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Abstract. In this article we combine the study of solutions of PDEs with
the study of asymptotic properties of the solutions via compactification
of the domain. We define new spaces of functions on which study the
equations, prove a version of Ascoli—Arzela Theorem, develop the fixed
point index results necessary to prove existence and multiplicity of so-
lutions in these spaces and also illustrate the applicability of the theory
with an example.
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1. Introduction

The use of topological methods in the study of PDE is a classical field of
research—see [15,16,23,29]. Unfortunately, the most modern and sophisti-
cated methods that have been recently developed for ODEs—see, for instance,
[1,3,27,38]—have been difficult to apply to PDEs. The reasons for this are,
to cite some, the greater effort needed to check the, if rather weak, cum-
bersome hypotheses, the lower availability of explicit expressions of Green’s
functions for PDEs, the higher complexity of the domain of definition and the
higher regularity that is necessary in order to obtain existence and uniqueness
results.

Even then, there has been a recent effort to overcome this difficulties,
mainly by imposing some kind of symmetry on the operator that defines
the equation and, in particular, searching for radial solutions [7,8,17-21,28].
More general approaches also appear for elliptic PDEs and systems of PDEs
[24-26).

On the other hand, the study of ODEs on unbounded domains has
progressed steadily [10,13,33-35]. The key to deal with unbounded domains is
to use some kind of relatively compactness criterion such as [37, Theorem 1]—
see for instance [9,37]. These kind of criteria are reworkings of the classical
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Ascoli-Arzela Theorem and have been used in a different way in [4,5]. In these
works the authors are able to apply Ascoli-Arzeld Theorem by compactifying
the domain of the functions involved in the ODE, thus allowing for a study
of the asymptotic properties of the solutions.

In this article we combine both the study of solutions of PDEs with the
study of asymptotic properties of the solutions via compactification of the
domain. Furthermore, we take the opportunity to fix some of the shortcom-
ings in [4,5] and provide an example of application. It is worth noticing that
our results are not constrained to partial differential equations of a particular
type (parabolic, elliptic, hyperbolic) since the results obtained are presented
for the integral form of the equations; but also that, in general, the conditions
to be checked for a particular problem can become quite unwieldy, which can
be a limiting factor when it comes to apply the results to more convoluted
problems.

The structure of this article is as follows: On Section 2 we deal with
the basic topological notions necessary for understanding compactifications
and provide some examples thereof. In Section 3 we provide the definition
of the family of Banach spaces we will be dealing with. We also prove basic
results regarding its structure as Banach space as well as a version of Ascoli-
Arzelad Theorem (Theorem 3.9) necessary for the results to come. It is in
Section 4 that we apply the usual topological methods regarding the fixed
point index in order to obtain existence results of an integral problem in
several variables which, in general, can be seen as a transformation on a
PDE problem. Finally, in Section 5 we provide an example of a hyperbolic
equation of which a solution with a predetermined asymptotic behavior can
be found.

2. Preliminaries: compactifications and extensions

In order to understand asymptotic behavior on a metric space (X, d) we first
need to formalize the notion of point of infinity. In an intuitive way, we can
picture a point of infinity as a point far away from any point in X. For
instance, the usual order relation on the real numbers makes us think of a
number bigger than any other. Those points of infinity must live some place,
and that place is what we call a compactification. A compactification X has
a topological structure that allows us to formalize the notion of asymptotic
behavior of those functions defined on X in a precise way. This is because,
once we have a topology in X , we can take limits. Furthermore, the topology
of the compactification, when metrizable, allows us to study the relations and
relative positions of the different points of infinity.

We proceed now to formally define the concept of compactification
through an adequate map.

Definition 2.1. Let X, Y be topological spaces, Y compact. We say that a
continuous function k : X — Y is a compactification of X if k(X) is dense
in Y (that is, k(X) =Y) and k : X — k(X) is a homeomorphism. We will
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usually identify the compactification with Y. Also, we will denote the inverse
of k: X — k(X) as K, (x)-

In this work we will restrict ourselves to metric compactifications, that
is, to the case where Y is a compact metric space. The interested reader
may find more information regarding compactifications and their properties
in [6,12,31,32,39].

Remark 2.2. In practice, any compactification x : X — Y can be considered
to be the identitary inclusion. To see this, assume 7 is the topology of Y and
consider the bijective map

P(X U(Y\k(X)) —2— P(Y)

ULV — k(U)UV,

where LI denotes the topological sum and P(-) is the power set. ©71(7) is a
topology in X U (Y\k(X)) that makes Y and X U (Y \x(X)) homeomorphic
with the homeomorphism & : X U (Y\k(X)) — Y defined as

k(z), zelX,
£ = 4"
x, z € Y\k(X).
Furthermore, & : X — XU(Y\k(X)) such that k(z) = z is a compactification
and K = £ oK.

In order to illustrate the notion of compactification we present now
various examples where the compactifications chosen map the space R™ to
well known differentiable manifolds. It is important to point out that any
compact differentiable manifold is a compactification of R™ as a consequence
of [11, Corollary 2.8, p. 271], so this is a very general situation.

Ezample 2.3. (Directional compactification) Let n € N, B := {z € R"
|z < 1}. & : R® — B defined as x(z) = /(1 + ||z). x : R* — B is a
C*>-diffeomorphism and x(R") = B, so k is a compactification.

Observe that the elements of 9B = S”! denote different ‘directional
points of infinity’ in the sense that, if v € S"~! and f(t) = tv, t € R, then

lim; 00 6(f(2)) = v.

Ezample 2.4. (Projective spaces) Take k : R® — B as before. Now, we es-
tablish an equivalence class in B in the following way: z ~ y iff x+ = y or
x,y € OB and & = —y. With this equivalence class B|.. is homeomorphic to
the n-th real projective space P". Let m : B — B|. be the projection onto
the quotient space. We can consider the compactification o x : R” — B|..

Ezample 2.5. (Alexandroff’s one-point compactification) Again, take x : R" —
B as before and consider the equivalence class in B defined by z ~ y iff x = y
or z,y € 0B. With this equivalence class 9B reduces to a point and B|. is
homeomorphic to the n-th sphere S™. If 7 : B — B|., is the projection onto
the quotient space, we can consider the compactification 7o x : R™ — B]..
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The key to develop our theory and relate it to the concepts ahead is an
adequate notion of limit which we present now.

Definition 2.6. Let X, Y, Z be topological spaces, Y compact, Z Hausdorff,
k: X — Y a compactification of X, y € Y\x(X) and f : X — Z. We say
the limit of f when x tends to y is z € Z, and we write lim},_, f(z) = z, if

for every neighborhood V' of z in Z there exists a neighborhood U of y in Y
such that f(k~1(U\{y})) C V.

