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A B S T R A C T

The core of a transferable utility (TU) game, if it is not empty, is prescribed by the set of all stable allocations.
The exact determination of the core reaches exponential time complexity. Therefore, its exact computation
is often avoided as the number of players increases. In this work, we propose an estimator for the core of
a TU game based on the statistical theory of set estimation. Concretely, we provide a core reconstruction
that is obtained in polynomial time for general dimension. Additionally, convergence rates for the estimation
error are derived. Finally, a consistent core-center estimator is established as a geometrical application of this
methodology.
1. Introduction

In the analysis of expert and intelligent multi-agent decision making
environments as an essential element of the society, the links between
its components cannot be underestimated. These relationships guaran-
tee that the decisions made by any group of agents. When adopting
a collaborative approach, it is essential to take into account a game-
theoretical framework used for modelling such cooperation. Thus, the
transferable utility (TU) game approach realistically fits settings like
social network analysis, economics, politics, management, or organisa-
tion (see, for example, Goyal & Kaushal, 2017; Mahdiraji, Razghandi,
& Hatami-Marbini, 2021; Saavedra-Nieves & Fiestras-Janeiro, 2022,
or Zhou, Lú, Yang, Wang, & Kong, 2015). Formally, the main goal of TU
games consists of determining sets of allocations of the joint payoff that
players can obtain under cooperation. For this purpose, criteria as the
fair compromise for the players, given by the Shapley value (Shapley,
1953) or the nucleolus (Schmeidler, 1969) of a TU game (𝑁, 𝑣) among
others, and the stability, given by the elements of the core 𝐶(𝑁, 𝑣) of
the TU game (Gillies, 1953) as its center of gravity, the core-center
𝑐𝑐(𝑣) (González-Díaz & Sánchez-Rodríguez, 2007), can be considered
when justifying the choice of each in which used.

In particular, the core of a TU game is prescribed by the set of
all those allocations being efficient from which no coalition of play-
ers is incentivised to be deviated. The core elements are said to be
stable and a TU game is known as balanced if it has a non-empty
core. Formally, the core is a set-type solution for TU games and the
task of obtaining core elements is not entirely straightforward as the
number of players enlarges. Hence, research on this topic has been
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focused on selecting subsets (even with a single element) of stable
allocations for particular situations. For instance, Guardiola, Meca, and
Timmer (2007) analyse the core of TU games applied in supply chains
under decentralised control. Drechsel and Kimms (2010) propose a
general procedure for the computation of core elements by means
of mathematical programming techniques. Algaba, Fragnelli, Llorca,
and Sánchez-Soriano (2019), Hadas, Gnecco, and Sanguineti (2017)
and Yang, Zhang, and Zhou (2023) use core allocations for transporta-
tion problems analysis. Alternatively, two core allocation rules are
established in Schouten, Saavedra-Nieves, and Fiestras-Janeiro (2021)
for sequencing problems. Luo, Zhou, and Lev (2022) analyse the recent
developments and applications of the core of a TU game in operations
management. Omrani, Shafaat, and Emrouznejad (2018) use a core
element of Integrated Fuzzy Clustering TU games to rank the efficient
Decision Making Units in a Data Envelopment Analysis setting.

From a purely geometrical viewpoint, the core 𝐶(𝑁, 𝑣) of a general
TU game (if it exists) is a compact convex polyhedron. A wide collection
of papers in the literature are focused on the study of its properties since
the definition of the core of a TU game in Gillies (1953). Shapley (1971)
can be regarded as the seminal paper dealing with the geometry of the
core. Specifically, it proves that the core vertices are given by the set of
marginal vectors when the TU game is convex. Table 1 aims to give an
overview of some references in the game theoretic literature that study
the structure of the core from a geometrical perspective, in terms of its
vertices or facets for specific classes of TU games.

The existence of such large number of works focusing on certain fea-
tures of the core 𝐶(𝑁, 𝑣) of a TU game is mainly due to the fact that its
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Table 1
Summary of references on the theoretical analysis of the geometry of the core.

Reference Results

General TU games

Maschler, Peleg, and Shapley (1979) Analysis the geometry of the core.
Derks and Kuipers (2002) Bound of the number of vertices of the core.
Tijs (2005) Determining the core vertices.
Grabisch and Sudhölter (2018) Upper bound on the number of core vertices.
Mirás-Calvo, Quinteiro-Sandomingo, and Sánchez-Rodríguez (2020) Core facets.

Specific classes of TU games

Shapley (1971) Core vertices for convex TU games.
Shapley and Shubik (1971) Core analysis for assignment TU games.
Aumann and Dreze (1974), Faigle (1989), Myerson (1977) and Owen (1977) Core for TU games under restricted cooperation.
Derks and Gilles (1995) Core for supermodular games.
Núñez and Rafels (1998) Core vertices for quasi-convex TU games.
Núñez and Rafels (2003) Core vertices for assignment TU games.
Grabisch (2013) Core of TU games on ordered structures and graphs.
González-Díaz, Mirás-Calvo, Quinteiro-Sandomingo, and Sánchez-Rodríguez (2016) Core-center of airport games.
Trudeau and Vidal-Puga (2017) Core vertices for minimum cost spanning tree games.
Fig. 1. Scheme for the reconstruction of 𝐶(𝑁, 𝑣) for a 4-player TU game from set estimation theory.
exact determination reaches exponential time complexity. Specifically,
for a general TU game with 𝑛 players, the method introduced in Avis
and Fukuda (1992) computes the core vertices in time 𝑂(ℎ2𝑛𝜈) where
ℎ denotes the number of non-degenerate inequalities defining the poly-
hedron and 𝜈, the number of vertices. For a TU game with 𝑛 players,
ℎ may be exactly equal to 2𝑛 and, following Derks and Kuipers (2002),
𝜈 may grow up to 𝑛!. The exact calculation is therefore a complex
task as the number of players increases. Consequently, several software
tools for determining and visualising the core are only available up to
four players. See, for instance, the R package CoopGame (Staudacher
& Anwander, 2019) and the Matlab toolbox TUGlab (Mirás-Calvo &
Sánchez-Rodríguez, 2006). Of course, general software for research in
polyhedral geometry could be also used in this setting. Some examples
are the open source softwares polymake1 or PORTA.2

The main goal of this work is to propose a core estimator 𝐶̂(𝑁, 𝑣)
for a TU game of polynomial time complexity. The properties of com-
pactness and convexity satisfied by the set 𝐶(𝑁, 𝑣) allow to reconstruct
it from set estimation techniques. This statistical theory (closely related
to stochastic geometry) focuses on the estimation of a set and any of its
features, as its vertices or its volume, from a sample of points randomly
taken inside the set. Fig. 1(a) shows the exact core for a 4-players TU
game. The scheme to follow to reconstruct the core from set estimation
approach is summarised in Fig. 1(b) and (c). According to Fig. 1(b),
a random sample supported on 𝐶(𝑁, 𝑣) need to be generated first.
Fig. 1(c) contains the core reconstruction obtained from the sample
points as the only input.

As far as we know, the problem of estimating this set-valued so-
lution 𝐶(𝑁, 𝑣) (and, therefore, its main characteristics such as facets
or vertices) has not been considered in the literature. The use of
alternative methods for obtaining some of its points (even for its
2

approximation), however, has been addressed. Although Chalkiadakis,
Elkind, and Wooldridge (2011) gives an overview on some computa-
tional issues related to TU games, Table 2 lists some references for
dealing with this task. Sampling methodologies were also applied for
estimating other kind of sets of allocations, those composed by a single
element.

This paper is organised as follows. Section 2 introduces some back-
ground in Cooperative Game Theory. The estimator for the core 𝐶(𝑁, 𝑣)
of a general TU game is presented in Section 3. First, the algorithm
to estimate the core of TU game is described and its complexity is
discussed. Theoretical bounds for the estimation error are also de-
rived. Since the estimator of 𝐶(𝑁, 𝑣) is a set, discrepancies between
𝐶(𝑁, 𝑣) and the proposed reconstruction are measured, commonly in
the literature, by computing distances between them. Besides, a specific
core estimator for convex TU games is also introduced. Section 4
comprises the simulation results that analyse the consistency of the
novel core reconstruction. As an application of the core estimation, we
also propose an estimator of the core-center of a TU game in Section 5.
Its behaviour is checked from simulations. Section 6 contains some
concluding remarks. Finally, Appendix shows the R code needed to
obtain the centroid of a polyhedron, which is used throughout the
paper.

2. Some background on TU games

This section formally introduces some Game Theory notions to make
the rest of the manuscript easier to understand. Our notation is mainly
that of González-Díaz, García-Jurado, and Fiestras-Janeiro (2010).

A transferable utility cooperative game (hereafter, TU game) is a
pair (𝑁, 𝑣), where 𝑁 = {1,… , 𝑛} is the set of players and 𝑣 ∶ 2𝑁 ⟶ R
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Table 2
Summary of references on alternative methods for the exact/approximate computation of point-valued solution concepts.

Methodology Reference Solution concept

Heuristics Perea and Puerto (2019) Nucleolus for general TU games

Sampling approximation

Castro, Gómez, and Tejada (2009) and Fernández-García and Puerto-Albandoz (2006) Shapley value for general TU games.
Saavedra-Nieves (2023) and Saavedra-Nieves, García-Jurado, and Fiestras-Janeiro (2018) Owen value for general TU games.
Bachrach et al. (2010) Banzhaf value for general TU games.
Saavedra-Nieves (2023) and Saavedra-Nieves and Fiestras-Janeiro (2021) Banzhaf-Owen value for general TU games.
Espinoza Burgos (2020) Core-center for general TU games.

