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We address the variational preparation of the Thermofield Double as the ground state of a suitably
engineered Hamiltonian acting on the doubled Hilbert space. Through the use of the Entanglement
Forging ansatz, we propose a solution that involves only circuits of width N . We illustrate the
method with generic fermionic Hamiltonians. The free fermion case can be solved in closed form,
and yields a warm start state for the variational circuits whenever interactions are present. As an
important side product, this method returns the complete energy spectrum and eigenbasis of the
system.

I. INTRODUCTION

State preparation is of central importance in quantum
computation, and it cannot be disentangled from the al-
gorithmic prescription of a quantum task. When dealing
with circuits that simulate quantum thermal processes,
both at and out of equilibrium, the initial state that needs
to be preparated is, typically, the Gibbs state. Its pu-
rification corresponds to the Thermofield Double (TFD)
state, and preparing it can be as challenging as finding
the ground state of a general Hamiltonian [1, 2]. Such
initial state has emerged as a valuable tool to study the
thermal behavior of quantum systems [3–6]. It is also
relevant for the simulation of gravity duals to black holes
and wormholes [7, 8].

Variational quantum algorithms have become a practical
method to prepare quantum states across different do-
mains in quantum simulation. In relation to the present
context, a number of works have proposed to generate
the TFD state by minimizing the Helmholtz free energy
[9–11]. They differ mainly in the choice of the variational
ansatz. All of them, however, face the difficulty of having
to compute the von Neumann entropy on the fly, which
is not an observable. Some ideas have been proposed to
accomplish this task [12–14].

In this paper, we also address the preparation of the TFD
state by variational quantum computation but, instead
of the free energy, we propose to minimize the energy of
an ad hoc designed Hamiltonian. The idea is inspired
by a similar mechanism suggested and studied in [15–
17] although we will be working in the opposite weakly
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coupled limit that perturbs around the free fermion case,
where the solution is exact. This solution will act as
a warm start for the variational optimization, thereby
reducing its complexity.

On top of that, we notice that the structure of the TFD
itself is very well adapted to the use of the so called
Entanglement Forging (EF) [18] formalism where the
role of the Schmidt coefficients is played by the Boltz-
mann weights. This is a simplified version of the circuit
cutting/knitting technique which allows addressing the
preparation of certain 2N qubit bipartite states, such as
the TFD, by running only simpler quantum circuits of
half width, hence N qubits.

An extra bonus is that, by design, the minimization of
the variational circuit yields approximately the unitary
matrix that diagonalizes the Hamiltonian of the system.
This feature, which can also be found in [14], provides
access to the whole spectrum and is an alternative to
standard deflationary approaches [19], which are based
on iteratively adding penalty terms associated to rank-1
projectors. Alternative approaches can be found in the
literature that make use of the Schmidt decomposition
ansatz to address similar problems [20–22].

This paper is structured as follows. In Sec. II we intro-
duce the main idea and exemplify its performance on a
generic fermionic model. In Sec. III we present the vari-
ational forging ansatz used to actually prepare the TFD
state on a quantum computer. Finally, in Sec. IV we
show the results and conclude in Sec. V with comments.

II. TFD STATES AS GROUND STATES

Given a Hamiltonian H, the associated Gibbs state, ρ =
e−βH/Z, where Z ≡ Tr

(
e−βH

)
characterizes equilibrium

in the canonical ensemble at temperature T = 1/β. The
purification of this state, the TFD, requires to duplicate
the number of degrees of freedom of the system [23]. We
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will focus on purifications of the following form

|TFD(β)⟩ = 1√
Z

∑

i

e−βEi/2|Ei⟩ ⊗ |E∗
i ⟩, (1)

where |E∗
i ⟩ stands for the complex conjugate of the en-

ergy eigenbasis.1 The promise is that there exists a cer-
tain Hamiltonian, Htot(β), in the enlarged Hilbert space,
whose ground state |GS(β)⟩ is, with high overlap, the
sought-after TFD

|⟨GS(β)|TFD(β)⟩| ≈ 1 .

Concrete expressions for Htot have been proposed in the
literature, and they range from exact but impracticable
[16], to simple but approximate [15–17]. In the second
case, the proposed Hamiltonians have the generic struc-
ture Htot(β) = HL +HR +HLR(β), where HL = H ⊗ I,
HR = I ⊗ H∗ and, therefore, it only remains to find
HLR. A very general prescription is that HLR(β) is
a Hamiltonian that should dominate over HL + HR in
the low β regime Htot (β → 0) ≈ HLR (β → 0) where
|GS (β → 0)⟩ = |TFD(β → 0)⟩ that is, the ground state
of HLR should feature maximal entanglement. At the op-
posite end, i.e. at low temperature, HLR(β → ∞) should
vanish, so that Htot(β → ∞) = HL +HR where, by def-
inition |GS(β → ∞)⟩ = |E0⟩ ⊗ |E∗

0 ⟩ = |TFD(β → ∞)⟩.
Outside these limits, HLR(β) should be carefully ad-
justed in order to keep the overlap |⟨GS(β)|TFD(β)⟩| as
close to 1 as possible. In the cited references, no con-
trolled scheme is offered whereby one can obtain an es-
timation of the departure from maximal fidelity. In the
next section, we seek for such a protocol by starting from
an exact answer valid for the case of free fermions. The
introduction of an interaction degrades this maximal fi-
delity in a continuous way. We provide a set of rules to
still find an excellent answer.

A. Fermionic models

We start by looking at fermionic systems and assume
to work in a quasi-particle basis in which the free
(quadratic) piece has been brought to its diagonal form.2
Hence, the general case can be written as follows

H =

N∑

i=1

ωia
†
iai +

N∑

ijkl=1

Uijkla
†
ia

†
jakal + ...

= H2 +H4 + ... (2)

1 In general, there could be an arbitrary anti-unitary operation
involved |Ēi⟩ = U |Ei⟩, but we will stick to the minimal option.