Remark 2.7. Since y € Y\k(X), we have that k=1 (U\{y}) = s 1(U), so we
could have written f(k~1(U)) C V in Definition 2.6.

Observe that Definition 2.6 is dependent on the compactification k as
the following example illustrates:

Ezample 2.8. Let X = [—00,00] with the usual compact interval topology
and Y = X|i0, that is, the quotient of X by the relation that identifies —oo
and co. We can consider the following two compactifications of R, k1 : R — X
and k2 : R — Y given by k1(t) = ka(t) = t. Then, if we consider f(x) =
arctan z, we have that lim7',  f(z) = lim, .o f(x) = § but im3>,  f(z) =
lim, 1+ f(z) does not exist.

Definition 2.6 has a simpler form in the case of metric spaces. In the

following we will denote by d the distance in any metric space:
Proposition 2.9. Let X, Y and Z be metric spaces, Y compact, k: X — Y a
compactification of X, y € Y\r(X) and f : X — Z. Then lim;_,, f(z) = 2
if and only if for every e € Rt there exists 6 € RT such that d(f(z),z) < ¢
if d(k(z),y) < 4.

We will be using the following result:

Proposition 2.10. (/6, Proposition 1.29]) Let X, Y be topological spaces, A C
X, f+ A=Y continuous. If f: X —Y is a continuous extension of f, A is
dense in X and Y is Hausdorff, then f is unique.

Theorem 2.11. (Existence of continuous extensions) Let X, Y and Z be met-
ric spaces, Y compact, k : X — Y a compactification of X and f : X — Z
continuous. Then the following statements are equivalent:

1. There exists lim}y_, f(x) for every y € Y\r(X).

r—yY

2. There exists a continuous map f:Y — Z such that f = fo K.
Furthermore, the extension f s unique.

Proof. (I)=(IT) Since Z is Hausdorff, the limit lim}_,, f(z) is unique, so we
can define

5oy T ),y e (X)),
T = {nm%yﬁ f(x), yeY\r(X).

Let y € Y and take a sequence (Yn)neny C Y, yn — . Since k(X)) is dense
in Y, we have that for every n € N there exists (2, ;)jen C X such that
lim;_ oo K(Zn, j) = Yn. Since (k(Ty,;))jen converges to y,, for every n € N,
there exists a,, € N such that, for every j > an, d(k(zn, ;),yn) < +.

Now, let us consider two different cases as follows:
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L. Ify, € K(X), since £~ 1|,;(x) is continuous, we have that ,, ; — £~ (yn)
and, therefore, since f is continuous, there exists b, € N such that, for
j 2 b’ﬂ?

A(f(@n, ), Fyn)) = d(f(@n,5), F(57 (yn))) <

2. On the other hand, if y, € Y\x(X), then f(y,) := lim} f(z) and

. :Eﬂyn
so there exists § € RT such that d(f(z), f(yn)) < % if d(k(z),yn) < 6.
We have that (k(z,,;))jen converges to y,, so there exists b, € N such
that, for j > by, d(k(2n ), yn) < 6 and, therefore,

A(f (n. ), Flym)) < ©

Hence, for j > j, := max{an, by},

S|

n

and d(f(en,3), Flon) < -

Sl

d((wn, ), yn) <

Let us define z, := z,,j, for every n € N. By the triangle inequality,
we have that

d(k(zn),y) < d(K(zn),Yn) + d(Yn,y) < = + d(Yn, ).

SRS

Since y, — y, we have that d(y,,y) — 0. Thus, d
are in one of the following cases:

1. Ify € YN\/-@(X), fly) = im"_ f(z). Then, since d(k(z),y) — O,

d(f(zn), f(y)) — 0 and, as a consequence, lim, o f(z,) = f(y)
2. If y € K(X) then, by the continuity of x|, x), we have that z, —

%~ 1(y) and hence, by the continuity of f, lim f(z,) = f(k (y)) =
fy).

In any case,

—~

k(zn),y) — 0. Then, we

Consequently,

d(f(yn), F(®)) < d(F(yn), () +d(f(z0), [() <

Therefore, lim f(y,) = f(y)

(ID=() Let y € Y\x(X) and V a neighborhood of f(y) € Z. Let
U = f~%V). Since f is continuous, U is a neighborhood of y and, since

f=TFor,

+d(f(zn), f(y)) — 0.

S|

The uniqueness of the extension is due to Proposition 2.10. 0
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3. The space of continuously n-differentiable (x, ¢)-extensions

It is now our objective to study the analytic properties of functions in metric
compactifications of closures of open sets in R™. The key to achieve this is to
construct an adequate Banach space that we will call CI*

Koo
First, let us introduce some notation. If & = (o, ..., a,) € ({0} UN)",
we define
n
jal = ay;
j=1
and
9lel
aa = T T
ozt - dxp™
In particular, for k € {1,...,n} and ey = (01,4,...,0n%), we simply denote

Oe, by Ok. Let Py, :={p € ({0} UN)" : |p| < m}.

Let n,m € N, A C R™ open and connected and unbounded, X a compact
(and thus complete and totally bounded—see [36, Theorem 45.1]) metric
space, k : A — X a compactification and ¢ € C™(A,RT). We denote by
C(X,R) the space of continuous functions from X to R. C(X,R) is a Banach
space with the usual supremum norm: || f||e = sup,ex ||f(2)]/so-

Define

€2 (0= {1 € (AR s 3 0,(7/9)w) € R, @ € X\w(A). pe P |,
Lemma 3.1.

Cr,(A) = {f e C"(AR): 3], € C(X,R), 9,(f/) = [y o, p € Pu}.
Furthermore, the ﬁ, are unique.

Proof. Let f € CI',(A), p € Pm. Since for every z € X\r(A4) and every
p € P, there eletb limy_ . 0,(f/¢)(x), by Theorem 2.11, there exists a

Yy—z

continuous map fp € C(X,R) such that 9,(f/¢) = fp 0 K, SO
e (A) < {f e (AR): 3, € C(X.R), 0,(f/9) = Jyo ks PE Pur} .

On the other hand, if f € C™(A,R) is such that for every p € P, there
eXibtb fp € C(X,R) satisfying 9,(f/¢) = fpok, by Theorem 2.11, there exists
limy ., 8,(f/¢)(x) for every x € X\k(A) and p € Pp,.