Stochastic approximation Benati, López-Blázquez, and Puerto (2019) Solutions for general TU games.
}
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is a map that assigns to each coalition 𝑇 ⊆ 𝑁 a real number 𝑣(𝑇 ) and
s 𝑣(∅) = 0. It represents the worth of the cooperation of the members
f 𝑇 .3 𝐺𝑁 denotes the class of TU games with player set 𝑁 .

Two natural questions arise: (1) determine which coalitions will be
ormed; (2) how to divide the profits of the cooperation of the involved
layers. Due to the cooperative approach inherent in the situations
odelled by TU games, the answer to the first question addresses in

he formation of coalition 𝑁 in such a way that each player obtains a
ortion of 𝑣(𝑁).

An important task is the definition of admissible allocations for
layers in 𝑁 to address question (2). Formally, an allocation is a vector
= (𝑥1,… , 𝑥𝑛) ∈ R|𝑁|, with 𝑥𝑖 being the total amount assigned

o player 𝑖, for each 𝑖 ∈ 𝑁 . Two requirements for an allocation to
e admissible are individual rationality and efficiency. An allocation
∈ R|𝑁| is said to be individually rational if 𝑥𝑖 ≥ 𝑣({𝑖}) for each player
∈ 𝑁 . This means that each player gets at least what he can get for
imself. An allocation 𝑥 ∈ R|𝑁| is efficient if it distributes the worth of
he cooperation of 𝑁 , i.e. ∑𝑖∈𝑁 𝑥𝑖 = 𝑣(𝑁). The set of imputations of a
U game, 𝐼(𝑁, 𝑣), consists of all the efficient and individually rational
llocations. That is,

(𝑁, 𝑣) =
{

𝑥 ∈ R|𝑁| ∶
∑

𝑖∈𝑁
𝑥𝑖 = 𝑣(𝑁) and 𝑥𝑖 ≥ 𝑣({𝑖}), for all 𝑖 ∈ 𝑁

}

.

(1)

Generally, solution concepts are introduced as mechanisms providing
ach TU game with sets of allocations. Formally, a solution concept is
map assigning each TU game an allocation set. With respect to its

ardinality, we distinguish two cases.
Firstly, we mention the point-valued solution concepts. Among others,

he Shapley value (Shapley, 1953) of (𝑁, 𝑣), denoted by 𝑆ℎ(𝑁, 𝑣), is
ormally defined by

ℎ𝑖(𝑁, 𝑣) = 1
|𝛱(𝑁)|

∑

𝜎∈𝛱(𝑁)
𝑚𝜎
𝑖 (𝑣), for each 𝑖 ∈ 𝑁 , (2)

being 𝛱(𝑁) the set of orders of 𝑁 , 𝑃 𝜎
𝑖 = {𝑘 ∈ 𝑁 ∶ 𝜎(𝑘) < 𝜎(𝑖)}

the set of the predecessors of 𝑖 in any order 𝜎 ∈ 𝛱(𝑁) and 𝑚𝜎
𝑖 (𝑣) =

𝑣(𝑃 𝜎
𝑖 ∪𝑖)−𝑣(𝑃

𝜎
𝑖 ), for each 𝜎 ∈ 𝛱(𝑁), the marginal contribution of player

𝑖 to its predecessors in 𝜎.
Secondly, we focus on set-valued solution concepts. Although the

individual rationality ensures that no player can block an imputation,
a coalition of players may have incentives to block some of the allo-
cations in 𝐼(𝑁, 𝑣). Gillies (1953) introduces the core as the subset of
𝐼(𝑁, 𝑣) given by those coalitionally rational allocations. Fixed (𝑁, 𝑣) ∈
𝐺𝑁 , an allocation 𝑥 ∈ R|𝑁| is coalitionally rational if, for each 𝑇 ⊆ 𝑁 ,
∑

𝑖∈𝑇 𝑥𝑖 ≥ 𝑣(𝑇 ). Formally, the core of (𝑁, 𝑣), denoted by 𝐶(𝑁, 𝑣), is
specified by

𝐶(𝑁, 𝑣) =
{

𝑥 ∈ R|𝑁| ∶
∑

𝑖∈𝑁
𝑥𝑖 = 𝑣(𝑁) and

∑

𝑖∈𝑇
𝑥𝑖 ≥ 𝑣(𝑇 ), for each 𝑇 ⊂ 𝑁

(3)

3 The TU game is called a cost game when the costs of cooperation are
ssociated. It is denoted by (𝑁, 𝑐).
3

s

The core elements are said to be stable since that there is no
coalition 𝑇 ⊆ 𝑁 that can complain about the allocations of 𝑣(𝑁)
belonging to this set. In some TU games the core can prescribe the
empty set. Bondareva (1963) and Shapley (1967) characterise the non-
emptiness character of the core of a TU game as follows. Given (𝑁, 𝑣) ∈
𝐺𝑁 , 𝐶(𝑁, 𝑣) ≠ ∅ if and only if for each family of coalitions  ⊂
2𝑁 ⧵ ∅ and a collection of positive real numbers {𝛼𝑇 ∶ 𝑇 ∈ } with
∑

𝑇∈ ,𝑖∈𝑇 𝛼𝑇 = 1 for each 𝑖 ∈ 𝑁 , ∑𝑇∈ 𝛼𝑇 𝑣(𝑇 ) ≤ 𝑣(𝑁). However, the
on-empty character of the core can be alternatively checked from a
olution concept considered as its ‘‘relaxed’’ version. The 𝜀-core of (𝑁, 𝑣)

is given, for any 𝜀 ∈ R, by

𝐶𝜀(𝑁, 𝑣) =
{

𝑥 ∈ R|𝑁| ∶
∑

𝑖∈𝑁
𝑥𝑖 = 𝑣(𝑁) and

∑

𝑖∈𝑇
𝑥𝑖 ≥ 𝑣(𝑇 ) − 𝜀,

for each 𝑇 ⊂ 𝑁
}

,

and the least core of (𝑁, 𝑣) (cf. Maschler et al., 1979) is specified by
𝐶𝜀∗ (𝑁, 𝑣), where 𝜀∗ = min

{

𝜀 ∶ 𝐶𝜀(𝑁, 𝑣) ≠ ∅
}

. Note that 𝐶(𝑁, 𝑣) is not
empty if and only if 𝜀∗ ≤ 0.

The exhaustive study of the core becomes a complex issue in coop-
erative game theory given that the number of the associated constraints
increases considerably with the number of players. However, core
elements can be easily obtained for certain classes of TU games. We
highlight the case of convex TU games. A TU game (𝑁, 𝑣) is convex if

𝑣(𝑇 ∪ {𝑖}) − 𝑣(𝑇 ) ≤ 𝑣(𝑇 ′ ∪ {𝑖}) − 𝑣(𝑇 ′), (4)

or all 𝑖 ∈ 𝑁 and for all 𝑇 ⊂ 𝑇 ′ ⊆ 𝑁 ⧵ {𝑖}. This property ensures that
layers prefer to join large coalitions. Although for specific classes of
U games this property is always satisfied, its checking for general TU
ames requires a very high computational complexity. This is mainly
ue to the fact that, if the number of players enlarges, the number
f conditions as the ones in (4) also grows exponentially. Regarding
he core, it is non-empty since that the Shapley value of convex games
lways belongs to it. The reason is that, for convex TU games, 𝑚𝜎

𝑖 (𝑣) ∈
(𝑁, 𝑣) for each 𝜎 ∈ 𝛱(𝑁) and that, in addition, the core is determined
y the convex hull of the marginal contributions (see Weber, 1988, for
ore details). That is,

(𝑁, 𝑣) = 𝐻({𝑚𝜎 (𝑣) ∶ 𝜎 ∈ 𝛱(𝑁)}), (5)

here 𝐻(⋅) denotes the operator convex hull of a given set of points.
In general, if the core of (𝑁, 𝑣) is non-empty, then it is a convex

nd compact polyhedron of dimension at most |𝑁| − 1, since that it is
ontained in the hyperplane ∑

𝑖∈𝑁 𝑥𝑖 = 𝑣(𝑁). Barycentric coordinates
re used to parametrise the interior of an (|𝑁|−1)-simplex by |𝑁| real
umbers in the interval [0, 1]. A 𝑘-simplex is a polytope of dimension 𝑘
hat is prescribed by the convex hull of its 𝑘+1 vertices. More precisely,
uppose that the 𝑘+1 points {𝑢0,… , 𝑢𝑘} ∈ R𝑘 are affinely independent.
hat is, 𝑢1 − 𝑢0,… , 𝑢𝑘 − 𝑢0 are linearly independent. Formally, the
implex that they prescribe corresponds to the set of points

({𝑢0, 𝑢1,… , 𝑢𝑘}) =

{

𝛾0𝑢0 +⋯ + 𝛾𝑘𝑢𝑘 ∶
𝑘
∑

𝑗=0
𝛾𝑗 = 1 and 𝛾𝑗 ≥ 0

for 𝑗 = 0,… , 𝑘

}

.

irectly, fixed a (𝑘 + 1)-simplex, it is possible to compute the Carte-
𝑘
ian coordinates of one or more normalised points in R , given their
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barycentric coordinates in R𝑘+1, through the corresponding affine trans-
formation (and vice versa). For instance, it helps to represent the core
of a TU game with 3 and 4 players in R2 and R3, respectively. Fig. 2(a)
is an example of representation for the core of TU games with 4 players
by using the (|𝑁|−1)-simplex induced by the canonical basis of R|𝑁|−1

jointly with the null vector in R|𝑁|−1.
Hereafter, we suppose that the characteristic function 𝑣 can be ob-

tained in polynomial time for every coalition 𝑇 ⊆ 𝑁 . The algorithm for
core estimator proposed in this work, also covers the rest of TU games
but polynomial time complexity may not be guaranteed. Furthermore,
the case of an empty core is excluded. However, even if the core of a TU
game is empty, the estimation methodology proposed here is directly
applicable to the reconstruction of the least core because, following
results in Maschler et al. (1979), it is also a convex and a non-empty
polyhedron.

