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Introduction

We study regularity in logarithmic algebraic geometry from a different viewpoint,
which allows us to obtain new results and also to remove unnecessary hypotheses
from some known results.

Logarithmic algebraic geometry was introduced independently by P. Deligne [5],
G. Faltings [7], and J. M. Fontaine and L. Illusie (developed by K. Kato in [13]). The
definition of Fontaine-Illusie is the one usually used. A prelogarithmic scheme is a
scheme X with an extra structure: a morphism of sheaves of commutative monoids
a: M — (Ox,-) for some sheaf of monoids M. If in addition « induces an
isomorphism a™}(0%) = O%, where O% is the sheaf of units, we say that it is
a logarithmic scheme. Any prelogarithmic scheme induces a logarithmic scheme
(replacing M by the pushout of a=1(0%) = M and a1 (0%) — O%). For
instance, if i : U < X is an open inclusion, M = ¢~ !(i,O};) where p: Ox —
i+(Op) is the canonical map, then the inclusion M — (Ox, ) gives a prelogarithmic
structure on X and thus there is an associated logarithmic structure.

Probably the most important concept in this field is log smoothness. It is defined
for a morphism of logarithmic schemes in a completely similar way as smoothness
is defined for a morphism of schemes, and has good functorial properties as usual
smoothness. Log smoothness morphisms work well in logarithmic algebraic geome-
try as smooth morphisms work well in algebraic geometry. The important fact is that
certain morphisms of schemes which are not smooth can be considered as morphisms
of logarithmic schemes for some logarithmic structure making them log smooth. For
example, if S is the spectrum of a discrete valuation ring, X is a regular scheme and
f+ X — Sisaflat morphism with semi-stable reduction (i.e. the fiber over the closed
point of S is a divisor D with normal crossings in X), then the logarithmic structures
associated as above to the open immersions i: U := X — D < X and j: {{} — S,
with ¢ the generic point of S, makes f log smooth. So, in some sense, logarithmic
geometry is the right context to work with semi-stability, since log smoothness has
nice functorial properties (for instance, semi-stability is not preserved under base
change, unlike log smoothness).
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Introduction

A related concept, the one of log regularity, was introduced by K. Kato a few
years later [14]. The first half of his paper is devoted to generalize results on
(classical) regularity to the logarithmic setting. However, the results obtained by Kato
usually need some undesirable hypotheses (sometimes finiteness hypotheses, other
times log regularity instead of log complete intersection since the concept of log
complete intersection or log regular ideal is not defined, etc.). Our first goal is to avoid
these unwanted hypotheses. We even avoid the (logarithmic) integrity hypothesis
in many of our results. Our second goal is to complement the study of log regularity
by Kato with new results. For instance, we obtain the following results (since all the
questions are local, we will use the language of logarithmic rings):

Theorem 6.15. Let ((B,n,l), N) be a Noetherian local prelog ring with N integral
and saturated, and let k C B be a field.

(i) If (B, N) is a log formally smooth over (k,1) for the n-adic topology, then
(B, N) is log regular.

(ii) Assume that l|k is separable. If (B, N) is log regular, then (B, N) is a log
formally smooth over (k, 1) for the n-adic topology.

This result was obtained by Kato when B is finitely generated over k.

Theorem 6.16. Let (B, N) be a Noetherian local prelog ring with N integral and
saturated containing a perfect field k. If (B, N) is log formally smooth over (k,1)
for the topology of the maximal ideal, then (g n)|(x,1) s a flat B-module.

Here (g n)|(x,1) is the logarithmic module of differentials, which is a generalization
of the concept of module of differentials with logarithmic poles along a divisor with
normal crossings.

Theorem 6.12. Let (A, M) be a Noetherian local prelog ring, J a proper ideal of
A B=A/Jand N = M/ay; (J), where apg - M — A is the structural map.

(i) If (A, M) is log regular and (B, N) is log complete intersection, then J is a
log regular ideal.

(ii) If (B, N) is log regular and J is a log regular ideal, then (A, M) is a log
regular local ring.

(iii) Assume that M is integral and M3 free (for instance, if M is saturated and
sharp). If (A, M) is log regular (or log complete intersection) and J is log
regular, then (B, N) is log complete intersection.
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Introduction

A variant of (i), assuming moreover that (B, V) is log regular and M integral, was
obtained by Kato: if (A, M) and (B, N) are log regular with N = M integral, then
J is a regular ideal.

In the non logarithmic setting, an important tool to deal with these questions is
the cotangent complex introduced by M. André [1] and D. Quillen [20]. The utility
of this (co)homology theory comes from two facts: on the one hand, it has a very
good behaviour (base change, localization, very important exact sequences, etc.);
on the other hand, its vanishing characterizes smoothness, regularity and complete
intersection:

Theorem. ( [2], [20])

(i) Let B be a Noetherian A-algebra and J an ideal of B. Then B is formally
smooth over A for the J-adic topology if and only if H'(A, B,W) = 0 for all
B/ J-modules W.

(ii) Let (A, k) be a Noetherian local ring. Then

(a) (A, k) is regular if and only if Hy(A, k, k) = 0.
(b) (A, k) is complete intersection if and only if H3(A, k, k) = 0.

In the logarithmic setting, we also have a “logarithmic cotangent complex” intro-
duced by O. Gabber (details can be seen in [19], where M. Olsson also presents and
studies a variant of this complex). This logarithmic cotangent complex will be our
main tool to deal with our questions.

Now we will describe the contents of this dissertation. In chapters 1 and 2
we give a quick recall of the definitions and notation of monoids and logarithmic
structures used in the following chapters. In Chapter 3 we study log differentials and
log derivations. There is nothing essentially new in this part, but we have not found
references in the literature for some of the results, so we give a somewhat complete
exposition.

In Chapter 4, Section 4.1 is devoted to develop the logarithmic cotangent complex
of Gabber. The treatment done in [19] is not enough for our purposes since sometimes
it lacks some results that we need, and sometimes it includes the results (base change,
localization) but with stronger hypotheses than the ones we can allow. This section
contains also one of the two main technical results, that we call the fundamental
triangle (Theorem 4.3): if (A, M) — (B, N) is a homomorphism of prelog rings
and W is a B-module, we have a distinguished triangle in the derived category of
Z-modules

Lz @zimW — (Lpja®sW)&(Xnn®@zW) — Lig nyjam)@sW —
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Introduction

where the two left L are the “usual” cotangent complex and the right L is the logarith-
micl cotangent complex, and where X |, is a complex appearing in a distinguished
triangle

M — N® — Xy —

This result is fundamental and will be used throughout, since it allows us to relate
properties of the logarithmic homomorphism (A, M) — (B, N) to properties of the
homomorphisms of rings A — B and Z[M] — Z[N].

We include also a proof of the fact that logification does not change the (co)homo-
logy of the logarithmic cotangent complex when the structures are integral. This
result appears in [19]. We do not know if the hypothesis of integrity are necessary.
At some points of Chapter 6, we were not able to go further because of this integrity
hypothesis (even for integral structures, since non integral quotients appear in the
proofs). That is the reason why we include an alternative proof of this theorem by
Olsson: we have also failed to avoid the integrity hypothesis, but we think our proof
gives a little more hope to avoid them.

Section 4.2 is not necessary for the sequel, but it is of independent interest. This
section is devoted to give a logarithmic analogue of Quillen’s fundamental spectral
sequence. If C' — B is a surjective homomorphism of rings, Quillen gives a conver-
gent spectral sequence [20,22]

E;f,q = Hp1(SgLlpja) = Tory,’

p+q(B’ B)

where Syl p| 4 is the g-th symmetric power of the “usual” André-Quillen cotangent
complex. If C' = B ®4 B, where B is a flat A-algebra, this spectral sequence takes
the form

E., = Hy(ALpa) = HH,e(B|A)

where A? denotes the g-th exterior power and HH the Hochschild homology. We
give a similar spectral sequence in the logarithmic context (Theorem 4.21). Although
the non logarithmic spectral sequence is fundamental in the works of Quillen [20,22],
our unique interest in obtaining the logarithmic version is that its abutment (which we
define explicitly) gives another candidate for a logarithmic Hochschild (co)homology.

Chapter 4 ends with Section 4.3, where we adapt the methods of [15] and [2,
Proposition 15.12] in order to give a smaller complex useful to compute the second
(co)homology groups of the logarithmic cotangent complex.

Chapter 5 is devoted to the (co)homological study of log smoothness. We do not
want to impose finiteness hypotheses to the morphisms and we also want to avoid
integrity hypotheses as much as possible, so the first steps made in [19] and [12]
do not help us, and we need to start from scratch. We proceed in the usual way.
First we characterize elements of H' as extensions of log algebras. In the integral
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case this was done in [19], but in general the very definition of extension is a little
more involved, and our proof is different and substantially longer than in the integral
case. Then we deduce some results characterizing logarithmic smoothness by the
vanishing of the logarithmic cotangent complex. This process is standard for logarith-
mic smoothness, but we need to take into account topologies, that is, to characterize
logarithmic formal smoothness (since it is needed when the homomorphisms are not
of finite type), making again the proofs longer. For instance (and assuming now the
discrete topology in order to simplify; see Theorem 5.14 for the topological case),
we obtain:

Theorem. Let f: (A, M) — (B, N) be a homomorphism of (pre)log rings. Then f
is log smooth if and only if H*((A, M), (B, N), W) = 0 for all B-modules W .

We end this chapter with some minor applications giving in particular (Proposi-
tion 5.19 and Corollary 5.20) a generalization of a part of [11, Theorem 0.1].

Finally, in Chapter 6, we are ready to study log regularity. We start with the
characterization of log regularity in terms of the logarithmic cotangent complex,
which is our second main technical result (Theorem 6.3 to Theorem 6.9):

Theorem. Let ((A,m, k), M) be a Noetherian local (pre)log ring and my; the set of
non-units of M.

(i) (A, M) is a log regular local ring if and only if the cokernel of the canonical
injective homomorphism

Tor%(ker(Mgp — (M/mp)8P), k) — Ho((A, M), (k, M /mypr), k)
vanishes.

(ii) There exists a prelogarithmic structure (A, P) on A inducing the same
logarithmic structure as (A, M) such that (A, P) is log regular if and only
lfHQ((Aap)v (k‘,P/mp), k) =0.

(iii) If M is integral, the monoid P in (ii) can be chosen integral, and therefore
(A, P) is log regular if and only if (A, M) is log regular.

(iv) If M is integral, (A, M) log regular implies H,((A, M), (k, M /mpr), k) =0
foranyn > 3.

In fact, we deduce part (i) of this theorem of a more general result, valid not only
for the maximal ideal m, but for any ideal of A, which allows to introduce the concept
of log regular ideal. This concept plays a role similar to regularity of ideals in the
non logarithmic case. For instance, we show that if (A, M) is a log regular local ring
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and J a proper ideal of A, then J is a log regular ideal if (A4/J, M/a~*(J)) is log
complete intersection (where oc: M — A is the canonical map), and the converse is
true under some mild hypotheses.

With these results at hand, we are now ready to study log regularity. For instance,
the fundamental triangle gives us immediately a relation between log regularity and
regularity of a logarithmic ring:

Theorem. Let (A, M) be a log regular ring. Then A is regular if and only if
ker(Z[M] — Z[M /mys]) is generated by a regular sequence.

We end this chapter with theorems 6.15 and 6.16 mentioned at the beginning of
this introduction.

viii



Chapter 1
Monoids

We will review the definitions and basic properties of monoids that we are going
to use. For more details, we can consult [18, Chapter I].

Definition 1.1. A monoid is a set M with an associative and commutative operation
that has identity element. All monoids we consider will be commutative, and we will
usually use multiplicative notation. Thus the identity element will be denoted by 1.
For example, if A is a commutative ring then (A,-) is a monoid, or (N,+) is an
additive monoid where 0 is the identity element.

A zero element in a monoid M is an element 0 € M such that 0 - x = 0 for any
x € M. If M is a monoid, then the set M U {x} with an operation extending the one
of M, via % - * = xand x - * = x for all x € M, is a monoid whose zero element is
*. If M already had a zero element, this one is no longer a zero element in M U {x}
and the new one would be *.

Let M be a monoid. An submonoid M’ of M is a subset that contains the iden-
tity element of M and that is closed for the multiplication. The intersection of
submonoids of M is also a submonoid of M. Consider now a subset X of M,
we define the submonoid (X) generated by X as the smallest submonoid (in the
inclusion sense) of M that contains X. The elements of (X) are the (finite) products
of elements of X, including the product of an empty set of elements of X (i.e. 1).
If there exists a finite subset X C M such that (X) = M, we will say that M is a
finitely generated monoid.

Definition 1.2. A homomorphism of monoids ¢: M’ — M is a map such that
o(lpp) = 1p and o(x - y) = p(x) - ©(y) for all x,y € M'. We denote by
Hom(M', M) the set of homomorphism of monoids from M' to M. It has monoid
structure, since (p102)(x) = ¢1(x) - w2(x) and the identity element 1 is defined by
1(z) := 1y for any x € M’. Note that it is necessary that M would be commu-
tative so that @1ps € Hom(M', M). We will use Mon to denote the category of
(commutative) monoids.
Let p: M' — M be a homomorphism of monoids. We define the submonoids

KER ¢ = {(z,y) € M' x M" | p(z) = ¢o(y)},

kerp:={x € M’ | (z,1) €KER ¢} = ¢ (1).



2 1. Monoids

The trivial monoid M = {1} is clearly a zero object in Mon. Moreover; this
category has kernels, since ker @ will be the kernel of .

Definition 1.3. A congruence R on a monoid M is an equivalence relation on M
compatible with the multiplication of M, that is,

(z,2), (y,y') € R = (xy,2'y) € R.

The quotient set M /R is a monoid with the multiplication induced by the one on M
through the canonical map p: M — M /R, with KER p = R.

If o: M' — M is a homomorphism of monoids, KER  is a congruence in M’'.
Therefore we have an injective homomorphism of monoids ¢': M'/KER ¢ — M
that composed with the above canonical homomorphism M' — M /KER ¢ gives us

@.

Example 1.4. Let M be a monoid and H a subgroup of M (i.e. a submonoid that
is a group). The set R = {(z,y) € M x M | 3h € H suchthatz = yh} is a
congruence in M. If M is also a (commutative) group, then the quotient monoid of
M by this congruence is just the usual (group) quotient of groups M /H.

If M is again a monoid but H is only a monoid now, the set of invertible
elements H* of H is a subgroup and we can define M/H'. When H = M, the
unique invertible element of M /M* is the class of the identity element of M.

Example 1.5. An ideal I of a monoid M is a non empty set of M that verifies xa € 1
forall x € M, a € 1. If M has zero element, it belongs to any ideal of M. While if
1€l thenl =M.

The intersection of ideals is an ideal as long as it would not be empty, and the
union of ideals is always an ideal. If Y is a non empty subset of a monoid M, we
call ideal generated by Y fo the smallest ideal of M that contains Y and that is
MY ={zy|zeM,yecY}

An ideal I of M is proper if I # M (equivalently if 1 ¢ I). An ideal I is prime if
it is proper and furthermore xy € I implies that x € I ory € I for every x,y € M.
It means that an ideal I is prime if and only if M — I is a submonoid of M.

We define the maximal ideal of a monoid M as mp; == M — M*. We will say
that a homomorphism of monoids f: M — M’ islocal if f(mp;) C mpy.

Example 1.6. Let A be a commutative ring, I an ideal of A, M a monoid and
a: M — (A,-) a homomorphism of monoids. The set o 1(I) is an ideal of M.
Now, if I is an proper ideal of A, a~'(I) is a proper ideal of M. And similarly, in
the case I is a prime ideal of A, then a='(I) is also prime.



Example 1.7. The Rees congruence of the ideal I is the congruence in M
R=(IxI)UA(M)

where A(M) = {(x,z) € M x M} is the diagonal. That is, x ~ y if x,y € I or
x = y. We will call Rees quotient of M by I and denote M /I to the quotient monoid.
Note that
M/I=(M—1)U{x}

with product

xy ifr,y,cy e M — 1 (i.e.xzy e M — 1),
€T =
Y * if in any other case,

where * is the zero element of M/ 1.

Definition 1.8 (Products). Let {M;}icr be a family of monoids. The cartesian
product of monoids
M =] M

i€l
has monoid structure (component to component) and it is easy to check that it is a

product in Mon. Note that if every M; is a group, then M is a group, and therefore
it is also the product in the category of groups.

Definition 1.9 (Coproducts). Let {M;}icr be a family of monoids. We define its
coproduct as the monoid

@Mi = {(z;) € l_IMz | z; = 1 for almost all i € I}
icl icl

with the operation component to component. It is the coproduct in Mon and coincides
with the product when 1 is finite.

Definition 1.10 (Equalizers). Let f,g: M1 — Moy be homomorphisms of monoids.
Then My = {x € M, | f(z) = g(z)} is a submonoid of M, and the inclusion
My — My is the equalizer of f and g.

Definition 1.11 (Coequalizers). Let f,g: M1 — My be homomorphisms of monoids
and we define Ms = Msy/R, where R is the congruence generated by the set
{(f(z),g9(x)) | © € My} (i.e. the intersection of all congruences that contain
{(f(z),g9(x)) | * € My}). The canonical homomorphism My — Ms is the
coequalizer of f and g.



4 1. Monoids

Corollary 1.12. The category of monoids has limits and colimits. Moreover, since it
has zero object (see Definition 1.2), it has also kernels and cokernels.

Definition 1.13. If X is a non empty set, we define free monoid over X as the monoid

NX = @Nx

zeX

where N, := (N, +) for every x € X.
The free monoid functor from Set to Mon is left adjoint to the forgetful functor.
From this, for example, we deduce that the forgetful functor preserves limits.
Therefore, in particular, if

M0—>M1

M2 # M3
is a cartesian square (pullback) of monoids, we know that it is also a cartesian square
of the underlying sets, and so My = {(z1,x2) € My x Ms | p(z1) = q(x2)}.

Now we will see with more detail the cocartesian squares (pushouts).

Proposition 1.14. Let hi: P — Q1, ho: P — @2 be two homomorphisms of
monoids, we denote their pushout by Q1 B p Qo. Let E be the congruence on Q1 ® Q2
which define ()1 ®p Q2 as a quotient of Q1 & Q.

1. If any of P, Q1 or Q2 is a group, then E is the set of pairs ((q1,q2), (¢}, 5))
of Q1 ® Q2 such that there exist p,p’ € P with ¢ + h1(p') = ¢} + h1(p) and

a2 + ha(p) = g4 + ha(p").

2. If P is a group, then ((q1,q2), (¢}, 45)) € E if and only if there exists p € P
such that ¢; = q1 + h1(p) and ¢, = q2 — ha(p).

3. If P, Q1 or Q4 are groups, then Q1 ® p Q2 is also a group, which is the pushout
in the category of Abelian groups.

Proof. See [18, Proposition 1.1.1.5] and also [13, Remark in 1.3]. L]

Definition 1.15. Let M be a monoid and T a set. An action of M on T is a homo-
morphism of monoids
0: M — End(T)



where End(T') is the monoid not (necessarily) commutative of endomorphisms (of
sets) of T (Definition 1.2). That is, 0 verifies that 0(xy) = 6(x) - 6(y) for any x,y €
M and that 6(1) = idp. We will say that T' is an M -set and denote x - t := 0(x)(t)
forxe M, teT.

A homomorphism of M-sets is an application ¢ that makes commutative the
diagram

M x T1 e T1

M x TQ _— T2
Example 1.16. If f: M — N is a homomorphism of monoids, then N is an M -set
with
forallz € M,y € N.

Remark 1.17. The forgetful functor from the category of M-sets to Set has a left
adjoint functor: if B is a set, M x B is an M-set via x(y, b) = (xy, b) (it is said that
M x B is the free M-set with basis B). Therefore the category of M -sets has limits,
and they commute with the forgetful functor.

Definition 1.18. Let M be a monoid and S C M a submonoid. Consider the direct
product M x S and the congruence

(x,8) ~ (y,t) & Ju € S| syu = ztu.
The quotient monoid is denoted by S~ M and is called monoid of fractions. We will

denote the class of (x,s) in ST'M by £, so that £ - % = % qnd 1 = 2.
We have a canonical homomorphism~: M — S~'M defined as the composition

M— M&S=MxS — (MxS)/~=8"1M,
r —— (z,1)
that is, x +— xz /1.

Proposition 1.19. Let M be a monoid, S a submonoid and p: M — N a homomor-
phism of monoids. Then there exists a homomorphism of monoids h: S™'M — N
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making commutative the diagram

M— sy
® ih
N

if and only if ©(s) is invertible in N for all s € S. In this case, h is unique and it is
define as follows: h(x/s) := h(z)h(s)~".

Proposition 1.20. Let M be a monoid. Then M ~'M is an Abelian group that we
denote by M#P.

Moreover, it verifies the following universal property: Given a group G and a
homomorphism of monoids p: M — G, there exists a unique homomorphism of
groups h: M8 — G making commutative the diagram

M —T . ager
L
G

It is called group completion of M.

. _1 . . _1 _ .
Proof. Itis clear that M~ " M is a group, since (%) = Y, and the universal property

follows from Proposition 1.19. O

Remark 1.21. From Proposition 1.20, we can deduce that (—)&P is a functor from
Mon to Ab that is left adjoint of the forgetful adjoint. In particular, it preserves
coproducts.

Definition 1.22. Let M be a monoid. An element t € M is integral if for any x,y €
M such that tx = ty, then x = y. We say that a monoid M is integral if every
element of M is integral.

Definition 1.23. Let M be a monoid. If M* = {1}, M is said to be sharp.

Proposition 1.24. Let M be a monoid and S a submonoid. The canonical homo-

morphism ~y: M — S™1M is injective if and only if the elements of S are integral in
M.