Finally, if g,h € C(X,R) are such that g o k = h o K, since g and h are
continuous and x(A) is dense in X, g = h. Therefore, the f, are unique. [J

Remark 3.2. In [4] the authors identify the spaces
{f:RHR t flr € C"(RR), 3 lim fOt) e R, jO,...,m},

and

Cri={feCm™®RR) : 3feC"(RR), f=¢- Iz},
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Fig. 1. Representation of the function f (left) and its derivative (right)

0.1

where R = [~00,00] is the extended real l_ine with its usual topology, ob-
serving in [4, Remark 3.3] that if f € C(R,R) and flg € C™(R,R) then
. lirin fU(t) = 0 for every j = 1,...,m since f is asymptotically constant.

This is not true in general, as the following example shows. Nonetheless, it
is enough to define

Cp={f €C™(RE) : 3f; €C"®R), (£/0)9) = filz, j=0,....m}.
to obtain the identity.

Ezample 3.3. Let g : R — R be such that g(z) := (1 —2%)? if 2 € [-1,1] and
g(x) = 0 otherwise. Let

) = LEEZE)

for every x € R, k > 2. Observe that suppgr = [k — %, k + %], SO supp gx N
suppg; = 0 for every k,j > 2, k # j. Therefore, the function f(z) :=
Yoreogr(z), € R, is well defined. The function f and its derivative are
illustrated in Fig. 1.

Observe that |gi(z)| < %, so limy_. f(2) = 0. Furthermore, since
gk € CY(R,R) for every k > 2, f € C}(R,R), but it is not true that there
exists limg oo f/(2). Indeed:

R N A
f(“m)”k@ ﬁk) N

but

f’(k+%>=0, k>,

s0 lim, o f/(z) does not exist.

In the next result we will prove that C,%(Z) is a Banach space. To

do that we first consider the Banach space BC™(A) of m-times continuously
differentiable bounded real functions f with the norm

[ £llm = max {[|0pf]l, : pE Pm}.
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Theorem 3.4. C[" (A) is a Banach space with the norm

H.f”mso = Hf/@”ma e Cg,lga(Z)

In fact, CI7',, (A) is isometrically isomorphic to a closed subspace of BC™(A).

Proof. Given the linearity of the limits it is clear that C",(A) is a vector
space. Consider the map

cr (A) —= Bem(4A)
f—— f/e.

= is well defined: If f € C,%(Z), then, for every p € P, f;, satisfies 0, (f /) =
ﬁ,on. This means that f/¢ admits a continuous p derivative for every p € P,,.
Since X is compact, f;, is bounded, so 9,(f/¢) is bounded for every p € P,,.
Thus, f/p € BC™(A).

E is clearly linear and injective and we can induce the norm of BC™(A)
in C",(A) as || fllx,e == [IE2fllm = | f/¢llm- With that norm, = is a bounded

isometric map and C;",(A) and Z(C]"',(A)) are isometrically isomorphic. It
is left to check that Z(C}',(A)) is a closed subset of BC™(A).

Take a sequence (fx)ren C C)",(A) such that limg o || fx/¢ — gllm =0
for some g € BC™(A). Let f = gp € C™(A,R). Fix p € P, and let us check
that there exists h, € C(X,R) such that 0,9 = 9,(f/¢) = hp o k. For every

k € N there exists fz, € C(X,R) such that 0,(fr/¢) = frp o k. We know

that limg o [|0p(fk/¢) = Opglloc = 0, s0 lime—o || frp © £ — Opgllec = 0.
Let ¢ € R™ be fixed. There exists N € N such that || fx ,ok—pglsc < §
for k > N. Thus, for k,j > N, since fi, and f;, are continuous,

[ fep = Fiplloe = sub | frp(@) = fip(@) = sup |frp(z) — fip(@)]
reX zer(A)

= sug|ﬁ,p(/<;(y)) — ]Fjp(fi(ym

yEA
= lfepor— fipoklloo <l fepor—0pglleo
+ 10pg = fipokllo <e.

This means (ﬁyp)keN is a Cauchy sequence and, since C(X,R) is a Ba-
nach space, it is convergent to some function h, € C(X,R). Let M > N be

such that ||h, — ka’pﬂoo < § for every k > M. Hence,
[hp ok — Opgllec < ||y ok — J?k’p 0 Koo + ”fk,p 0k — Opglloo
< lhp = Frplloo + | fip 0 5 = Bpglloo <&
Since € was fixed arbitrarily, hy o k = dpg. Thus, f € C}", (A). O
Lemma 3.1 allows us to define, for every p € P,,, a function
r,: C:w(Z) — C(X,R)
f—T5f,
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where I', f is the unique function satisfying the equality I, f o k = 0, (f /).

Lemma 3.5. ', : C" (A) — C(X,R) is a continuous linear map. Further-
more, ['g is injective.

Proof. T', is linear by the linearity of d,. To see that it is continuous observe

that, due to the density of x(A4) in X and the continuity of the functions I', f,
1flls,e =max {[|0,(f/#)ll, = € P} =max{|(Tpf) okl : pE P}
—max {[Tpflloe : p € P}
Thus, [T fllee < IIf]
I'y is injective by the uniqueness of the functions f,. O

rp for every f €Cl, (A) and T, is continuous.

Remark 3.6. There is an interesting relation between the norm in C;’?SD(Z)

and that of the I',. Remember that, due to the density of x(A4) in X and the
continuity of the functions I', f,

[flls.e = max{[Tpflloc : P E P}

Thus, for any ¢ € R* and f,g € C,(4),
g € BC»?@:(Z)(JC’ 6) <~ Fpg S BC(X,R)(pr7 6) Vp € Pp,. (3.1)

In order to successfully develop the next section we need a precompact-
ness criterion for subsets in C}"(A). Unfortunately, Ascoli-Arzela Theorem,
as normally stated, cannot be applied to C[",(A) nor BC™(A) directly as A
is not compact. Nevertheless, the theorem does apply to C(X,R) since X is
a Hausdorff compact topological space and R is a complete metric space.

Theorem 3.7. (Ascoli-Arzela [30]) Let X be a compact Hausdorff topological
space and 'Y a complete metric space, and consider C(X,Y") with the topology
of the uniform convergence. Then F C C(X,Y) has compact closure if and
only if for every x € X
1. F is uniformly bounded at x, that is F(x) := {f(z) : f € X} has
compact closure, and

2. F is equicontinuous at x, that is, for every ¢ € RT there exists a neigh-
bourhood U of x such that d(f(y), f(x)) < e for everyy € U and f € F.

