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Abstract. In this paper, we discuss the existence of solutions for a new class of nonlinear differential
equations involving the ψ-Caputo fractional derivative with Dirichlet boundary conditions in Banach
spaces. Our approach is based on a new fixed point theorem with respect to Meir-Keeler condensing
operators. Two illustrative examples are also given in support of our existence results.
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1. INTRODUCTION

In the past few years, several researchers employed the fractional calculus as a way of de-
scribing natural phenomena in various areas, such as, mathematics, physics, biology, chemistry,
finance, economics, and engineering; see, e.g., [1, 2, 3, 4, 5] and the references therein. Nowa-
days, this subject has become a matter of deep interest for many scholars both in mathematics
and in applications. We refer the reader to [6, 7, 8, 9, 10]. In the same line, there are several
definitions of fractional derivatives and fractional integrals, such as, Riemann-Liouville, Ca-
puto, Caputo–Hadamard, Katugampola, and Hilfer. For the class of fractional operators, which
is known as ψ-fractional operators, it has been shown that these operators unify a wide class
of fractional derivatives. For some recent results involving ψ-fractional derivatives, one can
refer to [11, 12, 13]. On the other hand, many authors studied the problems of time-fractional
differential equations involving different kinds of fractional derivatives under various boundary
conditions analytically and numerically. In particular, for the existence, the uniqueness, and
the stability of solutions, we refer to [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24] and the ref-
erences therein. In the same direction, in 2015, Aghajani and Mursaleen [25] introduced the
notion of the Meir-Keleer condensing operator in Banach spaces, they established a new fixed
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point theorem with respect to the Meir-Keleer condensing operators, which generalize the fa-
mous Darbo’s fixed point theorem. Consequently, the fixed point theorem for the Meir-Keleer
condensing operators was extensively investigated for the existence of solutions for nonlinear
differential equations; see, e.g., [26, 27, 28, 29] and the references therein.

Next, we list some results on Caputo fractional differential equations. One of the first results
with boundary conditions is due to Zhang [30], who studied the following boundary value
problem with Caputo fractional derivative of the form{

cDqu(t) = f (t,u(t)), t ∈ [0,1],1 < q≤ 2,
u(0) = a 6= 0, u(1) = b 6= 0,

where cDq is the Caputo fractional derivative of order q, and f ∈C(J×R,R). Zhang obtained
the existence of solutions by means of Schauder’s fixed point theorem.

In [16], Agarwal, Benchohra and Seba discussed the following Caputo FDEs with boundary
conditions: {

cDqu(t) = f (t,u(t)), t ∈ [0,T ],1 < q≤ 2,
u(0) = u0, u(T ) = uT ,

where cDq is the Caputo fractional derivative of order q, f : [0,T ]×E −→ E is a given function,
T is a fixed positive constant, E is a Banach space with norm ‖ · ‖, and u0,uT ∈ E. They
obtained the existence of solutions by employing Mönch fixed point theorem combined with
the technique of measure of noncompactness.

Using the ideas of Meir-Keeler condensing operators and the measure of noncompactness,
Mursaleen and Rizvi [27], in 2016, studied the solvability of the infinite systems of second-order
differential equations in the sequence spaces c0 and `1{

u
′′
i (t) =− fi(t,u(t)), t ∈ [0,T ],

ui(0) = ui(T ) = 0, i = 1,2, . . . .
(1.1)

Motivated by results mentioned above, in particular, the results presented in [16, 27, 30], we
consider the existence of solutions for a new boundary value problems with ψ-Caputo differen-
tial equations in Banach spaces. More precisely, we will consider the following problem{

cDα;ψ
a+ u(t) = f (t,u(t)), t ∈ J := [a,b],

u(a) = θa, u(b) = ub,
(1.2)

where cDα;ψ
a+ is the ψ-Caputo fractional derivative of order α ∈ (1,2], f : [a,b]×E −→ E is

a given function satisfying some assumptions that will be specified later, E is a Banach space
with norm ‖ · ‖ and θa,ub ∈ E.

