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Abstract. In this paper, we obtain an explicit expression for the Green’s
function of a certain type of systems of differential equations subject to
non-local linear boundary conditions. In such boundary conditions, the
dependence on certain parameters is considered. The idea of the study
is to transform the given system into another first-order differential lin-
ear system together with the two-point boundary value conditions. To
obtain the explicit expression of the Green’s function of the considered
linear system with non-local boundary conditions, it is assumed that
the Green’s function of the homogeneous problem, that is, when all the
parameters involved in the non-local boundary conditions take the value
zero, exists and is unique. In such a case, the homogeneous problem has
a unique solution that is characterized by the corresponding Green’s
function g. The expression of the Green’s function of the given system
is obtained as the sum of the function g and a part that depends on the
parameters involved in the boundary conditions and the expression of
function g. The novelty of our work is that in the system to be studied,
the unknown functions do not appear separated neither in the equations
nor in the boundary conditions. The existence of solutions of nonlinear
systems with linear non-local boundary conditions is also studied. We
illustrate the obtained results in this paper with examples.
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1. Introduction

In this paper, we will study the existence of solutions to the system of integral
equations
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u(t) =

∫ b

a

G1(t, s) f1(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

+

∫ b

a

G2(t, s) f2(s, u(s), . . . , u(n−1)(s),

v(s), . . . , v(m−1)(s)) ds, t ∈ I := [a, b],

v(t) =

∫ b

a

G3(t, s) f1(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

+

∫ b

a

G4(t, s) f2(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds, t ∈ I,

(1)
where n,m ∈ N, Gi : I × I → R, i = 1, 2, 3, 4, are the kernel functions
satisfying certain regularity conditions such that Gr ∈ Wn−1,1(I × I), r =
1, 2, Gl ∈ Wm−1,1(I × I), l = 3, 4, and fi : I × R

n+m → [0,∞) are L1-
Carathéodory functions.

We emphasize that this type of problem resembles the Hammerstein
equations that have been studied by some authors regarding the existence,
non-existence, and multiplicity of solutions, and applications to real phenom-
ena of integral equations (see [1,4–6,8–10,12,16] and references therein).

The problems of existence and multiplicity of solutions of nonlinear
differential systems with separate variables subject to boundary conditions
can be posed as a problem of existence and multiplicity of solutions of a
system of integral equations. In particular, if we have the following nonlinear
problem with linear separated boundary conditions

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u(n)(t) + a1(t) u(n−1)(t) + · · · + an(t) u(t)

= f1(t, u(t), . . . , u(n−1)(t), v(t), . . . , v(m−1)(t)), t ∈ I,

v(m)(t) + b1(t) v(m−1)(t) + · · · + bm(t) v(t)

= f2(t, u(t), . . . , u(n−1)(t), v(t), . . . , v(m−1)(t)), t ∈ I,

Bi (u) = hi, i = 1, . . . , n,

Bj (v) = qj , j = 1, . . . , m,

(2)

where ak, br are continuous functions for all k = 1, . . . , n, r = 1, . . . , m,
hi, qj ∈ R for all i = 1, . . . , n, j = 1, . . . , m, fl : I × R

n+m → R, l = 1, 2,
satisfy certain asymptotic conditions and Bi (the same goes for Bj) covers
the general two-point linear boundary conditions, i.e.,

Bi (u) =
n−1∑

j=0

(
αi

ju
(j) (a) + βi

ju
(j) (b)

)
, i = 1, . . . , n,

with αi
j , βi

j , being real constants for all i = 1, . . . , n, j = 0, . . . , n − 1.
Then its equivalent integral problem consists of studying the existence and
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the multiplicity of fixed points of the integral system
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u(t) =
∫ b

a

G1(t, s) f1(s, u(s), . . . , un−1(s), v(s), . . . , vm−1(s)) ds,

v(t) =
∫ b

a

G2(t, s) f2(s, u(s), . . . , un−1(s), v(s), . . . , vm−1(s)) ds,

where Gp, p = 1, 2, denote the Green’s functions related to problem (2)
satisfying some appropriate regularity properties. In particular, G1 will be
the Green’s function related to problem

{
u(n)(t) + a1(t) u(n−1)(t) + · · · + an(t) u(t) = 0, t ∈ I,

Bi (u) = hi, i = 1, . . . , n,

and G2 will be the Green’s function related to
{

v(m)(t) + b1(t) v(m−1)(t) + · · · + bm(t) v(t) = 0, t ∈ I,

Bj (v) = qj , j = 1, . . . , m.

In a more general framework, problem (1) derives from a coupled system of
two linear differential equations, one of order n and the other one of order
m, both of them depending on u and v, and where the non homogeneous
parts fi, i = 1, 2, are nonlinear functions together with n + m non-local
linear boundary conditions. That is, fixed points of problem (1) correspond
to solutions of

⎧
⎪⎨

⎪⎩

L1(u, v)(t) = σ1(t), t ∈ I,

L2(u, v)(t) = σ2(t),

Bi(u, v) = δi Ci(u, v), i = 1, . . . , n + m,

(3)

where

L1(u, v)(t) : = u(n)(t) +
n−1∑

k=0

ak u(k)(t) +
m−1∑

i=0

bi v(i)(t),

L2(u, v)(t) : = v(m)(t) +
n−1∑

k=0

ck u(k)(t) +
m−1∑

i=0

di v(i)(t).

(4)

Here σ1 and σ2 are continuous functions on I, δi ∈ R for all i = 1, . . . , n+m,
ak, ck ∈ R for all k = 0, . . . , n − 1 and bi, di ∈ R for all i = 0, . . . , m − 1.

Moreover, Ci : Cn(I)×Cm(I) → R are linear continuous operators and
Bi covers the general two-point linear boundary conditions, i.e.,

Bi(u, v) =
n−1∑

j=0

(
αi

j u(j)(a) + βi
j u(j)(b)

)

+
m−1∑

l=0

(
α̃i

l v(l)(a) + β̃i
l v(l)(b)

)
, i = 1, . . . , n + m,

where αi
j , βi

j , α̃i
l and β̃i

l real constants for all j = 0, . . . , n−1, l = 0, . . . , m−1
and i = 1, . . . , n + m. Note that in this case (contrary to problem (2)), the
left-hand side of the equations (that is, operators L1 and L2) may depend
both on u and v and its derivatives.
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In [15], the authors studied the existence of solutions to the following
coupled system of integral equations of the Hammerstein type
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u1(t) =
∫ b

a

k1(t, s) g1(s) f1(s, u(s), . . . , u(m1)(s), v(s), . . . , v(n1)(s)) ds,

u2(t) =
∫ b

a

k2(t, s) g2(s) f2(s, u(s), . . . , u(m2)(s), v(s), . . . , v(n2)(s)) ds,

(5)
where ki : [0, 1]2 → R, i = 1, 2, are the kernel functions such that ki ∈
W ri,1([0, 1]2), r1 = max{m1,m2}, r2 = max{n1, n2}, with mi, ni ≥ 0, gi ∈
L1([0, 1]) with gi(t) ≥ 0 for a.e. t ∈ [0, 1], and fi : [0, 1] × R

mi+ni+2 → [0,∞)
are L∞-Carathéodory functions.