2 Diagonalizing a quadratic Hamiltonian is a polynomial task in
resources, and therefore, we will assume this has been performed
with classical computation [24].

with ωi ∈ R nonzero real numbers and N the dimension
of the Hilbert space. To start with, consider the free-
fermion limit H = H2. To find the TFD as a ground
state, we double the Hilbert space and enlarge accord-
ingly the set of operators ai → aLi = ai ⊗ I, aRi = I ⊗ ai.
In this free-fermion limit, an exact solution for

Htot(β) = HL +HR +HLR, (3)

exists, and is given by

HL =
∑

i

ωia
L†
i aLi , HR =

∑

i

ωia
R†
i aRi , (4)

HLR =
∑

i

µi(β)(a
L
i a

R
i − aL†

i aR†
i ),

with

µi(β) =
ωi

2 sinhβωi/2
. (5)

A proof of this statement can be found in App. A. The
overlap |⟨GS(β)|TFD(β)⟩| = 1 is maximal, for all values
of β.3

A four-fermion interaction like H4 in (2) makes the sit-
uation depart from the free exact case. The question
now is twofold: (a) how should we modify the interac-
tion Hamiltonian HLR so as to maintain the overlap as
close to one as possible?, and (b) how large can H4 be
made while staying globally within some tolerance, say,
|⟨GS(β)|TFD(β)⟩| ≥ 0.99.4

For the first question, a minimal answer would be to stick
to the same structure as in (3) and (4), and only modify
the set of numbers ωi → ω̃i = ωi + δωi which are then
plugged into (5) to construct the improved LR interac-
tion. The shifts δωi should be readable from the structure
of the perturbing Hamiltonian H4. An educated guess is
to extract them from a mean-field calculation.

In regard to the second question, the construction now is
no longer exact and we expect the overlap to drop below
1 for intermediate values of β.5 The answer needs a case-
by-case analysis. We illustrate it with an example in the
following sections.

3 In fact, |GS(β)⟩ is the ground state of a uniparametric family of
Hamiltonians. Apart from Htot in (3), two important members
of this family are also HL − HR and HL + 1

2
HLR. For the

second, this provides a short proof for the Entanglement Cloning
Theorem [25]. See App. A for more information.

4 Of course, an implicit assumption in the spirit of any perturba-
tive approach is that, in making H4 large, we do not hit any
quantum phase transition.

5 Notice that, from (5) we have that Htot(β → ∞) → HL + HR

whereas Htot(β → 0) → HLR. This makes the overlap
|⟨GS(β)|TFD(β)⟩| = 1 in these two limits β → 0,∞.
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B. Numerical test: the Hubbard spinless chain

We will consider a popular benchmark model, the Hub-
bard 1D chain. Since we are not interested in magneti-
zation phenomena, we will consider a simplified version
with spinless fermions on N sites:

H =

N∑

i=1

ϵ0a
†
iai−t

(
N∑

i=1

a†iai+1 + h.c

)
+U

N∑

i=1

a†iaia
†
i+1ai+1 .

(6)
Here, the quadratic terms encode the on-site potential
and nearest-neighbor interactions. They are weighted
by a chemical potential ϵ0 and hopping amplitude t, re-
spectively. The quartic terms introduce nearest neigh-
bor repulsion parametrized by a constant U . To bring
this Hamiltonian into the form (2), the change of basis
needed is just a simple Fourier transform (assuming pe-
riodic boundary conditions), after which

H =
∑

k

ωka
†
kak +

U

N

∑

k,p,q

e−i 2π
N q a†k+qaka

†
p−qap , (7)

where ωk = ϵ0 − 2t cos(2πk/N), with k = 0, .., N − 1.
The interaction term proportional to U is non-local in
momentum. It gives rise now to scattering events be-
tween two incoming electrons with momentum k and p
that exchange momentum q. As previously discussed,
the model with only H2 is exactly solvable. Adding
H4 makes the overlap |⟨GS(β)|TFD(β)⟩| decrease if this
quartic interaction introduces a significant contribution
that competes with the diagonal H2. In this example,
such contributions arise from scattering terms with net
momentum exchange zero, i.e., q = 0 and k+ q = p. The
non-interacting energies ωk are not the best candidates
to estimate HLR and have a ground state with optimal
overlap with the TFD.

As previously advertised, an educated guess to improve
the efficacy of the interaction Hamiltonian HLR involves
shifting the non-interacting

ωk → ω̃k = ωk + δωk, (8)

appropriately. A natural candidate for δωk comes from
the diagonal mean-field contribution of H4 [26, 27], for
which δωk = 2Uρ − 2Uα cos (2πk/N). Here, ρ =
1
N

∑
k′⟨a†k′ak′⟩ is the mean-field value of the density

and α = 1
N

∑
k′ cos (2πk′/N)⟨a†k′ak′⟩ is a contribution

that depends on the occupancy level configuration (see
App. B). With this, we find excellent overlaps in the final
ground state with the exact TFD. In Figure 1, we plot
the value of the overlap |⟨GS(β)|TFD(β)⟩| for different
values of the coupling strength ratio, U/t, for a Hubbard
ring of N = 6 sites. In all the temperature range, the
overlap remains very close to 1.

In summary, we have provided a scheme in which, with
controllable accuracy, the problem of finding the TFD
state of a certain Hamiltonian H can be casted to an

Figure 1. |⟨TFD(β)|GS(β)⟩| for the Hubbard model in fre-
quency space (t = 1, ϵ0 = 0, 2N = 12) for different values
of U . For every U , mean-field energies ω̃k(ϵ0, t, U) were esti-
mated numerically by minimizing the free energy. The figure
shows how the prescription for HLR leads to TFDs with high
overlaps with the GS of Htot.

eigenstate problem in an auxiliary Left-Right coupled
system.

III. FORGING A THERMOFIELD DOUBLE

In this section we will address the preparation of the
TFD state variationally. The EF protocol [18] is specif-
ically designed to deal with the variational evaluation of
the ground state energy in problems which exhibit a nat-
ural bi-partition. Define, on the 2N -qubit Hilbert space
H = HL ⊗HR, a general variational state written in the
Schmidt decomposition form as

|Ψ⟩ = (U(θ)⊗ V (ϑ))

2N∑

i=1

λi|bi⟩ ⊗ |bi⟩. (9)

Here |bi⟩ stand for the elements of the computational
basis, λ, θ and ϑ are sets of variational parameters
and U and V are variational ansatzes. Writing |Ψ⟩ in
this form allows to compute any two-sided cost function
⟨Ψ|OL ⊗ OR|Ψ⟩ as a linear combination of products of
one-side expectation values. The number of variational
parameters is very large, already 2N just to account for
the Schmidt coefficients λi. As mentioned in [18], not ev-
ery problem is well suited to be handled by this strategy.
Typically one looks for situations where a truncation to
a low number of Schmidt coefficients can be justified.

