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Indecomposable locally symmetric Lorentzian spaces either are irreducible (and
hence of constant sectional curvature), or they correspond to Cahen-Wallach symmet-
ric spaces [7], which are a special class of plane waves (see Sect. 1.2). Four-dimensional
products R x N3 are Einstein if and only if they are flat and so the only decomposable
four-dimensional Einstein Lorentzian symmetric spaces of non-constant sectional cur-
vature are products Mj(c) x M>(c) of two surfaces with the same constant sectional
curvature. The other possibilities are covered by the following (see [28]).

Theorem 1.1 Let (G, {, )) be a four-dimensional Lie group with a left-invariant Ein-
stein Lorentzian metric which is neither locally symmetric nor a plane wave. Then, it
is locally homothetic to the Lie group determined by one of the following:

(i) The Ricci-flat semi-direct product R x R with Lie algebra given by
le1, esl = —2e1, [e2, es] = €2 ++/3e3, [e3,eal = —3er +e3, or
(ii) the semi-direct product R> x R with Lie algebra given by
(w1, ugl = —uy + Suz, [uz, usl =5u>, [u3z, us]l =2u3, 86#0, or
(iii) the semi-direct product R? x R with Lie algebra given by
[ur, usl =4uy, [uz,us] = —2ur +duz, [uz, us]l =0uy +uz, §#0,

where {eq, ey, e3, e4} is an orthonormal basis with e3 timelike, and {uy, un, uz, us} is
a pseudo-orthonormal basis with (uy, uz) = (u3, u3) = (ua, ua) = 1.

The curvature operator R : A> — A? of metrics corresponding to Assertion (i)
has real and complex eigenvalues, and moreover ||VR||? # 0. Metrics corresponding
to Assertion (ii) have scalar curvature T = —48 and their Weyl curvature operator
is two-step nilpotent. Moreover, they are locally isometric to the only non-reductive
homogeneous space which is Einstein but not of constant sectional curvature [10, 15].
Metrics corresponding to Assertion (iii) have scalar curvature T = —12 and their Weyl
curvature operator is three-step nilpotent.

1.2 Homogeneous pp-waves and plane waves

Let (M, g,U) be a Brinkmann wave, i.e., a Lorentzian manifold admitting a parallel
degenerate line field Y. (M, g, U) is said to be a pp-wave if the parallel line field is
locally generated by a parallel null vector field and (M, g) is transversally flat, i.e.,
its curvature tensor satisfies R(X,Y) =0forall X,Y e U L In such case there exist
local coordinates (u, v, x!, x2) so that

g=duodv+ H(,x", x>)dvodv+dx'odx" +dx*odx®.
Leistner showed in [25] that a Brinkmann wave (M, g, ) is a pp-wave if and only

if it is transversally flat and Ricci isotropic, i.e., g(Ric X, Ric X) = 0 for any vector
field X on M.
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A pp-wave is said to be a plane wave if the covariant derivative of the curvature
tensor satisfies Vx R = 0 for all X € U/. In this case the local coordinates above can
be specialized so that H (v, x!, x?) = g; | (v)x’x/. The Ricci operator of any pp-wave is
two-step nilpotent and the metric is Ricci-flatif Ay H = 0, being Ay = d,1,1 +0,2,2
the spacelike Laplacian. It was shown in [17] that locally homogeneous Ricci-flat
pp-waves are plane waves in the four-dimensional case. Homogeneous steady Ricci
solitons on pp-waves which are not plane waves are given in Sect. 5, thus showing
that the result in [17] does not extend to Ricci solitons.

Homogeneous plane waves in dimension four are described in terms of a 2 x 2 skew-
symmetric matrix F and a 2 x 2 symmetric matrix Ag so that the defining function
H (v, x1, x?) takes the form H = x” A(v)x, where the matrix A(v) is given by (see

(2D

A@) = T Age™F, or A@v) = 08WIDIF g o= logutD)F

(v +b)?

Furthermore, the plane wave metric is Ricci-flat if and only if Ay is trace-free.

The existence of Ricci solitons on plane waves was investigated in [5] where it is
shown that any plane wave is a steady gradient Ricci soliton. Due to the existence of
homothetic vector fields, one also has the existence of expanding and shrinking Ricci
solitons on some special classes of plane waves. In any case, the soliton vector field
needs not be left-invariant for a plane wave Lie group, and hence the existence of
left-invariant Ricci solitons on plane wave Lie groups will be considered in Sect. 5.

1.3 Left-invariant Ricci solitons on 3-dimensional Lorentzian Lie groups

Non-trivial three-dimensional left-invariant Ricci solitons are either non-symmetric
pp-waves or locally isometric to a left-invariant metric on G = O(1, 2), the universal
cover of SL(2, R) or the non-unimodular semi-direct extension R? x R given by the
Lorentzian Lie algebras

(@) [u1, uzl = Aus, [ur, uz]l = —Auy Fuz, [uz, uz] = Auy, A#0,
@) [ur, uzl = uy + Auz, [uy, uzl = —Auy, [uz, uzl = Aup +uz, A #0,
(iii) [e1, ezl =e1 —ex, [ez,e3]l=e1+ e

where {u1, uz, u3} is a pseudo-orthonormal basis with (u1, us) = (u3, u3) = 1, and
{e1, e2, e3} is an orthonormal basis with timelike e .

It was shown in [4] that three-dimensional Lorentzian Lie groups corresponding to
cases (i) and (ii) have a single Ricci curvature which is a double or triple root of the
corresponding minimal polynomial. Moreover, the Lie group corresponding to (iii),
which was omitted in [4], has complex Ricci curvatures —2 = 2i.

There are two different possibilities for three-dimensional left-invariant pp-waves
which are Ricci solitons: a locally conformally flat plane wave (thus locally isometric
to a P.—space), or a pp-wave locally isometric to a Np—space. We refer to [16] for
a classification of homogeneous pp-waves in dimension three, definitions of P, and
Njp—spaces and more details.
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1.4 Left-invariant Ricci solitons on 4-dimensional Lorentzian Lie groups

The four-dimensional situation is more complicated than the corresponding three-
dimensional one, as in the Einstein case. We consider separately the case of
left-invariant Ricci solitons on pp-wave Lie groups, which is treated in Sect. 5. The
remaining possibilities are given as follows, which is the main result of this paper.

Theorem 1.2 A non-symmetric four-dimensional Lorentzian Lie group which is not a
pp-wave is a non-trivial left-invariant Ricci soliton if and only if it is homothetic to
one of the following:
(i) Go = R3 x R with Lie algebra given by
1 1
ler, ea] = ey, [e2,ea]l =€ (1 - %)2 er—es3, [es, eq] = exte (1 - %)2 es,

where {e1, ea, e3, ea} is an orthonormal basis with e3 timelike, and the parameter
0<ac< ﬁ.lfoz =0thene = 1, while if0 < a < N2 then €2 = 1; in this

latter case, o # % whenever ¢ = —1.
(ii) Go = R> x R with Lie algebra given by
[ur, uq] = auy, [uz,uq] = —aur +us, [uz, ug]l =u;, a>0,
where {u1, uy, u3, uq} is a pseudo-orthonormal basis with (u1, ur) = (u3, uz) =
(ug, ug) = 1.
(iii) G = E(1, 1) x R with Lie algebra given by
[e2, ea] = —[e1, e2] = €2, [e1, e3] = [e3, eq] = %[el, e4] = e,

where {e1, e3, e3, e4} is an orthonormal basis with e3 timelike.
(iv) Gop = E(1, 1) x R with Lie algebra given by
[ur, u2l =uy,  [ur,uq] = =2a(af + Duy, [uz, u3] = us,
[uz, ugl = Buy, [u3, ug] = aus,
where {u1, uz, u3, uq} is a pseudo-orthonormal basis with (u1, ur) = (u3, uz) =
(ua, us) = 1, and the parameters @ > 0 and o8 ¢ {—2, -1, —%}

Remark 1.3 Left-invariant Ricci solitons corresponding to G, in Assertion (i) are
steady and the left-invariant soliton vector field is defined by X = Xje| + ey if the

parameter « = 0,and by X = % (a + 44— 2a2) e4 otherwise. Moreover, the Ricci
operator has eigenvalues

£ =0, §2=—a<a+8(4—2a2)5>,

1

1 1\ 2
53:0(2—2—801(1—“—22)2+<052—4—280{(4—2a2)2) ,
1 2

(1-%) —(a2—4—2sa(4—2a2)2) .

Hence the Ricci curvatures are {0, 0, —2 £ 2i} if o« = 0, {0, A, & &= Bi} with o # 0
if0 <o < /2, and {0, =2, £4/2i} if o = /2.
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Left-invariant Ricci solitons corresponding to G, in Assertion (ii) are steady and
their left-invariant soliton vector field is defined by X = Xju; — Xjou3 — %au4.
Moreover, their Ricci operator is three-step nilpotent.

Left-invariant Ricci solitons corresponding to Assertion (iii) are steady and their
left-invariant soliton vector field is defined by X = — %e 1+ %e4. Moreover, their Ricci
operator has eigenvalues {0, =2, —2 £ /6i}.

Left-invariant Ricci solitons corresponding to Gy in Assertion (iv) are expanding
with u = —2(ap + 1)? + 1)e? and their left-invariant soliton vector field is defined
by X = Xju; + Xouz + Xaua, where

X1 = 5o (@B + 2 (2@ + Dap — 1),
X2 = 3377(@B +2) 2B + 2)ap + 3)a?,
X4 = Mﬁ(aﬁ +2)%a.

Moreover, the Ricci operator is diagonalizable with non-zero real eigenvalues

£l =& = —Qap + (B + )2,
& = 2ap + a2, & =—Q2(@p+2)aB +3)a?.

Remark 1.4 Let (Gy, {,)1) and (G2, (, )2) be two Lorentzian Lie groups with non-
zero scalar curvatures. If (G, (, )1) and (G3, {, )») are homothetic, then one has that
2RI = 5 2 Ro||? and 7,7 2| Wy |12 = 73 2||Wa |, where R; and W; denote the
curvature tensor and the Weyl conformal curvature tensor for i = 1, 2, respectively.
We use the quadratic scalar curvature invariants to show that left-invariant metrics
in different assertions in Theorem 1.2 correspond to distinct homothetic classes. It
also follows that different values of the parameter in Assertion (i) determine distinct
homothetic classes. Metrics in Assertion (iv) with different o correspond to distinct
homothetic classes.