Therefore, in the case S is integral, we will have x/s = y/t < xt = ys in
S~1M. And moreover, if M is integral, we can think M as a subset of /2P,

Remark 1.25. Let M be a monoid with zero element 0 and S a submonoid with
0 € S. Then S~'M = {1} If p: M — N is a homomorphism of monoids such
that ¢(s) is invertible for all s € S, then ¢(0) is invertible and so p(z) = 1 for
all z € M (since p(0) = (0 - z) = ¢(0)p(x)). This means that ¢ is the trivial
morphism. For example, under this hypothesis M#P is the (Abelian) trivial group.
For example, (N, -)8P is the trivial group. However, if S = N — {0}, we obtain
STHN, ) = (Q@=7,).

Definition 1.26. If M is a monoid and R is a ring, R[M| will denote the usual
monoid R-algebra. In particular, R[M] is a free R-module with basis M.

Remark 1.27. The ring monoid functor M +— Z[M] from the category of monoids

to the category of commutative rings is left adjoint to the functor A — (A, ) and so
ir preserves colimits. In particular, if

Mo—%Ml

My —— M
is a cocartesian square of monoids, then
Z[M] = Z[M] ®zn1y) Z[ M2].
In other words, we can say that
Z[My © gy Ma] = Z[Mi] ®@zag) ZIM2).

Proposition 1.28. Let M be a monoid. The ring Z|M] is Noetherian if and only if
M is finitely generated.

Proof. See [8, Theorem 7.7]. ]

Definition 1.29. Let M be a monoid. M is fine if it is finitely generated and integral.
M is said saturated if it is integral and verifies that x € M8 and x™ € M for some
n > 1 implies x € M.
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Definition 1.30. A homomorphism of monoids h: M — N is exact if the square

M ——— M8

is cartesian (i.e. a pullback).

Definition 1.31. Let f: M — P be a homomorphism of integral monoids. f is said
to be Kummer if it is injective and for every p € P, there existsn € N and m € M
such that f(m) = p™.

Definition 1.32. A homomorphism of monoids M — N is integral if for any
homomorphism of monoids M — P with P integral we have N @®)s P integral [9,
Definition 6.2.1].



Chapter 2
Logarithmic rings

Definition 2.1. A prelog ring (A, M, «) (simply (A, M) or A if there is no confusion)
consists of a commutative ring A, a commutative monoid M and a multiplicative
homomorphism of monoids o: M — A. In general, we will denote this structural
map by « for any prelog ring (if it is necessary, to avoid confusion, we will use c4
or aypr). A homomorphism of log rings

f=%F): (A, M,ax) — (B,N,ap)

is a homomorphism of rings f*: A — B together with a homomorphism of monoids
f: M — N such that agf’ = flaa. A log ring is a prelog ring (A, M, «) such
that the homomorphism o' (A*) — A* induced by o (where A* is the group of units
of A) is an isomorphism.

Definition 2.2. If (A, M, o) is a prelog ring, define M8 as the pushout

a~Y(M) SIS A+

M ——— M

and let o/°%: M"8 — A be the monoid homomorphism induced by the homomor-
phisms a: M — A and A* < A. Then (A, M, )8 .= (A, M8 o) is a log
ring. The functor (—)"8 from the category of prelog rings to the category of log rings
is left adjoint to the forgetful functor.

Definition 2.3. If (A, M, ) is a prelog ring and f*: A — B is a ring homomor-
phism, we have a homomorphism of prelog rings

f= (00 (A M,0) — (B, f*(M),a")
where (B, f*(M),a*) := (B, M, f o a)"8. A homomorphism of log rings
f: (A, M) — (B,N)

is called strict if the canonical map f*(M) — N is a isomorphism.
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Definition 2.4. A Noetherian local prelog ring ((A,m, k), M) is a Noetherian local
ring (A, m, k), a monoid M such that the monoid ring Z[M| is Noetherian (i.e. M
is finitely generated by Proposition 1.28) and a local homomorphism of monoids
a: M — (A,-).

We say that (A, M) — (B, N) is a homomorphism (essentially) of finite type of
Noetherian prelog rings if M, N are finitely generated monoids, A is a Noetherian
ring, and A — B is a homomorphism (essentially) of finite type. We have then that
Z[M| — Z[N] is a homomorphism of finite type of Noetherian rings, and M8, N8P
are Z-modules of finite type.

Lemma 2.5. Let (A, M) be a log ring, P — M a homomorphism of monoids and
n: A — B a homomorphism of rings. If (A, P)!°¢ = (A, M), then (B, P)"¢ =
(B, M)"s.

Proof. Consider the pushouts of monoids

a1(A¥)

B
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(ma)~H(B¥)
P P @(Tra)_l(B*) B
A
and the maps
* * (L *
(P @a-1(an) A") Srpy1(81) B* = P S(ra)-1() B

defined as follows for any p € P,a € A* and b € B*:

P(p;b) = ((p,1),0),  #((p,a),b) := (p,w(a)b).

Let us see that both homomorphisms are well defined. We will use Proposi-
tion 1.14. Assume that ((p, a),b) = ((p/,a’), V') in (P@q-1(4+) A*) B(np)-1(5+) B*.
Then by Proposition 1.14 there exists a pair (p1,a1), (p2,a2) € (78)~1(B*) C
P &4-1(4+) A" such that

) (p,a)- (p2,a2) = (¥, d) - (p1, 1),
(i) brB(p1,a1) = V'mB(p2,az).
These conditions are equivalent to

(i) There exists s1,52 € a~}(A*) C P such that

(i) ppas2 = p'p1s1,
(i’2) aasa(s1) = d'aja(sz);
(") bra(pr)n(ar) = b'ra(ps)n(as).

Let g1 = p1s1 and g2 = pasg in P. Clearly, q1,¢2 € (ma)~(B*). In order to
see that (p, w(a)b) = (p/, w(a’)b’) we will see that
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D pg2 =p'q

(I) w(a)bra(q) = w(a")b/Ta(ge)

Condition (I) follows from (i}). So as to see (II), it suffices to show the equality after
multiplication by the unit 7(a2) € B*. But

7T(a)bm(ql)ﬂ(az) = m(a)bra(pr)ra(sy)m(az)

(1S3

7r(a'

bra(pi)ma(sz)m(ar)

)
(i) 7(a")b'ma(pe)ma(sy)m(az)
m(a")b'ma(ge)m(az).

So ¢ is well defined.

Now assume that (p,b) =

= (p/,b'). Then there exist 71,79 € (7o)~ }(B*) C P
such that

(i) pro=p'r
(i) bra(ry) =bmra(ry)

We have elements (r1,1), (r2,1) € (73) 7 (B*) C P @4-1(4+) A* verifying

(p, 1) : (7"2, 1) = (p/7 1) i (7‘1, 1)7

brB(r1,1) = bra(r)) = b'ra(ry) = b'nB(re, 1).
Clearly ¢ and 1) are homomorphisms of monoids and (1) = id. In order to check
that 1) = id, we have to prove that ((p,a),b) = ((p, 1), m(a)b). But (1,a), (1,1) €
(ra)~1(B*) since a € A*, and
¢ (p7 CL) ’ (1’ 1) = (p’ 1) : (].,CL),

* brfB(1,a) = br(a) = w(a)brp(1,1) .



Chapter 3
Derivations and differentials

This chapter contains definitions, notation and known results on derivations and
differentials. Though there is nothing new, we give proofs since in a few points we
were not able to find exact references.

3.1 The conormal module

Proposition 3.1. Let g: L — N be a surjective homomorphism of monoids and
define J = ker(Z[L] — Z[N]), W = ker(L$? — N#P) (note that Z|—| and (—)"

preserve surjectivity). There exists a natural homomorphism of Z|N|-modules
vg: J/J? — ZIN] ®z W
defined by

Vg (Z )\le) = Z)\zg(ll) Q1 € Z[N] Rz L8P,
i€l i€l

where \; € Z and l; € L for all i € I, and we are also denoting the image of l; in
L3P by ;.

Proof. We define 179: J — Z[N] ®7 L& as 179(21'61 )\JZ) = Zie[ )\Zg(ll) ® ;.
First, we will show that vy (z) € Z[N|®@z W ifx =, ; \il; € J. Foreachn € N,
we consider I, = {1 € I | g(l;) = n},sothat ) ,.; A\; = 0foralln € N (given
that (> ;c; Aili) = > _nen(Dicr, Mi)n = 0and Z[N] is a free Z-module with basis

N). We have
Yohgl)@li=Y gl =>" nol}
i€l el neN i€l
=> (e [[n)
neN iEIn

and [T;c; l;\i € W since if g denotes also the map L& — NP, then

g( H li’\") = H g(li))‘i = H nti = n2ictn N =0 = 1.

i€ln i€l, i€ln
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The map v, is (clearly) additive, so in order to see that it induces a homomorphism
vy: J)J? — Z[N| @z W

we have to show that 7;(z) = 0 for x € J2. The elements of .J are of the form

Z()\ili,l —Aili2)

il

with \; € Z, l;1,l;2 € L and g(l;1) = g(l;2) for all i € I (since Zz‘eln Ai=0
for every n € N, as we saw before, and writing each )\; as a sum of ones or minus
ones, there are as many ones as minus ones). Therefore let A\;, A2 € Z and l; ; € L
fori,j € {1,2} such that g(lLl) = g(ll’g) =:nq and g(lz}l) = g(lg}g) =:ng9. We
obtain

Ug (Al — Ml 2)(Aala,r — Aala2)) = Adag(li1)g(lan) @ l11lan

— MA2g(li2)g(l21) ® 12021
— MA2g(l1,1)9(l22) ® 111122
+ A1A2g(l1,2)g(l2,2) ® l1 2022

= MAening ® ly1l21
— MAaning ® i 2la 1
— AiAaning @1y 1l22
+ AAoning ® 1y alas

= Adomung @ llenlr3lo 1l 1l sl o

= AMning ® 1 =0.

We now see that v, is a homomorphism of Z[/N]-modules. We already know that

it is an additive homomorphism. Let m € N be and [ € L such that g(I) = m. With
the above definition for I,,,

vg(m- > Aili) = 75(Y " Nilli) =Y Xig(lly) @1l = Y Aimn @1

i€ln i€ln i€ln i€ln

=mnegQ H l&li)\i =mn® ([Zi@n i H lf‘l)

i€ln i€ln

:mn®(ZOHl;\") =mn® Hlf‘l :m(Z)\m®li)

i€ln, i€ln i€ln,

=m -y ( Y Nili) =m-v(D - Aii).

i€ln i€ln
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Finally, naturality means that if

LlLNl

Y P

LQLNQ

is a commutative square of monoids with g;, go surjective homomorphisms and
J1, W1, Jo, W are defined in the obvious way, then the diagram

4 1
Ji )T —L— Z[N1] @7 Wi

gl P

4 2
Jo)J2 —L— 7Ny @7 Wo
1s commutative, and this fact is obvious. O

Remark 3.2. We have seen in the proof of Proposition 3.1 that the elements of J are
YoierNilin — Nl o) with \; € Z and I 1,1; 2 € L verifying g(l;,1) = g(l;2) for all
i € I, and the image of one such element by v/, is Y ;. ; A\ig(li2) ® li71li_721.

Example 3.3. Let h: M — N be a homomorphism of monoids and consider the
induced surjective homomorphism g: N @y N — N. We have Z|N @y N] =
Z[N] ®zpm) Z[N] by Remark 1.27 and then J := ker(Z[N ©py N] — Z[N]) is
the kernel of the multiplication Z|N| ®gzny) Z[N] — Z[N|. Therefore we have an
isomorphism of Z|N|-modules

J/J? = Qupvyzi,s

where Qznz () i the usual module of differentials [6, Ory, Définition 20.4.3].
On the other hand, by Remark 1.21, we obtain an isomorphism of Abelian groups

W = ker((N @y N)¥ — N®) = ker(N*® @pper NP — NOP)
= coker(M¥& — N¥P).

Then the composition

Qunyzpn = J/J? 5 ZIN] @7 W = Z[N] @z N® / Im(M*P)
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is the homomorphism of Z|N|-modules defined by

dn—s (n,1) — (1,n) — n® (n,1) —n® (1,n) = n® (n,1)(1,n)"}

=n® (n,nil) —nQn,
where i is the class of n € N in N8/ Im(M?3P).

Definition 3.4. Let (f,g): (C,L) — (B, N) a surjective homomorphism of prelog
rings (ie. f: C — Band g: L — N are surjective). Let us consider the ideals
J = ker(Z[L] — Z[N]), W = ker(L$? — N8P) and I = ker(C — B). We define
the (logarithmic) conormal module of (C, L) — (B, N) as the pushout N(g n)|(c,L)
of the diagram of B-modules

idp ®z[njVg

B®Z[N] J/J2 Bz W

I/1?

where v, is the homomorphism of Proposition 3.1 and w is the homomorphism of
B-modules defined by u(1 ® Y_.c; Aili) = > ;e5 Nia(l;), being oz L — C'is the
structural homomorphism and \; € Z, l; € L forall i € I.

Remark 3.5. The definition of [12, Exposé II, Proposition 4.11] coincides with this
one.

Proposition 3.6. Let
(C1, L1) —— (B1,N1)

(CQ, LQ) S (BQ, Ng)

be a commutative square of prelog rings where the horizontal homomorphisms are
surjective. Then there exists a natural homomorphism

By @B, N(By,ny)|(C1|L1) = V(B2 N2)|(CalL2)-

Proof. 1t is consequence of the naturality of the homomorphisms v, and u in
Definition 3.4. O
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Example 3.7. If L — N is an isomorphism, then J = 0 and W = {1}. Therefore the
conormal module of (C, L) — (B, N) coincides with the (usual) conormal module
I1/I? of C — B. This takes place, for example, when L = N = {1}.

Remark 3.8. If C'is Noetherian and L8P is a finitely generated Abelian group, then
N(B,ny|(c,1) is a B-module of finite type.

3.2 Module of differentials

Definition 3.9. Let (A, M) — (B, N) be a homomorphism of prelog rings. The
logarithmic module of differentials (g ny|(a,nr) Of (A, M) — (B, N) is defined as
the B-module N ny|(c,r) where (C, L) = (B&aB, N©y N). By the Example 3.3,

the square

B ®Z[N] QZ[N”Z[M] —v—) B X7, ng/ Im(MgP)

N

Qp|a Q(B,n)(4,M)

is cocartesian, where v is the homomorphism of B-modules verifying v(1 ® dn) =
n®n withn € N and n its class in N8 /Im(M$P). If A is Noetherian, B an
A-algebra essentially of finite type and N8 / Im(M?#P) a finitely generated Abelian
group, then Qg N)|(a,0r) is a B-module of finite type.

By Proposition 3.6, if

(Al, Ml) e (Bl, Nl)

(AQ, Mg) E— (BQ, NQ)

is a commutative square of homomorphisms of prelog rings, then there exists a
natural homomorphism of Bo-modules

By @B, (B, N (A1My) — (Ba,No)|(Az, M)
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Proposition 3.10 (Base Change). We consider a diagram of log rings
(A1, My) ——— (B1, N1)

(A2, M2)

and let (B, N2) be its pushout, i.e. By = As ® 4, B1, Noa = Ma ©pp, Ni. Then the
canonical homomorphism

By ®p, Q(B17N1)\(A17M1) — Q(Bz,Nz)\(A%MQ)
is an isomorphism.

Proof. Since By ®p, — 1is right-exact, by the cocartesian square in Definition 3.9

Bi ®zivy) Qzivzpa) — Bi ®z N /Im(M}?)

QB4 > By Ny)|(A1, M)
we obtain another cocartesian square

By @ziny) Qzvijzivn) —— B2 @z NT°/Im(MGP)

By ®p, Qp,ja, ——— B2 ®B, QB Ny)|(Ar,M1)

and then a commutative diagram where both front and rear squares are cocartesian:

By ®ziny) Qzivyjzvy) —— B2 ®z N/ Im(Mf?

By ®Z[N2] QZ[NQ]\Z[MQ} — By ®y N2gp/ Im(MQgp)

By ®p, QB1|Al —|— B2®p, Q(BLNI)KAI’MI)

T~ T~

Qp,4, Q(By,Ny)|(A2,M2)
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It is enough to prove that «, 3, v are isomorphisms. Since
Z[Ns] = Z[M32 ©ny N1] = Z[M2] ®z/pr,) Z[N1]
(Remark 1.27) we have
QziNz)ziMs) = ZIN2] @7(n,) Qziny12(01)

by [2, Lemme 1.13], and therefore « is an isomorphism. Clearly [ is an isomorphism
too. Finally, from the exact sequence

1 —— M5" — M @y Nf* — N{°/Im(MP) — 1
a —— (a,1)

(a,b) + b

we obtain an isomorphism

NP M eys Ni"  NE
(M) () Im(M)

and so -y is an isomorphism. 0

Corollary 3.11 (Localization). Let (A, M) — (B, N) be a homomorphism of prelog
rings and S C N, T C (B, -) submonoids such that o(S) C T where a: N — B is
the structural homomorphism. Then

T_IQ(B,N)|(A,M) = Q(r-1B,5-1N)|(4,M)-

Proof. As in the previous proposition, applying the exact functor 7~!(—) to the
cocartesian square in Definition 3.9 we obtain a cocartesian square

71 (B ®Z[N} QZ[NHZ[M]) — 71 (B X7, ng/ Im(Mgp))

T (Qp)a) T~ (s .n)AM))
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and consequently a commutative diagram where both front and rear squares are
cocartesian:

71 (B ®z[N] QZ[NHZ[M}) —_— T_I(B ®z N/ Im(Mgp))

e 2

T-'B ®Z[S*1N} QZ[SleHZ[M] — T7'B &Kz (S—IN)gp/ Im(Mgp)

-1 (2p)a) T~ (Qp,n)(40))
\ﬂ‘ \
Qp-1pja — Q(T*B,S*N)\(AM)

The homomorphism = is an isomorphism because (S™!N)& = N#, and « and 3
are isomorphisms too. Hence the desired isomorphism follows. O

Lemma 3.12. The pushout of right-exact sequences of modules is also a right-exact
sequence.

Proof. Let us consider the commutative diagram

C C’ c” 0
A | A | A ‘ 0
D -] y D' w3 D > 0
/7( /vl //>[
B B’ B 0

where therows A - A’ - A” - 0,B— B - B" - 0andC - C' — C" =0
are right-exact sequence of modules, and the commutative diagrams

A C A/ C/ A/I Cl/
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are cocartesian. We will show that the sequence D — D’ — D" — 0 of the pushouts
is also a right-exact sequence.

The surjectivity of D' — D" and Im(D — D') C ker(D" — D") are obvious,
while ker(D" — D") C Im(D — D’) can be seen by diagram chasing: Let /' € B’,
¢ € C' such that d = V + ¢, and let b”,c”,d” be their images in B”,C", D"
respectively. Since d” = 0, there exists a” € A” such b and —¢” are both the image
of a”. Let a’ € A’ be such that its image in A” is a”, and let b, —¢’ their images
in B" and C’ respectively. Then ¢’ and ¢’ go to b” and ¢ in C", D" respectively, so
there exist b € B, ¢ € C such thatband ¢ goto b’ — b/, ¢ — ¢’ respectively. Then the

image of b+ ce Din D/ ist/ =V +c — =d — (Y + ) = d since b/ and —¢/
are the images of o’ € A’. Thus it is done. U

Proposition 3.13. Let (A, M) — (B,N) — (C, P) be homomorphisms of prelog
rings. There exists a natural exact sequence of C-modules

C @B QN am) — Qep)am — epsy) — 0.

Proof. Using Lemma 3.12, we deduce the result from the definition of the module of
differentials of prelog rings and from the exact sequences

C ®zin) Qzinzim) — € Qzip) Qzipyziva) — € Qz1p) Qzip)ziv) — 0,

C®BQB|A—>QC|A—>QC|B—>O

and
N /Tmpye (MEP) — P&/ Impep (M) — P/ Impew (N&) — 1,
which is exact since
NE /Tm e (MEP) — Impe (INEP) / Im pep (MEP)
is surjective and (clearly)
Impep (N®P) / T pep (M®P) — PP/ Tmpep (M) — PP/ Impe (N®P) — 1
is exact. O

Proposition 3.14. Let (A, M) — (C,L) — (B, N) be homomorphisms of prelog
rings with C' — B and L — N surjective. There exists a natural exact sequence of
B-modules

N,nyc,n) — B®c Qe,nyam — Qs,nyjanm = 0.
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Proof. In the same way that the proof of the Proposition 3.13. It is deduced from the
following exact sequences:

B &gy J/J* — B @1y Qupp)jziv) — B @215 Qavyjzing — 0,

I/I* — B®c Qcja — Qpja — 0

and
B®z W — B®yz L /Impe (M) — B ®z N/ Imye (M) — 0,

where I = ker(C' — B), J = ker(Z[L] — Z[N]) and W = ker(L# — N¢P). Note
that the third sequence is exact because

W = ker (L#/ Im e (M) — N2/ Im e (M*P)),

as we deduce, for example, applying the Ker-Coker Lemma to the next diagram of
exact sequences:

1 —— M ———— [ — 5 L& /Tmpep(MP) —— 1

1 —— MeP > NP > N8 /Imye (M) — 1 0

Proposition 3.15 (Kiinneth). Let (A, M) — (B, N), (A,M) — (C, P) be homo-
morphisms of prelog rings. There exists a natural isomorphism of B ® 4 C-modules

Qg sc,Ney P)(AM) = (QB,N)|(a,m) ®a C) ® (B RaQc,p)|(a,m)-

Proof. Applying the right-exact functors B ® 4 — and C ®4 — to the cocartesian
diagram that define €2 n)|(a,ar) (as in the proof of Proposition 3.10) and taking the
direct sum of them, we obtain a pushout

(D ®zn) Qivyizian) @ (D @zip) Qppyzing) — (D @z N/ Im(M#®)) & (D @7z P/ Im (M)

(C®a9pa) ® (B®aQcja) —— (C®aUpnan) & (B®aQep)am)

where D = B®4 C.
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Now, we note that

((C ®a B) @ziv) Qinyjzpa) @z (B ®4 C) @z1p) Qip)zian)

= (C'®a B) ®ziney p) (Qzvzm Sz Qip)zim)

= (C @4 B) ®zvay P (Ve zipizi)

= (B ®4 C) ®z[Na P Qz[Ney PlzIM]

(using Remark 1.27 and [2, Lemme 1.14]).
Moreover, using the fact that the exact sequence
1 — M — N @y PP — N /Im(MEP) @ PP/ Im(M) — 1
a —— (a,1)

(a,b) + > (a,b)

is exact and Proposition 1.21, we have

(C ®4 B®z N®/Im(M*®)) ® (B ®4 C ®z P®/Im(M*®)) =
= (C ®4 B) ®z (N®/Im(M?*®) @ P& /Im(M?*P))
- (C ®A B) ®7 (ng D e pgp/Mgp))
= (C®a B) ®z ((N @& P)¥® /M)

Finally, using [2, Lemme 1.14],

(C®aQpa) ® (B®4aQ0ia) = (Apa) ® (p14) = Upeacia

and we obtain a diagram of pushouts

(D @ziv) Qivyizin) @ (D ®zip) Qzipyzin) — (D @z N /ME) & (D @z PE/ME?)