The question is, what is the relation between compactness in CZ}SD(Z)
and in C(X,R)? The answer to this question comes from Lemma 3.1, as the
following result shows:

Lemma 3.8. Let F' C CQ?W(Z). F is compact if and only if T',(F) is compact
in C(X,R) for every p € P,.

Proof. Let p € P, and assume F' is compact. Since Iy, is continuous, I',(F)
is compact.

On the other hand, assume I',(F') is compact in C(X,R) for every p €
Pp,. Write P, = {p;}j_,. Let U be an open cover of F. For every f € F
there exists Uy € U such that f € Uy. Since Uy is open, there exists 6; € R
such that BCL'fLP(Z)(f’ 5f) CUys. Let V), = {BC(X,R)(Fpl 1 6f)}f€F- We have
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that V,, is an open cover of I'j, (F), which is compact, so there exists an
open subcover {Be(x r)(I'p, f1,5, 51,]-)};7‘;1 of Vp,.
Now, for every f € F, let

J17f = {] € {1, .. .,hl} : me S BC(X,]R)(Fp1f1,ja61,j)}-

Because V,, covers 'y, (F'), we know that Jy 5 # 0, so there exists §¢; € Rt
such that

01,
Bcgfw(ﬁ)(fa‘sf,l) cUrn ﬂ ch (A) (flﬂ, 7).

JEF ¢
Vp, = {Be(x,r)(L'p. f97,1) } rer is an open cover of I',, (F7), which is compact,
so there exists an open subcover {Be(x r)(I'p, f2,5, 627])}?2 1 of Vp,.

We repeat this process: having constructed { Be(x r) (Fplfm,ék,]) iy
an open subcover of V,, , we define, for every f € F,

Jrp={de{l,....;} : Tpf € Bex )Ty frjs Ong)} # 0,
so there exists d7; € RT such that

dy,
ch (A)(f,éfk) cUrn m m ch (@) (fl,j, j)

I=1j€F; y

Then Vy, ., = {Be(x,r)(Lp,. f,05,1)} rer is an open cover of ', | (F), which is
compact, so there exists an open subcover { Be(x r)(I'p,1 fet1,55 (5k+1,j)}?§11
of Vi1

{Bexr) (Fprfr,j,§r7j)}?;1 is an open cover of V, and, for every s =
..., 0y

r—1
oy
Bep @) (fr.s:0r,s) C U 0 ﬂ ﬂ Bem @) (flm ’]) : (3.2)

I=1j€F .

Consider the family U := {U fm}?;l. U is a finite subset of U. Let us check
that it is a subcover. Take g € F. Then I'y g € Be(x r)(L'p, fr,s,0r,s/2) for
some s = 1,...,hy, 50 |Ip.g — Ty, frslloc < 6rs. We now want to prove
that |T'yg — Ty froslloo < 0 for every g € {1,...,7 — 1} because then, by
expression (3'1)a ”g - fr,s”n,tp < 5r,s < and, thus, g € Bcgfw(Z)(fr,sv(sr,s) -
Uf'r,s S Zj

By expression (3.2), |lg = fijllxe < 61,5/2 and || fr.s = fijllne < 015/2
for every j € Fy 5, , and [ € {1,...,r—1}, which, by expression (3.2), implies

01 4
Hrqg - qul,j| 0 Hrqfhj - qur,s o < 2,]3

for every g € Py, j € Fiy,, and l € {1,...,7 — 1}. Hence,
ITqg — Lafrslloe <IITq9 — Tofijlloe + [ITqf1; — Tafrslloc <015 < brss

as we wanted to show.
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Now using Lemma 3.8, it is possible to rewrite Theorem 3.7 in terms of
Ci,(A), getting the following result:

Theorem 3.9. Let A C R™ be open and unbounded, X be a compact metric
space and k : A — X a compactification. F' C CQW(A) has compact closure if
the three following conditions are satisfied:

1. For each x € A and every p € Py, there exists some constant M, ,€R"

such that
|ap(f/30)(95)| < My p,
Jorall feF.
2. For everyx € A, e € RY and p € P, there exists some 0, € RT such
that

10p(f/ ) (@) = Bp(f /@) (y)] <&,

if f € F andy € A is such that ||z — y|| < 0u.p-
3. For every x € X\k(A), ¢ € RT and p € P, there exists some d,,, € RT
such that

Hm "0, (f/)(2) = p(f /) (y)| <&,

Z—T

if f € F andy € A is such that d(z,k(y)) < 6zp-

Proof. Assume 1, 2 and 3 hold. Fix p € P,,, and x € X.
Step 1: We will show that I',(F) is equicontinuous at x. We study the
following two cases:

(a) If z € w(A), then = = k(2) for some z € A and for every ¢ € RT there
exists 0, such that for every f € F, y € A, |ly — z|| < 0zp,

ITpf(x) = Tpf(r(y)] = T f(r(2)) = Do f (£(y))] = 10p(f /) (2) = Op(f/) ()] < %

Since k : A — k(A) is an homeomorphism, k=1 : kK(A) — A is continu-
ous, so there exists d, , € RT such that if x(y) € k(A4) and d(k(y),z) <
dz,p then ||z —y|| < 0z,. Thus

r,f (Bx(x,gx,p) n K(Z)) C Bg (I‘pf(x), g) .

Since k(A) is dense in X and I', is continuous,

T,f (BX (x,lix,p)) C B [rp F(2), g} C Bx (T, f(x),e)

for every f € F, which implies that I',(F') is equicontinuous at x in
C(X,R).

(b) If 2 € X\k(A), we resort to an analogous argument using 3 instead of
2. There exists d,,, such that for every f € F, y € X, d(z, k(y)) < dz.p,

3

ITpf(z) = Tpf (k)] = | Bm"0,(f/#)(2) = 0p(f/9)(y)| < 3
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by the continuity of T',. Since £ : A — k(A) is a homeomorphism,
k=11 k(A) — A is continuous, so there exists d,, € R such that if

k(y) € k(A) and d(k(y), ) < 6 p, then |z —y| < gr,p. Thus
L,f (BX(x,gm’p) N K(Z)) C Br (pr(ff)a %) .

Since £(A) is dense in X and I', is continuous,

Dof (Bx(@,020)) € Ba [Dpf (), 5| € Ba (T, (@).2)
for every f € F, which implies that I',(F') is equicontinuous at x in
C(X,R).
Step 2: We will show that I',(F') is uniformly bounded at z. We again
have two cases as follows:

(a) If z = k(z) for some z € A, by 1, we have that |, f(2)| = [T f(k(2))| <
M, , for all f € F and that is it.

