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1 Introduction

The relationship between game theory and statistics is generally seen as very
one-sided: whereas the influence of probability theory and bayesian statistics
on game theory is evident, the only well-known contribution of game the-
ory to statistical thought is the minimax principle. Noncooperative games
had a certain influence on statistical theory (Blackwell and Girshick (1953);
Schwarz (1994)), but cooperative game theory has been applied to statistics
very rarely (Land and Gefeller’s (1997) and (2000) treatment of an epidemi-
ological problem as a cost allocation game is one of those applications). This
is to some extent surprising if one bears in mind that fairness, one of the
central themes of cooperative game theory, is clearly desirable in statistics in
the sense that a good statistical estimator should in some sense provide an
estimate that is fair, given the available data.

The aim of this note is to provide a new illustration of the connection
between cooperative game theory and statistics. We show that the mathe-
matical tools of cooperative game theory allow a successful approach to the
statistical problem of estimating a density function. Specifically, we show
that any random sample of an absolutely continuous random variable can
be used to construct a TU (transferable utility) game, the Shapley value
of which (Shapley (1953)) is an estimator of the density function of binned
kernel type (Hall and Wand (1996)) and WARPing type (Hérdle (1991)).
Density estimation is an important problem in statistics that has generated
a large literature in the last decades. Its purpose is to provide an accurate
estimation of the density function of a random variable on the basis of a
random sample. Nowadays, density estimation is a basic tool for exploratory
data analysis and for other important fields within statistics. For a complete
introduction to density estimation, Silverman (1986) can be consulted.

In section 2 below we describe the density estimation problem, model it
as a cooperative game whose Shapley value is the required density estima-
tor, and obtain a more convenient expression for this estimator. In section
3 we provide an axiomatic characterization of the Shapley density estima-
tor. Finally, in section 4 we make some comments on the statistical and
computational properties of the Shapley density estimator.



2 Density estimation as a game-theoretical
problem

In a density estimation problem we have a random sample X1, ..., X, of m
independent and identically distributed observations of an absolutely contin-
uous random variable with density function f. f is unknown and the problem
is to estimate f using the random sample. A variety of nonparametric den-
sity estimators have been proposed and studied since the publication of the
pioneer works by Parzen (1962) and Rosenblatt (1956) on the so-called kernel
methods. For a survey on density estimation see Silverman (1986). A kernel
estimator is any real function f of the form
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where K is a density function symmetric around zero and h is the so-called
bandwidth or smoothing parameter. Note that, defined in this way, f is
a density function (a non-negative real function which integrates to one).
The necessity of the smoothing parameter comes from the fact that every
observation X; in the sample not only shows that there is a positive density on
the real number X; but also that there is a positive density on a neighborhood
of the real number X; (note that the original variable is continuous and we
have a finite sample to estimate its density).

The selection of h is an important, though difficult, issue. There is a
large number of papers on the selection of the bandwidth parameter for given
classes of estimators. For a survey on this topic see Cao et al (1994). Very
often, the statistical literature has treated this problem as a different one.
One issue is to identify families of density estimators with good statistical and
computational properties. Another different issue, which is usually analyzed
in a second stage, is to find a good selector of the smoothing parameter for
a given family of density estimators. In this paper we focus on the first of
these issues and obtain a density estimator based on the Shapley value. Our
main target is to illustrate a connection between cooperative game theory
and statistics by showing that this new estimator is a competitive one from a
statistical point of view. Moreover, we provide an axiomatic characterization
for it. Axiomatic characterizations might be useful for statisticians, who




have sometimes several procedures to solve a problem and no clear reasons
to choose one among those procedures.

To model the density estimation problem in game-theoretical terms, we
proceed essentially as follows: we consider the real line R as an infinite set of
players of a cooperative game with characteristic function v such that for any
coalition A (i.e. any subset A of R), v(A) is determined by Xj, .., X,, and A
itself; we then define our estimator f of f as the payoff vector allocated by
an appropriate game-theoretical solution concept. The precise nature of f
evidently depends on both the solution concept used and the way in which
v(A) is determined by Xj,.., X, and A. In this paper we adopt a simple
approach to the latter question, taking v(A) proportional to the cardinality
of { X1, .., X;n}NA’, where A’ is a set containing A. To avoid game-theoretical
complications, and in the interests of computational efficiency (see section
4), we actually group the points of R in a countable number of “indivisible
coalitions“ J; that act as the effective players.