S S

D ®zpyen P Qaimey Plziv) ———— D@z <(N Sm P)gp/]wgp)

|

(C®aQpa) ® (B®aQoja) — | CRaQnN)aM) © (B®aQc,p)am)

Qpe o4 Q(Bg A0, N@w P)|(A,M)

O]
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Examples 3.16. (i) Free prelog algebras. Let (A, M) be a prelog ring, X and'Y
sets, N = M ®NY where NY is a direct sum of copies of the (additive) monoid
of natural numbers indexed by Y, B = A[X,Y] the polynomial A-algebra on
XUY, N — B the homomorphism which extends M — A in the obvious way.
We will say that (B, N) is a free (A, M)-prelog algebra. Then (g n)|(a,nr) IS
a free B-module with basis X UY .

1t follows from the pushout that defines Qg N)|(A, M)

BY = B @z Qv —— B @z N#/M# = BX

BXUY —

Qp|a > SB,n)|(4,M)

(note that v is not an isomorphism). We know w is injective (it can be seen as
the canonical inclusion) and so coker(u) = BY . Therefore w is also injective
and coker(w) = BY again. Thus, we obtain an exact sequence of B-modules

0— BX i) Q(B,N)|(A,M) o= BY — 0

that gives us the desired isomorphism, since it is split because BY is a free
B-module.

(ii) Let (A, M) — (B, N) a homomorphism essentially of finite type of Noetherian
prelog rings (see Definition 2.4). Then g n)|(a,ar) is a B-module of finite
type. It follows from the above Example 3.16.(i) and Proposition 3.14.

(iii) Let M — N be a homomorphism of monoids, then
Qin), Nz, ay) = ZIN] @z N /Tm(M*)

since, by definition, Q7 N1, N)|(z[M], M) iS the pushout of

Z[N] @zin Qznjzivr) — Z[N] @z N/ Tm(M*)

QzN)|zIM)
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(iv) Let (B, N) be a prelog ring where N is a group. Then the homomorphism

(v)

(vi)

(vii)

v: B @zn Qzinyz — B @z N is surjective since vint®dn) =b®n
forn € N8 = N and b € B. Therefore, from the cocartesian square

B ®zivy Qzpvyjz —— B ®z N¥

0=Qpp —— QB,~M|B,1)

we deduce that ) Ny (B,1) = 0.

Let (B, N) be a prelog ring and M a subgroup of N. From the exact sequence
in Proposition 3.13 applied to (B,1) — (B,M) — (B, N) and the Exam-
ple 3.16.(iv), we obtain an isomorphism of B-modules

Q,n)|(B.M) = UB,N)|(B,1):-

Let (A,M) — (B, N) be a homomorphism of prelog rings with M — N
surjective, then Qg nyjanm) = pja- Since N @y N — N is an isomor-
phism, the result follows from Example 3.7.

Let (A, A*) — (B, B*) be the obvious homomorphism of prelog rings where
A* and B* are the subgroups of units of A and B respectively. Then

QB,B*)|(4,4%) = 2p|a-

By Example 3.16.(iv) we have )4 a<)a,1) = 0 and so, from the exact
sequence in Proposition 3.13 applied to (A,1) — (A, A*) — (B, B*) we
obtain

QB,B*)|(4,4%) = Q(B,B*)|(A,1)-

Using now Q(B,B*)\(B,l)

= 0 and the exact sequence in Proposition 3.13
applied to (A,1) — (B,1) — (

B, B*) we obtain

Qp,BY)(a1) = LB (A1)

which is isomorphic to g o by Example 3.16.(vi).
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3.3 Derivations

Definition 3.17. Let (A, M) — (B, N) a homomorphism of prelog rings, T' a B-
module. An (A, M)-derivation of (B, N) into T'is a pair (D, D), where D is an
A-derivation D: B — T and D is a homomorphism of groups

D: N%/Im(M#®) —s (T, +)

such that D(n) = nD(n) for alln € N (where 7 is its image in N / ITm(M$P) and
we denote the image of n € N in B again by n). We denote by

Der(A,M)((Ba N)7 T)

the set of (A, M)-derivations of (B, N) into T', which is a B-module with the induced
structure by the structure of B-module of T'.

Proposition 3.18. With the above notation, there exists an isomorphism of B-modules
Homp (g, n)(a,m), T) = Deraan (B, N), T).

Proof. Let (D, D) € Der(4 ) ((B, N), T). From the diagram

B @z Qzin)jzim) ———— B ®z N/ Tm(M*P)

where f is the homomorphism of B-modules induced by D: B — T and g is
the homomorphism of B-modules induced by D: N /Im(M&) — T, we obtain
a homomorphism %: g n)ja,n) — T making commutative the corresponding
triangles (since fj = gi and the square is a pushout).

Now, consider h € Homp (g, ny|(4,0m), T). We define D € Dera (B, T) by the

composition

dp|a v h
B — QB\A — Q(B,N)|(A,M) — T
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and D by the composition
N /Im(M&) — B @z N /Im(M®) QB,N)|(A,M) Ny
Since v and h are homomorphism of B-modules, D is a derivation. Similarly, Disa
homomorphism of groups. We also have
hui(1® dn) = hu(n @ 1) = n - hu(l ® i) = nD(7)

and hvj(1 ® dn) = D(n). Since ui = vj, we obtain D(n) = nD(n). O

Now, we are able to state the version for derivations of Proposition 3.10, Corol-
lary 3.11, Proposition 3.13 and Proposition 3.14.
Corollary 3.19. (i) We consider a diagram of log rings

(Al, Ml) & (Bl,Nl)

(A27M2)

and let (Ba, N3) be its pushout, i.e. By = As ® 4, By and Ny = My @y, Ni. Then
the canonical homomorphism

Der(a,,11)((B2, N2), T) — Dera, ar,)((B1, N1),T)

is an isomorphism for any Bo-module T

(ii) Let (A, M) — (B, N) be a homomorphism of prelog rings and S C N,
T C (B,-) submonoids such that o(S) C T where a.: N — B is the structural
homomorphism. Then for any T~ B-module W

Der(4 1)((B,N),W) = Der(4 s ((T~'B,S™'N), W).

(iil) Let (A, M) — (B, N) — (C, P) be homomorphisms of prelog rings. There

exists a natural exact sequence of C-modules for any C-module W
0— Der(B,N)((C7 P)v W) - Der(A,M)(<Ca P)? W) - Der(A,M)((B7 N)a W)

(iv) Let (A,M) — (C,L) — (B, N) be homomorphisms of prelog rings with
C — Band L — N surjective. There exists a natural exact sequence of B-modules
for any B-module W

0— Der(A7M)((B, N), W) — Der(A,M)((C7 L), W) — HomB(N(B,N)KC,L)a W)

Proof. All of them are deduced from the respective properties for the module of
differentials using Proposition 3.18. 0






Chapter 4

Logarithmic André-Quillen
(co)homology

In Section 4.1, we develop the theory of the logarithmic cotangent complex
introduced by Gabber [19,23]. We obtain many new results that we are going to need
in chapters 5 and 6, mainly the fundamental triangle of Theorem 4.3. Sections 4.2
and 4.3 continue this study with interesting results, although these are not going to
be used in the following chapters.

4.1 The logarithmic cotangent complex

The forgetful functor U/ from the category of prelog rings to the category Set x Set
sending (A, M) to their subjacent sets (U/A,U M ) has a left adjoint defined as

F(X,Y):= (Z[X,Y],N"),

as in Example 3.16.(i).

The category of simplicial prelog rings (i.e. simplicial objects in the category of
prelog rings) has a model structure where (trivial) fibrations are those maps which go
to (trivial) fibrations by the functor si{ (the simplicial extension of the above functor
U). With this structure, (trivial) fibrations are those maps (A., M,) — (B, N,) such
that A, — B, and M, — N, are (trivial) fibrations in the usual model structure of
the categories of simplicial commutative rings and simplicial commutative monoids.
If (A, M) is a (constant) prelog ring, and (A, M) % (B,, N.) is a homomorphism of
simplicial prelog rings with the property that for each n, (B,,, N,,) is a free (A, M)-
prelog algebra, B,, = A[X,,,Y,], N,, = M @ N¥» for some sets X,,,Y;,, and all
degeneracies B,, = A[X,,Yn] = Bn+1 = A[Xn+1, Yo+1], N — Npy1 send the
basis X, to X1 and Y, to Y, 11, then ¢ is a cofibration called free cofibration
(arbitrary cofibrations are retracts of these ones). Details can be seen in [21, §4] or
more precisely for prelog rings in [23] and in [3, §5].
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Let (A, M) — (B, N) be a homomorphism of prelog rings. Choose a factor-
ization (A, M) — (F,R) — (B, N) as a cofibration followed by a trivial fibration
(in the category of simplicial prelog rings). We have a well defined object up to
homotopy in the category of simplicial B-modules

Linian = Qrryam @r B,
that we call logarithmic cotangent complex.

Definition 4.1. If W is a B-module, we define for eachn > 0,

H,((A,M),(B,N),W) = Hy(L(g n)ar @8 W),
Hn((A, M), (B, N), W) = Hn(HOHIB(]L(B7N)|(A7M), W))
Example 4.2. Let A — B be a homomorphism of rings, (A,{1}) — (B,{1}) the
induced map on prelog rings. If A — ' — B is a factorization cofibration - trivial
fibration in the category of simplicial rings, so is (A, {1}) — (F,{1}) — (B,{1})
in the category of simplicial prelog rings. Therefore H,((A,{1}),(B,{1}),W) =
Hp(A,B,W) = Hy(Lpa ®p W) are the usual André-Quillen homology modules
(see [2] and [20]) by Example 3.16.(iii). Similarly for cohomology.
More generally, if A — B is a ring homomorphism where (A, M) is a prelog

ring, then
Hn((AvM)v (B7M)7W) > Hn(A,B, W)

and similarly for cohomology. The argument is the same.

Theorem 4.3 (Fundamental triangle). Let (A, M) — (B, N') be a homomorphism of
prelog rings and let W be a B-module. There exists a natural distinguished triangle
in the derived category of B-modules

Lzinzpn®@zimW — (Lpja®@sW)S(Xnp®@zW) — L nyja,m@BW —
where X |y is a complex appearing in a distinguished triangle
M — N8 — Xy —

We have then a natural exact sequence (that we will call fundamental exact
sequence)

-~ — Hy(Z[M],Z[N],W) — Hn(A,B,W) ® H,( Xy @z W) = Ho((A, M), (B,N),W) —

— H,_1(Z[M],Z[N],W) — — Hy((A, M), (B,N),W) — 0,

where
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* Hy(Xnjy @z W) =0whenn >3,
 Hy(Xyjy @z W) = Torf (ker(M# — N&), W),

* Hy (XN‘M ®yz W) is a B-module appearing in a (non canonically split) exact
sequence

0 — ker(M# — N#) @z W — Hy(Xyj @z W) — Torf (N / Tm(M# — N), W) — 0,

© Hy(Xypm ®z W) = (N&/Im(M8P — N&)) @z W.

We have also a natural exact sequence

0 — H°((A,M),(B,N),W) — — H"Y(Z[M],Z|N],W) -
-+ H"((A,M),(B,N),W) - H"(A, B,W) & H"(Homz (X, W)) - HY(Z[M],Z[N],W) — ---

where
« HO(Homy (X a7, W)) = Homg (N / Tm(M& — N#7), W),
+ H'(Homgz(X N|am»> W) appears in a (non canonically split) exact sequence

0 — Ext} (N /Tm(M8P), W) — H'(Homgz (X yar, W)) — Homg (ker(M$? — N&7), W) — 0,

o H?(Homgz (X na, W)) = Exty(ker(M$P — N&), W),
* H"(Homgz(Xyjar, W)) = 0 whenn > 3.

Proof. By definition of the logarithmic module of differentials (Definition 3.9), we
have a pushout for each n > 0,

Qzir,ziM) Dz(R,) B —— B ®z R /M
Qp Tn

where (A, M) — (Fy, R.) — (B, N) is a factorization with (4, M) — (F, R.)
a free cofibration and (F, R.) — (B, N) a trivial fibration. Since A — F, — B
is a factorization cofibration - trivial fibration in the category of simplicial rings,
Qp, 14 ®F, B = Lp|4 is the André-Quillen cotangent complex of the A-algebra B.
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But M — R, — N is also a cofibration - trivial fibration in the category of sim-
plicial monoids, and so by [10, 1.2.2.3] and [20, Proposition 2.5 and (2.6)] Z[M| —
Z[R.] — Z[N] is a cofibration - trivial fibration in the category of simplicial rings.

The maps «, are injective and split since if R,, = M ®NY» and F,, = Al Xy, Yo,
then they are induced by the canonical injections

ir, )z Ozir,) B = B — B = Qp 14 ©F, B.
So we have a distinguished triangle
)z @z W = (Qpa@r W)@ (RE/MP @z W) — Qpp)jamn @FW —
that is
Lzinzpn®@zmW — (Lpa®@sW)S(RP /MP@,W) — L nyjam@BW — .

It remains to compute H,(W ®z R /M) and H*(Homy(REP /M W)).
We have an exact sequence, split in each degree

0 —> M= — REP —5 REP/M[EP (),

We also have H,,(M#) = 0 for n > 0 and Ho(M®P) = MS®P, since M*P, as a
complex, is concentrated in degree 0, and also H,,(R®) = H,(N®) = 0forn > 0
and Ho(R®P) = Hy(N®&) = N&P by [19, Appendix A: Theorem A.5 and Remark
A.6]. So we have H,, (R /M) = 0 for n > 2 and an exact sequence

0 —> Hy(R® /M) — M® — N® s Hy(R®/M®) — 0.

Therefore we obtain H;(ReP /M) = ker(M®& — NEP) and Ho(RP/MSP) =
NE& /Im(Me — NEP).
The result now follows from the universal coefficient exact sequences
0 — W ®z H,(R®/M*®) — H, (W @z R /M) —
— TorZ(W, H,,_1(R® /M®)) — 0

and

0 — Ext}(H,_1 (R /M), W) — H"(Homgz (R /M W)) —
— Homg (H,,(R& /M), W) — 0.

Finally, the exact sequence 0 — M®& — RSP — RSP /MEP — () and the fact that
R#P is quasi-isomorphic to NP gives the desired triangle

M s N _y REP/\[P
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Proposition 4.4. Let (A, M) — (B, N) be a homomorphism essentially of finite type
of Noetherian prelog rings (see Definition 2.4), let C be a Noetherian B-algebra and
let W be a C-module of finite type. Then the modules Hy,((A, M), (B, N),W) and
H"((A,M), (B, N),W) are C-modules of finite type.

Proof. This proposition is a consequence of its analogue result for André-Quillen
(co)homology [2, Proposition 4.55] and Theorem 4.3. O

Proposition 4.5. Let n > 0 be an integer. In the situation of Proposition 4.4, the
following are equivalent:

(i) Ho((A,M),(B,N),W) =0 for all C-modules W,

(ii) H"((A, M), (B, N),W) = 0 for all C-modules W,
(iii) Hy((A, M), (B, N),C/n) = 0 for all maximal ideals n of C,
(iv) H"((A, M), (B, N),C/n) = 0 for all maximal ideals n of C.

Proof. Similar to that of [2, Proposition 4.57]. (]

Proposition 4.6. Let (A, M) — (B, N) be a homomorphism of prelog rings and let
W be a B-module. Then

(i) Ho((A,M),(B,N),W) = Qg nyjam @5 W.
(ii) H((A, M), (B,N),W) = Dex(4 a1y (B, N), B).
Moreover; if A — B and M — N are surjective, then
(iii) Hi((A, M),(B,N),W) = Ng nya @5 W.
(iv) H'((A, M), (B, N),W) = Homp (N5 n)|(a,a1): W)-

Proof. (1) We have Ho(Z[M], Z[N], W) = QZ[NHZ[M]@Z[N]W and Ho(A, B, W) =
Qg4 ®p N by [2, Proposition 6.3]. Therefore the result follows from Theorem 4.3
and the definition of the logarithmic module of differentials.

(iii) By [2, propositions 6.1 and 6.3], we know that Hy(Z[M],Z[N],W) = 0,
H\(Z[M],Z[N],W) = W &g J/J* where J = ker(Z[M] — Z[N]) and also
that Hy(A, B,M) = W ® I/I? where I = ker(A — B). With the notation of
Theorem 4.3, Hy (X @z W) = W @z ker(M# — N&). So again we obtain the
isomorphism by definition of the conormal module.

(i1) and (iv) are similar. ]
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Proposition 4.7. Let (A, M) be a prelog ring and (B, N) a free (A, M)-prelog
algebra (Example 3.16.(i)). Then

H,((A,M),(B,N),W)=0=H"((A,M),(B,N),W)
for all n > 0 and all B-modules W

Proof. (A,M) — (B,N) — (B, N) is a cofibration - trivial fibration. O

Proposition 4.8 (Base Change). Let (A, M) — (B,N) and (A, M) — (C, P) be
homomorphisms of prelog rings, let (D, Q) = (B ®4 C, N @y P), and let W be a
B ® 4 C-module. Assume that the following conditions hold:

(i) Tor(B,C) = 0 forall i > 0.

(i) Tor”™(Z[N),Z[P)) = 0 for all i > 0.

(iii) The canonical homomorphism M8 — N8P @ PSP is injective (e.g. when
M8 — N8 or M8P — PSP is injective).

Then the canonical homomorphisms
Hn((Av M)’ (B7 N)v W) N Hn((C, P)? (D’ Q)) W)?
H"((C,P),(D,Q),W) — H"((A,M),(B,N),W)
are isomorphisms for all n > 0.

Proof. The canonical homomorphisms

H,(Z[M],ZIN],W
H™(Z[P], Z|Ql, W

~— — ~— —

are isomorphisms for all n > 0 by [2, Proposition 4.54].
Since (—)#P is left adjoint, we have a pushout

Mep Y% o P

pe W QeP
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Since u & j: M& — N&P ¢ PP is injective, we have isomorphisms of Abelian
groups

ker(u) = ker(w),
coker(u) = coker(w).
The result then follows from the fundamental exact sequences (Theorem 4.3). ]

Proposition 4.9 (Jacobi-Zariski exact sequence). Let (A, M) — (B,N) — (C, L)
be homomorphisms of prelog rings and W a C-module. There exist natural exact
sequences

= H,1((A,M),(B,N),W) — — Hy((B,N),(C,L),W) = 0
and
0 — HY(B,N),(C,L),W) — — H"‘l((A,M’),(C,L),W) —

— H™((B,N),(C,L),W) — H"((A,M),(C,L),W) — H"((A,M),(B,N),W) — ---.

Proof. See [19, Theorem 8.18]. ]

Proposition 4.10 (Localization). Let (A, M) — (B, N) be a homomorphism of
prelog rings W a B-module. Let S C N, T C (B,-) be submonoids such that
a(S) C T where a: N — B is the structural homomorphism of (B, N). Then, for
alln > 0:

(i) H,((B,N),(T-'B,S™'N), T-'W) =0,
H"((B,N),(T7'B,S™'N),T~'W) = 0.

(ii) H,((A,M),(B,N), T~*W) = H,((A, M), (T~'B,S7IN), T~'W),
H"((A,M),(B,N), T~'W) = H"((A, M), (T 1B,S IN), T=1W).

(iii) Hy((A,M),(B,N), T7'W) =T~ H,((A,M),(B,N),W).

Proof. (i) It follows from Base Change (Proposition 4.8) applied to the pushout

(B,N) —— (T"'B,S"N)

(I'B,S7IN) —— (T7'B,S7!N)
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(ii) It follows from (i) and the Jacobi-Zariski exact sequence (Proposition 4.9).
(iii) Property (iii) follows from the universal coefficient spectral sequence

Eziq = Torf(Hq(L(Bw)KA,M) ®@p W), T™'B)

= Tor)) (Hy((A,M),(B,N),W),T"'B) = H,((A,M),(B,N),T~'W).
O

The following two results will not be used in the sequel. We include them for
possible future references.

Proposition 4.11. Let (R, Q) — (A, M), (A,M) — (B,N), (A, M) — (C, P) be
homomorphisms of prelog rings, D = B®4 C and L = N ®,; P. Assume that the
following conditions (the same that we considered in Proposition 4.8) hold:

(i) Tor!(B,C) = 0 forall i > 0,
(i) Tor”™(Z[N},Z[P)) = 0for all i >0,

(iii) The canonical homomorphism M —s NE& @ P8 is injective (e.g. when
MS8P — N8P or MSP — PSP is injective).

Then, for any D-module W we have a natural exact sequence

T Hn((Ra Q)7 (A’ M),W) - Hrb((Ra Q)a (B7N)’W) D Hn((RvQ)v (C7 P),W) -
— Hn((R7Q)7 (D>L)7W) — anl((RaQ)v (A7M>7W) —
<= Ho((R,Q), (D, L), W) — 0.