The solutions of (5) have been obtained by the Krasnoselskii–Guo fixed-
point Theorem. In this case, the integral kernels k1 and k2 considered, and
their partial derivatives with respect to the first variable up to certain orders,
can be discontinuous and change sign in the square [0, 1] × [0, 1], since a
condition is required that they are positive in subintervals of [0, 1] that can
be degenerate.

In [11], the authors studied the existence and the multiplicity of pos-
itive solutions to the nonlinear differential system with perturbed integral
boundary conditions

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

x′′(t) + f1(t, x(t), y(t)) = 0, t ∈ (0, 1),

y′′(t) + f2(t, x(t), y(t)) = 0, t ∈ (0, 1),

x(0) = 0, x(1) = λ

∫ 1

0

x(s) ds,

y(0) = 0, y(1) = λ

∫ 1

0

y(s) ds,

where λ ∈ (0, 2) and f1, f2 : (0, 1) × (0,∞) × (0,∞) → [0,∞) are continuous
functions, which may admit a singularity at the origin, that is,

lim
(x,y)→(0,0)

fi(t, x, y) = +∞ uniformly in t, i = 1, 2.

This problem can be seen as a particular case of Hammerstein-type equations.
By constructing two classes of cones, and based on the Leray–Schauder The-
orem and a well-known fixed-point theorem in cones, the existence of at least
one positive solution was obtained.

In [14], Minhós and Coxe investigated the fourth-order coupled system
{

u(4)(t) = f(t, u(t), u′(t), u′′(t), u′′′(t), v(t), v′(t), v′′(t), v′′′(t)), t ∈ [0, 1],

v(4)(t) = h(t, u(t), u′(t), u′′(t), u′′′(t), v(t), v′(t), v′′(t), v′′′(t)), t ∈ [0, 1],

with f, h : [0, 1] × R
8 → R being L1-Carathéodory functions and satisfying

the boundary conditions
{

u(0) = u′(0) = u′′(0) = u′′(1)

v(0) = v′(0) = v′′(0) = v′′(1).
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The existence of at least one solution of the previous problem was obtained
by transforming it into an equivalent integral system with a certain kernel G
and the construction of lower and upper coupled solutions.

Motivated by the works above, we consider the problem (1), and we will
try to study the existence of its solution. The difference between our work
and those mentioned above is that our case considers four Green’s functions
and the variables may be not separated, while previous works consider only
two Green’s functions with separate variables.

It should be noted that there are problems of type (1) in which our
results are applicable considering four Green’s functions and that can be
transformed into coupled systems with separate variables like the previous
works with two Green’s functions, by passing linear terms to the right-hand
side of the equation and subtracting them from the fi, i = 1, 2. However, in
such cases, the results of the previous works are not applicable. This is due
to the fact that the two new Green’s functions do not satisfy the regular-
ity conditions or the new functions of the nonlinear part do not satisfy the
required asymptotic conditions. This will be illustrated in Example 4.6.

The existence of cases of this type of problems verifying what we have
just noticed is what makes our method more general than the previous ones
and presents advantages over the one that considers only two Green’s func-
tions, since this is not always applicable. This shows novelty and interest of
our method.

This paper is organized in the following way: Sect. 2 contains some
preliminaries that we need to develop the article. In Sect. 3, we will obtain
the main result on existence and uniqueness of solutions to the linear problem
with an example of an application of the result. Finally, the last section
deals with the existence of solutions of the nonlinear problem under certain
conditions of regularity of the Green’s functions and asymptotic conditions
of the nonlinear parts. An example is also given that illustrates our result
on existence, and an example in which considering two Green’s functions, it
is not possible to apply the results of the previous works as we mentioned
earlier.

2. Preliminaries

In this paper, we are interested in studying the linear system coupled to
non-local boundary conditions involving certain parameters (3).

In this section, we develop the basic tools that we need to deduce the
existence and the uniqueness of the solution to problem (3).

Making a change of variable of type

x1 = u, x2 = x′
1, . . . , xn = x′

n−1,

y1 = v, y2 = y′
1, . . . , ym = y′

m−1,

in system (3), we obtain the following equivalent first-order differential (n +
m)-dimensional linear system

z′(t) = Az(t) + f(t), t ∈ I, (6)



81 Page 6 of 24 A. Cabada et al. JFPTA

together with the boundary conditions

Bi(z) = δi Ci(z), i = 1, . . . , n + m, (7)

where

z(t) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x1(t)
...

xn−1(t)
xn(t)
y1(t)

...
ym−1(t)
ym(t)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, A =
(

A1 A2

A3 A4

)

, f(t) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
...
0

σ1(t)
0
...
0

σ2(t)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, t ∈ I,

with

A1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
−a0 −a2 −a3 · · · −an−1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

, A2 =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0
−b0 −b2 −b3 · · · −bm−1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

,

A3 =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0
−c0 −c2 −c3 · · · −cn−1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

and A4 =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
−d0 −d2 −d3 · · · −dm−1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

.

Remark 2.1. Notice that the boundary conditions Bi, i = 1, . . . , n+m, do not
only depend on u and v, but also on u′, . . . , u(n−1) and v′, . . . , v(m−1). There-
fore, we can use the notation Bi(u, . . . , u(n−1), v, . . . , v(m−1)) ≡ Bi(u, v), i =
1, . . . , n+m. The same holds for the operators Ci, i.e., Ci(u, . . . , u(n−1), v, . . . ,
v(m−1)) ≡ Ci(u, v), i = 1, . . . , n + m.

Remark 2.2. We should note that once system (3) is transformed into prob-
lem (6)–(7), the boundary conditions Bi, i = 1, . . . n+m, become of the form
E z(a) + F z(b) with E,F ∈ M(n+m)×(n+m) given by

E =

⎛

⎜
⎝

α1
0 · · · α1

n−1 α̃1
0 · · · α̃1

m−1
...

. . .
...

...
. . .

...
αn+m
0 · · · αn+m

n−1 α̃n+m
0 · · · α̃n+m

m−1

⎞

⎟
⎠ and

F =

⎛

⎜
⎝

β1
0 · · · β1

n−1 β̃1
0 · · · β̃1

m−1
...

. . .
...

...
. . .

...
βn+m
0 · · · βn+m

n−1 β̃n+m
0 · · · β̃n+m

m−1

⎞

⎟
⎠ .

Let us consider the following homogeneous problem

z′(t) = Az(t), t ∈ I, E z(a) + F z(b) = 0, (8)
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and let φ : I → M(n+m)×(n+m) be its fundamental matrix, that is, φ is a
regular functional matrix and a solution of the linear matrix equation

φ′(t) = Aφ(t), t ∈ I.

Next, we state a result on existence and uniqueness of solution and the char-
acterization of the spectrum of problem (6)–(7) for δi = 0, i = 1, . . . , n + m.

Theorem 2.3. [2, Theorem 1.2.3] Problem (6)–(7) with δi = 0, i = 1, . . . , n +
m, that is,

z′(t) = Az(t) + f(t), t ∈ I, Bi(z) = 0, i = 1, . . . , n + m, (9)

has a unique solution z ∈ C(I, Rn+m) for any f ∈ C(I, Rn+m) if and only if

det(Mφ) �= 0, (10)

where φ is any fundamental matrix of system (8) and Mφ := E φ(a)+F φ(b).