Indeed, the specific bipartite form of the TFD sug-
gests to use a Schmidt like ansatz in order to minimize
(3). If after optimization the resulting optimal state
|Ψopt⟩ ≡ |Ψ(θopt,ϑopt)⟩ is equal to the TFD, the Schmidt
coefficients must encode precisely the Boltzmann weights
λi → λopt

i = e−βEi/2/
√
Z. Moreover, U(θopt) has to be

exactly the matrix that rotates the computational basis
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Figure 2. For a Hamiltonian of the form Htot = HL +HR +
HLR =

∑
a OL,a ⊗ OR,a only one sided expectation values

need to be evaluated quantumly. The classical part composes
and minimizes the global energy cost function ⟨Htot⟩

into the energy eigenbasis |Ei⟩ = U(θopt)|bi⟩, such that
H|Ei⟩ = Ei|Ei⟩.
Motivated by this observation, let us put forward the
following TFD-inspired variational ansatz

|Ψ(θ)⟩ =
2N∑

i=1

e−βẼi(θ)/2

√
Z(β,θ)

|fi(θ)⟩ ⊗ |f∗
i (θ)⟩, (10)

where |fi(θ)⟩ = U(θ)|bi⟩, |f∗
i (θ)⟩ = U∗(θ)|bi⟩,6 the en-

ergy estimators Ẽi(θ) = ⟨fi(θ)|H|fi(θ)⟩, and the nor-
malization factor Z(β,θ) =

∑
k e

−βẼk(θ). Notice the ex-
ponential reduction in the number of parameters that oc-
curs upon replacing the Schmidt coefficients λi in favor
of the estimators λ̃i = e−βẼi(θ)/

√
Z(θ).

The evaluation of the expectation value of any operator
OL ⊗OR becomes a weighted sum involving products of
N -qubit matrix elements

⟨Ψ(θ)|OL ⊗OR|Ψ(θ)⟩ =
2N∑

i,j=1

e−β(Ẽi(θ)+Ẽj(θ))/2

Z(β,θ)

× ⟨fi(θ)|OL|fj(θ)⟩⟨f∗
i (θ)|OR|f∗

j (θ)⟩.
(11)

Given that the cost function is ⟨Ψ(θ)|Htot(β)|Ψ(θ)⟩ we
can write Htot =

∑
a OL,a ⊗OR,a and it is clear that, at

each round, everything is set in place and the workflow
is consistent (see Figure 2). Remember that β is not a
variational parameter, as it is fixed by Htot(β).

As it is well known in the context of the circuit cutting
technology, the price for halving the circuit width is paid
in the exponentially larger amount of expectation values

6 Notice that this complex conjugation is trivial to implement pro-
vided that the structure of the circuit is known. In particular, if
U is only composed by Pauli rotation gates, U∗(θ) = U(−θ).

one has to compute. The usual procedure (see [18]) to al-
leviate the protocol is to invoke a good reason to truncate
the Schmidt coefficients to a handful of relevant ones. In
the present case, the exponentially decaying nature of
the Boltzmann factors, λi ∝ e−βEi/2, easily justifies to
truncate the sum to the lower part of the spectrum. Re-
markably, this makes the procedure work much better in
the low-temperature regime β ≫ 1. Precisely the op-
posite regime usually addressed by other methods, like
QAOA [9] or QITE [28, 29]. In App. C we analyze how
the truncation impacts the optimization and how β can
be used as a hyperparameter that controls the complexity
of the problem.

It is natural to expect that the optimization will attract
the variational state |Ψ(θ)⟩ towards the TFD-like state
closest to |GS⟩. Provided that |⟨GS(β)|TFD(β)⟩| ≈ 1,
then also |⟨Ψopt(β)|TFD(β)⟩| ≈ 1. In Sec. IV, we will
provide numerical evidence supporting this expectation.

Once the minimization is completed, the outcome yields
the full spectrum of energies Ei as well as the unitary that
diagonalizes H, i.e. |Ei⟩ = U(θopt)|bi⟩. These ingredients
are sufficient to compute thermal expectations values.

Still, one may be interested in a circuit whose output
is the TFD state itself. This is the case, for exam-
ple, in wormhole inspired teleportation protocols [15, 30].
For that, we must supply a 2N circuit that finishes the
job. The only remaining part is a N -qubit circuit that
loads the previously obtained Boltzmann coefficients in
the computational basis

Uλ|0⟩ =
∑

i

λi|bi⟩ ≈
∑

i

λ̃i|bi⟩ . (12)

This state can then be duplicated and plugged into (9)
to find the desired TFD state. While the probability
loading problem is well studied in the literature following
standard techniques [31, 32], we will provide a solution
which, again, uses the exact free fermion case as an initial
approximation.

Consider, for definiteness, the following N = 3 circuit

RY (2φ0)

Ũλ(ϕ)RY (2φ1)

RY (2φ2)

The concrete values of the rotation angles are related to
the weights ωi of the free fermion Hamiltonian H2 in (2)
as follows

φi(ωi) = arctan(e−βωi/2).

In the free case, H = H2, the first layer of RY rota-
tions suffices to perform the loading task (12) exactly as
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Figure 3. Simulation results for the Hubbard model in frequency space with t = 1, ϵ = 0, U = 0.5. (a), (b), (c) Comparison
between overlaps, |⟨Ψopt|TFD⟩| (blue stars) and |⟨GS|TFD⟩| (green line) at N = 6, 8, 10. (d) Spectrum obtained via exact
diagonalization (blue lines) and variationally (orange dashed lines) at β = 1.26, where the worst value of the overlap is
obtained. Insets show the lower and upper parts of the spectrum with more detail. Overall, the variational energies show
strong agreement with the exact ones.

a Bogoliubov transformation (see App. A). For the inter-
acting case, H = H2+H4, the circuit needs to be supple-
mented with an additional variational subcircuit Ũλ(ϕ),
for which the previous layer provides a warm start at
Ũλ(0) = I.7 In order to optimize Ũλ(ϕ) we propose the
cost function

C(ϕ) =
2N∑

i=1

∣∣λ2
i − pi(ϕ)

∣∣ , (13)

where pi(ϕ) are the probabilities of measuring each of
the states of the computational basis of the circuit, and
λi ≈ λ̃i are the Schmidt coefficients obtained in the previ-
ous step. Same as before, the terms in this sum decrease
as ∼ e−βEi/2 and should be truncated from below to a
finite number, in order to deal with a feasible optimiza-
tion problem. In App. D, we do a more in depth analysis
of this proposal and show that the optimization yields
overlaps above 0.999 for the Hubbard model.