Remark 1.5 Locally symmetric Lorentzian spaces which are neither of constant
sectional curvature nor a Cahen-Wallach symmetric space split as a product [7]. Left-
invariant symmetric Ricci solitons which are neither Einstein nor a plane wave are
locally isometric to L2 x N(c), where N(c) is a surface of constant curvature, and
correspond to one of the following Lie groups:

e Ggp in Assertion (iv) of Theorem 1.2 for ¢ = —1, as discussed in Sect. 2.4.1.
e The Lie group H> x R determined by the Lie algebra

y3r2 2
[w1, uzl = Aruy, [uy, usl = _71’/!17 [u2, usl = y3Ajusz, [usz, usl = yarius,

with A1ys # 0, where {u1, uz, u3, ua} is a pseudo-orthonormal basis with

(ur, ur) = (uz, up) = (usz, ug) = 1. 1tis aexpaznding Rzicgci soliton with u = —A%
. . . i A .
and left-invariant soliton vector field X = —%uz + %ug - %LM, as discussed
{1 1

in Sect. 4.2.2.3.
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Remark 1.6 The Bach tensor of a four-dimensional manifold is defined by B =
divy divy W + %W[,o] (see [23]). Four-dimensional Bach-flat metrics are confor-
mally invariant and Bach-flatness is a necessary condition to be conformally Einstein.
Left-invariant metrics in Theorem 1.2 are Bach-flat if and only if they correspond
to Assertion (iv) with o = —%. Furthermore, in this case the vector field X =
%ul — 37"‘144 is locally a gradient and satisfies divqg W + %W(~, -, -, X) = 0. A straight-
forward calculation shows that the Weyl operator acting on the space of two-forms has
non-zero eigenvalues and thus the metric is weakly-generic. Hence it is conformally
Einstein (see [20] for more information).

1.5 Left-invariant metrics and Grobner basis

Connected and simply connected four-dimensional Lie groups are either products
SUR2) x R, S‘Z(Z, R) x R, or one of the solvable semi-direct extensions of three-
dimensional unimodular Lie groups E 2) xR, E(1,1) xR, H 39 Ror R xR,
where E 2),EQ,1),H 3 and R? denote the Euclidean, the Poincaré, the Heisenberg
and the Abelian three-dimensional Lie algebras, respectively. Since our purpose is
to investigate left-invariant Ricci solitons, we work at the purely algebraic level, and
therefore we restrict to the corresponding Lie algebras. Left-invariant Riemannian
metrics are described, using the work of Milnor [26], in terms of the corresponding
derivations on the three-dimensional unimodular Lie subalgebras. The Lorentzian
situation is more subtle due to the fact that the restriction of the metric to the three-
dimensional subalgebras su(2), sl(2, R), ¢(2),e(1, 1),hor 3 may be a positive definite,
Lorentzian or degenerate inner product. We follow [8] and consider separately the three
possibilities above.

Let (G, (, )) be afour-dimensional Lie group and let X be a left-invariant vector field
on G. Then (G, (, ), X, n) is a left-invariant Ricci soliton if and only if the symmetric
tensor field %&)3 = Lx{(, )+ p — u{, ) vanishes identically. It is now immediate, since
the vector field X is left-invariant, that the condition ‘8 = 0 equals to a system of
polynomial equations on the structure constants which one has to solve in order to
obtain a complete classification. When the system under consideration is simple, it is an
elementary problem to find all common roots, but if the number of equations, unknowns
and their degrees increase, it may become a quite unmanageable task. Given a set S
of polynomials B;; € R[xy, ..., x,], an n-tuple of real numbers a = (ay, ..., a,) is
a solution of & if and only if 3;;(a) = O for all i, j. It is immediate to recognize that
a is a solution of § if and only if it is a solution of Z = (3;;), the ideal generated by
the ‘B;;: if two sets of polynomials generate the same ideal, the corresponding zero
sets must be identical. The theory of Grobner basis provides a well-known strategy to
solve rather large polynomial systems obtaining “better”” polynomials that belong to
the ideal generated by the initial polynomial system. We make use of Grobner basis to
show non-existence results in some cases (see [12, 13] for mor information on Grébner
basis).
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2 Extensions of Lorentzian Lie groups

Let (G, (, )) be a four-dimensional Lorentzian Lie group G3 x R so that the restriction
of the metric to the three-dimensional subalgebra g3 is Lorentzian. Three-dimensional
unimodular Lie algebras are completely described by using a Milnor type frame asso-
ciated to the self-dual structure tensor L given by L(X x Y) = [X, Y], where “x”
denotes the vector-cross product (X x Y, Z) = det(X, Y, Z). Self-duality of L ensures
the existence of an orthonormal basis {e1, ez, e3} of g3 diagonalizing the structure ten-
sor in the positive definite case [26]. If the inner product is of Lorentzian signature,
then L may have non-trivial Jordan normal form as follows (see, for example [27]).

Ia. Lisreal diagonalizable. Hence there exists an orthonormal basis {e1, €3, €3}, where
we assume e3 to be timelike, so that L(e;) = Aje;.

Ib. L has complex eigenvalues. Then there exists an orthonormal basis {ey, ez, e3},
where we assume e3 to be timelike, so that

II. L has a double root of its minimal polynomial. Then there exists a pseudo-
orthonormal basis {u1, uy, u3} so that

A O
Al

0
& 0
0 0 A

L = , &==1, where (ui,ur)= (us,u3z)=1.

ITII. L has a triple root of its minimal polynomial. Then there exists a pseudo-
orthonormal basis {u1, u2, u3} so that

A01
L=|0X0]), where (ui,ur)= (usz,u3)=1.
01

In what follows, we set g = g3 X t and L denotes the structure operator of the
unimodular subalgebra g3. We follow the work of Rahmani [29] to describe Lorentzian
left-invariant metrics on g3, and to analyse the existence of left-invariant Ricci solitons
on each one of the possibilities above. It follows that all left-invariant metrics in
Theorem 1.2 are realized as extensions of unimodular Lorentzian Lie groups.
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2.1 The structure operator L is diagonalizable

There exists an orthonormal basis {eq, €2, €3, e4} of g = g3 x v, with e3 timelike,
where g3 = span{ey, ez, e3} and v = span{es}, so that

3
le1, e2] = —Aze3, [e1,e3]l = —Azer, [e2,e3] = Ater, [ei,es] = Za{ej,
(i=1,2,3) j=1

for certain aij € R depending on the eigenvalues A;. The Jacobi identity leads to the

following different possibilities.

2.1.1 Structure operator with non-zero eigenvalues: metrics on EL’(z, R) x Ror
SU2) x R

Assume AjioA3 # 0. Then left-invariant metrics on S"I(Z, R) x Ror SU(2) x R are
described by the corresponding Lie algebra structure

[e1, e2] = —Azes, [e1, e3] = —Aaen, le1, e4] = y1h2e2 + y2A3e3,
[ea, e3] = Mie1, [e2, el = —y1Ahier + y3rzes, [e3, e4]l = yarier + y3hoen,
where {eq, ..., es} is an orthonormal basis. A straightforward calculation shows that

a left-invariant vector field X = ), Xye, is a Ricci soliton if and only if the tensor
field %‘13 = Lx{(,) + p — u(,) vanishes identically. Equivalently {§3;; = 0}, where
the polynomials §3;; are given by

P =f —v3 — DA — (f — DA+ (3 + DA — 20023 — 24,
P12 = y2y3(A3 — Mr2) — 2(Xay1 — X3) (A1 — A2),

Pis = —y1y3(03 — Air3) +2(Xays — X2) (A1 — A3),

Pia = y3(ha — 23)> + 2(Xay1 — X3y2)A1,

P = — DA+ 0 —vi — DA + (3 + DA — 20123 — 2u,
PBoz = y172(A] — 2223) + 2(Xays + X1) (A2 — A3),

Pos = —y2(h1 — 13)? = 2(X1y1 + X313)h2,

Paz = =2 + DA2 — (2 + DA+ (7 + y2 + DA 4 24100 + 20,
Pas = y1 (M — 22)* + 2(X172 + X2¥3)A3,

Pag = —yi 1 — 2> +y500 — 4307 +¥§ 02 — A3)* — 24

Since AjAaA3 # 0, we may assume A1 = 1 just working with the homothetic metric
determined by ¢; = %ei. Let Z C R[y1, 2, v3, A2, A3, i, X1, X2, X3, X4] be the
ideal generated by the polynomials 93;;. We compute a Grobner basis G of 7 with
respect to the graded reverse lexicographical order and we get that the polynomials

g =n2 and g =4MA3+302 + A3+ D
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belong to G. Since Api3 # 0, there are no left-invariant Ricci solitons in this case.
2.1.2 Structure operator with a zero eigenvalue: metrics on E(Z) xRorE(1,1) xR

We distinguish two possibilities depending on the causality of ker L. If ker L is space-
like then either A; = 0 or A, = 0, while if ker L is timelike then A3 = 0. Next we
show that left-invariant Ricci solitons exist only in the flat case.

2.1.2.1. Structure operator L with spacelike kernel. Without loss of generality, we
assume A1 = 0 and ApA3 # 0. Left-invariant metrics are described by

[e1, e2] = —A3ze3, [e1, e3] = —Azen, [e1, e4] = yiez + yres,
[e2, e4] = y3er + yahr3es, [e3, e4] = yarrer + y3es,

where {eq, ..., e4} is an orthonormal basis. We focus on the following components of
the tensor field :
Pii = A3 — 2 =y +vF —2u, Pra = ya(rs — 22)%,

P = = + D03 = 1) +7{ — 4 — Xo)ys — 2,
Pz = - + DOF = 13) + 7 + 445 — Xa)ys + 21,
Paa = v7 03 =22 —yi +y5 —4yi —2u.
One easily checks that P11 + yaP1a —Pag = (A — )»3)2 —i—4y32 and therefore A3 = Ay

and y3 = 0. Now, we have Loy + Piz = ylz + y22 which implies y; = y» = 0 and
the metric is flat.

2.1.2.2. Structure operator L with timelike kernel.
If A3 = 0 and XAy # O then left-invariant metrics are described by

le1, e3] = —Xzer, le1, e4] = yie1 + y2hzea, [€2, e3] = Aey,

le2, eal = —y2hier + yiea, [e3, ea]l = y3er + yaer,
where {eq, ..., e4} is an orthonormal basis. We get the following components of the
tensor field 3:

Pu=3— DO =2 -y =401 — Xy — 21, P =0 — 1%
Pz =1 — 2 —yf —vi+2u1,  Pu=—ri0 -1 —dyi+vi+vi-2u.

