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Abstract. In this article we combine the study of solutions of PDEs with
the study of asymptotic properties of the solutions via compactification
of the domain. We define new spaces of functions on which study the
equations, prove a version of Ascoli–Arzelà Theorem, develop the fixed
point index results necessary to prove existence and multiplicity of so-
lutions in these spaces and also illustrate the applicability of the theory
with an example.
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1. Introduction

The use of topological methods in the study of PDE is a classical field of
research—see [15,16,23,29]. Unfortunately, the most modern and sophisti-
cated methods that have been recently developed for ODEs—see, for instance,
[1,3,27,38]—have been difficult to apply to PDEs. The reasons for this are,
to cite some, the greater effort needed to check the, if rather weak, cum-
bersome hypotheses, the lower availability of explicit expressions of Green’s
functions for PDEs, the higher complexity of the domain of definition and the
higher regularity that is necessary in order to obtain existence and uniqueness
results.

Even then, there has been a recent effort to overcome this difficulties,
mainly by imposing some kind of symmetry on the operator that defines
the equation and, in particular, searching for radial solutions [7,8,17–21,28].
More general approaches also appear for elliptic PDEs and systems of PDEs
[24–26].

On the other hand, the study of ODEs on unbounded domains has
progressed steadily [10,13,33–35]. The key to deal with unbounded domains is
to use some kind of relatively compactness criterion such as [37, Theorem 1]—
see for instance [9,37]. These kind of criteria are reworkings of the classical
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Ascoli-Arzelà Theorem and have been used in a different way in [4,5]. In these
works the authors are able to apply Ascoli–Arzelà Theorem by compactifying
the domain of the functions involved in the ODE, thus allowing for a study
of the asymptotic properties of the solutions.

In this article we combine both the study of solutions of PDEs with the
study of asymptotic properties of the solutions via compactification of the
domain. Furthermore, we take the opportunity to fix some of the shortcom-
ings in [4,5] and provide an example of application. It is worth noticing that
our results are not constrained to partial differential equations of a particular
type (parabolic, elliptic, hyperbolic) since the results obtained are presented
for the integral form of the equations; but also that, in general, the conditions
to be checked for a particular problem can become quite unwieldy, which can
be a limiting factor when it comes to apply the results to more convoluted
problems.

The structure of this article is as follows: On Section 2 we deal with
the basic topological notions necessary for understanding compactifications
and provide some examples thereof. In Section 3 we provide the definition
of the family of Banach spaces we will be dealing with. We also prove basic
results regarding its structure as Banach space as well as a version of Ascoli-
Arzelà Theorem (Theorem 3.9) necessary for the results to come. It is in
Section 4 that we apply the usual topological methods regarding the fixed
point index in order to obtain existence results of an integral problem in
several variables which, in general, can be seen as a transformation on a
PDE problem. Finally, in Section 5 we provide an example of a hyperbolic
equation of which a solution with a predetermined asymptotic behavior can
be found.

2. Preliminaries: compactifications and extensions

In order to understand asymptotic behavior on a metric space (X, d) we first
need to formalize the notion of point of infinity. In an intuitive way, we can
picture a point of infinity as a point far away from any point in X. For
instance, the usual order relation on the real numbers makes us think of a
number bigger than any other. Those points of infinity must live some place,
and that place is what we call a compactification. A compactification ˜X has
a topological structure that allows us to formalize the notion of asymptotic
behavior of those functions defined on X in a precise way. This is because,
once we have a topology in ˜X, we can take limits. Furthermore, the topology
of the compactification, when metrizable, allows us to study the relations and
relative positions of the different points of infinity.

We proceed now to formally define the concept of compactification
through an adequate map.

Definition 2.1. Let X, Y be topological spaces, Y compact. We say that a
continuous function κ : X → Y is a compactification of X if κ(X) is dense
in Y (that is, κ(X) = Y ) and κ : X → κ(X) is a homeomorphism. We will
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usually identify the compactification with Y . Also, we will denote the inverse
of κ : X → κ(X) as κ−1|κ(X).

In this work we will restrict ourselves to metric compactifications, that
is, to the case where Y is a compact metric space. The interested reader
may find more information regarding compactifications and their properties
in [6,12,31,32,39].

Remark 2.2. In practice, any compactification κ : X → Y can be considered
to be the identitary inclusion. To see this, assume τ is the topology of Y and
consider the bijective map

P(X � (Y \κ(X))) P(Y )

U � V κ(U) ∪ V,

Θ

where � denotes the topological sum and P(·) is the power set. Θ−1(τ) is a
topology in X � (Y \κ(X)) that makes Y and X � (Y \κ(X)) homeomorphic
with the homeomorphism ξ : X � (Y \κ(X)) → Y defined as

ξ(x) =

{

κ(x), x ∈ X,

x, x ∈ Y \κ(X).

Furthermore, κ̃ : X → X�(Y \κ(X)) such that κ̃(x) = x is a compactification
and κ = ξ ◦ κ̃.

In order to illustrate the notion of compactification we present now
various examples where the compactifications chosen map the space R

n to
well known differentiable manifolds. It is important to point out that any
compact differentiable manifold is a compactification of Rn as a consequence
of [11, Corollary 2.8, p. 271], so this is a very general situation.

Example 2.3. (Directional compactification) Let n ∈ N, B := {x ∈ R
n :

‖x‖ � 1}. κ : R
n → B defined as κ(x) = x/(1 + ‖x‖). κ : R

n → B̊ is a
C∞-diffeomorphism and κ(Rn) = B, so κ is a compactification.

Observe that the elements of ∂B = S
n−1 denote different ‘directional

points of infinity’ in the sense that, if v ∈ S
n−1 and f(t) = tv, t ∈ R, then

limt→∞ κ(f(t)) = v.

