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Abstract. In this paper, we obtain an explicit expression for the Green’s
function of a certain type of systems of differential equations subject to
non-local linear boundary conditions. In such boundary conditions, the
dependence on certain parameters is considered. The idea of the study
is to transform the given system into another first-order differential lin-
ear system together with the two-point boundary value conditions. To
obtain the explicit expression of the Green’s function of the considered
linear system with non-local boundary conditions, it is assumed that
the Green’s function of the homogeneous problem, that is, when all the
parameters involved in the non-local boundary conditions take the value
zero, exists and is unique. In such a case, the homogeneous problem has
a unique solution that is characterized by the corresponding Green’s
function g. The expression of the Green’s function of the given system
is obtained as the sum of the function g and a part that depends on the
parameters involved in the boundary conditions and the expression of
function g. The novelty of our work is that in the system to be studied,
the unknown functions do not appear separated neither in the equations
nor in the boundary conditions. The existence of solutions of nonlinear
systems with linear non-local boundary conditions is also studied. We
illustrate the obtained results in this paper with examples.
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1. Introduction

In this paper, we will study the existence of solutions to the system of integral
equations

b
u(t) :/ Gi(t,s) f1(s,u(s),. .., u(”_l)(s),v(s)7 e ,v(m_l)(s)) ds

/ Ga(t,) fals, u(s), .., u" D (s),
v(s), ..., 0"V (s))ds, tel:=]a,b],

:/ Ga(t, ) fl(s,u(s)7...,u“ﬂ*”(g),u(s),...,u“"*”(s))ds

b
+ / Ga(t, s) f2(s,u(s), ... ,u("_l)(s),v(s), ... ,U(m_l)(s)) ds, tel,

(1)
where n,m € N, G; : I x I — R, i = 1,2,3,4, are the kernel functions
satisfying certain regularity conditions such that G, € W*=bY(I x I), r =
1,2, Gy € Wb I x 1), 1 = 3,4, and f; : [ x R*"™™ — [0,00) are L'-
Carathéodory functions.

We emphasize that this type of problem resembles the Hammerstein
equations that have been studied by some authors regarding the existence,
non-existence, and multiplicity of solutions, and applications to real phenom-
ena of integral equations (see [1,4-6,8-10,12,16] and references therein).

The problems of existence and multiplicity of solutions of nonlinear
differential systems with separate variables subject to boundary conditions
can be posed as a problem of existence and multiplicity of solutions of a
system of integral equations. In particular, if we have the following nonlinear
problem with linear separated boundary conditions

u™ () + ar (O u () -+ an () u(t)
) -

= fi(t,u(t), ..., " V@),0(t),..., 0" V@), tel,
o™ (1) + 1(t)v“" D)+ 4 b () v(t) (2)
= fat,u(), ..., u™ V@), v),..., 0™ V@), tel,

Bz(u):hz, ’iZ].,...ﬂl,
B](v):q]7 j:17"'7m7

where ag, b, are continuous functions for all £k = 1,...,n, r = 1,...,m,
hi,gj e Rforalli=1,...,n,j=1,....m, fi : I xR"™™ — R, | = 1,2,
satisfy certain asymptotic conditions and B; (the same goes for B;) covers
the general two-point linear boundary conditions, i.e.,

n—1

Bi(w=Y (a;uw') (a) + Biu®) (b)) L i=1,...,n,
j=0
with a;-, J’, being real constants for all s = 1,...,n, 7 =0,...,n— 1.

Then its equivalent integral problem consists of studying the existence and
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the multiplicity of fixed points of the integral system

b
u(t) :/ G1(t,s) fl(s,u(s),...,u"_l(s),v(s),...,vm_l(s))ds,

b
u(t) :/ Ga(t,s) fo(s,u(s),...,u" " (s),v(s),...,v™ 1(s))ds,

where G, p = 1,2, denote the Green’s functions related to problem (2)
satisfying some appropriate regularity properties. In particular, G; will be
the Green’s function related to problem

u™ () +ar () u"TV () + - Fan(B)ult) =0, tel,
B,(’U,):hl, ’i:l,...,n,

and Go will be the Green’s function related to

o) + b () 0TI 4 b (D) v(t) =0, tel,

B](v):qj7 j:17"'7m'
In a more general framework, problem (1) derives from a coupled system of
two linear differential equations, one of order n and the other one of order
m, both of them depending on u and v, and where the non homogeneous
parts f;, @ = 1,2, are nonlinear functions together with n + m non-local

linear boundary conditions. That is, fixed points of problem (1) correspond
to solutions of

Li(u,v)(t) =0o1(t), tel,
LQ(U7U)(t) 202(t)7 (3)
Bi(u,v) = 0; C;(u,v), i=1,...,n+m,

where

n—1 m—1
Li(w,0)()) s =u™ () + 3_aru®(O) + 3 biv(0),
k=0 i=0
n—1 m—1 (4)
Lo(u,v)(t) : = 0™ (t) + Z cru®(t) + Z d; v (¢).
k=0 i=0
Here o1 and o9 are continuous functions on I, d; € Rforalli =1,...,n+m,
ag,cx € Rforall k=0,...,n—1and b;,d; e Rforalli=0,...,m—1.

