SPACES OF LOCALLY HOMOGENEOUS AFFINE SURFACES

M. BROZOS-VAZQUEZ E. GARCIA-RIO P. GILKEY

ABSTRACT. We examine the topology of various spaces of locally homogeneous
affine surfaces which arise from the classification result of Opozda [11] as orbits
of the action of GL(2,R) (Type A) and the az + b group (Type B). We
determine the topology of the spaces of Type A models in relation to the rank
of the Ricci tensor. We determine the topology of the spaces of Type B models
which either are flat or where the Ricci tensor is alternating.

1. INTRODUCTION

1.1. Notational conventions. An affine surface is a pair M = (M,V) where
M is a smooth surface and where V is a torsion free connection on the tangent
bundle of M. Let x = (2!, 2?) be a system of local coordinates on M. Adopt the
Einstein convention and sum over repeated indices to express Vy 0,5 = [0k,
The Christoffel symbols T = {T';;*} determine the connection in the coordinate
chart. Let p be the associated Ricci tensor. The Ricci tensor carries the geometry in
dimension 2; an affine surface is flat if and only if p = 0. Since the Ricci tensor of an
affine manifold is not necessarily symmetric, let p,(X,Y) = 2{p(X,Y) + p(Y, X)}
and po(X,Y) = 1{p(X,Y) — p(Y,X)} be the symmetric and alternating Ricci

tensors.

1.2. Locally homogeneous affine surface geometries. Work of Opozda [11]
shows that any locally homogeneous affine surface M is modeled on one of the
following geometries.

e Type A. M = (R? V) with constant Christoffel symbols I';;* = T';;*.
This geometry is homogeneous; the Type A connections are the left invari-
ant connections on the Lie group R2.

e Type B. M = (RT x R, V) with Christoffel symbols T';;* = (z!)~14;;*
where A;;% = A;;* is constant. This geometry is homogeneous; the Type B
connections are the left invariant connections on the ax + b group.

e Type C. M = (M, V) where V is the Levi-Civita connection of the round
sphere S2.

This result has been applied by many authors. Kowalski and Sekizawa [10] used
it to examine Riemannian extensions of affine surfaces, Vanzurova [13] used it to
study the metrizability of locally homogeneous affine surfaces, and Dusek [5] used
it to study homogeneous geodesics. It plays a central role in the study of locally
homogeneous connections with torsion of Arias-Marco and Kowalski [1] (see also
[2] for a unified treatment independently of the torsion tensor). Although we will
work with the local theory, the compact setting has been examined in [8, 12].

The Ricci tensor p of an affine surface determines the full curvature tensor. In
Section 2, we examine the spaces where the Ricci tensor has fixed rank in the
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Type A setting. In Section 3, we consider the spaces where either the Ricci tensor
vanishes identically or where the Ricci tensor is alternating and non-trivial in the
Type B setting.

1.3. Type A geometries. Let M(a,b,c,d, e, f) := (R? V) where the Christoffel
symbols of V are constant and given by

I'n'=a, I'2=5b, Ipl=Tyl=c, (1.a)
I‘122 = I‘212 =d, I‘221 =6€, I‘222 =f. @

This identifies the set of Type A geometries with _RG. The linear transformations
T(z',2?) = (ajz! + alz? afz’ + a32?) where (a]) € GL(2,R) act on the set of
Type A geometries. We say that two Type A surface models are linearly equivalent
if there exists T € GL(2,R) intertwining the two structures. One has that two
Type A surfaces with non-degenerate Ricci tensor are affine equivalent if and only
if they are linearly equivalent (see [3]). On the contrary, there exist Type A surfaces
with degenerate Ricci tensor which are not linearly equivalent but which neverthe-
less are affine equivalent. We refer to the discussion in [6] for further details.

We consider the induced action of GL(2, R) on R® and identify the linear orbit
of a Type A model M with S(M) = GL(2,R)/Z(M) where Z(M) is the isotropy
group Z(M) = {T € GL(2,R); T*M = M}.