Proof. Applying the Jacobi-Zariski exact sequence to the rows of the commutative
diagram

(R, Q) —— (A, M) ——— (B, N)

(R,Q) — (C,P) —— (D, L)

and noting that the right square satisfies the hypotheses of Proposition 4.8, we obtain
the result as in [2, Proposition 5.22]. O]

Similarly, we also have an analogue to [2, Proposition 5.21]:
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Proposition 4.12. Let (A, M) — (B,N), (A, M) — (C, P) be homomorphisms of
prelog rings, D = B®4 C and L = N @)y P. Consider also a homomorphism of
prelog rings (D, L) — (R, Q). Assume that the conditions of Proposition 4.8 hold
again, as in the previous proposition. Then, for any R-module W we have a natural
exact sequence
— Hn((D7 L)a (RvQ)v W) — anl((Aa M)a (R7 Q)7 W) —
= Ho((D, L), (R,Q), W) — 0.

Remark 4.13. Let H 5 X 5 N be homomorphisms of simplicial monoids with
H, N constants, H a group and p: injective. We suppose that p is a trivial fibration
in the category of the simplicial monoids. Since N is a Kan complex (because it is
constant) and p is a fibration, X is a Kan complex too (the composition of fibrations
is a fibration). We consider the induced actions of H in X and in N and also the
quotients X/H, N/H. We will assume that H acts freely on X. Then X > X/H
is a fibration [17, Lemma 18.2] with fibre H, and then for any basepoint we have an
exact sequence

oo (H) = (X)) = mp(X/H) = mp1(H) = -+ — mo(X/H) — 1.

We have 7, (H) = m,(X) = 1 for all n > 0, and so we obtain 7, (X/H) =1
for all n > 1 and an exact sequence

1 — m(X/H) — mo(H) — mo(X) — mo(X/H) — 1
which takes the form
1 — m(X/H) — H 2S5 N — 70(X/H) — 1.
Therefore we deduce

N/H  ifn=0,
1 ifn > 0.

mn(X/H) = {
That is, X/H — N/H is a weak equivalence, and therefore by [10, 1.2.2.3]
Z[X/H]| — Z|N/H] is a weak equivalence.
Lemma 4.14. Let H be an Abelian group and W a Z[H)-module. Then

H,(Z,Z[H],W) = TorZ(H, W),
H™(Z,Z[H],W) = ExtZ(H, W)

forall n > 0. In particular, these modules vanish for all n > 2.
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Proof. Let X — H be a simplicial resolution of the Z-module H, thatis, X — H
is surjective, X is a free simplicial Z-module with 7, (X) = m,(H) for all n. Then
Z[X] is a free simplicial Z-algebra, Z[X] — Z[H] is surjective and a weak equiva-
lence by [10, 1.2.2.3]. So Z — Z[X]| — Z[H] is a free cofibration - trivial fibration
factorization of simplicial rings [20, Proposition 2.5]. Therefore H,,(Z, Z[H],W) =
Hy(Qz1x)1z ®z1x) W), and similarly for cohomology.

So it suffices to show that Qzxyz = X ®z Z[X]. Each X, is a free Z-module.
Since €2, ® and Z[—] commute with colimits, we can assume that X, is a free Z-
module of finite rank and by Kiinneth formula for the module of differentials [2,
Lemme 1.14] we can assume X,, = Z:

Qzim o)1z = Q2ziH)0,2|H)|Z
= Qzm,)z ©z Z[H2] © Z[H1] @z Q11,12
= H| ®z Z[H1] ®z Z|Hs| ® Z[H1] ®7z Ha ®7 Z]H>)]
= (H1 © H2) ®z (Z[H1] ®z Z[Ha])
= (H) & Ha) ®z Z[H; & Hj).

So we only have to prove Qumz = H ®z Z[H]| when H = Z. We have
Z|H] =Z[t, 1] = S7'Z[t] with § = {1,¢,¢%,...}. Then
QZ[H”Z = Silgz[t”Z - S_lz[t] 5= Z ®Z S_lz[t]
= H @z Z[H). O

Remark 4.15. Now we will give here a more explicit proof of Lemma 4.14 that can
be useful for similar computations to those made in the proofs of some results in
Chapter 6.

For the case n = 0 we have to show that Q)7 = H ®7 Z[H|. If H = C; is
a finite cyclic group (of order r), then Z[H] = Z[z]/(z" — 1) and the result follows
from an immediate computation. If H = Z is an infinite cyclic group, Z[H] =
Zlx,1/x] = S~VZ[z], where S = {1,z,22,...}, and then Q)7 = S~ Q)12 =
S~1Z[z) = Z ®z S~'Z[z] = H ®z Z[H).

If Hy and Hj are two groups such that Q7 = H; ®z Z[H;] for i = 1,2,
then by the Kiinneth formula for the module of differentials [2, Lemme 1.14] and
Remark 1.27 we have

Qzim o)z = QziH9.Z1Hs)|Z
= Qg2 ®z Z[H2] & Z[H1] ®z Uz,
= H, ®y Z[H1| ®z Z[H>) ® Z[H1] @7 He &7 Z[Ho)
= (H1 ® Hy) ®z (Z[H1] ®z Z[H>))
= (H1 ® Hy) ®z Z[H, & Hy).
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So the result holds for Abelian groups of finite type.
Finally write H = hg H; with H; Abelian groups of finite type. Then

QZ[HHZ—QZIEHHZ—QI_@Z |Z—1g092
=l Z{H]) = lny H, @2 iy 2]
= H ®z Z[H],

given that Z[—], being a left adjoint, commutes with colimits.

Now consider the case n > 2. If H is cyclic, Z[H] = Z[z|/(z" — 1) or Z[H] =
Z[z,1/x], and in both cases it is clear that H,,(Z,Z[H],W) = 0 foralln > 0
(it follows for instance from [2, Théoréme 6.19] and [2, Corollaire 5.27]). Since
Z[H, ® Hy] = Z[H,] ®z Z[Hy], the result also holds for finitely generated Abelian
groups by [2, Corollaire 5.23], and since Z[—] preserves direct limits, the result in
general follows from [2, Proposition 3.35].

For the case n = 1. Let H = C, be a finite cyclic group, so that Z[H] =
Z[x]/(z" — 1). The the Jacobi-Zariski exact sequence associated to

Z — Zlx) — Zlx]/(z" = 1)
can be written as
0 — Hi(Z,Z[H],W) — (2" — 1) Qg W = Zz] Qg W =W — -+~ ,

where the map J sends (2" — 1) ® w to rw. On the other hand, the exact sequence of
Abelian groups 0 — rZ — Z — H — 0 induces an exact sequence

0 — Tot2(H,W) — tZ &z W 2 W — -
where ¢'(r ® w) = rw. The isomorphism
rZ @z W =12 ®7 Zlz] @z W = rZ[z] Rz W — (2" — 1) @z W,
sending r ® w into (2" — 1) ® w satisfies dp = &’ and so gives
H(Z,Z[H],W) = Tor?(H, W).
For H = 7 the infinite cyclic group, H,(Z,Z[H],W) = 0 = Tork(H, W).

Using again that Z[—] and Tor preserve coproducts and filtered colimits, the result
follows from [2, Lemme 3.35].
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Lemma 4.16. Let (A, H) — (B, G) be a homomorphism of prelog rings, where H
and G are groups. Then H,((A,H), (B,G),W) = H, (A, B,W) forall n > 0 and
all B-modules W, and similarly for cohomology.

Proof. We have a Jacobi-Zariski exact sequence
H,1((B,H),(B,G),W)— H,((A,H),(B,H),W)

— H,((A, H), (B, G), W) — H.((B,H),(B,G),W) — ---
H, (A

),
Since H,((A,H),(B,H),W) = ,B,W) for all n > 0 by Example 4.2,
it suffices to show that H,,((B, H), (B, G),W) = 0 for all n > 0. From the Jacobi-
Zariski sequence associated to (B, {1}) — (B, H) — (B, G), we see that it suffices
to show that H,,((B,{1}),(B,H),W) =0 for any group H and all n > 0.
Since H,,(B,B,W) = 0 for all n > 0, the fundamental exact sequence gives
isomorphisms

H,((B,{1}), (B, H),W) = H, 1(Z,Z[H],W) = 0
for n > 3 by Lemma 4.14.(ii) and an exact sequence
0  — Hy((B,{1}),(B,H),W) —
— H\(Z,Z[H),W) 2% Tor’ (W, H) —s Hy((B,{1}), (B, H),W) —
— Ho(Z,ZIH|,W) =% Wz H — Ho((B,{1}), (B, H),W) —s 0.

Furthermore, since x; and kg are isomorphisms by Lemma 4.14 we deduce also
H;((B,{1}),(B,H),W)=0fori=0,1,2. O

Proposition 4.17. [19, Theorem 8.20] Let (A, M) — (B, N) be a homomorphism
of prelog rings with M and N integral monoids and W a B-module. Then, for all
n > 2, we have

(i) Ha((A, M), (B,N),W) = Hy((A, M), (B,N)", W)

H,((A, M)g (B, N)lg W),

(i) H"((A,M),(B,N),W) = H"((A,M),(B,N)", W)
((A, prles

— H" ( 4 (B,N)IOg,W).

Proof. We will prove (i). By the Jacobi-Zariski exact sequences, it suffices to show
that for a prelog ring (A, M) with M integral, H,((A, M), (A, M)"°¢ W) = 0 for
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any A-module W for all n > 0. Let a.: M — A be the structural map. Consider the
diagram of pushouts

(A, a1 (A%) — (A, a~ (A)®) — (A, 0" 1(A*)®/ kerv) —— (A, A¥)

(A M) ———— (A, M) ———— (A, My) ———— (A, M'°®)

where v: a~!(A*)® — A* is the canonical map. Applying base change (Proposi-
tion 4.8) to the pushout

(4,071 (A%) —— (4,07 }(47)%)

(A, M) —— (A, M)

(since Tor%[a_l(A*)] (Z[M),Z]a~1(A*)&]) = 0 for n > 0 because, as we know,
Zla~(A*)] — Z]a~!(A*)®] being a localization is flat), we obtain

Hy((A, M), (A, M1), W) = Ha((A, a7 (A")), (A, a7 (A7), W)
=0

where this last module vanishes by Proposition 4.10.(ii).
Now consider to the pushout

(A, a 1 (A*)®) —— (A, a1 (A*)® [ kerv)

(A7 Ml) (A7 MQ)

since M is integral, the map o~ 1(A*)& — M is injective, being a localization of
the injective map a~!(A*) — M. In particular, ker(v) — M is injective. If we take
a cofibration - trivial fibration factorization

a N AT — X — M,
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in the category of simplicial monoids with X,, = o~ (A})®@NXn a free o~ (A*)2P-
monoid, then the action of ker(v) on X is free, since a~!(A*)# is a group. Therefore
from [10, 1.2.2.3] and Remark 4.13:

TorZle™ ANz M), Z[a~ (A*)E ) ker(v)]) =
= Hn( [ ] ®Za 1(Ax)ep] Z[@_I(A*)gp/ ker(v)])

= Hn(Z[X/ ker(v)])
=0

forn > 0.
So base change (Proposition 4.8) gives an isomorphism

Hy((A, My), (A, Mz), W) = Hy((A, 0 (A7)), (A, a7 (A")®/ ker(v)), W)
=0

where the last module vanishes by Lemma 4.16 above.
Finally, applying again base change to the pushout

(A, a1 (A*)®/ ker(v)) —— (A, A¥)

(A, My) ——————— (A, M™®)

(since a1 (A*)® / ker(v) — A* is an injective homomorphism of groups, we know
that the homomorphism Z[a ! (A*)/ ker(v)] — Z[A*] is flat) we obtain similarly

H,((A, My), (A, M), W) = H,((A, a ' (A*)® [ ker(v)), (A, A*), W)
=0

which vanishes again by Lemma 4.16.

By the Jacobi-Zariski exact sequence associated to the sequence (A, M) —
(A, My) — (A, Ms), we obtain H,((A, M), (A, Mz),W) = 0, and then by the
Jacobi-Zariski exact sequence associated to (A, M) — (A, My) — (A, M%) we
obtain

H,((A, M), (A, M"°8), W) =0

as desired. O
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4.2 A spectral sequence

Let C — B be a surjective homomorphism of rings. We have a convergent
spectral sequence [20, Theorem 6.8]

Ej = Hy1q(SqLpjc) = Tory.

p+q(BvB)’

which when A — B is a flat homomorphism and C' = B ®4 B takes the form
E} .= Hy(NLpja) = HHp q(B|A)

where HH,.(B|A) = TorfﬁAB (B, B) is the Hochschild homology of the A-algebra
B and S, A9 denote symmetric and exterior powers respectively. We will give here
an analogous spectral sequence for the logarithmic cotangent complex.

Let (C,Q) — (B, N) be a homomorphism of prelog rings such that C' — B and
Q@ — N are surjective. Let (C, Q) — (R, P) — (B, N) be a free cofibration - trivial
fibration factorization with Rp = C'and Py = Q. Let I = ker(m : R ®c B — B),
J = ker(Z[P] ®zq) Z[N] = Z[N]) and T' = ker((P &g N)® — N*P).

Let D(lB7 MICQ) be the simplicial R ® c B-module defined by the pushout

B

U— BzT

1
I'—— D n)co

where U = (R®c B) ®z Pl@y0Z[N] /> B is the homomorphism induced by the map
J — B ®z T of the proof of Proposition 3.1 and the map 7: R @ B — B, and the
homomorphism « is the obvious one.

Proposition 4.18. In this situation, we have an exact sequence
-+ — Hy(U) — Torl) (B, B) & Wy, — Hu(D{p nyc.0) —

— Hy(U) — o — Hi(Dig yyj ) — 0
where
ker(Q$? — N®) @, B ifn=1,
W, = Tor%(ker(Qg” — N¢&P). B) ifn=2,
0 ifl#n+#2.
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Proof. f P = Q ® NY, R = C[X UY], then J is the ideal of Z[P] ®z(q) ZIN] =
Z[N][Y] generated by Y, I is the ideal of R®¢ B = B[X UY] generated by X UY,
and the map « in the diagram is (split) injective. Thus, we have an exact sequence

-+ = Hy(U) = Ho(I)® Hy(B2zT) = Ho(D{p vy c.q) = Ha1(U) = -+ .

Since 0 =+ I -+ R®c B — B — 0is exact and H,(R ®¢ B) = Tor$ (B, B),
we have H,,(I) = TorY (B, B) if n > 0 and Hy(I) = 0 given that Iy = 0. We also
have Jy = 0 and then Hy(U) = 0.

It remains to compute H,, (B ®z T'). Since

P @op N® = PP/ ker(Q® — NP),
we have an exact sequence
0 — T — P®/ker(Q® — N#) — N&® — ( (4.2.1)
From the exact sequence
0 — ker(Q® — N®) — P& — P& /ker(Q® — N®) — 0
we deduce H,, (P /ker(Q® — N¢&P)) = 0 for n > 2 and an exact sequence
0 — Hy (P /ker(Q® — N*¥)) —»
— ker(Q® — N#) — N — Hy(P®/ker(Q® — N*¥)) — 0
showing that
Hy (ng/ ker(Q® — ng)) = ker(Q® — N#P)
HO(ng/ ker(Q® — ng)) = N#,

Then, from the exact sequence (4.2.1) we obtain H,(T") = 0 for all n > 2,
H\(T) = ker(Q#® — N¢P) and an exact sequence

0 — Ho(T) — N® — N& — 0

showing that Hy(T") = 0.
We deduce

H{(T)®z B =ker(Q® — N®)®, B  ifn=1,
H,(B®zT) = Tor%(ker(Q%® — N%), B) ifn =2,
0 if1#n#2.

O]
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Example 4.19. We are going to see that Hy (D(lB,N)|(C,Q)) is the conormal module
N(B,n)|(c,q) defined in Chapter 3.

Let Z[P] ®@7(q) Z[N] = X — R ®c B be a cofibration - trivial fibration factor-
ization, and consider the derived tensor product

L
U =X QgpleyqzN] J = (R®c B) @z(pi, 7N J-
We have an exact sequence defining Z
0—2—U—U-—0

and Uy = 0 = Uy since Jy = 0. Therefore Zo = 0 and then Hy(U) — Hy(U) is
surjective. So from Proposition 4.18 we have an exact sequence

where a = ker(C' — B).

Let us compute H1(U). By [21, II, Theorem 6] we have a spectral sequence
Z[Q] -
E2,, = Toryor- " GINLEND (TorC(B, B), Hu(J)), = Hpiq(U).
Moreover, from the Tor long exact sequence associated to the exact sequence
0 — H,(J) — TorZNZ[N], Z[N]) — Z[N] — 0,

we obtain

Z[Q]
B2, = Tortey  CINVEND (10:C(B, B), ZIN))

p+1 q

for p > 0 and an exact sequence

TorZ19 (7 N],Z[N
0 — Tor, "~ NI (10:C(B, B), ZIN)), — B3, —

— Tory (B, B) — (Tor{(B,B) ®

forp=0.
Consider now p > 0, then

Z[N]), —0

TorZ19(Z[N],Z|N]) q

Z[Q]
E2o = Toryoy  NEND (1o:0(B B), Z|N))

= TorV(B, Z[N))

=0
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In particular, E%,O = 0 and E%,o = 0. We also have E32,2 = 0, since the spectral
sequence is located in the first quadrant. Therefore Eg,l = E(2),1’ and since Egq =
Eg:l (again because it is a first quadrant spectral sequence), Eg7 = E&l follows
too. Since E%O = 0, we obtain E{y = 0 and then

Hy(0) = B35 = B2, = Torg  GINVZIND
(Tor (B,B)®

= (Tor1 (B,B)®

TorC (B, B), H.(J))
H.(J))
Hy(J))
Hi(J))

1

Tory 9 (2[N),ZIN)) 1

Tory ) (ZN],Z[N))

D (Torg(ﬂ B) ®T0r§[Q] (Z[N),Z[N])

= (a/a® ®z(n] 0) ® (B ®z[x) b/b%)
= B ®zy] b/b
where b = ker(Z[Q] — Z[N]).

So we have an exact sequence
B ®Z[N] b/b2 — Cl/a2 ® <ker(Qgp — ng) ®Z B) — Hl (D%B,N)KC,Q)) —0

where the first map is the sum of the canonical map B @z b/ 62 — a/a? and the
map B @z b/b% — ker(Q® — N&) ®z B of Proposition 3.1. By Definition 3.4,
we have then
Hi(D(g nyc.0) = Npyico)
Note that in the case C = B ®4 B, Q@ = N @y N where (A, M) — (B, N) is
a homomorphism of prelog rings we have

1
Hi(D(p.vyc@) = Asviam):
Example 4.20. I[fQ) = N, then J =T = 0 and so D(lB MICQ) is the pushout

0
1
showing that H, (D} (B, N)|(CQ)) = Tor¥(B,B) for n > 0. In the case where

(A, M) — (B, N) is a homomorphism of prelog rings, with A — B flat and M =

N, taking (C, Q) = (B®a B, N ®p N), we have H,, (D(lByN)‘(aQ)) = HH,,(B|A)
forn > 0.

— 0
_

B,N)|(C,Q)
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Theorem 4.21. We have a first quadrant convergent spectral sequence

2 1
Epq = Hpra(Dinnca)
where Eiq = 0forq =0 and Eg’l =H, (L(B,N)|(C,Q))-

Proof. Consider the pushout

(R ®c B) ®z(p)gyqziN] J LN ®z T

1
I Dig nic

We have already seen that « is split injective, and similarly, the map
(R®c B) @ziplgyqzn) J° — I’

is split injective for all # > 0.
For any i > 2, let D be the image of the composition I° < I — D
Applying the Ker-Coker Lemma to the following diagram for ¢ > 2,

1
(B,N)[(C,Q)

0 — (R®c B) ®ZP|@y; ) ZIN] J? I

| )

B
0 — (R®c B) @zpiayqziv ) — 18 (BRzT) —

— I'/(R®c B) ®zipjgyqziv) I — 0

4.2.2)

/8 ~

1
» Dy — 0

(where the vertical morphism to the left is the obvious one, the one in the middle is
the inclusion I* — I and the zero morphism on B ®7z T, and the square to the left
is commutative since ¢ > 2 and the homomorphism J? — B ®z T is zero) we obtain
an exact sequence

(R®c B) @zipayqzy) J/J" = 11" ® (B2 T) = Dig nyc)/ D’ = 0,
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which we can reconsider as a pushout:
(R ®c B) ®zpjoyqzn) J/J ———— Bz T

(4.2.3)

1 1 7
11 Dip nycq)/P

From the commutative diagram (4.2.2) we deduce that ker (1* — D(lB N)|(© Q)) =

ker(Ba) = I' N (R ®@¢ B) ®2(Pl©210ZIN] J), obtaining an exact sequence (by
definition of D*
0— I'n ((R®c B) ®z[Pleygzi] ) — I' — D' — 0. (4.2.4)

Applying the Ker-Coker Lemma to the diagram of exact sequences for 1 < j < 4,

0 —— I'n ((R®c B) ®2[P|@ 10 ZIN] J) 5 I = T > 0
0 —— "N ((R®c B) ®2[P)® 30/ ZIN] J) I DJ > 0

we obtain an exact sequence

n ((R e} B) ®Z[P]®Z[Q]Z[N] J)

— — — I)I'" — DI/D' — 0
I'n (R &c B) ®zipigyqziv )

From the exact sequence (4.2.4) we obtain

D'=TI'/(I"'n ((R®c B) ®Z|Pl®7;gZIN] 7))
I'+ ((R®c B) @ziplg,qziN] J)
((R e B) ®Z[P}®Z[Q]Z[N} J)

which is the ideal I of (R ®c B)/((R ®c B) QzPloyozn] J) = BIX] where
I is the ideal of the simplicial ring B[X] generated by the variables X. Therefore

the hypotheses of [20, Theorem 8.8] are verified (since ¢ — B and P — N are
surjective) and we obtain H,,(D*) = H,,(I*) = 0 for all i > n.
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We obtain a convergent spectral sequence [4, XV, Proposition 4.1]

B}, = Hpq(D?/D™Y) = Hyiy(Dip nyc.0))

It remains to show that D'/D? = Lp n)|(c,q)- If we consider R ®¢ R as R-
module via 7(a ® b) = a ® br, we have a split exact sequence of R-modules (which
define Ij)

0— 1) —R®cR—R—0.