As noted above, we start by dividing R in intervals of the same length ¢,
i.e. R =Uez[0i,0(i+1)). We denote [67,0(i+ 1)) by J; (for all i € Z). Now,
for every S C Z, define
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where, for all i € Z, J; is the set U{J, | |r —i| < k}, k being a non-negative
integer, and I, denotes the indicator function of A, for any set A C R
(Ia(x) =1ifx € A, I4(z) =0if z € R\ A). About v note that:

1. 9(Z) = 5. In fact, we want to allocate § to the intervals of {.J; | i € Z}
because in this way we can define f (x) as the share of % that J; obtains
(x € J;) and, then, fj;o f(x)de = 1.

2. Forevery S C Z, v(S) is % times the number of observations belonging
to an interval k-close to an interval in {J; | ¢ € S}. This can be inter-
preted as the maximum density that can be allocated to S. Observe
that k plays here the role of the smoothing parameter.

Now we can make a TU-game (NN, v) out of the density estimation problem
characterized by the sample Xy, ..., X,,:



o N={ieZ|v(i) >0} (note that N, which is a finite set, can also be
written as N = {i € Z | o(S U {i}) — v(S) > 0 for some S C Z}).

e v is the restriction of v to {S|S C N}.
About this game we can make the following comments:

1. If £ = 0 the game is additive. If £ > 1 the game is subadditive and,
moreover, v(N) < > ..y v(i). As kincreases, the J; intervals share their
observations with more neighboring intervals, producing a smoothing
effect in the game.

2. It is easy to see that v is a concave game.

3. v can be seen as a cost game. Since v(S) can be interpreted as the
maximum density that should be allocated to S, a fair allocation z
must belong to the core of v, i.e.

Z z; < v(S)
ieS
for all S C N.
Since v is a concave game, its Shapley value ¢(v) lies in its core (see

Shapley (1971)). Thus, a promising estimator of the density function is that
based on ¢(v). Formally, the Shapley estimator we propose is given by:

; | ¢i(v) ifxed,ieN
fs(x)_{o ifveJ,id N.

Since the number of players in the game may be large, calculation of f
directly from its definition and that of the Shapley value can be very onerous.
The following theorem provides a more convenient expression.

Theorem 1 Let (N,v) be the TU-game associated with the density estima-
tion problem characterized by the sample X1, ..., X,,. Then, for any i € N,

where n(r) denotes the number of observations belonging to the interval J,
and N*(i) is the set {r € N | |r —i| < k}.
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Proof. From the definition of the Shapley value,

s = S 3 alr)

! m
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where II(N) is the set of permutations of N, n is the cardinality of the set
N and

P¥(i,7) = {r € N*(i) | 7(i) < 7(s) for all s € N*(r)}.
Now, taking into account that, for each » € N*(i), the cardinality of the set
{mr € I(N) | 7(i) < n(s) for all s € N*(r)}

is n!/(2k + 1), then

n!
Z n(r) = Z 2k+1n(7“)

w€Il(N) re Pk (i,m) reNk (i)

and the theorem follows.O

3 An axiomatic characterization of the Shap-
ley estimator

Taking into account the properties of the Shapley value, it is possible to
provide axiomatic characterizations of the Shapley estimator. We present
one in this section which follows the ideas in Myerson (1977).

Assume that § > 0 is fixed. A J-estimator is a map which assigns to
every random sample X = X, ..., X,, a density function? fx which satisfies
fx(z) = fx(y) for all z,y € J; and all i € Z. For simplicity, we denote by
fx (i) the evaluation of fx in any z € J;. Observe that, since fx is a density
function, it holds that fx(z) > 0 for all € R and that Y oien Fx(i) = 1/6.
Note also that the Shapley estimator is, in fact, a family of J-estimators (one
for each k € N; remember that k& denotes the smoothing parameter).

2For notational convenience, in this section we denote by fx the density estimation for
a given sample X.