Example 2.4. (Projective spaces) Take κ : Rn → B as before. Now, we es-
tablish an equivalence class in B in the following way: x ∼ y iff x = y or
x, y ∈ ∂B and x = −y. With this equivalence class B|∼ is homeomorphic to
the n-th real projective space P

n. Let π : B → B|∼ be the projection onto
the quotient space. We can consider the compactification π ◦ κ : Rn → B|∼.

Example 2.5. (Alexandroff’s one-point compactification) Again, take κ : Rn →
B as before and consider the equivalence class in B defined by x ∼ y iff x = y
or x, y ∈ ∂B. With this equivalence class ∂B reduces to a point and B|∼ is
homeomorphic to the n-th sphere S

n. If π : B → B|∼ is the projection onto
the quotient space, we can consider the compactification π ◦ κ : Rn → B|∼.
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The key to develop our theory and relate it to the concepts ahead is an
adequate notion of limit which we present now.

Definition 2.6. Let X, Y , Z be topological spaces, Y compact, Z Hausdorff,
κ : X → Y a compactification of X, y ∈ Y \κ(X) and f : X → Z. We say
the limit of f when x tends to y is z ∈ Z, and we write limκ

x→y f(x) = z, if
for every neighborhood V of z in Z there exists a neighborhood U of y in Y
such that f(κ−1(U\{y})) ⊂ V .

Remark 2.7. Since y ∈ Y \κ(X), we have that κ−1(U\{y}) = κ−1(U), so we
could have written f(κ−1(U)) ⊂ V in Definition 2.6.

Observe that Definition 2.6 is dependent on the compactification κ as
the following example illustrates:

Example 2.8. Let X = [−∞,∞] with the usual compact interval topology
and Y = X|±∞, that is, the quotient of X by the relation that identifies −∞
and ∞. We can consider the following two compactifications of R, κ1 : R → X
and κ2 : R → Y given by κ1(t) = κ2(t) = t. Then, if we consider f(x) =
arctan x, we have that limκ1

x→∞ f(x) = limx→∞ f(x) = π
2 but limκ2

x→∞ f(x) =
limx→±∞ f(x) does not exist.

Definition 2.6 has a simpler form in the case of metric spaces. In the
following we will denote by d the distance in any metric space:

Proposition 2.9. Let X, Y and Z be metric spaces, Y compact, κ : X → Y a
compactification of X, y ∈ Y \κ(X) and f : X → Z. Then limκ

x→y f(x) = z

if and only if for every ε ∈ R
+ there exists δ ∈ R

+ such that d(f(x), z) < ε
if d(κ(x), y) < δ.

We will be using the following result:

Proposition 2.10. ([6, Proposition 1.29]) Let X, Y be topological spaces, A ⊂
X, f : A → Y continuous. If ˜f : X → Y is a continuous extension of f , A is
dense in X and Y is Hausdorff, then ˜f is unique.

Theorem 2.11. (Existence of continuous extensions) Let X, Y and Z be met-
ric spaces, Y compact, κ : X → Y a compactification of X and f : X → Z
continuous. Then the following statements are equivalent:

1. There exists limκ
x→y f(x) for every y ∈ Y \κ(X).

2. There exists a continuous map ˜f : Y → Z such that f = ˜f ◦ κ.
Furthermore, the extension ˜f is unique.

Proof. (I)⇒(II) Since Z is Hausdorff, the limit limκ
x→y f(x) is unique, so we

can define

˜f(y) :=

{

f(κ−1(y)), y ∈ κ(X),
limx→y

κf(x), y ∈ Y \κ(X).

Let y ∈ Y and take a sequence (yn)n∈N ⊂ Y , yn → y. Since κ(X) is dense
in Y , we have that for every n ∈ N there exists (xn, j)j∈N ⊂ X such that
limj→∞ κ(xn, j) = yn. Since (κ(xn,j))j∈N converges to yn, for every n ∈ N,
there exists an ∈ N such that, for every j ≥ an, d(κ(xn, j), yn) ≤ 1

n .
Now, let us consider two different cases as follows:
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1. If yn ∈ κ(X), since κ−1|κ(X) is continuous, we have that xn,j → κ−1(yn)
and, therefore, since f is continuous, there exists bn ∈ N such that, for
j � bn,

d(f(xn, j), ˜f(yn)) = d(f(xn, j), f(κ−1(yn))) ≤ 1
n

.

2. On the other hand, if yn ∈ Y \κ(X), then ˜f(yn) := limκ
x→yn

f(x) and
so there exists δ ∈ R

+ such that d(f(x), ˜f(yn)) < 1
n if d(κ(x), yn) < δ.

We have that (κ(xn,j))j∈N converges to yn, so there exists bn ∈ N such
that, for j � bn, d(κ(xn,j), yn) < δ and, therefore,

d(f(xn, j), ˜f(yn)) ≤ 1
n

.

Hence, for j � jn := max{an, bn},

d(κ(xn, j), yn) ≤ 1
n

and d(f(xn, j), ˜f(yn)) ≤ 1
n

.

Let us define zn := xn, jn
for every n ∈ N. By the triangle inequality,

we have that

d(κ(zn), y) ≤ d(κ(zn), yn) + d(yn, y) ≤ 1
n

+ d(yn, y).

Since yn → y, we have that d(yn, y) → 0. Thus, d(κ(zn), y) → 0. Then, we
are in one of the following cases:

1. If y ∈ Y \κ(X), ˜f(y) = limκ
x→y f(x). Then, since d(κ(zn), y) → 0,

d(f(zn), ˜f(y)) → 0 and, as a consequence, limn→∞ f(zn) = ˜f(y).
2. If y ∈ κ(X) then, by the continuity of κ−1|κ(X), we have that zn →

κ−1(y) and hence, by the continuity of f , lim
n→∞ f(zn) = f(κ−1(y)) =

˜f(y).