3. Polynomial estimation of the core for a TU game

An estimator for the core 𝐶(𝑁, 𝑣) of a TU game will be proposed
from set estimation techniques in this section. A classical topic of this
theory is concerned, as in this work, with the estimation of a distri-
bution support. Therefore, we briefly review the support estimation
problem in order to propose a general estimation algorithm for 𝐶(𝑁, 𝑣).
olynomial time complexity is checked for the presented methodol-
gy. Moreover, theoretical convergence rates for the estimation error
in Hausdorff distance) are derived. Finally, a specific procedure for
econstructing 𝐶(𝑁, 𝑣) for the family of convex TU games is introduced.

.1. Algorithm for core estimation of general TU games

Mathematically, support estimation theory solves the task of recon-
tructing the compact and non-empty support 𝑆 ⊂ R𝐷 of an absolutely
ontinuous random vector 𝑋 from a random sample 𝑚 = {𝑋1,… , 𝑋𝑚}

of 𝑋. Cuevas and Fraiman (2010) provide a extensive review on this
topic. In particular, when the support 𝑆 is assumed to be convex,
then the most natural estimator of 𝑆 is the convex hull of the sample
points, 𝐻(𝑚), defined as the intersection of all convex sets in R𝐷

ontaining 𝑚. It can be easily checked that 𝐻(𝑚) is the smallest
onvex set that contains 𝑚. See, for a thorough theoretical analysis

of this estimator, Dümbgen and Walther (1996), Reitzner et al. (2003)
or Schneider (1988, 2014).

If the core of a TU game is non-empty, the definition of 𝐶(𝑁, 𝑣)
n Section 2 ensures that it is a convex and compact polyhedron in
|𝑁|−1, by the property of efficiency of its elements. If 𝐶(𝑁, 𝑣) is non-
mpty, support estimation approach allows to establish an estimator of
(𝑁, 𝑣). The convex hull of a set of random observations supported on
(𝑁, 𝑣), would be a natural reconstruction of 𝐶(𝑁, 𝑣). Therefore, it is

necessary to address the problem of random generation of observations
𝑚 supported on 𝐶(𝑁, 𝑣). Furthermore, if 𝑚 has uniform distribution,
consistency of 𝐻(𝑚) as an estimator of 𝐶(𝑁, 𝑣), is guaranteed and
convergence rates can be derived.

Conventional rejection techniques could be used for uniform sam-
pling generation on 𝐶(𝑁, 𝑣). However, they are computationally in-
efficient comparing to polynomial time complexity algorithms. Dyer,
Frieze, and Kannan (1991) introduce the first polynomial time algo-
rithm for sampling convex sets. However, its practical implementa-
tion was not developed because the degree of the polynomial (over
20). Smith (1984) proposes the hit-and-run sampling method for Monte
Carlo generation of points uniformly distributed within an arbitrary
bounded (measurable) region in R𝐷. Concretely, interactive solution
presented in Smith (1984) produces points with asymptotic uniform
distribution within the region of interest through a class of Markovian
methods. Roughly speaking, given a starting point 𝑝0 ∈ 𝐶(𝑁, 𝑣), a
andom line 𝐿 through 𝑝0 is selected (uniformly over all directions).
he next chain observation is selected uniformly from the segment
f the line inside 𝐶(𝑁, 𝑣). Time complexity analysis in Section 3.1.1
4

shows that the arbitrary choice of 𝑝0 does not mutate the polynomial
omplexity.

The underlying ideas allow to formalise an algorithm for recon-
tructing the core 𝐶(𝑁, 𝑣) of a TU game (if it exists) for general
imension. Let (𝑁, 𝑣) ∈ 𝐺𝑁 such that 𝐶(𝑁, 𝑣) ≠ ∅. Below, the steps
f the estimation procedure are described in detail.

1. The set to be estimated is 𝐶(𝑁, 𝑣), the set of stable allocations
for 𝑁 .

2. 𝐶(𝑁, 𝑣) is considered as the support of a uniform distribution.
3. A sample of size 𝑚 supported on 𝐶(𝑁, 𝑣), 𝑚, has to be generated

by using hit-and-run.
4. Compute the convex hull of 𝑚, 𝐻(𝑚), as the reconstruction of

𝐶(𝑁, 𝑣), 𝐶̂(𝑁, 𝑣).

The pseudocode of the resulting procedure is summarised in Al-
orithm 1. Normalisation of all core allocations were considered in
lgorithm 1. Specifically, we consider as (|𝑁|−1)-simplex the points in
|𝑁|−1 given by the first |𝑁| − 1 components of the canonical basis of
|𝑁|. Possible computational problems in large-scale are avoided with

his operation, that depends on the characteristic function 𝑣.
Figs. 2(a) and 3(a) shows the cores of two different TU games with 3

nd 4 players, respectively. The estimators 𝐶̂(𝑁, 𝑣) computed from two
it-and-run samples of sizes 𝑚 = 100 and 𝑚 = 1000 are also shown
n (c) and (e). Of course, core reconstruction improves considerably
s 𝑚 increases, specially for 4 players. Once the estimator of 𝐶(𝑁, 𝑣)
s determined, the volume of the core could be approximated by the
olume of the estimator. But, also other characteristic elements such as
acets or vertices could be analysed from the corresponding ones of the
econstruction.

One natural question that may arise from this methodological pro-
osal for core estimation is related to check if its capabilities still
ffer a good performance on those TU games with |𝑁| players whose
ssociated core, after the above-mentioned normalisation, is of dimen-
ion strictly less than |𝑁| − 1. Following Smith (1984), hit-and-run
lgorithm provides a solution for the problem of sample generation
n a general bounded 𝐷′-dimensional surface contained in R𝐷 with
olynomial complexity for all 𝐷′ ≤ 𝐷. The convex hull computation
n a lower dimensional space in which the 𝐶(𝑁, 𝑣) is contained does
ot present any limitation either.

Algorithm 1: Pseudocode of the algorithm for reconstructing
𝐶(𝑁, 𝑣).
Inputs: Take a sampling size equal to 𝑚 and let
{𝑢0, 𝑢1,… , 𝑢

|𝑁|−1} be a (|𝑁| − 1)-simplex.

Step 1: Generate the random sample 𝑚 supported on 𝐶(𝑁, 𝑣)
by using hit-and-run.

Set 𝑙 = 1 and do 𝑚 = ∅
while l≤m do

Generate a random observation 𝑋𝑙 = (𝑥𝑙1,… , 𝑥𝑙𝑛) supported on
𝐶(𝑁, 𝑣).

Do 𝑋̂𝑙 =
(

𝑥𝑙1
𝑣(𝑁) ,

𝑥𝑙2
𝑣(𝑁) ,⋯ , 𝑥𝑙𝑛

𝑣(𝑁)

)

⋅

⎛

⎜

⎜

⎜

⎜

⎝

𝑢0
𝑢1
⋯

𝑢
|𝑁|−1

⎞

⎟

⎟

⎟

⎟

⎠

, 𝑚 = 𝑚 ∪ 𝑋̂𝑙 and

𝑙 = 𝑙 + 1.

Step 2: Compute 𝐻(𝑚).

Output: Do 𝐶̂(𝑁, 𝑣) = 𝐻(𝑚).
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Fig. 2. Convex hull (right) of uniform samples (left) of sizes 𝑚 = 100 (b, c) and 𝑚 = 1000 (d, e) on 𝐶(𝑁, 𝑣) for a 3-player TU game.
3.1.1. Analysis of time complexity for core estimation algorithm
Studying the time complexity of Algorithm 1 requires to analyse the

two steps main steps of the procedure. The first step (step 1) is focused
on the generation of the sample 𝑚 supported on 𝐶(𝑁, 𝑣). Several
works in the literature analyse the time complexity of hit-and-run
algorithm. Dyer, Frieze, and Stougie (1994) obtain a polynomial bound
on its mixing time. For a convex body in R𝐷, Lovász (1999) shows that
hit-and-run produces an approximately uniformly distributed sample of
5

points in time 𝑂∗(𝐷3)4 when 𝑝0 is properly selected. Lovász and Vem-
pala (2006) improve this result by showing that hit-and-run actually
mixes rapidly from any interior starting point. Although the mixing
time could be big if the starting point is located in a very tight corner,
the derived bound is logarithmic in the distance.

4 The 𝑂∗ notation eliminates factors that involve logarithms or error
bounds.
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Fig. 3. Convex hull (right) of uniform samples (left) of sizes 𝑚 = 100 (b, c) and 𝑚 = 1000 (d, e) on 𝐶(𝑁, 𝑣) for a 4-player TU game.
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Additionally, hit-and-run is already implemented in R (R Core
Team, 2024). For instance, libraries hitandrun5 and volesti6 can
be considered for hit-and-run sampling generation. Furthermore, users
do not need to specify 𝑝0 as an input in practice. For instance, package
volesti computes 𝑝0 as the center of the largest inscribed ball in
𝐶(𝑁, 𝑣).