Remark 2.4. The matrices E and F are not unique since we can take as E and
F a multiple k E and k F with k a nonzero real number. It is immediate to
verify that condition (10) is independent of the chosen fundamental matrix.
Also, condition (10) holds if and only if problem (8) has only the trivial
solution.

Let {u1, . . . , un+m} denote the set of linearly independent solutions of
z′(t) = Az(t) formed by the columns of φ. As a consequence

Mφ = E φ(a) + F φ(b) =

⎛

⎜
⎝

B1(u1) · · · B1(un+m)
...

. . .
...

Bn+m(u1) · · · Bn+m(un+m)

⎞

⎟
⎠ .

Therefore, condition (10) is satisfied if and only if the determinant of the
above matrix is not zero. In this case, problem (9) has a unique solution.

Example 2.5. We consider the following system
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

u′(t) + λu(t) = σ1(t), t ∈ [0, 1],

v′(t) + μ v(t) = σ2(t),

u(0) + v(1) = δ1

∫ 1

0

u(s) ds,

u(1) + v(0) = δ2

∫ 1

0

u(s) ds,

(11)

with σ1, σ2 two continuous functions, δi ∈ R, i = 1, 2 and λ, μ ∈ R. In this
case, B1(u, v) = u(0)+v(1), B2(u, v) = u(1)+v(0) and C1(u, v) = C2(u, v) =
∫ 1

0
u(s) ds. In addition,

u1(t) =
(

e−λt

0

)

, u2(t) =
(

0
e−μt

)

,

are two linearly independent solutions of
{

u′(t) + λu(t) = 0, t ∈ [0, 1],

v′(t) + μ v(t) = 0, t ∈ [0, 1],
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that are the columns of the fundamental matrix φ(t) =
(

e−λt 0
0 e−μt

)

. Thus,

problem (11) for δ1 = δ2 = 0 has a unique solution if and only if

det
(

B1(u1) B1(u2)
B2(u1) B2(u2)

)

= det
(

1 e−μ

e−λ 1

)

= 1 − e−(λ+μ) �= 0,

that is, λ + μ �= 0.

3. Solutions to the problem (3)

In this section, we will study the existence and uniqueness of solution to the
non-local problem (3).

Suppose that problem (8) has only the trivial solution. We know from
Theorem 2.3 that problem (9) has a unique solution for any f ∈ C(I, Rn+m).
In such a case, this solution is given by

w(t) =
∫ b

a

g(t, s) f(s) ds, (12)

where g denotes the Green’s function matrix related to problem (8) and is
given by the expression

g(t, s) =

{ − φ(t)M−1
φ F φ(b)φ−1(s) + φ(t)φ−1(s), a ≤ s ≤ t ≤ b,

− φ(t)M−1
φ F φ(b)φ−1(s), a ≤ t < s ≤ b.

(13)

See [2, page 15] for more details.
As a direct consequence of Theorem 2.3, we obtain the following lemma:

Lemma 3.1. There exists a unique Green’s function matrix g, related to Prob-
lem (8), if and only if for any i ∈ {1, . . . , n + m}, the following problem

⎧
⎪⎨

⎪⎩

z′(t) = Az(t), t ∈ I,

Bj(z) = 0, j �= i,

Bi(z) = 1,
(14)

has a unique solution, that we denote as zi(t), t ∈ I.

Now, we are in a position to prove the existence and uniqueness of
solution to problem (6)–(7) under condition (10) in the following result, which
generalizes the ideas and the formulas obtained for the scalar case in [3].

Theorem 3.2. Suppose that problem (8) has only the trivial solution and let g
be its related Green’s function given in (13). Let f ∈ C(I, Rn+m), and δi ∈ R,
i = 1, . . . , n + m, be such that

det(In+m − D) �= 0, (15)

with In+m the identity matrix of order n + m and D = (dij)(n+m)×(n+m) ∈
M(n+m)×(n+m) given by

dij = δj Ci(zj), i, j ∈ {1, . . . , n + m}.
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Then problem (6)–(7) has a unique solution z ∈ C(I, Rn+m), given by the
expression

z(t) =
∫ b

a

G(t, s, δ1, . . . , δn+m) f(s) ds, (16)

where

G(t, s, δ1, . . . , δn) := g(t, s) +
n+m∑

i=1

n+m∑

j=1

δi rij zi(t)hj(s), (17)

with zj ∈ C(I, Rn+m) defined in Lemma 3.1, R = (rij)(n+m)×(n+m) =
(In+m − D)−1, and

hj(s) :=
(
Cj(g1(·, s)) Cj(g2(·, s)) · · · Cj(gn+m(·, s))) ∈ C(I,M1×(n+m)),

j = 1, . . . , n + m,

where gk, k = 1, . . . , n + m, denotes the k-th column of the matrix g.

Proof. Since problem (8) has only the trivial solution, we know that problem
(9) has a unique solution w given by the expression (12). By Lemma 3.1,
there exists a unique solution zi, i = 1, . . . , n + m, of problem (14). Thus,
any solution to problem (6)–(7) has the following form

z(t) = w(t) +
n+m∑

i=1

zi(t) δi Ci(z), t ∈ I. (18)

Applying the linear operator Cj to both sides of the previous equality, we
obtain that

Cj(z) = Cj(w) + Cj

(
n+m∑

i=1

δi zi(t)Ci(z)

)

= Cj(w) +
n+m∑

i=1

δi Cj(zi)Ci(z),

j = 1, . . . , n + m,

or, equivalently,

Cj(z) −
n+m∑

i=1

δi Cj(zi)Ci(z) = Cj(w), j = 1, . . . , n + m.

Therefore, the above equalities are equivalent to the following system:

(In+m − D)

⎛

⎜
⎜
⎜
⎝

C1(z)
C2(z)

...
Cn+m(z)

⎞

⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎝

C1(w)
C2(w)

...
Cn+m(w)

⎞

⎟
⎟
⎟
⎠

.

Since In+m − D is an invertible matrix, we have

Ci(z) =
n+m∑

j=1

rij Cj(w), i = 1, . . . , n + m.

Thus, equality (18) becomes

z(t) =w(t) +
n+m∑

i=1

δi zi(t)

⎛

⎝
n+m∑

j=1

rij Cj(w)

⎞

⎠
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=w(t) +
n+m∑

i=1

n+m∑

j=1

δi rij zi(t)Cj(w), t ∈ I.

Due to the fact that Cj is a continuous linear operator, we have

Cj(w) = Cj

(∫ b

a

g(·, s) f(s) ds

)

=
∫ b

a

Cj (g(·, s) f(s)) ds. (19)

Since

g(·, s) f(s) =
(
g1(·, s) g2(·, s) · · · gn+m(·, s))

⎛

⎜
⎜
⎜
⎝

f1(s)
f2(s)

...
fn+m(s)

⎞

⎟
⎟
⎟
⎠

= f1(s) g1(·, s) + · · · + fn+m(s) gn+m(·, s),
we have that
Cj (g(·, s) f(s)) = f1(s)Cj(g1(·, s)) + · · · + fn+m(s)Cj(gn+m(·, s))

=
(
Cj(g1(·, s)) Cj(g2(·, s)) · · · Cj(gn+m(·, s)))

⎛

⎜
⎜
⎜
⎝

f1(s)
f2(s)

...
fn+m(s)

⎞

⎟
⎟
⎟
⎠

= hj(s) f(s).