Applying — ®pr B, we obtain an split exact sequence
0—I)®rB—R®:B—B—0

which proves that Iy ®p B = 1.
Similarly, considering the ideal Jo = ker(Z[P] ®zq| Z[P] — Z[P]), we obtain
Jo ®z[p) Z|N] = J. Therefore
I'/I' = (Io ®r B)'/(Io ®r B)"™' = Iy ®@p B/I§™ ®r B = I;/I;" ®r B
and similarly Q W
J' )T = J3 /Iy @gip) ZIN].
Then the pushout (4.2.3) for 7 = 2 takes the form

(R ®c B) ®z(P)gy 2N (Jo/ J§ ©zpp) ZIN]) — Y BT

B®RI()/I§ D!

.3/ D’

Since the homomorphisms A and y are factored by the surjective homomorphism
(R®c B)®z(plsyq 21N (Jo/ T3 @aipZIN) = BRzipie, gz (Jo/JG ®zip) Z[N))

that is obtained by applying — ®z{p|g,,zN] (Jo/J§ ®zp) Z[N]) to the surjective
morphism R ®c B — B, we obtain a pushout

B ®z[p)gyqZIN] (Jo/JE ®z(p) ZIN]) ——— Bz T

B@Rfo/fg D1

5.3/ D?
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and additionally, since

B ®z(p|gyqzin] (Jo/J§ @zip) ZIN]) = B ©z/n) ZIN] @gpjgypzip) Jo/Jo
= B @y Jo/J§

(because the Z[P] ®zq) Z[P)-module Jy/.J§ is already a Z[N]-module), we obtain
a pushout

B®Z[N] (Jo/Jg) —_—> B®ZT

B®rIo/I§ —— D{g nyc.0)/D?

Finally, we deduce T' = ker (P / ker(Q& — N&) — N&) = P /QEP given
that P§* = Q#P. Thus, the previous pushout gives us L(B,n)|(c,@) by definition. [

4.3 A complex to compute /5

Now we will adapt the definition of [15] to compute Ha((A, M), (B, N),—).

Let (A,M) — (B, N) be a homomorphism of prelog rings. Let (4, M) —
(R,Py) — (B, N) be a factorization with R — B and h: Py, — N surjective
homomorphisms, where Py = M & NX (with h extending M — N)and R =
Z[Py] @z A[Y] = A[X U Y] (with R — B extending A — B).

We consider Wy = ker(P5? — N), J = ker(Z[P)] — Z[N]) and I =
ker(R — B). Let

0—V-—G-">J—0

be an exact sequence of Z[Py|-modules with G a free Z-module,
0—U-—F-51T-—0

and exact sequence of R-modules with [ a free R-module containing R ®7p,) G as

a direct summand and 7 extending G = .J — I, and
0— W — Q1 — Wy —0

an exact sequence of Z-modules with ()1 a free Z-module.
Let Uy = {7(z)y — 7(y)x € U | z,y € F}, which is an R-module, and
Vo = {r(x)y — n(y)r € V | z,y € G} which is a Z[Fp]-submodule of V.
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Consider the following commutative diagram of R-modules

B @zin V/IVo b B @z Wy

\dz/‘ Q‘
B XZ[Py] G=B ®z[N] G/JG L B ®7 Q1
(e D] \dl) \Dl

B
B ®y1py) Qappyjjziv) ———— B ®z P§F /M
o 43.1)
U/U,
\52) o
F/IF
\51)
B ®r QR4

where the homomorphisms are defined as follows:

* {9, dg and Dy are induced by the inclusions U — F, V — G and W} — @
respectively.

s &y is the composition F/IF — I/I?> = B®g QR|a, where the first map is the
one induced by 7 and the second one by the canonical derivation R — (g 4.
The map d; is analogously defined while D; is induced by the composition
Q1 — Wy — Ps® — PP /MEP.

* The homomorphism /3 is the one of Definition 3.9: 8y(1 ® dp) := h(p) @ p.
* The exact sequences
0—V—>G—J—0,
00— W, — Q1 — Wy —0

give a diagram of homomorphisms of Z[N]-modules

VIV —— GJJG ———— JJJ? ——— 0
Up

0 — Z[N] Rz Wi — Z[N] X7, Ql — Z[N] Rz Wy — 0
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where vy, which is defined by

Ap —p) — () @ p(p')

(where h(p) = h(p’)), is the map of Definition 3.1 (see Remark 3.2). Since
G/JG = G ®z(p, Z[N] is a projective Z|N]-module, we have a commutative
diagram

f

ViV — GG J)J ——5 0
By B Un
0 — Z[N] @z Wy —1 Z[N] ®z Q1 — Z[N] @z Wo — 0

We define 1 = B ®gzn) 81 Since Vo C JG, f(Vo/JV) = 0 and then
B5(Vo/JV) = 0 by the injectivity of g. So 3, gives a map 35: V/Vp —
Z[N] ®z Wi and we define 8y = B ®z(n Bo-

* Finally, g, a1, aig are the obvious maps.

The commutativity of the square (i.e. D131 = Body) follows from the commutativity
of the squares

G/IG —— 5 J)J?
61 Uh

Z[N]| ®z Q1 —— Z[N] ®z Wy
and
J/J? ————— Z[N]| ®z(p) Qzipo)zinN]

Uh

Z|N] ®z Wy ——— Z[N] ®z P§? /M
The commutativity of the remaining squares is clear.

Definition 4.22. We define the complex (LS g ny|(a,m))i» for i = 0,1,2, as the
complex given by the pushout of (a, B2), (a1, 1) and (a, Bo) of diagram (4.3.1).
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Proposition 4.23. In this context, we consider the complex
K= (Tez W) 25T oyQ1 25 T oy PY /M%)
for any Z-module T. Then:
(i) Hy(K) = Tor} (T, ker(M — N&P))
(ii) We have an exact sequence
0 — T ®z ker(M® — N®) — H;(K) — Tor?(T, N¥ / Im(M*% — N*%)) — 0.
(iii) Hy(K) =T ®z N /Im(M8 — N&P)

Proof. We have Ho(K) = ker(B ®z Wi — B ®z Q1). Applying B ®7 — to the
exact sequence of Z-modules

0—W — Q1 —Wy—0
we obtain an exact sequence
0 = Tor?(B, Q1) — Tork(B,Wy) = Bz Wi — B®7Q, — B®z Wy — 0

and then Hy(K) = TorZ(B, Wy).
Consider the diagram of exact rows and columns defining the lower row

0 0 0

0 — ker(Me — N&) — 5 M — 5 Tm(Me — N&) —— 0

0 —— Wy ——— PP = M®Pa7X Nep 0
0 — Wy/ker(M8& — N&P) 7x N /Im(M®& — N&) — (
0 0 0

(4.3.2)
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Since the lower row is exact,
Tor? (B, Wo/ ker(M® — N¥)) = Tor?,, (B, N®/Im(M*® — N*P))

and this last module vanishes for ¢ + 1 > 2 given that Z is a principal ideal
domain. So, from the left column we deduce then Tor? (B, ker(M® — NeP)) =
Tor? (B, Wy), that is,

Hy(K) = Tor?(B, W) = Tory (B, ker(M® — N&)).

Consider now the diagram

P

0 — Wo/ker(M® — N®) - 7ZX — N&/Im(M — N&) - 0

i
<

We have exact sequences
0= o~ (ker(ME — N®)) = Q) — Z% — N/ Im(M— N®¥) -0, (4.3.3)
since ker(0) = ¢! (ker(Me — N#P)), and

0 — Wi — ¢ !(ker(M& — N®)) — ker(M& — N&) — 0.
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Therefore we have a vertical exact sequence of (horizontal) complexes

0 0 0 0

\, || |

y ZX | — N2 /Im(M — NeP)

~L(ker(ME — NeP)) y Q1 7ZX | — NP /Im(ME — NeP)

=
NS

~

~ <+ <+ ~
ker(ME — NeP) , 0 , 0 0
~ ~ JL ~
0 0 0 0

Applying B ®z — we obtain a diagram of (horizontal) complexes

E: By W, —————— B®7Q1 — B®7,7ZX

E: By L(ker(M® = N®)) — By Q1 — B®zZX

4.3.4)

~

E": B ®y ker(M& — N&P)

0

where the columns correspond to degrees 2, 1 and O respectively (from left to right).
We have
H,(E) = Tor (B N&/Im(M?® — ng))
for n = 0,1 by the exactness of (4.3.3), and the fact that (); and 7ZX are free Z-
modules.
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On the other hand,

Ext},(Wo/ ker(M& — N&) ! (ker(M& — N&))) =
= Ext},(N®/Tm(ME — N&) o~ (ker(ME — NEP)))
=0

by the lower row of (4.3.2), and then the exact sequence
0 — ¢ L(ker(M® — N®)) — Q; I Wo/Im(ME — N&) — 0
is split. Therefore
0 — B®z ¢ ' (ker(M® — N®)) — B @z Q1

is injective and then Ha(E) = 0.
Consider the left column of (4.3.4) and let

A :=ker [B ®z ¢! (ker(M® — N¥)) — B @y ker(ME — N)]
=1Im [B®z Wi — B®z ¢~ (ker(M® — N=))]
=Im(B®z W1 — B®yz Q1).

We have a vertical exact sequence of (horizontal) complexes

0 0 0
E': A y BRy Q1 — B®g 7%

E: B®g o t(ker(M® — N®)) — B®; Q1 — B®yZX

|

E":  B®gker(M& — Ne) 0 0




4.3 A complex to compute Ho 57

and taking the homology exact sequence

0= Hy(E) — Hy(E") = B ®z ker(M® — N®) — H,(E') = H(E') —
— Hi(E) = Tor’(B, N® / Im(M® — N&)) — H,(E") =0
we obtain the desired exact sequence
0 — B ®y ker(M® — N®) — H(K) — Tor’(B, N/ Im(M — N)) — 0.
Finally, it is clear that Hy(K) = Ho(F) = B ®z N#/Im(M®e — N¢&P). [
Let LSz nyjz(ar) be the complex of Z[N]-modules
V/Vo — G/JG — LIN| @gr) Qzipy)jzim),

LSp|4 the complex
U/Uy — F/IF —>B®RQR|A

and D the complex
Wy — Q1 —> P§?/M*®P,

By [15], for any B-module T', H.(LSznzia @73 T') and H. (LS|4 ®5T) do not
depend on the choices, and similarly H,(D ®gz T') by Proposition 4.23.
By definition, we have a commutative diagram of complexes

B @zn) LSz Njzm) — % BesD

LSpia — LS(B,ny|(A,M)

which is a pushout in each degree, and so coker(«;) = coker(g;).
So we have a commutative diagram of complexes for any B-module 7'

0 — T®Z[N] LSZ[NHZ[M} M) T®g LSB|A Em— COker(T@a) — 0

T®A T®~y

0 — T®zD % T®p LS(B,N)|(A,M) — coker(T@s) — 0
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Since aq, o are split injective, so are €1, £g, and then both lines are exact except that
T ®zin) (LSzivyzim))2 = T @ziv) V/Vo — T @p U/Up = T @p (LSp|a)2

and
T ®z Dy =T @z W1 — T ®p (LS(B,n)|(4,M))2

are not necessarily injective. We deduce a commutative diagram of exact rows

Hy(T ®@zin) LSzinyziv) —— Ho(T @B LSpja) —— Ha(coker(T ® o)) —

HQ(T X7z, D) _— HQ(T &B LS(B,N)|(A,M)) — HQ(COkGI(T@&)) —

— H(T ®7Z[N)] LSZ[NHZ[M]) — -+ — Hy(coker(T @ o)) — 0

— Hi(T®z D) —— -+ — Hy(coker(T' ®¢)) — 0

By diagram chasing, we deduce an exact sequence
Hy (T ®zi3) LSzwzin)) + Ho(T @B LSpja) © Ho(T ®7 D) + Hao(T ®@p LS N (4,0)) +
+ Hi(T @z;n LSzivyjza) = + Ho(T ®p LS(B,n)|(4,0)) + O

(if ¥ € Ho(T ®p LSp|a) and y € Hy(T ®z D) are such that their images in
Hy(T ®p LS(p,n)|(a,nm)) are equal, then x € T'®@p U/Uj is such that §2(z) = 0,
y € B ®z W is such that Da(y) = 0, and y(z) = e(y). Therefore there exists
z € T ®gy) V/Vp such that az(z) = x and B2(2) = y. Moreover, da(z) = 0
given that a1da(z) = daaa(z) = d2(z) = 0 and o is injective, and hence z €
Hy(T @7 LSzn))zja)- This proves exactness at Ho (T ®pLSp|4) © Ha (T ®7D).
Exactness at the remaining points are clear).

By [2, Proposition 15.12] and Proposition 4.23, this exact sequence takes the
form

Hy(Z[M],ZIN],T) — Hz(A,B,T) ® Ha(T @z D) - Ha(T ®@p LS nyj(am) —
— H\(Z[M],Z[N],T) - H\(A,B,T) & Hi(T @z D) = Hi(T ®p LS(5 n)|(a,0r)) —~

— Ho(Z[M],ZIN],T) = Ho(A,B,T) ® Ho(T ®z D) — Ho(T @5 LS(g nyjam) = 0



4.3 A complex to compute Ho 59

where
o Hy(D ®z, W) = Tor? (T, ker(Me — N)),

* Hi(D ®yz W) appears in an exact sequence

0 - T ®z ker(ME — N#) - Hy (D @z W) - Tor{ (T, coker(Me — N#)) - 0,

. Ho(D K7, W) =T ®y coker(Mgp — ng).

Let (A, M) = (F,R) N (B,N) be a factorization in the category of
simplicial prelog rings with ¢ a free cofibration and v a trivial fibration. We have
a commutative diagram of complexes

T ®zr) Qz(r)z[M] — T ®z RSP /M

N o

T ®zn) LSzvyizia » T'®z D

~ ~

T ®F Qpja > T'®p L n|a,m)

T ®pLSpja T ®p LS(B,n)|(A,M)

inducing a morphism from the exact sequence of Theorem 4.3 into the above
exact sequence, and giving isomorphisms in two of each three terms by [2, Proposi-
tion 15.12]. Therefore, the remaining homomorphisms

Hi(T ®@p Lp,nyam) — Hi(T @5 LS n)jam)),  fori=0,1,2,

are also isomorphisms.






Chapter 5
Smoothness

This chapter is devoted to characterize log formal smoothness by the vanishing
of cohomology. First we characterize the elements of H ' as extensions. This is made
in [19] and outlined in [12], but we include here a proof since in [19] (see also [23]) it
is assumed integrity and in [12] there is no explicit reference to cohomology. Charac-
terization of log smoothness by the vanishing of H' is then deduced: theorems 5.14
and 5.15 describe the situation. Finally we give a few examples where this character-
ization is useful.

5.1 Extensions

Definition 5.1. [12,18] Let (A, M) — (B, N) be a homomorphism of prelog rings
where (B, N) is a log ring. An (A, M)-extension of (B, N) by I is a strict homo-
morphism of log rings 7: (C, P) — (B, N) such that *: C — B is surjective with
kernel I, verifying I* = 0 (1°: P — N is then surjective) and the subgroup 1 + I of
C* acts freely on P.

Remark 5.2. Let 7 : (C,P) — (B, N) be a homomorphism of log rings with
8. C — B surjective and kernel I. If P is integral, then C* (and so 1 + I acts
freely on P.

Proposition 5.3. Let 7 : (C, P) — (B, N) be an (A, M)-extension of (B, N) by I.
Then the map

(1+I)xP — PxyP
(u,p) —> (P, up)
is an isomorphism.

Proof. [12, Exposé 11, Proposition 2.3.(b)] or [18, Proposition 1V.2.1.2.3]. O

Definition 5.4. [12] Let 7 : (C, P) — (B, N) be an (A, M )-extension of (B, N) by
Iand7': (C',P") — (B, N) an (A, M)-extension of (B, N) by I'. A morphism of
extensions is a homomorphism of log rings h : (C, P) — (C', P') verifying 7'h = 7.
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We have then h®(up) = uh®(p) forallu € 1+ I and p € P (the action of 1 + I on
Plisvial+1—1+1T1)
An isomorphism of extensions is a morphism with inverse.

Definition 5.5. Let 7 : (C, P) — (B, N) be an (A, M)-extension of (B, N) by W
and let (B, N') — (B, N) a homomorphism of log rings over (A, M). Then we
have a commutative diagram whose rows are (A, M )-extensions by W

(C XB B/,P XNN/) E— (B/,N/)

(C,P) —— (B,N)

Proposition 5.6. Let 7 : (C,P) — (B,N), 7' : (C',P') — (B,N) be (A, M)-
extensions of (B, M) by I, and let h : (C, P) — (C", P") a morphism of extensions.
Then h is an isomorphism of extensions.

Proof. We will see that h’ is bijective. The result then follows easily. Let p1, ps € P
be such that h’(p1) = h”(ps). Then 7°(p1) = 7°(p2) and so (p1, p2) € P xn P. By
Proposition 5.3, there exists u € 1+ I such that py = up;. Since h°(p1) = h’(p2) =
hb(upl) = uh’ (p1) and 1 + I acts freely on P, we deduce v = 1 and so p2 = p;.
This proves injectivity. Now let p’ € P’. Let p € P such that 7°(p) = 7"°(p'), and
let p” = h’(p). We have (p/,p”) € P’ xy P’ and then by Proposition 5.3 there
exists u € 1 + I such that p’ = up”. Then h®(up) = uh’(p) = up” = p' proving
surjectivity. O

Definition 5.7. Let (A, M) — (B, N) be a homomorphism of prelog rings with
(B, N) alog ring and let W be a B-module. We define the trivial (A, M )-extension
of (B,N)by Wast : (C,P) - (B,N) where C = B & W with the product
(b1, w1)(ba, wa) := (b1ba, bywa + bowy), P = N @& (W, +) the product monoid, the
structural map ac : P — C given by ac(n,w) = (ag(n), ag(n)w), and ¥, 7° are
the canonical projections.

We have C* = {(b,w) | b € B*} since for b € B*, (b,w)™! = (b=, —b"2w).

Since (B, N) is a log ring, OB 4 oy (B*) — B* is an isomorphism, and then

“B

ag' (C*) = az' (B*) @ W. So a0 1y ag! (C*) — C* is bijective and (C, P)
e}

is a log ring. Moreover, T is strict and 1 + W acts freely on P.
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Theorem 5.8. Let (A,M) — (B, N) be a homomorphism of prelog rings with
(B,N) a log ring and W a B-module. There exists a bijection, natural on (B, N)
in the sense of Definition 5.5, between isomorphisms classes of (A, M )-extensions of
(B,N) by W and H'((A, M), (B, N), W), where the trivial extension goes to zero.

Proof. Let w: (F,R) — (B, N) be a homomorphism of prelog rings with 7*, 7°
surjective and (F, R) a log free (A, M )-algebra (see Example 3.16.(1)). Let I =

ker(n* : F — B), J = ker(Z|[R] — Z[N]) and T = ker(R& — N#). We have an
exact sequence of B-modules:

0
Der(A,M)((Fv R)v W) — HomB(N(B,N)KF,R)v W) - Hl((A7 M)> (Ba N)a W) —0
by propositions 4.9, 4.7 and 4.6.

Let (C, P) - (B, N) be an (A, M )-extension of (B, N) by W. Since (F, R)
is log free over (A, M), we have a commutative diagram of prelog rings

(F,R) — X — (B, N)
@
(C,P) —Z— (B,N)

inducing an F-module homomorphism g0ﬁ| ;I — W and then a B-module homo-
morphism 1 : I/I? — W. We define also a homomorphism of B-modules

p2: Bz T — W

as follows. Let {1 € T (i.e. 71,72 € R with 7°(r1) = m°(r2)). Since Tb(gpb(rl)) =
Tb(wb(rg)), we have (gob(rl), cpb(rg)) € P xy P and so by Proposition 5.3 there
exists u € 1 + W such that ©”(r1) = ug’(r2). This u is unique since the action of
14 W on P is free. We define o2 (1 ® %) =u— 1.

Consider the square

B®gn J/J? —2— Bz T

1/1? e W
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where v, n are the maps defined in Definition 3.4. This square is commutative since
if 11,70 € R and 7Tb(7“1) = 7Tb(7'2), then
—gpgl/(l ® (r1 — r2)) = (g (oszl’(rg) ® é) = OZBT['b(T‘Q) (u—1)
= acy’(ra) - (u— 1) = wacy’ (rs) — acy’(r2)
= acy’(r1) — acy’(r2)

where wu is chosen as above, and

—e1n(1® (11 —r2)) = ¢*(ar(r1) — ap(rs)) = ace’(r1) — acy’(ra).
Since B ®@zn1 J/J 2 is generated as B-module by the elements 1 ® (r; — r2) as
before, we are done.

Then by Definition 3.4, the pair of homomorphisms (1, 2) determines an
element ¢ € HomB(N(B,N)KF,R)) W)

Let now ¢: (F, R) — (B, N) be another homomorphism of prelog rings such
that 7¢) = 7. We will see that ¢ — ¢ € Im(6).