It now follows that B33 + 12 P34 + Pas = —(h1 — 22)> — 4y7 and thus Ar = A
and y; = 0. Now, P11 + P33z = —27/32 — y42 which implies y3 = y4 = 0 and the
metric is flat as in the previous case.

2.1.3 Structure operator of rank one: metrics on H3 x R
We consider separately the cases when the restriction of the metric to ker L is positive

definite (A3 # 0) or Lorentzian (A3 = 0). We make use of Grobner basis to show
non-existence of left-invariant Ricci solitons in both cases.
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2.1.3.1. Structure operator L with positive definite kernel.
Setting A1 = A = 0 and A3 # 0 left-invariant metrics are described by

[e1, e2] = —A3ze3, [e1, e4] = yie1 + yrex + y3e3,
[e2, e4] = yae1 + ysex + yees, [e3, eq] = (y1 + ¥5)es,

where {eq, ..., e4}is an orthonormal basis. Now, X € h xR determines a left-invariant
Ricci soliton if and only if the system of polynomial equations {3;; = 0} is satisfied,
where the polynomials 3;; are given by

Pii =23 — 4y —y2 +y2 +vE —dniys +4Xay — 20,

P2 = —v1y2 = 3v1va = 3v2¥5 + v3V6 — vays + 2Xa(y2 + va),

P13 =2X243 +2y173 + 303¥5 — vave — 2X4ys,

P4 = vers — 2X1y1 — 2Xoya,

Poo =13+ y2 — vi —4y2 +vE —dyiys +4Xays — 20,

Pz = —=2X 123 + 371¥6 — 1273 + 2¥5¥6 — 2Xa¥s,

Pou = —y3r3 — 2X1y2 — 2X2ys, Paas = 2{X3(y1 +¥5) + X1v3 + X2¥6),
Paz = A3 +4yL +v5 +4¥5 +vg +8nys — 4Xa(yi + v5) + 20,

Paa =4y —vi+vi—vi —4vi +vi —4niys — 2vaya — 2.

Since A3 # 0, we may assume A3 = 1 just working with the homothetic metric
determined by ¢; = %ei. LetZ) C Rly1, v2, V3, V4, ¥5- Y6, 1> X1, X2, X3, X4] be the
ideal generated by the polynomials ‘B;;. We compute a Grobner basis Gy of Z; with
respect to the lexicographical order and get that the polynomials

g1 = X3 (2617344X§ + 13139712X$§ + 18557248X] + 7213356 X7 + 61803),

gn =X, (83755008Xi4 + 776429568 X 1% + 2689679360 X 1 + 4517104000X§
+4237066048 X8 + 2362718304 X4 + 591574590X7 + 5006043)

belong to G;. Thus, X3 = X4 = 0. Next, we compute a second Grobner basis G, of the
ideal generated by the polynomials G; U {X3, X4} C R[y1, v2, ¥3, V4, V5, Y65 I4s X1,
X», X3, X4] with respect to the lexicographical order, obtaining that the polynomial
g1 =X 12 + X % belongs to G», which shows that X = 0 and Ricci solitons reduce to
Einstein metrics, which do not exist in this case.

2.1.3.2. Structure operator L with Lorentzian kernel. In this case A3 = 0 and we may
assume without loss of generality that A; = 0 and A, 7 0 so that left-invariant metrics
are described by

[e1, e3] = —Aoer, [e1, e4] = y1e1 + y2e2 + y3e3,
le2, e4] = yaer, [e3, eq] = yser + voer — (y1 — ya)es,
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where {e, ..., es4} is an orthonormal basis. Proceeding as in the previous case, one
has that the polynomials ‘B;; are given by

Pi=2—v5+ri—vi— 4y +4y1Xs—2u,

Piz2 = =2X302 + Y12 — 3v2v4 — ¥5Y6 + 2X4y2,

Pz = —2y1(y3 + ¥5) — v2¥6 + 3v3va — yays — 2Xa(y3 — ¥s),
Pia = ver2 — 2(X1y1 + X3¥5), Pia = y2r2 — 2X3(y1 — va) +2X1y3,
Poo = —23 +v5 — 4yf — v¢ +4Xays — 20, Pou = —2{X1y2 + Xoys + X3¥6),
Pz = 2X142 — v1¥6 — v2¥3 — 2vav6 + 2X4ays,

Pas = =23+ vi +490 —vi —vg — 4va+4Xa(v — va) + 20,

Pag = —dy — v +vi —4y2 + v + v +4viva — 2735 — 2.

Since Ay # 0, we assume Ay = 1 just working with the homothetic metric determined
by ¢; = %ei. Let Z1 C Rly1, v2, V3, Y4, V5, V6, 4> X1, X2, X3, X4] be the ideal
generated by the polynomials ‘B3;;. We compute a Grobner basis G| of Z; with respect
to the lexicographical order so that that the polynomials

g1 = X2 (2617344X§ + 13139712X$ + 185572485 + 7213356 X7 + 61803),

g2 =Xy (83755008Xi4 + 776429568 X 12 + 2689679360X }° 4 4517104000X 3
+4237066048X$ + 2362718304 X} + 5915745907 + 5006043)

belong to G;. Thus, Xo = X4 = 0. We compute a second Grobner basis G, of the
ideal generated by the polynomials G; U {X7, X4} C R[y1, y2, v3, Y4, V5, V6, 4> X1,
X7, X3, X4] with respect to the lexicographical order and we get that the polynomial
2] = y42 + 1 belongs to G,, which shows that there are no left-invariant Ricci solitons
in this case.

2.1.4 Structure operator with zero eigenvalues: metrics on R3 x R

Since A1 = Ay = A3 = 0, any linear map D : 3 — 3 is a derivation. In order to
simplify the structure constants, we proceed as follows. Let ®(x, y) = (Dx, y) be
the bilinear form associated to D(-) = [-, e4], and let &5 = %(CD +'®) and ¢, =
%(@ —'®) be the symmetric and skew-symmetric parts of ®, respectively. Moreover,
let Dgqq and Dgsqq defined by @ (x, y) = (Dsqaax, y) and @4 (x, y) = (DgsaaX, y)
be the corresponding self-adjoint and anti-self-adjoint endomorphisms. We analyse
separately the different Jordan normal forms of Dy, .

2.1.4.1. The self-adjoint part of the derivation Dgq4 is diagonalizable.
In this case, there exists an orthonormal basis {e1, e, e3} of ©3, with e3 timelike, so

that
n 0 0 0 vin

Dsqq = 0n2 0], Diaa=|-n 0y
0 0 n3 2 730
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and therefore left-invariant metrics are described by

[e1, ea]l = nie1 — yie2 + vae3, [e2, ea]l = y1e1 + n2ex + y3es,
[e3, e4] = yre1 + y3e2 + n3e3,

where {e}, es, e3, e4} is an orthonormal basis of P xR wit}~1 e3 timelike. After a
straightforward calculation we get the following polynomials B;; = %&Bi i

‘1:311 =—m@n +m+n3—2X4) —u, ‘?22 =—mm +m+n—2X4) —
Pz =n30m +n2+n3 —2Xg) +u, Pag = —77% - ﬁ% - 77% -

Hence, mP11 — 11 P2 = (11 — n2)p and n3Pi1 + P33 = (m1 — n3) . These
relations, together with the expression of 44, imply that n; = 79, = n3 = x and a
standard calculation shows that the corresponding left-invariant metric has constant
sectional curvature —x 2.
2.1.4.2. The self-adjoint part of the derivation Dsqq has complex eigenvalues.

If the self-dual part of the derivation, Djs,4, has complex eigenvalues then there
exists an orthonormal basis {eq, e2, e3} of ©3, with e3 timelike, so that

n 00 0 »i»rn
Dsaa =0 8 v |, Dasaa = —VY1 0 Y3l
0—-vé 2 70

where v # 0. The corresponding left-invariant metrics are described by

[e1, e4] = ner — y1ex + y2e3, [e2, es] = yie1 + 8ex + (y3 — v)es,
[e3, e4] = yre1 + (y3 +v)ex + de3,

and a standard calculation shows that the polynomials ‘ﬁij = %‘431' ;j are given by

Pu=—n* =206 — Xn — p, Pz =116 —n — v,
P13 =206 —n) + v, Pia = —X1n — Xoy1 — X312,
P = —26% — (n — 2X4)8 — 2y3v — W, Pz = —(20 + 1 —2X4)v,
Poa = Xiy1 — X28 — X3(v + 13), P33 =267+ (n — 2X2)8 — 230 + 1,
Pas = X1y2 — Xo(v — y3) + X386, Pag = —282 — > +20% — .
We work with the homothetic metric determined by ¢; = le, Since yg‘ﬁu —

y1‘4313 = —y2—y?and ﬂ322+‘1333 = —4ys, it follows that y; = y» = y3 = 0. Now,

‘Bzg —25— 77+2X4,m24 1) ‘BM = —Xg(82+1) andS‘Bz4+‘J334 = —X2(52+1)
leadto X = X3 =0and X4 =6 + 27]. Thus, the system of polynomial equations

{‘i?,-j = 0} reduces to

Piu=Po=-Pis=-u=0 Pu=—-X;n=0,
Pag = —28°—n* —pn+2=0,
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which shows that X1 = 0 and the left-invariant metric given by

ler,es] = ner, [er.eal =& \/1—3n es—e3, [es.esl =er+e,/1—3nes,

with —+/2 <n < /2 and €2 = 1 is a left-invariant steady Ricci soliton which
corresponds to Assertion (i) in Theorem 1.2. Moreover, the left-invariant soliton vector
field is given by X = Xyej +£ eqif n = 0,and X = 1 (n T/ 2n2) eqifn # 0.

Note that (eq, 2, €3, ea) — (e1, e2, —e3, —e4) defines an isometry interchanging
(n, &) and (—n, —¢), and hence we may assume 0 < n < V2. Moreover, for n = 0,
the same isometry interchanges ¢ = 1 and ¢ = —1. A straightforward calculation
shows that the above metrics are never symmetric and they are Einstein if and only if
n= [, in which case corresponds to Assertion (i) in Theorem 1.1.