The main novelties of the present paper are as the following.
(1) We present a new class of fractional differential equations involving the ψ-Caputo frac-

tional derivative in Banach spaces.
(2) From the choice of ψ(t) = t and ψ(t) = ln t, we have the problems with their solutions

for the Caputo and Caputo-Hadamard fractional derivatives, respectively.
(3) The main tools used in our study are the Hausdorff’s measure of noncompactness and

Meir-Keleer condensing operators.
(4) The conditions imposed on the BVP (1.2) are weak.
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(5) The results obtained in this paper are generalizations and partial continuation of some
results obtained in [16, 27, 30].

The outline of this paper is as follows. In Section 2, we mainly present the measure of non-
compactness and the Meir-Keleer condensing operator. In Section 3, we present the existence
of solutions to the BVP problem (1.2). In Section 4, two examples are given to demonstrate the
theoretical results. Finally, in Section 5, we wrap up this paper by a concluding remark.

2. PRELIMINARIES

We begin this section by introducing some necessary definitions and basic results.
Let J := [a,b] (0 < a < b < ∞) be a finite interval, and let ψ : J→R be an increasing function

with ψ ′(t) 6= 0 for all t ∈ J. Let C(J,E) be the Banach space of all continuous functions u from
J into E with the supremum (uniform) norm ‖u‖∞ = sup{‖u(t)‖, t ∈ J}. By L1(J,E) we denote
the space of Bochner-integrable functions u : J→ E with the norm ‖u‖1 =

∫ b
a ‖u(t)‖dt.

Next, we give some results and properties from the theory of fractional calculus. We begin
by defining ψ-Riemann-Liouville fractional integrals and derivatives.

Definition 2.1 ([9, 11]). For α > 0, the left-sided ψ-Riemann-Liouville fractional integral of
order α for an integrable function u : J −→ R with respect to another function ψ : J −→ R,
which is an increasing differentiable function such that ψ ′(t) 6= 0 for all t ∈ J is defined as
follows

I α;ψ
a+ u(t) =

1
Γ(α)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))α−1u(s)ds, (2.1)

where Γ(·) is the (Euler’s) Gamma function Γ(α) =
∫+∞

0 e−ttα−1dt, α > 0.

Definition 2.2 ([11]). Let n ∈N and let ψ,u ∈Cn(J,R) be two functions such that ψ is increas-
ing and ψ ′(t) 6= 0 for all t ∈ J. The left-sided ψ-Riemann-Liouville fractional derivative of a
function u of order α is defined by

Dα;ψ
a+ u(t) =

(
1

ψ ′(t)
d
dt

)n

I n−α;ψ
a+ u(t)

=
1

Γ(n−α)

(
1

ψ ′(t)
d
dt

)n ∫ t

a
ψ
′(s)(ψ(t)−ψ(s))n−α−1u(s)ds,

where n = [α]+1.

Definition 2.3 ([11]). Let n ∈N and let ψ,u ∈Cn(J,R) be two functions such that ψ is increas-
ing and ψ ′(t) 6= 0 for all t ∈ J. The left-sided ψ-Caputo fractional derivative of u of order α is
defined by

cDα;ψ
a+ u(t) = I n−α;ψ

a+

(
1

ψ ′(t)
d
dt

)n

u(t),

where n = [α]+1 for α /∈ N, and n = α for α ∈ N.

To simplify the notation, we will use the following symbol

u[n]ψ u(t) =
(

1
ψ ′(t)

d
dt

)n

u(t). (2.2)
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From the definition, it is clear that

cDα;ψ
a+ u(t) =

{∫ t
a

ψ ′(s)(ψ(t)−ψ(s))n−α−1

Γ(n−α) u[n]ψ (s)ds, if α /∈ N,
u[n]ψ (t), if α ∈ N.

(2.3)

(2.3) yields the Caputo fractional derivative operator when ψ(t) = t. Moreover, for ψ(t) = ln t,
it gives the Caputo-Hadamard fractional derivative. We note that if u ∈ Cn(J,R), then the ψ-
Caputo fractional derivative of order α of u is determined as

cDα;ψ
a+ u(t) = Dα;ψ

a+

[
u(t)−

n−1

∑
k=0

u[k]ψ u(a)
k!

(ψ(t)−ψ(a))k

]
.

(see, e.g., [11, Theorem 3]).