In any case,

lim
n→∞ f(zn) = ˜f(y).

Consequently,

d( ˜f(yn), ˜f(y)) ≤ d( ˜f(yn), f(zn)) + d(f(zn), ˜f(y)) ≤ 1
n

+ d(f(zn), ˜f(y)) → 0.

Therefore, lim
n→∞

˜f(yn) = ˜f(y).

(II)⇒(I) Let y ∈ Y \κ(X) and V a neighborhood of ˜f(y) ∈ Z. Let
U = ˜f−1(V ). Since ˜f is continuous, U is a neighborhood of y and, since
f = ˜f ◦ κ,

f(κ−1(U)) = f(κ−1( ˜f−1(V ))) = f(f−1(V )) ⊂ V,

so limκ
x→y f(x) = ˜f(y).

The uniqueness of the extension is due to Proposition 2.10. �
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3. The space of continuously n-differentiable (κ, ϕ)-extensions

It is now our objective to study the analytic properties of functions in metric
compactifications of closures of open sets in R

n. The key to achieve this is to
construct an adequate Banach space that we will call Cm

κ,ϕ.
First, let us introduce some notation. If α = (α1, . . . , αn) ∈ ({0} ∪ N)n,

we define

|α| :=
n

∑

j=1

αj ;

and

∂α :=
∂|α|

∂xα1
1 · · · ∂xαn

n
.

In particular, for k ∈ {1, . . . , n} and ek = (δ1,k, . . . , δn,k), we simply denote
∂ek

by ∂k. Let Pm := {p ∈ ({0} ∪ N)n : |p| � m}.
Let n,m ∈ N, A ⊂ R

n open and connected and unbounded, X a compact
(and thus complete and totally bounded—see [36, Theorem 45.1]) metric
space, κ : A → X a compactification and ϕ ∈ Cm(A,R+). We denote by
C(X,R) the space of continuous functions from X to R. C(X,R) is a Banach
space with the usual supremum norm: ‖f‖∞ = supx∈X ‖f(x)‖∞.

Define

Cm
κ,ϕ(A) :=

{

f ∈ Cm(A,R) : ∃ lim
y→x

κ∂p(f/ϕ)(y) ∈ R, x ∈ X\κ(A), p ∈ Pm

}

.

Lemma 3.1.

Cm
κ,ϕ(A) =

{

f ∈ Cm(A,R) : ∃ ˜fp ∈ C(X,R), ∂p(f/ϕ) = ˜fp ◦ κ, p ∈ Pm

}

.

Furthermore, the ˜fp are unique.

Proof. Let f ∈ Cm
κ,ϕ(A), p ∈ Pm. Since for every x ∈ X\κ(A) and every

p ∈ Pm there exists limκ
y→x ∂p(f/ϕ)(x), by Theorem 2.11, there exists a

continuous map ˜fp ∈ C(X,R) such that ∂p(f/ϕ) = ˜fp ◦ κ, so

Cm
κ,ϕ(A) ⊂

{

f ∈ Cm(A,R) : ∃ ˜fp ∈ C(X,R), ∂p(f/ϕ) = ˜fp ◦ κ, p ∈ Pm

}

.

On the other hand, if f ∈ Cm(A,R) is such that for every p ∈ Pm there
exists ˜fp ∈ C(X,R) satisfying ∂p(f/ϕ) = ˜fp ◦κ, by Theorem 2.11, there exists
limκ

y→x ∂p(f/ϕ)(x) for every x ∈ X\κ(A) and p ∈ Pm.
Finally, if g, h ∈ C(X,R) are such that g ◦ κ = h ◦ κ, since g and h are

continuous and κ(A) is dense in X, g = h. Therefore, the ˜fp are unique. �

Remark 3.2. In [4] the authors identify the spaces
{

f : R → R : f |R ∈ Cm(R,R), ∃ lim
t→±∞ f (j)(t) ∈ R, j = 0, . . . , m

}

,

and
˜Cm
ϕ :=

{

f ∈ Cm(R,R) : ∃ ˜f ∈ Cm(R,R), f = ϕ · ˜f |R
}

,
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Fig. 1. Representation of the function f (left) and its derivative (right)

where R = [−∞,∞] is the extended real line with its usual topology, ob-
serving in [4, Remark 3.3] that if f ∈ C(R,R) and f |R ∈ Cm(R,R) then
lim

t→±∞ f (j)(t) = 0 for every j = 1, . . . , m since f is asymptotically constant.

This is not true in general, as the following example shows. Nonetheless, it
is enough to define

˜Cm
ϕ :=

{

f ∈ Cm(R,R) : ∃ ˜fj ∈ Cm(R,R), (f/ϕ)(j) = ˜fj |R, j = 0, . . . , m
}

.

to obtain the identity.

Example 3.3. Let g : R → R be such that g(x) := (1−x2)2 if x ∈ [−1, 1] and
g(x) = 0 otherwise. Let

gk(x) :=
g

(

kx − k2
)

k

for every x ∈ R, k � 2. Observe that supp gk = [k − 1
k , k + 1

k ], so supp gk ∩
supp gj = ∅ for every k, j � 2, k �= j. Therefore, the function f(x) :=
∑∞

k=2 gk(x), x ∈ R, is well defined. The function f and its derivative are
illustrated in Fig. 1.

Observe that |gk(x)| � 1
k , so limx→∞ f(x) = 0. Furthermore, since

gk ∈ C1(R,R) for every k � 2, f ∈ C1(R,R), but it is not true that there
exists limx→∞ f ′(x). Indeed:

f ′
(

k − 1√
3k

)

= g′
k

(

k − 1√
3k

)

=
8

3
√

3
, k � 2,

but

f ′
(

k +
1
k

)

= 0, k � 2,

so limx→∞ f ′(x) does not exist.