Substituting the previous expression into (19), we obtain that Cj(w) =
∫ b

a

hj(s) f(s) ds. Therefore,

z(t) = w(t) +
n+m∑

i=1

n+m∑

j=1

δi rij zi(t)Cj(w)

=
∫ b

a

g(t, s) f(s) ds +
n+m∑

i=1

n+m∑

j=1

δi rij zi(t)
∫ b

a

hj(s) f(s) ds

=
∫ b

a

⎛

⎝g(t, s) +
n+m∑

i=1

n+m∑

j=1

δi rij zi(t)hj(s)

⎞

⎠ f(s) ds

=
∫ b

a

G(t, s, δ1, . . . , δn) f(s) ds.

Thus, we have proved the existence of at least one solution to problem (6)–(7)
given by (16).

Finally, we prove the uniqueness of the solution of problem (6)–(7).
Suppose that problem (6)–(7) has two different solutions w1 and w2. Thus,

{
(w1 − w2)′(t) = A (w1 − w2)(t), t ∈ I,

Bi(w1 − w2) = δi Ci(w1 − w2), i = 1, . . . , n + m.
(20)
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So, from (18), we know that the solution w1 − w2 is given by

(w1 − w2)(t) =
n+m∑

i=1

δi zi(t)Ci(w1 − w2), t ∈ I.

By applying the operator Cj to both sides of the previous equality, we obtain

Cj(w1 − w2) =
n+m∑

i=1

δi Cj(zi)Ci(w1 − w2), j = 1, . . . , n + m,

or, equivalently,

(In+m − D)

⎛

⎜
⎜
⎜
⎝

C1(w1 − w2)
C2(w1 − w2)

...
Cn+m(w1 − w2)

⎞

⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎝

0
0
...
0

⎞

⎟
⎟
⎟
⎠

.

Again, since In+m −D is an invertible matrix, we infer that Ci(w1 −w2) = 0
for i = 1, . . . , n + m. Therefore, by (20), we have that w1 − w2 is a solution
of the homogeneous problem

{
(w1 − w2)′(t) = A (w1 − w2)(t), t ∈ I,

Bi(w1 − w2) = 0, i = 1, . . . , n + m.

By hypothesis, we know that the homogeneous problem (8) has only the
trivial solution, so it follows that w1 = w2 on I, and this completes the
proof. �

In the following result, once the expression for the solution z is obtained,
we can retrieve the solutions u and v of problem (3).

Corollary 3.3. Assume that problem (8) has only the trivial solution and let g
be its related Green’s function. Let σ1, σ2 ∈ C(I), and δi ∈ R, i = 1, . . . , n+m,
be such that condition (15) holds.

Then system (3) has a unique solution (u, v) ∈ Cn(I)×Cm(I) given by
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u(t) =
∫ b

a

(
G1,n(t, s, δ1, . . . , δn)σ1(s)

+ G1,n+m(t, s, δ1, . . . , δn)σ2(s)
)

ds, t ∈ I,

v(t) =
∫ b

a

(
Gn+1,n(t, s, δ1, . . . , δn)σ1(s)

+ Gn+1,n+m(t, s, δ1, . . . , δn)σ2(s)
)

ds,

(21)

where Gi,j denotes the (i, j) entries of the matrix G defined in (17).

Remark 3.4. We emphasize that results similar to those obtained above can
be deduced for the general problem:

⎧
⎪⎨

⎪⎩

Li(u1, . . . , un)(t) = σi(t), t ∈ I, i = 1, . . . , n,

Bp(u1, . . . , un) = δp Cp(u1, . . . , un), p = 1, . . . ,

n∑

i=1

ri,
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where

Li(u1, . . . , un)(t) := u
(ri)
i (t) +

ri−1∑

k=0

ai
k u

(k)
i (t) +

∑

j �=i

rj−1∑

l=0

bi
lj u

(l)
j (t).

Here, σi are continuous functions on I, ai
k, bi

lj ∈ R, ri ∈ N for all i =
1, . . . , n, l = 0, . . . , rj − 1 with j ∈ {1, . . . , n}, j �= i, and δp ∈ R for all
p = 1, . . . ,

∑n
i=1 ri.

Moreover, Cp :
∏n

k=1 Crk(I) → R is a linear continuous operator and
Bp covers the general two-point linear boundary conditions, i.e.,

Bp(u1, . . . , un) =
n∑

i=1

ri−1∑

j=0

(
αp

ji u
(j)
i (a) + βp

ji u
(j)
i (b)

)
, p = 1, . . . ,

n∑

i=1

ri,

with αp
ji and βp

ji being real constants for all j = 0, . . . , ri − 1, i = 1, . . . , n

and p = 1, . . . ,
∑n

i=1 ri.

Example 3.5. Consider the system
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

u′′(t) − v(t) = et, t ∈ [0, 1],

v′(t) − u′(t) = t, t ∈ [0, 1],

u(0) = 0,

u′(0) = u′(1),

v(0) = 0.

(22)

For this system, we have that σ1(t) = et, σ2(t) = t, t ∈ [0, 1], δ1 = 0, δ2 = 1,
δ3 = 0, B1(u, v) = u(0), B2(u, v) = u′(0), B3(u, v) = v(0), C1(u, v) = 0,
C2(u, v) = u′(1), and, C3(u, v) = 0.

Using the formulas in Theorem 3.2 and substituting them in the expres-
sion (17), we have

G(t, s) =

⎛

⎜
⎝

1 sinh(t − s) + cosh(s−1) sinh(t)
1−cosh(1) cosh(t − s) − sinh(s−1) sinh(t)

1−cosh(1) − 1

0 cosh(t − s) + cosh(s−1) cosh(t)
1−cosh(1) sinh(t − s) − cosh(t) sinh(s−1)

1−cosh(1)

0 sinh(t − s) + cosh(s−1) sinh(t)
1−cosh(1) cosh(t − s) − sinh(s−1) sinh(t)

1−cosh(1)

⎞

⎟
⎠ ,

for 0 ≤ s ≤ t ≤ 1, and

G(t, s) =

⎛

⎜
⎝

0 cosh(s−1) sinh(t)
1−cosh(1) − sinh(s−1) sinh(t)

1−cosh(1)

0 cosh(s−1) cos(t)
1−cosh(1) − cosh(t) sinh(s−1)

1−cosh(1)

0 cosh(s−1) sinh(t)
1−cosh(1) − sinh(s−1) sinh(t)

1−cosh(1)

⎞

⎟
⎠ ,

for 0 ≤ t < s ≤ 1.
Now, making use of the expressions (21), we have the solution of problem

(22) given by

u(t) =
e−t (e (4e − 5) + e2t (2 + e+ e2 (−2 + t) + t − 2 e t) − (−1 + e)2 et (2 + t2))

2(e − 1)2
,

t ∈ [0, 1],

v(t) =
e−t (e (4e − 5) + e2t (2 + e+ e2 (t − 2) + t − 2 e t))

2(e − 1)2
− 1, t ∈ [0, 1].
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4. Nonlinear problem

In this section, we will study the existence of a nontrivial solution to the
nonlinear problem
⎧
⎪⎨

⎪⎩

L1(u, v)(t) = f1(t, u(t), . . . , u(n−1)(t), v(t), . . . , v(m−1)(t)), t ∈ I,

L2(u, v)(t) = f2(t, u(t), . . . , u(n−1)(t), v(t), . . . , v(m−1)(t)), t ∈ I,

Bi(u, v) = δi Ci(u, v), i = 1, . . . , n + m,

(23)

where fi : I × R
n+m → [0,∞), i = 1, 2, are L1-Carathéodory functions and

L1 and L2 are given in (4).
The existence of solutions is obtained by applying Krasnoselskii’s fixed-

point Theorem on cones in a certain Banach space.
As a notation, we will denote

G1(t, s) ≡ G1,n(t, s, δ1, . . . , δn+m), G2(t, s) ≡ G1,n+m(t, s, δ1, . . . , δn+m),
G3(t, s) ≡ Gn+1,n(t, s, δ1, . . . , δn+m), G4(t, s) ≡ Gn+1,n+m(t, s, δ1, . . . , δn+m).