Lemma 2.1 ([12]). Let α,β > 0, and u ∈ L1(J,R). Then I α;ψ
a+ I β ;ψ

a+ u(t) = I α+β ;ψ
a+ u(t), a.e.

t ∈ J. In particular, if u ∈C(J,R), then I α;ψ
a+ I β ;ψ

a+ u(t) = I α+β ;ψ
a+ u(t), t ∈ J.

Next, we recall the property describing the composition rules for fractional ψ-integrals and
ψ-derivatives.

Lemma 2.2 ([12]). Let α > 0. The following assertions hold.
If u ∈C(J,R), then cDα;ψ

a+ I α;ψ
a+ u(t) = u(t), t ∈ J.

If u ∈Cn(J,R), n−1 < α < n, then

I α;ψ
a+

cDα;ψ
a+ u(t) = u(t)−

n−1

∑
k=0

u[k]ψ (a)
k!

[ψ(t)−ψ(a)]k ,

for all t ∈ J.

Lemma 2.3 ([9, 12]). Let t > a, α ≥ 0, and β > 0. Then

• I α;ψ
a+ (ψ(t)−ψ(a))β−1 = Γ(β )

Γ(β+α)(ψ(t)−ψ(a))β+α−1,

• cDα;ψ
a+ (ψ(t)−ψ(a))β−1 = Γ(β )

Γ(β−α)(ψ(t)−ψ(a))β−α−1,

• cDα;ψ
a+ (ψ(t)−ψ(a))k = 0, for all k ∈ {0, . . . ,n−1},n ∈ N.

Remark 2.1. Note that for an abstract function u : J −→ E, the integrals which appear in the
previous definitions are taken in Bochner’s sense. (see, for instance, [31]).

Now, we define the Hausdorff measure of noncompactness and give some of its important
properties.

Definition 2.4 ([32]). Let E be a Banach space and B a bounded subsets of E. Then the Haus-
dorff measure of non-compactness of B is defined by

χ(B) = inf
{

ε > 0 : B can be covered by
finitely many balls with radius < ε

}
.

Lemma 2.4 ([32]). Let A,B⊂ E be bounded. Then Hausdorff measure of non-compactness has
the following properties
(1) χ(A) = 0⇐⇒ A is relatively compact,
(2) A⊂ B =⇒ χ(A)≤ χ(B),
(3) χ(A∪B) = max{χ(A),χ(B)},
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(4) χ(A) = χ(A) = χ(conv(A)), where A and convA represent the closure and the convex hull
of A , respectively,

(5) χ(A+B)≤ χ(A)+χ(B), where A+B = {x+ y : x ∈ A,y ∈ B},
(6) χ(λA)≤ |λ |χ(A), for any λ ∈ R.

In 1969, Meir and Keeler introduced a new contractive mapping, which is now called Meir-
Keeler contraction.

Definition 2.5 ([33]). Let (X ,d) be a metric space. A mapping T on X is said to be a Meir-
Keeler contraction (MKC, for short) if, for any ε > 0, there exists δ > 0 such that

ε ≤ d(x,y)< ε +δ ⇒ d(T x,T y)< ε, ∀x,y ∈ X .

In [25], Aghajani and Mursaleen further defined the concept of Mei-keeler condensing oper-
ators on a Banach space.

Definition 2.6 ([25]). Let C be a nonempty subset of a Banach space E, and let µ be a measure
of noncompactness on E. An operator T : C → C is said to be a Meir-Keeler condensing
operator if, for any ε > 0, there exists δ > 0 such that ε ≤ µ(Ω) < ε + δ ⇒ µ(T Ω) < ε, for
any bounded subset Ω of C.

The following fixed point theorem with respect to the Meir-Keeler condensing operator was
proved by Aghajani and Mursaleen [25] plays a key role in the proof of our main results.

Theorem 2.1 ([25]). Let Ω be a nonempty, bounded, closed and convex subset of a Banach
space E. Let µ be an arbitrary measure of noncompactness on E. If T : Ω→Ω is a continuous
Meir-Keeler condensing operator, then T has at least one fixed point and the set of all fixed
points of T in Ω is compact.

In addition, we also need the following lemmas.