In the next result we will prove that Cm
κ,ϕ(A) is a Banach space. To

do that we first consider the Banach space BCm(A) of m-times continuously
differentiable bounded real functions f with the norm

‖f‖m := max
{

‖∂pf‖∞ : p ∈ Pm

}

.
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Theorem 3.4. Cm
κ,ϕ(A) is a Banach space with the norm

‖f‖κ,ϕ := ‖f/ϕ‖m, f ∈ Cm
κ,ϕ(A).

In fact, Cm
κ,ϕ(A) is isometrically isomorphic to a closed subspace of BCm(A).

Proof. Given the linearity of the limits it is clear that Cm
κ,ϕ(A) is a vector

space. Consider the map

Cm
κ,ϕ(A) BCm(A)

f f/ϕ.

Ξ

Ξ is well defined: If f ∈ Cm
κ,ϕ(A), then, for every p ∈ Pm

˜fp satisfies ∂p(f/ϕ) =
˜fp◦κ. This means that f/ϕ admits a continuous p derivative for every p ∈ Pm.
Since X is compact, ˜fp is bounded, so ∂p(f/ϕ) is bounded for every p ∈ Pm.
Thus, f/ϕ ∈ BCm(A).

Ξ is clearly linear and injective and we can induce the norm of BCm(A)
in Cm

κ,ϕ(A) as ‖f‖κ,ϕ := ‖Ξf‖m = ‖f/ϕ‖m. With that norm, Ξ is a bounded
isometric map and Cm

κ,ϕ(A) and Ξ(Cm
κ,ϕ(A)) are isometrically isomorphic. It

is left to check that Ξ(Cm
κ,ϕ(A)) is a closed subset of BCm(A).

Take a sequence (fk)k∈N ⊂ Cm
κ,ϕ(A) such that limk→0 ‖fk/ϕ − g‖m = 0

for some g ∈ BCm(A). Let f = gϕ ∈ Cm(A,R). Fix p ∈ Pm and let us check
that there exists hp ∈ C(X,R) such that ∂pg = ∂p(f/ϕ) = hp ◦ κ. For every
k ∈ N there exists ˜fk,p ∈ C(X,R) such that ∂p(fk/ϕ) = ˜fk,p ◦ κ. We know
that limk→0 ‖∂p(fk/ϕ) − ∂pg‖∞ = 0, so limk→0 ‖ ˜fk,p ◦ κ − ∂pg‖∞ = 0.

Let ε ∈ R
+ be fixed. There exists N ∈ N such that ‖ ˜fk,p◦κ−∂pg‖∞ < ε

2

for k � N . Thus, for k, j � N , since ˜fk,p and ˜fj,p are continuous,

‖ ˜fk,p − ˜fj,p‖∞ = sup
x∈X

| ˜fk,p(x) − ˜fj,p(x)| = sup
x∈κ(A)

| ˜fk,p(x) − ˜fj,p(x)|

= sup
y∈A

| ˜fk,p(κ(y)) − ˜fj,p(κ(y))|

= ‖ ˜fk,p ◦ κ − ˜fj,p ◦ κ‖∞ � ‖ ˜fk,p ◦ κ − ∂pg‖∞

+ ‖∂pg − ˜fj,p ◦ κ‖∞ < ε.

This means ( ˜fk,p)k∈N is a Cauchy sequence and, since C(X,R) is a Ba-
nach space, it is convergent to some function hp ∈ C(X,R). Let M � N be
such that ‖hp − ˜fk,p‖∞ < ε

2 for every k � M . Hence,

‖hp ◦ κ − ∂pg‖∞ � ‖hp ◦ κ − ˜fk,p ◦ κ‖∞ + ‖ ˜fk,p ◦ κ − ∂pg‖∞

� ‖hp − ˜fk,p‖∞ + ‖ ˜fk,p ◦ κ − ∂pg‖∞ < ε.

Since ε was fixed arbitrarily, hp ◦ κ = ∂pg. Thus, f ∈ Cm
κ,ϕ(A). �

Lemma 3.1 allows us to define, for every p ∈ Pm, a function

Γp : Cm
κ,ϕ(A) −→ C(X,R)

f �−→ Γpf,



Vol. 23 (2021) Asymptotic properties of PDEs in compact spaces Page 9 of 27 69

where Γpf is the unique function satisfying the equality Γpf ◦ κ = ∂p(f/ϕ).

Lemma 3.5. Γp : Cm
κ,ϕ(A) → C(X,R) is a continuous linear map. Further-

more, Γ0 is injective.

Proof. Γp is linear by the linearity of ∂p. To see that it is continuous observe
that, due to the density of κ(A) in X and the continuity of the functions Γpf ,

‖f‖κ,ϕ = max
{

‖∂p(f/ϕ)‖∞ : p ∈ Pm

}

= max {‖(Γpf) ◦ κ‖∞ : p ∈ Pm}
= max {‖Γpf‖∞ : p ∈ Pm} .

Thus, ‖Γpf‖∞ � ‖f‖κ,ϕ for every f ∈ Cm
κ,ϕ(A) and Γp is continuous.

Γ0 is injective by the uniqueness of the functions ˜fp. �

Remark 3.6. There is an interesting relation between the norm in Cm
κ,ϕ(A)

and that of the Γp. Remember that, due to the density of κ(A) in X and the
continuity of the functions Γpf ,

‖f‖κ,ϕ = max {‖Γpf‖∞ : p ∈ Pm} .

Thus, for any ε ∈ R
+ and f, g ∈ Cm

κ,ϕ(A),

g ∈ BCm
κ,ϕ(A)(f, ε) ⇐⇒ Γpg ∈ BC(X,R)(Γpf, ε) ∀p ∈ Pm. (3.1)

In order to successfully develop the next section we need a precompact-
ness criterion for subsets in Cm

κ,ϕ(A). Unfortunately, Ascoli-Arzelà Theorem,
as normally stated, cannot be applied to Cm

κ,ϕ(A) nor BCm(A) directly as A
is not compact. Nevertheless, the theorem does apply to C(X,R) since X is
a Hausdorff compact topological space and R is a complete metric space.

