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Abstract

Two improvements of the usual three-dimensional partial differential equations that model ion-exchanged optical devices in glass
under charge neutrality approximation are proposed. First, they are rigorously generalised for both non-ideal cation behaviour and
concentration-dependent self-diffusion coefficients. Secondly, the Faraday equation is imposed in the derivation instead of the Ohm
law. Accordingly, the current density distribution is not governed by the electric field but by the gradient of an effective electrical
potential instead. On the other hand, the boundary conditions of those equations are obtained from standard electrolyte theory,
which results in contact potentials at interfaces between glass and molten salt, silver film or metallic cathode. Therefore, typical
arrangements for field assisted ion exchange must be considered as electrochemical cells, and thus a correction term must be added
to the applied voltage to get a proper modelling. This term can be neglected in some typical cases but it must be retained in
others. Finally, it is predicted that the electrochemical cell effect can be used to diffuse cations from a silver film without need for
an external applied field. This suggests a new simple method to fabricate integrated optical components by ion exchange in glass.
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1. Introduction

Ton exchange in glass has been developed and widely ap-
plied to fabricate integrated optical devices for more than
three decades due to its main advantages: fibre compati-
bility, low propagation losses and low cost [1,2]. Cations
(usually Na™) close to a glass surface are replaced with
other monovalent cations such as K+, Cs*, TIT or Ag™.
Molten salts (nitrates) of such cations are common sources
of dopants, although a metallic film deposited on the glass
surface can be also a source of cations. The exchange hap-
pens by thermal movement of cations or it can be assisted
by an electric field. The electrical permittivity of the glass
(that is the refractive index squared) increases proportion-
ally to the dopant cation concentration and thus, slab op-
tical waveguides can be shaped after a long enough ion ex-
change. By selective masking of the glass surface, ion ex-
change can be locally prevented or allowed to fabricate inte-
grated optical elements such as channel waveguides, lenses,
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total reflection mirrors, splitters, multiplexers and so on. It
must be stressed that even amplifiers, lasers and frequency
doubling have already been demonstrated in special glasses.

Fibre compatibility, coupling losses between different re-
gions or optical path differences in interference-based de-
vices depend strongly on the refractive index distribution;
therefore, the prediction of the cation concentration is of
great importance to design high-performance optical de-
vices. Several works have studied the coupled partial dif-
ferential equations that describe the cation transport [3—
11]. The charge neutrality approximation allows an impor-
tant simplification without relevant loss of accuracy; thus,
a drift-diffusion equation and a non standard Laplace equa-
tion are obtained in the general case. Section 2 deals with
both contributions and limitations of these works in or-
der to make clear why a new study is needed in this topic.
The model is generalised to non ideal cation behaviour and
concentration-dependent self-diffusion coefficients in Sec-
tion 3. Moreover, the Faraday’s law is included in the new
derivation, unlike previous works where the Ohm’s law was
assumed. This leads to a Laplace equation for an effective
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electric potential instead of the true electric potential. Al-
though the difference between them amounts at most some
tenths of Volt, it must be retained to calculate the electric
field.

On the other hand, the boundary conditions of these
electro-diffusion equations have received less attention than
the equations themselves in the above mentioned works.
For example, it is assumed that electric potential is the
same at glass surface and at molten salt when they touch
each other. Nevertheless, it is known since the sixties that
a contact potential exists [12,13]. The exact boundary con-
ditions between salt and glass are obtained in Section 4
from the standard theory of electrolytes [14]. The approach
presented in this work results in a new boundary condition
at the glass-silver film (anode) interface which presents a
contact potential as well. This effect has not been studied
yet in the literature. The boundary condition between a
metallic cathode and a glass with two cation species at this
interface is also studied for the first time.

As regards the new approach, typical arrangements for
electro-diffusion are analysed in Section 5. The validity of
usual assumptions is discussed; and finally, a new method
to fabricate optical waveguides from silver film is suggested.

2. Standard models

The simultaneous diffusion of two cation species (A and
B) with different diffusion coeflicients (D4 and Dg) in a
medium (glass) where fixed anions are present is governed
by three second-order coupled partial differential equations:
the Poisson’s and two drift-diffusion equations (one for each
specie of cation). In most cases this system can be simplified
under the approximation of charge neutrality, that is, the
total cation concentration is assumed to be almost equal to
the anion one everywhere. It is supported by the fact that
a very small charge disequilibrium is enough to generate
a strong electric field which dominates the drift-diffusion
equations; this field moves the cations in such a way that
the charge neutrality tends to be restored [15,16]. This ap-
proximation was developed in [3] for the cases where the
total flux of cations (Jo) is null. Thus, the following dif-
fusion equation (without drift term) is enough to describe
the process:
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where t is the time and ¢; is the mole fraction of the specie
i = A, B. Each mole fraction is related with concentrations
of both species (C4 and Cp) through:

i=A,B. (2)

Note that cg could be eliminated from (1) since c4 + ¢ =
1, but it is retained for aesthetics. The fraction that ap-
pears on the right-hand side of eq. (1) is an inter-diffusion
coefficient that depends on both the cation mole fraction

and each self-diffusion coefficient; that is, (1) is a non-linear
partial equation.

There are interesting processes (such as burying or diffu-
sion from silver film) where a net current crosses the sam-
ple. A generalisation of charge neutrality approximation is
desirable to describe this kind of cases; it was made for one-
dimensional problems in [4], and in the present notation,
the following equation was obtained:
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x being the Cartesian coordinate, Cy the anion concentra-
tion and Jyx the cation flux density along the z-axis. Note
that a non-linear drift term proportional to Jox arises. This
one-dimensional flux density does not depend on the po-
sition because .Jo has no sources under charge neutrality
approximation (as it will be shown in eq. (17) below).
The generalisation for two or three dimensions has pre-
sented much more difficulties than one would expect. Sev-
eral works have studied this problem with progressive im-
provements. Thus, a first approach was made in [5] by ap-
proximating the total electric field (but not its divergence)

—

by the external one (Eext), which leads to:
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where e, kg and T are the proton charge, the Boltzmann’s
constant and the absolute temperature respectively; how-
ever, this is not a true generalisation, because (1) is not
recovered when the external field (Eext) is null. This prob-
lem was pointed out and overcame in [6] by obtaining the

following electro-diffusion equation:
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The drift term is again proportional to the field E¥,, defined

as:
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Authors of [6] claim that E* is the external applied field,
but it will be shown later that charges located inside glass

contribute to this field. Tt must be pointed out that eq. (1) is
retrieved if EX, = 0 into eq. (5). Nevertheless, eq. (3) is not
recovered when (5) is reduced to one dimension under the

assumption that ngt is generated only by charges located

outside the glass (VEZ,, = 0). Specifically, (Fext), should

€.
be independent of the position in one-dimensional problems



(like Jox above), which makes clear that the drift terms
of egs. (3) and (5) are different although their qualitative
behaviour is similar.