Lemma 2.5 ([34]). Let E be a Banach space, and let B⊂C(J,E) be bounded and equicontin-
uous. Then χ(B(t)) is continuous on [a,b], and χC(B) = maxt∈[a,b] χ(B(t)).

Lemma 2.6 ([35]). Let E be a Banach space and let B⊂ E be bounded. Then, for each ε , there
is a sequence {un}∞

n=1 ⊂ B, such that χ(B)≤ 2χ({un}∞
n=1)+ ε.

We call B ⊂ L1(J,E) uniformly integrable if there exists η ∈ L1(J,R+) such that ‖u(s)‖ ≤
η(s), for all u ∈ B and a.e. s ∈ J.

Lemma 2.7 ([36]). If {un}∞
n=1 ⊂ L1(J,E) is uniformly integrable, then t 7→ χ({un(t)}∞

n=1) is
measurable, and

χ

({∫ t

a
un(s)ds

}∞

n=1

)
≤ 2

∫ t

a
χ({un(s)}∞

n=1)ds.

Definition 2.7 ([37]). A function f : [a,b]×E −→ E is said to satisfy the Carathéodory condi-
tions if

(i) f (t,u) is measurable with respect to t for u ∈ E,
(ii) f (t,u) is continuous with respect to u ∈ E a.e. t ∈ J.
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3. MAIN RESULTS

First, we define the solution to boundary value problem (1.2).

Definition 3.1. A function u ∈ AC1(J,E) is said to be a solution of Eq. (1.2) if u satisfies the
equation cDα;ψ

a+ u(t) = f (t,u(t)), a.e. on J, and the conditions u(a) = θa, u(b) = ub.

For the existence of solutions to problem (1.2), we need the following lemma.

Lemma 3.1. For a given h ∈ L1(J,R), the unique solution of the linear fractional boundary
value problem {

cDα;ψ
a+ = h(t), 1 < α ≤ 2 , t ∈ J := [a,b],

u(a) = θa, u(b) = ub,
(3.1)

is given by

u(t) = θa +I α;ψ
a+ h(t)+

(ub−θa)(ψ(t)−ψ(a))
(ψ(b)−ψ(a))

− (ψ(t)−ψ(a))
(ψ(b)−ψ(a))

Iα;ψ
a+ h(b)

=
1

Γ(α)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))α−1h(s)ds

− (ψ(t)−ψ(a))
Γ(α)(ψ(b)−ψ(a))

∫ b

a
ψ
′(s)(ψ(b)−ψ(s))α−1h(s)ds

+θa +
(ub−θa)(ψ(t)−ψ(a))

(ψ(b)−ψ(a))
. (3.2)

Proof. Taking the ψ-Riemann-Liouville fractional integral of order α to the first equation of
(3.1), we get

u(t) = I α;ψ
a+ h(t)+ c0 + c1(ψ(t)−ψ(a)), c0,c1 ∈ R. (3.3)

Substituting t = a in (3.3) and applying the first boundary condition of (3.1), we arrive at

c0 = θa.

Letting t = b in (3.3) and using the second boundary condition of (3.1), we have

u(b) = ub = I α;ψ
a+ h(b)+θa + c1(ψ(b)−ψ(a)). (3.4)

Solving (3.4), we find that

c1 =
ub−θa

(ψ(b)−ψ(a))
− 1

(ψ(b)−ψ(a))
I α;ψ

a+ h(b). (3.5)

Substituting the values of c0 and c1 into (3.3), we get integral equation (3.2). This completes
the proof. �

Now, we present our main result concerning the existence of solutions of problem (1.2). Let
us introduce the following hypotheses first.
(H1) The function f : [a,b]×E −→ E satisfies Carathéodory conditions.
(H2) There exist a continuous function p f : J→ R+ and a continuous nondecreasing function

φ : R+ −→ R+ such that

‖ f (t,u)‖ ≤ p f (t)φ(‖u‖), for a.e. t ∈ J, and each u ∈ E.
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(H3) For each bounded set B⊂ E, and each t ∈ J, the following inequality holds,

χ( f (t,B))≤ p f (t)χ(B).

(H4) There exists a constant r > 0 such that

r ≥ 2‖θa‖+‖ub‖+φ(r)Mψ , (3.6)

Now, we prove the following theorem concerning the existence of solutions of problem (1.2).