The second step (step 2) of Algorithm 1 requires the convex hull
computation for the sample 𝑚 generated in Step 1. Deterministic
algorithms for obtaining the convex hull of 𝑚 points with running time
𝑂(𝑚 log𝑚) were long established in the 2- and 3-dimensional spaces
(Graham, 1972 and Preparata & Hong, 1977). For higher dimensions
𝐷, Seidel (1981) establishes a deterministic algorithm with time com-
plexity 𝑂(𝑚 log𝑚 + 𝑚⌊𝐷∕2⌋) for the case where 𝐷 is even. Theorem 3.5
in Chazelle (1993) generalises this optimal result for general dimension
𝐷. Therefore, Theorem 3.1 ensures that the convex hull computation
has polynomial complexity for a fixed space dimension.

Theorem 3.1 (Chazelle, 1993). Let {𝑝1,… , 𝑝𝑚} a set of 𝑚 (𝑚 > 1)
oints in R𝐷. Then, the convex hull of {𝑝1,… , 𝑝𝑚}, 𝐻({𝑝1,… , 𝑝𝑚}), can be

computed deterministically in 𝑂(𝑚 log𝑚 + 𝑚⌊𝐷∕2⌋) time, which is optimal.

In practice, the convex hull computation for a collection of points
in spaces of general dimension is implemented in R package geome-
try.7 The polynomial complexity of Algorithm 1 for core estimation is
established in Proposition 3.2.

Proposition 3.2. Let (𝑁, 𝑣) ∈ 𝐺𝑁 be a TU game with a non-empty
core 𝐶(𝑁, 𝑣) and characteristic function 𝑣 obtainable in polynomial time.
Then, the core estimator 𝐶̂(𝑁, 𝑣) = 𝐻(𝑚) specified by Algorithm 1 has
polynomial time complexity.

Proof. From its definition in (3), we have ensured that 𝐶(𝑁, 𝑣) ⊂
R|𝑁|−1 is a convex polyhedron where |𝑁| is the number of players in
𝑁 . Therefore, analysis in Lovász and Vempala (2006) ensure that time
complexity of hit-and-run method applied on 𝐶(𝑁, 𝑣) is polynomial.
Concretely, 𝑂∗(|𝑁|

3). Since 𝑣 is also obtainable in polynomial time,
polynomial complexity of step 1 in Algorithm 1 is checked. As for
step 2, Theorem 3.1 ensures that the computation of 𝐻(𝑚) is also
polynomial fixed the space dimension |𝑁| − 1. □

3.1.2. Estimation error and convergence rates
The problem of measuring the estimation error of the core re-

construction can be addressed by computing the distance between
the theoretical (or exact) core and the corresponding estimator. The
Euclidean distance in R𝐷 is not the best choice to analyse discrepancies
between sets. In particular, if two sets share a border, the Euclidean
distance between them is zero. However, they could be quite different.
Therefore, one of the most used distances to measure the estimation
error when the estimator is a set, is the distance in measure.

Definition 3.3. The distance in measure between two bounded Borel
sets 𝐴 and 𝐵 in R𝐷 is defined by

𝑑𝜇(𝐴,𝐵) = 𝜇(𝐴 ▵ 𝐵),

where the Lebesgue measure is denoted by 𝜇, and the symmetric
difference by ▵, (see Fig. 4,b), that is,

𝐴 ▵ 𝐶 = (𝐴 ⧵ 𝐵) ∪ (𝐵 ⧵ 𝐴).

5 More information available on: https://CRAN.R-project.org/package=
itandrun.

6 More information available on: https://CRAN.R-project.org/package=
olesti.

7 More information available on: https://cran.r-project.org/package=
7

eometry. c
Remark 3.1. Distance 𝑑𝜇 does not satisfy the conditions to be a
etric. Let 𝐴1 and 𝐴2 be two bounded Borel sets that differ by a finite

et of points. Then, 𝑑𝜇(𝐴1, 𝐴2) = 0 however 𝐴1 ≠ 𝐴2. Therefore, 𝑑𝜇
oes not penalise those set estimators that contain spurious connected
omponents with null Lebesgue measure.

Fig. 4(a) shows the exact core 𝐶(𝑁, 𝑣) (red colour) for a TU game
f 3 players and the convex hull (grey colour) of a random sample of
ize 𝑚 = 10 supported on 𝐶(𝑁, 𝑣). As an illustration, the distance in
easure between 𝐶(𝑁, 𝑣) and 𝐻(10) is also represented in Fig. 4(b).
he exact cores 𝐶(𝑁, 𝑣) represented in Figs. 2 and 3(a) have been
lso reconstructed as the convex hull of uniform samples of sizes 𝑚 =
00 and 𝑚 = 1000 shown in (b) and (d). For the example in Fig. 2,
𝜇(𝐶(𝑁, 𝑣),𝐻(100)) = 0.11648 and 𝑑𝜇(𝐶(𝑁, 𝑣),𝐻(1000)) = 0.01482. For
he estimator shown in Fig. 3, we have that 𝑑𝜇(𝐶(𝑁, 𝑣),𝐻(100)) =
.00340 and 𝑑𝜇(𝐶(𝑁, 𝑣),𝐻(1000)) = 0.00092. As natural, the error
ecreases considerably as the sample size increases.

Another classical choice to measure the approximation error in this
etting, is the Hausdorff distance. Fig. 4(b) contains the graphical
epresentation of the Hausdorff distance between 𝐶(𝑁, 𝑣) and 𝐻(10)
or a specific 3−player TU game.

efinition 3.4. The Hausdorff distance between two nonempty com-
act subsets 𝐴 and 𝐵 of R𝐷 is defined by

𝐻 (𝐴,𝐵) = max
{

sup
𝑎∈𝐴

𝜌(𝑎, 𝐵), sup
𝑏∈𝐵

𝜌(𝑏, 𝐴)
}

,

here

(𝑎, 𝐵) = inf{‖𝑎 − 𝑏‖ ∶ 𝑏 ∈ 𝐵}

nd ‖ ⋅ ‖ is the Euclidean norm.

emark 3.2. Section 1.4 in Matheron (1975) shows that 𝑑𝐻 is a metric.
owever, the metric 𝑑𝐻 is not able to detect differences in shape
roperties. In fact, two sets with a small Hausdorff distance, could
resent very different shapes. This usually occurs when the boundaries
𝐴 and 𝜕𝐵 are far apart, no matter the proximity of 𝐴 and 𝐵. Visual
roximity of two sets can be validated through the Hausdorff distance
etween their frontiers.

Dümbgen and Walther (1996) provide the convergence rates in
ausdorff distance for convex supports under uniform distribution
ssumption on the sample observations.

heorem 3.5 (Dümbgen & Walther, 1996). Let 𝑆 be a convex compact
et in R𝐷 with non-empty interior. Let 𝑚 be a uniform and independent,
dentically distributed random sample on 𝑆. Then,

𝐻 (𝑆,𝐻(𝑚)) = 𝑂

(

(

log𝑚
𝑚

)1∕𝐷
)

, almost surely.

As a consequence, Corollary 3.6 establishes the mathematical con-
sistency and also the estimation error rates for the core reconstruction
proposed in this work.

Corollary 3.6. Let (𝑁, 𝑣) ∈ 𝐺𝑁 be a TU game with a non-empty
core 𝐶(𝑁, 𝑣). Let 𝑚 be a uniform and independent, identically distributed
andom sample on 𝐶(𝑁, 𝑣). Then, 𝐶̂(𝑁, 𝑣) = 𝐻(𝑚) satisfies that

𝐻 (𝐶(𝑁, 𝑣), 𝐶̂(𝑁, 𝑣)) = 𝑂
(

log𝑚
𝑚

)(1∕(|𝑁|−1))
, almost surely. (6)

roof. Since 𝐶̂(𝑁, 𝑣) is defined as 𝐻(𝑚) ⊂ R|𝑁|−1, Eq. (6) is a
traightforward of convergence rate (in Hausdorff distance) for the
onvex hull established in Theorem 3.5. □

As expected, convergence rate in Corollary 3.6 shows that the
onvex hull convergence is slower as the space dimension increases

https://CRAN.R-project.org/package=hitandrun
https://CRAN.R-project.org/package=hitandrun
https://CRAN.R-project.org/package=volesti
https://CRAN.R-project.org/package=volesti
https://cran.r-project.org/package=geometry
https://cran.r-project.org/package=geometry
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Fig. 4. (a) 𝐶(𝑁, 𝑣) (red colour) for a 3-player TU game and a core reconstruction, 𝐻(10) (grey colour). (b) Distance in measure (dotted area) and Hausdorff distance (black
ashed line) between 𝐶(𝑁, 𝑣) and 𝐻(10).
Hughes effect) or, equivalently, the number of players is bigger. How-
ver, consistency of 𝐶̂(𝑛, 𝑣) is guaranteed for a general number of
layers. Moreover, under assumptions in Corollary 3.6, it is verified
hat 𝑚 ⊂ 𝐶(𝑁, 𝑣) with probability one. Consequently, 𝐶̂(𝑁, 𝑣) =
(𝑚) ⊂ 𝐶(𝑁, 𝑣). Therefore, 𝐶̂(𝑁, 𝑣) underestimates 𝐶(𝑁, 𝑣) and, as

onsequence, allocations outside 𝐶(𝑁, 𝑣) do not belong to the proposed
stimator 𝐶̂(𝑁, 𝑣).