On the other hand, both ref. [7] and ref. [8] have obtained
the same multi-dimensional electro-diffusion equation:
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which depends on the total flux density Jo instead of the
electric field. It can be regarded as a satisfactory extension
of both (1) and (3) equations since they are retrieved under
proper assumptions. Nevertheless, the problem is shifting
now to the Jy calculation; note that eq. (17) is not enough
for multi-dimensional problems in order to calculate Jo in
an univocal way. Both ref. [7] and ref. [8] neglected the
change of the local conductivity due to the variation of the
sample composition; hence, (more or less explicitly) it is
assumed that the cation flux is proportional to the external
electric field.

The influence of the conductivity change on the flux den-
sity has been formalised in ref. [9] to explain why channel
waveguides are buried more slowly than slab ones; they as-
sumed the Ohm’s law:

eJo =—aVV, (8)

where V is the electric potential and ¢ the conductivity
related to the mole fractions by means of the following re-
lationship:
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When (8) and (9) are inserted into (17), the following non-
standard Laplace equation arises:

v ((DACA + DBCBWV) —0 (10)

which determines V if the concentration profile is known;
next Jo is trivially calculated from V' and it can be sub-
stituted into eq. (7) to calculate the c4 evolution. As ca
changes, a recalculation of jé can be needed; that is, two
coupled partial differential equations must be solved in the
general case. This scheme seems robust, but it will be shown
below that a concentration-dependent term must be added
to V in the Ohm’s law (8) —which will not be assumed but
demonstrated— for the sake of consistency with Maxwell’s
equations.

The above referred works assumed both constant self-
diffusion coefficients and ideal behaviours of cations. How-
ever, the experimental profile of the field-assisted bury-
ing of slab waveguides is much more asymmetric (sharp
front of profile and smooth rear tail) than predicted from
constant self-diffusion coefficients. A strong dependence of
self-diffusion coefficients on cation composition is needed

to get an accurate description [17]. Such a dependence is
called mixed alkali effect and it has been known for several
decades[18-20], although no theory has been universally
accepted to explain such effect. Silver and thallium cations
in glass behave similarly to alkali ones, so the concept was
later extended to mixed mobile ion effect (MMIE). MMIE
often stays hidden by the non-linear behaviour of the inter-
diffusion coefficient, particularly if no electric field is ap-
plied or low mole fractions of incoming cations are used.
It explains why the above models predict reasonably the
mole fraction in most cases. A mole fraction dependence on
D, and Dp was taken into account in ref. [10] by assum-
ing again the Ohm’s law (8), which leads to little changes
in eq. (7). Similarly, (5) was directly used in ref. [11] by re-
placing constant D;’s with concentration-dependent ones,
although a rigorous derivation should also include terms
depending on ZCD;. In that work[11], E*, was calculated
from (10), which is actually equivalent to the procedure of
[10] but then VE*, # 0.

Both refs. [10] and [11] assumed the flux densities of
cations (11) with g; = 1; that is, the behaviour of cations
is considered ideal regarding the mole fraction. Neverthe-
less, experimental works based on ion-exchange equilib-
rium [21,22] showed a notable deviation from ideality; in
that case, the thermodynamic factor g; must be retained.
This factor alters both the inter-diffusion coefficient [23]
and the index profile of surface slab waveguides. If self-
diffusion coefficients are considered constant and no net
current is present (j(; = 0), a bump in the central region of
the profile is predicted, which agrees with the experiments
[24,25]. Later, accurate measurements of diffusion coefli-
cients showed both their dependence on concentration and
a non ideal behaviour[26,27].

It must be stressed that there is not a general model
including all these phenomena.

3. Derivation of electro-diffusion equations

Equations that describe the most general case of electro-
diffusion are derived in this section: multidimensional, field
assisted, variable self-diffusion coefficients and non-ideal.
Special attention is paid to the application of the charge
neutrality approximation without the unnecessary and in-
accurate assumption (8).

3.1. Ezact equations

The flux density of each cation specie (J_;) is given by:

—

- = el
Ji=—g:D;VC; + D;Ci —
i g:D;VC; + T

i=AB, (11)
where E is the electric field, if a;’s are the thermodynamic
activities of cations, the thermodynamic factor g; is defined
as:
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As no cation is destroyed while it diffuses, the continuity

equations must be verified, that is:

oC;
ot

Moreover, the Poisson’s equation and the Faraday’s law of
induction must be also fulfilled:

+VJ;=0

i=A,B. (13)

V(eE) = e(Ca + Cp — Cy) (14)
. . 9B

where € is the glass electrical permittivity and B is the
magnetic field which will be assumed as time-independent
since the total current changes very slowly.

These six first-order partial derivative equations (from
11 to 15) describe exactly the electro-diffusion of cations.

3.2. Charge neutrality approximation

As explained above, a little charge imbalance in (14) gen-
erates a strong electric field which gives a dominant contri-
bution to the second term of eq. (11). Moreover, this field
tends to balance the charges; for instance, if a region has
less cations than anions, it is negatively charged, hence it
attracts cations and the neutrality will be retrieved.

The charge neutrality approximation is based on neglect-
ing the electric field divergence in comparison with the
charges e(C'4 +Cp) and eCj in the Poisson’s equation (14),
which leads to:

Ca+Cp = Co. (16)

Now, by adding both continuity equations (13) and using
(16), it is obtained:

Vo =0, (17)

where the total flux density Jo is the addition of both flux
densities. Moreover, by adding the flux density equations
(11), it is obtained:
JB = jA + fB
= —9aDaVC4 — ggDpVCip
E
+(DACA + DpCp)——. (18)
kT

Note the additional diffusion terms compared with Ohm’s
law (8). By finding the electric field from eq. (18), we have:

cE Jo 9aDAVCa + gsDpVCp
kT DACa+ DpCp DsCs+ DpCp
which will be used twice. On the one hand, the electric field
can be substituted in (11) to write the flux density of each
cation as a function of JB; for instance it leads to:

(19)
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where (16) has been used again. Next, by inserting eq. (20)
into eq. (13) and by taking into account eq. (17), the fol-
lowing electro-diffusion equation is obtained:
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This equation is an extension of (7) for both non-ideal
cation behaviour and concentration-dependent D;’s.