Moreover, C; : C™(I) x C™(I) — R are linear continuous operators and
B; covers the general two-point linear boundary conditions, i.e.,

n—1
Bi(u,v) =3 ( Lu(a) + 8 u(j)(b))
§=0
m—1
+ (o?fv(l)(a)Jrva(l)(b)), t=1,...,n+m,
1=0
where ag», ﬁ;, &t and Blz real constants for all j =0,...,n—1,1=0,...,m—1

and ¢ = 1,...,n + m. Note that in this case (contrary to problem (2)), the
left-hand side of the equations (that is, operators Ly and Ls) may depend
both on w and v and its derivatives.
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n [15], the authors studied the existence of solutions to the following
coupled system of integral equations of the Hammerstein type

b
uy (t) :/ k1(t,s) g1(s) fi(s,u(s), ..., ul™)(s),v(s),...,0")(s))ds,

b
ug(t) = / ka(t, s) ga(s) fa(s,u(s), ..., ul™)(s),v(s),..., 0" (s))ds,
(5)

where k; : [0,1]> — R, i = 1,2, are the kernel functions such that k; €
Writ(10,1]2), r1 = max{my,ma}, ro = max{ny,na}, with m;,n; > 0, g; €
L([0,1]) with g;(t) > 0 for a.e. t € [0,1], and f; : [0,1] x R™T7i+2 — [0, 00)
are L°°-Carathéodory functions.

The solutions of (5) have been obtained by the Krasnoselskii-Guo fixed-
point Theorem. In this case, the integral kernels k; and ks considered, and
their partial derivatives with respect to the first variable up to certain orders,
can be discontinuous and change sign in the square [0,1] x [0, 1], since a
condition is required that they are positive in subintervals of [0, 1] that can
be degenerate.

In [11], the authors studied the existence and the multiplicity of pos-
itive solutions to the nonlinear differential system with perturbed integral
boundary conditions
T Y 0,
y'(t) + fa(t,2(8),y(t) =0,

2(0) = 0, _/\/

y(0) =0, y(1)=A / y(s) ds,

where A € (0,2) and f1, f2: (0,1) x (0,00) x (0,00) — [0, 00) are continuous
functions, which may admit a singularity at the origin, that is,

lim  fi(¢t,z,y) = o0 uniformly in ¢, ¢=1,2.
(z,y)—(0,0)
This problem can be seen as a particular case of Hammerstein-type equations.
By constructing two classes of cones, and based on the Leray—Schauder The-
orem and a well-known fixed-point theorem in cones, the existence of at least
one positive solution was obtained.
In [14], Minhés and Coxe investigated the fourth-order coupled system

{u(4) (t) = ft,u(t), o' (t),u" (t),u" (t),v(t),v'(t),0" (t), 0" (1), te][0,1],
oW (t) = h(t, u(t), ' (t), u” (t), u"(t), v(t), o' (), 0" (t), 0" (t)), te[0,1],

with f,h : [0,1] x R® — R being L!-Carathéodory functions and satisfying
the boundary conditions
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The existence of at least one solution of the previous problem was obtained
by transforming it into an equivalent integral system with a certain kernel G
and the construction of lower and upper coupled solutions.

Motivated by the works above, we consider the problem (1), and we will
try to study the existence of its solution. The difference between our work
and those mentioned above is that our case considers four Green’s functions
and the variables may be not separated, while previous works consider only
two Green’s functions with separate variables.

It should be noted that there are problems of type (1) in which our
results are applicable considering four Green’s functions and that can be
transformed into coupled systems with separate variables like the previous
works with two Green’s functions, by passing linear terms to the right-hand
side of the equation and subtracting them from the f;, ¢ = 1,2. However, in
such cases, the results of the previous works are not applicable. This is due
to the fact that the two new Green’s functions do not satisfy the regular-
ity conditions or the new functions of the nonlinear part do not satisfy the
required asymptotic conditions. This will be illustrated in Example 4.6.

The existence of cases of this type of problems verifying what we have
just noticed is what makes our method more general than the previous ones
and presents advantages over the one that considers only two Green’s func-
tions, since this is not always applicable. This shows novelty and interest of
our method.

This paper is organized in the following way: Sect. 2 contains some
preliminaries that we need to develop the article. In Sect. 3, we will obtain
the main result on existence and uniqueness of solutions to the linear problem
with an example of an application of the result. Finally, the last section
deals with the existence of solutions of the nonlinear problem under certain
conditions of regularity of the Green’s functions and asymptotic conditions
of the nonlinear parts. An example is also given that illustrates our result
on existence, and an example in which considering two Green’s functions, it
is not possible to apply the results of the previous works as we mentioned
earlier.

2. Preliminaries

In this paper, we are interested in studying the linear system coupled to
non-local boundary conditions involving certain parameters (3).

In this section, we develop the basic tools that we need to deduce the
existence and the uniqueness of the solution to problem (3).

Making a change of variable of type

/ !
T1=U, T2 =Ty, .., Tpn =Tp_1,
— . 7
=9 Y2=Y, - Yn =Yn—1,

in system (3), we obtain the following equivalent first-order differential (n +
m)-dimensional linear system

()= Az(t)+ f(t), tel, (6)
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together with the boundary conditions

where
z1(1) 0
ZEn_l(t) O
Zn(t) Aq|As o1(t)
t = s A = 5 t - 5 t S 17
SO (4a)- ro=|"
ym—l(t) 0
Ym (1) oa(t)
with
0 1 0 0 0 0 O 0
0o 0 1 0 0 0 O 0
A= A=
o 0 0 --- 1 0o 0 0 -+ 0
—ap —az —ag ‘- —Ap_1 —bo —b2 —b3 -+ —bm—1
o 0 0 --- 0 o 1 0 --- 0
o 0 0 -+ 0 o o 1 - 0
Az = S and  Ag = : : S :
o 0 0 --- 0 o o o0 --- 1
—Cg —Cy —C3 +*+ —Cp_1 —dy —dg —d3 -+ —dp—1
Remark 2.1. Notice that the boundary conditions B;, ¢ = 1,...,n+m, do not
only depend on w and v, but also on v/, ..., u(""Y and ¢/,...,v™ 1 There-
fore, we can use the notation B;(u,...,u™ Y v, ... vm=D) = Bi(u,v), i =

1,...,n+m. The same holds for the operators C;, i.e., C;(u,. .., uw D oy,
vm=) = Ci(u,v), i =1,...,n +m.