Theorem 3.7. (Ascoli–Arzelà [30]) Let X be a compact Hausdorff topological
space and Y a complete metric space, and consider C(X,Y ) with the topology
of the uniform convergence. Then F ⊂ C(X,Y ) has compact closure if and
only if for every x ∈ X

1. F is uniformly bounded at x, that is F (x) := {f(x) : f ∈ X} has
compact closure, and

2. F is equicontinuous at x, that is, for every ε ∈ R
+ there exists a neigh-

bourhood U of x such that d(f(y), f(x)) < ε for every y ∈ U and f ∈ F .

The question is, what is the relation between compactness in Cm
κ,ϕ(A)

and in C(X,R)? The answer to this question comes from Lemma 3.1, as the
following result shows:

Lemma 3.8. Let F ⊂ Cm
κ,ϕ(A). F is compact if and only if Γp(F ) is compact

in C(X,R) for every p ∈ Pm.

Proof. Let p ∈ Pm and assume F is compact. Since Γp is continuous, Γp(F )
is compact.

On the other hand, assume Γp(F ) is compact in C(X,R) for every p ∈
Pm. Write Pm = {pj}r

j=1. Let U be an open cover of F . For every f ∈ F

there exists Uf ∈ U such that f ∈ Uf . Since Uf is open, there exists δf ∈ R
+

such that BCm
κ,ϕ(A)(f, δf ) ⊂ Uf . Let Vp1 = {BC(X,R)(Γp1f, δf )}f∈F . We have
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that Vp1 is an open cover of Γp1(F ), which is compact, so there exists an
open subcover {BC(X,R)(Γp1f1,j , δ1,j)}h1

j=1 of Vp1 .
Now, for every f ∈ F , let

J1,f := {j ∈ {1, . . . , h1} : Γp1f ∈ BC(X,R)(Γp1f1,j , δ1,j)}.

Because Vp1 covers Γp1(F ), we know that J1,f �= ∅, so there exists δf,1 ∈ R
+

such that

BCm
κ,ϕ(A)(f, δf,1) ⊂ Uf ∩

⋂

j∈F1,f

BCm
κ,ϕ(A)

(

f1,j ,
δ1,j

2

)

.

Vp2 = {BC(X,R)(Γp2f, δf,1)}f∈F is an open cover of Γp2(F ), which is compact,
so there exists an open subcover {BC(X,R)(Γp2f2,j , δ2,j)}h2

j=1 of Vp2 .
We repeat this process: having constructed {BC(X,R)(Γp1fk,j , δk,j)}hk

j=1,
an open subcover of Vpk

, we define, for every f ∈ F ,

Jk,f := {j ∈ {1, . . . , hk} : Γpk
f ∈ BC(X,R)(Γpk

fk,j , δk,j)} �= ∅,

so there exists δf,k ∈ R
+ such that

BCm
κ,ϕ(A)(f, δf,k) ⊂ Uf ∩

k
⋂

l=1

⋂

j∈Fl,f

BCm
κ,ϕ(A)

(

fl,j ,
δl,j

2

)

.

Then Vpk+1 = {BC(X,R)(Γpk
f, δf,k)}f∈F is an open cover of Γpk+1(F ), which is

compact, so there exists an open subcover {BC(X,R)(Γpk+1fk+1,j , δk+1,j)}hk+1
j=1

of Vpk+1 .
{BC(X,R)(Γpr

fr,j , δr,j)}hr
j=1 is an open cover of Vpr

and, for every s =
1, . . . , hr,

BCm
κ,ϕ(A)(fr,s, δr,s) ⊂ Ufr,s

∩
r−1
⋂

l=1

⋂

j∈Fl,fr,s

BCm
κ,ϕ(A)

(

fl,j ,
δl,j

2

)

. (3.2)

Consider the family ˜U := {Ufr,s
}hr

j=1. ˜U is a finite subset of U . Let us check
that it is a subcover. Take g ∈ F . Then Γpr

g ∈ BC(X,R)(Γpr
fr,s, δr,s/2) for

some s = 1, . . . , hr, so ‖Γpr
g − Γpr

fr,s‖∞ < δr,s. We now want to prove
that ‖Γqg − Γqfr,s‖∞ < δr,s for every q ∈ {1, . . . , r − 1} because then, by
expression (3.1), ‖g − fr,s‖κ,ϕ < δr,s < and, thus, g ∈ BCm

κ,ϕ(A)(fr,s, δr,s) ⊂
Ufr,s

∈ ˜U .
By expression (3.2), ‖g − fl,j‖κ,ϕ < δl,j/2 and ‖fr,s − fl,j‖κ,ϕ < δl,j/2

for every j ∈ Fl,fr,s
and l ∈ {1, . . . , r−1}, which, by expression (3.2), implies

‖Γqg − Γqfl,j‖∞, ‖Γqfl,j − Γqfr,s‖∞ <
δl,j

2
,

for every q ∈ Pm, j ∈ Fl,fr,s
and l ∈ {1, . . . , r − 1}. Hence,

‖Γqg − Γqfr,s‖∞ � ‖Γqg − Γqfl,j‖∞ + ‖Γqfl,j − Γqfr,s‖∞ < δl,j < δr,s,

as we wanted to show.
�
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Now using Lemma 3.8, it is possible to rewrite Theorem 3.7 in terms of
Cm

κ,ϕ(A), getting the following result:

Theorem 3.9. Let A ⊂ R
n be open and unbounded, X be a compact metric

space and κ : A → X a compactification. F ⊂ Cm
κ,ϕ(A) has compact closure if

the three following conditions are satisfied:

1. For each x ∈ A and every p ∈ Pm there exists some constant Mx,p ∈ R
+

such that

|∂p(f/ϕ)(x)| � Mx,p,

for all f ∈ F .
2. For every x ∈ A, ε ∈ R

+ and p ∈ Pm there exists some δx,p ∈ R
+ such

that

|∂p(f/ϕ)(x) − ∂p(f/ϕ)(y)| < ε,

if f ∈ F and y ∈ A is such that ‖x − y‖ < δx,p.
3. For every x ∈ X\κ(A), ε ∈ R

+ and p ∈ Pm there exists some δx,p ∈ R
+

such that
∣

∣

∣ lim
z→x

κ∂p(f/ϕ)(z) − ∂p(f/ϕ)(y)
∣

∣

∣ < ε,

if f ∈ F and y ∈ A is such that d(x, κ(y)) < δx,p.

Proof. Assume 1, 2 and 3 hold. Fix p ∈ Pm and x ∈ X.
Step 1: We will show that Γp(F ) is equicontinuous at x. We study the

following two cases:

(a) If x ∈ κ(A), then x = κ(z) for some z ∈ A and for every ε ∈ R
+ there

exists δx,p such that for every f ∈ F , y ∈ A, ‖y − z‖ < δx,p,

|Γpf(x) − Γpf(κ(y))| = |Γpf(κ(z)) − Γpf(κ(y))| = |∂p(f/ϕ)(z) − ∂p(f/ϕ)(y)| <
ε

2
.

Since κ : A → κ(A) is an homeomorphism, κ−1 : κ(A) → A is continu-
ous, so there exists ˜δx,p ∈ R

+ such that if κ(y) ∈ κ(A) and d(κ(y), x) <

δx,p then ‖z − y‖ < ˜δx,p. Thus

Γpf
(

BX(x, ˜δx,p) ∩ κ(A)
)

⊂ BR

(

Γpf(x),
ε

2

)

.

Since κ(A) is dense in X and Γp is continuous,

Γpf
(

BX(x, ˜δx,p)
)

⊂ BR

[

Γpf(x),
ε

2

]

⊂ BR (Γpf(x), ε)

for every f ∈ F , which implies that Γp(F ) is equicontinuous at x in
C(X,R).

(b) If x ∈ X\κ(A), we resort to an analogous argument using 3 instead of
2. There exists δx,p such that for every f ∈ F , y ∈ X, d(x, κ(y)) < δx,p,

|Γpf(x) − Γpf(κ(y))| =
∣

∣

∣ lim
z→x

κ∂p(f/ϕ)(z) − ∂p(f/ϕ)(y)
∣

∣

∣ <
ε

2
,
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by the continuity of Γp. Since κ : A → κ(A) is a homeomorphism,
κ−1 : κ(A) → A is continuous, so there exists ˜δx,p ∈ R

+ such that if
κ(y) ∈ κ(A) and d(κ(y), x) < δx,p, then ‖z − y‖ < ˜δx,p. Thus

Γpf
(

BX(x, ˜δx,p) ∩ κ(A)
)

⊂ BR

(

Γpf(x),
ε

2

)

.

Since κ(A) is dense in X and Γp is continuous,

Γpf
(

BX(x, ˜δx,p)
)

⊂ BR

[

Γpf(x),
ε

2

]

⊂ BR (Γpf(x), ε)

for every f ∈ F , which implies that Γp(F ) is equicontinuous at x in
C(X,R).
Step 2: We will show that Γp(F ) is uniformly bounded at x. We again

have two cases as follows:
(a) If x = κ(z) for some z ∈ A, by 1, we have that |Γpf(x)| = |Γpf(κ(z))| �

Mx,p for all f ∈ F and that is it.
(b) Assume now x ∈ X\κ(A). Γp(F ) is equicontinuous at x, so there exists

δx,p ∈ R
+ such that, for every f ∈ F ,

Γpf (BX(y, δx,p)) ⊂ BR (Γpf(x), 1) .

Take κ(t) ∈ BX(y, δx,p) ∩ κ(A). By 1, we have that |Γpf(κ(t))| � Mt,p

for every f ∈ F . Thus, for every f ∈ F ,

|Γpf(x)| � |Γpf(x) − Γpf(κ(t))| + |Γpf(κ(t))| � 1 + Mt,p.

Hence, ΓpF is uniformly bounded at x.
We conclude that ΓpF is compact for every p ∈ Pm and, thus, F is

compact.
Finally, assume F is compact. Then so is ΓpF for every p ∈ Pm. Fix

p ∈ Pm and x ∈ X. ΓpF is uniformly bounded at x, so there exist Mx,p ∈ R
+

such that, for every f ∈ F ,

|Γpf(x)| � Mx,p.

Thus, given x ∈ A, for every f ∈ F ,

|∂p(f/ϕ)(x)| = |Γpf(κ(x))| � Mκ(x),p,

so 1 holds.
ΓpF is also equicontinuous at x. So for every ε ∈ R

+ there exists δx,p ∈
R

+ such that, for every f ∈ F ,

Γpf(BX(x, δx,p)) ⊂ BR (Γpf(x), ε) .