2.1.4.3. The self-adjoint part of the derivation Dguq has a double root.
In this case, there exists a pseudo-orthonormal basis {ui, uz, uz} of 3, with
(u1, uz) = (u3, uz) = 1, so that

m 0 0 n 0 »
Dsqq = en 0 ), Dusaa = 0 —vnws|,
0 0m -3=n 0

where 2 = 1. Thus, corresponding left-invariant metrics are described by

[ur, ugl = (1 + yDur + euz — y3us, [uz, ugl = (91 — y)uz — yaus,
[u3, usg] = youy + y3uz + nous,

where {ug, uy, usz, us} is a pseudo-orthonormal basis with (up, uz) = (u3,u3) =
(ua, us) = 1. We will consider the following polynomials ‘.B, = 2‘,}3, i

‘1:311 = —e(2n +n2 +2y1 —2X4), ‘1:312 = —mQ@n +m) +2X4m — w1,
Pz = —ys(n —m) — ey, Poz = —y20m1 — M),
Pz = =201 + 1) +2Xamy — pt, Paa = 207 —n3 — .

One easily checks that

Vz‘ﬁn - )/3‘3323 —8)/2, mP2 — mPas = (n — mu,
enPi1 — P33 + Paa = —n1@ni — 2 +201) + 2Xa(m — m),

and since ‘5344 = —217% —n% —uitfollowsthat y» = 0,72 = nyand n; (3n;+2y1) = 0.

If 3n1+2y;1 = Othen the resulting left-invariant metric is Einstein and it corresponds
to Assertion (ii) in Theorem 1.1. Finally, if n; = y» = n2 = 0 and y; # 0, then the
left-invariant metric corresponds to

[ur, us] = yiur + eupy — y3u3z, [uz,us]l = —yiua, [u3, usl =ysuz, (2)
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and u, is a recurrent null vector. Furthermore, a straightforward calculation shows
that the curvature tensor is transversally flat (i.e., R(Y,Z) = O forall Y, Z € u%)
and the Ricci operator is isotropic (p11 = —2¢y is the only non-zero component of
the Ricci tensor). Hence the underlying structure is that of a pp-wave which is neither
symmetric nor locally conformally flat.

2.1.4.4. The self-adjoint part of the derivation Dgqq has a triple root.
Let {uy, uz, u3} be a pseudo-orthonormal basis of v3, with (i1, u2) = (u3, uz) = 1,
so that

n01 i 0 »m
Dsaa =|10n0 |, Daysaa = 0 —viys
01n -v3 =72 0

Therefore the corresponding left-invariant metrics are given by

[ur, us]l = 0+ yur — y3us, [u2, us) = (n — ypuz — (y2 — Dus,
[u3, ug]l = (y2 + Duy + y3uz + nus,

where {u1, ua, u3, ua} is a pseudo-orthonormal basis of of 2 x R, with (uy, up) =
(uz, uz) = (ua, uq) = 1. A straightforward calculation shows that the non-zero poly-

nomials B;; = %‘Ii,- ;j are given by

Pro= -3 +2Xan+ys—p, P =—X2(—y) — X3y,
P2 =2y, Paz = =30+ y1 +2X4,

Poa = —X1(+yD) = X3(2 + 1), Paz = =30° +2Xan — 2y3 — i,
Bas = —Xsn+Xo(p — D)+ X153, Paa = 30> — .

Since Pz = 2y2, P12 — P33 = 3y3 and Pio — nPaz — Paa = nGn — y1) + 3,
it follows that y» = y3 = 0 and n(3n — y1) = 0.

Now, if 3n — y1 = 0 then the corresponding left-invariant metric is Einstein, and
it corresponds to Assertion (iii) in Theorem 1.1 if y; = 35 # 0. (The case where
n = y1 = 0 corresponds to a Ricci-flat plane wave).

If n = 0 and y; # 0, then a straightforward calculation shows that left-invariant
metrics, which are given by

[ur, ug] = yiuy, [uz,us] = —y1uz +usz, [uz, ug] = uy,

are neither Einstein nor symmetric. Moreover, the system of polynomial equations
{PBij = 0} reduces to

‘%312=‘3~333=‘i344=—u=0, ‘3:314=X2)/1=0, Poz = y1 +2X4 =0,
Pos = —X1y1 — X3 =0, Pis = —X» =0,

and it defines a left-invariant steady Ricci soliton with left-invariant soliton vector
field X = X1u1 — X1y1u3 — %)/1144.
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Finally, note that (up, us, u3, us) +— (—uy, —uz, u3, —ua) defines an isometry
interchanging y; and —y; and hence, without loss of generality, we can restrict the
parameter y; to y; > 0. Setting @« = 1y, this case corresponds to Assertion (ii) in
Theorem 1.2.

2.2 The structure operator L has complex eigenvalues

If the structure operator L is of type Ib then there exists an orthonormal basis
{e1,e2,e3,e4} of g = g3 x t, with e3 timelike, where g3 = span{ey, €3, e3} and
t = span{es}, so that

3
le1, 2] = —Ber —aes, [e1, e3] = —aer+ Bes, [er,e3]1=her, [ei, el =) alej,
(i=1,2.3) Jj=1

with 8 # 0, for certain ozi.i € R. Next we consider separately the cases when the real
eigenvalue A = 0 and A # 0.

2.2.1 Case of zero real eigenvalue: metricson E(1, 1) x R

If A = 0 then the corresponding metrics are given by

[e1, e2] = —Ber — aes, [e1, e3] = —aer + Bes, [e1, e4] = yiez + yres,
[ea, es] =2y3Ber + (3 — ya)aes,  [e3, e4] = (3 — ya)aes + 2ysfes,

where {e1, €2, e3, e4} is an orthonormal basis of e(1, 1) x t with e3 timelike. A straight-
forward calculation shows that the polynomials J3;; are given by

Pi=—482 -yl +rvi—2u. Pz =—4(y3—y)*+ Dap -y,
P2 = (2(y3 — ya) = 2X3)a —2(11 2y3 + ya) + X2)B + 2Xay1,

Pz = —1(y3 — va) = 2X)a + 2(2(y3 + 2y4) — X3)B — 2X4y2,

Prs = —4(y3 — va) B, Pas = —8(vi +vHB> —vi +vi —2um,
Par = —8y3(ys + ya) B2 +4Q2Xays + XD + vi — 21,

Poa = — (2 +2X3(y3 — ya))a + (y1 — 4X2y3) 8 — 2Xqy1,

Paz = 8(ys + va)vaB® — 4Q2Xays — XDB + v5 + 21,

Pas = (y1 +2X2(13 — ya))a + (v2 +4X3y4) B +2X1y> .

Since B # 0, we may assume 8 = 1 just working with the homothetic metric deter-
mined by ¢; = %e,-. Using the expressions above for P14, P11, Prz and Paa, together

with PBoz + Pz = ¥ +v5 — 8(v§ — vi — Xa(y3s — ya) — X1), we get

va=vs m=—3f—vi+4, a=-tnn wn=% Xi=-i0{+vd),
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where 8% = 1. Now, one easily checks that

13 — 8)(vf +2y7 +8),
nE+8)Qyi +vi -9,

e1P12 — Pos — 11112 P+ 371 Pz = =
e1P13 — 1717224 + Pas — 572P33 = —1

|
I [
==

o)

from where it follows that y; = 0 and y» € {—2, 0, 2}. A standard calculation shows
that the corresponding left-invariant metric, which is given by

[er, e2] = —ea, [e1,e3] =e3, [er,es] = yre3, [er,e4] =cren, [e3,e4] =€e3,

is Einstein if and only if y» = 0 (and locally isometric to a product of two surfaces
with the same constant curvature). Hence we take y» = 2¢&;, with 8% = 1, and the
system of polynomial equations {]3;; = 0} reduces to

Pz =—-2X2 =0, Pi3=—-2(X3+26X4)+ 61620 =0, =461 X4 —6=0,
m24:—281X2:O,€B33:_481X4+6:O, m34:281X3207

which shows that X, = X3 =0, X4y = 3571, and the left-invariant metric given by

[e1, e2] = —e2, [e1,e3] =e3, [e1,e4] =2¢ere3, [ea,e4] =c1e2, [e3,e4] = cre3,

is an steady Ricci soliton with left-invariant soliton vector field X = —%el + 3%64.

Note that (eq, ez, €3, e4) +— (e1, —e2, —e3, —e4) iS an isometry interchanging
g1 = land ¢y = —1, and (ey, e2, €3, e4) — (e, —en, —e3, e4) defines an isome-
try which interchanges ¢ = 1 and &, = —1. Hence we can set | = &5 = 1 obtaining

Assertion (iii) in Theorem 1.2.

2.2.2 Case of non-zero real eigenvalue: metrics on 37:(2, R) x R

If A # O then the corresponding left-invariant metrics are given by

[e1, e2] = —Bex — aes, [e1, e3] = —aer + Bes, [e2, e3] = Aey,
le1, es]l = (@® + A (yie2 + y2e3), ez, eal = —(y1a — y2B)rer + y3Ber + y3aes,
[e3, eal = (y2a + y1B)her + ysaer — y3Bes,

where {ey, e3, e3, e4} is an orthonormal basis of s[(2, R) x t with e3 timelike.
A straightforward calculation shows that the polynomials ‘B;; are given by

P = —((@* + B — (@ = PO — v3) — 4apiPyiya — 48> — 12 =24,
P2 = QXa(@? + > —adr) — (& + B2 +201)By3)n

+ (@ + B — (@2 = BNy + 2X4BM)ys — 2(Xa(e — 1) + X2),
Pis = —(((@® + BHa — (@ = BHV)y3 — 2X4pVy1

— 2X4@® + B* —ad) + (@ + B + 2a0)By3)y2 + 2(X2 (o — 1) — X3B),
Pis = 2(X20 — X3P)Ay1 — 2(X300 + X2P)Ay2 — 4B%y3,
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P = (0% + B%)7 — 2AD)yf — B22°%y5 + 20BAyiya + 4XaBys
+4X 18— Qa — M)A —2pu,
Pos = apA2(vf — v3) —dyd) — (@ + BH? — (@ — BHADy1y2 — 2Qa — MB,
Pas = (@ + (B —2X1) — BA2)y1 — (@ + B2 (@ — 21) + i) yr — 2(X3a + X2B)ys,
Paz = —B°Ay{ + (@ + B2 — &?2%)ys — 2007 y1v2 + 4XaBys
+4X 18+ Qa — M)A +2u,
Paa = (@ + ) (@ — 20) + arP)y1 + (@ + BHQ2X1 + B) — BAD)ys
+ 2X2a = 2X38)y3,
Pag = —(@* + % — (@ + V@ —ar+ B+ VB GE —vi) — 48273
—4(? + B2 —al)Bry1yy — 21

In this case we make use of Grobner basis again, but due to the difficulty in getting
such a basis using the above polynomials B;;, we reduce the number of variables as
follows. After a straightforward calculation, the expressions of P11, B2, B2 —
(¢ — 2)P13 and (@ — 2)P12 + B P13 let us to clear u, X1, X, and X3, respectively,
obtaining:

p= =5+ B = @ = BN — v3) — 20837 yiy2 — 287 — 517,
X1 = —g5(@ + B — &?12)yi + 181773 — 3002 y1y2 — Xays — g5(0. = 200k = 200),

4aB? 2,82 42
Xy = (% (0!2 —-B* - %) Y3+ X4/3> Y1+ (%m + X4Ol> 72,

2,82 32 4aB? A
X = (Fhg s - n+ (5 (o - 8 - G5 ) v - Xap) 7.