It was shown in [6] that any flat Type A model is linearly equivalent to one of
the following;:

MY = M(0,0,0,0,0,0), M :=M(1,0,0,1,0,0),

MS§ = M(-1,0,0,0,0,1), MY :=M(0,0,0,0,0,1), (1.b)

MG := M(0,0,0,0,1,0), M2 = M(1,0,0,1,—1,0).
The structure MY is a singular cone point. The next result shows that the remaining
orbits S(/\/l?) := GL(2,R) - M? for 1 < ¢ < 5 glue together to define a smooth 4-
dimensional submanifold of R®. Let 1 be the trivial line bundle over the circle ST,

let L be the Mébius line bundle over S*, and let A° C RS\ {0} be the set of all flat
Type A geometries other than the cone point M.

Theorem 1.1. AY is a smooth submanifold of RS\ {0} diffeomorphic to the total
space of L@ 1 & 1 minus the zero section.

The Ricci tensor of any Type A model is symmetric. Let AL C R be the set
of all Type A geometries where the Ricci tensor has rank 1 and is positive semi-
definite (+) or negative semi-definite (—). Any element in AL is linearly equivalent
to one of the following, where ¢ € R and ¢; € R\ {0, —1} (see [3, 6]):

Mi = M(-1,0,1,0,0,2),

Mb(er) := M(=1,0,¢1,0,0,1 4 2¢;),

Mi(er) :== M(0,0,¢1,0,0,1 + 2¢1), (1.c)
i(c) M(0,0,1,0,c,2),
Mi(c) := M(1,0,0,0,1 + c?,2¢).

We will see in Lemma 2.3 that the orbit structure of the action of GL(2,R) on AL
is quite complicated It is therefore, perhaps, a bit surprising that the set of all
orbits U; .M (c) - GL(2,R) is smooth as shown in the following result.

Theorem 1.2. Al is a smooth submanifold of RS diffeomorphic to St x St x R3.

The remaining geometries where the Ricci tensor has rank 2 form an open subset

RO\ {{0}uA®uAl uAL}.
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These results should be contrasted with the results in [9] where it is shown that
any Type A affine surface is linearly equivalent to a surface determined by at most
two non-zero parameters.

1.4. Type B geometries. Let N(a,b,c,d,e, f) := (RT xR, V) where the Christof-
fel symbols of V are given by

a b c
1 2 1 1
' =—, F'n=—=, T =Ta =,
o z (1.d)
2 _ .2 _ 1_ 2 _
P =To1"=—, T =—, Tn”=-7.
T T T

This identifies the space of Type BB geometries with RS,

The natural structure group here is not the full general linear group, but rather
the az + b group. We let T, p(z!,2?) := (2!, az? 4 bx') define an action of the
ax + b group on R* x R; this acts on the Type B geometries by reparametrization
and defines the natural notion of linear equivalence in this setting. Thus, two
Type B models N7 and N> are said to be linearly equivalent if and only if there
exists an affine transformation of the form W(z!, 2?) = (2!, a2z + a3a?) for a3 # 0
intertwining the two structures. It follows from the work in [3, 4] that two Type B
surfaces which are neither flat nor of Type A are affine isomorphic if and only if
they are linearly isomorphic. This is a non-trivial observation as there are non-
linear affine transformations from one model to another if the dimension of the
space of affine Killing vector fields is 4-dimensional or if the geometry is flat and
thus the dimension of the space of affine Killing vector fields is 6-dimensional.

It was shown in [7] that a flat Type B model is linearly equivalent to one of the
following models:

NQ == N(0,0,0,0,0,0), NP(+) :=N(1,0,0,0,+1,0),
N2(c1) := N(e1 — 1,0,0,¢1,0,0), ¢ #0, N := N(~2,1,0,-1,0,0),
NP = N(0,1,0,0,0,0), NF = N(=1,0,0,0,0,0),

N (c2) :== N(c2,0,0,0,0,0), ca # 0, —1.