Let us see some interesting properties for the d-estimators. Let X =
Xi,...,X,, bearandom sample and suppose that the smoothing parameter k
is fixed. We say that i, j € Z are directly connected if there exists an element
of the sample X; such that X; € jiﬂjj. We say that C' C 7Z is a connected set
if, for every i,j € C there exists a finite sequence {4y, ...,4,} C C such that
i1 =1, i, = j and ig,is,; are directly connected for every s € {1,...,r —1}.
We say that C is a connected component of Z if C' is a maximal connected
subset of Z. The first property that we consider is component efficiency,
which states that the density that the d-estimator assigns to the intervals in a
connected component is the one corresponding to the observations belonging
to those intervals.

CE (Component Efficiency). A d-estimator is said to satisfy component
efficiency for k if, for every random sample X and every connected component

C, .
~A me

D fx()=—"=

e’ m 0

where m¢ is the number of observations lying in U;ccJ;.

Note that if a d-estimator satisfies CE for k, then it allocates density equal
to zero to the intervals in whose neighborhoods there are no observations of
the sample, more precisely to those J; such that », yig, n(r) = 0.

The second property that we introduce is the fairness property. Infor-
mally, this property states that, when estimating a density function, the
increment of the density due to a particular observation is the same for all
intervals in the neighborhood of this observation.

F (Fairness). A d-estimator is said to satisfy fairness for k if, for every random
sample X, every 4, j € Z directly connected and every X; € J; N jj, it holds
that R R R R

fX(Z> - fX\Xz (2) = fX(]> - fX\Xl<.j)7
where X\ X is the sample identical to X except for the fact that X; has been
shifted far from the observations of X (more precisely, it has been shifted to

an interval J, such that J, N J, = 0 for all J, containing some observation of
X).

A statistical argument to further explain these properties is the follow-
ing. As it was remarked, every sample observation X; shows that there is a



positive density not only on the real number X; but also on a neighborhood
of it (given by the smoothing parameter). Having this in mind, CE can be
interpreted as that the positive density given by the sample is allocated to
the right intervals. F means that the density corresponding to an observation
X; is allocated equally to all those intervals to which it must be allocated.
These two properties are, in our opinion, quite natural and appealing. More-
over, they characterize the family of the Shapley estimators, as the following
theorem shows.

Theorem 2 Take 6 > 0. For every value of the smoothing parameter k, the
corresponding Shapley estimator is the unique d-estimator satisfying CE and

F.

Proof. Clearly, the Shapley estimator satisfies CE and F. In order to prove
uniqueness, assume that there exist two different d-estimators satisfying CE
and F (let us call them estimators 1 and 2). Since they are different, there
must exist a sample X of size m such that f)lc # ff( and such that it has
a maximal number of connected components among those samples of size
m for which the two estimators provide different estimations. For this X,
take a connected component C' and 7,7 € C' such that ¢ and j are directly
connected. Since both estimators satisfy F,

Fx () = fx0G) = Fox () = frox, () (1)
for all r € {1,2} and all X; € J; N J;. Note now that
f)l(\Xl (1) - f)lc\xl (J) = f)gc\xl (Z) - f)2(\Xl (]) (2)

because, if X; is the unique observation in UgeccJg, then all the elements in
equation (2) are zeros and, otherwise, X \ X; has, at least, one connected
component more than X and then (2) follows from maximality of X. Hence,
in view of (1) and (2), it holds that

Fx (@) = fx (i) = fx(5) — fx ().
It is clear that repeating this argument a finite number of times, one concludes
that fx (i) — f% (i) is constant for all i € C'. Since both estimators satisfy CE

that constant must be zero. This clearly implies that fx = f2, which is a
contradiction. O



4 Properties of the Shapley estimator

In the sequel, the statistical and computational properties of this estimator
will be studied in comparison with a kernel estimator.

The Shapley estimator results to be within well-known families of density
estimators: it is a binned kernel density estimator and it is a WARPing-type
density estimator.

Binned kernel density estimators use some set of binning functions w¢ ()
(where Y, ,wl(z) =1 for all z € R and 6 > 0) to distribute the weight of
each sample point X; among the intervals .J; (the bins); concentrate the accu-
mulated weight of each bin at its center, g;; and then apply a kernel estimator
to the resulting weighted “sample® {(g;, Ni)}, where N; =37, wd(X;):

folw) = — ST MK (),

The Shapley estimator is a binned kernel estimator with w?(x) = I, (z),
N; =n(i), K = 3I_11) and h = 6(k + 3).