Remark 2.2. We should note that once system (3) is transformed into prob-
lem (6)—(7), the boundary conditions B;, i = 1,...n+m, become of the form
E z(a) + F 2(b) with E, F € My 4m)x (nt+m) given by

1 ~1 ~1
Qg QX1 Qg SR S o |
F = : . : : . . and
n+m n+m ~n+m ~n+m
Qg o Gp1 Qg T Qg
1 1 21 21
ﬂo T n—1 ﬂo e m—1
n+m L n+m an+m . an+m
0 n—1 0 m—1

Let us consider the following homogeneous problem

Z(t)=Azt), tel, FEz(a)+ Fzb) =0, (8)
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and let ¢ : I — My im)x(ntm) be its fundamental matrix, that is, ¢ is a
regular functional matrix and a solution of the linear matrix equation

§(t) = Ao(t), tel.

Next, we state a result on existence and uniqueness of solution and the char-

acterization of the spectrum of problem (6)—(7) for 6; =0,i=1,...,n+ m.

Theorem 2.3. [2, Theorem 1.2.3] Problem (6)—~(7) with 6; =0,i=1,...,n+
m, that is,

Zt)y=Az{t)+ f(t), tel, Bi(z)=0, i=1,....,n+m, (9)

has a unique solution z € C(I,R"*™) for any f € C(I,R"™™) if and only if

det(M,) # 0, (10)

where ¢ is any fundamental matriz of system (8) and My := E ¢(a)+F ¢(b).

Remark 2.4. The matrices E and F are not unique since we can take as F and

F a multiple k£ F and k F with k a nonzero real number. It is immediate to

verify that condition (10) is independent of the chosen fundamental matrix.

Also, condition (10) holds if and only if problem (8) has only the trivial
solution.

Let {u1,...,untm} denote the set of linearly independent solutions of
Z'(t) = A z(t) formed by the columns of ¢. As a consequence

Bi(u1) -+ Bi(tuntm)
My = E ¢(a) + F ¢(b) = : - :
Bogm(ui) -+ Bpym(Unim)

Therefore, condition (10) is satisfied if and only if the determinant of the
above matrix is not zero. In this case, problem (9) has a unique solution.

FEzample 2.5. We consider the following system
u'(t) + Au(t) = o1(t), t€]0,1],
V() + polt) = o2(t),

u(0) +v(1) = & /01 u(s) ds, (11)

1
u(1) +v(0) = 02 / u(s) ds,

0
with o1, o2 two continuous functions, §; € R, i = 1,2 and A\, € R. In this
case, B (u,v) = u(0)+v(1), Ba(u,v) = u(1)+v(0) and C;(u,v) = Co(u,v) =
fol u(s)ds. In addition,

w)= (7 ) w= ().

are two linearly independent solutions of
u'(t) + Au(t) =0, te€]0,1],
V() + po(t) =0, te0,1],
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—Xt
that are the columns of the fundamental matrix ¢(t) = (e 0 e—out>' Thus,

problem (11) for §; = d2 = 0 has a unique solution if and only if
Bl(ul) Bl(’U,Q) - 1 e # 1 =)
det (Bz(ul) Bo(us) = det A =1l-ce¢ #0,
that is, A + u #£ 0.

3. Solutions to the problem (3)

In this section, we will study the existence and uniqueness of solution to the
non-local problem (3).

Suppose that problem (8) has only the trivial solution. We know from
Theorem 2.3 that problem (9) has a unique solution for any f € C'(I, R"+™).
In such a case, this solution is given by

b
wlt) = / olt.s) f(s) ds, (12)

where g denotes the Green’s function matrix related to problem (8) and is
given by the expression

a ;' s (s a<s
o(t.9) :{ ¢<t)M¢ilF¢(b)¢_1( V4 bt o (s), a<s<t<b, .
—¢(t) My Fo(b) o~ (s), a<t<s<b.

See [2, page 15] for more details.
As a direct consequence of Theorem 2.3, we obtain the following lemma:

Lemma 3.1. There exists a unique Green’s function matriz g, related to Prob-
lem (8), if and only if for any i € {1,...,n+ m}, the following problem
Z(t)=Az(t), tel,
Bj(2) =0, j#1i, (14)
BZ(Z) = 1,
has a unique solution, that we denote as z;(t), t € I.
Now, we are in a position to prove the existence and uniqueness of

solution to problem (6)—(7) under condition (10) in the following result, which
generalizes the ideas and the formulas obtained for the scalar case in [3].

Theorem 3.2. Suppose that problem (8) has only the trivial solution and let g
be its related Green’s function given in (13). Let f € C(I,R"*™), and §; € R,
i=1,...,n+m, be such that

det(ln-k—m - D) 7é 0, (15)
with Iy the identity matriz of order n+m and D = (dij)(n+m)x (n+m) €
M(n-i—m)x(n-‘rm) gwen by

dijzéjOi(zj), 1, jE{l,...,n—Fm}.



Vol. 25 (2023) Existence of solutions of nonlinear systems Page 9 of 24 81

Then problem (6)—(7) has a unique solution z € C(I,R™™™), given by the
exrpression

b
z(t) = / G(t, 8,01,y 0ntm) f(s)ds, (16)

where
n+mn+m

Gt 5,010, 00) = g(tss)+ Y D dirijzi(t) hy(s), (17)

i=1 j=1
with z; € C(I,R"™) defined in Lemma 3.1, R = (r;;)
(Inym — D)7, and
h](S) = (Cj(gl('vs)) CJ(QQ(aS)) e Cj(gner('?S))) € C(Ilex(ner))a
j=1...,n4+m,

(n+m)x(n+m) =

where g*, k=1,...,n+ m, denotes the k-th column of the matriz g.