If x = κ(z) with z ∈ A, then, for every f ∈ F , y ∈ A, ‖y − z‖ < δx,p,

|Γpf(x) − Γpf(κ(y))| = |Γpf(κ(z)) − Γpf(κ(y))| = |∂p(f/ϕ)(z) − ∂p(f/ϕ)(y)| < ε,

and 2 holds. If x ∈ X\κ(A), then, by the continuity of Γp, for every f ∈ F ,
y ∈ X, d(x, κ(y)) < δx,p,

|Γpf(x) − Γpf(κ(y))| =
∣

∣

∣ lim
z→x

κ∂p(f/ϕ)(z) − ∂p(f/ϕ)(y)
∣

∣

∣ < ε,

and 3 holds. �
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Remark 3.10. Conditions 2 and 3 in Theorem 3.9 can be synthesised as a
single one as follows:

4. For every x ∈ X, ε ∈ R
+ and p ∈ Pm there exist some δx,p ∈ R

+ such
that

∣

∣

∣ lim
z→x

κ∂p(f/ϕ)(z) − ∂p(f/ϕ)(y)
∣

∣

∣ < ε,

if f ∈ F and y ∈ A is such that d(x, κ(y)) < δx,p.
In practice it is convenient to keep them separated as 2 avoids the direct use
of the compactification.

Remark 3.11. Condition 3 in Theorem 3.9 is necessary, as the following ex-
ample shows:

Example 3.12. Consider the extended real line R := [−∞,∞] with the topol-
ogy given by the distance

d(x, y) =
∣

∣

∣

∣

x

1 + x2
− y

1 + y2

∣

∣

∣

∣

, x, y ∈ R,

d(∞, x) =d(x,∞) =
∣

∣

∣

∣

x

1 + x2
− 1

∣

∣

∣

∣

,

d(−∞, x) =d(x,−∞) =
∣

∣

∣

∣

x

1 + x2
+ 1

∣

∣

∣

∣

, x ∈ R.

(R, d) is a compact metric space. Consider the compactification κ : R → R

defined as κ(x) = x for every x ∈ R. Take ϕ(x) = x for every for every
x ∈ R and consider the family F := {fn}n∈N where fn(x) = e−(x−n)2 , x ∈ R.
F ⊂ ˜C1

κ,ϕ(R) is equicontinuous and uniformly bounded (in R), so it satisfies
conditions 1 and 2 in Theorem 3.9, but not 3, as Γ0(F ) ⊂ C(R,R) is not
compact. Indeed, ‖fn −fm‖ � 1−e−1 for every m,n ∈ N, m �= n. This means
that F admits no Cauchy sequence and, thus, no convergent subsequence, so
F cannot be compact.

Remark 3.13. We observe that in [4, Theorem 3.2] condition 3 of Theorem 3.9
is missing. Also, [37, Theorem 1] can be considered as a particular instance of
Theorem 3.9 for the case of the compactification in Example 3.12. Condition
3 of Theorem 3.9 is called regularity in [37]. A similar condition appears in
[9, Section 2.12, p. 62] under the name equiconvergence in a setting that
would correspond to the compactification κ̃ = κ|[0,∞) where κ is taken as in
Example 3.12.

4. Fixed points of integral equations

In this section we will prove the existence of fixed points of integral equations.
To that end, we will develop a method based on the fixed point index theory
on abstract cones.

With the notation introduced in the previous section, let n, m ∈ N, A ⊂
R

n be open, connected and unbounded, X a compact metric space, κ : A → X
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a compactification and ϕ ∈ Cm(A,R+). Let us consider the integral operator
T : Cm

κ,ϕ(A) → Cm
κ,ϕ(A), given by the following expression:

Tu(t) =
∫

A

G(t, s) f(s, u(s)) d s,

for t ∈ A (it is defined as the limit of such expressions on X\κ(A)), where
G : A × A → R. Since the kernel G is defined on A × A, we need to introduce
the following notation: given p ∈ ({0} ∪ N)n, and using the natural injection

({0} ∪ N)n −→ ({0} ∪ N)2n

p = (p1, . . . , pn) �−→ p̃ = (p1, . . . , pn, 0, . . . , 0),

we shall denote ∂p̃G by ∂pG(t, ·). This notation is not to be confused with
∂p(G(t, ·)), where we fix the value of t and differentiate with respect to the
rest of the derivatives. The same applies to ∂p(G(·, s)) for a fixed s.

The next result will provide sufficient conditions for the operator T : Cm
κ,ϕ

(A) → Cm
κ,ϕ(A) to be well defined, continuous and compact. We will make

use of the following hypotheses:
(C1) The kernel G : A×A → R is such that G(·, s) ∈ Cm

κ,ϕ(A) for every s ∈ A.
In particular, from the definition of Cm

κ,ϕ(A) and Theorem 3.4, this im-
plies that there exist

Mp(s) := sup
t∈A

∣

∣

∣

∣

∂p

(

G(·, s)
ϕ

)

(t)
∣

∣

∣

∣

∈ R, ∀ s ∈ A, p ∈ Pm

and

zx
p (s) := lim

t→x

κ∂p

(

G(·, s)
ϕ

)

(t) ∈ R, ∀ s ∈ A, x ∈ X \ κ(A), p ∈ Pm.

Taking into account the definition of function Γpf as the unique function
satisfying the equality Γpf◦κ = ∂p(f/ϕ), and the proof of Theorem 2.11,
it occurs that

zx
p (s) = Γp (G(·, s)) (x).

(C2) For every ε ∈ R
+ and p ∈ Pm, there exist δ ∈ R

+ and a measurable
function wp such that, if x, y ∈ X satisfy d(x, y) < δ, then

|Γp (G(·, s)) (x) − Γp (G(·, s)) (y)| < εwp(s), ∀ s ∈ A.

(C3) The nonlinearity f : Rn × R → [0,∞) satisfies the following conditions:
• f(·, y) is measurable for each fixed y ∈ R.
• f(t, ·) is continuous for a. e. t ∈ R

n.
• For each r > 0 there exists Φr ∈ L1(A) such that

f(t, y ϕ(t)) � Φr(t),

for all y ∈ R with |y| < r and a. e. t ∈ R
n.

(C4) For every r > 0, x ∈ X\κ(A) and p ∈ Pm it holds that Mp Φr, |zx
p |Φr, wp

Φr ∈ L1(A).