WARPing (Weighted Averaging of Rounded Points) estimators use a dis-
crete function w(r,4) (r,i € Z; ), ., w(r,i) = 1 Vr € Z) to distribute the
total weight of the sample points in each bin among the neighboring bins:

fw(x) = %Zw(r,i)n(r) Ve,

reZ

If § is small enough, smoothing is mainly effected by the function w(r,7),
which is often defined in terms of a smoothing parameter. The Shapley
estimator is a WARPing estimator with w(r,i) = m ifr € N¥(i), w(r,i) =
0 otherwise. Scott (1985) showed that one particular type of WARPing
estimator, the averaged shifted histogram, is similar to the histogram in
computational efficiency and to kernel estimators in statistical efficiency. By
computational efficiency we simply mean little computational costs, whereas
statistical efficiency refers to the accuracy of the estimation. Results on the
efficiency of binned kernel estimators have been obtained by Hall and Wand
(1996).

The objective of binning is to reduce computational costs. Computation-
ally, the most efficient estimator is the histogram, which uses bins without



any distribution of sample weight or other smoothing, but its statistical effi-
ciency is poor by any reasonable criterion. On the other side, the family of
kernel estimators should be mentioned. Roughly speaking, these estimators
have good properties from the point of view of statistical efficiency, but they
are relatively poor from the point of view of computational efficiency. Take,
for instance, the kernel estimator with uniform kernel (which is the limiting
form of the Shapley estimator as § tends to zero),

1 m
fKU :_h; le—ha+h) (X5).

Its computational efficiency is relatively poor because, although the sim-
plicity of its kernel reduces the cost of smoothing in comparison with other
kernels, it makes no use of bins, and thus has to be calculated for each point
x for which its value is required.

Meanwhile, the Shapley estimator only requires to compute the frequency
on each interval J; and to compute the summations. Note also that the
Shapley estimator is constant on each interval J; and that we can make use
of the recursive relation

fs(i+1) = fs(i) + 5—(n(i + k +1) = n(i — k)

2mh
where fs( ) denotes the Shapley estimator evaluated at any point in the
interval J;.

Hence, the Shapley estimator allows for substantial computational sav-
ings. Moreover, taking reasonable values of 9, the statistical efficiency of
the Shapley estimator is competitive with respect to the kernel estimator
with uniform kernel. A deeper discussion of this assertion would require to
introduce technical details that we decided not to include here3.

The MISE (mean integrated squared error) is the most commonly used
measure to assess statistical efficiency in this context. It is defined by

MISE = E( [ (f(o) - f(a)) da).

3Those readers interested in these details may ask the authors for an extended version of
this paper, which includes an involved analysis of the statistical properties of the Shapley
estimator.
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In the extended version of this paper, the following result concerning the
MISE of the Shapley estimator is proved, and some of its consequences are
widely commented.

Theorem 3 Assume that f is five times differentiable and that f and its
first five derivatives are bounded and integrable. If k and & are defined as
functions of the sample size m in such a way that the smoothing parameter
h=0(k+ 3) tends to zero as m tends to infinity, then

e (i) = & frorus (55 ) [
m——/f dx+0(h5)+0<m)

where, as usual, O(a,,) denotes a sequence such that the sequence
bounded.

Olam) ;s
am

5 Final discussion

In summary, cooperative game theory provides a successful approach to the
statistical problem of estimating a density function. The Shapley estima-
tor has good computational and statistical properties which show it to be
a competitive compromise between the histogram and the kernel estimator
with uniform kernel. The major difference between traditional approaches
to density estimation and the game-theoretic approach described in this ar-
ticle is that, whereas the sample weight distribution schemes of traditional
approaches ensure that weight is conserved (for example, by using a density
function as the kernel of a kernel estimator), the worth function of the game
(N, v) assigns each set S" = U;csJ; the sample weight that “properly“ corre-
sponds to a k-neighborhood of S’, without S’ losing any of its own weight; it
is left to the Shapley value to restore conservation of weight by adjudicating
a fair share of the worth of the grand coalition to each player in the game.

We believe that this connection between game theory and statistics is an
inspiring one, and that it may be indicative of a broader relationship that
can be fruitful in the future.
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