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Abstract

This paper is devoted to the study of nonlinear fractional differential equation with pa-
rameter dependence and integral boundary value conditions. In the paper various existence
and multiplicity results for positive solutions are derived depending of different values of the
parameter. Some illustrative examples are also discussed.
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1 Introduction

Fractional differential equations arise in many engineering and scientific disciplines. In the
monographs [3], 1T}, 14}, [15] [16], 18] one can find several examples related to the mathematical
modeling of systems and processes in, among others, the fields of physics, chemistry, aerody-
namics, electrodynamics of complex medium, and polymer rheology.

Since only positive solutions are useful for many applications, in this paper we discuss the
existence and multiplicity of positive solutions of a nonlinear fractional differential equation
with integral boundary conditions and parameter dependence. More precisely, in Section 3, we
consider the following problem

{ Du(t) + pg(t) f(u(t)) =0, 0<t<1 1)
u(0) = u'(0) = 0,u(l) = A [ u(s)ds, 0<A<a

depending on the real parameter p > 0. Here D® denotes the Rieman-Liouville fractional
derivative of order o € (2,3] and f and g are appropriate functions to be specified later.

Integral boundary conditions constitute a very interesting and important class of problem.
They arises in different areas of applied mathematics and physics as, for instance (see [1I, 12}
13|, 19] for details), heat conduction, chemical engineering, underground water flow, and plasma
physics can be reduced to nonlocal problems with integral boundary conditions.
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In the last years, several papers which deal with the existence of solutions for nonlinear
fractional differential equations coupled with integral boundary conditions have appeared. In
many of them the main results follow by means of suitable fixed point theorems [2] [4], 5], 9] 10, [17].
In [B], Benchohra and Ouaar investigated the existence of solution of the nonlinear fractional
differential equation with integral boundary condition:

‘D (t) = f(t,ut), 0<t<T, ac(0,1], )
{ u(T) = u(0)+ )\fOT u(s)ds, @

where ©D is the Caputo fractional derivative, f : [0,7] x R — R and A > 0.

In 2012, by the use of the Guo-Krasnosellskii fixed-point theorem, Cabada and Wang [9]
obtained existence results of positive solution for the following nonlinear fractional differential
equation with integral boundary condition:

CDu(t) + f(t,u(t)) =0, 0<t<l1, ac(23)

u(0) = u”(0) =0, u(l) = )\fol u(s)ds,

where 0 < A < 2 and f:[0,1] x [0,00) — [0,00) is a continuous function.
In section 2 we show the main properties, proved by the authors in [§], of the Green’s function
related to the linear problem of fractional order
D%u (t) +y(t) = 0, 0<t<1, 3)
u(0) = u/'(0) = 0,u(l) = A [ u(s)ds, 0<A\<a

Section 3 is devoted to the construction of a suitable cone in the space of the nonnegative
continuous functions and so, by means of the Krasnoselskii’s fixed point theorem, we give suffi-
cient conditions for the existence of nonnegative solutions and, under additional conditions on
the behavior of function f at 0 and at oo, we prove our main results for existence and multi-
plicity of positive solutions for the problem . We shall present in Section 4 an example that
illustrates our main results.

In some sense, the results given in this work follow similar steps to the ones obtained in
[6] and [7] for second order differential and difference equations with periodic boundary value
conditions. The main difference in our approach is that in this paper the Green’s function
vanishes at ¢ = 0 and s = 0, 1, which makes the main properties of the Green’s function used in
those references not valid here.

2 Preliminaries

In this section we recompile the fundamental properties of the Green’s function related to
problem . Such properties has been proven in [§].

Theorem 2.1. [8, Theorem 2.1] Let 2 < a < 3 and A # a. Assume y € C[0,1], then problem
has a unique solution u € C*|0, 1], given by the expression

u(t) = /O G(t, 5)y(s)ds,



where

o711 —s)2 " Ha— A+ As) — (a—A)(t —s)* !

(@ =M (a) ’

G(t,s) = (4)
711 - 5)* Ha — A+ \s)

(@ = A)T(e) ’

In the next result, are showed the fundamental properties of the Green’s function G, that
will be used to prove our main results.