Proof. Since problem (8) has only the trivial solution, we know that problem
(9) has a unique solution w given by the expression (12). By Lemma 3.1,
there exists a unique solution z;, i = 1,...,n + m, of problem (14). Thus,
any solution to problem (6)—(7) has the following form

n+m

2(t) =w(t)+ Y z(t)6;Ci(z), tel (18)

Applying the linear operator C; to both sides of the previous equality, we
obtain that

n+m n+m
Ci(z) = Cj(w) + C; (Z 6; zi(t) Ci(Z)> = Cj(w) + Z 0; Cj(zi) Ci(2),

7=1...,n+m,

or, equivalently,

n+m

Ci(z) = > 6:Cy(z) Ci(z) = Cj(w), j=1,....n+m.
=1

Therefore, the above equalities are equivalent to the following system:

Ci(2) Cy(w)
02(23) CQ(’LU)
Cner(Z) Cn+m(w)
Since I, ., — D is an invertible matrix, we have
n+m
Ci(z):ZTijCj(w), i=1,....,n+m.
j=1

Thus, equality (18) becomes

n+m n+m

2(t) =w(t) + Z 8 z(t) Z rij Cj(w)
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:w(t)—I— Z Z&irijzi(t)Cj(w), tel.

i=1 j=1

Due to the fact that C; is a continuous linear operator, we have

Since

we have that

Ci(9(,8) F(5)) = f1(s) Ci(g" (1)) + -+ + farm(s) Cj(g" ™ (-, 9))
f1(s)
_ 1 2 n+m fZ(S)
= (Ci(g'(+9) C3(g2(,8)) -+ Ci(g" ™ (-, 8))) :
fn-i-m(s)

— hy(s) (s).

Substituting the previous expression into (19), we obtain that C;(w) =

b
/ hj(s) f(s)ds. Therefore,

n+mn+m

2t =wt)+ Y Y dirijzi(t) Cj(w)

i=1 j=1

b n—+m n+m b
_ / g(ts) f(s)ds+ 3 S Gy (1) / hy(s) f(s) ds

i=1 j=1

b n+mn+m
:/ (g(t,s)—i— Z Z 0i ij zi(t) hj(s)) f(s)ds

i=1 j=1

b
:/ G(t,8,01,...,0,) f(s)ds.

Thus, we have proved the existence of at least one solution to problem (6)—(7)
given by (16).

Finally, we prove the uniqueness of the solution of problem (6)—(7).
Suppose that problem (6)—(7) has two different solutions w; and ws. Thus,

{ (U}l — ’LUQ)/(t) =A (U)l — U}Q)(t), tel,

(20)
Bi(w —ws2) = 6; Ci(w1 —wz), i=1,...,n+m.
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So, from (18), we know that the solution w; — wy is given by

n+m

(wy —wo)(t 2521 (wp —wsy), tel.
By applying the operator C; to both sides of the previous equality, we obtain
n+m

Ci(wy —ws) = 250 2;) Ci(wy —ws), j=1,....,n+m,

or, equivalently,

Cl (’l,l)l — 11)2) 0

Cg(’wl — ’wg) 0

(In+m - D) : = .
C7L+7n (wl - w2) O

Again, since I,,4,, — D is an invertible matrix, we infer that C;(w; —ws) =0
for i =1,...,n + m. Therefore, by (20), we have that w; — ws is a solution
of the homogeneous problem

(’LUl _'LUQ)/(t) = A(w1 —’LUQ)(t), te I,
Bi(wy —we) =0, i=1,...,n+m.

By hypothesis, we know that the homogeneous problem (8) has only the
trivial solution, so it follows that w; = ws on I, and this completes the
proof. O

In the following result, once the expression for the solution z is obtained,
we can retrieve the solutions u and v of problem (3).

Corollary 3.3. Assume that problem (8) has only the trivial solution and let g
be its related Green’s function. Let 01,09 € C(I), and 6; € R, i =1,...,n+m,
be such that condition (15) holds.

Then system (3) has a unique solution (u,v) € C™(I) x C™(I) given by

u(t) :/b (Gralt. .81, 82) o1(s)

—|—G1,n+m(t,s,61,...75n)02(s)> ds, tel, (21)
21

o(®) :/ab (Gurrnlt. .01, 82) o1(s)

+ Gn+1,n+m(t» S, 517 s 7571) 02(8)) dS,
where G, ; denotes the (i,7) entries of the matriz G defined in (17).

Remark 3.4. We emphasize that results similar to those obtained above can
be deduced for the general problem:

Li(ul,...,un)(t)zai(t), tel, i=1,...,n,

By(u1, ... up) =0, Cpug, ..., up), p:L...,Zri7
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where
r;—1 rj—1
Li(“fl?"'u”ﬂ)() (r7 +Za ’LL +Zzb (l)
Jj#i 1=0

Here, o; are continuous functions on I, a}c,bfj € R, 7, € Nfor all ©+ =
1,...,n, 1 =0,...,m; — 1 with j € {1,...,n}, j # 4, and 6, € R for all
p=1,....>"  r.

Moreover, Cp, : [[;_; C™(I) — R is a linear continuous operator and
By, covers the general two-point linear boundary conditions, i.e.,

n r;—1 n
Bp(ul,..., ZZ( (J) +ﬁp ()), p:1,...,2ri,
=1 j=0 i=1
with of; and (%, being real constants for all j = 0,...,7; —1,i=1,...,n

andp=1,...,> 0 7

Example 3.5. Consider the system
(22)

For this system, we have that o1(t) = e!, o2(t) = ¢, t € [0,1], 51 =0, 63 =
93 = 0, Bi(u,v) = u(0), Ba(u,v) = v (0), Bs(u,v) = v(0), Cy(u,v) = 0
Cy(u,v) =4/ (1), and, Cs(u,v) = 0.

