BASICS OF SMOOTH MANIFOLDS

MIGUEL DOMINGUEZ VAZQUEZ

ABSTRACT. These notes review some basic concepts and facts about the theory of smooth
manifolds in differential geometry.

1. SMOOTH MANIFOLDS

Definition 1.1. A differentiable manifold or smooth manifold of dimension n is a Hausdorff
topological space M with countable base endowed with a family

{20: Uy CR" =V, = 2,(Us) C M}aen

of bijective maps z, from open sets U, of R" to open sets V,, of M, such that:

(1) z, is a homeomorphism, for each a € A.

(2) M = UaGA Va'
(3) VNV #£0, for o, B € A, then the map

x/gl oxg: x, (Vo NVs) — xgl(Va NVp)
is a diffeomorphism between open sets of R".

In these conditions, (U,, ), or simply x,, is called a parametrization or coordinate system.
Each inverse map z_' is called a coordinate chart, and V,, is a coordinate open set or
coordinate neighborhood. A family {(U,, T4 )}aca in the conditions above is a differentiable
structure or coordinate atlas.

Definition 1.2. Let M™ and N" be smooth manifolds. A map ¢: M — N is differentiable
at p € M if, given parametrizations z: U C R™ — V C M around p and y: U’ C R" —
V' C N around ¢(p), the map y~! o p o x, which is defined in a neighborhood of z7!(p), is
differentiable at z71(p) as a map between open sets of Euclidean spaces.

The map ¢ is differentiable or smooth if it is differentiable at every point of M.

The set of all smooth maps from M to R will be denoted by C>*(M).

Definition 1.3. Let ¢: M — N be smooth. Then:

(1) ¢ is a diffeomorphism if o is bijective and ¢! is smooth.

(2) ¢ is a local diffeomorphism if for each p € M there is an open neighborhood U of p in
M such that ¢(U) is open in N and ¢|y: U — ¢(U) is a diffeomorphism.

Definition 1.4. A (smooth) partition of unity of a smooth manifold M is a collection
{fa: M — R},ep of functions f, € C>(M) such that:

(1) 0< f, <1forall e A.
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(2) {supp fa. : @ € A} is a locally finite collection of subsets of M, that is, each point of M
has a neighborhood that meets only finitely many subsets in the collection.

(3) ZaeA fa =L

The partition is said to be subordinate to an open covering U of M provided that each set
supp f. is contained in an element of U.

Theorem 1.5. Let U be an open covering of a smooth manifold M. Then M admits a
smooth partition of unity subordinate to U.

2. TANGENT SPACE

Definition 2.1. Let M be a smooth manifold. Let a: (—¢,e) — M be a differentiable
curve in M with «(0) = p € M. The tangent vector to the curve « for t = 0 is the map
d(foa)

a'(0): C*(M) — R, fr%a’(O)f:T

t=0

A tangent vector at p € M is the tangent vector for t = 0 of some differentiable curve
a: (—e,e) = M with a(0) = p.

Equivalently, a tangent vector to M at p € M is an R-linear map v: C*(M) — R
satisfying the Leibniz rule:

v(fg) =v(f)g(p) + f(p)v(g), forall f,g € C™(M).

Equivalently, a tangent vector to M at p € M is an equivalence class of differentiable
curves «: (—e,e) — M with «(0) = p under the equivalence relation:
a=p it d(z7loa) _ d(z' o B) ’
dt -0 dt 0
for some coordinate system x around p.
The set of all tangent vectors to M at p € M is called the tangent space of M at p and
denoted by T,M. It is a vector space of the same dimension as M.

Definition 2.2. Let z: U — V C M be a parametrization of a smooth manifold M™", de-
note the coordinates in U by (x!,... 2"), and let p € V. The coordinate vectors (associated
to x) at the point p are the tangent vectors 9 » € T, M such that

i| 9
dxTlpr " dzn
I(f o)

(f)= =57

i
» ox

0
oxt

, forall feC®(M), i=1,...n.

z=1(p)

el
zt
the point: 0;, %. The coordinate vectors form a basis of 7, M.