It is not difficult to verify that u and v are solutions of problem (23) if
and only if they satisfy the system of integral equations (1).

In the sequel, we will set out the conditions we need to ensure the
existence of at least one nontrivial solution to problem (1). We will make use
of the following conditions:

(H1) The Green’s functions Gr : I × I → R, r = 1, 2, are such that
Gr ∈ Wn−1,1(I × I).

The (n − 1)-th derivative of Gr, r = 1, 2, satisfies that for every
ε > 0 and every fixed μ ∈ I, there exists δ > 0 such that, if |t − μ| < δ,
then ∣

∣
∣
∣
∣

∂n−1Gr

∂tn−1
(t, s) − ∂n−1Gr

∂tn−1
(μ, s)

∣
∣
∣
∣
∣
< ε,

for a.e s < min{t, μ} and for a.e s > max{t, μ}.
Moreover, if n ≥ 2, then for i = 0, . . . , n − 1, for every ε > 0 and

every fixed μ ∈ I, there exists δ > 0 such that |t − μ| < δ implies that
∣
∣
∣
∣
∣

∂iGr

∂ti
(t, s) − ∂iGr

∂ti
(μ, s)

∣
∣
∣
∣
∣
< ε, for a.e s ∈ I.

The Green’s functions Gl : I × I → R, l = 3, 4, are such that
Gl ∈ Wm−1,1(I × I).

The (m − 1)-th derivative of Gl, l = 3, 4, satisfies that for every
ε > 0 and every fixed μ ∈ I, there exists δ > 0 such that |t − μ| < δ
then ∣

∣
∣
∣
∣

∂m−1Gl

∂tm−1
(t, s) − ∂m−1Gl

∂tm−1
(μ, s)

∣
∣
∣
∣
∣
< ε,

for a.e s < min{t, μ} and for a.e s > max{t, μ}.
Moreover, if m ≥ 2, then for j = 0, . . . ,m − 1, for every ε > 0 and
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every fixed μ ∈ I, there exists δ > 0 such that |t − μ| < δ implies that
∣
∣
∣
∣
∣

∂jGl

∂tj
(t, s) − ∂jGl

∂tj
(μ, s)

∣
∣
∣
∣
∣
< ε, for a.e s ∈ I.

(H2) For r = 1, 2, and for each i ∈ I1, I1 ⊂ J1 := {0, . . . , n − 1}, I1 �= ∅,
there exists a subinterval [mr

i , n
r
i ] ⊂ I such that

∂iGr

∂ti
(t, s) ≥ 0, for all t ∈ [mr

i , n
r
i ], s ∈ I.

For l = 3, 4, and for each j ∈ I2, I2 ⊂ J2 := {0, . . . , m−1}, I2 �= ∅,
there exists a subinterval [ml

j , n
l
j ] ⊂ I such that

∂jGl

∂tj
(t, s) ≥ 0, for all t ∈ [ml

j , n
l
j ], s ∈ I.

We also admit that these intervals could be degenerate, that is, it
is possible that mr

i = nr
i and ml

j = nl
j .

(H3) For r = 1, 2 and for each i ∈ J1, there exist positive functions
hr

i ∈ L1(I) such that
∣
∣
∣
∣
∣

∂iGr

∂ti
(t, s)

∣
∣
∣
∣
∣
≤ hr

i (s) for all t ∈ I and a.e s ∈ I.

For l = 3, 4 and for each j ∈ J2, there exist positive functions
hl

j ∈ L1(I) such that
∣
∣
∣
∣
∣

∂jGl

∂tj
(t, s)

∣
∣
∣
∣
∣
≤ hl

j(s) for all t ∈ I and a.e s ∈ I.

(H4) For r = 1, 2, and for each i ∈ K1, K1 ⊂ I1, K1 �= ∅, there exist
subintervals [ar

i , b
r
i ] ⊂ [mr

i , n
r
i ] and [cr

i , d
r
i ] ⊂ I, nonnegative functions

φr
i : I → [0,∞) and ξr

i ∈ (0, 1) such that
∣
∣
∣
∣
∣

∂iGr

∂ti
(t, s)

∣
∣
∣
∣
∣
≤ φr

i (s), for all t ∈ [cr
i , d

r
i ] and a.e s ∈ I,

∂iGr

∂ti
(t, s) ≥ ξr

i φr
i (s), for all t ∈ [ar

i , b
r
i ] and a.e s ∈ I.

For l = 3, 4, and for each j ∈ K2, K2 ⊂ I2, K2 �= ∅, there exist
subintervals [al

j , b
l
j ] ⊂ [ml

j , n
l
j ] and [cl

j , d
l
j ] ⊂ I, nonnegative functions

φl
j : I → [0,∞) and ξl

j ∈ (0, 1) such that
∣
∣
∣
∣
∣

∂jGl

∂tj
(t, s)

∣
∣
∣
∣
∣
≤ φl

j(s), for all t ∈ [cl
j , d

l
j ] and a.e s ∈ I,

∂jGl

∂ti
(t, s) ≥ ξl

j φl
j(s), for all t ∈ [al

j , b
l
j ] and a.e s ∈ I.

Moreover, one of the following conditions must be met:
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(H1
4 ) There exists some i0 ∈ K1 such that

S1 := [a1
i0 , b

1
i0 ] ∩ [a2

i0 , b
2
i0 ] ∩ [c1i0 , d

1
i0 ] ∩ [c2i0 , d

2
i0 ] �= ∅

and [a12
i0

, b12i0
] := [a1

i0
, b1i0 ] ∩ [a2

i0
, b2i0 ] is a non-degenerate interval.

(H2
4 ) There exists some j0 ∈ K2 such that

S2 := [a3
j0 , b

3
j0 ] ∩ [a4

j0 , b
4
j0 ] ∩ [c3j0 , d

3
j0 ] ∩ [c4j0 , d

4
j0 ] �= ∅

and [a34
j0

, b34j0
] := [a3

j0
, b3j0 ] ∩ [a4

j0
, b4j0 ] is a non-degenerate interval.