We consider the log derivation (D, D) € Der4 ) ((F, R), W) given by the A-
derivation

D=yt —pf: F— W
and the homomorphism of groups
D: R®/Im(M® — R®) —s (W, +)

defined as follows: Let 1 € RfP. Since (wl’(ri),gob(ri)) € Pxy Pfori=1,2,
there exists unique elements w1, us € 1+ W such that wi (1) = 4° (). We define
D(T—l) =u —uy € W. If% € Im(M®& — RfP), then uy = 1 = ug and so D is

-
well 2deﬁned. It is a group homomorphism since W is of square zero as ideal of C'. If

r€ R, D(F) =u—1whereu € 1+ W is such that u¢’ (1) = ¥°(r). Then
ap (r)D(F) = apm(r) - (u—1) = ace’(r) - (u — 1) = acg’ (r)u — acy’ ()
= ac¥’(r) — acg’(r) = Prap(r) — Yap(r) = D(ar(r))

and so (D, D) € Dera ) ((F, R), W). Finally, (D, D) = ¢ — &.
Conversely, let b € Homp (N n)|(F,r), W), that is, h is defined by a commu-
tative diagram

B®gn J/J? —L— By T
n ha

yrr—m W
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Let b : I — W the F-module homomorphism induced by h; and C' = F &7 W the
pushout

_—

1 F
W ——C

with the usual ring structure, that is, (f1,w1) - (f2, w2) = (f1f2, fiw1 + fawa). Let
hY: T — W be the homomorphism of Abelian groups induced by hs. The pushout

T —— 5 R
hy
W — RP @y W

gives a commutative diagram of exact sequences of Abelian groups

1 T R#P NP 1

0 w R® @7 W ——— NeP 1
Let P be the pullback of monoids

P—— RP o W

N —— N

Wedefine ac: P — C' = F&;W asfollows: Let (n, (11, w)) € N X yuw (RS W)

= P. Then 5(%,10) = % = 7. Let 7 € R be such that 7°(r) = n. Then

(denoting the images of » € R and n € N in B also by r an n) we define

ac(n, (%,w)) = (ap(r),hg(r ® 7%2) — nw).
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We will see first that this definition is independent of the choice of  such that 7° (1) =
n. Letr,7’ € R be such that 7°(r) = «°(r') = n. Then

779

(ar(r), ha(r' @ =2) = nw) — (ap(r), ha(r ® —2) — nw) =

! 1

rlry 1
= (aF(r’) — ozF(r),nhg(l ® 712 : 7“7“12))
/

= (ap(r’) — ap(r),nhy(1® %))

= (0,nha(1® %) = i (ar(r') — ap(r)))
= (0, hov(r' —7) — han(r' — 7)) =0
since hov = hin.

Now assume that (n, (%, w)) = (n, (:—é,w’)) € N Xne (R ®r W) and we
2
will see that
T

rr
(ap(r), ho(r ® T—f) —nw) = (ap(r),he(r ® 7“—’) —nuw').
1
Let 51 € T be such that T TS gy = ha(1® £2) + w. Then

/ b
T4 T2 S2

/

(ar(r)sha(r 22) = nuf) = (ar (1), har 22

= (ap(r), ho(r® 22 e S—l) — nw)

rrosSo

) —nh2(1®z—?) —nw)

Finally, it is immediate to check that o is a monoid homomorphism.
Now we define

7: (C,P) — (B, N)
by 7¢(f, w) := 7*(f) and 7°(n, (7 w)) = n.
We will see now that 7'°¢: (C, P1°2) — (B, N) is strict.
Consider the pushout

(rac) (BY) ———— B°

P— P@(Tocc)_l(B*) B*
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We will see that the canonical map A: P @, c) 1(p+) B* — N has an inverse
p: N = P @(rap)-1(p+) B*. Note first that ((1,(1,w)),1) = ((1,(1,0)),1) in
(N X Nep (Rgp EBT W)) @(Tac)_l(B*) B*, since TOéc(l (1 U})) 1 S B*

Letn € N. Letr € R such that 7°(r) = n. We define

M(n) = ((n7 (n 0))7 1) € (N X Nep (Rgp DT W)) @(Tac)*l(B*) B*.

If @(r) = 7°(r'), then & € T and so (1',0) = (r'Z,hh(%)) = (r, h'g(%/)) in
Re & W and so

/

((n,(1,0),1) = (. (r.15())). 1) = ((m, (0)).1).

Therefore 1+ does not depend on the choice of 7. It is surjective since

((n, (22 ), ) = (v <"“7w>> 1 = ((n, (2 0)).1)
1

T2 T2
= ((bn, (r/,O)) )

where ' = %1 € R is such that 7°(r') = bn, we have identified b € B* with its
image via B* = o' (B*) C N and b € Ris such that 7°(b) = b € N. It is injective
since A\ = idy.

Now let us see that 1+ TV acts freely on P'°¢. Since 7%: C' — B is surjective with
square zero kernel, we have C* = (7%)~1(B*) = {(f,z) € Fo; W | ©*(f) € B*}.
Let [(n, (1L, w)), (f,z)] € (N Xy (R & W)) Dagl(c?) C* = P, We have
:ig:g = 2, 7%(f) € B*. Since (B, N) is a log ring, there exists m € N such that
ap(m) = 7t(f). Let m € R be such that 7°(m) = m. We have ap(m) — f € T
and so (f,z) = (ap(m),a’) where 2’ = x — b (ap(m) — f). Let g € C be such
that 7¢(g) = 7(f)~' € B*. We have

ac(m. (2. ~ga")) = (o (). ha (7 @ ) + mga’)
= (ar(m),2') = (f,2').
Therefore
[<n,(%w>>,<f,x>1=[(m(j%; )) - (m (1 gx)), (1,0)]
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So we can write any element of P'°¢ as [(n, (% o
1+ W acts on P'°2 as the multiplication by [(1 (
1+ W on Pt s free, since (7}, w) = (7
map 1" — R#P being injective.

If h € (D, D), then hly: T — W factorizes as

w)), (1,0)]. Anelement 1 + z €

—z)), (1,0)] and so the action of

1
1
— z) € R& @p W implies z = 0, the

T Rep R /Tm(M® — Ry — D

"
h2

and then the exact sequence
0—W — R®P@;r W = N®¥ — 1

splitsby s: R @& W — W, s(t, w) = hf(t)+w. Therefore R dpW = N& x W
and so P = N x W. Similarly, we can show that C' = B & W and then the extension
obtained is the trivial one.

Finally, we can easily see that the two maps defined between classes of extensions

and H'((A, M), (B, N), W) are inverse, and natural on (B, N). O

5.2 Formal smoothness

Definition 5.9. Let (A, M) — (B, N) be a homomorphism of prelog rings and J an
ideal of B. We say that (B, N) is log formally smooth over (A, M) for the J-adic
topology if for any commutative diagram of prelog rings

(A,M) —— (B, N)

(C,P) — (C", P))

where (C,P) — (C', P') is an (A, M )-extension and f(J') = 0 for some t > 0,
there exist a homomorphism of prelog rings h: (B, N) — (C, P) making commuta-
tive the triangles.

Proposition 5.10. Let (A, M) — (B, N) be a homomorphism of prelog rings and J
an ideal of B. The following are equivalent:

(i) (B, N) is a log formally smooth (A, M)-algebra for the J-adic topology,
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(ii) (B, N)“8 is a log formally smooth (A, M )-algebra for the J-adic topology,
(iii) (B, N)"8 is a log formally smooth (A, M)"°8-algebra for the J-adic topology.

Proof. Tt follows easily from the universal property of the functor (—)'°¢ and the
diagram

(A, M) —— (B, N)le

(C,Pp) — (C", P))
where (C, P) — (C’, P') is an (A, M )-extension and f(J*) = 0 for some . O
Lemma 5.11. Let B be a ring, J an ideal of B, t > 0 an integer and
{Fy,: B/J" — modules — B/J" — modules}

a direct system of half-exact functors (i.e. if0 - U — W — V — 0 is exact, then
F,(U) = F,(W) — F,(V) is exact). The following are equivalent:

(i) thn(W) = 0 for all B/ J-modules W (considering W as a B/J'-module
n
via B/J' — B/J),
(ii) thn(W) = 0 for all B/Jt*-modules W.
n
Proof. We have to show (i) = (ii). Induction on ¢t. The case ¢ = 1 is trivial. Let
t > 1, and assume the result valid for ¢ — 1. Let W be a B/J*-module. In the exact

sequence
00— JW —W — W/JW —0

we have thn(J W) = 0 given that JW is a B/J!~1-module, and similarly we
n
deduce hﬂFn(W/ JW) = 0. Since lim and F}, are half-exact, we conclude that
n n
lim F,(W) = 0. O
% n
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Theorem 5.12. Let (A, M) — (B, N) be a homomorphism of prelog rings and J
an ideal of B. The following are equivalent:

(i) For each integer n > 1, let p,,: B — B/J" be the canonical map. Then

lignHl((A, M), (B/JTL,p:LN),W) =0

for all B/ J-modules W.
(ii) (B, N) is log formally smooth over (A, M) for the J-adic topology.

Proof. (1) = (ii) Consider a diagram as in Definition 5.9.

(A,M) — (B, N)
f

(C,P) —— (C', P

and let / = ker Tﬁ(C — C"). For all n > ¢ we have a commutative square

(Dns Qn) —22s (BJJ™, piN)

9n fn

(C,P) ——— (C", P

where p,: B — B/J" is the canonical projection, f, is the map induced by f,
D, = C X B/Jn andQn =P Xp/p;klN.
Both lines are (A, M )-extensions by I (see Definition 5.5). Lemma 5.11.(i) tell
us that
%Hl«th)v (B/‘]nvp;kzN)?I) =0,
n

and so by Theorem 5.8 there exists some s > ¢ such that 6, has a section o. The map
(B,N) — (B/J*,p;N) == (D5, Qs) == (C, P)
has the required properties of (ii).

(i) = (1) Let ¢,: (D,Q) — (B/J",p;N) be an (A, M)-extension of
(B/J",p: N) by W. By assertion (ii), there exists a homomorphism of prelog rings
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én: (B,N) — (D, Q) such that ¢, ¢, = p,. Since W? = 0 as ideal of D, we have
én(J*) = 0 and so ¢, factorizes as

(B.N) 225 (B/J", p3,N) < (D, Q).
We have a commutative diagram where the rows are (A, M )-extensions by W

05, .
(D xpygn B/J™,Q Xpen p5,N) —2— (B/J*", ps,N)

an
(D, Q) (B/J", ppN)

The homomorphism &, induces a section of 6s,, showing that the element of
H((A, M), (B/J", p,N), W) corresponding to the extension (,, (see Theorem 5.8)
goes to 0 in H'((A, M), (B/J*, p5, N),W). Note that if (E, R) N (F,S)is an
(A, M)-extension of (F,S) by W and o a section of €, then the map S x W — R,
(s,w) — (1+w)o(s) is an isomorphism with inverse r — (6(r), w’) where w’ € W
is such that (1 + w')o6(r) = r (there exists by Proposition 5.3). O

Lemma 5.13. Let (B, N) be a prelog ring, J an ideal of B, p,: B — B/J" the
canonical homomorphism and W a B /J-module.

(i) Assume that J = 0 or N is integral, then
lig H*((B, N), (B/J", p,N),W) = 0

fori=0andi=1.
(ii) If J =0, or B is a Noetherian ring and N integral, then
lig H'((B, N), (B/J",p,N),W) =0

foralli > 0.
Proof. If J # 0, since (B/J",p*N) = (B/J™, N)¢, we have by Proposition 4.17
and Example 4.2
H'((B,N),(B/J",p:N),W) = H((B,N),(B/J",N)"°¢, W)
= H'((B,N),(B/J",N),W)
= HYB,B/J",W)

and so the result follows from [2, proof of Lemme 10.7 and of Théoreme 10.14]. [
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Theorem 5.14. Let (A, M) — (B, N) be a homomorphism of prelog rings, J an
ideal of B. Assume J = 0, or B Noetherian and N integral. The following are
equivalent:

(i) (B, N) isan (A, M)-algebra log formally smooth for the J-adic topology.
(ii) H'((A, M), (B, N),W) = 0 for all B/J-modules W.

(iii) Hi((A,M),(B,N),B/J) = 0 and Qg n)am) @B B/J is a projective
B/ J-module.

(iv) For any homomorphism (F, R) — (B, N) of prelog rings where (F, R) is a

free (A, M)-prelog algebra and the homomorphisms F' — B and R — N are
surjective, the homomorphism

N.n)|(F.r) ®B B/J — Qr Ry ®F B/J
is split injective.

Proof. (1) & (ii)) We have an exact sequence induced by Jacobi-Zariski exact
sequences (Proposition 4.9)

lim H' (B, N), (B/.J", psN), W) — limy H'((4, M), (B/.J", piN), W) —

— lim H'((A, M),(B,N),W) — lim H*((B,N), (B/J", p;,N), W).
n n
Then, Lemma 5.13 gives an isomorphism
lim H'((A, M), (B/J",py,N),W) = H'((A, M), (B,N),W).
n
So the result follows from Theorem 5.12.
(ii) < (iii) The universal coefficient spectral sequence

B = H'(Homp, s (Lp,n)|a,0r) @8 B/J, W)
= HPTI((A, M), (B,N),W),
with
EP? = Ext%/J(Hq(L(B,N)KA,M) ®p B/J),W),

giVCS an exact sequence
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0— EthB/J(Q(B,N)KA,M) ®B B/‘]a W) - Hl((Av M)> (Ba N)7 W) -

— Homp;(Hi((A, M),(B,N), B/J),W) = Ext%, ;(Q,x)am) @8 B/J, W),

from which we obtain the desired equivalence.
(iii) < (iv) We have a Jacobi-Zariski exact sequence, taking by Proposition 4.6
the form

Hl((A7 M)’ (Fv R)7B/J) %Hl((A’ M)’ (BvN)’B/J) - N(B,N)\(F,R) XB B/J%

= Qrr)am) OF B/J = Qg nyam) @8 B/J = QN Fr ©8 B/J = 0.

The first module vanishes by Proposition 4.7 and furthermore Qg g)((a,11) ®F B /J
is a free B/J module by Example 3.16.(i). Then the result follows. O

Theorem 5.15. Let (A, M) — (B, N) be a homomorphism essentially of finite type
of Noetherian prelog rings (see Definition 2.4) and J an ideal of B. Assume J = 0
or N is integral. The following are equivalent:

(i) (B,N)isan (A, M)-algebra log formally smooth for the J-adic topology.
(ii) Hi((A,M),(B,N),W) = 0 for all B/J-modules W .

If moreover B is local and J a proper ideal of B, these conditions are also equivalent
to

(iii) (B, N) is an (A, M)-algebra log formally smooth for the 0-adic topology.

Proof. Conditions (i) and (ii) are equivalent by Theorem 5.14 and Proposition 4.5,
and (iii) implies (ii) is clear by Theorem 5.14.(ii) or by definition.

Therefore, let us assume the hypothesis (i). Then by Theorem 5.14.(ii) we have
H'((A,M),(B,N), B/n) = 0 where n is the maximal ideal of B, and so by Propo-
sition 4.5 we deduce H'((A, M), (B, N), W) = 0 for any B-module W. So we get
(iii) by Theorem 5.14. O

We will see some examples where homological methods give short proofs of
known results. If C is a finitely generated Abelian group and R is a ring, then C'is
finite of order inversible in R if and only if Homz(C, W) = 0 for any R-module W/,
and the torsion part of C is of order inversible in R if and only if Ext},(C, W) = 0
for any R-module W. So the following two results are included in [18, Theorem
IV.3.1.8, Proposition IV.3.1.13] in the case of finitely generated monoids (and taking
J =0).

The following result is dual of [16, Lemma 2.6.2].
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Lemma 5.16. Let A be a ring, B and C two A-algebras and W a B ® 4 C-module.
Then the canonical homomorphism

HY (C,B®,C,W)— HYA,B,W)
is injective.

Proof. Let R be a polynomial A-algebra such that B = R/I. We have an exact
sequence

0—I®R4C —3R®2,C -2 BosC —s0.

If we denote J = kerp, then I ® 4 C — J is surjective. Consider now the exact
sequences A - R — Band C - R®4 C' — B ®4 C, whose Jacobi-Zariski exact
sequences of cohomology give us a commutative diagram with exact rows

Derg(B ®4 C,W) — Derg(R®4 C, W) —

Der4(B,W) ——— Derg(R,W) ——

—— Hompg ,c(J/J?, W) — HY(C,B®4sC,W) — 0

— Hompg(I/I?,W) —— HYA,B,W) —— 0
It is enough to show that v: Hompg,o(J/J?, W) — Hompg(I/I*,W)
is injective. But this is clear, since ] ® 4 C — J is surjective and we have the

isomorphisms Hompg, ,c(J/J%, W) = Hompgeg,,c(J, W) and Homg(I/1?, W) =
HOmR(I, W) :HOmR®Ac(I ®A C, W) L]

Proposition 5.17. Let M — N be a homomorphism of monoids with N integral, R
aring, A = R[M], B = R[N| and J an ideal of B. If

Homgz,(ker(M$P — N), W) = 0 = Ext,(coker(M$? — N), W)

for any B/J-module W, then (A, M) — (B, N) is log formally smooth for the
J-adic topology.
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Proof. Let W be a B/.J-module and consider the fundamental exact sequence (see
Theorem 4.3)

HY(R[M], R[N],W) ® Homg(coker(M& — N&) W) — HY(Z[M],Z|[N],W) —
— HY((A,M),(B,N),W) —
— H'(R[M], R[N, W) @ Ext}(coker(M — N2) W) & Homg (ker(M — N&) W) —
— HY(Z|M],Z[N],W).

The canonical homomorphism HO(R[M], R[N],W) — H®(Z[M], Z|N], W) is
an isomorphism by propositions 3.10 and 3.18, and the homomorphism
H'(R[M], R[N],W) — H'(Z|M],Z[N],W)

is injective by Lemma 5.16. The result follows from Theorem 5.14. g

Proposition 5.18. Let p: (A, M) — (B, N) be a homomorphism of prelog rings
and J an ideal of B. Assume that N is integral and

Homgz (ker(M$ — N¢), W) = Extj,(coker(M*& — N, W)
= Homy/(coker(M8 — N&), W) =0

for any B/ J-module W. The following are equivalent:
(i) @ is log formally smooth for the J-adic topology.

(ii) B is formally smooth over A @z Z[N| for the J-adic topology.

Proof. From the fundamental sequence and Theorem 5.14
H(A,B,W) P, HY(Z[M),Z|N],W) —

HY((A, M), (B, N),W) —s HY(A,B,W) 2% H\(Z|M],ZN], W)

we see that (i) holds if and only if 3 is injective and [y is surjective for all B/.J-
modules W.
Now, from the Jacobi-Zariski exact sequence

HO(A, B, W) B, HO(A, A @z ZIN], W) —

HY(A @00 ZIN), B,W) — HY(A, B,W) 2 HV(A, A @0 ZIN],W)

we see that (ii) holds if and only if /3 is injective and Sy is surjective.
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Since in the commutative triangle

Hi(A,B,W) b H'(Z[M], Z[N],W)

H'(A, A @z ZIN], W)

71 is injective by Lemma 5.16 and ~ is bijective, we are done. U

Here is a version of [11, Theorem 0.1].

Proposition 5.19. Let (A, M) — (B, N) and (A, M) — (C, P) be homomorphisms
of prelog rings. Then (i) = (ii) = (iii) = (iv) = (v) = (vi), where:

(i) M — P is a Kummer homomorphism of integral monoids (see Definition 1.31),
M is saturated and A @z Z[P] — C'is flat.

(ii) M — P is an exact and injective homomorphism of integral monoids and
A ®Z[M] Z[P] - C iSﬂCll.

(iii) Z|M] — Z[P] and A ®@zpp Z[P] — C are flat, and M — P* is injective.
(iv) ZIM| — Z[P] and A — C are flat, and M8 — PSP is injective.
(v) Tor%[M}(Z[N],Z[P])) = 0 = Tor/(B,C) for all n > 0, and M — P is
injective.
(vi) For any B ® o4 C-module W, we have
H,((A,M),(B,N),W)=H,((C,P),(BaC,N &y P),W)
foralln > 0.

Proof. (1) = (ii) follows from the definition. (ii) = (iii), [11, Lemma 2.1]: Let
m € Mandp € P. If mp € M then p = (mp)/m € M# and then p € M since
M — P is exact. So the homomorphism of Z[M]-modules Z[M| — Z[P] is split by
Z|P] — Z[M],p— 0,ifpe P — M.

On the other hand, if Z[M] — Z[P] is flat then A — A ®zpy) Z[P] is flat. If
moreover A ®zps Z[P] — C'is flat, then by composition A — C'is flat too. This
shows (iii) = (iv).

Finally, (iv) = (v) is trivial and (v) = (vi) is Proposition 4.8. O



5.2 Formal smoothness 77

Corollary 5.20. Let (A, M) — (B,N) and (A, M) — (C, P) be homomorphisms
of prelog rings with Spec(C') — Spec(A) surjective and assume that condition (iv)
of Proposition 5.19 holds. Let J be an ideal of B. Then (B,N) is an (A, M)-
algebra formally smooth for the J-adic topology if and only if (B ® 4 C, N @ P)
is a (C, P)-algebra formally smooth for the J ® 4 C-adic topology.

Proof. We know that A — C is a faithfully flat homomorphism, so for any B/.J-
module W we have that H;((A, M), (B, N), W) = 0 if and only if

H((A,M),(B,N),W)®4C =H((A,M),(B,N),W®4C)=0.

Then the result follows from Proposition 5.19, (iv) = (vi). ]






Chapter 6
Regularity

This chapter contains the main results of the dissertation that will be deduced
from the results in chapters 4 and 5.

6.1 Technical results

Theorem 6.1. Let ((A, m, k), M) be a Noetherian local prelog ring, J a proper ideal
of Aand B = A/J. Let N = M/ay; (J) be the quotient of the monoid M by the
ideal oy} (J), and so (B, N) is a Noetherian local prelog ring with residue field k.
Let I be the ideal of A generated by ap(M) N J. The following statements are
equivalent:

(i) For any B-module W, the map
Hy(A, B,W) @ Tor’(ker(M8 — N&), W) — Hy((A, M), (B,N),W)

in the fundamental exact sequence is zero on the first summand and an isomor-
phism on the second one.

(i’) The map
Hy(A, B, k) ® Tor? (ker(M® — N®), k) — Ho((A, M), (B, N), k)

in the fundamental exact sequence is zero on the first summand and an isomor-
phism on the second one.

(ii) ker(A/I — B) is generated by a regular sequence and Tor%[M] (A,Z[N]) =
0.