Using the formulas in Theorem 3.2 and substituting them in the expres-
sion (17), we have

bd

1 sinh(t — s) 4 <RS0 cosh(t — 5) — ShEUeEbl g
G(t,s) = | 0 cosh(t — s) + —COShl(:;S)hﬁ;h(t) sinh(t — s) — —COShl(i)CZ;TI}E(ls)fl)
. cosh(s—1) sinh sinh(s—1) sinh
0 sinh(t — s) + %(1)(0 cosh(t — s) — %(1)“)

for0 <s<t<1,and
cosh(s—1) sinh(t) sinh(s—1) sinh(t)

0 1(7003%1(1) ) B 1(7)cosh((1) )
cosh(s—1) cos(t cosh(t) sinh(s—1
G(t’ S) =10 1—cosh(1) - 1—cosh(1) ’
0 cosh(s—1) sinh(t)  sinh(s—1) sinh(t)
1—cosh(1) 1—cosh(1)

for0<t<s<l.
Now, making use of the expressions (21), we have the solution of problem
(22) given by
e te(de—5)+et(2+e+e?(—2+1t)+t—2et)— (—1+e)2et (2+12))
2(e —1)2 ’

u(t) =
t € [0,1],

(t) = e t(e(de—5)+eX (2+e+e?(t—2)+t—2et))
v = 2(e —1)2

-1, te[o,1].
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4. Nonlinear problem

In this section, we will study the existence of a nontrivial solution to the
nonlinear problem

Ly(u,v)(t) = fu(t,u(t), ..., u™ " D@),0),..., 0™ V@), tel,
La(u,0)(t) = fa(t,u(t), ..., u™ (), 0(t), ..., 0"V (®), tel, (23)
Bi(u,v) = 6; C;(u,v), i=1,...,n+m,

where f; : I x R"™ — [0,00), i = 1,2, are L!-Carathéodory functions and
L; and Lo are given in (4).

The existence of solutions is obtained by applying Krasnoselskii’s fixed-
point Theorem on cones in a certain Banach space.

As a notation, we will denote

Gl(ta 5) = Gl,n(ta S, 515 ce 5n+m)7 GQ(ta 5) = Gl,n+m(ta S, 617 cee ;5n+m)7
Gg(t7 S) = Gn+17n(t, S, (51, ey 5n+m)7 G4(t, 8) = Gn+1,n+m(t7 S, (51, ey 5n+m)

It is not difficult to verify that u and v are solutions of problem (23) if
and only if they satisfy the system of integral equations (1).

In the sequel, we will set out the conditions we need to ensure the
existence of at least one nontrivial solution to problem (1). We will make use
of the following conditions:

(H;y) The Green’s functions G, : I x I — R, r = 1,2, are such that
G, e Wr=bI(I x I).

The (n — 1)-th derivative of G,, r = 1,2, satisfies that for every
e > 0 and every fixed pu € I, there exists § > 0 such that, if |t — p| < 4,
then

anflGr 8”71Gr
otn—1 (t75)7 orn—1 (,LL,S)

<e,

for a.e s < min{t, u} and for a.e s > max{t, u}.
Moreover, if n > 2, then for i = 0,...,n — 1, for every € > 0 and
every fixed p € I, there exists 6 > 0 such that |t — u| < 0 implies that

9'G, 9'G,
ot (t,S)— ot (ILL,S)

<eg, forae sel.

The Green’s functions G; : I x I — R, | = 3,4, are such that
G € Wm_l’l(f X I).

The (m — 1)-th derivative of G;, | = 3,4, satisfies that for every
e > 0 and every fixed p € I, there exists § > 0 such that [t — p| < ¢
then
8m_1Gl am—lGl
et ts) — S s)

<eg,

for a.e s < min{t, u} and for a.e s > max{t, u}.
Moreover, if m > 2, then for j =0,...,m — 1, for every € > 0 and
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every fixed p € I, there exists § > 0 such that |t — p| < ¢ implies that

ma()_ma
o T o

(n,8)| <e, forae sel.

(Hs) Forr = 1,2, and foreacht € I, I; C J; :={0,...,n—1}, 1 # 0,
there exists a subinterval [m[,n!] C I such that
0'G,
ot
For I = 3,4, and for each j € I, I C Jo :={0,...,m—1}, I # 0,

there exists a subinterval [m!, n}] C I such that

(t,s) >0, forall te[m],nl], se€l.

G,
ot
We also admit that these intervals could be degenerate, that is, it
is possible that m] = n} and mé = né
(H3) For r = 1,2 and for each i € Jy, there exist positive functions
ht € L'(I) such that

Lol
(t,s) >0, forall t € [mj,n;], sel.

0'G,
UL

< hi(s) forall tel and a.e sel.

For [ = 3,4 and for each j € J,, there exist positive functions
hé. € L'(I) such that
G,
ot

(t,5)

Shé»(s) forall te and a.e s € 1.

(Hy) For r = 1,2, and for each i € Ky, Ky C I, K; # 0, there exist
subintervals [a],bl] C [m},n!] and [c¢],d]] C I, nonnegative functions

¢+ I — [0,00) and & € (0,1) such that

aair (t,s)| < ¢i(s), forall te€c,d]] and a.e s€ T,
aiGT T T ror
ot (t,s) > & @i (s), forall t €la],b]] and a.e s € I.

For | = 3,4, and for each j € Ky, Ky C I5, Ky # (), there exist

subintervals [a},b5] C [m},n}] and [}, d.] C I, nonnegative functions
¢k : I —[0,00) and &} € (0,1) such that

el
ot
el
ot
Moreover, one of the following conditions must be met:

7777

(t,s)‘ < (bé»(s), for all ¢ € [}, d’] and a.e s € I,

1l gl
(t,s) > & ¢;i(s), forall t€lay,b;] and ae s € I.
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(H}) There exists some ig € K; such that
Sy = laj,,bl 1N a; b2 1N el di 1N d]#0

107 Y10 107 Yo 107 Yo 107
12 p12] . [,1 pl 2 127 :
and [a;7, ;7] == [a; ,b; ] N [a ,b; ] is a non-degenerate interval.

(H2) There exists some jo € Ky such that
Sy = [ad b3 10 [a],, b3, 1N [ d3 1N c) dj]#0

Jo? Vo Jo? “Jjo Jo? “jo

and [a3*,634] := [a? b3 ] N [a? , b ] is a non-degenerate interval.