On the other hand, eq. (19) can be inserted into (15)
which leads to:

=4 <]_£)
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This equation, eq. (17) and the boundary conditions, which
will be explained later, determinate the flux density Jo.
From eq. (22), Jo can be related to a scalar function ¢ which
is much easier to calculate than a vectorial one like ,]_E), that
is:

Jo e =
= — 23
DACs+ DpCp kBTv¢ (23)

where the factor —e/(kgT') was included in order to get for
¢ the same units than the electric potential. Note that —6¢
is the same that E;‘Xt such as defined in eq. (6); nevertheless,
they do not verify the standard Laplace equation, in fact,
by taking divergences in eq. (23), it is obtained:

e oo 8[
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whose result is not zero in general. The partial differential
equation of ¢ is obtained by finding Jy from eq. (23), taking
divergences and using eq. (17):

6 ((DACA + DBCB)ﬁqb) = 0, (25)

which is the same equation as (10), but the field is ¢ in-
stead of V. To stress the conceptual difference between the
present treatment and that of [9], the right equation for V'
is obtained by taking divergences in eq. (18):

v ((DACA + DBcB)ﬁ\/) =

k T = = —
~=2-V (9aDaVea +guDsVer) , (26)
which is inhomogeneous (in a mathematical sense) unlike
eq. (10). Actually egs. (25) and (26) are equivalent, but the
last one is more difficult to solve, even in one-dimensional
problems where the former leads easily to Jp.



By comparing equations (23) and (25) with (8), (9) and
(10), it seems that this mistake between V and ¢ should
not have consequences in the calculation of Jo and therefore
neither should do in c4. However, in general, the boundary
conditions for V' and ¢ are a little different. Only in some
particular cases they agree, or at least they lead to the same
solution for Jo. In order to obtain the boundary conditions
of ¢, the relationship between ¢ and V is required; it can
be easily deduced by replacing eq. (23) into eq. (19) and
then integrating:

$p=V+

dlna dlna
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where the integration limits ensure the equality of ¢ and
V for ¢y = 0. To obtain a more compact equation, the
following self-diffusion coeflicients are assumed :

D; = D“"yi < Di;c; = Dya; 1= A, B (28)
(see appendix), where each D;; = D;l.,=1 is the self-
diffusion coefficient of the corresponding pure specie and
~;’s are the thermodynamic activity coefficients (a; = v;c¢;).
This proportionality between activity and diffusion coef-
ficients arises when the energetic level of hopping cations
(excited states) are independent of the cation mole frac-
tion. No assumptions are made about the dependence of
~:;’s on ¢; however. Therefore, eq. (27) can be integrated:

]CBT1 Dyca + Dpep
n
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It must be stressed that the assumption (28) is not essen-
tial, but it simplifies notably the calculations of the next
section. From experimental values of D;’s, we can expect
that the greater difference between V and ¢ in eq. (29) is
about some tenths of Volt, which is negligible in compari-
son with the usual tensions (between 20 and 100 V) to get
optical device fabrication. However, relevant errors in the
calculation of the electric field can be made if this differ-
ence is ignored. More specifically, the strong gradients of
mole fraction occur in the waveguide region, and thus the
argument of the logarithm of eq. (29) can change more than
one order of magnitude in a few micrometres, which leads
to an electric field contribution comparable with a typical
external applied field.

Once Jy and ¢4 are known, the charge neutrality approx-
imation can be checked. By taking divergences of both sides
of eq. (19), an estimation of charge density is obtained,
which can be compared to the total charge of anions —eCjy
in eq. (14).

Briefly, the equations to be solved are (21), (23) and (25),
whereas (29) will be used in the next section.

4. Boundary conditions

Boundary conditions depend on the substance that is
in contact with the glass. Three kinds of substances are
usually studied: molten salts, metallic films as cation source
and masks. Dielectric and metallic mask are dealt with
separately in this work; moreover, metallic film acting as
cathode is also studied. The standard theory of electrolytes
[14] is applied to obtain the boundary conditions for both
ca and V| in such a way that the usual boundary conditions
of ¢4 are retrieved. When the boundary conditions of V'
are analysed, it results in a potential difference that arises
between the glass and the salt or the metallic film, that
is, a contact potential exists when cations can cross the
boundary. The boundary condition for ¢ will be obtained
from that one for V' through (29).

4.1. Molten salt-glass interface

The most often used salts are nitrates of sodium, potas-
sium and silver, or mixtures of them. [28-33]

4.1.1. One specie of cations

The simplest case occurs when only one cation specie is
present both in glass and salt (e.g. sodium cations). These
cations move from salt to glass and vice versa to achieve
the equilibrium, which happens when the cation electro-
chemical potentials are equal in both phases and they do
not depend on the position, that is:
W=u% (B, B) (30)
where the subindex ’s’ means the salt, no subindex means
the glass and the super-index '0’ means that no A cation is
present. The chemical equation is also included in paren-
thesis. As cations are charged particles, each electrochem-
ical potential can be split into an electrical and a chemical
part:

pwy = ip(Cr) + eV,

0 0 (31)
HBs = ﬂBs(CBS) +eVs.
Therefore:
e(Va— V) = i%(C) — ilha(Ce). (32)

Note that i%(Cp) and 1% (Cps) can depend on the posi-
tion through Cp and Cpgg respectively; of course V and V5
also depend on the position in such a way that u% and u%,
remain homogeneous.

Although the dependence of the chemical potentials on
the respective concentrations is unknown, the problem can
be analysed from a qualitative viewpoint. Let us suppose
that the salt has less energetic states which results in a
lower value of its chemical potential in bulk region; thus, if
both phases are put into contact, glass cations tend to cross
the interface. As cations cross, a negative charge builds up



in the glass and a positive one also appears in the salt. The
resultant electrostatic force keeps these charges confined in
two thin surface layers (typically some nanometres thick).
These charges cause a potential difference between the glass
and the molten salt. Obviously, the cation migration stops
when this difference balances the original energetic step.
This contact potential is similar to the one that occurs
between two metals or in a P-N semiconductor junction.

Hereafter, the thickness of these charged layers will be
neglected, but the potential difference will be retained by
evaluating the electrochemical potentials near the bound-
ary but far enough to just avoid charged layers; this is for-
malised by using the subindex ’|¢’ as follows:

Vip =V, + @ (33)

where the dependence on the concentration of chemical po-
tentials was removed to indicate that its values are referred
to the bulk region where Cp ~ Cj. It must be stressed
that (33) remains valid although a weak disequilibrium was
present (for example when an electric current crosses the
boundary) because the continuity of the electrochemical
potential at the frontier can be assumed; this means, lo-
cal equilibrium still exits. Likewise, the bulk value of the
salt potential (V) is used instead of its value at the surface
(Vs|r) because the conductivity of the molten salt is much
higher than that of the glass, hence the potential differences
into the salt can be neglected. In brief, the charge density
near the interface is not neglected, but the thickness of the
charged region is.