As far as we are aware, neither consistency results of convex hull
rontier for Hausdorff distance nor convex hull convergence rates for
istance in measure have been derived yet. As a consequence, consis-
ency of the estimator introduced in Algorithm 1 for these both error
riteria will be analysed from simulations in Section 4.

.2. Algorithm for core estimation of convex TU games

In this section, we propose an alternative procedure for reconstruct-
ng the core 𝐶(𝑁, 𝑣) for the subclass of convex games. Let (𝑁, 𝑣) ∈ 𝐺𝑁

be a TU game. Formally, (𝑁, 𝑣) is said to be convex if it satisfies the
condition in (4).

This class of TU games received much attention because of the im-
portant properties that it guarantees. Among others, the Shapley value
always belongs to its associated core (see Shapley & Shubik, 1971). This
fact ensures the non-emptiness of 𝐶(𝑁, 𝑣) under convexity. As we have
previously mentioned, the vector of marginal contributions induced by
a given order 𝜎 always belongs to 𝐶(𝑁, 𝑣) under the convexity of (𝑁, 𝑣).

hat is, the vector 𝑚𝜎 (𝑣) ∈ 𝐶(𝑁, 𝑣), where 𝑚𝜎 (𝑣) is given by

𝑚𝜎
𝑖 (𝑣) = 𝑣(𝑃 𝜎

𝑖 ∪ 𝑖) − 𝑣(𝑃 𝜎
𝑖 ), for all 𝑖 ∈ 𝑁,

with 𝛱(𝑁) the set of permutations of 𝑁 and 𝑃 𝜎
𝑖 = {𝑘 ∈ 𝑁 ∶ 𝜎(𝑘) < 𝜎(𝑖)}

for a fixed 𝜎 ∈ 𝛱(𝑁). In this scenario, we use the fact that the core of
convex games in (5) is the convex hull of all marginal contributions,
i.e. we have that

𝐶(𝑁, 𝑣) = 𝐻({𝑚𝜎
𝑖 (𝑣) ∶ 𝜎 ∈ 𝛱(𝑁)}),

with 𝐻(⋅) the operator convex hull of a collection of points and that
bases our sampling proposal.

Let (𝑁, 𝑣) ∈ 𝐺𝑁 be a convex TU game whose characteristic function
is obtained in polynomial time. The sampling procedure steps are
detailed below.

1. The core of (𝑁, 𝑣), 𝐶(𝑁, 𝑣), is considered as the unknown set to
be estimated.

2. The sampling population is the set of permutations of 𝑁 , i.e.
𝛱(𝑁).

3. For each sampling unit 𝜎 ∈ 𝛱(𝑁), we obtain the vector
(𝑚𝜎

𝑖 (𝑣))𝑖∈𝑁 given by 𝑚𝜎
𝑖 (𝑣) = 𝑣(𝑃 𝜎

𝑖 ∪ 𝑖) − 𝑣(𝑃 𝜎
𝑖 ) for all 𝑖 ∈ 𝑁 .

4. The sampling procedure takes each permutation 𝜎 ∈ 𝛱(𝑁) with
equal probability. In this way we obtain a sample {𝜎1,… , 𝜎𝑚} of
8

𝑚 orders of 𝑁 obtained with replacement.
5. A sample of size 𝑚 supported on 𝐶(𝑁, 𝑣), 𝑚, is obtained as the
marginal contribution vectors over the sample of permutations
.

6. Compute the convex hull of 𝑚, 𝐻(𝑚), as the reconstruction of
𝐶(𝑁, 𝑣), 𝐶̂(𝑁, 𝑣).

Algorithm 2: Pseudocode of the algorithm for reconstructing
𝐶(𝑁, 𝑣), when (𝑁, 𝑣) is convex.
Inputs: Take a sampling size equal to 𝑚 and let
{𝑢0, 𝑢1,… , 𝑢

|𝑁|−1} be a (|𝑁| − 1)-simplex.

Step 1: Generate the random sample 𝑚 of vertices of 𝐶(𝑁, 𝑣).

Set 𝑙 = 1 and do 𝑚 = ∅
while l≤m do

Randomly, generate a permutation 𝜎 ∈ 𝛱(𝑁).
Obtain 𝑚𝜎

𝑖 (𝑣) = 𝑣(𝑃 𝜎
𝑖 ∪ 𝑖) − 𝑣(𝑃 𝜎

𝑖 ), for all 𝑖 ∈ 𝑁 .

Do 𝑋𝑙 = (𝑥𝑙1,… , 𝑥𝑙𝑛), such that 𝑥𝑙𝑖 = 𝑚𝜎
𝑖 (𝑣) for all 𝑖 ∈ 𝑁 .

Do 𝑋̂𝑙 =
(

𝑥𝑙1
𝑣(𝑁) ,

𝑥𝑙2
𝑣(𝑁) ,⋯ , 𝑥𝑙𝑛

𝑣(𝑁)

)

⋅

⎛

⎜

⎜

⎜

⎜

⎝

𝑢0
𝑢1
⋯

𝑢
|𝑁|−1

⎞

⎟

⎟

⎟

⎟

⎠

, 𝑚 = 𝑚 ∪ 𝑋̂𝑙 and

𝑙 = 𝑙 + 1.

Step 2: Compute 𝐻(𝑚).

Output: Do 𝐶̂(𝑁, 𝑣) = 𝐻(𝑚).

Algorithm 2 formalises the steps of this procedure. Through a
sample of permutations of 𝑁 , we obtain an associated sample of core
vertices for the convex TU game (𝑁, 𝑣) by considering the marginal con-
tributions over such sample. Thus, the estimation of the core 𝐶(𝑁, 𝑣),
namely 𝐶̂(𝑁, 𝑣), is obtained as the convex hull of the sampled vertices.
Again, it follows that 𝐶̂(𝑁, 𝑣) is always a subset of 𝐶(𝑁, 𝑣), almost
surely. In contrast to Derks and Kuipers (2002), it is important to
remark that the computation time for obtaining a sample of vertices
is still polynomial.

4. Simulation study

The performance of the method for reconstructing the core of a
TU game in Section 3 is explored next from simulations. A total of
10 simulation scenarios have been considered and they correspond to
the different TU games that are described below. All of them have
non-empty cores. In these reduced scenarios, 𝐶(𝑁, 𝑣) can be obtained
exactly through specific game-theoretical tools. We will analyse the
estimation error of the methodology proposed along this work, by mea-
suring the (frontiers) Hausdorff distance and the distance in measure
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Table 3
TU game associated to Model 3.A.
𝑇 {1} {2} {3} {1, 2} {1, 3} {2,3} 𝑁

𝑣(𝑆) 0 0 0 1500 500 500 2000

Table 4
TU game associated to Model 3.B.
𝑇 {1} {2} {3} {1, 2} {1, 3} {2,3} 𝑁

𝑣(𝑆) 0 0 0 0.219 0 6.924 9.281

Table 5
TU game associated to Model 3.C.
𝑇 {1} {2} {3} {1, 2} {1, 3} {2,3} 𝑁

𝑣(𝑆) 0 0 0 0 0 100 200

Table 6
TU game associated to Model 4.A.
𝑇 ∅ {1} {2} {3} {4} {1, 2} {1, 3} {1, 4}

𝑣(𝑇 ) 0 0 0 0 0 3 5 7

𝑇 {2, 3} {2, 4} {3, 4} {1, 2, 3} {1, 2, 4} {1, 3, 4} {2, 3, 4} 𝑁

𝑣(𝑇 ) 5 4 6 20 30 40 50 100

Table 7
TU game associated to Model 4.B.
𝑇 ∅ {1} {2} {3} {4} {1, 2} {1, 3} {1, 4}

𝑣(𝑇 ) 0 0 0 0 0 1 2 4

𝑇 {2, 3} {2, 4} {3, 4} {1, 2, 3} {1, 2, 4} {1, 3, 4} {2, 3, 4} 𝑁

𝑣(𝑇 ) 5 7 7 12 14 17 12 22

between the exact cores and the corresponding core estimator. In the
simulation study, we have restricted our scenarios up to 10 players. For
more players, the exact determination of the core, required to measure
the estimation error, involves an unavoidable computational cost.

In what follows, these TU games considered will be referred to in
the form 𝑛.𝑋 where 𝑛 will denote the number of players and 𝑋 will
istinguish each of the cases under study with this number of players.

• Model 3.A. Firstly, we take the saving game associated to the
problem of the visiting professor described in González-Díaz et al.
(2010). It is a 3-player situation modelled by the TU game (𝑁, 𝑣)
which assigns, for each 𝑇 ⊆ 𝑁 , the values in Table 3.

• Model 3.B. Now, we take Example 4.6 from Saavedra-Nieves,
Schouten, and Borm (2020). It corresponds to the 3-player general
sequencing game (𝑁, 𝑣) depicted in Table 4.

• Model 3.C. The last 3-player TU game we consider is a
bankruptcy game. Recall that a bankruptcy game is the TU game
(𝑁, 𝑣) that assigns, for each coalition 𝑇 ⊆ 𝑁 ,

𝑣(𝑇 ) = max
{

0, 𝐸 −
∑

𝑖∉𝑇
𝑑𝑖

}

, (7)

being 𝐸 the estate, that is, the amount to be distributed among
the claimants in 𝑁 with demands 𝑑𝑖, for every 𝑖 ∈ 𝑁 . This
problem was initially introduced in O’Neill (1982). We consider
the bankruptcy situation in González-Díaz et al. (2010), that
results from the estate 𝐸 = 200 and from the individual demands
given by 𝑑1 = 100, 𝑑2 = 200, and 𝑑3 = 300. Table 5 depicts the
considered TU game.