Jo? “Jo Jo? “jo Jo? “Jjo L S
(1?5) ;Fhere ;XIS;}S ZE € I, such that either [m?—o,nio] N [m3, ,n;] =1 or
lc;,»d;, ] N [ci,,di ] = I and moreover, {0,...,ip} C Ji.
There exists jo € I such that either [m3 ,n? |0 [m] ,nj] = I or
[}, d3 1N ¢}, dj,] = I and moreover, {0,...,jo} C Jo.

(Hg) The functions f; : I x R™™™ — [0,00), i = 1,2 are L'(I)-
Carathéodory functions, that is,

o fi(-yx1,. ., Tn,Y1,-..,Ym) is measurable for each (x1,...,Tn, Y1,
.y Ym) fixed.
o fi(ty...,...,...) is continuous for a.e. t € I.

e For each R > 0 there exists p},, u% € L'(I) such that

fi(taxla'"7xn7y17"'7ym) gﬂ}{(t%
for all (z1,...,%n,Y1,---,Ym) € (R, R)"™™  ae. t € I, and

i=1,2.
(Hz) For each r = 1,2 and i € Jy, we have that h uk € L'(I) for every
R >0.
For each [ = 3,4 and j € Jo, we have that hé u% € LY(I) for every
R>0.

(Hg) For each i = 1,2, we have

thup max fi(tﬂxla"-,xnaylv'“aym) _
min{[z1 ], 0s|Zn |, |U1 |y | ym | }—o0 TET 1]+ + |zn] + v + -+ |yml
fi(t7zla ey Ty Y1, - ,ym)

lim inf min = 4o00.
[21]sees [T 5|01 | [y [ =0 tET || + -+ [T ] + 1] + - + |ym]

)

Let us consider X := C"~}(I) x C™~1(I) the Banach space equipped
with the norm

[ (u,v)||x = max{||u|\cn71(,), HUHCWI(I)},

where [[ul|gn—1(py) = rmaux{Hu(i)||oo7 i€ Ji}and [[v|lgm-1(p) = max{||v(j)\|oo,
j S JQ}
Once we have defined the conditions we need for the development of
this section, we will define the following cones:
uD(t) >0, te[mlnl]nm2n?, iel,
i () IO
et B (t) > & u'?]

107 107

H =S ueC" Y(I):

etz a2y ¢ € Ka
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and
1( : v(j)(t) >0, te [m?,ni’] N [m?,n?], j € I,
Hy=<veC™ "(I): . & 20 (5) . ,
t) > K
te[a?%l]lr:l[a?’b?]u (t) = & [w " |l(e2 a2)mpet a1y, T € K2
where ' = min{¢} : r e {1,2},i€ K1} and ¢ =min{¢} : 1€ {3,4},j €
Ky}.
Moreover, the product space H := H; X Hs is a cone in the Banach
space X with the norm ||(u,v)|x.

Remark 4.1. 1t can be proved that condition (Hj) guarantees that H is a
cone in X.

We will apply the following Krasnoselskii’s fixed-point Theorem (see [7])
to operator T : H — H given by T' = (Ty,Tz) with T} : H — H; defined as

b
T (u,v)(t) :z/ Gi(t,s) fi(s,u(s), ..., u™V(s),v(s),..., 0" V(s))ds

b
+/ Ga(t, s) fz(s,u(s),...,u(”fl)(s),

v(s),..., 0" Y (s))ds, tel,
(24)
and Ty : H — Hy defined as

b
To(u,v)(t) ;:/ Gs(t,s) fr(s,u(s), ..., u™ V(s),v(s),...,0m V(s))ds

b
+/ Gu(t,s) fa(s,u(s), ..., u™ I (s),

v(s),..., 0™ Y(s))ds, tel.
(25)

Theorem 4.2. (Krasnoselskii) Let X be a Banach space and K C X a cone
in X. Let Q1,0 C X be open bounded sets such that 0 € Q; C Q1 C Qo and
T: KN (Q\Q) — K a compact operator that satisfies one of the following
properties:

LT > Jull, Yue KNIy and ||T(u)| < ||lu|, Yu € K NoQs.

2. IT()|| < |lull, Yu e KNoQ and ||T(w)|| > ||u|l, YVu € K NOQ,.
Then T has a fized point at K N (Q2\Q4).

Next, we will prove the following main result of the existence of solutions
to problem (1):

Theorem 4.3. Suppose that the conditions (Hy) — (Hg) hold. Then problem
(1) has at least one nontrivial solution (u,v) € X.

Proof. First, we note that the solutions of problem (1) coincide with fixed
points of the operator T = (T3, T») with 77 and Tb defined in (24)—(25).
We will divide the proof in three steps:
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Step 1: T': H — H is a compact operator:
This is proved using standard techniques.
Step 2: T'(u,v) % (u,v), for all (u,v) € H N with

0 ={(w,0) € H: [[(w,0)[lar < pr},

for some p; > 0.
By assumption (Hy), assuming that the first option H} is satisfied,

there exists ip € K such that S; # 0 and [a/2,b}?] is a non-

degenerate interval (the case for jy is proved analogously). Let us

define
1
€1 = p12 )
ne [0 (4 2
€ [ (k) + 5, (9) as
20
and [¢;2, d;?] = [c} . d} | N[}, dF ].