Lemma 2.2. [8, Lemmas 2.2 and 2.3] Let G be the Green’s function related to problem (@,
which is given by the expression . Then, for all a € (2,3] and A > 0, the following properties
are fulfilled:

(i) G(0,s) = G(t,1) =0 for all t, s € [0,1] and X # .

(i) G(1,s) =0 for all s € (0,1) if and only if X = 0.
(i1i) (o —X)G(1,s) >0 for all s € (0,1) if and only if X # «.

(iv) G(t,0) =0 for all t € [0,1].

(v) G(t,s) < m for allt,s €10,1] and X € [0, ).

(vi) G(t,s) is a continuous function for allt,s € [0,1] and )\ # «.
(vii) t*" 1 G(1,5) < G(t,s) < $G(1,5), for allt, s € (0,1).

As a corollary of the previous result and Lemma [2.2] we deduce the following:

Corollary 2.3. Let G be the Green’s function related to problem (@, which is given by the
expression . Then, for all « € (2,3] and X > 0, the following property holds:

G(t,s) >0 for allt,s € (0,1) and all X € [0, @).

3 Main result

In this section we consider the nonlinear problem with parameter dependence . We will prove
some existence, nonexistence and multiplicity results for some suitable values of the positive real
parameter p. In order to do this, we use the well known Guo-Krasnoselskii fixed point Theorem
[11] in cones. We recall that a cone P is a subset of a Banach space which is nonempty, nontrivial,
convex and closed. Moreover pP C P for all p > 0 and PN (=P) = {0}.

Theorem 3.1. Let E be a Banach space, and let P C E be a cone. Assume that Q1,5 are
open and bounded subsets of E with 0 € Q3 C Q; C Qa, and let T : PN (2 \ Q1) — P be a
completely continuous operator such that

(i) || Tul| > |ull, we€ PN, and |Tul| < ||ull, ue P NoQs; or

(i) || Tul| < |ull, we PnNoQ, and | Tul| > ||ull, uwe P NoQs.

Then operator T has at least one fized point in PN (Qa \ Q).



Let E = C]0,1] be the Banach space endowed with the usual supremum norm || - ||. And we
assume the following hypotheses:

(H1) 4> 0,
(H2) g € L*[0,1], g (t) > 0 for a.e. t € [0,1] and f11/2 g(s)ds >0,
(H3) f:]0,00) — [0,00) is continuous. Moreover f(x) > 0 for all > 0.

In view of Theorem we define the operator T : C[0, 1] — C]0, 1] as follows,

1
Tault) =t [ Glt9)(5) fluls) ds. (5)

with G defined in .
It is clear that the fixed points of operator T}, coincide with the solutions of problem .
Define now the cone P C E as follows,

U 1
P = {u € E, u(t) >0forall t €[0,1], u(t) > - AHUH, for all ¢t € [2, 1] } . (6)

Let’s see that T), (P) C P.

It is obvious that for T, (u) > 0 for all w € P and p > 0.

If u € P then, for all t € [0,1], by using Lemma and knowing that G(¢, s) is continuous,
the following inequalities are satisfied for all ¢ € [0, 1]:

Tout) = u [ Glt9)a(s) Fluts)) ds

Y

e / G(1,5)g(s) flu(s))ds

Vv

a—1
| e (GG} (o) uto)ds

o te[0,1

]
ta—l)\ 1
> e {u e f<u<s>>ds}

a  telo,l
[P
= 1T |-
«

It is not difficult to show that 7}, : P — P is completely continuous. Then, in order to apply
the Guo-Krasnoselskii’s fixed point theorem, showed in Theorem we introduce a series of
preliminary results depending on the value of the positive parameter u.

Before this, we denote

and foo = lim @

r—o0 I

f(x)

= lim
fO z—0t

Lemma 3.2. Assume that hypothesis (H1), (H2) and (H3) hold. Then, for every R > 0, there
exists po (R) > 0 such that for every 0 < p < uo (R), we have

1Tl < lu|l, for allu e P with ||u|| = R.