(H5) There exists i0 ∈ I1 such that either [m1
i0

, n1
i0

] ∩ [m2
i0

, n2
i0

] ≡ I or
[c1i0 , d

1
i0

] ∩ [c2i0 , d
2
i0

] ≡ I and moreover, {0, . . . , i0} ⊂ J1.
There exists j0 ∈ I2 such that either [m3

j0
, n3

j0
] ∩ [m4

j0
, n4

j0
] ≡ I or

[c3j0 , d
3
j0

] ∩ [c4j0 , d
4
j0

] ≡ I and moreover, {0, . . . , j0} ⊂ J2.
(H6) The functions fi : I × R

n+m → [0,∞), i = 1, 2 are L1(I)-
Carathéodory functions, that is,

• fi(·, x1, . . . , xn, y1, . . . , ym) is measurable for each (x1, . . . , xn, y1,
. . . , ym) fixed.
• fi(t, . . . , . . . , . . . ) is continuous for a.e. t ∈ I.
• For each R > 0 there exists μ1

R, μ2
R ∈ L1(I) such that

fi(t, x1, . . . , xn, y1, . . . , ym) ≤ μi
R(t),

for all (x1, . . . , xn, y1, . . . , ym) ∈ (−R,R)n+m, a.e. t ∈ I, and
i = 1, 2.

(H7) For each r = 1, 2 and i ∈ J1, we have that hr
i μ1

R ∈ L1(I) for every
R > 0.
For each l = 3, 4 and j ∈ J2, we have that hl

j μ2
R ∈ L1(I) for every

R > 0.
(H8) For each i = 1, 2, we have

lim sup
min{|x1|,...,|xn|,|y1|,...,|ym|}→∞

max
t∈I

fi(t, x1, . . . , xn, y1, . . . , ym)
|x1| + · · · + |xn| + |y1| + · · · + |ym| = 0,

lim inf
|x1|,...,|xn|,|y1|,...,|ym|→0

min
t∈I

fi(t, x1, . . . , xn, y1, . . . , ym)
|x1| + · · · + |xn| + |y1| + · · · + |ym| = +∞.

Let us consider X := Cn−1(I) × Cm−1(I) the Banach space equipped
with the norm

‖(u, v)‖X = max{‖u‖Cn−1(I), ‖v‖Cm−1(I)},

where ‖u‖Cn−1(I) = max{‖u(i)‖∞, i ∈ J1} and ‖v‖Cm−1(I) = max{‖v(j)‖∞,
j ∈ J2}.

Once we have defined the conditions we need for the development of
this section, we will define the following cones:

H1 =

⎧
⎨

⎩
u ∈ Cn−1(I) :

u(i)(t) ≥ 0, t ∈ [m1
i , n

1
i ] ∩ [m2

i , n
2
i ], i ∈ I1,

min
t∈[a1

i ,b1i ]∩[a2
i ,b2i ]

u(i)(t) ≥ ξ1‖u(i)‖[c1i ,d1
i ]∩[c2i ,d2

i ]
, i ∈ K1

⎫
⎬

⎭
,
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and

H2 =

⎧
⎪⎨

⎪⎩
v ∈ Cm−1(I) :

v(j)(t) ≥ 0, t ∈ [m3
j , n

3
j ] ∩ [m4

j , n
4
j ], j ∈ I2,

min
t∈[a3

j ,b
3
j ]∩[a4

j ,b
4
j ]

u(j)(t) ≥ ξ2‖u(j)‖[c3j ,d3
j ]∩[c4j ,d

4
j ]

, j ∈ K2

⎫
⎪⎬

⎪⎭
,

where ξ1 = min{ξr
i : r ∈ {1, 2}, i ∈ K1} and ξ2 = min{ξl

j : l ∈ {3, 4}, j ∈
K2}.

Moreover, the product space H := H1 × H2 is a cone in the Banach
space X with the norm ‖(u, v)‖X .

Remark 4.1. It can be proved that condition (H5) guarantees that H is a
cone in X.

We will apply the following Krasnoselskii’s fixed-point Theorem (see [7])
to operator T : H → H given by T = (T1, T2) with T1 : H → H1 defined as

T1(u, v)(t) :=
∫ b

a

G1(t, s) f1(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

+
∫ b

a

G2(t, s) f2(s, u(s), . . . , u(n−1)(s),

v(s), . . . , v(m−1)(s)) ds, t ∈ I,

(24)
and T2 : H → H2 defined as

T2(u, v)(t) :=
∫ b

a

G3(t, s) f1(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

+
∫ b

a

G4(t, s) f2(s, u(s), . . . , u(n−1)(s),

v(s), . . . , v(m−1)(s)) ds, t ∈ I.

(25)

Theorem 4.2. (Krasnoselskii) Let X be a Banach space and K ⊂ X a cone
in X. Let Ω1,Ω2 ⊂ X be open bounded sets such that 0 ∈ Ω1 ⊂ Ω1 ⊂ Ω2 and
T : K ∩ (Ω2\Ω1) → K a compact operator that satisfies one of the following
properties:

1. ‖T (u)‖ ≥ ‖u‖, ∀u ∈ K ∩ ∂Ω1 and ‖T (u)‖ ≤ ‖u‖, ∀u ∈ K ∩ ∂Ω2.
2. ‖T (u)‖ ≤ ‖u‖, ∀u ∈ K ∩ ∂Ω1 and ‖T (u)‖ ≥ ‖u‖, ∀u ∈ K ∩ ∂Ω2.

Then T has a fixed point at K ∩ (Ω2\Ω1).

Next, we will prove the following main result of the existence of solutions
to problem (1):

Theorem 4.3. Suppose that the conditions (H1) − (H8) hold. Then problem
(1) has at least one nontrivial solution (u, v) ∈ X.

Proof. First, we note that the solutions of problem (1) coincide with fixed
points of the operator T = (T1, T2) with T1 and T2 defined in (24)–(25).

We will divide the proof in three steps:
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Step 1: T : H → H is a compact operator:
This is proved using standard techniques.

Step 2: T (u, v) � (u, v), for all (u, v) ∈ H ∩ ∂Ω1 with

Ω1 = {(u, v) ∈ H : ‖(u, v)‖H < ρ1},

for some ρ1 > 0.
By assumption (H4), assuming that the first option H1

4 is satisfied,
there exists i0 ∈ K1 such that S1 �= 0 and [a12

i0
, b12i0

] is a non-
degenerate interval (the case for j0 is proved analogously). Let us
define

ε1 =
1

(ξ1)2
∫ b12i0

a12
i0

(
φ1

i0(s) + φ2
i0(s)

)
ds

,

and [c12i0
, d12i0

] := [c1i0 , d
1
i0

] ∩ [c2i0 , d
2
i0

].
By the second condition in (H8), there exists ρ1 > 0 such that, if
‖(u, v)‖H < ρ1, we have

fi(t, u(t), . . . , u(n−1)(t), v(t), . . . , v(m−1)(t)) > ε1 (|u(t)| + · · · + |u(n−1)(t)|
+|v(t)| + · · · + |v(m−1)(t)|),
for all t ∈ I and i = 1, 2.

Consider (u, v) ∈ H ∩ ∂Ω1. We have that for t ∈ S1,

(T1(u, v))(i0)(t)

=
∫ b

a

∂i0

∂ti0
G1(t, s) f1(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

+
∫ b

a

∂i0

∂ti0
G2(t, s) f2(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

≥
∫ b12i0

a12
i0

∂i0

∂ti0
G1(t, s) f1(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

+
∫ b12i0

a12
i0

∂i0

∂ti0
G2(t, s) f2(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

> ε1 ξ1
∫ b12i0

a12
i0

(φ1
i0(s) + φ2

i0(s))(|u(s)| + · · · + |u(n−1)(s)| + |v(s)| + . . .