Proof. First note that ker(Z[M] — Z[N]) is the ideal a of Z[M| generated by the
elements a—b witha, b € o} (J), and in particular aA C I. If z € ap (M)NJ C m,
1 — xisaunitin A, and so x(1 — x) = z — 22 € aA implies © € aA. Therefore
aA = I. Similarly, Tor“M) (A,Z|[N)]) = Tor%[M](A, Z|M)]/I") where I’ is the ideal
of Z[M] generated by o (J), since for a € oy} (J) the localization

ZIN|1—q = ZIM)1—a/aZ[M]i—a = ZIM]1—a/I'Z[M]1_q = (Z[M] /I’) -
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as above, and the image of 1 — a in A being a unit,
Tor?™ (4, X) = Tor?™)( 4, X)1_, = Tor?™)(4, X, _,).

(1’) = (i) Consider the diagram on the page 81, in which the rows are exact
(Theorem 4.3), the columns are also exact (Jacobi-Zariski exact sequence), Ha(X) =
Tor? (ker(M& — N#),k) and also H1(X) = ker(M® — N®) ®y k as in
Theorem 4.3. If Hy(X) — Hy((A, M), (B,N), k) is an isomorphism, then ~; is
injective. Moreover, the composition

Hy(Z[M),Z[N), k) 2 Hy(A, B.k) & Hy(X) =% Hy(X)
is zero since it is induced by the map of Proposition 3.1
oy (N)ZIM] /o () Z[M] @gqny k — ker(ME — N) @z k
defined by
Z)\Z‘mi X w— Zmz Q@ Nimyw = 0,
i i
where 7; is the image of m; € B which is zero since m; € a3,/ (7).
Therefore ~y; injective and pry y; = 0 imply that

Prim
—_—

Hl(Z[M]7Z[N]>k) HI(Z[MLZ[NL]C)

is injective too. By the commutativity of the diagram, the homomorphism

HA(ZIM], ZIN), B) 20N H (4, A/T k)
is injective. It is also an isomorphism, since it is surjective by [16, Lemma 2.6.2]
(since A ®zp) Z[N] = A/aA = A/I), and then, again by the commutativity of the
diagram, a; is injective. We deduce A = 0. Since
HQ(A7 B7 k) — HQ((A7 M)? (B7 N)? k)
is the zero map, we deduce p = 0. Therefore

Hy(A/I,B,k) =0

which by [2, Théoréme 6.25] means that ker(A/I — B) is generated by a regular
sequence.
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Now we will see that Tor” ™! (4, Z[N]) = 0. We have Hy(A/I, B, k) = 0 and
then H3(A/I, B, k) = 0 by [2, Théoréme 6.25]. Therefore in the diagram

pry B2
—_—

H2(Z[M]72[N]ﬂk) HQ(A7A/L k)
Hy(Z[M],ZIN], k) 2272 H,(A, B, k)

a2 is an isomorphism. Since the lower map is surjective by hypothesis, the upper one
is also surjective. From the exact sequence [2, Proposition 15.18]

Ho(ZIM), ZIN), k) 2L Fy (4, AT R) — Tor™™(A, Z[N)) @4 k —>
s Hy(ZMY, ZINT ) B B AL AT )

we deduce Tor?[M}(A,Z[N ]) ®4 k = 0 and then, since A is Noetherian local,
Tor”™ (4, Z[N]) = 0.

(i1) = (i) By [2, Proposition 15.18] we have an exact sequence for each B-module
W

Hy(Z[M], ZIN], W) LN Hy(A, AJT, W) — Tor"™(A, ZIN]) @4 W —

— H(@M),ZINL, W) D mA A W) —— o,

By hypothesis, Tor%[M] (A,Z[N]) = 0, so 05 is surjective and 0; injective. Since
H,(A/I,B,W) =0 forall n > 2, we deduce that in the diagram

Ha(Z[M), ZIN], W) —2—s Hy(A, A/T,W)

(&)

Hy(ZIM], ZIN], W) —Y2 s Hy(A, B,W)

the map as is bijective and so 1) is surjective.
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In the diagram

Hy(AJI,B,W) =0

Hy(Z[M], ZIN], W) — s H\(4, B,W)

0, is injective and then ¢/ is also injective.
From the fundamental exact sequence

Hy(Z[M), ZIN], W) 2252 Hy(A, B, W) ® Tor?™ (ker(Me — N®), W) —>
— Hy((A,M),(B,N),W) —
s H\(ZIM]),ZIN], W) 55" H\(A, B,W) @ ker(M® — N®) @, W
we see that we are done if we prove that the map
Hy(Z[M), Z[N), W) — Tor? ™ (ker(M#0 — N#) W)

vanishes.
We have a surjective natural homomorphism [20, Theorem 6.16]

Tory "N(ZIN], W) — Hy(ZIM], Z[N], W),
so it is sufficient to show that the composition
Tory M (Z[N], W) — Hy(Z[M], Z[N], W) — Tor{ (ker(M® — N¥) W)
is zero. We have isomorphisms

Tor”™(a, W) = Tor?

Ny, w),
Tor? (ker(M® — N®), W) = Tor?™(Z[M] @7 ker(M® — N®) W)
where a = ker(Z[M] — Z[N]). Since the map

a/a® — Z[M] @z ker(M — NE€P)
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of Proposition 3.1 vanishes after tensoring by — ®z[y) B and W is a B-module, the
map

Tor?[M}(a, W) — TorIZ[M}(Z[M} ®z ker(M® — NE&P) W)

is zero as desired. O

Definition 6.2. (see [14, Theorem 6.1]) Let ((A,m, k), M) be a Noetherian local
prelog ring, J a proper ideal of A and B = A/J. Let N = M/oz]T/[l(J) be the
quotient of the monoid M by the ideal a;j(J ) and let I be the ideal of A generated
by ap(M) N J. We say that J is a log regular ideal if the equivalent conditions of
Theorem 6.1 hold.

We say that ((A, m, k), M) is a log regular local ring if m is a log regular ideal.

Theorem 6.3. Let ((A,m, k), M) be a Noetherian local prelog ring and consider
((A,m, k), M") another prelog structure inducing the same log structure. Assume
that M and M' are integral. For any proper ideal J of A, J is log regular in
((A,m, k), M) if and only if it is log regular in ((A,m, k), M").

Proof. Tt is sufficient to show the result for M’ = M'°2, With the notation of Defi-
nition 6.2, we have I :=< ay; (M) N J >a=< appoe(M°8) N J) > since for any
element x = (m,u) € M@a;wl(m) A* = M'°2, we have a0 (7) = a(m)-u where

w is a unit in A. In particular, ker(A/I — B) do not change replacing M by Mz,
We also have

Z[M"% oo ()] = Z[M /e ()] @zpa Z[M"¥]
= Z[N] ®zjp) Z[M™¥),
so it is enough to show that

Torf™ (4, Z[N]) = Tort™™ (4, ZIN] @z ZIM¥).

For simplicity, let us denote o = cpr: M — A, and factorize a1 (A*) — A* first
as

al(4*) L a7 tAan)e L A
and factorize again the second map as follows:

a"H(A%) % a1 ANE L 0 1AM kerv 25 A,
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Therefore, the pushout that defines 1/'°2

oz_l(A*) A*

M ——— M'¢

can be descompose in a commutative diagram of pushouts

aHAY) —Y s o l(An) — Ly 0 LAY ker(v) —2— A*

M— 5 M s M, Mog

Note that s is injective since it is a localization of the injective homomorphism r and
M is integral.
Now, we denote as
Ny —— N»

N3—>N4

any of previous pushouts and consider W a Z[M'°¢]-module and P = N3/T with
T an ideal of N3. Let N3 — X — P a factorization cofibration-trivial fibration in
the category of simplicial monoids. Then Z[X] is a projective Z[N3]-resolution of
Z[P][10,1.2.2.3] and so

Tor !V (W, Z[P]) = H.(W @3yny) ZIX]) = Ho(W @) ZING] @) ZIX])

1
@ Tor%[N“](VV, Z[N4] ®@z(n;) Z[P])

where the equality (1) follows from:
H.(Z[N4] @z(n;) Z[X]) = H.(Z[N3 @ N, Na2] ®z/n,) Z[X])
= H.(Z[N3] ®zn,) Z[N2] ®zn,) Z[X])
= H.(Z[N2] ®zn,) Z[X])

2
D 2(Ns] @z, ZI[P]

= Z[N4] ®zny) Z[P]



86 6. Regularity

where the equality (2) follows (depending of the pushout) from:

* In the first pushout, since Z[N»] is a flat Z[/N1] module (because w is a localiza-
tion and then Z[u] is a localization too).

* In the second one, it follows by Remark 4.13, since Z[Na] ®zn,) Z[X] =
Z[X/ ker(v)] is a resolution of Z[P/ ker(v)] = Z[N2] ®zn,) Z[P]. Note that
Pis M/T @y My = M,/ T in this case (where T denotes the ideal image of
T in M) and ker(v) — o~ 1(A*)& — M; is injective. Moreover, since 1 is
an ideal of M, ker(v) — My /T is injective. On the other hand, the action of
ker(v) on X is free, since

X = My & N¥,

and M, is integral (the homomorphism u is integral by [9, Remark 6.2.5.(i)]
and so M is integral because M it is also integral).

* In the last pushout, it follows because Z[ N3] is a free Z[/N1] module (since vo
is injective homomorphism of groups).

Finally, applying successively this process to the three pushouts, we obtain as desired
Tor?™(4, Z[N]) = Tor™™I(4, Z[N] @1y Z(11°9)).
O

Corollary 6.4. With the notation of Theorem 6.1, assume that M8P is a free Abelian
group. Then J is log regular if and only if Ho((A, M), (B, N), k) = 0.

By Lemma 6.6, we can always work in this case (M#P free).

Lemma 6.5. Let p: G1 — G2 be a surjective homomorphism of Abelian groups,
i : N — G a homomorphism of monoids. Then (G1 Xg, N)8 = Gy x g, N*#P.

Proof. The homomorphism

(Gl X Gy N)gp — G1 X Gy NEP

onm) (fhnl>
(92,7”62) g2 N2
is well defined and has inverse

o2) - 23

where h € p~1(i(n2)). O
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Lemma 6.6. Let (B, N) be alog ring. There exists a monoid P and a homomorphism
of monoids P — N such that (B, N) = (B, P)"¢ and P% is a free Abelian group.
Moreover, if N is integral, then P can be chosen integral too.

Proof. [9, Corollary 12.1.35] Let G be a free Abelian group with a surjective
homomorphism of groups p: G — N&. Let P := G Xny» N. We have a com-
mutative diagram of pullbacks

H := () Y(B*) —~— B*

P - N

J i

+

G —FL . Ne

where 3: N — B is the structural homomorphism. So ker7 (:= 7 }({1})) =

ker 7 = ker p and ker p is a group. If P/ ker(7) denotes the quotient by the action of

ker(7) on P, it is easy to check that P/ ker(7) = N and H/ ker(w) = B*.
Moreover,

P&y B = P/ker(T) D H/ ker(r) B*=N®p- B"=N

and so (B, P)°¢ = (B, N). Finally, P®* = G by Lemma 6.5, and so it is a free
Abelian group.

Finally, if N is integral, that is, ¢ is injective, then j is injective, and therefore P
is integral. O

Lemma 6.7. Let ((A, m, k), M) be a Noetherian local prelog ring and the maximal
ideal myy = M —M™* of M. Assume that M is integral. IfTor?[M] (A, Z[M/mp]) =
0, then Tor%[M] (A,Z[M/I]) = 0 for any ideal I of M.

Proof. Since M is Noetherian, there exists a maximal element of the set of ideals

of M such that Tor?[M] (A,Z[M/I]) # 0, assuming this set is not empty. Clearly,
I C mys (if not I = M), and then by hypothesis, I C mys. Leta € my; — I. Let
T = {z € M/za € I}, so that we have an exact sequence

0 — ZIM/T) % Z[M/I] — Z|M/I U Ma] — 0.
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We have I € T.1f I C T, Tor ™M (A, Z[M/T)) = 0 = Toe?™ (A, Z[M /T U Ma))
by the maximality of 1. So Tor”™1 (4, Z[M/1]) = 0.

If I =T, we have a surjective homomorphism of A-modules of finite type
a: Tor?™(A, Z[M /1)) — Tor™™(A, z[M /1))
where @ := a(a) € m C A. By Nakayama Lemma, Tor%[M] (A,Z[M/I])=0. O

Corollary 6.8. Let ((A, m, k), M) be a Noetherian local prelog ring and the maximal
ideal mpy = M —M* of M. Assume that M is integral. IfTor?[M] (A, Z[M/mp]) =
0, then

TorZM (A, Z|M /mp]) = 0

foralln > 1.

Proof. By Lemma 6.7, it is sufficient to show that if TorZM} (A, Z[M/I]) for any

ideal I of M for some n > 1, then Torf%] (A,Z[M/I]) = 0 for any ideal I of M.

So assume Tor2™ (A, Z[M/I]) = 0 for any ideal I of M. By [9, 6.1.27.()-(iii)],
we have then Tor%[M] (A,Z[T]) = 0 for any M-set T. Applying Tor to the exact

sequence
0 — Z[I] — Z[M] — Z[M/I] — 0,

we obtain
0 = Tor”M(A, Z[M]) — TorM(A, Z[M /1)) — TorZM(A, Z[1]) = 0
and so Torﬂ%] (A, Z[M/I]) = 0. O

Theorem 6.9. Let ((A,m, k), M) be a Noetherian local prelog ring and my; =
M — M*. The following are equivalent:

(i) (A, M) is a log regular local ring.
(ii) The map
Ho (A, k, k)@ Tor? (ker(M® — (M /mp)8), k) — Ha((A, M), (k, M /o), k)
is zero on the first summand and an isomorphism on the second one.

If moreover M is integral, then these conditions imply:

(iii) H,((A, M), (k,M/mpr), k) = 0 for anyn > 3.
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Proof. Equivalence of (i) and (ii) follows from Theorem 6.1. We will see (iii). By

Corollary 6.8, TorZM] (A,Z[M/mp]) = 0 for all n > 0 and so by base change [2,
Proposition 4.54] we have isomorphisms

Hy(ZIM], ZIM Jma], k) — Hi(A, Afa(myr) A, k)

forall « > 0. Since A/a(mps)A is a regular ring, we have by [2, Proposition 6.26,
Théoreme 5.1] the isomorphisms

for all 7+ > 2. Therefore
Hi(ZIM], Z[M [wp], k) — Hi(A, k, k)

are isomorphisms for all 7 > 2, and then from the fundamental exact sequence we
deduce
H,((A, M), (k, M/mpr), k) =0

for alln > 3. ]

Definition 6.10. We say that a local prelog ring ((A,m, k), M) is log complete
intersection if Hs((A, M), (k, M/mpr), k) = 0. In particular, a log regular ring
with M integral is log complete intersection.

6.2 Applications

From the fundamental exact sequence (Theorem 4.3) we obtain the following
theorem:

Theorem 6.11. Let ((A,m, k), M) be a Noetherian local prelog ring with M an
integral monoid.

(i) If (A, M) is a log regular ring, then A is a regular local ring if and only if
ker(Z[M] — Z[M /ms]) is generated by a regular sequence.

(ii) If Ais a regular local ring, then (A, M) is log complete intersection if and only
if ker(Z[M] — Z[M /mr]) is generated by a regular sequence.

Proof. 1t follows from Theorem 4.3, Theorem 6.9 and [2, Théoréme 6.25], having in
mind that we have seen at the end of the proof of Theorem 6.1 that the map

Hay(ZIM), Z[M mpg], k) — Tor™™ (ker (M= — (M /mp)%), k)

vanishes. O
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Theorem 6.12. Let (A, M) be a Noetherian local prelog ring, J a proper ideal of
A B=A/Jand N = M/a;; (J), where apg : M — Ais the structural map.

(i) If (A, M) is log regular and (B, N) is log complete intersection, then J is a
log regular ideal.

(ii) If (B, N) is log regular and J is a log regular ideal, then (A, M) is a log
regular local ring.

(iii) Assume that M is integral and M?3P free (for instance if M is saturated and
sharp [18, 1.1.3.5]). If (A, M) is log regular (or log complete intersection) and
J is log regular, then (B, N) is log complete intersection.

Proof. (i) Assume first that a;j(J ) # 0, s0 N8 = {1}.
If (B, N) is log complete intersection, then the map

a: Hy((A,M),(B,N),k) — Ha((A, M), (k, M/my), k)

is injective. In the commutative diagram

HQ(Z[M]vz[N]vk) — HQ(Z[M]’Z[M/mM]’k)

Hy(A, B, k) @ Tor? (M, k) _coud, Hy (A, k, k) @ TorZ (M=, k)

B1 & B2 1D V2
HQ((A7M)7(B7N)7k) % HQ((A7M)7(k7M/mM)7k)
we know that v is an isomorphism and v; = 0. Therefore 35 is surjective and

51 = 0. But 5 is injective (we have seen in the last lines of the proof of Theorem 6.1
that the map Hy(Z[M],Z[N],k) — TorZ(M®P k) vanishes), and then .J is log
regular by Theorem 6.1.

Now if a}/(J) = @, then M = N, so ker(M& — N#) = {1}. Therefore J
is a log regular ideal if and only if Hy((A, M), (B, N),k) = 0. As in the previous
diagram, we obtain that the map

B1: Hy(A,B, k) — Ho((A,M),(B,N), k)

vanishes. But since M = N, this map is an isomorphism (Example 4.2).
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(i) Assume first that o/ (J) # 0. We have the above commutative diagram
again, where now « is surjective (since Tor? (N®, k) = Hy((B, N), (k, M/mys), k))
is zero, $1 = 0 and B3 is an isomorphism. This implies that 2 is an isomorphism
since the map Hy(Z[M)], Z[M /my], k) — TorZ(Me k) is zero as above. Also,
v1 = 0 by diagram chasing. If ag/[l(J ) = (), the proof is similar to the proof of (i)
when a; /() # 0.

(iii) By Corollary 6.4, J is log regular if and only if H2((A, M), (B, N), k) = 0.
Then the result follows from the Jacobi-Zariski exact sequence and Theorem 6.9.(iii).

O

Remark 6.13. Theorem 6.12.(i) together with Definition 6.10 extends to the loga-
rithmic setting the fact that a closed immersion between regular schemes is a regular
immersion. Another extension of this fact was already proved by Kato [14, Theorem
4.2]:

Theorem. Let (A, M) be a Noetherian log ring with M integral and J a proper ideal
of A. Let (B,N) = (A/J,p*M) where p: A — B is the canonical projection. If
(A, M) and (B, N) are log regular, then J is generated by a regular sequence.

We can deduce this theorem easily from our results: Let P — M be a homo-
morphism of monoids with P integral and P# free such that (A, P)1°¢ = (A, M)
(Lemma 6.6). By Lemma 2.5, (B, N) = (B, P)!°¢. Also, by Theorem 6.3, (A, P)
and (B, P) are log regular. We have then an exact sequence, where £ is the residue
field of A and B,

HS((B’P>7 (kvp/mP)’k) — H2((Aa P)7 (BaP)>k) - H2((Aa P)> (k> P/mP)vk)

and where the modules to the left and right are zero by Theorem 6.9.(iii) and Coro-
llary 6.4. Therefore, by Example 4.2,

Hy(A,B,k) = Hy((A,P),(B,P),k) =0,
and so J is generated by a regular sequence by [2, Théoréeme 6.25].

Example 6.14. Let (A,m, k), M) be a Noetherian local prelog ring with M inte-
gral saturated and sharp. Let A be the completion of A for the m-adic topology and
consider the prelog ring (A, M). We have H,,((A, M), (A, M), k) = 0 foralln >0
by Example 4.2 and [2, Remarque 10.22]. Then from the Jacobi-Zariski exact
sequence we obtain

Hn((Av M), (kﬂM/mM)7k) = Hn((Av M)a (kaM/mM)vk)

forall n > 0. In particular, (A, M) is log regular (resp. log complete intersection)
if and only if so is (A, M). Let R := C[[M]][[x1,...,zn]] — A be a surjective
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homomorphism of rings with C' a Cohen ring or a field [18, 1.3.6]. Then (R, M) is
log regular ( [14, Theorem 3.2] or [18, Theorem 11l.1.11.2]) and by Theorem 6.12
(A, M) is log complete intersection if and only if ker(R — A) is log regular. So
(A, M) is log complete intersection if and only if (A, M) is the quotient of a log
regular ring by a regular ideal. This fact, together with theorems 6.1 and 6.9, gives a
description of log complete intersection rings.

Now we will show how these homological methods allow us to compare log
smoothness and log regularity. The following result is due to Kato [14, Proposition
8.3] in the finitely generated case.

Theorem 6.15. Let ((B,n,l), N) be a Noetherian local prelog ring with N integral
and saturated, and let k C B be a field.

(i) If (B, N) is a log formally smooth over (k,1) for the n-adic topology, then
(B, N) is log regular.

(ii) Assume that l|k is separable. If (B, N) is log regular, then (B, N) is a log
Sformally smooth over (k, 1) for the n-adic topology.

Proof. By Theorem 6.3, Proposition 5.10 and [9, Corollary 12.1.36] we can
assume that IV is also sharp, and then that V&P is free [18, 1.1.3.5]. Theorem 6.9
says then that (B, V) is log regular if and only if Hy((B, N), ([, N/my),l) = 0,
while Theorem 5.14 says that (B, N) is a log formally smooth over (k, 1) if and only
if Hi((k,1),(B,N),l) = 0. Since we have a Jacobi-Zariski exact sequence

Hy((k,1),(I, N/my),l) — H2((B,N), (I, N/my),l) —

— Hl((ka 1)7 (B’N)vl) — Hl((k7 1)7 (l7N/mN)7l) )
it suffices to show that Ha((k, 1), (I, N/my),l) = 0, and that if [|k is separable then
Hl((k7 1)7 (l7N/mN)a l) = 0.
Since N/my = {0, 1}, we have a fundamental exact sequence
Hy(k,l,l) — Ha((k,1),(I, N/my),l) —>
— H1(Z,Z[z))(x — 22),1) — Hi(k,1,1) — Hy1((k,1), (I, N/my),l)

— Ho(Z,Z[z])/(x — 2?),1)

where ¢: Z[x] — [ is the map sending z to zero.