(b) Assume now x € X\r(A). T',(F) is equicontinuous at x, so there exists
0z,p € RT such that, for every f € F,

Ipf (Bx(y:02,p)) € Br (Tpf(2),1).

Take k(t) € Bx(y,05,p) N K(A). By 1, we have that |T),f(k(t))| < My,
for every f € F. Thus, for every f € F,
ITpf (@)] < Tpf(2) = Tpf (k)] + Tpf (k)] <1+ My

Hence, I', F' is uniformly bounded at x.

We conclude that T),F is compact for every p € P,, and, thus, F is
compact.

Finally, assume F is compact. Then so is T),F' for every p € P,,. Fix
p € Py and x € X. I',F is uniformly bounded at z, so there exist M, , € R™
such that, for every f € F|

Ty f(x)] < My,
Thus, given x € A, for every f € F,
0p(f/0)(@)| = [Tpf(k(2))] < My(a),p,
so 1 holds.

I',F is also equicontinuous at x. So for every ¢ € R there exists 0, , €
R* such that, for every f € F,

Ipf(Bx (x,02,p)) C Br (Tpf(2),€) -
If = k(2) with z € A, then, for every f € F,y € A, |ly — 2| < 6z,
ITpf(2) = Tpf(r()] = [Tpf(r(2) = T f (kW) = 10p(F/#)(2) = Op(f/9)(W)] <&,

and 2 holds. If z € X\r(A), then, by the continuity of T',, for every f € F,
y € X, d(@,k(y)) < ba.p,

Ty f(x) = Tpf(r(y))| = | Hm "0, (f/9)(2) = Op(f/9)(W)| <,
and 3 holds. O
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Remark 3.10. Conditions 2 and 3 in Theorem 3.9 can be synthesised as a
single one as follows:
4. For every z € X, e € Rt and p € P, there exist some 4, , € RT such
that

"8, (f/9)(2) = 0p(f/9)(y)| <,

zZ—T

if f € F and y € A is such that d(z, 5(y)) < 0z p-
In practice it is convenient to keep them separated as 2 avoids the direct use

of the compactification.

Remark 3.11. Condition 3 in Theorem 3.9 is necessary, as the following ex-
ample shows:

Ezample 3.12. Consider the extended real line R := [—00, o0] with the topol-
ogy given by the distance
r )
d ) = - T, 9| Y € Ra
(z,9) ‘1“;2 e B
(o0, 7) =d(r,00) = | 7
00,%) =d(x,00) = |——5 —
Y ) 1 + ‘%2 )
x
d(— =d — = |— 1 R.
(=00, x) =d(z, —00) ‘1—|—x2+ , TE

(R,d) is a compact metric space. Consider the compactification x : R — R
defined as k(z) = x for every z € R. Take p(x) = «x for every for every
z € R and consider the family F' := {f, }nen where f,(z) = e*(“”*")Q, r eR.
FC CN;W(R) is equicontinuous and uniformly bounded (in R), so it satisfies
conditions 1 and 2 in Theorem 3.9, but not 3, as Io(F) C C(R,R) is not
compact. Indeed, || f, — fm|| = 1—e~! for every m,n € N, m # n. This means
that F' admits no Cauchy sequence and, thus, no convergent subsequence, so
F' cannot be compact.

Remark 3.13. We observe that in [4, Theorem 3.2] condition 3 of Theorem 3.9
is missing. Also, [37, Theorem 1] can be considered as a particular instance of
Theorem 3.9 for the case of the compactification in Example 3.12. Condition
3 of Theorem 3.9 is called regularity in [37]. A similar condition appears in
[9, Section 2.12, p. 62] under the name equiconvergence in a setting that
would correspond to the compactification & = k(g o) Where & is taken as in
Example 3.12.

4. Fixed points of integral equations

In this section we will prove the existence of fixed points of integral equations.
To that end, we will develop a method based on the fixed point index theory
on abstract cones.

With the notation introduced in the previous section, let n, m € N, A C
R™ be open, connected and unbounded, X a compact metric space, k: A — X
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a compactification and ¢ € C™(A,R*). Let us consider the integral operator
T:C,(A) = CI',(A), given by the following expression:

Tu(t) = /Z G(t,5) f(s,u(s)) ds,

for t € A (it is defined as the limit of such expressions on X\ (A)), where
G: A x A — R. Since the kernel G is defined on A x A, we need to introduce
the following notation: given p € ({0} UN)", and using the natural injection

{0}UN)" — ({0} UN)*"
p=(p1,.--,pn) — D= (P1,.-,Pn,0,...,0),

we shall denote 905G by 0,G(t,-). This notation is not to be confused with
0p(G(t,-)), where we fix the value of ¢ and differentiate with respect to the
rest of the derivatives. The same applies to 0,(G(:, s)) for a fixed s.

The next result will provide sufficient conditions for the operator T': C7",,

(4) — C',(A) to be well defined, continuous and compact. We will make

use of the following hypotheses:

(C1) The kernel G: Ax A — R is such that G(-,s) € C[" ,(A) for every s € A.
In particular, from the definition of C;",(A) and Theorem 3.4, this im-
plies that there exist

G(- _
M, (s) := sup 8p< (’8)>(t) eR, VseA, pehP,
teA 14
and
x K G(,S) A A
zy(8) := thm Op t)eR, VseA ze€X\k(A), pe Ppy.

Taking into account the definition of function I', f as the unique function
satisfying the equality 'y, fox = 9,(f/), and the proof of Theorem 2.11,
it occurs that

zy(s) =Tp (G(-,9)) (2).
(C3) For every ¢ € RT and p € P, there exist § € R* and a measurable
function w, such that, if z, y € X satisfy d(z,y) < d, then

T (G(-,5)) (z) =T (G(,8)) (W) <ewy(s), VseA

The nonlinearity f: R™ x R — [0, 00) satisfies the following conditions:

f(t,-) is continuous for a.e. t € R".
For each r > 0 there exists ®, € L!(A) such that

ftye(t)) < 2.(0),
for all y € R with |y| < r and a.e. t € R™.

(Cy) For every r >0,z € X\r(A) and p € Py, it holds that M, ®,., 2] ®,., w,
P, € LI(A).