When all the parameters have been optimized, we can
finally write down the generating circuit for the TFD
state.

7 Of course, in the interacting case, the free piece should be op-
timized first, ωi → ω̃i = ωi + δi by, for example, Mean Field
methods, to maximize the effectiveness of the HLR.

RY (2φ0(ω̃0))

Ũλ(ϕopt) U(θopt)RY (2φ1(ω̃1))

RY (2φ2(ω̃2))

U(θopt)
∗

IV. SIMULATIONS AND RESULTS

Selecting an adequate variational ansatz for the circuit
U(θ) is necessary in order to forge the TFD as the ground
state of Htot [18]. As any other variational algorithm, it
can suffer from trainability issues such as local minima or
barren plateaus [33]. Moreover, it also has to be expres-
sive enough for the ansatz to approximate the unitary
change to the basis |Ei⟩ of eigenstates of H.

With these caveats in mind, we opt for a Hamilto-
nian Variational Ansatz (HVA) [34, 35] from which
we can generate the vectors |fi(θ)⟩ = U(θ)|bi⟩ =∏L

l

(∏
s e

−iθs,lhs
)
|bi⟩, directly from the elements of the

computational basis, which are the eigenstates of H2.
The product is over sets hs made of commuting operators
such that H =

∑
s hs, while [hs, h

′
s] ̸= 0. By construc-

tion, in our case h0 is the Jordan-Wigner transform of
H2. The index l iterates over the number of layers L.

In Figure 3, results are given for the optimizations using
scipy’s BFGS optimizer and L = 1. The Hamiltonian is
the one given in (7) with parameters t = 1, ϵ0 = 0 and
U = 0.5. Overlaps and the resulting spectrum have been
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used as figures of merit. For the overlaps, we find that
generally |⟨Ψopt|TFD⟩| ≥ |⟨GS|TFD⟩|, which can be in-
terpreted as |Ψopt⟩ being even closer to |TFD⟩ than |GS⟩
itself. Additionally, for N = 10, we compare the spec-
trum Ei obtained from exact diagonalization, and the
one obtained variationally Ẽi(θopt) at β = 1.26, which is
the worst value for the overlap. We see that they match
almost perfectly in both the low tail and top head of the
spectrum. We do not find any trainability issues in these
optimizations as long as the parameters are initialized
precisely at zero value. In this regime, the starting point
is the TFD state of H2 which due to the perturbative
nature of our protocol is a warm start for the optimiza-
tion. Random initialization, on the contrary, does lead to
optimization problems that prevent convergence. This is
not surprising, as even though the ansatz is constrained
to a N qubit subspace, the optimization occurs in the
complete 2N space.8

V. CONCLUSIONS AND COMPARISON WITH
OTHER PROPOSALS

We have proposed a variational construction of the TFD
that approximates this state as the ground state of a suit-
ably engineered Hamiltonian. The range of applicability
restricts to systems that can be mapped onto fermionic
Hamiltonians, and builds perturbatively upon the fact
that the free fermion case is exactly solvable (it would
be interesting to leverage this statement with some in-
teraction distance [39]). On general grounds we expect
the method to provide good fidelities up to a coupling
strength where a ground state level crossing or, in more
generality, a quantum phase transition may occur.

Our proposal involves two circuits in sequence, both of
width N , the dimension of the Hilbert space. In the
first one, the full spectrum and the rotation matrix that
diagonalizes the Hamiltonian are obtained. The varia-
tional ansatz adapts naturally to the use of EF. The
exponentially decaying structure of the Schmidt coeffi-
cients, λi = e−βEi/2/

√
Z, allows for a truncation to the

lowest part of the spectrum by neglecting them below
some cutoff. Depending on the case, one may want to
run or not the second circuit that actually builds the
TFD proxy. If not required, this implies a substantial
saving in computational cost.

The fact that our algorithm works better for low temper-
atures is remarkable, and worth considering when com-
paring it with other proposals which, generically start
from the simple, infinite temperature, maximally mixed.
For example in [9], a variational construction of the ther-
mofield double is proposed starting from that state and

8 The relevance of a heuristic preparation is a subject of intense
debate [36–38].

performing a QAOA evolution.9 Also in the QITE pro-
posal [28, 29], the euclidean evolution time is longer the
lower the target temperature and, hence, harder to sim-
ulate.

The ground state preparation problem could also be tack-
led using an adiabatic approach [40]. A posible method
involves adiabatically evolving the free TFD state |0(β)⟩
(see App. A and C) under a time-dependent Hamiltonian
H(t) = (1− t/T )Htot (β, U = 0) + t/THtot (β, U). This
approach requires the total evolution time T to be suf-
ficiently large so that the process remains slow, and the
gap of H(t) does not vanish. Under these conditions, the
adiabatic protocol should work as intended. However,
implementing such time evolution on a digital quantum
computer presents significant challenges. To execute this
process digitally, T must be discretized into N time steps
of size ∆t = T/N . The evolution operator can be approx-
imated [41] as U(t) = T e−i

∫
H(t′)dt′ ≈ ∏N

k e−iH(tk)∆t ≈∏N
k

(∏
s e

−iHs(tk)∆t/M
)M

. Here, the Hamiltonian at
each time step is expressed as H(tk) =

∑
s Hs(tk), and

the Lie-Trotter formula is used with M iterations to ap-
proximate its evolution. For this approximation to be
valid, the condition ∆t/M ≪ 1 must hold, which implies
that NM must be large. Compared to the HVA, the re-
sulting circuit for the adiabatic protocol is approximately
NM times deeper. This makes it impractical for non-
fault-tolerant quantum computers, where running deep
circuits is infeasible. Consequently, variational methods
are often preferred, despite their associated optimization
challenges. In our specific setup, however, optimization
issues do not seem to arise. Furthermore, our variational
protocol has an additional advantage: it preserves the
circuit structure of the TFD. This is critical for obtain-
ing both the energy eigenvalues and the diagonalizing
operator—key features that would be lost in adiabatic
processes.