6.2 Applications 93

From the results [2, Proposition 7.4, Définition 7.11, Proposition 7.13] we deduce
Hj(k,1,1) = 0, and if [|k is separable then H;(k,1,1) = 0. Therefore it suffices to
show H;(Z,Z[z]/(z — x2),1) = 0 for i = 0, 1. We have an exact sequence

H\(Z,Z]z],1) — H\(Z,Z[z]/(x — 22),1) — Hy(Z[z],Z[z]/(x — 22),1) 5

% Ho(Z,Z]z),1) — Ho(Z,Zla)/(x — 22),1) — Ho(Z[x), Z[x)/(x — 22),1)
which by [2, Corollaire 3.36, Proposition 6.1, Proposition 6.3] takes the form

0 ——— H\(Z,Z[z]/(z — 22),1) — (z — 22) Qg | —

2 Oz Oz | — Ho(Z,Z[2]/ (@ — a2),1) ——— 0.

Since
(z—22) @1 2 (do—22dz)®1 = de®1 —2dz®e(z) = dr®1—2dz®0 = dz®1,

we see that ¢ is an isomorphism of rank 1 [-vector spaces, and therefore we obtain
Hi(Z,Z[x])/(x —2%),1) = 0 fori = 0, 1. O

Theorem 6.16. Let (B, N) be a Noetherian local prelog ring with N integral and
saturated containing a perfect field k. If (B, N) is log formally smooth over (k, 1)
for the topology of the maximal ideal, then Qg ny|(x,1) is a flat B-module.

Proof. (B, N) is log regular by Theorem 6.15, and by [9, 12.5.47] for any prime
ideal q of B, (By, Ng) is log regular, where Ny := TN with T = N — a;l(q).
The monoid N is saturated as follows: Let {2l € N¥P be such that (71)" € N,

that is, Z—; = % with t € T then (Y2)" = ¢""n € N. Since N is saturated,
% € N,andso% € Nj.

Therefore we know that IVy is an integral monoid and also saturated. Again by
Theorem 6.15, (B, Ny) is log formally smooth over (&, 1) for the q.B;-adic topology.

By Proposition 4.10 and Theorem 5.14 we have
Hi((k,1),(B,N),W) = Hi((k,1),(Bq,Ng),W) =0

for any k(q)-module W, where k(q) is the residue field of B,.

By [9, Corollary 12.1.36] there exits N’ — N, with N’ integral saturated and
sharp, inducing the same log structure in B. Therefore by propositions 4.10 and 4.17
we have isomorphisms

Hn((k71)7(BuN)7W) - Hn(<k71)7(Bq7Nq)7W) - Hn((k7 l)ﬂ(quN/>7W)
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for any n > 0 and any k(q)-module W.
Now consider the Jacobi-Zariski exact sequence

Hn+1((1{7, 1), (k(q), N'/me), W) — Hn+1((Bq, N/), (k(q), N'/mN/), W) —

— Hy((k, 1), (Bq, N'), W) — Hy((k, 1), (Bg, N'), W) .

By Theorem 6.9 we have H,.1((Bq, N'), (k(q), N'/mpy/),W) = 0 for all
n > 2 and any k(q)-module W. Since N'/my, = {0,1}, we saw in the proof
of Theorem 6.15 that H,,((k, 1), (k(q), N'/my+),W) = 0 for all n. > 1. Therefore
H,((k,1),(Bq, N"),W) = 0 for all n > 2 and any k(q)-module W.
We have proved
H,((k,1),(B,N),W) =0

for all n > 1, any k(q)-module W and any prime ideal q of B. Now the same proof
as in [2, Supplément, Proposition 29] gives

H,((k,1),(B,N),X)=0

for all n > 1 and any B-module X.
Finally, the universal coefficient exact sequence

Hy((k,1),(B,N),B)®p X — Hi((k,1),(B,N),X) —

— Tor{(Ho((k, 1), (B, N), B), X) — 0
gives us that Qg n)|k,1) = Ho((k, 1), (B, N), B) is a flat B-module. O



Resumo en galego

O obxectivo deste traballo € estudar a regularidade en xeometria alxébrica
logaritmica dende un punto de vista diferente, o que nos permitird obter novos
resultados e eliminar certas hip6teses innecesarias noutros resultados xa cofiecidos.

A xeometria alxébrica logaritmica foi introducida de xeito independente por P.
Deligne [5], por G. Faltings [7], e tamén por J. M. Fontaine e L. Illusie (desen-
volvido por K. Kato en [13]), sendo esta ultima a empregada habitualmente. Un
esquema prelogaritmico é un esquema X cunha estrutura adicional: un morfismo
de feixes de monoides conmutativos av: M — (Ox,-) para algiin feixe de monoi-
des M. Se ademais « induce un isomorfismo = 1(O%) = O%, onde O% ¢ o feixe
de unidades, dicimos que € un esquema logaritmico. Calquera esquema prelogarit-
mico induce un esquema logaritmico (substituindo M polo cadrado cocartesiano de
a1 O0%) = Mea Y (0%) — O%. Por exemplo, se i : U <+ X € unha inclu-
sién aberta e M = ¢ 1(i,0};), onde p: Ox — i.(Op) € a aplicacién canénica,
entén a inclusion M — (Ox, -) dd unha estrutura prelogaritmica en X, obtendo asi
a estrutura logaritmica asociada.

Un dos conceptos mdis importantes neste campo € a lisitude logaritmica.

Definicion. Sexa f: (X, M) — (B,N) un morfismo de esquemas logaritmicos,
onde para simplificar suporemos que os monoides son integros. Dise que f € log
liso se é de tipo finito (como morfismo de esquemas) e verifica a seguinte condicion:
para todo morfismo de (Y, N')-esquemas logaritmicos j: (Z',P') — (Z,P), onde
Z — Z' é un encaixe pechado definido por un ideal nilpotente e onde (Z',P') =
(Z' = P)os (considerando (Z',P) como esquema prelogaritmico via j~'P —
P’ — (Oz,-)), e para todo (Y, N)-morfismo (Z', P') — (X, M), existe localmente
en Z un (Y, N)-morfismo (Z,P) — (X, M) tal que o diagrama

(X, M)
|
(Zz',P) — (Z,P)

é conmutativo.
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Do mesmo xeito que os morfismos lisos funcionan ben en xeometria alxébrica, os
morfismos log lisos tamén funcionan ben en xeometria alxébrica logaritmica. A clave
¢ que certos morfismos de esquemas que non son lisos poden verse como morfismos
de esquemas logaritmicos para certa estrutura logaritmica que fai que sexan logarit-
micamente lisos. Por exemplo, se S é o espectro dun anel de valoracion discreta, X
€ un esquema regular e f: X — S un morfismo plano cunha reducién semi-estable
(i.e. a fibra sobre un punto pechado de S € un divisor D con cruzamentos normais
en X), entdn as estruturas logaritmicas asociadas como anteriormente ds inmersions
abertasi: U := X — D — X ej: {{} — S, sendo £ o punto xenérico de .S, fan que
f sexa log liso. Deste xeito, en certo sentido, a xeometria logaritmica resulta un con-
texto adecuado para traballar coa semi-estabilidade, dado que 4 lisitude logaritmica
ten propiedades functoriais boas (por exemplo, a semi-estabilidade non se conserva
baixo cambio de base, a diferenza do que sucede coa lisitude logaritmica).

Un concepto relacionado e introducido por K. Kato algitins anos despois [14], é
o da regularidade logaritmica. A primeira parte deste traballo de Kato céntrase na
xeneralizacién de resultados sobre regularidade (cldsica) ao caso logaritmico. Porén,
os resultados que obtivo Kato necesitan na sia maior parte algunhas hipéteses non
desexables (nalguns casos hipéteses de finitude, noutras fan referencia 4 regulari-
dade logaritmica en lugar de interseccién completa logaritmica ao non ter definido
este concepto nin o de ideal regular logaritmico etc.). O noso primeiro obxectivo ¢
evitar estas hipéteses indesexables. En moitos dos nosos resultados, mesmo evita-
mos as hipéteses de integridade (logaritmica). O segundo obxectivo desta memoria é
completar con novos resultados o estudo sobre a regularidade logaritmica que reali-
za Kato. Por exemplo, obtemos os seguintes resultados (por seren todas as cuestions
locais, usaremos a linguaxe de aneis logaritmicos):

Teorema 6.15. Sexa ((B,n,l), N) un anel prelog local noetheriano con N integro e
saturado, e k C B un corpo.

(i) Se (B, N) é log formalmente liso sobre (k, 1) para a topoloxia n-ddica, enton
(B, N) é log regular.

(ii) Supoiiamos que a extension l|k é separable. Se (B, N) é log regular, entén
(B, N) € log formalmente liso sobre (k, 1) para a topoloxia n-ddica.

O anterior resultado foi obtido por Kato para os casos nos que B ¢ finitamente xerado
sobre k.

Teorema 6.16. Sexa (B, N) un anel prelog local noetheriano con N integro e satu-
rado que contén un corpo perfecto k. Se (B, N) é log formalmente liso sobre (k,1)
para a topoloxia do ideal maximal, enton (g ny|(x,1) € un B-mddulo plano.
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Aqui QB n)|(k,1) € 0 m6dulo de diferenciais logaritmico, que € unha xeneralizacién
do concepto de mddulo de diferenciais con polos logaritmicos ao longo dun divisor
con cruzamentos normais.

Teorema 6.12. Sexa (A, M) un anel prelog local noetheriano, J un ideal propio de
A B=A/JeN = M/ay;(J), onde ap - M — A é a aplicacion estrutural.

(i) Se (A, M) é log regular e (B, N) é log interseccion completa, enton J é un
ideal log regular.

(ii) Se (B, N) é log regular e J é un ideal log regular, enton (A, M) é un anel local
log regular.

(iii) Supoiiamos que M ¢é integro e M8P libre (por exemplo, se M é saturado e
sharp). Se (A, M) é log regular (ou log interseccion completa) e J € log regu-
lar, entén (B, N) é log interseccion completa.

Unha variante do apartado (i), asumindo a maiores que (B, N) é log regular e M
integro, foi obtida por Kato: se (A, M) e (B, N) son log regular e ademais N = M
integro, enton J € un ideal regular.

No contexto non logaritmico, unha importante ferramenta para enfrontarse a estas
cuestions € o complexo cotanxente introducido por M. André [1] e D. Quillen [20]. A
utilidade desta teoria de (co)homoloxia vén dada por dous feitos: por unha banda, o
complexo compértase moi ben (cambio de base, localizacién, importantes sucesions
exactas etc.); mentres que, por outra banda, a sia anulacién caracteriza a lisitude, a
regularidade e a interseccion completa:

Teorema. ( [2], [20])

(i) Sexa B unha A-édlxebra noetheriana e J un ideal de B. Entén, B € formalmente
liso sobre A para a topoloxia J-ddica se e s6 se H'(A, B,W) = 0 para todo
B/J-médulo W.

(ii) Sexa (A, k) un anel local noetheriano. Entén:

(a) Oanel (A, k) éregular se e s6 se Hy(A, k, k) = 0.
(b) O anel (A, k) € interseccion completa se e s6 se Hz(A, k, k) = 0.

No contexto logaritmico tamén temos un “complexo cotanxente logaritmico”,
que foi introducido por O. Gabber (os detalles poden consultarse en [19], onde M.
Olsson tamén introduce e estuda unha variante deste complexo). Este complexo co-
tanxente logaritmico serd a nosa principal ferramenta para lidar coas cuestions cen-
trais deste traballo.
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A continuacién describiremos os contidos da tese. Nos capitulos 1 e 2 ddse unha
rapida revision das definiciéns e notacidons de monoides e aneis logaritmicos que
serdn empregadas durante os seguintes capitulos. No Capitulo 3 estudamos as dife-
renciais logaritmicas e as derivacidns logaritmicas. Non hai nada esencialmente novo
nesta parte, pero dado que non atopamos referencias na literatura para algins destes
resultados, polo que preferimos incluir unha exposicién dos mesmos.

A Seccion 4.1 céntrase no desenvolvemento do complexo logaritmico cotanxente
de Gabber. O estudo realizado en [19] non € suficiente para os nosos propositos, dado
que carece de resultados que necesitamos en certos momentos, outros son incluidos
pero con hipdteses mdis fortes que as que podemos asumir (cambio de base ou da
localizacién). Esta seccién contén tamén un dos dous principais resultados técnicos,
ao que chamaremos triangulo fundamental (Teorema 4.3): se (A, M) — (B, N) é
un homomorfismo de aneis prelogaritmicos e W € un B-médulo, temos un tridngulo
distinguido na categoria derivada de Z-mdédulos

Lzinzpn®@zimW — (Lpja®@sW)S(Xnn®@zW) — L nya,m)@BW —

onde os dous complexos L. da esquerda son os complexos cotanxentes “usuais” e o I
da dereita € o complexo cotanxente logaritmico, mentres que X 7 € un complexo
que aparece no tridngulo distinguido

ME — NEP —>XN|M S

Este resultado é fundamental e serd empregado de comezo a fin, Xxa que nos
permitird relacionar propiedades do homomorfismo logaritmico (A, M) — (B, N)
con propiedades dos homomorfismos de aneis A — B e Z[M] — Z[N] a través da
sucesion exacta fundamental

« — Hy(Z[M],ZIN],W) — Hp(A,B,W) @ Hp(Xnjnr @2 W) = Hn((A, M), (B,N),W) -
7 ot (VL ENL W) = > Ho(4,M), (B, M), W) = 0,
onde
* Hy(Xnjm ®z W) = 0paran > 3,
 Hay(Xyn ®z W) = Torf (ker(ME — N&) W),

* Hy(X |y ®z W) € un B-médulo que aparece na sucesion exacta (que escinde
de xeito non candnico)

0 — ker(M= — N#) @z W — Hi(Xyjn @2 W) — Torl (N / Im(MEP — N&), W) — 0,

© Ho(Xyjy @z W) = (N&°/Im(ME — NEP)) @z W.
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Incluimos tamén unha demostracion do feito de que a loguificacién non cambia a
(co)homoloxia do complexo cotanxente logaritmico cando as estruturas son integras.
Este resultado aparece en [19]. Non sabemos se as hip6teses de integridade son ne-
cesarias. Nalguns puntos do Capitulo 6 non poderemos ir mdis lonxe por mor destas
hipdteses de integridade (mesmo para estruturas integras, Xa que aparecen cocientes
non integros nas probas). Esta € a razén pola cal incluimos unha demostracion alter-
nativa deste teorema de Olsson: non fomos quen de evitar as hipéteses de integridade,
pero pensamos que a nosa proba estd un pouco madis preto de poder evitalas.

A Seccién 4.2 non € necesaria para o resto do contido da memoria, pero ten un
interese independente. Nela damos unha versidén logaritmica e andloga da sucesién
espectral de Quillen. Se C' — B é un homomorfismo sobrexectivo de aneis logarit-
micos, Quillen d4 unha sucesién espectral converxente [20,22]

Eﬁ,q = Hp1q(Sqlipja) = Torngq(B, B)
onde S;LLp4 € a g-€sima potencia simétrica do complexo cotanxente. Se ademais
C = B®, B, onde B é unha A-dlxebra plana, esta sucesion espectral toma a forma

E;q = Hy(ALps) = HHy4,(B|A)

onde A? denota a g-ésima potencia exterior e HH € a homoloxia de Hochschild. N6s
damos unha sucesion espectral similar no caso logaritmico (Teorema 4.21). Ainda
que a sucesion espectral non logaritmica ten un papel fundamental nos traballos de
Quillen [20, 22], o noso Unico interese para obter a version logaritmica é que o seu
abutment (que definimos de forma explicita na memoria) da outro candidato para ser
a (co)homoloxia logaritmica de Hochschild.

O Capitulo 4 finaliza coa Seccién 4.3, onde adaptamos os métodos de [15] e [2,
Proposition 15.12] co obxectivo de obter o complexo mdis pequeno que sexa ttil para
calcular a segunda (co)homoloxia de grupos do complexo cotanxente logaritmico.

O Capitulo 5 dedicase ao estudo (co)homoldxico da lisitude logaritmica. A idea é
evitar as hipétesis de finitude nos morfismos e queremos tamén evitar as hipéteses de
integridade tanto como sexa posible, polo cal os primeiros pasos feitos en [19] e [12]
non nos son de axuda. Necesitamos polo tanto comezar dende o inicio. Procederemos
da forma habitual: primeiro caracterizamos os elementos de H' como extensiéns
de alxebras logaritmicas. No caso integro esta feito en [19], pero en xeral a propia
definicion de extension esta mais involucrada, e asi a nosa demostracion € diferente
e substancialmente madis longa ca no caso integro. Posteriormente deducimos algtins
resultados que caracterizan a lisitude logaritmica a través da anulacién do complexo
cotanxente logaritmico. Este proceso é o estdndar para a lisitude logaritmica, pero
necesitamos ter en conta as topoloxias, € dicir, caracterizar a lisitude logaritmica
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formal (dado que € necesaria cando os homomorfismos non son de tipo finito), dando
lugar a demostracidéns mdis longas. Por exemplo, obtemos os teoremas 5.14 e 5.15.

Este capitulo remata con algunhas aplicacions de menor importancia: a Proposi-
ci6én 5.18 e a Proposicion 5.19. En particular, a Proposicién 5.19 € unha ampla xene-
ralizacién da parte de lisitude de [11, Theorem 0.1]. Para unha mellor comparacién
destes resultados, engadimos o seguinte corolario desta proposicion:

Corolario 5.20. Sexan (A,M) — (B,N) e (A,M) — (C,P) homomorfismos
de aneis prelogaritmicos con Spec(C') — Spec(A) sobrexectivo e supoiiamos que
Z[M| — Z[P] e A — C son planos, e tamén que M3’ — P8 ¢ inxectivo.
Consideramos un ideal J de B. Enton (B, N) é unha (A, M)-dlxebra formalmente
lisa para a topoloxia J-ddica se e s6 se (B ® 4 C, N @y P) é unha (C, P)-dlxebra
formalmente lisa para a topoloxia J ® o C-ddica.

Finalmente, no Capitulo 6, estamos preparados para estudar a regularidade lo-
garitmica. Comezamos coa caracterizacion desta en termos do complexo cotanxente
logaritmico, que é o noso segundo principal resultado técnico (Teorema 6.3 a Teore-
ma 6.9):

Teorema. Sexa ((A,m, k), M) un anel (pre)logaritmico local noetheriano e my; o
conxunto de non unidades de M.

(i) (A, M) é un anel logaritmico local regular se e 56 se o coniicleo do homomor-
fismo canonico inxectivo

Tor%(ker(Mgp — (M/mp)8P), k) — Ho((A, M), (k, M /mypr), k)
se anula.

(ii) Existe unha estrutura prelogaritmica (A, P) en A que induce a mesma es-
trutura logaritmica que (A, M) e tal que (A, P) é log regular se e so se

Hs((A, P), (k, P/mp), k) = 0,

(iii) Se M é un monoide integro, o monoide P en (ii) tamén pode ser escollido
integro, e polo tanto (A, P) é log regular se e 56 se (A, M) é log regular.

(iv) Se M é un monoide integro, enton que (A, M) sexa log regular implica que
H,((A, M), (k,M/my), k) = 0 para todo n > 3.

En particular, o apartado (i) do teorema anterior dedicese dun resultado madis
xeral, que non s6 é valido para o ideal maximal m, senén que tamén € certo para
calquera ideal de A. Isto permite introducir o concepto de ideal log regular. Este xoga
un papel similar ao da regularidade de ideais no caso non logaritmico. Por exemplo,
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probamos que se (A, M) é un anel local log regular e J un ideal propio de A, en-
tén J ¢ un ideal log regular se (A/J, M/a~'(J)) é log interseccién completa (onde
a: M — A é a aplicacién candnica), e a implicacién contraria é certa baixo certas
hip6teses mdis relaxadas. A definicion € a seguinte: Sexa ((A4,m, K), M) un anel
prelogaritmico local noetheriano, J un ideal propio de A, a: M — A o homomor-
fismo estrutural e N = M /a~1(.J) o monoide cociente. Sexa I o ideal de A xerado
por a(M) N J. Dise que J é un ideal log regular se se verifican as didas condiciéns
seguintes:

(i) Oideal ker(A/I — A/J) de A/I esta xerado por unha sucesion regular.
(i) Tor™(A,Z[N]) = 0.
Esta definicion ten unha comoda caracterizacion homoléxica (Teorema 6.1):
Teorema. Baixo as condicions anteriores, son equivalentes:
(i) J élog regular.
(ii) A aplicacion
Hy(A, A/ J, k) @ Tor’ (ker(M$” — N®), k) — Hy((A,M),(A/J,N), k)

na sucesion fundamental exacta é a aplicacion nula no primeiro sumando e un
isomorfismo no segundo.

(iii) Para todo A/ J-médulo W, a aplicacion
Hy(A, A/ J, W)@Tor%(ker(Mgp%Ng”),W) — Hy((A,M),(A/J,N),W)

na sucesion fundamental exacta é a aplicacion nula no primeiro sumando e un
isomorfismo no segundo.

A vista destes resultados, estamos xa en disposicién de estudar a regularidade
logaritmica. Por exemplo, a partir do tridngulo fundamental chegamos de xeito inme-
diato 4 relacion entre regularidade logaritmica e regularidade dun anel logaritmico:

Teorema 6.11. Sexa ((A,m, k), M) un anel prelogaritmico local noetheriano con
M un monoide integro.

(i) Se (A, M) é un anel log regular, enton temos que A é un anel regular se e s6
se ker(Z[M] — Z[M /m;]) estd xerado por unha sucesion regular.

(ii) Se A é un anel local regular, enton cimprese que (A, M) é log interseccion
completa se e s6 se ker(Z[M]| — Z[M /my;]) estd xerado por unha sucesion
regular.

Este derradeiro capitulo remata cos teoremas 6.15 e 6.16, que xa foron enuncia-
dos ao comezo deste resumo.
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