Let B° C RS be the space of flat Type B geometries other than the cone point N
determined by the origin in R®. Unlike the Type A setting described in Theorem 1.1,
B is not a smooth manifold but consists of the union of 3 smooth submanifolds of
RS which intersect transversally along the union of 3 smooth curves in R%. Define

Uy (r,s) = N(1+rs?, —s(1+rs?),rs,—rs?,r,—rs), By := Range{l},
Us(u,v) :== N (u,v,0,0,0,0), Bs := Range{l}, (l.e)
Us(u,v) :== N(u,v,0,1+u,0,0), B3 := Range{Us}.

Theorem 1.3. B° = B, U By U Bs. By and Bz are closed smooth surfaces in RS
which are diffeomorphic to R? and which intersect transversally along the curve
N(-1,v,0,0,0,0) for v € R. By can be completed to a smooth closed surface
By which intersects Bs transversally along the curve N(1,v,0,0,0,0) and which
intersects Bs transversally along the curve N'(0,v,0,1,0,0) for v € R.

In the Type B setting, it is possible for the symmetric Ricci tensor ps to vanish
without the geometry being flat; this is not possible in the Type A setting. The
alternating Ricci tensor, p,, carries the geometry in this context.

Let B, be the set of all Type B structures where ps; = 0 but p, # 0. Set

Vi(r,s,t) := N(s,t,7,0,0,7),

Vs (u,v,w) := N(1 = 2uw + vw?, w(l — uw + vw?), u — vw, —vw?, v, u + vw)

(L.f)
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and let D; := Range{V;} and D, := Range{V:}.

Theorem 1.4. B, = D, UDs. V; defines smoothly embedded 3-dimensional sub-
manifolds of RS for r # 0 and u # 0 which intersect transversally along a smooth
2-dimensional submanifold.

2. THE SPACE OF TYPE A MODELS

Let M(a,b,c,d,e, f) := (R?,V) be given by Equaton (1.a) where the parameters
(a,b,c,d, e, f) are real constants. The associated Ricci tensor is symmetric.

2.1. The space of flat Type A models. Since the Ricci tensor determines the
curvature in dimension two, flat surfaces are determined by a vanishing Ricci tensor.
We provide the proof of the first result of the paper as follows.

The proof of Theorem 1.1. Let 6 € [0,27] be the usual periodic parameter where
we identify 0 with 27 to define the circle ST = (cos#,sinf). Let (z!,2% 23) be a
point of R3. The bundle L@ 1 1 is then defined by identifying (6, 2!, 2%, 2®) with
(0 + 7, —at, 2% 23); this puts the necessary half twist in the first 2-coordinate. We
require that (z!, 22, 23) belongs to R® — {0} to remove the 0-section.

The parametrization of Equation (1.a) is not a very convenient one for study-
ing the Ricci tensor. We make a linear change of coordinates on R® and let
M (p,q,t,s,v,w) be defined by

't =2q, Fi2=p+t, Tl =Tyu'=uw,
D2 =To?=q+s, TIxn'=y, Lyp?=p—t.

We substitute these values in Equation (2.d) to obtain

_ P+ - —t2—pw—tw —(p+thv+(¢+s)w
P —(p+tv+(g+s)w q—svt+(p—t-—ww |-

We set p = 0. If v2 + w? # 0, we obtain

p=(v? +w?) " H{2s0w + t(w? — v?) + w3}, and
2

q = (v? +w?) " H{s(v? — w?) + vw(2t +w)} . (2.2)
If v2 + w? = 0, we obtain a single equation
P+ s —t2=0. (2.b)

We introduce polar coordinates v = 7 cos(#) and w = rsin(f) to remove the singu-
larity at (v,w) = (0,0) in Equation (2.a). We may then combine Equation (2.a)
and Equation (2.b) into a single expression:

p=p(0,7,5,t) ;== rsin®(0) + ssin(20) — t cos(26),

q=q(f,7,s,t) ;== rcos(0)sin®(0) + s cos(20) + tsin(26). 2.0)