The real number aii ,

Sometimes we also write 0, for

. and we usually forget about the subindex indicating

(f) is the directional derivative of f at p in the i-th coordinate
direction.
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Definition 2.3. The tangent and cotangent bundles of a smooth manifold M are, respec-

tively:
T™ = | T,M ={(p.v) : p € M, v € T,M},
peEM
T*M = | T;M ={(p.0) : p€ M, 0 € T; M},
peEM

where 77 M is the dual vector space to T, M.
Both are vector bundles with fibre R™ and base M. In particular, they admit canonical
projection maps, namely TM — M, (p,v) — p, and T*M — M, (p,0) — p.

3. DIFFERENTIAL MAPS, TYPES OF SMOOTH MAPS, AND SUBMANIFOLDS

Definition 3.1. Let ¢: M — N be a smooth map, and p € M. The differential of p at p
is the R-linear map ., (also denoted by dy, or dy(p)) given by:

Oup: TyM — TN, v = pu(v),
where the vector ¢,,(v) is defined by
Pup(v): C(N) = R, fru(fop),

or, equivalently (by the definition of tangent vector that uses curves), by

pip(c(0)) = (¢ 0 a)(0),
where «a: (—¢,¢) — M is a differentiable curve with «(0) = p.
The map ¢, =dp: TM — TN, (p,v) — (©(p), psp(v)), is the differential of ¢.

Definition 3.2. Let ¢: M — N be a smooth map between two smooth manifolds. Then:

© 18 an immersion at p € I Oy — 1s Injective. If 1t 1s immersion at a
1 . . : M it gup: Ty = To N is injective. If it is | : 1
points of M, we say that ¢ is an immersion.
© 1s an submerston at p € U Qyp — 1S onto. 1t 1s submersion at a
2 i b ' M if @, T, — Ty N i If it is sub i 11
points of M, we say that ¢ is a submersion.
is a (smooth) embedding if o is an immersion and ¢ is a homeomorphism onto ,
3) pi h bedding if ¢ i i i dpisah hi (M
where ¢(M) has the topology induced by N.
(4) If M C N, ¢ is the inclusion map, and ¢ is an immersion, then M is an immersed
submanifold of N.
(5) If M C N, ¢ is the inclusion map, and ¢ is an embedding, then M is a regular or
embedded submanifold of N.

Theorem 3.3. (Rank theorem.) Let M™ and N™ be smooth manifolds and ¢: M — N
a smooth map with constant rank k (i.e. dimImp,, = k, for allp € M ). Then for each
p € M there exist a parametrization x on M with coordinates (x',...,x™) centered at p
(i.e. x(0) = p), and a parametrization on N with coordinates (v', ... v") centered at ¢(p),
with respect to which ¢ has the following coordinate representation:

olxt,. . 2™ = (2',...,2",0,...,0).
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Proposition 3.4. Let m: M — N be a submersion. Then mw is an open map and, if w is
onto, then m is a quotient map.

Theorem 3.5. (Inverse function theorem.) Let ¢: M — N be a smooth map between
two smooth manifolds. If ¢., is a linear isomorphism, then there is an open neighborhood
U of p in M such that p(U) is open in N and ¢|y: U — ¢(U) is a diffeomorphism.

In particular, ¢ is a local diffeomorphism if and only if p., is a linear isomorphism for
allpe M.

Theorem 3.6. Let ¢: M — N be a smooth map between two smooth manifolds. Then ¢
s an immersion if and only if for each p € M there exists an open neighborhood U around
p in M such that o|y: U — N is an embedding.

Theorem 3.7. A subset M of a smooth manifold N™ is an embedded submanifold of
dimension m if and only if for each p € M there exists a coordinate system of N around p
adapted to M, that is, a coordinate system of N centered at p of the form

z:U=[-1,1" CR" = N,
such that x(0,...,0) = p, and z([—1,1]™ x {(0,"~",0)}) = 2(U) N M.

Theorem 3.8. Let o: M — N be an injective immersion which is proper, that is, the
inverse image of every compact set is compact (this holds if M is compact). Then ¢ is an

embedding and p(M) is an embedded submanifold of M.

Theorem 3.9. Let ¢: M™ — N" be a smooth map with constant rank k. Then every level
set o 1(q), with ¢ € N, is a closed embedded submanifold of codimension k in M.