Proof. Fix R > 0, and let v € P with |ju| = R. Let u > 0 be such that
R(a—MNT(a—1)

0<pu<p(R)=
maXqyec[o,R] {f (u)}fol g(s ds

(7)

Notice that from (H3) we know that max,epo,z) {f (u)} > 0 for all R > 0. Moreover (H2)

implies that fo ) ds > 0.
Then, for all t 6 [0, 1] the following inequalities hold:

T, u(t) = ,U/O G(t,s) g (s) f(u(s))ds
1
(Oé—/\)r(a_l)/ 9(s) flu(s))ds
7]
< e s @) [ oG
< R=|ul,
and so [|T,ul| < [Jul. ]

Lemma 3.3. Assume that hypothesis (H1), (H2) and (H3) hold. Then, for each r > 0, there
exists puo (1) > 0 such that for every p > po (1), we have

Tyl > ||ul|, forueP with ||ul| =r.

Proof. Fix r > 0 and let v € P with |Ju|| = r. Let

r) = - 0. 8
o (r) minue[ ] {f }f G(1,8) g (s)ds ~ ®)

We point out that conditions (H2) and (H3) warrant that pg (r) is well defined.
Thus

Tl > Tyu() = [ G(Ls) g (o) Sue)ds = e [ GlL5) g (5) flute))ds.

Now, since u € P and s € [1/2,1], we have that the last expression is bigger than or equals
to

L min }/ G(1,s8)g(s)ds >r=||u|,

ue[ 2‘1 T

., [Tl 2 [lull O

Lemma 3.4. Assume that conditions (H1), (H2) and (H3) are satisfied. Then if fo = oo, there
exists o (1) > 0 such that for every 0 < r < ro(n), we have

|Tul > |Jul|, forue P with ||u =r.



Proof. Since fo = oo, then there exists a constant ro (1) > 0 such that f(u) > Lu for all
0 < u < ro(p), where L = L(u) > 0 is defined as (condition (H2) says us that it is well
defined):

a

b= u)\fél G(1,8)g(s) 27 lds

L=L(
Fix 0 <r <ro(p), and let u € P be such that ||ul]| = r. Then, for all ¢ € [0,1] we have that

Tou(t) > ' [ G5 0(5) flu(s) ds

As a consequence

> e et [ G909 futenas)
= 0 [ G090 Futs) ds
> uL ; G(1,5) g(s) u(s)ds
1
> ;LL/l G(1,s) g (s) u(s)ds
>

A ! ae
pL ull [ 615 (5) 5 ds = .

O

Lemma 3.5. Assume that hypothesis (H1), (H2) and (H3) hold. Then, if fo = 0, there exists
ro (1) > 0 such that for every 0 < r < rg(u) we have

|Tul| < |lull, forue P with ||u| =r.

Proof. Since fy = 0, for
(a=NT(a—-1)
i
wfo g (s)ds
there exists 7o (1) > 0 such that f (u) < eu for each 0 < r < ro (p).
Fix 0 <r <ro(p), and let u € P with ||u|| = r. Then, for every ¢ € [0, 1], it is fulfilled

e=e(p)= >0,

Toult) = n [ Glts)g(s) fu(s)) ds
o

(a=NT(a-1) /0 9(s) f(u(s))ds
i 1
: (oz—A)F(a—l)/O g(s) eu(s)ds

[ 1
me\\ull/o g(s)ds

]l -

IN



As consequence, we conclude that || T,u| < [jul|. O

Lemma 3.6. Assume that conditions (H1), (H2) and (HS3) are satisfied. Then if foo = 00,
there exists Ro (i) > 0 such that for every R > Ry (1), we have

| Tuull > ||ul|, forue P with ||ul| = R.

Proof. Since fo, = 00, for

a >0

L=L(p 1

N g [ G(1,8) g (s) s ds

2

there exists Ry (u) > 0 such that f (u) > Lu for each u > Ry (u).

Define now Ry (1) := QQ;\I"Rl (1) > Ry ().