Finally, the boundary condition of ¢ is equal to that of
V because ¢4 = 0:

~0 _ -0
dlp = Vi + B0 (34)

4.1.2. Two species of cations

Although the electrochemical potentials also depend on
the mole fractions of cations when two species are present,
the above method can be applied to each specie:

(As < A)
(Bs < B).

HAs = NA'F (35)

UBs = UB|F

Note that the bulk value of the electrochemical potentials
was used in the salt phase. The salt can be assumed as ho-
mogeneous (the same mole fraction everywhere) because its
cation mobility is much higher than the one in glass; more-
over, the salt convection continuously renews the salt at
the boundary. By splitting the electrochemical potentials,
it is obtained:

fias +eVs = fialr + eVlr (36)
Aps +€eVs = fiplr + eVlp.

The electric potentials vanish by subtracting both equa-
tions which leads to:

fas + 0Blr = ialr + IBs (As+ B < A+ By), (37)

but as neither salt nor glass behave ideally, then:

i = ﬂ? + kgTIna;

i=A, B, (38)
fiis = % + kT In ajg
therefore:
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To relate mole fractions at the glass boundary (ca|r and
cp|r) with those of salt (c4s and ¢ps), some authors [21,22]
applied both the regular mixture model to salt (see [34] for
experimental values of W):

W
Ina;s =Ines + ——(1 — ciS)Q

ksT

and the experimental law [35]:

i=A,B, (40)

n
a c
2B _ (_B> (41)
aA CA

(n being a constant) to the ratio of the thermodynamic
activities in glass. Thus (39) fixes c4 at the glass frontier,
therefore it is a Dirichlet boundary condition.

Once mole fractions at the glass boundary are known,
the contact potential is fixed by any equation from (36):

A As
e aalr

:‘/;+ Hps — B + In aBs , (42)
e e aplp

and thus the following Dirichlet condition for ¢ is obtained:

0%, — % kT a D
¢|F:‘/;+M+B—ln|:a,45< B|F+ﬂ):|
e e Dpp
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0% —a%  kgT D
=, B B By {a35<1+ ACA) ] (43)
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Note that c4|r is the same in all points of the glass surface
in contact with the salt. Therefore, both V|r and ¢|p are
also constant along the frontier between salt and glass, but
different from V.

4.2. Metallic film as a cation source

Silver [36-43] and, to a lesser extent, copper [44,45] are
the metals used as cation sources. Introduction of both
gold and cobalt from metal films has been recently demon-
strated although their diffusion coefficients are so low that
neutrality charge approximation fails [46].

In theory, the atoms of the film (called A) can enter into
the glass as cations, and glass cations (both A and B) can
be adsorb to the film, therefore equations like (35) apply:

(Af — A)
(Bf «— B)

fa+s = palp (44)

U+t = MA|F



Table 1
Melting point (°C), work functions, ionisation and cohesive energies
(eV) used to estimate WA“ ', of several elements.

Cohesive Ionisation
Telt energy (Wﬁ) energy Work function (WeA_) W£+
at 0K [47] (Ia) [47] [47] [48]
Li 180 1.63 5.39 2.38 4.64
Na 98 1.113 5.14 2.35 3.90
K 64 0.934 4.34 2.22 3.05
Rb 39 0.852 4.18 2.16 2.87
Cs 29 0.804 3.89 2.14¢ 1.81 2.72
Cu 1083 3.49 7.72 4.59 4.48 4.98° 4.4 6.7
Ag 961 2.95 7.57 4.64 4.52 474> 4.3 6.1
TI 304 1.88 6.11 3.7 4.29

apolycrystalline; bdepending on the crystallographic face

where p4+¢ and pp+¢ are the electrochemical potentials of
cations in silver film!. Nevertheless, as alkalies form very
unstable metals, the second equation is strongly shifted
to the right; that is the amount of B cations adsorbed to
the film is usually so small that it can be neglected. In
other words, it is assumed that B specie can not cross the
boundary. Thus, the second equation (44) can be replaced
with the simpler one:

fB|F-éF%0 (45)

where ép is the unit normal vector of the boundary that
faces the glass. This condition is equivalent to:

Jalr - ér = Jolp - éx (46)
which leads to the following relationship:

Jolr - ér
DalrCo”

Vealr - ép & — [ (47)

CB ]
gBcA +gACB | p
This equation is a mixed boundary condition for ¢4 be-
cause it relates ¢4 to its normal derivative. The condition
(47) is enough to solve one-dimensional problems where Jy
is fixed externally; nevertheless, more general problems re-
quire the use of the first equation from (44). As B cations
are hardly present in the metal, p4+¢ does not depend on
the concentration and it can be approximated as:

fiare = Wi + eV, (48)

Wf+ being the energy necessary to extract a cation from
the metal. It can be calculated from the ionisation energy
of a free atom (I4), the cohesive energy (W4') and the work
function of the metal (WPA_) by the following relationship:

Wi + W2 =W3 + 14 (49)

1 In this phase it is necessary to distinguish between Hat+e and par
where the latter is the chemical potential of neutral atoms in the

film. In both glass and molten salt phases, only the electrochemical
potential of cations is used, so the sign 4’ was omitted for brevity.

Its value for silver (Wﬁgﬁ) can be considered as indepen-
dent of the temperature for the present purposes since the
thermal energy of metallic silver at 600 K can be bounded
in0.16 eV per atom from Dulong et Petit law, which is lower
than the WEA,g accuracy at 0 K. The variation of the work
function is even lower (~ 0.4 meV) within this temperature
range. Similar calculations can be made for alkaline metals
(table 1), although in these cases the heat of fusion must
be also neglected (10 meV). Based on these considerations,
it is obtained:

Vip =V + _W‘f; —fa_ ksT

1naA|F. (50)

Now, V|r can depend on the considered frontier point
through a4|r since (47) does not fix the value of c4lr un-
like (39). Like in the equation (29), the term proportional
to kgT'/e is small but its derivative along the boundary
can not be neglected if the gradient of the mole fraction
has a large tangential component. In this case, the electric
field has also that component. Note that the electric field
is not present at the metal surface but at the glass surface;
this discontinuity arises from the dependence of the con-
tact potential on the position. This is explained differently
as follows: as palrp = pa+s = eV — Wf+, 1A is a constant
along the boundary, therefore the flux density of A cations
is normal to it:

fA|FXéF=0 (51)

If 6CA|F x ép # 0 a tangential diffusive flux occurs, then a
tangential component of the electric field must also occur
to cancel it, and thus to preserve the condition given by
the eq. (51). This equation can be deduced from eq. (50) by
taking derivatives, but an additive constant is lost; there-
fore the inverse claim is not true.