Theorem 3.10. (Regular level set theorem.) Let p: M™ — N™ be a smooth map. Let
q € N be a reqular value for o, that is, for every p € ¢ (q), the differential p.p: TyM —
T,N s surjective. Then the reqular level set ¢~'(q) is a closed embedded submanifold of
codimension n in M.

4. VECTOR FIELDS

Definition 4.1. A vector field X in a smooth manifold M is a correspondence that maps
each p € M to a tangent vector X, = X(p) € T,M.

A vector field on M is differentiable (or smooth) if X: M — TM is a smooth map
or, equivalently, if X(f): M — R, p — X,(f), is a smooth map for all f € C>*°(M). An

equivalent characterization is that, for every parametrization with coordinates (z!,. .., 2"),
the coeflicients a;, i = 1,...,n, in the linear combination X = a10; + ... a,0,, are smooth
functions.

We denote the set of smooth vector fields on a smooth manifold M by X(M). This set
is a C*°(M)-module of rank n, and an R-vector space of infinite dimension.

Definition 4.2. Let X,Y € X(M). The Lie bracket of X and Y is the smooth vector field
[X,Y] € X(M) such that

(X, Y](f) = X(Y(f) = Y(X(f)), forall feC®(M)
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The Lie bracket satisfies the following properties: anticommutativity, R-bilinearity, and
Jacobi identity. In particular, X(M) endowed with the Lie bracket is a Lie algebra of
infinite dimension.

Definition 4.3. Let ¢: M — N be a smooth map, X € X(M) and Y € X(N). Then X
and Y are p-related if ¢,,(X,) = Y, for all p € M.

Proposition 4.4. Let ¢: M — N be a smooth map, X1, Xs € X(M) and Y1,Y> € X(N).
If X, is p-related to Yy, and X, is p-related to Y, then [ X1, X is p-related to [Y1,Y5].

Definition 4.5. Let X € X(M). A differentiable curve « in M is an integral curve of X
if o/(t) = Xqo), for all ¢ in the domain of a.

Theorem 4.6. Let X € X(M), p € M. Then there ezist an open neighborhood U of p in
M, an interval (—9,6), 0 > 0, and a smooth map

p: (=6,0) xU —- M

such that the curve t € (=9,9) — @(t,q) € M, is the unique integral curve of X that goes
through ¢ € U fort = 0.

It is customary to write ¢, such that v;(q) = ¢(t,q) and call p,: U — M the local flow
of X. It is a local 1-parameter group that satisfies oo = id, p; ' = p_;, and @, 0P, = ©iis
when defined.

Definition 4.7. A smooth vector field X € X(M) is complete if its integral curves exist
for all time. In this case, the flow is defined in R x M.

Proposition 4.8. If a smooth manifold M is compact, and X € X(M), then X is complete.

Proposition 4.9. Let M be an embedded submanifold of N. If X € X(N) is tangent to
M (ie. forallp e M, X, € T,M ), then the restriction X |y of X to M is a smooth vector
field. If Y € X(N) is also tangent, then [X,Y] is tangent and [X,Y ||y = [X|m, Y| m].

Definition 4.10. Let M™ be a smooth manifold and let k € {1,...,n}. A distribution D
of rank k on M is a choice of a k-dimensional vector subspace D,, of T,,M, for each p € M.
The distribution D is smooth if for each p € M there exists an open neighborhood U of p
and smooth vector fields X7, ..., X € X(U) that generate D, for every ¢ € U. We denote
by I'(D) the set of smooth vector fields X € X(M) such that X, € D, for all p € M.
The smooth distribution D is called involutive if [X,Y] € I'(D), for all X,Y € I'(D).
An immersed submanifold N of M is an integral manifold of the smooth distribution D
it T,N =D, for all pe N.

Theorem 4.11. (Frobenius theorem.) A smooth distribution D is involutive if and
only if there is an integral manifold of D through each point in M.

The collection of all mazximal connected integral manifolds of an involutive distribution
D on M forms a foliation of M.
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5. TENSORS

Definition 5.1. Let V' be a finite-dimensional R-vector space, and V* its dual space. A
tensor of type (r,s) on V, also called s-covariant, r-contravariant tensor, is a multilinear
map

Vix -“xV*xVx--xV >R

We denote by 7). (V) the space of all tensors on V' of type (r,s).