)
e f(-,y) is measurable for each fixed y € R.
[ ]
°

Theorem 4.1. Assume that hypotheses (C1)—(Cy) are satisfied. Then operator
T is well defined, continuous and compact.
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Proof. We shall divide the proof into several steps as follows:
Step 1: Let us prove first that operator T is well defined, that is, that

it maps C;"',(A) to C',(A).
From the general rules of differentiability of integrals (see [2, Corol-
lary 2.8.7]) it holds that

O (%) (=3, [ ) f(S,u(s))ds:/

T ¢() Y

0, (942 0 165, u9) as.
(4.1)
Now, fix e € R*. From (Cs), there exists € RT such that if ¢y, t2 € 4,
||t1 — t2|| < § then

I, (G(-,9)) (k(t1)) = T (G- 8)) (k(t2)] < cwy(s), Vs € A,

or, which is the same,

o, (C4) -, (24 )

<ewy(s), VseA.
- »(s)

Hence,

()=, (3)
< /Z 8, <G(¢S)> (t1) — <G(¢S>> (tz)’ f(s,u(s)) ds

< (o) Fosus) ds < [ wy(6) @y, () ds

Now, from (Cy), it is ensured the existence of some positive constant ¢
such that the previous expression is upperly bounded by e c. Consequently,

Op (%) is continuous on A for every p € P,,, that is, % € C™(A,R) and,
since ¢ € C™(A,R™), we conclude that Tu € C™(A,R).

Let us show now that for every z € X \k(A) there exists tli_r)rglﬁ’i@p (%) (t).
We have that

lim "), (“) ) = 1im* [ 9, (G(s)> () F(s,u(s)) ds.

t—zx © t—zx a

Now, since
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and, from (Cy), M, ®|y,.., € L'(A), by Lebesgue’s Dominated Convergence
Theorem, we obtain that

im"9), (T“> (t)

im0, (=
= fim® [ O (G(S'O’S)) () f(s,u(s)) ds
= [ (3, (C52) ) stssuton as [ 506 st as
Thus, since (4.2)

/Zz;f(s)f(s,u s)) ds g/z\zlf(s)MI)HuHmw(s)ds

and, from (Cy), |22| ® ||y, € L'(A), we have proved the existence of hm Op

(%) (t) for every z € X \ k(A). t—x

Therefore, we conclude that Tu € C",(A).
Step 2: Continuity:
Let (un)nen C C,(A) be a sequence which converges to u in [, (A)

and let us show that (Tun)neN converges to Tu in CWP(Z).

The convergence of (up)nen t0 u in C,Z?SD(Z) implies that, in particular,
un(s) — u(s) for a.e. s € A and so, from (C3), f(s,un(s)) — f(s,u(s)) for
a.e. s € A.

Following similar arguments to the ones above, we have that, for every

pE P,
% (%) 0-a ()l
< [ fon (C52) 0] 176vuato0) = sGs.ute) 0
< [ M) 100 (5)) = s, (s)] s

Moreover, the convergence of (u,),ecn ensures the existence of some positive
constant R such that ||uy, ||, < R for every n € N, which guarantees that the
previous integral is upperly bounded by 2 [+ M, (s) ®r(s)d s € R. Therefore,
by Lebesgue’s Dominated Convergence Theorem (which can be used because
of the continuity of I'y), we obtain that

lim ‘

Tu Tu
o —2)_—9 | —
te o (51) -0 (%)

< lim M p(8)1f(s,un(s)) = f(s,u(s))| d s

n—oo

A N—0o0

:/A lim M,(s) |f(s,un(s)) — f(s,u(s))] ds =0.
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This way we have proved that (T'up)nen converges to Tu in C}",, (A). Hence,
T is a continuous operator.

Step 3: Compactness:

Let us consider a bounded set B C CJ(A), that is, such that there
exists a positive constant R for which ||ul|.,, < R for every u € B. We shall
prove that T'(B) is relatively compact in CJ",(A).

Reasoning as above, we obtain that given p € P,,,

o, (Z) @] < [ |on (S22 0] st s < [ a0 2nte) 0

for every t € A and u € B. Therefore, we deduce that T'(B) is uniformly
bounded.

On the other hand, as we have shown in Step 1, for every fixed ¢ € RT
there exists § € R such that if t1, to € A, |[t1 — 2 < J, then

() ()

and, since w, ®r € L!(A), we can ensure the existence of some constant c

such that
o (22) -0 ()

Finally, consider x € X \ k(A) and p € P,,. From (4.1) and (4.2), we
obtain that

s ()0 ()

=[[ s sty s [ o, (C52) 0 s6s.uto0 a5

¥
T(s) — G(»s) s,u(s)) ds
< [ |z -0, (“52) 0] ssuien a
< /Z 2,(8) — 0y ( - ) (t)' Dr(s) ds.
Now, from (Cs), we know that for every ¢ € R there exists § € R such
that d(z, k(t)) < 0 implies that
Ty (G(,8)) () =Ty (G-, 8)) (K(1)| < cwp(s), Vs €A,

or, which is the same,

N

< E/pr(S)f(&U(S)) ds < s'/xw;«s) Br(s) ds,

<ec forallue B.

G(-, —
22(s) =, ( (ga s)> (t)‘ <ewy(s), VseA
Consequently, since w, Pr € L!(A), there exists some positive constant c
such that

T T
lim "9, <u> (1) — 0Op (u> (t)‘ <ec forallue B.

¥ ¥

T—x

Thus, using Theorem 3.9, we conclude that T'(B) is relatively compact

in ", (A) and, therefore, T' is a compact operator. O
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Remark 4.2. We must note that in the proof of the previous theorem it is
necessary to show that the operator T that we are considering has enough
regularity. In particular, we have proved that under hypotheses (C7)—(Cly),

operator 7" maps the space C;’fW(A) to itself. This means that, given u €
Cilo (A), we have proved two different things: first, the regularity of Tu, and,
second, the asymptotic properties of Tu.

We observe that the general hypotheses that we have asked the kernel
to satisfy in order to prove the regularity of T'u might be too restrictive or
too difficult to check in practice. In this sense, we must take into account the
fact that in many examples it will be possible to prove directly the regularity
of T'u, even if hypotheses (C1)—(C4) are not satisfied. This will be the case,
for example, of integral equations whose origin is a differential equation, as in
this case it is clear that the inverse operator of a differential one will always
have enough regularity. In fact, this will be the case that we will consider in
our example in the last section of this paper.

Now, following the line of [14], we will consider an abstract cone in the

space C,',(A) defined by
Ko={uel, (A) : afu) >0},

where « is a continuous functional a: C}", (A) — R satisfying the three fol-
lowing properties:

(P1) a(u+v) =2 a(u) + a(v), for all u, v € C,Z}SD(Z);

(P2) a(Au) = Aa(u) for all u € CI,(A), A > 0;

(P3) [a(u) 20, a(u) <0]=u=0.

In order to choose a cone K, such that T maps the cone into itself, we
will require functional « to satisfy the following condition:
(Cs) For all u € K, Tu € K,.