By using (50) and (29), a Dirichlet condition for ¢ is
obtained:

-Wi — %

kT D
dlp = Vi + + B 1n[ A4

aglr
52
- Dog T } (52)

aalr
Again, a change of ¢4 along the boundary implies that ¢
also depends on the point; then, in its turn, the total flux
density has a tangential component through (23). As Jy is
normal to the boundary, only B cations contribute to the
tangential component of Jo Furthermore J; B hasnot a nor-
mal component —see (45)—. Therefore J is normal to the
interface glass-film whereas Jp is tangent and proportional
to the variation of the mole fraction along this interface.
To my knowledge, the boundary conditions (50), (51)
and (52) have not been previously reported.

4.3. Metallic film as a cathode

A metallic film (Al [36,37,39,41], Ag [42,43], Cu [38])
deposited on the back side of the sample is often used in
electro-migration process as a cathode. When the current
crosses the sample, cations from glass reduce to metal and



Table 2
Miscibility of some metals in the 200°C-500°C range. [49,50]
Na K Rb GCs T1 Al Ti Cr Cu Ag

Li|r,1-2 i i i 1,38 1545 i i 1,2 1,25
Na m m m r,1-4 i i i i r,2-3
K m m r,1-6 i i i - -
Rb m r,1-6 - i i - -
Cs r,1-6 i i i -
T1 i - - i r,2-3

m: miscible; i: immiscible or insoluble; r,nmin-Nmax: miscible or
soluble only in some regions of the phase diagram, being nn,i, and
Nmax the minimum and maximum number of phases that can be
obtained by varying the concentration at constant temperature in
the range 200°C to 500°C; —: not available.

form a build-up layer under the film. At usual fabrication
temperatures alkali metals are melted (Table 1) and they
form alloys with some other metals. For example, gold dis-
solves into molten potassium or they can form a sequence of
four intermetallic compounds depending on their relative
concentration [49, Vol I]. So, a thick film seems advisable
when these metals are used. In contrast, Al, Ti or Cr have
negligible miscibility with most alkalies (Table 2), although
tendency to deterioration of Al has been reported[2, Chap-
ter 3]. Next, these non-soluble films are discussed.

If the backside of the sample contents only one cation
specie, one equation like (34) must simply be applied to
calculate the boundary condition of ¢. In contrast, a lot of
different situations can occur when two species are present.

4.3.1. Two alkalies present near the cathode

As alkalies (lithium excepted) are miscible with each
other (Table 2), equations similar to (39) and (43) must be
used if the glass has two alkalies among Na, K, Rb and Cs
(for instance BK7 glass contents Na and K). Thus, if pure
alkali metals are chosen as the reference states, the electro-
chemical potentials (;+) in the layer are:

pir1 = —Wh +kpgTlnay+eVi  i=AB, (53)

where the subindex I’ refers to the layer, this means that
a1 is the activity of the cation i = A, B in the layer. Thus
the equation equivalent to (39) is:

Y+ Wy — (5 +WE)
kT

amaplp

In =
apaalr

=InkK;, (54)

where K is the equilibrium constant of the chemical reac-
tion A + B «— A+ B,.

Unlike ion exchange from molten salts, there is not a
huge reservoir of cations outside of glass that keeps the
boundary conditions constant. The alkali layer composition
rather depends on the amount of each cation specie that
had crossed the boundary from the process start (¢t = 0).
As the instantaneous contributions (J;|p - ép) can change
with time, the alkali mole fractions in the layer (¢;) also
can change. If both J, Alr and J; B|F are homogeneous along
the glass-cathode interface, it is clear that:

=02 T i—AB (55)

As a;1 depends on ¢;1, the boundary condition for glass mole
fraction (ca|r) changes with time through eq. (54), which
alters again the flux densities j;’s and so on. Note that j(’)
also changes with time through ¢|r, but usually to a lesser
extent. It is worth saying that the following relationship is
verified at the initial instant:

car| _ Jale-ér (56)
CBlli=0  JB|F - éF t:O,

When (56) is inserted into (54), it is obtained:

{ A j}]p-éF} ::1(1[—1§l-j;|p-ép} . (6)
aslr t=0 apl|r t=0

4.3.2. Silver and sodium present near the cathode

Special attention must be paid if the diffusing species are
silver and sodium, say A and B respectively. They are im-
miscible as metals for a wide composition range, although
a little amount of silver is soluble in molten sodium. Its sat-
uration mole fraction —c{gy (T")— ranges from 0.2% to 5%
approximately when the temperature is between 200°C and
500°C. Moreover, a solid intermetallic compound (AgaNa)
is stable up to 322°C[49, Vol. I]. Therefore, three different
regimes are possible above 322°C. The first occurs when
a relevant amount of silver is present at the glass back
surface, for example if the sample was previously silver-
exchanged. In this case, only metallic silver is present in
the cathode because sodium cations can not leave the glass
as it was explained in section 4.2. Hence boundary condi-
tions (47) and (52) remain valid. Nevertheless, as only sil-
ver cations leave the glass, their mole fraction at surface
(cag|w) reduces with time which increases the contact po-
tential (V]g — V) as eq. (52) shows. The silver depletion
stops at an extremely low mole fraction, when the contact
potential is large enough to force the sodium cations to
leave the glass and to form a molten layer of silver-saturated
metallic sodium. In this moment the second regime starts:
the egs. (45) and (47) are no longer valid. Now, the sit-
uation is similar to that of the section 4.3.1 although the
eq. (53) does not apply to silver cations since their mole
fraction is limited up to cjg} (7). The silver saturated mix-
ture is a good reference state since metallic and saturating
silver cations are in equilibrium; so the electrochemical po-
tential of silver cations in a non-saturated layer is:

a
faght = —WaS + kpThn &

+ eV, (58)

max
Agl
where the silver activity in the layer aag1 meets the sil-
ver mole fraction when it is saturated: aag1(cig}) = cigl-
Therefore, the following expression is obtained for both sat-
urated and non-saturated layer:

aA _ _ a
kT —=2| = (iR, — fag) + (WM
aNa |p

A
- WAgg+)



max
angl/Ccag)

GNal

+ kT In (59)
For a saturated layer, the last term amounts less than 4 meV
since 0.95 < ena1 < 1 and it can be ignored compared with
the second term in parenthesis which amounts —2.2eV. The
first term in parenthesis is unknown because it depends on
the glass composition, but probably it is also a negative
quantity because sodium cations are smaller than silver
cations, which allows more stable bond with SiO~ anions.
But even if the first parenthesis is neglected, the eq. (59)
leads to a very low boundary condition for silver mole frac-
tion in glass:

caglr <0107 ~0 =  cnalr~1 (60)
and then the boundary conditions for V' and ¢ are obtained
by using the eq. (53) for sodium:

iR + Wi

r=V]p=Vi—
e

(61)
Note that silver cations continue leaving the sample in spite
of condition (60) while ﬁcAg|p -ép > 0 —see eq. (20)—.