• Model 4.A. The first 4-player TU game used in this simulation
study is again a saving game, that is displayed in Table 6.

• Model 4.B. Next, we take the 4-player TU game displayed in
Table 7, also a saving game.

• Model 4.C. The concluding 4-player example is the bankruptcy
9

TU game shown in Table 8. 𝐶
Table 8
TU game associated to Model 4.C.
𝑇 ∅ {1} {2} {3} {4} {1, 2} {1, 3} {1, 4}

𝑣(𝑇 ) 0 0 0 0 0 0 0 0

𝑇 {2, 3} {2, 4} {3, 4} {1, 2, 3} {1, 2, 4} {1, 3, 4} {2, 3, 4} 𝑁

𝑣(𝑇 ) 0 1 4 1 3 6 8 10

• Model 5. In spite of the computational difficulties that may arise
when considering 5 players, we also consider the bankruptcy
game with 5 players associated to the bankruptcy problem arisen
when dividing an estate 𝐸 = 600 with vector of claims 𝑑 =
(200, 300, 120, 110, 230). The associated bankruptcy game (𝑁, 𝑣) is
fully given by Expression (7) for each possible coalition.

• Model 6. Below, we take a standard sequencing game with 6 play-
ers. A standard sequencing situation (cf. Smith, 1956) is a multi-
agent sequencing situation given by (𝑁, 𝜎0, {𝑝𝑖}𝑖∈𝑁 , {𝑐𝑖}𝑖∈𝑁 ),
where 𝜎0 prescribes the initial order for the jobs of 𝑁 and, for
every 𝑖 ∈ 𝑁 , 𝑝𝑖 is the 𝑖’s job processing time and 𝑐𝑖 a linear time-
dependent function 𝑐𝑖 ∶ [0,∞) ⟶ R such that 𝑐𝑖(𝑡) = 𝛼𝑖𝑡, with
𝛼𝑖 being the 𝑖’s linear cost coefficient. Thus, a saving TU game
(𝑁, 𝑣) is associated to any sequencing situation as follows. For
each 𝑇 ⊆ 𝑁 connected by 𝜎0,

𝑣(𝑇 ) =
∑

(𝑖,𝑗)∈𝑀𝑃,𝑖,𝑗∈𝑇
(𝛼𝑗𝑝𝑖 − 𝛼𝑖𝑝𝑗 ), (8)

with 𝑀𝑃 =
{

(𝑖, 𝑗) ∈ 𝑁 ×𝑁 | 𝛼𝑗𝑝𝑖 − 𝛼𝑖𝑝𝑗 > 0
}

. If 𝑇 is discon-
nected, 𝑣(𝑇 ) is obtained by the sum of the savings of its com-
ponents in 𝜎0. To check the performance of our proposal, we
consider the case with 𝑁 = {1, 2, 3, 4, 5, 6}, 𝜎0 = (1, 2, 3, 4, 5, 6),
𝑝 = (3, 4, 6, 1, 3, 4) and 𝛼 = (1, 2, 4, 2, 5, 2).

• Model 8. Now, we consider the standard sequencing game with 8
players associated (𝑁, 𝜎0, {𝑝𝑖}𝑖∈𝑁 , {𝑐𝑖}𝑖∈𝑁 ), with 𝑁 =
{1, 2, 3, 4, 5, 6, 7, 8}, 𝜎0 = (1, 2, 3, 4, 5, 6, 7, 8), 𝑝 = (3, 4, 6, 1, 3, 4, 5, 4)
and 𝛼 = (1, 2, 4, 2, 5, 2, 1, 4).

• Model 10. Finally, we consider the 10-players TU game (𝑁, 𝑣)
defined as follows.

𝑣(𝑇 ) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0, if 𝑇 = {𝑖}, with 𝑖 ∈ 𝑁,
3
4

|𝑇 |
|𝑁|

, if 𝑇 ⊂ 𝑁 such that {10} ∈ 𝑇 ,
|𝑇 |
|𝑁|

, otherwise.

Firstly, we consider the case of reconstructing the core of general
TU game through a uniform sample of core-elements. More specif-
ically, a total of 250 samples (of size 𝑚) supported on the core of
the 10 simulation models have been generated by using hit-and-run
approach. Different sample sizes 𝑚 have been also considered: 10,
5, 50, 100, 200, 250, 500, 1000, 2000 and 5000. For each sample, we
ave calculated the core estimator 𝐶̂(𝑁, 𝑣) established in Algorithm
and, then, we have computed the estimation error as the distance

n measure between 𝐶(𝑁, 𝑣) and 𝐻(𝑚). Since the convergence rates
re not available for this error criterion, this simulation study allows
o analyse the estimator consistency for this particular error criterion.
he Hausdorff distance between 𝐶(𝑁, 𝑣) and 𝐻(𝑚) is not considered

n these simulations because theoretical convergence rates were fully
stablished in Corollary 3.6. Moreover, its determination (specially in
igh dimensions) would be really complex. However, the computation
f Hausdorff distance between 𝜕𝐶(𝑁, 𝑣) and 𝜕𝐻(𝑚) is an addressable
roblem with dimensions smaller than 3 (4 players). Therefore, it will
e approximated for Models 3.A, 3.B and 3.C (with 𝑚 from 10 to 500)
o study the consistency of the proposed core estimator under this error
riterion.

Table 9 shows the means of the 250 estimation errors 𝑑𝜇(𝐶̂(𝑁, 𝑣),
(𝑁, 𝑣)) obtained for the considered simulation models. Additionally,

t contains the means of the 250 quotients 𝜇(𝐶̂(𝑁, 𝑣))∕𝜇(𝐶(𝑁, 𝑣)). Since
̂
(𝑁, 𝑣) is a convex set, it is possible to ensure that 𝐶(𝑁, 𝑣) ⊂ 𝐶(𝑁, 𝑣),
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Table 9
Averages of 𝑑𝜇(𝐶̂(𝑁, 𝑣), 𝐶(𝑁, 𝑣)) (D) and 𝜇(𝐶̂(𝑁, 𝑣)∕𝜇(𝐶(𝑁, 𝑣))) (Q) for 250 estimations of the core of the considered TU games.

𝑚 10 25 50 100 200

D Q D Q D Q D Q D Q

Model

3.A 0.09038 0.42157 0.05266 0.66295 0.03268 0.79083 0.02031 0.87004 0.01138 0.92716
3.B 0.12779 0.42301 0.07200 0.67490 0.04462 0.79851 0.02626 0.88143 0.01580 0.92868
3.C 0.21353 0.43058 0.12040 0.67895 0.07456 0.80118 0.04454 0.88122 0.02661 0.92904
4.A 0.10809 0.14797 0.08349 0.34188 0.06230 0.50887 0.04432 0.65060 0.03114 0.75455
4.B 0.01114 0.15683 0.00824 0.37643 0.00601 0.54529 0.00424 0.67874 0.00282 0.78656
4.C 0.04390 0.14761 0.03250 0.36903 0.02410 0.53204 0.01682 0.67340 0.01118 0.78286
5 0.00277 0.03213 0.00243 0.15168 0.00205 0.28396 0.00165 0.42458 0.00125 0.56360
6 0.00016 0.00141 0.00018 0.01882 0.00020 0.05806 0.00019 0.11912 0.00017 0.20198
10 ≈ 0 ≈ 0 ≈ 0 0.00001 ≈ 0 0.00019 ≈ 0 0.00203 ≈ 0 0.01013

𝑚 250 500 1000 2000 5000

D Q D Q D Q D Q D Q

Model

3.A 0.00962 0.93841 0.00538 0.96555 0.00295 0.98110 0.00162 0.98963 0.00074 0.99529
3.B 0.01282 0.94212 0.00726 0.96721 0.00418 0.98111 0.00232 0.98952 0.00108 0.99513
3.C 0.02152 0.94263 0.01248 0.96673 0.00697 0.98140 0.00368 0.99019 0.00167 0.99556
4.A 0.02777 0.78106 0.01839 0.85504 0.01223 0.90362 0.00793 0.93746 0.00433 0.96589
4.B 0.00246 0.81402 0.00159 0.87968 0.00100 0.92394 0.00062 0.95275 0.00032 0.97577
4.C 0.00989 0.80802 0.00628 0.87814 0.00398 0.92273 0.00244 0.95257 0.00126 0.97560
5 0.00113 0.60476 0.00082 0.71385 0.00058 0.79921 0.00039 0.86435 0.00023 0.92123
6 0.00016 0.23162 0.00014 0.33865 0.00012 0.44427 0.00010 0.55019 0.00007 0.67444
10 ≈ 0 0.01531 ≈ 0 0.04398 ≈ 0 0.05201 ≈ 0 0.08674 ≈ 0 0.17511
Table 10
Standard deviations of 𝑑𝜇(𝐶̂(𝑁, 𝑣), 𝐶(𝑁, 𝑣)) (D) and 𝜇(𝐶̂(𝑁, 𝑣))∕𝜇(𝐶(𝑁, 𝑣)) (Q) for 250 estimations of the core of the considered TU games.