Now we will use the well-known fixed point index theory to prove the
existence of a fixed point of operator T'. In order to do so, we will define some
suitable subsets of the cone K, and give some conditions to ensure that the
index of these subsets is either 1 or 0.

Let us consider the following subsets:

KPP ={ue K, : Bu) <p}
and
K)?={ue K, : v(u) <p},
where § and ~ are two continuous functionals 8, v: B — R, with C}", (A)c B
and [;|G(t,s)|ds € B, satisfying the following conditions:
(Cs) For every u € K, and A € RT it holds that B(Au) = AB(u) and if
u, v € K, are such that u < v, then 8(u) < B(v).
(C7) For every u, v € K, and A € R* it holds that y(u + v) = v(u) + v(v),
y(Au) = Ay(u) and
A(T0) > [ A(GL5) fs,(s) d.

A
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(Cg) B(G(-,9)), 7(G(-,5)) € L}(A) are positive for every s € A.
(Cg) There exists e € K, \ {0} such that y(e) > 0.
(C10) At least one of the following functions:

b: RT — R
p— b(p) = sup{B(u) : u € Ka, 7(u) < p}
or
c:RT —R
pr—s clp) i= sup{r(u) : u€ Ka, B(u) < p}

is well defined, that is, the set on which the supremum is taken is
nonempty for every p and the supremum is finite.

The next lemma compiles some classical results regarding the fixed point
index formulated in [22, Theorems 6.2, 7.3 and 7.11] in a more general frame-
work.

In particular, given X a Banach space, K C X a cone and 2 C K
an arbitrary open subset, 0 Q) will denote the boundary of €2 in the relative
topology in K, induced by the topology of X. Moreover, let us denote by
Fix(7) the set of fixed points of 7.

Lemma 4.3. Let X be a Banach space, K C X a cone and Q) C K an arbitrary
open subset with 0 € Q. Assume that T: Q — K is a compact and compactly
fized operator such that x # Tx for all x € 0.
Then the fized point index i (T,Q) has the following properties:
1. If e # uTx for all x € QN and for every p < 1, then ix(7,Q) = 1.
2. If Q is bounded and there exists e € K \ {0} such that v # Tx + Xe for
allz € 9Q and all X > 0, then ig(7T,Q) = 0.
3. If ig(T,Q) #0, then T has a fized point in Q.
4. If Qy and Qo are two open and disjoint sets such that Fix(T) C QqUQy C
Q, then

Lemma 4.4. Assume T: CI',(A) — CI',(A) to be well defined, continuous
and compact, that hypotheses (Cs5)—(Cg) and (Cs) hold and let there exist
some p > 0 such that

o< p5( [ 16t9las) <1 (1)
where
f”:sup{f@’pu(t)) cteA ueK,, ﬁ(u):p}.
Then i, (T, KP#) = 1.

Proof. Let us prove that Tu # pu for all u € KPP+ and every u > 1.
Suppose, on the contrary, that there exist some u € K 37’) and some p > 1
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such that pu(t) = Tu(t) for all t € A. In such a case, taking 8 on both sides
of the equality and using the fact that

Tu(t) = /Z G(t,s) f(s,u(s)) ds < p ? /Z G 9)] ds,

we obtain that
1o = Bu) = Buw) = B(Tu) = B ( [ 6t rsuts) ds)

oo ([ Gt sy as) =pra( [ ol as)

<8 (/Z\G(-,sn ds) <p

which is a contradiction. Thus, i (T, K2*) = 1. O

Lemma 4.5. Assume T: CJ" (A) — C",(A) to be well defined, continuous
and compact, that hypotheses (Cs) and (C7)—(Co) hold and let there exist
some p > 0 such that

K2? is bounded and fp/ v(G(-,8))ds > 1, (13)
A
where
fp:inf{f(t’u(t)) cte A, ue K,, 'y(u):p}.
p

Then ix, (T, K)*) = 0.

Proof. Let us prove that u # Tu + Ae for all u € 0K)* and every A > 0,
where e is given im (Cp). Suppose, on the contrary, that there exist some
u € OK2* and some A > 0 such that u(t) = Tu(t) + Ae(t) for all t € A. In
such a case, taking v on both sides of the equality, we obtain that

p=7) =y(Tu+Ae) = y(Tu) + Avy(e)
> /Z V(G 5)) £(s,u(s)) ds > p /Z A(G(5)) ds > p,
which is a contradiction. Thus, ik, (T, K2*) = 0. O

Finally, we will give an existence result. We note that, although we
will formulate sufficient conditions to ensure the existence of one or two fixed
points of operator T, it is possible to give similar results to show the existence
of three or more fixed points.

Theorem 4.6. Let (C1)—(Cho) hold. Then, we observe the following:

1. If the function b given in (Cio) is well defined and two constants p1, ps €
(0, 00) with py > b(p1) such that (I9,) and (I},) hold, then T has at least
a fixed point.

2. If the function ¢ given in (Cho) is well defined and two constants p1, p2 €
(0,00) with py > ¢(p1) such that (I}) and (I),) hold, then T has at least
a fized point.
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3. If the functions b and ¢ given in (C1o) are well defined and three con-
stants p1, p2, ps € (0,00) with p2 > b(p1) and ps > c(p2) such that
(I19.), (I},) and (I).) hold, then T has at least two fized points.

4. If the function b and c given in (C1o) are well defined and three constants
p1, P2, p3 € (0,00) with py > ¢(p1) and ps > b(ps) such that (I}), (I9,)
and (I;g)) hold, then T has at least two fixed points.

Proof. The proof follows as a direct consequence of previous lemmas, taking
into account that K5» ¢ K1“® and K2 ¢ K2"? | in case functions b
and/or ¢ are well defined. O

5. An example

Let p(z,y) = e~ 2% for every x,y € [0,00). We will consider the following
hyperbolic equation:

02 1
Ba0y, V) =5 U @y, @y €RY <AL ()
We will look for a positive solution such that there exists
U2 Y) cp vy e 0,1 (5.2)

1m
(@.9)—(c0.90) @(2,7)

In order to do so, we will consider A = [0, 00) x [0, 1] the space C_ (A)
and kK : A — X := [0,00] x [0,1] where [0,00] is endowed with the one
point compactification topology of [0, 00). We will also consider the Green’s
function

e~@’ e [0,z], s €]0,y],
0, otherwise.