The third regime is achieved when the supplied sodium
is enough to fully dilute the metallic silver, that is, when
the layer becomes non-saturated. The difference between
the second and the third regime is rather formal since the
boundary conditions (60) and (61) remain valid; they are
even more accurate if silver is more diluted —see eq. (59)—.

Below 322°C the second regime splits in two: the forma-
tion of a solid layer of AgsNa in presence of metallic sil-
ver and the build-up of a molten layer of silver-saturated
sodium in presence of AgsNa. The limited temperature
range of AgoNa existence indicates that this compound is
not very stable which suggests that conditions (60) and (61)
are also valid in the new regimes.

In case of copper and sodium presence near the cath-
ode, an analogous treatment as the above one would be
applied but the second regime does not exist since copper
and sodium are practically immiscible.

4.4. Dielectric masks

A mask is a substance deposited on the glass (preferably
without pinholes or other piercing defects [51]) in order to
avoid that any cation crosses the glass frontier even if the
glass sample is immersed in molten salt. Same conditions
also apply to any glass surface in contact with air. If the
mask is a dielectric like AloO3[52], SiO2, SizNy, polyimide
[61] or photoresist[43] no charge transference is possible
between cations and mask, thus:

Jalp-ép =0 (62)
jB|F . éF =0

It leads to Newman conditions for c4, V and ¢:

Vealp - ér=0 (63)
VV]p-ép=0 (64)
Volp - ép=0 (65)

4.5. Metallic masks

Aluminium [37-39,51-54] or titanium [39,51,54-56)
films are widely used as metallic mask; Cr masks have
been also proposed for dry field-assisted ion exchange [41].
Their boundary conditions have been also modelled by the
eq. (62) in the literature, in spite of several known failures
of the model. First, silver reduction occurs at the edges of
aluminium masks while Ag™/Na®t thermal ion exchange
is carried out, which results in large propagation losses
of channel waveguides fabricated like that [52]. Secondly,
the index distribution beneath the aluminium mask is not
the one expected from (62) both for Ag™/Nat [52] and
K*/Na™ [53] thermal ion exchange. More specifically, the
depth of channel waveguides saturates whereas its side
diffusion continues, resulting in channels with large aspect
ratios (> 2.2) which hinders light coupling to optical fibres
[57]). When the mask becomes dielectric by aluminium an-
odising, these failures are removed [52], that is why they
have been qualitatively related to electrochemical poten-
tials and electric fields under the mask. Finally, a transitory
current flows through the Al or Ti mask when electro-
migration is applied; furthermore, the glass is altered under
the mask in such a way that subsequent ion exchanges are
hinder (borosilicate glass) or prevented (soda-lime glass)
in these regions [54]. This blocking effect was attributed
to the appearance of a Na™ depleted layer under the mask
and a change of the glass structure therein. It was proved
that dielectric masks do not cause such effects.

Silver reduction points out that the edge of Al mask acts
as a cathode, which suggests that this boundary should be
modelled as indicated in section 4.3. However, this does not
explain the rest of the anomalies; in particular, the physical
nature of the positive charge flowing from mask to glass is
unclear. Briefly, although eq. (62) can be used to obtain
approximate results, no satisfactory boundary conditions
for metallic masks are still established.

5. Typical arrangements of waveguide fabrication

Common experimental arrangements of waveguide fab-
rication are analysed in this section. The validity of usual
assumptions are checked by taking into account the above
mentioned ideas.

5.1. Multidimensional thermal ion exchange from a salt

Let us consider a piece of glass whose side is masked with
a dielectric substance. Mask openings can have arbitrary
shapes in order to allow a selective ion exchange when the
sample is immersed in a molten salt. The potential ¢ verifies



Fig. 1. Typical arrangement to perform electro-diffusion. a) silver
and sodium cations at both sides. b) only sodium cations at the
cathode side.

the boundary condition (65) at masked regions, whereas
eq. (43) applies to the opened ones. Therefore the solution
for ¢ is just the constant:

o(7,t) = o|r

7 being the position vector inside the glass piece and ¢|p
is taken from eq. (43). This means —eq. (23)— that the
total current is null regardless of the number of problem
dimensions, as it is usually assumed. Thus, the ion diffusion
is governed by the eq. (21) where the drift term disappears,
resulting in a generalization of eq. (1) for a non-ideal cation
behaviour.

In contrast, a total current surely exists when metal-
lic masks are used; hence predictions, under the common
assumption that total current is null, will be able to be
improved when correct boundary conditions for metallic
masks are established (see section 4.5), as it has already
been suggested in [55].

V7t (66)

5.2. Field assisted ion exchange from salts: reduction and
oxidation of silver

Let us consider a typical arrangement to perform electro-
diffusion such as that in figure 1a. It represents a glass sheet
between two molten mixtures of salts. Each one of them
has a different silver and sodium nitrate ratio. Moreover,
there is a silver electrode inside each salt. In order to for-
malise the study, the different phases are numbered in a
sequential way. Each side of the glass sheet has a different
number because equilibrium is assumed everywhere except
inside the glass. When a clockwise current is present in the
circuit, silver atoms oxidate at phase 6 and pass into phase
5 whereas silver cations of phase 2 are reduced and aggre-
gated to phase 1 as metallic silver. It is assumed, as in sec-
tion 4.2, that there is enough silver in phase 2 to neglect
sodium reduction. Therefore:

Hagt1 = HAg2 = HAg3

(67)
HAagte = HAgs = MAgla-
By subtracting both equations, it is obtained:
kT
Vie—V]s = Vs — i — 22Ty, Qs (68)
e aagl3

10

and then, the difference between the values of ¢ at both
surfaces is:

DnacNa

Dageag

1+

ksT

4 (69)

3

In

Pla—¢ls=Ve — Vi +

DnacNa

Dagcag

1+

It has been often assumed that the potential difference to
calculate the current (¢|4 — ¢|3) is the same as that applied
(Vs —V1), but the last equation shows that this is exact only
when both salts have the same composition (then ¢;|3 =
¢i4). In general, the system acts as an electrochemical cell,
for instance if both salts are short-circuited (V4 = V5) and
CAgl3 # Cagla, a current crosses the glass sheet. Inversely,
when the external circuit is open there is no current (Jo =
0), then ¢|3 = ¢|4 and a potential difference arises between
both electrodes (Vi # Vi) provided ¢;|s # ¢;|4. Anyway,
the correction is expected to be about tenths of volt, hence,
it can be usually ignored.