We assume (r, s,t) # (0,0,0) to avoid the trivial structure MY as the parametriza-
tion of Equation (2.c) is singular there. We have 6 € [0,27] and (r, s,t) € R® —{0};
since we are permitting r to be negative in polar coordinates, we must identify (6, r)
with (6 + 7, —r) and obtain thereby the bundle L & 1 & 1 minus the zero section
over [0, 7). O

Remark 2.1. The isotropy subgroups of the structures M? vary with i and the
dimension of the orbit space varies correspondingly. We list below the associated
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isotropy subgroups.
Z(MJ) = GL(2,R),
={T:T(z',2?) = (z*, ax?) for a # 0},
= {id, T} , where T(z!,2%) = (-2, —21),
={T:T(z', 2?) = (az',2?) for a # 0},
={T:T(z',2?) = (a®x' + ba?, ax?) for a # 0, b € R},

2.2. The space of Type A models with rank-one Ricci tensor. If the Ricci
tensor has rank 1, we can make a linear change of coordinates to ensure p is a
multiple of dz? ® dz?.  We first establish Theorem 1.2. We then examine the
isotropy groups of the models in Equation (1.c) to determine the orbits of the
Type A models which are not Type B5.

Lemma 2.2. Let M be a Type A model which is not flat. Then p is a multiple of
dz? @ dz? if and only if b= 0 and d = 0.

Proof. A direct computation shows

_( (a—d)d+b(f—c) cd — be
_( ed — be c(fc)+(ad)e) : (2.d)

Consequently, if b = 0 and if d = 0, then p is a multiple of dz? ® dx?. Conversely,
assume p is a multiple of dz? ® dz? or, equivalently, —bc 4+ ad — d?> + bf = 0 and
cd — be = 0. We wish to show b =d = 0.

Case 1. Suppose that d # 0. The equations are homogeneous so we may assume
d =1 and hence ¢ = be. Substituting these values yields p11 = —1+a—b%e+bf = 0.
Thus @ = 1+ b%e + bf. This yields p = 0 so this case is impossible as we assumed
M was not flat.

Case 2. Suppose that b # 0. Again, we may assume b = 1 so e = cd. We
compute p;; = f — ¢+ ad — d?. Setting this to zero again yields p = 0 which is
impossible. O

Proof of Theorem 1.2. Let .Alto be the space of all Type A models where the Ricci
tensor is a non-zero multiple of dz? ® dz? where the =+ refers to whether P22 is
positive or negative. By Lemma 2.2, we set b = d = 0 and obtain pyy = —c?+ae+cf.
We make a change of variables setting

a=q+wv, b:O, c=u-+Dp, d:O7 e=q—v, f:2p
We then have pay = (p? + ¢* — u? — v?)da? @ dz? so we may identify
AL o ={T(p, ¢, u,v) : p* + ¢* > u? + 07},
AL o ={T(p,q,u,v) : p* + ¢ < u® +0*}.

We examine Al,,o as the analysis of A}r,o is the same after interchanging the roles
of (p,q) and (u,v). Let D? := {(U,V) € R? : U? 4+ V? < 1} be the open disk in
R%. Let —M be the Type A model M(—a,—b, —c, —d, —e, —f). We construct a
diffeomorphism @ from S' x Rt x D? to Al ; by setting u = rcosf, v = rsiné,
p=rU,q=7rV.Forr>0,0cS' and U2+ V2 <1 we have

M = M(r(sin(0) + V), 0,r(cos(d) + U),0,r(V —sin(9)), 2rU) .
It is clear that —M(0,r, U, V) = M0 + =, r,-U, =V).