𝑚 10 25 50 100 200

D Q D Q D Q D Q D Q

Model

3.A 0.01698 0.10867 0.01281 0.08196 0.00849 0.05434 0.00566 0.03625 0.00316 0.02022
3.B 0.02333 0.10535 0.01682 0.07597 0.01089 0.04915 0.00690 0.03117 0.00369 0.01665
3.C 0.04252 0.11340 0.03032 0.08086 0.02042 0.05445 0.01111 0.02963 0.00736 0.01963
4.A 0.00716 0.05647 0.00800 0.06308 0.00682 0.05373 0.00503 0.03964 0.00344 0.02714
4.B 0.00070 0.05310 0.00089 0.06704 0.00075 0.05681 0.00054 0.04097 0.00036 0.02756
4.C 0.00253 0.04910 0.00320 0.06210 0.00284 0.05520 0.00195 0.03795 0.00121 0.02343
5 0.00005 0.01741 0.00011 0.03787 0.00013 0.04436 0.00010 0.03654 0.00009 0.03307
6 0.00009 0.00151 0.00007 0.01093 ≈ 0 0.01543 ≈ 0 0.02158 0.00001 0.02436
10 ≈ 0 ≈ 0 ≈ 0 0.00001 ≈ 0 0.00011 ≈ 0 0.00067 ≈ 0 0.00202

𝑚 250 500 1000 2000 5000

D Q D Q D Q D Q D Q

Model

3.A 0.00277 0.01771 0.00149 0.00953 0.00080 0.00509 0.00042 0.00270 0.00019 0.00122
3.B 0.00329 0.01486 0.00180 0.00814 0.00102 0.00462 0.00047 0.00213 0.00024 0.00109
3.C 0.00583 0.01554 0.00306 0.00816 0.00165 0.00441 0.00087 0.00233 0.00043 0.00115
4.A 0.00308 0.02426 0.00205 0.01614 0.00124 0.00980 0.00085 0.00669 0.00044 0.00345
4.B 0.00031 0.02328 0.00019 0.01441 0.00013 0.00948 0.00007 0.00568 0.00003 0.00256
4.C 0.00128 0.02494 0.00077 0.01497 0.00048 0.00940 0.00027 0.00526 0.00013 0.00252
5 0.00008 0.02826 0.00010 0.03398 0.00006 0.02076 0.00005 0.01642 0.00003 0.01086
6 ≈ 0 0.02572 0.00001 0.02268 ≈ 0 0.02027 ≈ 0 0.01753 ≈ 0 0.01210
10 ≈ 0 0.00280 ≈ 0 0.00179 ≈ 0 0.00232 ≈ 0 0.00232 ≈ 0 0.00163
3
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almost surely (see Section 3 for more details). Therefore, the value
of 𝜇(𝐶̂(𝑁, 𝑣))∕𝜇(𝐶(𝑁, 𝑣)) is smaller than one, almost surely. Roughly
peaking, the mean of these quotients allow to quantify the percentage
f the Lebesgue measure of 𝐶(𝑁, 𝑣) that is underestimated 𝐶̂(𝑁, 𝑣).
hese results show the good performance of the proposed core recon-
tructions as 𝑚 increases, specially for games with larger amount of
layers involved. In particular, for Model 5, we estimate around the
0% of the Lebesgue measure of the true core when 𝑚 = 1000 or
= 2000. A sample size of 𝑚 = 5000 is necessary in this example to un-

ertake the 90%. But, this is only the dimensionality effect of sampling.
f the number of players increases, accuracy considerably decreases for
he sample sizes fixed in this study (see Model 6 and Model 10).

Table 10 contains the standard deviations of the 250 estimation
rrors 𝑑𝜇(𝐶̂(𝑁, 𝑣), 𝐶(𝑁, 𝑣)) computed for the considered simulation
odels. It also shows the standard deviations of the 250 quotients
(𝐶̂(𝑁, 𝑣))∕𝜇(𝐶(𝑁, 𝑣)). No large variability is observed from results
btained. Besides, when the sample size 𝑚 is larger, standard deviations
end to decrease.

Table 11 shows the means and the standard deviations calculated
rom the 250 estimation errors 𝑑 (𝜕𝐶̂(𝑁, 𝑣), 𝜕𝐶(𝑁, 𝑣)) for Models 3.A,
10

𝐻 r
.B and 3.C. According to the results exposed, the error clearly de-
reases as the sample size 𝑚 enlarges. Therefore, the core reconstruction
eems consistent also for this error measurement. As for the standard
eviations, they also reduce considerably when 𝑚 increases.

Up to this point, we have studied the performance of the approach
ased on the generation of uniform samples in 𝐶(𝑁, 𝑣). Except for
odel 8, the number of vertices of the exact cores of the associated
U games is small. For this reason, the use of the specific estimation
roposal in Algorithm 2 for convex TU games is not justified. However,
odel 8 has a core 𝐶(𝑁, 𝑣) with 2304 vertices (it is still manageable).

n this sense, recall that sampling permutations of 𝑁 is equivalent to
ampling vertices of the core by the convexity property that the class
f sequencing games satisfies. We mainly follow Algorithm 2 to obtain
hese reconstructions of the core of the considered sequencing game.

In view of the results in Table 12, we can state the following. In
eneral, the algorithm based on sampling vertices of the core (through
he sampling of marginal contributions) always improves the results,
oth with the criterion of 𝑑𝜇(𝐶̂(𝑁, 𝑣), 𝐶(𝑁, 𝑣)) and with the volume
atio criterion 𝜇(𝐶̂(𝑁, 𝑣))∕𝜇(𝐶(𝑁, 𝑣)). This example clearly reflects the
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Table 11
Averages (A) and standard deviations (SD) of 𝑑𝐻 (𝜕𝐶̂(𝑁, 𝑣), 𝜕𝐶(𝑁, 𝑣)) for 250 estimations of the core of Models 3.A, 3.B and 3.C.

Model 𝑚 10 25 50 100 200 250 500

3.A A 380.9152 264.8531 190.6026 141.7226 98.8281 91.1785 82.3688
SD 145.7894 95.1708 78.2313 56.6666 32.3702 27.8250 22.0149

3.B A 2.0514 1.2986 0.9267 0.6667 0.4751 0.4700 0.4788
SD 0.6982 0.4307 0.2940 0.2152 0.1318 0.1119 0.1091

3.C A 59.3007 38.4014 27.4604 20.9127 14.5224 12.8129 10.9830
SD 17.4189 12.5341 9.2306 7.2480 4.6874 3.9456 2.7506
M
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Table 12
Averages of 𝑑𝜇(𝐶̂(𝑁, 𝑣), 𝐶(𝑁, 𝑣)) (D) and 𝜇(𝐶̂(𝑁, 𝑣))∕𝜇(𝐶(𝑁, 𝑣)) (Q) for 250 estimations
f the core of 𝐶(𝑁, 𝑣) in Model 8 under uniform sampling (HR) and under a sample
f vertices (V).
𝑚 D Q

HR V HR V

25 3.984 ⋅ 10−6 3.833 ⋅ 10−6 0.00249 0.04029
50 3.942 ⋅ 10−6 3.280 ⋅ 10−6 0.01307 0.17881
100 3.842 ⋅ 10−6 2.341 ⋅ 10−6 0.03817 0.41398
200 3.665 ⋅ 10−6 1.324 ⋅ 10−6 0.08228 0.66857
250 3.590 ⋅ 10−6 1.042 ⋅ 10−6 0.10120 0.73916
500 3.321 ⋅ 10−6 4.075 ⋅ 10−7 0.16842 0.89798
1000 2.973 ⋅ 10−6 1.118 ⋅ 10−7 0.25572 0.97202
2000 2.605 ⋅ 10−6 1.970 ⋅ 10−8 0.34788 0.99507

problem that arises when increasing the dimension. From the sim-
ulation results, this effect is not observed when using the specific
procedure for convex games as the results improve radically. See the
case of a sample size 𝑚 = 1000, where we obtain estimations that
occupy, on average, 97.2% of the overall volume compared to 25.58%
provided by the more general method. Therefore, a natural extension
of this work arises: generating samples close to the boundary of the
polyhedron is enough to estimate the core. However, it should be
noted that the convex hull of samples of vertices can just be used as
an estimator of the core of a TU game when it satisfies convexity.
Otherwise, the mechanism required for reconstructing the core of a
general TU game is the one detailed in Algorithm 1.

Finally, we mention that the results included along this section and
in the following one have been obtained by processing our algorithms
in R software, on a PC with Intel(R) Core(TM) i9-9980HK and 32 GB
of memory and with a single 2.40 GHz CPU processor. We list those
R packages that have been used. The R package CoopGame8 has
been required to determinate the exact core of the simulation models.
The R library hitandrun9 can be considered for generating uniform
amples. The R package geometry has been used for calculating the

convex hulls. Note that this library allows to the convex hull computa-
tion in general dimension. The final R code used can be obtained from
the authors upon request.

5. A geometrical application: Estimating the core-center

Geometry becomes fundamental for motivating some allocation
rules proposed for TU games in literature. As González-Díaz and
Sánchez-Rodríguez (2007) commented, the Shapley value for a TU
game is considered as the gravity center of its marginal contributions
and, if it exists, the core-center 𝑐𝑐(𝑣) can be interpreted as the real
center of the core 𝐶(𝑁, 𝑣).

As we mentioned along the introductory section of this paper,
sampling methodologies for estimating point-valued solutions in Co-
operative Game Theory have been already used in literature. As an

8 More information available on: https://cran.r-project.org/package=
oopGame.

9 More information available on: https://CRAN.R-project.org/package=
itandrun.
11
Table 13
Exact core-centers 𝑐𝑐(𝑣) the TU games associated to Models 3.B, 4.C and 5.