5.3. Field assisted ion exchange from salts: reduction and
oxidation of different cation species

When no silver cations are present at the left side salt,
the equation (69) is not longer valid since sodium reduction
occurs instead of silver reduction in the cathode. The new
situation is showed in figure 1b, where a metallic sodium
layer was considered on the cathode, which forces us to
renumber the phases. A new equilibrium between silver
cathode electrons and sodium layer electrons is assumed:

He—1 = He—2, (70)
where these electrochemical potentials are:

=W el
He—1 e 1 (71)

He—2 _Wel\la - @VYQ,

When electrochemical potentials of cations and electrons
are added, a value independent of potentials results, that is:

A
fe-1+ pagr = —(WEE + W2,

N N (72)
— (W= 4+ W)

He—2 + UNat+2

By subtracting both equations, taking into account the
equilibrium between phases 2, 3 and 4:

[iNa+2 = HINa3 = [INala = fiNg + €V 4, (73)
and finally using (29), it is obtained:
Pls —pla=Vr = V3
A A _ _
whepwla  WEEH WS k. - A,
+ - +
e e e
kT D a
4 OB gy (SAsAs  ONaf ) (74)
€ DNaNa AAg |5

The two first fractions of right hand equation side amount
to —4.3 V (table 1) and the last term takes usually small
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Fig. 3. Arrangement to make simultaneous ion exchange from a silver
film and a mixture of molten salts

values. The third fraction probably is also negative, as it
was already argued in section 4.3.2. Hence, when oxida-
tion and reduction of different cation species occurs at each
electrode, the electrochemical cell effect can achieve some
Volts and therefore it should not be neglected any longer.

5.4. Dry field-assisted diffusion

Let us consider the system in the figure 2: a sheet of soda
glass silvered on both sides. When a potential difference is
applied between them, a film provides silver cations to the
glass while sodium cations become metal under the oppo-
site film. By assuming again an equilibrium between silver
cathode electrons and sodium layer electrons —phases 1
and 2 in the eq. (70)—, and by using the eqs. (52) and (61),
an equation identical to (74) is obtained. Thus, the same
conclusions as in section 5.3 are drawn.

5.5. Thermal silver diffusion from salt and film
simultaneously

Let us consider a sheet of homogeneous glass silvered on
one side. Let us also consider this submerged in a molten
mixture of silver and sodium nitrates (figure 3). The sys-
tem can be assumed one-dimensional far from sheet edges.
Thus, the boundary conditions for ¢ are given by the
egs. (52) at z = 0 and (43) at = d, d being the sample
thickness. Nevertheless, an extra relationship between V4
and V; is needed, which is obtained from the equilibrium
condition between silver cations from film and salt:

HAag+t = HAgs- (75)
Thus, it is obtained:
T 1 gNaCNa
AgCA —
Slo=d = Fla=o = ——In teed, (76)
[& 14 DnNacNa
Dageag |4—g

Note the similarity with equation (69). Nevertheless, in this
case, the variables evaluated at = 0 change with time.
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Fig. 4. DN, (dashed), Dag (pointed), inter-diffusion coefficient (solid
thick) and its mobility term (solid thin) at 360°C as reconstructed
from [27].
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Fig. 5. Mole fraction profiles were calculated every 2 min under the
silvered side of a glass sample when immersed in a molten mixture
of silver and sodium nitrates. Right vertical axis shows the corre-
sponding refractive index squared.

As it was said above, Jo only depends on time, since
the problem is one-dimensional; thus, it is obtained by the
integration of (23):

DnacNa
In {1 n Digcig} —In [1 n

Co d_ dw
0 DACA+DBCB

Dnacna
Dagcag -0

Jo

(77)

where (76) was taken into account. The greater the differ-
ence of silver mole fractions on both sides of the sample,
the larger the current. If mole fractions are equal on both
sides (cAg|lz=0 = CAg|a=d), there is no current. For instance,
if the glass sample is initially silver free (cagli—o =0V z €
[0,d]) and the molten salt does not contain silver (which
implies that caglz=a = 0V ¢ > 0), then Jy = 0 and cay =
0V x €0,d], t > 0. This means, there is no silver crossing
from film to glass.
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Fig. 6. Suggested method to fabricate optical integrated elements in
a single step, by patterning a silver film.

To study a non-trivial and realistic case, the electro-
diffusion problem was solved numerically by finite differ-
ences. The algorithm is similar to that used in [58]: lin-
early implicit Rosenbrock method, which is a generalisation
for non-linear equations of the well-known Crank-Nicolson
scheme. Nevertheless, this case is one-dimensional and it
includes the current term unlike ref. [58]. The dependence
of self-diffusion coefficients with mole fractions at 360°C
for a sodium-containing boroaluminosilicate glass was ex-
tracted from [27] by fitting their experimental data from
radioactive tracers to the functions:

Dag = Doexp(apcag) (78)
Dna = Diexp(aicag) + D2 exp(aacna),

which leads to Dy = 0.0328 um?/s, D; = 0.0413 pm?/s,
Dy = 0.139 pm?/s, ag 2.66, a; = —16.94 and as
—1.517. These functions, the mobility term and the inter-
diffusion coefficient are represented in figure 4. The latter
was computed from Dag and Dy, under the assumption
(28). Note the qualitative agreement with the experimental
inter-diffusion coefficient of [27].

Let us consider a 0.17 mm thick glass sheet (like a mi-
croscope cover glass) with initial and boundary conditions
for cag:

caglt=o=0 Yz €]0,d],
cAg'r{::d: 09VE>0

(79)

and equation (47) at x = 0. Although this initial condi-
tion implies that the current diverges at ¢ = 0, it is physi-
cally consistent since the amount of silver that enters into
the glass during finite time is also finite. The profiles ob-
tained under the film surface are represented for several
diffusion times in figure 5. As silver mole fraction increases
at x = 0, the current reduces strongly. For intermediate
times, Jp is small in comparison with the density currents
of usual electro-diffusion experiments. This fact results in
low profiles that evolve slowly. Both a thinner sample as a
more pure silver nitrate salt could be used for increasing
the current. The former reduces the sample resistance while
the latter increases slightly the difference of values of ¢ on
both sample sides. Finally, cag|z—0 tends asymptotically to
CAg|a=d While Jy tends to zero for very long diffusion times.