Finally the fact that, in our case, the quadratic part is
exactly solvable is extremely important. It provides a
physically motivated initial state (warm start). This im-
plies that in both variational circuits, the initial value of
the parameters is not random, but precisely θ = ϕ = 0.
The overlap of this initial state with the final solution
is significant even for rather high values of the inter-
action strength. We have seen that this fact, together
with the effective implementation of a Hamiltonian Vari-
ational ansatz, makes the convergence of the optimiza-
tion process seamless. Presumably, it will also affect the
scaling in circuit complexity, something to study in the
near future.

While completing this work we came across [14] that con-
tains a proposal which bears strong resemblance with

9 The failure of the method when trying to reach low temperatures
is scrutinized in figure 3c in that paper.



7

ours. The variational proposal is very compact as it
involves optimizing altogether a 2N -qubit circuit, with
parameters (θ,ϕ) playing essentially the same roles as
the ones in our approach. The full circuit is coupled, so
all the parameters need to be optimized together. Upon
convergence, the outcome is a circuit that composes the
correct TFD state. As usual in variational circuits, the
initial state has an overlap with the searched ground state
that vanishes exponentially fast with the size of the sys-
tem, and this is behind the exponential scaling in com-
plexity that affects them generically. In contrast, in our
proposal, the tasks of obtaining the eigenspectrum and
that of constructing the TFD have been decoupled from
one another. Moreover, and thanks to the entanglement
forging trick, this has the benefit of dealing always with
width N , instead of 2N , optimization circuits.
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Appendix A: Quadratic Hamiltonian

Any free fermion Hamiltonian is quadratic in the fermion
operators, and can be brought to a diagonal form

H =

n∑

k=1

ωka
†
kak,

where ωk are real quantities which we will assume pos-
itive without loss of generality. In this case the ground
state |0⟩ of H is given by the Fock vacuum ak|0⟩ = 0.

Following [23], in order to build the TFD state we double

the Hilbert space ak → aLk , a
R
k , and define

GF (β) = i

n∑

k=1

φk(β, ωk)(a
L
k a

R
k + aL†

k aR†
k )

where φk = arctan e−βωk/2. Now we can define the ro-
tated ground state

|0(β)⟩ = e−iGF (β)|0⟩ =
n∏

k=1

(uk + vka
L†
k aR†

k )|0⟩ , (A1)

where uk = cosφk and vk = sinφk. An explicit expan-
sion of (A1) shows that, indeed, |0(β)⟩ is a thermofield
double at T = β−1

|0(β)⟩ = 1√
Z

(
1 +

∑

k

e−βωk/2aL†
k aR†

k

−
∑

k ̸=l

e−β(ωk+ωl)/2aL†
k aL†

l aR†
k aR†

l + ...


 |0⟩

(A2)

Consider now the Bogoliubov-transformed Fock opera-
tors

ãLk (β) = e−iGF aLk e
iGF = uk(β)a

L
k − vk(β)a

R†
k

ãRk (β) = e−iGF aRk e
iGF = uk(β)a

R
k + vk(β)a

L†
L .

With them, we can define the (2n+1)-parameter family
of deformed Hamiltonians

H̃(β, L,R) = e−iGF (β)HeiGF (β)

=
∑

i

(
Li ã

L†
i (β)ãLi (β) +Ri ã

R†
i (β)ãRi (β)

)
.

From the construction it follows that, for any choice of
Li, Ri, the rotated Fock vacuum |0(β)⟩ in (A2) is the
ground state of the rotated Hamiltonian, H̃(β, L,R). In-
serting the explicit form of the transformed oscillators we
get

H̃(β;L,R) =
∑

i

[
(Li u

2
i −Riv

2
i ) a

L†
i aLi

+(−Li v
2
i +Riu

2
i ) a

R†
i aRi

+(Li +Ri)viui (a
L
i a

R
i + aR†

i aL†
i )

+(Li +Ri)v
2
i

]
.

(A3)

Cases of particular interest are the following ones

• Li = −Ri = ωi. Any reference to β disappears and
we obtain

H̃ =

n∑

i=1

ωi(a
L†
i aLi − aR†

i aRi ) = HL −HR (A4)
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• Li = Ri =
ωi

(ui)2 − (vi)2

H̃(β) =
∑

i

[
ωi(a

L†
i aLi + aR†

i aRi )

+2µi(β) (a
L
i a

R
i + aR†

i aL†
i ) + 2Ci(β)

]

(A5)

where the dependence upon β appears only in the
mixed term coupling and zero point energy

µi(β) =
viuiωi

u2
i − v2i

, Ci(β) =
ωiv

2
i

u2
i − v2i

• A third possibility makes connection with the en-
tanglement cloning Hamiltonian [25]. Take for this

Li =
u2
i

u2
i − v2i

ωi , Ri =
v2i

u2
i − v2i

ωi

and a straightforward computation gives

H̃(β) =
∑

i

[
ωia

L†
i aLi + µi(β)(a

L
i a

R
i + aR†

i aL†
i )

+ Ci(β)
] (A6)

This proves that, indeed, the TFD is the exact ground
state of a continuous family of Hamiltonians (A3), of
which we show three particular cases, (A4) (A5) and
(A6), which are very simply related to the original Hamil-
tonian.

Notice that there are some minus signs that appear in
the TFD in (A2). Their origin can be traced back to
the fermionic statistics. They can be reabsorbed in a
redefinition of the R basis. A practical way to obtain all
the signs posive is skipping the Z-strings when applying
the Jordan Wigner transform to the HLR Hamiltonian.

Appendix B: Mean-Field Approximation

As we have shown, in the non-interacting case

HL =
∑

i

ωia
†
iai, (B1)

the Thermofield Double is the ground state of Htot(β) =
HL +HR +HLR(β) when the coupling Hamiltonian be-
tween HL and HR is given by

HLR(β) =
∑

i

µi(β)(a
L
i a

R
i − a†Li a†Ri ), (B2)

and the weights µi(β) = ωi

2 sinh βωi/2
. However, relevant

problems in physics usually involve complex Hamiltoni-
ans with quartic and higher-order terms

HL =
∑

i

ωia
†
iai +

∑

ijkl

Uijkla
†
ia

†
jakal + ... (B3)

for which our prescription can provide accurate approxi-
mations.