6 M. BROZOS-VAZQUEZ E. GARCIA-RIO P. GILKEY

Let M be an arbitrary Type A model with Rank{p,} = 1 and p,; negative
semi-definite. We may express

Py = Acos(¢)da® — sin(@)dz') ® (cos(¢)da® — sin(@)dz")
for A < 0. Here ¢ is only defined modulo 7 instead of the usual 27. Let
Ty(x',2%) = (cos(¢)x* + sin(p)x?, —sin(¢)x' + cos(p)z?).
be the associated rotation so that Tj(dz®) = —sin(¢)dz" + cos(¢)dz® and thus
(Ts)+M belongs to AL ;. We then have

AL = (R/(20Z) x AL 4}/(6, M) ~ (6 + 7, ~ M)

where the gluing reflects the fact that when ¢ = 7 we have replaced (z!,2%) by
(—2', —2?%) and thus changed the sign of the Christoffel symbols. Using our previous
parametrization of Al,wo, this yields

AL = (R%/(272)?) x Rt x D?/{(4,0,7,U, V) ~ (¢ + 7,0 + 7,7, —U,~V)}.
After setting § = 6 + ¢, we can rewrite this equivalence relation in the form
(¢,0,r,U, V) ~ (¢ +7,0,r,~U,~V).

The variable 6 now no longer plays a role in the gluing. After replacing Rt by R
and D? by R?, we see Al is diffeomorphic to S! x S! x R? modulo the relation

(¢7§7$17$2,$3) ~ (¢ + 77757961, —ZI2, —583) .

These gluing relations define the total space of the bundle 1 & L & L over (S, ).
Since L @ L is diffeomorphic to the trivial 2-plane bundle 1 & 1, we obtain finally
that AL is diffeomorphic to St x ST x R3. O

We adopt the notation of Equation (1.c) to describe the orbits of the models
M}(-) in the following lemma.

K2

{id}.

)= {id} if er # 3.

)) = {id, T}, where T(x',2?) = (2! + 22, —2?).

) :{{T :T(zt, 2%) = (vl 2?) for v € R\{0}}.

= %{T cT(at,2?) = (v (2t — wa?),2?) for w € R,v € R\{0}}.

Proof. Suppose T' € Z(M}(+)). The Ricci tensor of M} () is a non-zero multiple of
dz? @ dx®. Since T must preserve the Ricci tensor, T'(dx?) = +dx?. This implies
(yt,y?) = T(at,2?) = (v (2! — wx?),e2?) for e = +1. Then

dyt = v (da! —wda?), dy* =edx?®, Oy =00y, 02 =e(wip + 0,2),

yF111 = v(mfnl —w m1—‘112).

yF112 = U2€IF112,

UTypt i=e(® Tyt + w (*T'1! — *T'12? — w *T'112)),

V2 = v(*T'12? +w “T'11?),

yl"221 - %(331'\221 4 ’LU(2 xl—\ml _ xl—\222) + w2(x1—\111 ) xF122) —ws xFuQ)?

yF222 = €(wr222 + 2w w]_'\122 + U}2 $F112).

Case 1. M} = M(~1,0,1,0,0,2) and T*M} = M(~v,0,&(1 — w),0,— % 2¢).
Examining I'1;! and T'ss? yields € = 1 and v = 1. Examining 'ys! yields w = 0.
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Case 2. We have ¢ ¢ {0,—1}, Mi(c) = M(-1,0,¢,0,0,1 + 2¢), and
T*M%(C) = M(-’U,O,E(C - w)707 —%(U} + U)Q), (1 + 20)5) :

Examining I';; ! yields v = 1. Suppose ¢ # —%. Examining I'yp? yields € = 1. Since
¢ = 1, examining I';5' yields w = 0. Suppose ¢ = —%. Examining I'j5' and Tyy!
yields (g,w) = (1,0) or (e,w) = (-1, —1).

Case 3. We have ¢ ¢ {0,—1}, Mi(c) = M(0,0,¢,0,0,1 + 2c), and
T* Mj(c) = M(0,0,ce,0, =%, (1 + 2c)e) .