Fix R > Ry (u), and let u € P with |Ju|| = R. Then, for all ¢ € [0, 1] the following inequalities
hold:

[Tyull = max {to‘lu /01 G(1,5)9(s) f(U(S))dS}

te[0,1

]
= & / G(1,5) g (s) f(u(s)) ds
> u / G(1,5) g (s) f(u(s))ds.

1
2

Note that, for all s € [%, 1] we have

A 1N 1N 1N A
> a—1 > - _ - A > + A _
w(s) > s = ||lu|| > (2> o ||u||—<2> QR(2> Ry = Ry,

and so

[ Tull

Y]

,uLL G(1,s) g (s) u(s)ds

2

Y

A ! o
pL% ul [ G199 (s) " ds = Jul.

O

Lemma 3.7. Assume that conditions (H1), (H2) and (H3) are satisfied. Then if foo =0 then,
there exists Ro (1) > 0 such that for every R > Ry (1), we have

[Tull < flull, for we P with |lu] = R.



Proof. Since f, =0, for

(a=NT(a—-1)

€(p) 2 f01 g(s)ds

there exists Ry () > 0 such that f (u) < eu for each u > Ry (u).
Let Ry () := max { QQ;\I(’Rl (1) ,27}, where

_+ max u ' S S
R e eI L >}/0 g(s)d

Note that Ro(p) > Ry(p).
Fix R > Ry (1), and let u € P with ||ul| = R. Then, for any t € [0, 1] we obtain

1
Toult) = n [ Gltos)g(s) Fu(s)) ds

(@ N T(a—1) 2% {f(u)}/o g (s)ds

- !
- (a=XNT uw€[0,R]
[ 1
(a=NT(a—1) <ue[g,1z%f(<u>1 Ve mism Y (u)}> /0 9(s)do
U
a—\)T

1
< _ ma u)} + R/ s)ds
e (uwﬁm]{f< )+ ) R
R R R
< L Y _R=
SR TE P )

and thus [|T,u| < |ul. O

Now, after these technical lemmas, we are in a position to prove the following existence, non
existence and multiplicity result for problem . We refer to a positive solution of problem
as any solution u of such problem such that u(t) > 0 for all ¢ € (0,1].

Theorem 3.8. Assume that conditions (H1), (H2) and (H3) are satisfied. Then, the following
results hold:

1.

If fo > 0 and foo > 0 then there exists pug > 0 such that problem has mo positive
solutions for all p > pg.

If fo = o0 or foo = 00, then there exists pg > 0 such that problem has a positive
solution for every 0 < p < po.

If foo =0, then there exists ug > 0 such that problem has a positive solution for every
> po-

f fo =00 and foo =0, then problem has a positive solution for every p > 0.

If fo =00 and foo = 00, then there exists pg > 0 such that problem has two positive
solutions for every 0 < p < po.

If fo =0 and fs = o0, then problem has a positive solution for every p > 0.



7. If fo =0 and foo = 0, then there exists pg > 0 such that problem has two positive
solutions for every (> .

Proof. First, note that any solution u of problem satisfies, from Lemma (vit), the fol-
lowing inequalities for all ¢ € [0, 1]:

ult) = Tyult) = u / G(t,5) g (s) f(u(s))ds

> pte! /0 G(1,5) g (s) f(u(s))ds =t"""T,u(l) =t*Lu(l).

On the other hand, if u € P, then u(1) > A |ju||/a.
In particular, any solution u € P of problem satisfies

u(t) >t X |ul /o, for all ¢t € [0,1],

and, if it is nontrivial on [0, 1], then is strictly positive on (0, 1].

As a consequence, since in all the considered situations in the enunciate, the solutions of
problem are obtained as nontrivial fixed points of operator 7}, in the cone P, we deduce that
all of them are strictly positive on (0, 1].

Let’s prove the first assertion of the result.

Since fop > 0 and fo > 0 there exists L > 0 such that f(u) > Lu for all u > 0.