+ |v(m−1)(s)|) ds

≥ ε1 (ξ1)2 ‖u(i0)‖[c12i0 ,d12
i0

]

∫ b12i0

a12
i0

(φ1
i0(s) + φ2

i0(s)) ds = ‖u(i0)‖[c12i0 ,d12
i0

].

Therefore, (T1(u, v))(i0)(t) > u(i0)(t) for all t ∈ S1 and so T (u, v) �

(u, v).
Step 3: T (u, v) � (u, v), for all (u, v) ∈ H ∩ ∂Ω2 where Ω2 is an open to be

defined later.
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Let

ε2 = min

{
1

(n + m)
∫ b

a
(h1

i (s) + h2
i (s)) ds

: i ∈ J1

}

.

By the first condition of (H8), there exists M > 0 such that, if
min{|u(i)(t)| : i ∈ J1} ≥ M and min{|v(j)(t)| : j ∈ J2} ≥ M ,
we have that

fi(t, u(t), . . . , u(n−1)(t), v(t), . . . , v(m−1)(t))

≤ ε2 (|u(t)| + · · · + |u(n−1)(t)| + |v(t)| + · · · + |v(m−1)(t)|)
≤ ε2 (n + m) ‖(u, v)‖H ,

for all t ∈ I and i = 1, 2.
Consider ρ2 > {ρ1,M}. Using similar arguments to those used in [13,
Theorem 3], it can be proved that the set

Ω2 =
n−1⋃

i=0

m−1⋃

j=0

{

(u, v) ∈ H : min
t∈I

|u(i)(t)| < ρ2, min
t∈I

|v(j)(t)| < ρ2

}

,

is unbounded in the cone H, and the fixed-point index of the operator
T with respect to Ω2 is only defined in the case that the set of fixed
points of operator T in Ω2, that is, if (id−T )−1({0})∩Ω2, is compact.
Now, to prove that ‖T (u, v)‖H ≤ ‖(u, v)‖H for all (u, v) ∈ H ∩ ∂Ω2,
we will show that, for all (u, v) ∈ H ∩ ∂Ω2,

‖T1(u, v)‖Cn−1(I) ≤ ‖(u, v)‖H and ‖T2(u, v)‖Cm−1(I) ≤ ‖(u, v)‖H .

The proof will be done only for T1, as the other case is similar.
Consider (u, v) ∈ H ∩ ∂Ω2. Therefore,

min
{

min
t∈I

|u(i)(t)| : i ∈ J1

}
= ρ2 and min

{
min
t∈I

|v(j)(t)| : j ∈ J2

}
= ρ2.

Then, for all i ∈ J1, we have

(T1(u, v))(i)(t)

=
∫ b

a

∂i

∂ti
G1(t, s) f1(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

+
∫ b

a

∂i

∂ti
G2(t, s) f2(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

≤
∫ b

a

h1
i (s) f1(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

+
∫ b

a

h2
i (s) f2(s, u(s), . . . , u(n−1)(s), v(s), . . . , v(m−1)(s)) ds

≤ (n + m) ε2 ‖(u, v)‖H

∫ b

a

(h1
i (s) + h2

i (s)) ds ≤ ‖(u, v)‖H .

Thus, ‖T1(u, v)‖Cn−1(I) ≤ ‖(u, v)‖H , for all (u, v) ∈ H ∩ ∂Ω2, and,
so, T (u, v) � (u, v), for all (u, v) ∈ H ∩ ∂Ω2.
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Therefore, from Theorem 4.2, we deduce that the operator T has a
fixed point in H ∩ (Ω̄2\Ω1) which in turn is a solution of problem (1).

�

As a consequence, we arrive at the following result:

Corollary 4.4. Suppose that the conditions (H1) − (H8) hold. Then problem
(23) has at least one nontrivial solution (u, v) ∈ X.

In the sequel, we present examples to illustrate the applicability of the
previous result and its advantages in comparison with previous results for
studying nonlinear systems of differential equations.

Example 4.5. Consider the nonlinear problem
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

u′′(t) − v(t) + (t2 + 1) e−|u(t)|−|v(t)| = 0, t ∈ [0, 1],

v′(t) − u′(t) +
et

ln(1 + (u′(t))2 + (v(t))2)
= 0, t ∈ [0, 1],

u(0) = 0,

u′(0) = u′(1),

v(0) = 0.

(26)

In this case, the functions f1(t, x, y, z) = (t2 + 1) e−|x|−|z|, f2(t, x, y, z) =
et

ln(1+y2+z2) satisfy conditions (H6) and (H8).
Since the functions f1 and f2 are positive and appear by adding in

the equations of problem (26), we have to change the sign of the Green’s
functions. Using Example 3.5, we obtain that

G1(t, s) =

⎧
⎪⎪⎨

⎪⎪⎩

sinh(s − t) − cosh(s − 1) sinh(t)
1 − cosh(1)

, 0 ≤ s ≤ t ≤ 1,

− cosh(s − 1) sinh(t)
1 − cosh(1)

, 0 ≤ t < s ≤ 1,

G2(t, s) =

⎧
⎪⎪⎨

⎪⎪⎩

− cosh(s − t) +
sinh(s − 1) sinh(t)

1 − cosh(1)
+ 1, 0 ≤ s ≤ t ≤ 1,

sinh(s − 1) sinh(t)
1 − cosh(1)

, 0 ≤ t < s ≤ 1,

G3(t, s) = G1(t, s), for all t, s ∈ [0, 1], (27)

and

G4(t, s) =

⎧
⎪⎪⎨

⎪⎪⎩

− cosh(s − t) +
sinh(s − 1) sinh(t)

1 − cosh(1)
, 0 ≤ s ≤ t ≤ 1,

sinh(s − 1) sinh(t)
1 − cosh(1)

, 0 ≤ t < s ≤ 1.

In this case n = 2, m = 1, J1 = {0, 1}, and J2 = {0}.
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The first derivative of G1 is

∂

∂t
G1(t, s) =

⎧
⎪⎪⎨

⎪⎪⎩

− cosh(s − t) − cosh(s − 1) cosh(t)
1 − cosh(1)

, 0 ≤ s ≤ t ≤ 1,

− cosh(s − 1) cosh(t)
1 − cosh(1)

, 0 ≤ t < s ≤ 1,

The functions G1 and ∂
∂tG1 are positive on [0, 1]× [0, 1]. So, we can take

[m1
0, n

1
0] = [0, 1] and [m1

1, n
1
1] = [0, 1].

Let μ ∈ I be fixed. The function G1 is continuous on [0, 1] × [0, 1],
so the hypothesis (H1) is immediate for i = 0. The first derivative ∂

∂tG1 is
continuous on ([0, 1] × [0, 1])\{(t, t) : t ∈ [0, 1]}, so for every ε > 0, there
exists δ > 0 such that, |t − μ| < δ implies that

∣
∣
∣
∣
∣

∂G1

∂t
(t, s) − ∂G1

∂t
(μ, s)

∣
∣
∣
∣
∣
< ε, for all s �= μ.