This result suggests the combination of silvered and open
regions on the same side of the sample to fabricate inte-
grated optical components such as lenses or channel waveg-
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uides in a single diffusion step (Figure 6). A low effective
index profile will shape under the silvered region while the
fundamental mode of the open region waveguide will have
a high effective index. Thus, a refraction of guided light oc-
curs at the transition, which can be used to fabricate inte-
grated lenses or prisms. This method is attractive because
it requires only one lithographic step and one diffusion
step. Furthermore, we can use an experimental arrange-
ment for thermal diffusion which is much simpler than the
one necessary for field-assisted ion exchange. Of course, a
two-dimensional study of both the index distribution of the
transition and the optical propagation through this tran-
sition is needed, but this task is beyond the scope of this
work.

6. Conclusions

The conventional equation of the mole fraction (c4) is
generalised for both non-ideal cation behaviour and self-
diffusion coefficients that depend on ¢ 4. The usual assump-
tion of the Ohm’s law leads to an inaccurate equation for the
calculation of the electric potential (V). Instead, the Fara-
day equation must be imposed. Thus, the current density is
obtained from the gradient of an effective electric potential
¢. The difference between this potential and the true elec-
tric potential at a given point is a function of the mole frac-
tion at that point. This function takes a simple form when
each self-diffusion coefficient is assumed to be proportional
to the respective activity coefficient, which is reasonable
and includes the ideal case of constant self-diffusion coeffi-
cients as a particular case. Although the difference between
V and ¢ only amounts some tenths of volt, their gradients
differ notably where the gradient of c4 is large.

The glass boundary conditions with molten salts are ob-
tained from standard electrolyte theory. The usual condi-
tion for c4 is recovered whereas a discontinuity in the elec-
trical potential is obtained. This contact potential leads to
a Dirichlet condition for ¢ that depends on the salt and
glass mole fractions. The same theory is applied to obtain
the boundary conditions with a metal film (usually silver)
operating as a cation source. The usual mixed condition for
ca is generalised to a non-ideal behaviour. Again a contact
potential arises between glass and film, but now ¢|r can de-
pend on the time and on the surface point through the c4.
That is, the film boundary conditions are coupled. When a
metallic film acts as a cathode, a new metallic layer builds
up under the film by reduction of cations from the glass.
A contact potential also exists in this case. If two cation
species are present at the glass surface, both the mole frac-
tion of the layer and its contact potential with glass change
with time.

Asregards these results, some common configurations for
field assisted ion exchange from salts were checked. It was
shown that they behave as electrochemical cells. Therefore,
the whole system, including anode and cathode, must be
taken into account. If the specie that oxidises at the anode



is the same as that is reduced at the cathode, the differ-
ence of ¢ between both sample sides agrees with the applied
voltage or the correction is proportional to kgT'/e and can
be neglected compared with large applied voltages. Nev-
ertheless, if these species are different, the correction can
amount some Volts and should be retained.

Finally, it was predicted that the electrochemical cell ef-
fect can be used to diffuse cations from a silver film with-
out need for an externally applied field. The resultant cur-
rent for slab configuration is small after a short time. So
the index profile is low, which results in propagation modes
with low effective indexes. This suggests the combination
of silvered and open regions to fabricate integrated optical
components in a single diffusion step. The method seems
attractive because it has only one lithographic step and one
diffusion step; furthermore the experimental arrangement
is as simple as that of a thermal diffusion.
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Appendix A. Flux density of cations

In order to justify the equation (11) and explain their
physical meaning, first, a simplified version of Eiring’s
model of diffusion is assumed (see for example [59]). The
derivation will be carried out for cations A; of course, an
identical treatment can be made for cations B. Thus, it is
assumed that most cations A and B are fixed in the glass
network sites, whereas only a very small amount of them
are moving from a site to another in an excited state. Here-
after, they will be called A! and AT to fixed and mobile
cations A respectively. Therefore:

Cyr +Cyu1 =Cy Cyr < Cy (A1)

where C'41 and C 41 are the corresponding concentrations.
Since the typical diffusion times are very large (minutes)
compared with the life time of an excited state, it can be
assumed that fixed and mobile cations are in equilibrium,
which means that their electrochemical potentials (1 41 and
Lt respectively) are the same:

LAl = fiaT = fia (A.2)

Next, it is assumed that mobile cations do not interact
with other mobile cations because of their low concentra-
tion; that is, they behave ideally in respect of other mobile
cations:

Car

v
Co TV

par = iy + ksT'ln (A3)

although ﬂ?M can depend on Cy, and Cp.:, and therefore
it can be a function of the position and the time. As all
cations, as a whole, could not behave ideally, we have:
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A = ,u%(CA +Cg)+kgTlnaa(ca) +eV
0
A

~ 4 (Co)+ kT Inas(ca) + €V, (A4)

where it was stressed that a4 is a function of the mole frac-
tion whereas ji% depends on the absolute concentration be-
cause the ion exchange is performed one to one. Hereafter,
such dependencies will be omitted. By using the last three
equations, a relationship between C 41 and a4 is obtained:

% — 1%

Cyr = aasCpexp T
B

(A.5)

On the other hand, the flux density of AT cations (and
therefore J4) must be proportional to the gradient of p41:

?o_ 7 = A
Ja=Jq41 =L
A AT ATkaT

ek — ﬁﬂ?m
kgT

—DATﬁ(]AT + DAT CAT (AG)

where L1 = —D1Cyt, being D 41 the diffusion coeffi-
cient of mobile cations. Again, due to the low concentration
of AT cations, D 41 is expected to depend only on the tem-

perature. By defining the diffusion coefficient of the cations
A as:

/_‘21 - ﬂ?m
Da=D —_ A7
A ATYA XD = (A7)
it is obtained:
DACy = D41C 41, (A.8)

being v4 the thermodynamic activity coefficient (a4
~vaca), which leads to a flux equation that depends on Cjy:

eE — ﬁﬂ?y

7 o~ (D
Ja V(DaCa) + T

DAC\4. (A.9)

The usual expression for J, 4 is retrieved when the gradient
term is expanded, which cancels the driving term propor-
tional to Vﬂ?“:

- E
VOA+ 2 DaCa

o (A.10)

This expression could be obtained directly from (A.4), but
the above procedure also provides the dependence of D 4
(A.7). Experimental studies [26,27] showed that the term
in parenthesis (the so called thermodynamic term) has a
relevant contribution, which demonstrates a non-ideal be-
haviour of the cations as a whole. Such a dependence of 4
explains, at least qualitatively, the behaviour of D4 as a
function of ¢4, indicating that ﬂ% has a weak dependence
on mole fractions. Thus (28) approximates to (A.7), where:
=0

I _ﬂOAT

Dalea=1 = Daa = Dyrexp Ak T (A.11)
B
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