Define

«

LA fll G(1, ) g(s) s> 1ds

o

Consider p > pg. If there is a nontrivial solution v € P of problem we have that

Jull =170 = o { [ 1 G(t.5)9(s) (u(s)) s

t€(0,1]

> max {w-l / 1 G(LS)g(S)f(U(S))dS}

te[0,1]

_— / G(1,5) g(s) f(u(s)) ds

> ;LL/O G(1,s) g(s)u(s)ds
1

> ,uLL G(1,s)g(s)u(s)ds

>

At -
pLS [ 68 gs) s ulds > .
2

which is a contradiction.

The rest of the cases follow by combining Lemmas [3.2] - [3.7] together with Theorem [3.1] one
or twice. The proofs use similar arguments to the ones given in [0, Theorem 2.14] and we omit
them. O



Remark 3.1. [t is immediate to verify that, instead of condition (H2), we can assume the
weaker one:

(H2’) g € L'[0,1], g (t) > 0 for a.e. t € [0,1] and there is a € (0,1) such that fal g(s)ds > 0.

The proofs follow by direct adaptation of the ones given here. In this case the solutions belong
to the cone:

a—1

V:{ué&u@EOﬁthemJLMﬂzta

)\||uH, for all t € [a, 1]} .

4 Examples

We now give three examples where we apply Theorem and that illustrate our results. On
them it is pointed out that we are able to get some estimates of the values pg mentioned in
Theorem In all the cases it is immediate to verify that conditions (H1), (H2) and (H3) are
fulfilled.

Example 4.1. Let consider the following integral boundary value problem

{ D3u(t) + pg(t) f (ult)) =

0 0<t<1
u(0) = u/'(0) = 0,u(1) = 2 [ u(s)ds,

(10)

where
f@)=+vz+log (2> +1) and g(t) =t
By direct calculation, we obtain fo = 0o and fo = 0. From Theorem[3.8, part 4, we get that
problem (@) has a positive solution for every p > 0.

Example 4.2. Consider the fractional differential equation @ with f(z) = e Y/* (\/x +sinx)
and g(t) = 10/t.

It is not difficult to verify that fo = 0 and foo = 0. In consequence, Theorem[3.8, part 7, is
applicable and we can ensure the existence of two positive solutions of this problem for u large
enough.

Moreover, we can deduce sharper results, in the sense that it is possible to get estimations
on the values of the parameters for which the multiplicity result holds. To this end, let 11 = 1
and ro = 2. By pasting such values on (§) we obtain that po(1) ~ 38.1972 and io(2) ~ 4.10508.
Now, Lemma[3.3 tell us that

[Tuull = Mlull, i llull =7 forall p= po(r), i =1,2.
Now, from Lemma we have that for any p > 0 given, there is ro(u) > 0 for which
[Tpull < lull, — if lull =7 for all v < ro(u).

In particular, from Theorem[3.1], we have that for any p > 38.1972 there is a positive solution
uy of problem (10) that satisfies 0 < |luy|| <1

Using now Lemma we deduce that if > 4.10508 then problem (@ has a positive solution
ug such that 2 < |luz]].

Obviously we can ensure the existence of the two solutions for p > 38.1972.

10



Example 4.3. Consider the integral boundary value problem @) with f(x) = €® and g(t) = %
Clearly, fo = 00 and fo, = c0.

As consequence, part 1 of Theorem|[3.§ ensures that for u large enough there is no solution of
the considered problem. Moreover Theorem|[3.8, part 4 implies that this problem has two positive
solutions for positive p small enough.

Since f(zx)/x > e for all z > 0, we obtain that the expresion (9) remains ji ~ 25.3927. As a
consequence, we have that for p > 25.3927 problem (@) has no positive solution.

On the other hand, let Ry = 1 and Ry = 2. So po(1) =~ 0.978074 and po(2) = 0.719627 in
@, Thus, from Theorem and Lemma we deduce, for all p < ug(1), the existence of a
positive solution uy such that 0 < |luy| < 1.

Analogously, from Lemma we have that if p < po(2) then problem @) has a positive
solution us satisfying 2 < ||uz]|.

As consequence, we can ensure the existence of the two positive solutions uy and ug for all

w < 0.719627
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