1. Spinless 1D Hubbard model

To demonstrate this, we consider a 1D spinless version of
the Hubbard model

HL =
∑

i

ϵ0a
†
iai−t

∑

i

(a†iai+1+a†iai−1)+U
∑

i

a†iaia
†
i+1ai+1

(B4)
that can be written in the same form as (B3) by as-
suming periodic boundary conditions and performing a
Fourier transformation. This is done by substituting the
creation/annihilation operators

a†i =
1√
N

∑

k

e−ikria†k, ai =
1√
N

∑

k

eikriak ,

(B5)
which leaves the previous Hamiltonian (B4) as

HL =
∑

k

ωka
†
kak +

U

N

∑

k,p,q

e−i 2π
N qa†k+qaka

†
p−qap , (B6)

where ωk = ϵ0 − 2t cos
(
2π
N k
)

with k = 0, 1, 2.., N − 1.
As we proved, for U = 0, the overlap between the TFD
and the ground state of Htot is one for every β. For
U ̸= 0, two situations can take place. First, the inter-
action does not modify the non-interacting energies ωk,
i.e., its corresponding matrix is completely off-diagonal
(Figure B1a). Then, the overlap between the TFD and
the GS will depart from 1 in a controllable way as we in-
crease U . Second, interactions modify the diagonal part,
and hence, the energies ωk could not be good candidates
to estimate HLR. That is the case of (B6) for q = 0 and
k+ q = p. In this situation, overlaps could be worse even
in a weak coupling regime, as we see in Figure B1b. To
address this, it is necessary to estimate the contribution
of U in the non-interacting energies ωk.

The most natural way is to perform a mean-field approx-
imation in the Hubbard Hamiltonian. That is, treating
correlations with the other particles as a mean density
and transforming the Hamiltonian into a quadratic one
with average densities. The essence of this approximation
relies on the fact that density operators a†kak′ deviate in a
small quantity from their average values ⟨a†kak′⟩. There-
fore, it is adequate in our case, where we are not inter-
ested in strong perturbations to the free fermion regime.
It is important to note that we are not using the mean-
field approximation to simplify our problem but to es-
timate correctly the energies, ωk(ϵ0, t) → ω̃k(ϵ0, t, U) =
ωk + δωk, from which we generate HLR.

The mean-field approximation of (B6) gives the following
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(a)

(b)

(a)

Figure B1. Overlap between the TFD and the GS for the 1D spinless Hubbard model for ϵ0 = {−1, 1} considering (a) only
off-diagonal contributions in the second term of (6), and (b) the full Hamiltonian. The latter case allows interactions to modify
the diagonal part, making the non-interacting energies ωk inefficient in some cases to achieve a good estimation of the weights
in HLR. In contrast, in (a), the shortened Hubbard term does not modify the ωk, and we can control the deviation from the
exact case (U = 0) through the ratio between U and the hopping constant t. Plots show the overlaps for two coupled N = 4
chains using t = 1 and varying U .

0 π/2 π 3π/2 2π

2π k
N

−2

−1

0

1

2

3

ω̃
k

U = 0.0

U = 0.2

U = 0.4

U = 0.6

U = 0.8

U = 1.0

Figure B2. Mean-field energies ω̃k (B9) for different values of
U and N = 100.

Hamiltonian [26]

HMF =
∑

k

ωka
†
kak +

U

N

∑

k,p,q

e−i 2π
N qa†k+qak⟨a

†
p−qap⟩

+
U

N

∑

k,p,q

e−i 2π
N qa†p−qap⟨a†k+qak⟩

− U

N

∑

k,p,q

e−i 2π
N q⟨a†k+qap⟩a

†
p−qak

− U

N

∑

k,p,q

e−i 2π
N q⟨a†p−qak⟩a†k+qap

− U

N

∑

k,p,q

e−i 2π
N q⟨a†k+qak⟩⟨a

†
p−qap⟩

+
U

N

∑

k,p,q

e−i 2π
N q⟨a†k+qap⟩⟨a

†
p−qak⟩.

(B7)

Assuming translational invariance, the average densities
can be written as ⟨c†kc′k⟩ = δk.k′⟨nk⟩ [26]. The odd terms
in q cancel in the sums, and the mean-field Hamiltonian
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𝜔𝑘 → ෥𝜔𝑘

𝜔𝑘 → ෥𝜔𝑘

Figure B3. Overlap for the 1D spinless Hubbard model (ϵ0 = {−1, 1}, t = 1, 2N = 8). Left: Using the non-interacting
energies ωk = ϵ0 − 2t cos

(
2π
N
k
)
. Right: Using their corrected values ω̃k within the mean-field approximation.

turns out to be

HMF =
∑

k

ωka
†
kak +

2U

N

∑

k

a†kak
∑

p

⟨np⟩

− 2U

N

∑

k

cos

(
2π

N
k

)
a†kak

∑

p

cos

(
2π

N
p

)
⟨np⟩

− U

N

∑

k

⟨nk⟩
∑

p

⟨np⟩

+
U

N

(∑

k

cos

(
2π

N
k

)
⟨nk⟩

)2

,

(B8)

from where the modified energies can be read off

ω̃k = ωk + 2Uρ− 2U

N
cos

(
2π

N
k

)∑

p

cos

(
2π

N
p

)
⟨np⟩

(B9)
being ρ = Ne

N = 1
N

∑
p⟨np⟩ the density of particles.

Two equivalent routes can be applied to solve this prob-
lem i) determining energies and densities self-consistently∑

k⟨nk⟩ =
∑

k θ(µ− ω̃k) or ii) minimizing the free energy
with respect to the average densities [26]. In our case, we
choose to minimize the energy numerically by finding the
optimal configuration [27]. That is, we run over Ne, fill-
ing the Ne-lowest energy levels, and we identify the low-
est energy configuration. Once the modified energies ω̃k

(Figure B2) have been obtained, we recompute the over-
laps. In general, they show a substantial improvement
when compared to the case of using the non-interacting
energies ωk. Figure B3 shows the numerical results for
the previous cases. Finally, note that the overlaps are
not invariant under ϵ0 → −ϵ0. The reason lies in the
density deviations, which depend on U, t, and ϵ0 in dif-
ferent ways. Therefore, the same applies to the limits of
what we can consider a weak coupling regime.