Examining T'15! yields ¢ = 1. Examining I'ys! yields w = 0. There is then no
condition on v.

Case 4. Mj(c) = M(0,0,1,0,c,2) and T* Mj(c) = M(0,0,¢,0, £, 2¢). Examining
I'y5? yields € = 1. There is no condition on w. If ¢ # 0, examining I'ps' yields
v = 1; if ¢ = 0, there is no condition on v.

Case 5. Mé(c) = M(17 03 0707 1 + 62, 26) and
T*Mi(c) = M(v,0,we, 0, 1(1+ (c — w)?), 2ce) .

Examining I';;! shows v = 1. Examining I';' shows w = 0. If ¢ # 0, examining
I'552 shows € = 1. If ¢ = 0, we obtain € = +1. [l

The general linear group GL(2, R) acts on the space RS of all Type A geometries
via change of coordinates. Let GL, (2,R) be the subgroup of matrices with positive
determinant. If M is a Type A model with Rank{p}(M) = 2, then the associated
space of affine Killing vector fields is 2-dimensional and M does not also admit
a Type B structure [3]. But there are Type A models with Rank{p} = 1 which
also admit Type B structures. Let OL C AL be the set of Type A models with
Rank{p} = 1 and which do not admit Type B structures.

Theorem 2.4.

(1) OL is empty; every element of AL also admits Type B structure.
(2) GL4(2,R) acts without fized points on OL. The action admits a section
s:R— O} so OF = GL4(2,R) x R is a principal fiber bundle over R.

Proof. Resuts of [3] show that the models M} () for 1 < i < 4 also admit Type B
structures while the models M3(c) do not. The Ricci tensor associated to M} (-)
is given by:

pMi = dz? @ da?, pMe = ¢ (14 ¢))da® © da?,
pMs =1 (1+ ¢1)da? @ da?,  pMi = da® ® da?,
pMs = (1+ c?)da? @ dz?.

If p <0, then it follows that ¢ = 2 or ¢ = 3 and ¢ € (—1,0). Thus any element of
A! admits a Type B structure which proves Assertion (1).

Let M = U.ML(c); this is a smooth curve in RS. Type A models which
are linearly equivalent to M}, Mi(ey) for ¢; + ¢ > 0, Mi(c1) for ¢; +¢2 > 0,
or Mj(c) all admit Type B structures and have p > 0. Thus we may identify
the structures O; 4 which do not admit Type B structures with GL(2,R) - 9.
Let T(zt,2?) := (2!, —22). We have TM}(c) = Mi(—c). Since det(T) = —1,
we conclude therefore that O} = GL4(2,R) - 9M}. By Lemma 2.3, the action of
GL,(2,R) on M is fixed point free. Assertion (2) follows. O
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3. THE SPACE OF TYPE B CONNECTIONS

Let N(a,b,c,d, e, f) := (RT xR, V) where the Christoffel symbols of V are given
by (1.d). The Ricci tensor needs not be symmetric in this setting:

(xl)_Q( (a—d+1)d+b(f —c) ed —be + f ) (3.0)

p= ce(d—1)—be —2+ fe+(a—d—1e

3.1. The space of flat Type B models.

The proof of Theorem 1.3. Let N' = N(a,b,c,d,e, f). We clear denominators in
Equation (3.a) and set p;; = (2')%p;;. Adopt the notation of Equation (1.e). A
direct computation shows that the structures U;(-) are flat. We distinguish cases to
establish the converse. We use Equation (3.a) and set p = 0. Since p12—p21 = c+f,
f=-c
Case 1. Assume e # 0. Set ¢ =rs, e =7, and f = —rs for r # 0. Then
poz = —r(1 —a+d+2rs®) and po; = —r(b+ s — ds).