Proposition 5.2. Let V' be a finite-dimensional vector space. There is a natural (i.e.
basis-independent) isomorphism between T, s(V') and the space of multilinear maps

VEx o xV*xVx-1oxV V.

In particular, we have the identification Ty (V) = End(V), and also T1o(V) = V™ =V
and TO,O =R.

Definition 5.3. A tensor field of type (r,s) on a smooth manifold M is a C>®(M)-
multilinear map of the form

QUM) x -5 x QYM) x X(M) x -2+ x (M) — C=(M),

where Q(M) is the set of all 1-forms on M (i.e. of all smooth maps 6: M — T*M with
0, €Ty M, pe M).
We denote the space of all tensor fields of type (r,s) on M by T, s(M).

Proposition 5.4. Let M be a smooth manifold. There is a natural (i.e. basis-independent)
isomorphism between T, (M) and the space of C*°(M)-multilinear maps

QUM) x - x QY (M) x X(M) x -+ x X(M) — X(M).

In particular, we have the identification Ty1(M) = End(TM). Here End(T'M) is the
set of all smooth maps F: TM — TM such that F(T,M) C T,M for allp € M, and
Flr: T,M — T,M is R-linear. We also have Tio(M) = X(M), Toq = Q'(M), and
Too =C>(M).

Definition 5.5. Let (Fy,..., E,) be a local frame on an open set U of a smooth manifold
M™, that is, n smooth vector fields defined on some open set U such that (E|,, ..., E,|,) is
a basis for T, M at each point p € U. Consider the corresponding dual coframe (¢, ..., "),
that is, those 1-forms satisfying '(E;) = 0%, for 4,5 = 1,...,n.

In terms of such local frame, a tensor field F' of type (r,s) on M can be written in the

form
n n

F= Y > F'/VE ® - -®F, 00" -Q¢"

i jrg=l
where the C*>°(U)-functions
F'jl .... jT:F(gpjla"wgpjraEi

T1yeeey is

7El's)'

are called the components of the tensor F' in the local frame fixed above.

19
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In particular, in terms of a coordinate frame {01, . .., 9, } and its dual coframe {dz?, ..., daz"},
F" has the coordinate expression

Z Z Flodng, @ ®0;, @de™ @ -+ @ da™.

.....

Definition 5.6. Let F' be a tensor field of type (r + 1,5 + 1) on a smooth manifold M.
The contraction of F' over the k-th covariant index and the [-contravariant index is the
tensor field tr F' of type (r,s), where (tr F)(w!,...,w", X1,..., X,) is defined as the trace
of the endomorphism

1 -1 I+1 r
Flw', ..., 0w, X, Xty o X, - -

, Xs) € Tia(M).

In terms of a local frame, the components of tr F' are

trF ]1 ----- _ E : -ajk—l7m7jk+l,-~'-7jr

7777 cU—1,T8 41500 05Ts

In particular, the contraction of a tensor field of type (1,1), that is, of an endomorphism
of TM, is given by its trace.

Definition 5.7. Let ¢: M — N be a smooth map, and F' a covariant tensor field on N
of type (0, ). The pullback of F by ¢ is the covariant tensor field p*F' of type (0,s) on M
given by

(@*F)(Xl, Ce 7Xs> = F(@*Xl, Ce 7(10*Xs)7 X1> e ,XS € %(M)

6. LIE DERIVATIVE

Definition 6.1. Let M be a smooth manifold, X a smooth vector field on M, and ¢, its
flow. Let F' be a covariant tensor field of type (0,s) on M. The Lie derivative of F' with
respect to X is the smooth tensor field Lx F' of type (0,s) on M defined by

(CxPh= 5| i),

In particular, Lxf = X(f) for any f € C°°(M ). We also define the Lie derivative of
Y € X(M) with respect to X by LxY = [X,Y].

Proposition 6.2. Let M be a smooth manifold and X € X(M). Let f € C*(M) and F a
covariant tensor field of type (0,s) on M. Then we have:

(1) Lx(fF) = X(f)F + [LxF.
(2) IfYy,...,Y, € X(M), then

Lx(F(Yy,....Y)) = (LxF)(Y1,....Y)) + F(LxY1,...,Y) + -+ F(Y, ..., LxY,).
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