Theorem 3.1. Assume that hypotheses (H1)–(H4) are satisfied. If

4Mψ < 1, (3.7)

where Mψ =
2p∗f (ψ(b)−ψ(a))α

Γ(α+1) and p∗f := supt∈J p f (t), then the problem (1.2) has at least one
solution defined on J.

Proof. Consider the operator T : C(J,E)−→C(J,E) defined by:

T u(t) =
1

Γ(α)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))α−1 f (s,u(s))ds

− (ψ(t)−ψ(a))
Γ(α)(ψ(b)−ψ(a))

∫ b

a
ψ
′(s)(ψ(b)−ψ(s))α−1 f (s,u(s))ds

+θa +
(ub−θa)(ψ(t)−ψ(a))

(ψ(b)−ψ(a))
. (3.8)

It is obvious that T is well defined due to (H1) and (H2). Then, fractional integral equation
(3.2) can be written as the following operator equation

u = T u. (3.9)

Thus, the existence of a solution to (1.2) is equivalent to the existence of a fixed point to operator
T which satisfies operator equation (3.9). Define the set

Ωr = {w ∈C(J,E) : ‖w‖∞ ≤ r} .

Notice that Ωr is closed, convex and bounded subset of the Banach space C(J,E). We show that
operator T satisfies all the assumptions of Theorem 2.1. We split the proof into four steps.

Step 1. T maps Ωr into itself.
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From assumption (H2), we have

‖T u(t)‖ ≤ 1
Γ(α)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))α−1‖ f (s,u(s))‖ds

+
(ψ(t)−ψ(a))

Γ(α)(ψ(b)−ψ(a))

∫ b

a
ψ
′(s)(ψ(b)−ψ(s))α−1‖ f (s,u(s))‖ds

+‖θa‖+
(‖ub‖+‖θa‖)(ψ(t)−ψ(a))

(ψ(b)−ψ(a))

≤ 1
Γ(α)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))α−1 p f (s)φ(‖u(s)‖)ds

+
(ψ(t)−ψ(a))

Γ(α)(ψ(b)−ψ(a))

∫ b

a
ψ
′(s)(ψ(b)−ψ(s))α−1 p f (s)φ(‖u(s)‖)ds

+‖θa‖+
(‖ub‖+‖θa‖)(ψ(t)−ψ(a))

(ψ(b)−ψ(a))
≤ 2‖θa‖+‖ub‖+φ(r)Mψ

≤ r.

Thus ‖T u‖ ≤ r. This proves that T transforms the ball Ωr into itself.
Step 2. Show that T is continuous.
Suppose that {un} is a sequence such that un → u in Ωr as n→ ∞. It is easy to see that

f (s,un(s))→ f (s,u(s)), as n→ +∞, due to the Carathéodory continuity of f . On the other
hand, taking (H2) into consideration, we get the following relations:

ψ
′(s)(ψ(t)−ψ(s))α−1‖ f (s,un(s))− f (s,u(s))‖ ≤ 2p f (s)φ(r)ψ ′(s)(ψ(t)−ψ(s))α−1,

ψ
′(s)(ψ(b)−ψ(s))α−1‖ f (s,un(s))− f (s,u(s))‖ ≤ 2p f (s)φ(r)ψ ′(s)(ψ(b)−ψ(s))α−1,

which imply that each term on the left is integrable. By the Lebesgue dominated convergent
theorem, we obtain

1
Γ(α)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))α−1‖ f (s,un(s))− f (s,u(s))‖ds→ 0 as n→+∞,

1
Γ(α)

∫ b

a
ψ
′(s)(ψ(b)−ψ(s))α−1‖ f (s,un(s))− f (s,u(s))‖ds→ 0 as n→+∞.