Hence we can eliminate the above variables from the polynomials ‘B;; and, as a
consequence, X4 is also eliminated. Let us denote by £;; the expressions obtained
from the polynomials J3;; after substituting 1, X1, X and X3. These expressions £;;
are not directly polynomials since they contain variables in denominators. We avoid
this problem considering 9, given by

= (@= 02+ F) Qi Dy =, Dy =2((@ =17+ )5 s,
=3, Q= 2((Ol -0+ /32>/3 D34, Qyy = Qua,

the remaining ones being zero. Thus, Q; ; are polynomials in R[yy, y2, v3, A, «, B].
Now, let Z C R[y1, y2, ¥3, A, @, ] be the ideal generated by the polynomials Q;j.
We compute a Grobner basis G of 7 with respect to the lexicographical order and one
gets that the polynomial g = (o> + %)% belongs to G. Since 8 # 0, one has that
there are no left-invariant Ricci solitons in this case.

2.3 The structure operator L has a double root of its minimal polynomial

If the structure operator L is of type II then there exists a pseudo-orthonormal basis
{ur, uz, u3, us} of g = g3 x v, with (uy, uz) = (u3, uz) = (ug,uq) = 1, where
g3 = span{uy, uo, u3} and v = spanf{u4}, so that
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3
lur, uzl = dous, [ur,usl = —riuy —euz, [uz,uzl = rjuz, [ui, us] = Zaijuj,
(i=1,2,3) Jj=1

with &2 = 1, for certain al.j € R. Next, depending on the eigenvalues A;, we are led to
the following different possibilities.

2.3.1 Case of zero eigenvalues: metrics on H x R
If 1 = A2 = 0 then the corresponding metrics are determined by

[ur, u3]l = —eua, [uy, ug] = yru1 + yausz + y3us,
[uz, ugl = yauz, [uz, ug] = ysuy + yeus — (y1 — va)us,

and the following polynomials B;; are obtained:

Pro = 207 —201va+ vsve + 2Xay1 +2Xays — 210, P = 3,

Pia = —2X1y2 — 2Xoys — 2X3v6 — eys,  Paa = 2(Xay1 — X173 — X3ya),

Paz = —22¥F — 201va + v5¥s + 2Xay1 — 2Xaya + o),

Pas = —3yF =3y + 2014 — 2135 — 2ysv6 — 21, Poa = —2(X1y1 + X3y5).

Note that y5 must vanish and hence 2(y; — y4) B 12+ (y1 + y4) B3z = 2(ya =3y u.
Thus, either 4 = 0 or y4 = 3y;. If © = 0 then Pays = —2)/12 — 2)/42 — (y1 —y4)? and
if y4 = 3y, then one easily checks that

Pos = —2X 171,
292 B1a — Qriv2 — v3ve)Bas — Y1v6Pas = —12X277,
ViPas — v3Pos = —4X377,
P12 — Pas = 8Xy4y1 .

Hence, in any case, y; = y4 = 0, and the left-invariant metric is given by

[1, u3] = —euz, [ur, uq] = yous + y3u3, [uz, uq] = yeus . 3)

A straightforward calculation shows that u; is parallel and the curvature tensor satisfies
R(Y,Z) =0and VyR =0forall Y, Z € ué‘ Thus, the underlying structure is a
plane wave.

2.3.2 Case A1 = 0, 1; # 0: metrics on EQ) xRorE(1,1) xR
In this case one has

[ur, uz] = Aous, [u1, u3]l = —euy, [ur, ua]l = yrus + yous,
[ur, usl = y3uz + yarousz, [u3, us]l = —eyaun + y3us,

and the following polynomials J3;; are obtained after a straightforward calculation:
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Pra=23 — y2yars — 2(v3 — Xayz + 1), Poa=—1sA3,
Pas=2(yae — y2)yaha — 3v§ — 24, P33 =292yar2— A3 =27 —2X4y3+1) .

It now follows that 231> — 2(7/%;7/4)5}324 — P33 — Paa = 3(A3 + 3) and, since

A2 # 0, there are no left-invariant Ricci solitons in this case.

2.3.3 Case A # 0,1, = O: metricson E(1,1) x R

If 41 # 0 and A, = O then

[u1, u3]l = —Ajuy — sus, [ur, ugl = yiuy + youz, [uz, uz] = Aua,
[uz, us]l = —QReyari — yvuz, [uz, ugl = y3u1 + yaua,

and straightforward calculations show that the non-zero polynomials 3;; are given by

P = —deri +vi — dyiys + 4Xayr — 4eX3, P =v3.

Piz2 = —4yiaf +4eQyi — X9)y2hi — 4yf + v3ys +4Xay1 — 20,

Pz = Qeyaya —2X2)h1 = 3viva — 23 + 2Xaya + 26Xy,

Pra = (4eXay2 — ya)r1 — 2Xoy1 —2X1y2 — ey3 — 2X3v4,

Pz = 2Q2ey2y3 + X1)A1 — 3y1y3 + 2Xays, P = y3i1 — 2X1y1 —2X33,
Pas = —4y323 +8eyiyahs — 4yl —2mya — 2, Pz = 2(nya+ ).

Since y3 must be zero, it follows that Bz = 2X A and P33 = —2u, and hence
X1 = pu = 0. Now, Pas = —4(eyrr1 — y1)? implies y1 = ey and thus Pz =
—(ey2ya+2X2)h1 +2X4y4, from where we get X, = —%y2y4 + X4K—‘l‘. At this point,
the left-invariant metric is given by

[ur, uz]l = —Ajuy — suy, [uy, ug]l = eyadiuy + youz, [uz, uz]l = Ajuy,
[uz, usl = —eyphiua,  [u3, usl = yauo,

and the system of polynomial equations {I3;; = 0} reduces to

B
PBia

—de(yf + DAt + v +4Xays —4eX3 =0,
—yal(y3 + D1+ 2(X3 — eXa2)} = 0.

Setv; =uj, vy = %uz, v3 = eyr2u3 + ug and v4 = u3. A straightforward calculation
shows that [v;, v;] = O foralli, j € {1,2, 3} and [v4, v;] € span{vy, vz, v3}. Hence
any left-invariant metric above is isometric to some left-invariant metric on R? x R
as discussed in Sect. 2.1.4.
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2.3.4 Case of non-zero eigenvalues: metricson SL(2, R) x R
In this case one has the metric expressed in terms of the Lie brackets

(i, us]l = Aousz, [ur,uz]l = —Ajuy — euy, [uz, uzl = Auz,
[u1, ugl = My1ur + eyiun + yarous, [u2, us] = —y1A1uz + y3dous,
[us, us] = —y3iiuy — (Y2r1 + €y3)uz,

and a straightforward calculation shows that the polynomials ;; are given by

Pii = y7 (A3 —23) — 26y — yays + DA + 2eha + v + deXuyr — 4e X3,
Pia = 121307 — (23 — DA3 — 241k + eyihs — 24,
Pis = nr2(A] — Aiha) +2(enys — Xay2 — X2)hi
+ (ey1y3 +2Xay2 +2X2) ko — 2e3X4 + 26X,
Pia = 2 (A1 — 12)> +2(Xay1 + X312 + £y3)A1 — 28300 — 26X 11 + 26 X373,
P =y — A3, Pas = —2(X172 + X213) 2,
Pos = —nys(f — Ad2) — 2(Xays — X1) (A1 — A2),
Pas = —y3(A1 + A3) + 2y3h1h2 — 2(X1y1 — X3)3)A1,
Psz = —21130 + Qyays — DA — 2eyih; — 2p,
Paa = —21273(01 — A2)* — 2697 (A1 — h2) — 210

Let Z C Rlyi, ¥2, v3, & A1, A2, 4, X1, X2, X3, X4] be the ideal generated by
the polynomials B;;. We compute a Grobner basis G of 7 with respect to the graded
reverse lexicographical order and obtain that the polynomial g = A% belongs to G.
Since 1> # 0, there are no left-invariant Ricci solitons in this case.

2.4 The structure operator L has a triple root of its minimal polynomial
If the structure operator L is of type III then there exists a pseudo-orthonormal basis

{ul,uz,u3,u4} of g = ¢g3 X7, with (ul,l/lz) = (u3,u3) = (u4,u4) = 1, where
g3 = span{uy, un, u3} and v = span{u4}, so that

3
(ur, up] =y + Auz,  [ur, w3l = —duy, [uz, uz] = ruz +usz, [u;, us] = Zaiju,-,
(=123  Jj=I1
for certain aij € R. Next we consider separately the cases A = 0 and A # 0.
2.4.1 Case of zero eigenvalue: metricson E(1, 1) x R
If A =0, then

[ur, uz] = uy, (w1, usg] = yiuy, [uz, u3z] = us,
[u2, ugl = your + y3us, U3, usl = yaus,
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and a straightforward calculation shows that the non-zero polynomials 3;; are given
by

—2y3v4 +2X4y3 + 2X3,
—2(X2y3 + X3v4),
—vi —2vi = 2u,

Pio = -y —yiva+2Xay +2X2 — 21, Pos
P = —yi — 2y +4Xayy —4X1 — 4, P
Pog = —2X1 + Dy1 —2Xoy2 + 2y, Paa
Pz = —2(v7 + viva — 2Xays +2X2 + 1) .