G(z,y;t,s) = {
Let f(z,y,u(z,y)) = %e_(m2+y2) +u(x,y)? Tt is clear that, if we define

Tu(z,y) = g G(z,y;t, s)f(t,s,u(t,s))dtds; x,y € [0,00)?

we have that
°T
Sny 79 = (s, uw ).
Let us check that the operator T : C (A) — CJ ,(A) (defined as the
continuous extension of T') is well defined, continuous and compact.

Step 1: Well-definedness:
If u e CY ,([0,00)%), we have that

u(z,y) / / ~(@—t)? ( —(t%4s%) +u(t, s) )dtds

_L
2

e erf erf aty?
= T u(t, s)2dtd s,
16f / / y
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where erf denotes the error function

eI‘f / dt.
f
IO7fOIyOEU7]‘7

. Tu(z,y)
lim _—
(@,y)—(s0,m0) P(2,y)

ﬂ'erf( erf
= lim / / —(@—t)? u(t,s)*dtds

(z,y)—(c0,y0) 1642

= Werf(yo) / / —(e—t)? u(t,s)*dtds.
1612 <ry~<oo Yo)

Thus, taking into account that im, ) (0o,yo) w(, y)/¢(x,y) = L(yo) €
R, for every € € R™ there exist R,§ € RT such that, if z > R and |y—yo| < 4,
then |u(z,y)*/¢(2,y)* — L(yo)*| < e. Now,

Yy rx 2 max{yo+d,1} poo )
/ / e @07yt 5)2dtds </ / e~ @D (t, )2 d td s.
0 Jo 0 0

On the other hand,

Yy oz 5 Yo—06 px 5
/ / e~ @D u(t, 5) 2 dtds 2/ / e~ @D u(t, 5) 2 dtds
Yo—9 yo—0
/ / e~ (@0 u(t, s) dtds—/ / (z=1)%y, (t,s)*dtds.

Since the integrand is bounded, the last integral converges to zero when R
tends to infinity (as > R), so we can assume that, if z > R and |y —yo| < 9,

y T R Yo—0 oo )
/ / e~ @D u(t, s) 2 dtd s > / / e~ @D (t, )2 dtd s —e.
0o Jo 0 0

Thus, we conclude that

lim / / e~ (@=0)? u(t,s)*dtds
(@,y)—(o0,%0)

Yo
hm / / e~ (@)’ u(t,s)*dtds =0,
(ry (00,90)

by the Dominated Convergence Theorem. Thus,

Tu(x,y) _merf(yo)

lim
(z.y)—(00) P(T,Y) 16v2
Hence, Tu € CY ,(A).
Step 2: Continuity:
Observe that (C3) holds, as f is uniformly continuous and, for all r €
R*, for all y € R with |y| < r and a.e. t € R™ we have that

1 1
Fay.zp(a,y) = g 4207 < Sen T 420 = 8 (ayy),

where @, € L1(A).
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Let (up)nen C C2 (Z) be a sequence which converges to u in CE,SD(Z)
and let us show that ( n)nen converges to Tu in CJ ,(A4).
The convergence of (up)nen to u in CJ (A) unphes uniform conver-

(
gence and, from (Cs), f((z,y),un((2,9))) — f((z,y),u((x,y))) uniformly
on (x,y) € A. Take N € N such that for n > N, |f((z,y), un((z,y))) —
fl(z,y),u((z,y)))| < e. Then, for n > N,

Tun(%?l)—fxy‘ 2€/Gmy,st 725/ / e2” ~@0% gt

%)

= e:\/%yeT erf(z).

This way we have proved that (T'u)nen converges to Tu in C (A).
Hence, T is a continuous operator.

Step 3: Compactness:

Let us consider a bounded set B C CO (7) that is, such that there
exists a positive constant R for which ||ul]. . < R for every u € B. We shall
prove that T'(B) is relatively compact in C ,(A).

We have that

Y 2
—(z,y ’ / / Gl y,s ) |f(t,s,u(t7s))| dsdt < gMye% erf(z),

for every (z,y) € A and u € B. Therefore7 we deduce that T'(B) is uniformly
bounded.

Now we want to show that for every (z,7) € A and € € R there exists
some § € RT such that

Tu Tu

7$ay)_7(t58 <g,

14 ( P )

if u € B and (t,5) € A is such that ||(z,y) — (¢,5)|| < J. Observe that
Tu Tu
—(z,y) = —(t,9)
14 P

merf (\%) erf(y) merf (%) erf(s)
16v/2 - 161/2

629” *~(@-m)? u(r, o) deO’—// 37— (t= T)ZU(T,O')QdeO'.

<

By the linearity of the integral, the continuity of e27"~(@=7)" and the bound-
edness of B, it is clear that we can bound the previous expression by e for
(z,y) and (¢, s) sufficiently close.
On the other hand, we also want to show that, for every yo € [0, 1] and
e € R, there exist some J, M € Rt such that
Tu

T
lim —(x,y) — —u(t, s)| < e,
(z,y)—=(o0,y0) @ P

if u € B and (t,5) € A is such that |s —yo| < d, t > M.
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In this case, using the same arguments as in Step 1,

lim —
(z,y)—(00,90) ©®

. merf (%) erf(y) merf (%) erf(s)
< lim —
(2,9)=(20,90) 16v/2 162

lim / / ez® —(@=1)" u(t,0)?drdo
(z,y)—(00,30)

/ / 3= (t=m)%y, (r,0)?drdo

e erf(yo) merf ( erf

16v2 1612

For t sufficiently big and s sufficiently close to 3y, we have that

ezt ==y, (r,0)?drdo|.

1= (t= T)UTO') drdo <§,
and
mwerf(yo) merf (%) erf(s) €
16v/2 162 2’

so we get the desired bound.

Thus, using Theorem 3.9, we conclude that T'(B) is relatively compact
on CSW(Z) and, consequently, T" is a compact operator.

In order to look for a positive solution we consider the cone

P={ueC) (A) : afu) >0},
where a(u) := infu. « clearly satisfies the properties (P;) — (Ps) and it is
obvious from the definition of T" and the fact that f,G > 0 that T  maps P
to P.
Now let B(u) = ||u||co, 7(u) = 0. Observe that (Cs) — (C10) hold. For a
given p € RY, p < fP < (1/8 + p?)/p. Tt holds that

<1

oI

1
/ |G(x,y;t,s)|dt ds = 3 vy erf(z) <
A

and, therefore,

o< ( [I6tstolaras) < s Al 63)
12— V), 12+ V), then
( s)|dt ds) <(1/8+pH)/p<1,

Moreover, if p € (
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so ir, (T, K?*) = 1 and so, by Lemma 4.3, point 3, there is a solution of
problem (5.1)—(5.2) with ||u|| < p.
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