We solve these equations to obtain a = 1+ d + 2rs? and b = (—1 + d)s. We have
p11 = 2(d + rs?). Thus d = —rs? which gives the parametrization U;.
Case 2. Suppose e =0. Set a = u, b =v, and f = —c to obtain

. (dl4+u—d)—2cv c(d—1)

p e(d—1) 22 )
This yields ¢ = 0 and d(14+u—d) = 0. If we set d = 0, we obtain the parametrization
Us; if we set d = 14 u, we obtain the parametrization Us. This establishes the first
assertion.

The parametrization Us and Us intersect when uw = —1; the intersection is

transversal along the curve A'(—1,v,0,0,0,0). We wish to extend the parametriza-
tion U to study the limiting behavior as e — 0. We distinguish cases.

Case A. Suppose lim,, oo Uy (Th, $n) € Range{ls}. We have

limy, oo 14782 = u, lim, e —5p(1+7,82) = v, lim, oo —7ps, = 0,
lim,,— oo —rns% =0, lim, yoo rn =0, lim,,—yoo —7Sn = 0.
These equations imply v = 1, lim,_, o 7, = 0, lim,,_, o 5, = —v. Thus we may sim-
ply set r = 0 to obtain a transversal intersection along the curve N(1,v,0,0,0,0).

Case B. Suppose lim,, oo U1 (7, $n) € Range{Us}. We have

lim, oo 1+ 7,82 = u, limy, oo —8n(1 +7,52) = v, limy, o0 —Tnsp =0,

. 2 . .

limy, oo —=TnS; =1+u, lim, ooy =0, lim,,—yoo —7nSn = 0.
These equations imply u = 0, lim,, o0 7, = 0, and lim,, o r,s2 = —1. We change
variables setting r = —t2 and s = % + w to express

Z/ﬁ(—tQ,% +w) =N( —tw(2+tw), w2+ 3tw+t2w?), —t(1+tw),

(1 + tw)?, —t2, t(1 + tw)).
We may now safely set ¢ = 0 to obtain the intersection with Range{/3} along the
curve N (0, 2w,0,1,0,0). O

3.2. Type B models with alternating Ricci tensor. It was shown in [3] that
any Type B model with alternating Ricci tensor is linearly equivalent to one of the
following models:

Ni(e) == N(0,¢,1,0,0,1), for c € R,
No(c, £) := N(1 Fc?),c,0,Fc?, £1,42¢), for ¢ > 0.
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The proof of Theorem 1.4. Adopt the notation of Equation (1.f). It is clear that
V; defines a smooth 3-dimensional submanifold of R. To see similarly that V, is
smooth, we note that we can recover u = 3(c+ f) and v = e. If v # 0, then
w = 1(f —u) while if v = 0, w = 5~(1 — a). Thus V, is 1-1; it is not difficult to
verify that the Jacobian determinant is non-zero. This shows that Vs also defines
a smooth 3-dimensional submanifold of R6. We set v = 0 and u = r to see that V;
and Vs intersect along the surface v =0, u = r, s = 1 — 2uw and t = w(l — ww).

A direct computation shows that the associated Ricci tensors are non-trivial and

alternating:
- 0 1 - 0 1
Py, =T -1 0 and py, =u -1 0 :

Let A be a Type B model with p; = 0 and Pa,12 = C';f # 0. We distinguish two
cases.

Case 1. Suppose e = 0. Set ¢ = 2r — f for r # 0. Setting the p; = 0 yields
psi1: 0=dl+a—d)+2b(f —7), psi2: 0=(1—d)f +r(2d—1),
Ps,22 ¢ 0= 72(.}02 —3fr+ 27‘2).
We solve the equation —2(f? — 3fr + 2r?) = 0 to obtain f = r or f = 2r. Setting

f = 2r yields pg12: 0 = r which is false. Thus f = r. We obtain p, 12 = 2dr so
d=0. Set a = s and b =t to obtain the parametrization V.