Appendix C: Truncation Effects

The eventual interest of the method relies heavily on
the scaling in the amount of measurements required.
As mentioned in the text, this is a criticism common to
all strategies based on circuit-knitting techniques. This
amount is proportional to the exponentially growing
number of observables, Êi and Oij

L,a with i ≤ 2N .
From the work flow in Figure 2 it is apparent that
the importance of these quantities in the evaluation
of the cost function ⟨Htot⟩ is controlled by the size of
the Schmidt coefficients, i.e. Boltzmann weights that
are strongly suppressed for excited states. In order to
circumvent the exponential slowdown, a truncation of
the spectrum needs to be applied, the requirement being
that the number of relevant Schmidt coefficients (hence
energies below some threshold) grow polynomially (or
at most subexponentially) in the system size. This in
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turn translates into a scaling of the temperature with
the circuit width as we will see.10

Trying to make general statements about the impact
of such a truncation necessarily confronts with the vast
amount of classes to which local Hamiltonians may
belong. In order to make some progress we will consider
generic systems exhibiting non-integrable chaotic dy-
namics. This can have its origin in various mechanisms,
like long-range interactions, high dimensionality or
periodic driving, among others. In these cases, the many
body system is typically compliant with the Eigenstate
Thermalisation Hypothesis (see [42] for a review).

To take a step forward, we start form the observation
that, in a generic system with N spins, the number of
states Ω = 2N grows exponentially with the system size.
Making the crude approximation that E = Nϵ, with ϵ
the average energy per spin, the density of states ρ(E)
takes the form

ρ(E) =
dΩ

dE
∼ exp(αE)

with α = ln2/ϵ. For chaotic systems, the distribution
that governs the spacing of nearby eigenvalues is the
Wigner-Dyson distribution which predicts that, for nar-
row sections of the spectrum, closeby energy eigenstates
tend to feel a “level repulsion”. This, together with the
exponential reduction of the spacing, leads to a “dense”
spectrum which differs qualitatively from integrable sys-
tems (which typically follow Poissonian statistics, as a
result of eigenstate independence) [42].

In order to show tractability of the method put forth in
this work, we now calculate several upper bounds for the
temperature at which diagonalization via EF of a TFD
is expected to be of interest. The number of states up to
a cutoff energy EC is given by

Ω(EC) =

∫ EC

0

ρ(E)dE ∼ exp(αEC)

α

We would like to set a bound to the scaling of this number
in terms of some polynomial in the number of states

eαEC ∼ Np

10 The temperature T is not a free parameter if one is interested
in the full TFD of a real system in connection with a bath. On
the other hand, if one wants to make use of the method to just
extract the low energy spectrum, the T can be used as a handle
to make the variational obtention well approximated by just a
handful of Schmidt coefficients.

4 6 8 10 12 14
N

100

101

102

103

m

p = 0

p = 1

p = 2

p = 3

p = 4

p = 5

p = 6

Figure C1. Numerical data showing the number of states m

kept to get
∣∣∣〈TFD (β) | ˜TFD (β,m)

〉∣∣∣ > 0.98 in the Hubbard
model with β given by (C1). Dashed lines are fits to polynomi-
als of degree p, matching the theoretical expectation exactly.

In this case we get that the cutoff energy scales like
αEC ∼ p log(N). Setting EC ∼ Nϵ ∼ NkBT this im-
plies for the the cutoff inverse temperature

β
(poly)
C ∼ αkBN

p log(N)
(C1)

This means that for the number of retained states to re-
main polynomial on the number of spins, the temperature
must decrease with the system size with a logarithmic
correction. In particular, retaining a fixed number K of
excited states (p = 0) yields βK

C ∼ αkBN/K, and the
temperature must drop linearly with N .

We may numerically check (C1) by plotting the overlap
of the exact TFD state with its truncated form

| ˜TFD(β,m)⟩ = 1√∑m
k e−βEk

m∑

i

e−βEi/2|Ei⟩ ⊗ |E∗
i ⟩,

(C2)
In Figure C1 we show the value m needed to keep the
overlap

∣∣∣
〈
TFD (β) | ˜TFD (β,m)

〉∣∣∣ > 0.98 decreasing the

temperature with N as β = N
p log(N) , which validates the

theoretical expectation given in (C1).

In the variational optimization process, truncation is ap-
plied not to the variational ansatz (10), but to the num-
ber of circuits used to compute the expectation values in
(11) and Figure 2. This approach preserves the structure
of the wave function while focusing the optimization on
the low-energy portion of the spectrum. Importantly, the
orthogonality of U (θ) and the nature of the VQA, which
inherently captures the interactions of the Hamiltonian,
ensures that the higher part of the spectrum is still rea-
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Figure C2. Comparison between |⟨TFD (β) |GS (β)⟩| (green
solid line) and |⟨TFD (β) |Ψopt (β,m)⟩| truncating the cost
function to m states for N = 8. The solid line generally
bounds from below the optimized results, except for a narrow
interval when m is small (16, 32) where the optimization be-
comes unstable. This shows that the optimization is resilient
to truncation.

sonably well approximated. As a result, the overlap re-
mains controlled, and the findings in the previous para-
graph can be interpreted as a lower bound on the overlap.
In Figure C2, we present the results of this truncated
optimization, comparing them with the previously dis-
cussed overlaps. Our numerical results suggest that the
optimization protocol remains robust under truncation,
even in the low-β regime. Ultimately, this truncation re-
duces the number of circuits and, thereby, the number
of shots. This enhances the feasibility of the protocol in
real quantum computer implementations.

Relationship with Iterative Subspace Methods

The variational diagonalization presented in the main
text performs a diagonalization by combining three main
ingredients in a variational quantum eigensolver:
(i) A TFD ansatz together with an approximate interac-
tion Hamiltonian, which put together allow to find the
Schmidt coefficients and the diagonalizing unitary via
variational optimisation.
(ii) An EF procedure, which halves the Hilbert space of
the system being diagonalized. This effectively brings
back the task to evaluating single system, rather than a
double system, circuits.
(iii) A cutoff temperature TC . Enforcing a tempera-
ture cutoff which restricts the diagonalization to the low-
energy subspace, as shown above.