By the second condition in (Hg), there exists p; > 0 such that, if
[(w, v)|[r < p1, we have

filtsult), - ul™ D (@), 0(t), 0D (0) > en (Jult)] + -+ [ul D (1))
Ho®]+ -+ "D @),
forallt € [ andi=1,2.
Consider (u,v) € H N 9. We have that for t € Sy,
7300

/ 8t‘0 1(t,8) fi(s,u(s), ..., u™V(s),v(s),...,0Mm V(s))ds
/ 6#0 o(t, 5) fa(s,u(s), ..., u™ VD (s),v(s),...,0m V(s))ds

Yo 9% (n—1) (m—1)
> [ Gt Al u(s), . D (5),0(s), oD () ds

’0

b}g 0
+ / 6—.0612(757 s) fa(s,u(s),. .. ,u("_l)(s), v(s),... ,v(m_l)(s)) ds

bi?
> et [ 06+ D)+ + D)+ o) +

12

b2
) [ (6L(5)+ 6, () ds = ul®)|
am
Therefore, (Ty(u,v)) ) () > ul)(t) for all t € S; and so T'(u,v) %
(u,v).
Step 3: T'(u,v) # (u,v), for all (u,v) € H NIy where Q5 is an open to be
defined later.

> e1 (€)% ul™)]

[el2.d2)-
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Let
. 1 .
€9 = min > e Jy ).
(n+m) [, (h}(s) + h2(s))ds

By the first condition of (Hg), there exists M > 0 such that, if
min{|[u@#)| : i € J1} > M and min{|[vW(t)| : j € S} > M,
we have that
fi(t,u(t),. .. ,u("_l)(t)7 o(t), ..., v(m_l)(t))

e (Ju@®)] + -+ V@ + o)+ + ™ (@)

< ez (n+m)|[(u, )],

forallt € [ andi=1,2.
Consider py > {p1, M }. Using similar arguments to those used in [13,
Theorem 3], it can be proved that the set

n—1m—1
_ - mi (1) i (4)
0y = L:JO jL:JO {(U»v) € H : min [ul)(t)] < pa, min vl (1)] < pz},
is unbounded in the cone H, and the fixed-point index of the operator
T with respect to 2 is only defined in the case that the set of fixed
points of operator T' in )y, that is, if (id—T)~1({0})NQ2, is compact.
Now, to prove that ||T(u,v)|lg < ||(u,v)| g for all (u,v) € HNONy,
we will show that, for all (u,v) € H N 0,

1T1(w, v)len-1(1y < [[(w,v)[lm and |T2(u, v)||gm-1(1) < [[(w,v)|#-

The proof will be done only for T7, as the other case is similar.
Consider (u,v) € H N 08y. Therefore,

- @ ()] - }: -{-(j) o }:
mln{rtnel}ﬂu t):ie s p2 and min rtne}1|v )] :j€eJa p2.

Then, for all i € J;, we have

(T3 (,0)) 1)
b gi
= /a %Gl(ta s) fi(s,u(s), ..., u™ "V (s),v(s),...,0m V(s))ds
b 9i
[ 5 Ga(t8) Falsuls), w0 (s),0(s), o (6)) ds

a

b
< / hi(s) fi(s,u(s), ..., u™ V(s),v(s),...,0™ V(s))ds

b

+/ h2(s) fa(s,u(s), ..., u™ V(s),v(s),...,vMm V(s))ds
‘ b

< (-t m)ea (w0 [ (b1(s)+ B3 (6)) ds < o)

Thus, ||T1(u,v)|[cn-11) < [[(w,0)| g, for all (u,v) € H N Iy, and,
so, T'(u,v) # (u,v), for all (u,v) € H N Ns.
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Therefore, from Theorem 4.2, we deduce that the operator 7" has a
fixed point in H N (Q2\Q) which in turn is a solution of problem (1).

O

As a consequence, we arrive at the following result:

Corollary 4.4. Suppose that the conditions (Hy) — (Hs) hold. Then problem
(23) has at least one nontrivial solution (u,v) € X.

In the sequel, we present examples to illustrate the applicability of the
previous result and its advantages in comparison with previous results for
studying nonlinear systems of differential equations.

Example 4.5. Consider the nonlinear problem

u'(t) —v(t) + (2 + 1) e OOl = o ¢ ¢ [0,1],
V() —u'(t) + 1 - ¢ =0, t€][0,1],
n(1+ (u/(t))* + (v(1))?)
u(0) =0, (26)
W' (0) = u'(1),
v(0) = 0.

In this case, the functions fi(t,z,y,2) = (t> + 1) e Il fo(t, z,y,2) =
t . o .
Ty Satisfy conditions (Hg) and (Hg).
Since the functions f; and fo are positive and appear by adding in
the equations of problem (26), we have to change the sign of the Green’s
functions. Using Example 3.5, we obtain that

cosh(s — 1) sinh(¢)

inh(s —t) — <s<t<l
sinh(s — 1) 1—cosh(1) ~ 0<ss ’
Gl(t78) = .
B cosh(s — 1) sinh(¢) 0<t<s<l
1 —cosh(l) ~’ ’
sinh(s — 1) sinh
—cosh(s—t)—i—sm (s ) sinh(t) 1, 0<s<t<l1,
Golt, 5) 1 — cosh(1)
S =
20 sinh(s — 1) sinh(#) 0<t<s<i
s
1 —cosh(l) ~ '
Gs(t,s) = Gi(t,s), for all t,s€[0,1], (27)
and
inh(s — 1) sinh
—cosh(s—t)+8m (s ) sin (t), 0<s<t<1,
Galt. ) 1 — cosh(1)
4\l, 8) = . .
h(s—1 h(t
sinh(s ) sinh(t) 0<t<s<l.

1 —cosh(1) ’
In this case n =2, m =1, J; = {0,1}, and J, = {0}.
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The first derivative of G7 is
cosh(s — 1) cosh(t)

~ cosh(s — 1) — <s<t<l1
0 it s) - cosh(s =) I —cosh(n) ~ o=sstsh
= s
ot ! cosh(s — 1) cosh(t)
- ) O S t <S8 S 1,
1 — cosh(1)
The functions Gy and 2 G are positive on [0, 1] x [0, 1]. So, we can take
[mg, ng] = [0,1] and [mj, ni] = [0,1].