Case 2. Set ¢ =2u — f and e = v for u # 0 and v # 0. We obtain

Ps,11 - 0= d(l +a—d) +2b(f —U),

psiz: 0=(1—d)f —u—+2du— bv,

pso2: 0=—2f2+6fu—4u® — (1 —a+d)v.
Setting ps12 = 0 and ps 92 = 0 yields a = %(2]”2 — 6fu + 4u® + v + dv) and
b= L(f—df —u+2du). We obtain ps11 = (2(f? — 2fu + u? + dv)). This

v

2
implies that d = f@. Setting f = vw + u yields the parametrization V.
This parametrization can be extended safely to v = 0; we require u # 0 to ensure
pa # 0. U
REFERENCES

(1] T. Arias-Marco and O. Kowalski, Classification of locally homogeneous linear connections
with arbitrary torsion on 2-dimensional manifolds, Monatsh. Math. 153 (2008), 1-18.

[2] M. Brozos-Viazquez, E. Garcia-Rio, and P. Gilkey, On distinguished local coordinates for
locally homogeneous affine surfaces, arXiv:1901.03523 [math.DG]

[3] M. Brozos-Viazquez, E. Garcia-Rio, and P. Gilkey, Homogeneous affine surfaces: affine Killing
vector fields and gradient Ricci solitons, J. Math. Soc. Japan 70 (2018), 25-70.

[4] M. Brozos-Vézquez, E. Garcia-Rio, and P. Gilkey, Homogeneous affine surfaces: Moduli
spaces, J. Math. Anal. Appl. 444 (2016), 1155-1184.

[5] Z. Dusek, The existence of homogeneous geodesics in homogeneous pseudo-Riemannian and
affine manifolds, J. Geom. Phys. 60 (2010), 687—689.

[6] P. Gilkey and X. Valle-Regueiro, Applications of PDEs to the study of affine surface geometry,
Mat. Vesnik 71 (2019), 45-62.

[7] P. Gilkey, J.H. Park, and X. Valle-Regueiro, Affine Killing complete and geodesically complete
homogeneous affine surfaces, J. Math. Anal. Appl. 474 (2019), 179-193.

(8] A. Guillot and A. Sanchez Godinez, A classification of locally homogeneous affine connections
on compact surfaces, Ann. Global Anal. Geom. 46 (2014), 335-339.

[9] O. Kowalski and Z. V14sek, On the local moduli space of locally homogeneous affine connec-
tions in plane domains. Comment. Math. Univ. Carolin. 44 (2003), 229-234.

[10] O. Kowalski and M. Sekizawa, The Riemann extensions with cyclic parallel Ricci tensor,
Math. Nachr. 287 (2014), 955-961.
[11] B. Opozda, A classification of locally homogeneous connections on 2-dimensional manifolds,

Differential Geom. Appl. 21 (2004), 173-198.



10 M. BROZOS-VAZQUEZ E. GARCIA-RIO P. GILKEY

[12] B. Opozda, Locally homogeneous affine connections on compact surfaces, Proc. Amer. Math.
Soc. 132 (2004), 2713-2721.

[13] A. Vanzurovd, On metrizability of locally homogeneous affine 2-dimensional manifolds, Arch.
Math. (Brno) 49 (2013), 347-357.

MBYV: UNIVERSIDADE DA CORUNA, DIFFERENTIAL GEOMETRY AND ITS APPLICATIONS RESEARCH
GROUP, ESCOLA POLITECNICA SUPERIOR, 15403 FERROL, SPAIN
Email address: miguel.brozos.vazquez@udc.gal

EGR: FAcULTY OF MATHEMATICS, UNIVERSITY OF SANTIAGO DE COMPOSTELA, 15782 SANTI-
AGO DE COMPOSTELA, SPAIN
Email address: eduardo.garcia.rioQusc.es

PBG: MATHEMATICS DEPARTMENT, UNIVERSITY OF OREGON, EUGENE OR 97403-1222, USA
Email address: gilkey@uoregon.edu