From the expressions of L322, Pos and Payg we get
Xi=—3vi —su—2X0)ym — 1. Xs=(mu— Xy, w=—3ri—vi

and thus B1o = 27 — (y4—2X4)y1 +2X whichimplies Xo = —y7+ 5 (4 —2X4) 1.
Now, Py = %()@2 + 2)y1 + 2(y2vs + 1)y and hence y; = —%. At this

point, the system of polynomial equations {}3;; = 0} reduces to

Pz = (},fﬁ)2 {3 + 20+ 8 + Xa(vi + D5 —4rava — D} ya =0,
Fas = 25 {20204+ Dya+ 07 =42y = DXa} yaya = 0.

One easily checks that

BPas — Pag = 2%2]—+2)2 [3)/§1 + 123 + (v + 41274 +6)> + 12} V3Vi

and therefore y3y4=0.
If y4 = 0 (which implies y; = 0), the left-invariant metric is given by

[, u2l = uy, fuz,uzl =u3, [uz,us] = yrui+ y3us, 4

and a standard calculation shows that u is a recurrent null vector. Moreover, the only
non-zero component of the Ricci tensor pyp = —2— %)@2 shows that the Ricci operator
is isotropic, R(Y,Z) = 0, and VyR = O forall Y, Z € ulL Hence the underlying
structure corresponds to a plane wave.

If y4 # O then y3 = 0, and P33 = 4{(2y4 + 2)%v4 — X4(2y2y4 + 1} y4. Note
that if 2y2y4 + 1 = 0 then B33 # 0. Hence the left-invariant metric is given by

[ur, u2l =ur, [ur, u4]l = =2(v2ya + Dyauy, [uz, uz] = us,
[ur, usl = your, [uz, us]l = yaus,

and it is an expanding left-invariant Ricci soliton with 1 = —(2(y2ys + 1)? + 1)7/42
and left-invariant soliton vector field X = X u; + Xous + X4u4, where

X1 = 3y 274 + 2 QR02ya + Dyaya — 1),

X2 = g1 (214 + ) Qa2ya + Dy2v4 +3)v3,

X4 = m(nm +2)%ya.
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A straightforward calculation shows that the above metric is symmetric if and only if
(y2y4 + D(y2ya + 2) = 0. Moreover, it is Einstein if and only if 24 +2 = 0, in
which case the sectional curvature is constant. Otherwise, if y»y4 + 1 = 0, then the
metric is locally a product L2 x N(c), where L? is the Minkowskian plane and N (c) a
surface of constant curvature c. Finally, note that (u1, us, u3, us) — (uy, uz, u3, —uq)
defines an isometry interchanging (y4, y2) and (—y4, —y») and hence, without loss of
generality, we can restrict the parameter y4 to y4 > 0. Setting « = y4 and = y»,
this case corresponds to Assertion (iv) in Theorem 1.2 and Remark 1.5.

2.4.2 Case of non-zero eigenvalue: metrics on ?[(2, R) x R
If A # 0, then
[ur, usl = uy + Auz, [uy,u3z] = —Aiuy, [uz,u3] =Auz + us,
[ur, usl = yiduy + yorlus, [uz, usl = —y3iui — y2r2us — yrhus,

[uz, ug] = y3u1 — (y1 — y2)iuz — (y1 — v2 — yah)us,

and the following polynomials 3;; are obtained:

P2 = -2 —yiya + DA2+2Xayh +2X2 — 21, Piz = 333,
Paz = Qy3 —2p1y2 — DAZ —dXayoh —4Xp — 21, Pag = —3y32% — 240

One easily checks that 231, — % Pz + Psz — 3Pas = —3A2. Since A # 0, there
are no left-invariant Ricci solitons in this case.

3 Extensions of Riemannian Lie groups

In this section we analyze left-invariant Lorentzian metrics which are extensions of
three-dimensional unimodular Riemannian Lie groups. In particular, we show that any
left-invariant Ricci soliton in this setting is trivial.

Lemma 3.1 A four-dimensional Lie group G = G3 X R equipped with a left-invariant
Lorentzian metric whose restriction to G3 is Riemannian, is a left-invariant Ricci
soliton if and only if it is a space of non-negative constant sectional curvature.

Let g = g3 x v and let L be the structure operator of g3. L is self-adjoint and diag-
onalizable, so there exists an orthonormal basis {e1, e, €3, ea} of g, with e4 timelike,
where g3 = span{ey, e2, e3} and v = span{es}, so that

3
ler, e2] = Aze3, [e1,e3] = —hzez, [e2,e3] =Rter, [ei,eq] = Zai]ej,
(i=1,2,3) j=1
for certain aij € R. Next, depending on the eigenvalues A; and imposing the Jacobi
identity, we are led to the following different possibilities.
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3.1 Structure operator with non-zero eigenvalues: metrics on :SI(Z, R) x Rand
SU2) xR

If 12043 # 0, left-invariant Lorentzian metrics are described by

[e1, e2] = Aze3, [e1, e3] = —Azen, [e1, es] = yiAzenr + y2Ar3es3,
[e2, e3]1 = Aieq, [e2, ea]l = —yiAie1 + y3h3e3, [e3, e4] = —yrhier — y3hzen,

and proceeding as in Sect. 2.1.1 a straightforward calculation shows that there are no
left-invariant Ricci solitons in this case.

3.2 Structure operator with a zero eigenvalue: metrics on E(2) xRandE(1,1) xR

Without loss of generality, we assume A3 = 0 and AjA2 # 0. Then Lorentzian left-
invariant metrics on E(2) x Ror E(1, 1) x R are given by

[e1, e3] = —Azen, [e1, es]l = yie1 + yahoer, [e2, e3] = Atey,
[e2, e4] = —yahier + yiea, [e3, e4] = y3e1 + yaer.

Proceeding as in Sect. 2.1.2.2 one has that the existence of left-invariant Ricci solitons
leads to Ao = A1, Y1 = ¥3 = ¥4 = 0 and hence to flat metrics on E(2) x R.

3.3 Structure operator of rank one: metrics on H> x R

Set A1 = A2 = 0 and A3 # O to express left-invariant Lorentzian metrics as

[e1, e2] = Aze3, le1, ea]l = yie1 + y2e2 + y3e3,
[e2, e4] = yaer + ysex + yees, [e3, eq] = (y1 + y5)e3.

A straightforward calculation as in Sect. 2.1.3.1 shows that there are no left-invariant
Ricci solitons in this case.

3.4 Case of zero eigenvalues: metrics on R x R

Proceeding as in Sect. 2.1.4.1 one has that left-invariant metrics are described by

[e1, es]l = nie1 — y1e2 — yae3, [ea, e4] = yie1 + n2ex — y3e3,
[e3, es]l = yre1 + y3e2 + n3es.

Analogous calculations to those in Sect. 2.1.4.1 show that R? x R is a left-invariant

Ricci soliton if and only if n; = n2 = n3 = k, in which case the sectional curvature

is constant k2.
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4 Extensions of degenerate Lie groups

In this section we study left-invariant Lorentzian metrics which are extensions of
three-dimensional unimodular Lie groups with degenerate metric. We show that the
underlying structure of any non-Einstein soliton is either a plane wave (Sect. 4.1 and
Sect. 4.2.1.1) or a symmetric product L2 x N(c) (Sect. 4.2.2.3.). While products
L2 x N(c) discussed in Sect. 4.2.2.3 are left-invariant Ricci solitons, the case of plane
waves is more complicated and we analyze it in Sect. 5.

Let g = g3 xtbe a four-dimensional Lie algebra with a Lorentzian inner product , )
which restricts to a degenerate inner product on the subalgebra g3. Let g5 = [g3., g3] be
the derived subalgebra of g3. We consider separately the different cases for dim g} €
{0,1,2,3}.

4.1 dim g} = 0: left-invariant metrics on R3 xR

The Lie algebra g3 is Abelian, since dim g, = 0. In this case there exists a pseudo-
orthonormal basis {u1, us, uz, us} of g = g3 x span{ua}, with (u1, u1) = (42, u2) =
(us, ug) = 1, so that

[tr, ugl = yiuy + vous + y3us, [uz, ug]l = yquy + ysuz + yeus,
[u3, usgl = yru1 + yguz + yous,

where y; € R. A straightforward calculation leads to the polynomials

Pii = —y7 +4Xuy — 20, Piz =2X4y7,
Pas = v + v§ + 2Xayo — 2u, Poz = 2X4)5.

It follows from the expressions of 313 and Pr3, together with P — Pig =
—2y? — ¥ +2X4(2y1 — ), that y; = yg = 0. Hence the left-invariant metric is
given by

[ur, us]l = yiuy + youz + ysus, [uz, usl = yaur + ysuz + veus, [us, us]l = yous, (5)

and a standard calculation shows that u3 is a recurrent null vector such that R(Y, Z) =
Oand VyR =0forall Y, Z € u3L Moreover, the only non-zero component of the
Ricci tensor is pg4 = —ylz — %(yz + )/4)2 — y52 + (y1 + ¥5)y9 which shows that the
Ricci operator is isotropic, and thus the underlying structure is a plane wave.

4.2 dim g} = 1:left-invariant metrics on H? xR

Since the restriction of the metric to g3 has signature (+, +, 0) then g5 = span{v} can
be a null or a spacelike subspace. We analyse those two possibilities separately.
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4.2.1 g; = span{v} is a null subspace

In this case, setting u3 = v there exists a pseudo-orthonormal basis {u1, uz, u3, s}
of g = g3 x v, with (uy, u1) = (u2, uz) = (u3, ug) = 1, where g3 = spanf{uy, uz, us}
and v = span{u4}, so that

[y, uz) = Aquz,  [ur, uz] = rous, [uz, u3] = Azus, u,,u4] Za uj,
=12.3) Jj=1

for certain al.j € R and where at least one of A1, > and A3 is non-zero. Next, depending
on the A;’s, we are led to the following different possibilities.

42.1.1. Case Ay = A3 = 0.
If A, = A3 = 0, then necessarily A1 # 0 and one gets

[wr, uz] = Arus, [t1, usl = yiur + yauz + y3us,

6
[uz, us] = yauy + ysuz + yeus, [usz, us] = (y1 + ys)us. ©)

A standard calculation shows that u3 is a recurrent vector field and the curvature tensor
satisfies R(Y,Z) =0and VyR =O0forallY, Z € u3L The only non-zero component

of the Ricci tensor is pgq = %{A% +4y1y5 — (2 + )/4)2} which shows that the Ricci
operator is isotropic and hence the underlying structure is a plane wave.