Let u € I be fixed. The function Gy is continuous on [0, 1] x [0, 1],
so the hypothesis (Hp) is immediate for ¢ = 0. The first derivative %Gl is
continuous on ([0, 1] x [0, 1])\{(¢,t) : t € [0,1]}, so for every € > 0, there
exists d > 0 such that, |t — x| < ¢ implies that

0G 0G
W(tvs) ot — (1, 8)

Therefore, the hypothesis (H;) holds for Gj.
Moreover, it can be checked that

<e, forall s# pu.

cosh(s — 1) sinh(1)
1—cosh(1) ~

|G1(t,s)| < hi(s) = Gi(1,s) = sinh(s — 1) —

and
cosh(s — 1) cosh(s)
cosh(1)—1

‘8tG1 (t s)] < hi(s) =

for all ¢t € [0,1], s € [0,1].
If we take ¢j(s) = hi(s), [ch,ds] = [0,1], and [ad,bl] = [0, 1], it can be
verified that for the constant &} = n%
Gi(t,s) > & do(s) forall t€0,1], s € 0,1],
for ny a sufficiently large constant such that &} € (0, 1).
Analogously, if we choice ¢1(s) = h%(s), [c},d}] = [0,1], and [al,b]] =
[0,1], it can be shown that for the constant &} ~ 0.5728,
0
aGl(t,s) > &1 ¢1(s) forall t€0,1], s €[0,1].

The first derivative of G5 is
sinh(s — 1) cosh(t)

inh(s — ¢t 1 <s<t<l1
aG(t ) = sinh(s — ) + 1 — cosh(1) 1 O0s<ssi<l
= s
ot "’ sinh(s — 1) cosh()
) 0 S t<s S 1.
1 — cosh(1)
The functions G2 and 2 G are positive on [0, 1] x [0, 1]. So, we can take
[m§, ng] = [0,1] and [m7, n}] = [0, 1].

The function G belongs to C1([0,1] x [0,1]), so it trivially satisfies
hypothesis (Hy).
It can be seen that
1 inh
|Ga(t, 8)] < hi(s) = Ga(1,s) = cosh(s) — (1 +e) sinh(s)

1
e—1 +h
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and

0 cosh(s) sinh(s — 1)
< h3(s) = — =
Galt s)‘ < hls) 8tG2(s7s) 1 —cosh(l) ’

0t
for all t € [0,1], s € [0,1].

In this case, if we take ¢Z(s) = hi(s), ¢3(s) = h3(s) and [c¢d,d3] =
[c3,d2] = [ad,b3] = [a?,b] = [0,1], then for the constants & = n% and
€2 ~ 0.6481, we have

Go(t,s) > €2 ¢2(s) forall t€0,1], s € [0,1],

and

%Gg(t s) > &1 ¢3(s) for all te[0,1], s€0,1],

where ny is a sufficiently large constant such that &2 € (0, 1).

Moreover, for ig = 0,1, we have that [a}2,b}?] = [0, 1] are non-degenerate
intervals.
The function G fulfills the same assumptions as the function G; because

they are equal. So, G'3 satisfies the hypothesis (H) and we can take [m3, nd] =

[0,1].
Alko, by taking 63(s) = hi(s), [chd3] = [0,1], and [a}, ] = 0,1], we
have for the constant &} that
G3(t,s) > &3 po(s) forall t€0,1], s € 0,1].

Finally, the function G4 is continuous on ([0,1] x [0, 1)\ {(¢,¢) :
[0,1]} and is nonnegative on the triangle {(¢,s) € [0,1] x [0,1] : ¢ < s}.
Thus, the hypothesis (Hz) is fulfilled for G4 and we can take [mg, ng] = {0}.

Analogously, it holds that

|G4(t,s)| < hg(s), forall te€(0,1], s€[0,1],
with

hé(s) — max { sinh(s — 1) sinh(s) 1 sinh(s — 1) sinh(s) }

1—cosh(l) = 1—cosh(1)

If we chose ¢g(s) = hd(s), [ca,di] = [0,1], and [a3, bi] = {0}, then for

the constant £f = 7%4,

Gy(t,s) > & do(s) forall t =0, s € [0,1],

where ny is a sufficiently large constant such that & € (0, 1).

As a consequence, we deduce that I} = Ky = {0,1}, I = Ky = {0},
and the assumptions (H;) — (Hg) hold.

Therefore, by Corollary 4.4, there is at least one nontrivial solution
(u,v) € C1(0,1) x C(0,1) of problem (26).

As we mentioned in the Introduction, the following example shows the
non-applicability of results of the previous works by transforming the prob-
lem of the above example into one with separate variables and two Green’s
functions.
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Ezample 4.6. Let’s again consider the problem in the example above. Prob-
lem (26) can be rewritten as

u () = u(t) + fi(t,u(t), u'(t),v(
v'(t) — fg(t,u(t),u’(t),v(

where f)(t,z,y, 2) = x—z+(t2+1) e 1*I=1= and fo(t, 2y, 2) = y—m.
Note that the functions f; and f» do not satisfy the hypothesis (Hs)
(the positive sign of f; and f; is not guaranteed either) since the limit in the
first condition of (Hg) does not exist.
However, by passing the linear terms to the right-hand side of the equa-
tion and subtracting them from the f;, i = 1,2, the new non-linearities ﬁ

(1) They could lose the constant sign.
(2) They would not have a sublinear behavior at the limit.

These two statements are common hypotheses in previous works which con-
sider only two Green’s functions, and so this problem could not be solved
using such methods. This shows the benefits of our approach to deal with
nonlinear systems where the linear operators depend on the two variables u
and v.
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