It follows that ‖T un−T u‖→ 0 as n→+∞. This implies the continuity of the operator T .
Step 3. T (Ωr) is equicontinuous.
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For any a < t1 < t2 < b and u ∈Ωr, we get

‖T (u)(t2)−T (u)(t1)‖

≤ 1
Γ(α)

∫ t1

a
ψ
′(s)
[
(ψ(t2)−ψ(s))α−1− (ψ(t1)−ψ(s))α−1]‖ f (s,u(s))‖ds

+
1

Γ(α)

∫ t2

t1
ψ
′(s)(ψ(t2)−ψ(s))α−1‖ f (s,u(s))‖ds

+
(ψ(t2)−ψ(t1))

Γ(α)(ψ(b)−ψ(a))

∫ b

a
ψ
′(s)(ψ(b)−ψ(s))α−1‖ f (s,u(s))‖ds

+
‖ub−θa‖(ψ(t2)−ψ(t1))

(ψ(b)−ψ(a))

≤
‖p f ‖L∞φ(r)

Γ(α +1)
[(ψ(t2)−ψ(a))α − (ψ(t1)−ψ(a))α

+(ψ(t2)−ψ(t1))(ψ(b)−ψ(a))α−1]+ ‖ub−θa‖(ψ(t2)−ψ(t1))
(ψ(b)−ψ(a))

.

As t2→ t1, the right-hand side of the above inequality tends to zero independently of u ∈ Ωr.
Hence, we conclude that T (Ωr)⊆C(J,E) is bounded and equicontinuous.

Step 4. Show that T : Ωr→Ωr is a Meir-Keeler condensing operator.
To do this, let ε > 0 be given. We prove that there exists δ > 0 such that

ε ≤ χC(B)< ε +δ ⇒ χC(T B)< ε, for any B⊂Ωr.

For every bounded subset B⊂Ωr and ε ′ > 0, using Lemma 2.6 and the properties of χ, we find
that there exists sequences {un}∞

n=1 ⊂ B such that

χ (T (B)(t))≤ 2χ

{
1

Γ(α)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))α−1 f

(
s,{un(s)}∞

n=1
)
ds
}

+2χ

{
(ψ(t)−ψ(a))

Γ(α)(ψ(b)−ψ(a))

∫ b

a
ψ
′(s)(ψ(t)−ψ(s))α−1 f

(
s,{un(s)}∞

n=1
)
ds
}
+ ε
′.

Using Lemma 2.7 and (H3), we have

χ (T (B)(t))≤ 4
Γ(α)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))α−1

χ
(

f (s,{un(s)}∞
n=1)

)
ds

+
4(ψ(t)−ψ(a))

Γ(α)(ψ(b)−ψ(a))

∫ b

a
ψ
′(s)(ψ(t)−ψ(s))α−1

χ
(

f (s,{un(s)}∞
n=1)

)
ds+ ε

′

≤ 4
Γ(α)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))α−1 p f (s)χ

(
{un(s)}∞

n=1
)
ds

+
4(ψ(t)−ψ(a))

Γ(α)(ψ(b)−ψ(a))

∫ b

a
ψ
′(s)(ψ(t)−ψ(s))α−1 p f (s)χ

(
{un(s)}∞

n=1
)
ds+ ε

′

≤ 4
2p∗f (ψ(b)−ψ(a))α

Γ(α +1)
χC(B)+ ε

′

= 4Mψ χC(B)+ ε
′.
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As the last inequality is true, for every ε ′ > 0, we have χ (T (B)(t)) ≤ 4Mψ χC(B). Since
T (B)⊂Ωr is bounded and equicontinuous, we know from Lemma 2.6 that

χC (T (B)) = max
t∈J

χ (T (B)(t)) .

Therefore, χC (T (B))≤ 4Mψ χC(B). Observe that from the last estimates

χC (T (B))≤ 4Mψ χC(B)< ε ⇒ χC(B)<
1

4Mψ

ε.

Consequently, for given ε > 0, and taking δ =
1−4Mψ

4Mψ
ε , we get the following implication:

ε ≤ χC(B)< ε +δ ⇒ χC(T B)< ε, for any B⊂Ωr,

which means that T : Ωr→Ωr is a Meir-Keeler condensing operator. It follows from Theorem
2.1 that the operator T defined by (3.8) has at least one fixed point u ∈ Ωr, which is just the
solution of boundary value problem (1.2). This completes the proof of Theorem 3.1. �

4. EXAMPLES

In this section we give two examples to illustrate our main result. Let

E = c0 = {u = (u1,u2, . . . ,un, . . .) : un→ 0 (n→ ∞)} ,
be the Banach space of real sequences converging to zero, endowed its usual norm

‖u‖∞ = sup
n≥1
|un|.