Therefore, the hypothesis (H1) holds for G1.
Moreover, it can be checked that

|G1(t, s)| ≤ h1
0(s) = G1(1, s) = sinh(s − 1) − cosh(s − 1) sinh(1)

1 − cosh(1)
,

and
∣
∣
∣
∂

∂t
G1(t, s)

∣
∣
∣ ≤ h1

1(s) =
cosh(s − 1) cosh(s)

cosh(1) − 1
,

for all t ∈ [0, 1], s ∈ [0, 1].
If we take φ1

0(s) = h1
0(s), [c10, d

1
0] = [0, 1], and [a1

0, b
1
0] = [0, 1], it can be

verified that for the constant ξ10 = 1
n1

,

G1(t, s) ≥ ξ10 φ1
0(s) for all t ∈ [0, 1], s ∈ [0, 1],

for n1 a sufficiently large constant such that ξ10 ∈ (0, 1).
Analogously, if we choice φ1

1(s) = h1
1(s), [c11, d

1
1] = [0, 1], and [a1

1, b
1
1] =

[0, 1], it can be shown that for the constant ξ11 ≈ 0.5728,
∂

∂t
G1(t, s) ≥ ξ11 φ1

1(s) for all t ∈ [0, 1], s ∈ [0, 1].

The first derivative of G2 is

∂

∂t
G2(t, s) =

⎧
⎪⎪⎨

⎪⎪⎩

sinh(s − t) +
sinh(s − 1) cosh(t)

1 − cosh(1)
+ 1, 0 ≤ s ≤ t ≤ 1,

sinh(s − 1) cosh(t)
1 − cosh(1)

, 0 ≤ t < s ≤ 1.

The functions G2 and ∂
∂tG2 are positive on [0, 1]× [0, 1]. So, we can take

[m2
0, n

2
0] = [0, 1] and [m2

1, n
2
1] = [0, 1].

The function G2 belongs to C1([0, 1] × [0, 1]), so it trivially satisfies
hypothesis (H1).

It can be seen that

|G2(t, s)| ≤ h2
0(s) = G2(1, s) = cosh(s) − (1 + e) sinh(s)

e − 1
+ 1,
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and
∣
∣
∣
∂

∂t
G2(t, s)

∣
∣
∣ ≤ h2

1(s) =
∂

∂t
G2(s, s) =

cosh(s) sinh(s − 1)
1 − cosh(1)

,

for all t ∈ [0, 1], s ∈ [0, 1].
In this case, if we take φ2

0(s) = h2
0(s), φ2

1(s) = h2
1(s) and [c20, d

2
0] =

[c21, d
2
1] = [a2

0, b
2
0] = [a2

1, b
2
1] = [0, 1], then for the constants ξ20 = 1

n2
and

ξ21 ≈ 0.6481, we have

G2(t, s) ≥ ξ20 φ2
0(s) for all t ∈ [0, 1], s ∈ [0, 1],

and
∂

∂t
G2(t, s) ≥ ξ21 φ2

1(s) for all t ∈ [0, 1], s ∈ [0, 1],

where n2 is a sufficiently large constant such that ξ20 ∈ (0, 1).
Moreover, for i0 = 0, 1, we have that [a12

i0
, b12i0

] = [0, 1] are non-degenerate
intervals.

The function G3 fulfills the same assumptions as the function G1 because
they are equal. So, G3 satisfies the hypothesis (H2) and we can take [m3

0, n
3
0] =

[0, 1].
Also, by taking φ3

0(s) = h1
0(s), [c30, d

3
0] = [0, 1], and [a3

0, b
3
0] = [0, 1], we

have for the constant ξ10 that

G3(t, s) ≥ ξ30 φ1
0(s) for all t ∈ [0, 1], s ∈ [0, 1].

Finally, the function G4 is continuous on ([0, 1] × [0, 1])\{(t, t) : t ∈
[0, 1]} and is nonnegative on the triangle {(t, s) ∈ [0, 1] × [0, 1] : t < s}.
Thus, the hypothesis (H2) is fulfilled for G4 and we can take [m4

0, n
4
0] = {0}.

Analogously, it holds that

|G4(t, s)| ≤ h4
0(s), for all t ∈ [0, 1], s ∈ [0, 1],

with

h4
0(s) := max

{
sinh(s − 1) sinh(s)

1 − cosh(1)
, 1 − sinh(s − 1) sinh(s)

1 − cosh(1)

}

.

If we chose φ4
0(s) = h4

0(s), [c40, d
4
0] = [0, 1], and [a4

0, b
4
0] = {0}, then for

the constant ξ40 = 1
n4

,

G4(t, s) ≥ ξ40 φ4
0(s) for all t = 0, s ∈ [0, 1],

where n4 is a sufficiently large constant such that ξ40 ∈ (0, 1).
As a consequence, we deduce that I1 = K1 = {0, 1}, I2 = K2 = {0},

and the assumptions (H1) − (H8) hold.
Therefore, by Corollary 4.4, there is at least one nontrivial solution

(u, v) ∈ C1(0, 1) × C(0, 1) of problem (26).

As we mentioned in the Introduction, the following example shows the
non-applicability of results of the previous works by transforming the prob-
lem of the above example into one with separate variables and two Green’s
functions.
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Example 4.6. Let’s again consider the problem in the example above. Prob-
lem (26) can be rewritten as

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

u′′(t) − u(t) + f̃1(t, u(t), u′(t), v(t)) = 0, t ∈ [0, 1],

v′(t) − f̃2(t, u(t), u′(t), v(t)) = 0, t ∈ [0, 1],

u(0) = 0,

u′(0) = u′(1),

v(0) = 0,

where f̃1(t, x, y, z) = x−z+(t2+1) e−|x|−|z| and f̃2(t, x, y, z) = y− et

ln(1+y2+z2) .

Note that the functions f̃1 and f̃2 do not satisfy the hypothesis (H8)
(the positive sign of f̄1 and f̄2 is not guaranteed either) since the limit in the
first condition of (H8) does not exist.

However, by passing the linear terms to the right-hand side of the equa-
tion and subtracting them from the fi, i = 1, 2, the new non-linearities f̃i:
(1) They could lose the constant sign.
(2) They would not have a sublinear behavior at the limit.

These two statements are common hypotheses in previous works which con-
sider only two Green’s functions, and so this problem could not be solved
using such methods. This shows the benefits of our approach to deal with
nonlinear systems where the linear operators depend on the two variables u
and v.
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[13] López-Somoza, L., Minhós, F.: Existence and multiplicity results for some gen-
eralized Hammerstein equations with a parameter. Adv. Differ. Equ. 423, 20
pp (2019)

[14] Minhós, F., Coxe, I.: Systems of coupled clamped beams equations with full
nonlinear terms: existence and location results. Nonlinear Anal. Real World
Appl. 35, 45–60 (2017)

[15] Sousa, R., Minhós, F.: Coupled systems of Hammerstein-type integral equa-
tions with sign-changing kernels. Nonlinear Anal. Real World Appl. 50, 469–483
(2019)

[16] Yang, Z., Zhang, Z.: Positive solutions for a system of nonlinear singular Ham-
merstein integral equations via nonnegative matrices and applications. Posi-
tivity 16(4), 783–800 (2012)



81 Page 24 of 24 A. Cabada et al. JFPTA
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