4.2.1.2. Casery =0, A3 £ 0.
In this case one has

[ur, uz] = Aqus, [u1, ug] = y1rsur + (y1 — y2)rAius, [uz, uz]l = Azus,
[uz, ug] = y3uy + yaus, [us, us] = y2r3us,

and the non-zero polynomials 3;; are given by

P = 4Xay123 —2u, P2 = 2X4y3, P2 = —13 - 2u,
Pra = A1ds +2(Xa(y1 — v2) + X2)A1 — 2X 1143 — 2X2y3,

Poa = =123 —2X1h1 +2X3h3 +2Xays, Pas = QXay2 —2X2)h3 — A3 — 2,
Pas = 23 =201 (r1 — v2)A3 —4X1(y1 — v2)M — 4X300h3 — 4Xoys — v .

Since A3 # 0, P11 — Po2 = (A3 + 4X4y1)A3 implies that X4 # 0. Hence this
expression, together with the expressions of 31> and 3»,, lead to

and a direct calculation shows that

1
201%B1s — 27223%0s + 5 (5 — y3h1 + vah)Pas — 23Paa = W/\Z :
4
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Since A3 # 0, there are no left-invariant Ricci solitons in this case.

4.2.1.3. Case Ly # 0.
If Ay # 0, then the Lie algebra structure is given by

[ur, uz] = Ausz, [ur, us] = Aaus, [uz, uz]l = Aszus, [uz, us] = ysrous,
[u1, usl = —y1radsur + yir3us + yarous,
[uz, uq] = —y3rsuy + yarouz + (V11143 — (y3 — va)A1 + y2A3)us,

and the non-zero polynomials 3;; are as follows:

Pii = —A3 — 4Xay1hahs — 21, Pio = 2X4y123 — hars — 2X4y3A3,
Pra = Y1A3A3 — y3A3 + AiAs + 2X2(01 + 1343) + 2(Xap2 + X3 + X171243)A2,
Par = =23 + 4X4y3h0 — 2u,
Pos = V12243 — 2X 17123 — Aida + 2Xayi A3 — y3hol3
—2(Xa(y3 — ya) + XA — 2Xoy3h2 + 2(Xay2 + X3)A3,
Psa = —13 — A3+ 2(Xays — X1)Aa — 2X2h3 — 2,
Pas = —yad — 2072303 + 201 (3 — va)A323 + A — 23(y3 — ya)A3 — y3A3
—4Xoy1A1d3 +4Xo(y3 — ya)dr —4(X1y2 + Xzya)ro — 4Xoyads .

Since Ay # 0, then
Pii — Poo = =23 + 23 —4Xa(irs + y3)ra, Bio = —hars +2Xa (1123 — v323),

imply that X4 # 0. Now, from the expressions of B2, P11 and B», we obtain

_ Gat+2Xays)ds M3+ 200 4 2Xay3)A3 M

2X423 B B

Y1 207

3 k]

and a direct calculation shows that

2(yar3 — 2iA3)PBia + 2001 + yar3) A2 Pos

2 2,2 2,2 (A3 +43)°
=27+ (1A + ) (A5 + A3) + YariA3) Pag + (A5 + APy = ————5—.

2
8X;
Since A # 0, there are no left-invariant Ricci solitons in this case.
4.2.2 g = span{v} is a spacelike subspace
Setting u; = %, there exists a pseudo-orthonormal basis {u, us, u3, ug} of g =

llv]
g3 X v, with (uy, u1) = (uz, u2) = (u3, us) = 1, where g3 = span{uy, uz, u3} and
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v = span{u4}, so that

[ur, uo] = Aquy, [ur, usl = Aouy, [uz, uzl = Azuy, [u;, uq] = Za uj,
(i=1,2,3)

for certain aij € R and where at least one of A, A, and A3 is non-zero. Depending on
the A;’s we are led to the following different possibilities.

42.2.1. Case Ay = Ap = 0.
Since A3 # 0 one has the Lie algebra structure

(i, ugl = yiur, [up, usl = Azuy, [uz, usl = yrui + y3uz + ysus,
[uz, ua] = ysuy + youz + (y1 — y3)usz.

A direct calculation shows B33 = —A%; hence there are no left-invariant Ricci solitons
in this case.

4222 Case A, =0, Ay #0.
In this case one has

[ur, uz]l = Aouy, [ur, ug] = y1douy, [uz, uz] = Azuy,
[uz, usl = (Y1 — y2)A3u1 + yarouo, [uz, usl = y3uy + yaus .

It now follows from 33 = —2)% — )\% that there are no left-invariant Ricci solitons
in this case.

4.2.2.3. Case A1 # 0.
If A1 # O then the Lie algebra structure becomes

[y, uol = Auy, [ur,uz]l = rouy, [ur, us] = yr1iiur, [uz,u3l = Azu;q,
[u2, ug] = hiyaus — yakidous + y3ijus,
[u3, ug] = — (Y3223 — Yoo + (Y1 — va)A3)ur — yarouz + yahrius,

and one has the polynomials 3;; as follows:

Pii = —ViA3A3 + 2730103 + 212130343 — 2(y1 — ya)y3hod3 — 245 — y3A3
— (71 — Ya)7A3 — 2Qy1 + v Az + 2yahAs + 2y — V4)7/2)»2)~3
+4(Xay1 + Xo)A1 +4X300 — 24,

P2 = —1374A303 + 120ar3 — 2120k — Qy1 + ya)kirs — (i — va)yakads
+2(Xay2 — XA + 2X323,

P13 = 2134343 — 29043 + 2043 + 2(y1 — va — Xay3)Aors + (2Xay2 — 2X 12
—2(Xa(y1 — va) + X2)23,

Pia = 3 MA3A3 + ¥3ATA3 — 12shiA3 — (1 + va)vshidads + 21247 + 2y1mAi k)
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=2y1(y1 — Yy A3 + 2X3730043 — 2(X1y1 + Xoy2)A1 — 2X300)2
+2X3(y1 — ya)As,

P = 230143 — 247 — ¥§A3 — 4Xayshiha — 2y2hihs — 24,

Pz = 3023 + 1423 + (11 — Ya)A3 — 2M1A2 — yahors — 2Xayaha,

Pas = —2y3A1A2 + 2¥37ah1A3 — y2y3hihads — 201 — Xay3)A]
+ (13 — yiva +2Xay) M — (V1 — ) yahihs + 2X3yaha,

Piz = —243 — A3,

Pas = ¥3A303 — 212130543 + 2(1 — va)y3har3 + (V3 + viDA3 + (1 — va)*A3
= Cy1+yadrire — yadids — 2(y1 — ya)yv2rads + 2Xayaky — 21,

PBas = —2074105 + 2130 — Qyf + 5 — 2yiva +4Xay3)A] — 4Xayah .

The polynomial B33 gives Ao = A3 = 0, and thus Poro — Pza = —2(A1 + Xays) A1
implies X4 # 0 and y4 # 0. Hence

V2B — 271P12 + 2P s — 2P = 4prd,
Y1P22 — Pos — viPas = —2X4(y3rh1 + v1iva)ra,

lead to y» = 0, and y; = —V";—i”. Finally, a standard calculation shows that the left-
invariant metric, given by

y3r3 2
[y, u2l = Auy, [ur, us] = _Tlul» [u2, usl = y3Ajusz, [uz, us] = yarius,

is symmetric and locally isometric to a product > x N(c) where N is a surface of

constant curvature c. Furthermore, it is a expanding Ricci soliton with y = —)\% and
. . . 22 2,3
left-invariant soliton vector field X = —%ug + %tm — %u4.
4 1

4.3 dim g; = 2:left-invariant metrics on E2 xRandE(1,1) xR

Let g’ = [g, g] be the derived subalgebra of g. Without loss of generality we may
assume g’ = g3. Indeed, if dimg’ < 3 then there exist two linearly independent
vectors x1, xp € g acting as derivations on g. Since g is Lorentzian, we can choose a
non-null vector y € span{x, x2} so that g = ) x span{y}, where the restriction of the
metric to the three-dimensional subalgebra b is non-degenerate. Thus, g corresponds
to one of the cases already studied in Sects. 2 and 3.

Let 9/3 = span{wp, wa}, where w; = v; + &u3, with v; spacelike and u3 null and
orthogonal to vy and v;.

If {vy, vo} are linearly independent, i.e., g’3 is a spacelike subspace, we choose
an orthonormal basis {u1, up} for span{vy, v} which can be completed to a pseudo-
orthonormal basis {¢1, us, u3, ua}of g = gaxvewith (uy, u1) = (uz, uz) = (U3, ug) =
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1, where g3 = span{uy, u, u3} and v = span{ua}, so that
[ur, uz]l = yiu1 + youz, [ur, usl = y3uy + yauz,

3
J
[z, uzl = ysui + yeuo, [ui, usl = Zoti uj,
(i=12.3) =1

for certain y;, o/ € R.

If {v1, va} arelinearly dependent, i.e., the restriction of the metric to g’3 is degenerate,
then {u; = ”:ﬁ, u3} is a basis of g5 which can be completed to a pseudo-orthonormal
basis {u1, uy, u3, us} of g = g3 x v, with (uy, uy) = (u2, uz) = (u3, ug) = 1, where
g3 = spanf{uy, uz, u3} and v = span{uy}, so that

[u1, u2l = yrur + yaus, [ur, uzl = ysu1 + yaus,

3
J
[uz, uz] = ysui + yous, [u;, ua] = Z“i Ujs
(i=1,2,3) j=1

for certain y;, o/ € R.

In any of the two cases above, a straightforward calculation shows that the Jacobi
identity is not satisfied since dim g5 = 2 and dim g’ = 3. Hence there are no left-
invariant Ricci solitons in this case.

4.4 dim g’3 = 3: left-invariant metrics on ?l(z, R) x Rand SU(2) x R

In this case, 9’3 = g3 and we consider the pseudo-orthonormal basis {u1, uz, u3, us}
of g = g3 x span{us} with (u1, u1) = (u2,uz) = (u3,us4) and ad,; : g3 — 93.
Since 9’3 = g3, ad,; must be of rank 2 and, apart from 0, it must have either two real
eigenvalues or two conjugate complex eigenvalues. Moreover, writing u3 = [x1, x2],
X1, X2 € g3, we have ad,; = ad,, oady, —ady, oad,,, which implies tr(ad,;) =
0. Thus, two possibilities may occur, none of them supporting left-invariant Ricci
solitons.