Model 𝑐𝑐(𝑣)

3.B (1.12290, 4.08473, 4.07348)
4.C (0.97667, 1.90220, 3.28068, 3.84044)
5 (120.9932, 206.8919, 67.2481, 61.0542, 143.8126)

Table 14
Average absolute errors per component in 250 estimations of the core-center 𝑐𝑐(𝑣) in

odel 3.B.
Model 3.B

𝑚 Player 1 Player 2 Player 3

100 0.02449 0.09600 0.09794
1000 0.00378 0.01289 0.01337

application of the methodology in Section 3, we also introduce a novel
sampling-based algorithm for estimating the core-center 𝑐𝑐(𝑣) of a TU
game. Since 𝑐𝑐(𝑣) coincides with the barycenter of the convex and
ompact polyhedron in R|𝑁|−1 that determines the non-empty core of
he TU game, a natural estimator 𝑐𝑐𝐻 (𝑣) of this allocation rule emerges
y considering the centroid of the core estimation 𝐶̂(𝑁, 𝑣) established
n Algorithm 1. Formally, 𝑐𝑐𝐻 (𝑣) can be computed (in any dimension)
s the center of gravity of 𝐶̂(𝑁, 𝑣) = 𝐻(𝑚). In Appendix, our R code
mplementation of the function that calculates the barycenter of any
olyhedron in general dimension is provided. Mainly, it depends on
he function delaunayn() and convhulln() developed in the R
ackage geometry. As far as we know, this function is not available
n any library on the R CRAN.10

Fig. 5(a) and (b) show the exact core (black colour) of (𝑁, 𝑣) for
odels 3.B and 4.C presented in Section 4. Additionally, Fig. 5(c) and

d) depicts the corresponding representations of 250 estimations 𝑐𝑐𝐻 (𝑣)
hen 𝑚 = 100. For the case of 𝑚 = 1000, the representations of 𝑐𝑐𝐻 (𝑣)

are respectively included in (e) and in (f). In view of these graphical
results, we check that the fact of increasing the sample size tends to
reduce the variability of the estimations considerably.

The performance of our proposal of estimator for the core-center is
analysed through a small simulation study taking Model 3.B, Model 4.C
and Model 5 in Section 4 as models. The core-center for the associated
TU games are exactly given in Table 13. For each of the considered
models, we reevaluate the 250 samples considered in Section 4 to com-
pute 𝑐𝑐𝐻 (𝑣). Since the only purpose is to illustrate how they perform,
we only use as sampling sizes 𝑚 = 100 and 𝑚 = 1000.

Tables 14–16 contain the average of absolute estimation errors per
component for Models 3.B, 4.C and 5, respectively. Results obtained
show that the estimator introduced in this work, offers very positive re-
sults for all considered scenarios. In fact, the incurred absolute error per
component considerably reduces when increasing the size of the sample
when estimating the core-center as the centroid of the convex hull.
In this sense, our proposal is very competitive from a computational
perspective.

10 More information available on: https://cran.r-project.org/.

https://cran.r-project.org/package=CoopGame
https://cran.r-project.org/package=CoopGame
https://CRAN.R-project.org/package=hitandrun
https://CRAN.R-project.org/package=hitandrun
https://cran.r-project.org/
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Fig. 5. Graphical representation of 𝑐𝑐𝐻 (𝑣) for Models 3.B (left) and 4.C (right).
To complete the comparison, Tables 17–19 contain the estimated
bias and variance of 𝑐𝑐𝐻 (𝑣) for Models 3.B, 4.C and 5, respectively.
Results obtained do not contradict the consistency of the estimator for
the core-center. Furthermore, it is important to mention that 𝑐𝑐𝐻 (𝑣)
presents an adequate performance in terms of bias and variance. Again,
when the sample size is larger, 𝑐𝑐𝐻 (𝑣) shows remarkable reductions of
these two error measurements.

Results obtained from simulations allows to confirm that the esti-
mator of the core-center introduced in this work is not affected by the
Hughes effect of sampling as usual in other multidimensional settings.
12
6. Concluding remarks

The exact computation of the core of a TU game and its charac-
teristic elements, as the facets or the vertices, become a challenging
computational task as the amount of players increases by reaching
exponential time complexity. Therefore, proposing a polynomial-time
estimator of the (non-empty) core of a TU game in general dimension
is the main goal of this work. The route designed can be summarised as
follows: (1) Support estimation theory allows to introduce an estimator
for the core of a TU game as the convex hull of a uniform sample
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Table 15
Average absolute errors per component in 250 estimations of the core-center 𝑐𝑐(𝑣) in

odel 4.C.
Model 4.C

𝑚 Player 1 Player 2 Player 3 Player 4

100 0.03805 0.07134 0.10294 0.11646
1000 0.00971 0.01778 0.02088 0.02339

Table 16
Average absolute errors per component in 250 estimations of the core-center 𝑐𝑐(𝑣) in

odel 5.
Model 5

𝑚 Player 1 Player 2 Player 3 Player 4 Player 5

100 9.49104 10.35219 2.24029 3.62077 16.17735
1000 3.95465 3.47677 0.70187 1.30669 6.08828

Table 17
Bias and variance per component in 250 estimations of the core-center 𝑐𝑐(𝑣) in Model
3.B.

Model 3.B 𝑚 Player 1 Player 2 Player 3

Bias 100 0.0090 0.0103 −0.0193
1000 0.0024 −0.0002 −0.0022

Variance 100 0.0010 0.0148 0.0147
1000 0.00002 0.0003 0.0003

Table 18
Bias and variance per component in 250 estimations of the core-center 𝑐𝑐(𝑣) in Model
4.C.

Model 4.C 𝑚 Player 1 Player 2 Player 3 Player 4

Bias 100 0.0268 0.0559 −0.0328 −0.0498
1000 0.0090 0.0159 −0.0111 −0.0138

Variance 100 0.0022 0.0080 0.0160 0.0216
1000 0.0003 0.0005 0.0007 0.0010

Table 19
Bias and variance per component in 250 estimations of the core-center 𝑐𝑐(𝑣) in Model
5.

Model 5 𝑚 Player 1 Player 2 Player 3 Player 4 Player 5

Bias 100 9.4649 10.3300 −0.2597 −3.3578 −16.1774
1000 3.9269 3.3023 0.1058 −1.2467 −6.0883

Variance 100 107.0646 140.6046 7.7609 18.4486 286.9150
1000 17.4629 15.5348 3.0865 2.1265 39.2297

supported on the core. (2) The algorithm for determining the core esti-
mator is fully described in Algorithm 1. (3) Polynomial time complexity
of Algorithm 1 is established. (4) Theoretical convergence rates for
the estimation error in Hausdorff metric are derived. (5) Consistency
for distance in measure is checked through an extensive simulation
study. (6) A specific core reconstruction for convex games is introduced
also with polynomial time complexity. (7) Finally, a new estimator of
the core-center of a TU game is defined as the barycenter of the core
reconstruction proposed in this work. Simulations show the consistency
of this approximation that is able to manage the dimensionality effect.

Further research on the established core estimator and several nat-
ural extensions need to be discussed. Additionally, the positive results
of the specific core estimator introduced for convex games show that
generating samples close to the boundary of the polyhedron is clearly
enough to estimate the core. Therefore, research in this line could
be explored. Moreover, theoretical results on the consistency of the
estimator proposed for the core-center of a TU game in this work
need to be proved. A comparative analysis with other well-known
methodologies in the literature should be considered. Among others,
we mention the case of Growing Neural Gas, used for the Pareto front
approximation in high-dimensional settings in Huang, Wu, Chen, Chen,
and Cao (2021). Also, a simulation study on least core estimation would
13
be very valuable. The methodology introduced in this work could be
directly applied in the reconstruction of the least core because proper-
ties of compactness and convexity are guaranteed. In particular, if 𝜀 = 0
core reconstruction would be addressed. In fact, the performance of our
proposal could be compared to the coalition-based sampling approach
presented in Yan and Procaccia (2021). Although its running time is
asserted to be polynomial in log 𝑛, this least core estimator does not
solve the problem of core emptiness either and, in practice, the final
estimator could contain points outside the true least core. Finally, this
work can be seen as the first interaction between game theory and set
estimation. However, we think that other contributions could arise by
considering, for instance, the estimation of other allocation rules such
as the Shapley value under convexity of TU games.
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Appendix. R code for obtaining of the centroid of a convex poly-
hedron

The procedure in R software (R Core Team, 2024) required to
estimate the core-center of any TU game is based in the obtaining of the
centroid of a convex polyhedron. In particular, we have implemented
a function that computes this point in any dimension. Specifically, the
function determines the centroid by partitioning into simplices and
computing the weighted sum of their centroids.

centroid<−func t ion (P){
T<−delaunayn (P)
n<−dim(T)[1]
W=numeric (n)
C=0
fo r (m in 1:n){

sp=P[T[m, ] , ]
W[m]=convhulln ( sp , output . opt ions = TRUE) $vol
C = C + W[m] ∗ apply ( sp ,2 ,mean)

}
re turn (C/sum(W) )
}
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Note that the only input argument that the user has to provide is P,
a matrix containing the vertices of the convex polyhedron for which its
centroid is required. In dimension 𝐷, this matrix has 𝐷 columns and
as many rows as the number vertices of the polyhedron. Besides, it is
important to mention that the usage of centroid() function in R
software depends on the functions delaunay() and convhulln()
developed in the geometry library.
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