Example 4.1. Consider the following boundary value problem of a fractional differential posed
in c0: {

CHD
1.8
1+ u(t) = f (t,u(t)), t ∈ J := [1,e] ,

u(1) = (0,0, . . . ,0, . . .) , u(1) = (0,0, . . . ,0, . . .) .
(4.1)

Note that, this problem is a particular case of BVP (1.2) with

α = 1.8,a = 1,b = e,ψ(t) = ln(t),

and f : J× c0 −→ c0 given by

f (t,u) =
{

1
et +3

(
1
n2 + arctan(|un|)

)}
n≥1

, for t ∈ J,u = {un}n≥1 ∈ c0.

It is clear that condition (H1) hold, and

‖ f (t,u)‖ ≤ 1
et +3

(1+‖u‖) = p f (t)φ(‖u‖).

Therefore, the assumption (H2) of Theorem 3.1 is satisfied with p f (t) = 1
et+3 , t ∈ J and φ(x) =

1+ x, x ∈ [0,∞). On the other hand, for any bounded set B⊂ c0, we have

χ( f (t,B))≤ p f (t)χ(B), a.e. t ∈ J.

Hence (H3) is satisfied. Now, we check that condition (3.7) is satisfied. Indeed 4Mψ =
0.8345 < 1, and (1+ r)Mψ ≤ r. Thus

r ≥
Mψ

1−Mψ

= 5.0421,
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Then r can be chosen as r = 5.5. Consequently, all the hypotheses of Theorem 3.1 are satisfied
and we conclude that the BVP (4.1) has at least one solution u ∈C(J,c0).

Let

E = `1 =

{
x = (u1,u2, . . . ,un, . . .),

∞

∑
n=1
|un|< ∞

}
be the Banach space with the norm

‖u‖E =
∞

∑
n=1
|un|.

Example 4.2. Consider the following boundary value problem of a fractional differential posed
in `1: {

cD
3
2
0+u(t) = f (t,u(t)), t ∈ J := [0,1] ,

u(0) = (0.5,0, . . . ,0, . . .) , u(1) = (1,0, . . . ,0, . . .) .
(4.2)

Note that, this problem is a particular case of BVP (1.2) with

α =
3
2
,a = 0,b = 1,ψ(t) = t

and f : J× `1 −→ `1 given by

f (t,u) =
{

1
(t +3)2

(
t

2n +
un

‖u‖+1

)}
n≥1

, for t ∈ J,u = {un}n≥1 ∈ `1.

It is clear that condition (H1) hold, and

‖ f (t,u)‖ ≤ 1
(t +3)2 (1+‖u‖) = p f (t)φ(‖u‖).

Therefore, the assumption (H2) of Theorem 3.1 is satisfied with p f (t) = 1
(t+3)2 , t ∈ J and φ(x) =

1+ x, x ∈ [0,∞). On the other hand, for any bounded set B⊂ c0, we have

χ( f (t,B))≤ 1
(t +3)2 χ(B), a.e. t ∈ J.

Hence (H3) is satisfied. Now, we check that condition (3.7) is satisfied. Indeed 4Mψ =
0.6687 < 1, and 2+(1+ r)Mψ ≤ r. Thus

r ≥
2+Mψ

1−Mψ

= 8.0544.

Then r can be chosen as r = 8.5. Consequently, all the hypotheses of Theorem 3.1 are satisfied
and we conclude that the BVP (4.2) has at least one solution u ∈C(J, `1).

5. THE CONCLUSION

The main purpose of this paper was to study the existence of solutions for the boundary value
problem involving the ψ-Caputo fractional derivative with Dirichlet boundary conditions in Ba-
nach spaces. The main results are essentially based on the Hausdorff’s measure of noncompact-
ness and Meir-Keleer condensing operators. Two examples are also provided to demonstrate
the main results presented in this paper. Furthermore, it is of interest to intend to generalize the
results presented in this paper by considering the existence, the uniqueness, and the stability
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of solutions to some fractional differential equations involving Hilfer derivative with respect to
function ψ in the future.
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