4.4.1 ady, has real eigenvalues {0, 1, —1}, with 1 # 0

Let v; and v, be unit eigenvectors, i.e., [v], u3] = Av; and [vp, u3] = —Avy. The
Jacobi identity implies [vy, v2] € span{u3z}. Thus, rescaling u3 if necessary, we get
a basis {vy, vz, v3,v4} of g = g3 x t, with (vy,v1) = (v2,v2) = (v3,v4) = 1,
(v1, v2) = k # %1, where g3 = span{vy, v2, v3} and v = span{vs}, so that

[vi,v2l =v3,  [vi,v3] = Avy, [vi, v4] = y1v1 + y2v3,
[v2, v3] = —Ava, [V2, V4] = —y1v2 + Y303, [V3, V4] = Y3AU1 + VoA

2 . . . T
We compute B3 = é%l and, since A # 0, there are no left-invariant Ricci solitons
in this case.
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4.4.2 ady, has complex eigenvalues {0, i3, —iB}, with B # 0

Let v; and v, be unit vectors so that [vy, u3] = Pvy and [vo, u3] = —pv;. The
Jacobi identity implies [vy, v2] € span{u3z}. Thus, rescaling u3 if necessary, we get
a basis {vy, v2, v3,v4} of g = g3 x v, with (vi,v1) = (v2,v2) = (v3,v4) = 1,
(v1, v2) = k # =£1, where g3 = span{vy, v2, v3} and v = span{v4}, so that

[vi, v2] = v3, [v1, v3] = Bz, [vi, v4] = y1v2 + Y203,
[v2, v3] = —Bui, [v2, V4] = —y1v1 + Y303, [V3, V4] = Y2 BU1 + V3 BV2.

We will make use of the following polynomials ‘53,» = (k2 — 1)P; i

P = —(k? = D22 +«y3)? — 42kB — Xalkc? — D)y
+202X36° — k= 2X3k + DB — 2> — D,
P2 = —(k* — D25 +v3) — (" — DB yays — 8Byt — 2(* — Dy,
P = —(k* — DB (k2 + y3)* — 42 + Xa(k? — D)kcyy
—202X3k3 + k% =2k X3 — DB —2(k> — D,
Pz = 477,
Pas = 4?y] — 20> = DB(ys + v3) — 40> = D(X1y2 + Xay3) — 1.

Since 8 # 0, ‘3333 shows that k = 0, and by a direct calculation one has

P — 1P —»Pe=-87. r»Bu+rPe—rnPa=48.
Hence y» = y3 = 0 and thus @44 = —1, which shows that there are no left-invariant
Ricci solitons in this case.
5 Left-invariant Ricci solitons on pp-wave Lie groups
Based on the analysis of previous sections, left-invariant Ricci solitons on pp-wave
Lie groups split naturally into two distinct possibilities as they are plane waves or not.
The case of pp-wave Lie groups which are not plane waves is as follows:
Theorem 5.1 A four-dimensional Lorentzian pp-wave Lie group which is not a plane

wave is a non-trivial left-invariant Ricci soliton if and only it is homothetic to G =
R3 % R with left-invariant metric given by the Lie algebra

[u1, usl = yrur +euz, [uz, us]l = —yruz,

where y1 # 0, ¢ = %1, and {uy,...,us} is a pseudo-orthonormal basis with
(ui,u2) = (u3, uz) = (ug, ug) = 1.
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Proof Lorentzian Lie groups as above are extensions of unimodular Lorentzian Lie
groups and have been discussed in Sect. 2.1.4.3. Since the sectional curvature is inde-
pendent of the structure constant y3, we set y3 = 0 in Equation (2) and work at the
homothetic level ( [21, 22]). Now, the non-zero polynomials ‘,B, = 2‘}3, j reduce to

P11 =26(Xs — 1), Pr2 =Pz = Pas = —p, Pua = Xoy1 — X1, Pou = X1y,

so we get a left-invariant steady Ricci soliton with left-invariant soliton vector field
X = X3u3z + y1u4, for any y; # 0.
O

Remark 5.2 Globke and Leistner proved in [17] that four-dimensional Ricci-flat homo-
geneous pp-waves are plane waves. Examples in Theorem 5.1 show that the result
above cannot be extended to steady Ricci soliton pp-waves. Moreover, pp-wave Lie
groups in Theorem 5.1 are conformal C-spaces, but not conformally Einstein (see [3,
18] for more information).

Theorem 5.3 A four-dimensional Lorentzian plane wave Lie group is a non-trivial
left-invariant Ricci soliton if and only if it is homothetic to one of the following:

(i) G = H? x R with Lie algebra given by
[ui, u3]l = uz, [uy, ua] = y3us,

where y3 # 0 and {1, ..., u4 is pseudo-orthonormal with (u, uz) = (usz, u3z) =
(ug, ug)= 1.
(ii) G = E(1, 1) x R with Lie algebra given by

(i, u2l = uy, [uz,uzl =u3, [uz,us] = ysus,

and {uy, . .., ud} is pseudo-orthonormal with (u1, uz) = (u3, uz) = (uq, usg) = 1.
(iii) G = R> x R with Lie algebra given by

[ur, ugl = yiuy + vouz, [uz, uq] = yauy + ysua, [us, ug] = us,

where {1, ..., u4 is pseudo-orthonormal with (uy, u1) = (uz, uz) = (u3, us) = 1.
(iv) G = H3 x R with Lie algebra given by

[ur, us] = Aus, [ur, ug] = yiuy + y2uz,
[u2, usgl = yaur + ysua, [uz, usl = (y1 + ys)us,

where y1 + y5 # 0, and {uy, ..., us) is pseudo-orthonormal with (uy,uy) =
(up, uz) ={(uz, ug)= 1.

Proof Lie groups in Assertions (i) and (ii) are Lorentzian extensions of unimodular
Lorentzian Lie groups. Assertion (i) was considered in Sect. 2.3.1 and a straightforward
calculation shows that the curvature tensor does not involve the structure constants &
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and y», so we can take ¢ = —1 and y» = 0 in Equation (3) (see [21, 22]). Now, the only
component of the Ricci tensor is pj] = —%()/32 — yﬁz) and the non-zero polynomials
Bi; reduce to

Pu = —3{v? — vZ —4X3}, Pro = P33 = Pas = — 11,
Pz =Xa(y3 +v) — X1, Puu=—-X3v, Pau=—-X1y3.

Hence, we get a left-invariant steady Ricci soliton if and only if it is Ricci-flat (7/32 =
)/62) or, otherwise, 5 = 0 and y3 # 0. In this latter case, the left-invariant soliton
vector field is given by X = Xous + }Ty32u3. Assertion (ii) was treated in Sect. 2.4.1
and since the curvature tensor does not depend on the structure constant y», one can
eliminate it in Equation (4) remaining in the same homothetic class due to the work
of Kulkarni [22] (see also [21]). The non-zero polynomials 3;; now reduce to

Po=Xo—pu, Po=-3r§—2X1+1), Pz = Xay3 + X,
Psz = —2X2 — u, Pas = —X2y3, Pag = —,

so we get a left-invariant steady Ricci soliton with left-invariant soliton vector field
X = —(%)@2 + Duy — Xay3us + Xqug.

Plane wave Lie groups in Assertion (iii) are Lorentzian extensions of unimodular
degenerate Lie groups and correspond to Sect. 4.1. First of all, observe that proceed-
ing as in the previous cases, one can eliminate the structure constants y3 and yg in
Equation (5) and remain in the same homothetic class. A straightforward calculation
shows that the Ricci tensor vanishes if and only if psa = —ylz - %(yz + )% — y52 +

(y1 + ¥5)y9 = 0, and the non-zero polynomials ‘i?,- = %‘33,1,- are given by

‘):311 =2Xuy1 — W, ‘%314 = —=X1y1 — Xos, ‘?12 = Xs(2 +1a), Pas = Xayo — 1,
Poo =2Xays — , Poa = —X1y2 — Xoys, Paa = paa —2X3y9.

We consider separately the cases y9 # 0 and y9 = 0. Assuming y9 # 0, we can
take 9 = 1 without loss of generality. If y» = —y4 and y| = y5 = %, then X =
% paau3+ iy is alocally conformally flat expanding, steady or shrinking left-invariant
Ricci soliton. Otherwise, if y» % —y4, or y1 # % or y5 #~ % then X = %p44u3 isa
steady left-invariant Ricci soliton. Finally, if y9 = 0O, then G is a left-invariant Ricci
soliton if and only if it is Ricci-flat.

Plane wave Lie groups in Assertion (iv) are Lorentzian extensions of unimodular
degenerate Lie groups and correspond to Sect. 4.2.1.1. We proceed as in the previous
case and eliminate the structure constants y3 and yg, so that the Ricci tensor vanishes
if and only if pgq = %{)\% +4y1y5 — (1o + y4)2} = 0, and the non-zero polynomials

sﬁij = %%ij are given by

‘1:311 =2Xyy1 — W, ‘1:314 =—Xiy1 +Xo(h1 — y4), ‘1:312 = X4(y2 + v4),
Por =2Xays — . Poa = —X1 (k1 +y2) — Xoys, Paas = Xa(1 +v5) — i,
PBas = paa — 2X3(y1 + v5) -
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If y1 + ys = 0, then the existence of left-invariant Ricci solitons reduces to the Ricci-
flat case. Assuming y; + ys # 0 one has two distinct possibilities. If y» + 4 = 0
and y; — y5 = 0, then X = m p44U3 + yljrys nua is a locally conformally flat
expanding, steady or shrinking left-invariant Ricci soliton. Otherwise, if y» 4 y4 # 0

ory; — y5 # 0, then X = mpﬂw is a steady left-invariant Ricci soliton. O

Remark 5.4 Plane wave Lie groups in Theorem 5.3 have vanishing Cotton tensor,
and thus they are conformally Einstein [3]. Plane wave Lie groups corresponding
to Assertion (iii) and Assertion (iv) which admit expanding, steady and shrinking
left-invariant Ricci solitons are locally conformally flat.
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