This bears some resemblance with iterative subspace
methods, which are a class of algorithms aimed at obtain-

ing a subset of K eigenvalues out of the total spectrum
of sparse matrices of size N ≫ K.

In iterative methods, the complexity is reduced from
O(N3) of direct methods to O(N2K) by selecting the
dimension of the Krylov subspace. At each iteration,
these algorithms refine the eigenspace by minimizing the
Rayleigh quotient [43]. Selecting the cutoff temperature
TC controls the size of the subspace in the diagonaliza-
tion via EF in a way which is reminiscent of the selection
of the number of the subspace dimension K.

Dealing with finite precision is a typical bottleneck for
iterative subspace methods [44], which leads to a loss of
orthogonality of the internal working basis and to the
appearance of spurious eigenvalues which are difficult to
distinguish from real ones. Similarly, diagonalization via
EF will give wrong results whenever the spacing between
eigenvalues cannot be resolved due to a finite amount of
measurements. The Wigner-Dyson distribution predicts
that eigenstates spacing is dominated by a vanishing ex-
ponential [42], which will demand an exponential amount
of measurements to retrieve the correct eigenvalue order-
ing. Therefore, in both cases (classical and quantum),
there will be a case-dependent system size in which fi-
nite numerical precision (or fluctuations due to a finite
amount of measurements) lead to a loss of orthogonality.
In both cases either the need for expensive procedures,
like re-orthogonalisation (with complexity O(NK2) [45])
or increasing the number of repetitions, will be necessary.

In contrast, in our method, the orthogonality is ensured
ab-initio. In fact, in our approach, even if we truncate
the contribution of the exponentially small Boltzmann
weights to the evaluation of the cost function ⟨Htot⟩, the
protocol always yields a unitary matrix that rotates the
computational basis to an approximate (yet orthonor-
mal) energy basis. In a sense, our algorithm is closer in
spirit to the family of subspace-search variational algo-
rithms [20, 21, 46] which are, by construction, orthogo-
nality preserving.

Appendix D: Boltzmann distribution loading

As mentioned in Sec. III of the main text, if the op-
timization in Figure 2 succeeds, the outputs of the EF
protocol yield the variational estimations of the ener-
gies Ẽi (θopt) ≈ Ei and the change of basis to the en-
ergy eigenbasis, U(θopt). If one is interested in prepar-
ing the TFD itself it is necessary to implement a uni-
tary Uλ that loads the Boltzmann distribution given by
λ̃i = e−βẼi/2/

√
Z

Uλ|0⟩ =
∑

i

λ̃i|bi⟩. (D1)

In this appendix we will discuss how to perform this task
variationally. In the same spirit as in the previous part,
the free fermion case admits an exact solution, and we
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Figure D1. Results of the optimization of the loading of Boltzmann coefficients. Left, the value of the cost function after the
optimization. Right, the overlap with the target state. At qmax > 3, there is a noticeable jump that significantly improves the
results.

will use it as a warm start for another variational circuit
that tackles the interacting case.

Indeed, in the free fermion case

H =
∑

k

ωka
†
kak

we can find Uλ exactly, given the fact that we know the
exact expression for the TFD as given in (A1). The cir-
cuit that generates it, disregarding again the minus signs
that come from the fermionic statistics, only requires N
Ry gates and N CNOT gates. Namely, using that

Ry(2φk)|0⟩ = cos(φk)|0⟩+ sin(φk)|1⟩ = uk|0⟩+ vk|1⟩.

again with φk = arctan e−βωk/2, the circuit that gets the
job done is the following.

RY (2φ0)

RY (2φ1)

RY (2φ2)

Where we have used N = 3 for concreteness but can be
directly generalized to arbitrary N . Thus, in the free
fermion case, the exact expression for the loading circuit
Uλ is

Uλ =

N⊗

i

Ry (2φi (ωi)) . (D2)

In the general interacting case, Uλ will have to introduce
entanglement, but its closed form is a priori not known.

Given that we are in a perturbative regime around the
free fermion scenario, we suggest to address this problem
variationally with the following ansatz

Uλ = Ũλ(ϕ)

N⊗

i

Ry (2φi (ω̃i)) , (D3)

where Ũλ(ϕ) is a real variational ansatz that depends on
some set of parameters ϕ and has no effect when they
are set to zero. This is required so that the beginning of
the optimization is a warm start solution that prepares
the Boltzmann distribution of ω̃i (corresponding to the
optimized quadratic contribution (8)).

In order to optimize Ũλ(ϕ) we propose the cost function

C(ϕ) =
2N∑

i=1

∣∣λ2
i − pi(φ,ϕ)

∣∣ ,

where λi are the data, and pi(φ,ϕ) are the measured
probabilities of obtaining each of the states in the com-
putational basis of a given variational circuit. Notice that
this cost function is not sensitive to local signs for the am-
plitudes ci = ±√

pi. However, given that Uλ(φ,ϕ) is real
and warm started, it is expected that the amplitudes will
remain positive, rather than jump over to the opposite
sign.

In Figure D1, we show the results of this loading pro-
cess for the variational energies obtained in Figure 3(e).
We also plot the overlap F =

∑
i λ̃i |⟨bi|Uλ (φ,ϕ) |0⟩| be-

tween the obtained state and the exact target state (D1).
As for the variational ansatz, we used

Ũλ(ϕ) =

L∏

l

qmax∏

q=1

N−q−1∏

i=0

e−iϕq,lZiYi+q . (D4)
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The first product refers to the layers and qmax ≤ N is an
upper bound to q. The terms of the third product are
arranged to minimize the circuit depth. The parameters
φ are also left free during the optimization to increase
expressivity. The total number of parameters to be opti-
mized is N +Lqmax. This is N parameters φ and Lqmax

parameters ϕq,l. We find experimentally that it is suffi-
cient to consider L = 1.

We see that when increasing qmax from 3 to 4, the results
improve significantly, achieving overlaps > 0.999 for ev-
ery β, which is effectively a perfect optimization.
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