Theorem 4.1. Assume that hypotheses (C1)–(C4) are satisfied. Then operator
T is well defined, continuous and compact.
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Proof. We shall divide the proof into several steps as follows:
Step 1: Let us prove first that operator T is well defined, that is, that

it maps Cm
κ,ϕ(A) to Cm

κ,ϕ(A).
From the general rules of differentiability of integrals (see [2, Corol-

lary 2.8.7]) it holds that

∂p

(

Tu

ϕ

)

(t) = ∂p

∫

A

G(t, s)

ϕ(t)
f(s, u(s)) d s =

∫

A

∂p

(

G(·, s)
ϕ

)

(t) f(s, u(s)) d s.

(4.1)
Now, fix ε ∈ R

+. From (C2), there exists δ ∈ R
+ such that if t1, t2 ∈ A,

‖t1 − t2‖ < δ then

|Γp (G(·, s)) (κ(t1)) − Γp (G(·, s)) (κ(t2))| < εwp(s), ∀ s ∈ A,

or, which is the same,

∣

∣

∣

∣

∂p

(

G(·, s)
ϕ

)

(t1) − ∂p

(

G(·, s)
ϕ

)

(t2)
∣

∣

∣

∣

< εwp(s), ∀ s ∈ A.

Hence,

∣

∣

∣

∣

∂p

(

Tu

ϕ

)

(t1) − ∂p

(

Tu

ϕ

)

(t2)
∣

∣

∣

∣

�
∫

A

∣

∣

∣

∣

∂p

(

G(·, s)
ϕ

)

(t1) − ∂p

(

G(·, s)
ϕ

)

(t2)
∣

∣

∣

∣

f(s, u(s)) d s

� ε

∫

A

wp(s) f(s, u(s)) d s � ε

∫

A

wp(s)Φ‖u‖κ, ϕ
(s) d s.

Now, from (C4), it is ensured the existence of some positive constant c
such that the previous expression is upperly bounded by ε c. Consequently,
∂p

(

Tu
ϕ

)

is continuous on A for every p ∈ Pm, that is, Tu
ϕ ∈ Cm(A,R) and,

since ϕ ∈ Cm(A,R+), we conclude that Tu ∈ Cm(A,R).

Let us show now that for every x ∈ X\κ(A) there exists lim
t→x

κ∂p

(

Tu
ϕ

)

(t).
We have that

lim
t→x

κ∂p

(

Tu

ϕ

)

(t) = lim
t→x

κ

∫

A

∂p

(

G(·, s)
ϕ

)

(t) f(s, u(s)) d s.

Now, since

∣

∣

∣

∣

∂p

(

G(·, s)
ϕ

)

(t) f(s, u(s))
∣

∣

∣

∣

� Mp(s)Φ‖u‖κ, ϕ
(s)
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and, from (C4), Mp Φ‖u‖κ, ϕ
∈ L1(A), by Lebesgue’s Dominated Convergence

Theorem, we obtain that

lim
t→x

κ∂p

(

Tu

ϕ

)

(t)

= lim
t→x

κ

∫

A

∂p

(

G(·, s)
ϕ

)

(t) f(s, u(s)) d s

=
∫

A

lim
t→x

κ

(

∂p

(

G(·, s)
ϕ

)

(t)
)

f(s, u(s)) d s

∫

A

zx
p (s) f(s, u(s)) d s.

(4.2)
Thus, since

∣

∣

∣

∣

∫

A

zx
p (s) f(s, u(s)) d s

∣

∣

∣

∣

�
∫

A

|zx
p (s)|Φ‖u‖κ, ϕ

(s) d s

and, from (C4), |zx
p |Φ‖u‖κ, ϕ

∈ L1(A), we have proved the existence of lim
t→x

κ∂p
(

Tu
ϕ

)

(t) for every x ∈ X \ κ(A).

Therefore, we conclude that Tu ∈ Cm
κ,ϕ(A).

Step 2: Continuity:
Let (un)n∈N ⊂ Cm

κ,ϕ(A) be a sequence which converges to u in Cm
κ,ϕ(A)

and let us show that (Tun)n∈N converges to Tu in Cm
κ,ϕ(A).

The convergence of (un)n∈N to u in Cm
κ,ϕ(A) implies that, in particular,

un(s) → u(s) for a.e. s ∈ A and so, from (C3), f(s, un(s)) → f(s, u(s)) for
a.e. s ∈ A.

Following similar arguments to the ones above, we have that, for every
p ∈ Pm,

∣

∣

∣

∣

∂p

(

Tun

ϕ

)

(t) − ∂p

(

Tu

ϕ

)

(t)
∣

∣

∣

∣

�
∫

A

∣

∣

∣

∣

∂p

(

G(·, s)
ϕ

)

(t)
∣

∣

∣

∣

|f(s, un(s)) − f(s, u(s))| d s

�
∫

A

Mp(s) |f(s, un(s)) − f(s, u(s))| d s.

Moreover, the convergence of (un)n∈N ensures the existence of some positive
constant R such that ‖un‖κ,ϕ � R for every n ∈ N, which guarantees that the
previous integral is upperly bounded by 2

∫

A
Mp(s)ΦR(s) d s ∈ R. Therefore,

by Lebesgue’s Dominated Convergence Theorem (which can be used because
of the continuity of Γp), we obtain that

lim
n→∞

∥

∥

∥

∥

∂p

(

Tun

ϕ

)

− ∂p

(

Tu

ϕ

)∥

∥

∥

∥

� lim
n→∞

∫

A

Mp(s) |f(s, un(s)) − f(s, u(s))| d s

=
∫

A

lim
n→∞ Mp(s) |f(s, un(s)) − f(s, u(s))| d s = 0.
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This way we have proved that (Tun)n∈N converges to Tu in Cm
κ,ϕ(A). Hence,

T is a continuous operator.
Step 3: Compactness:
Let us consider a bounded set B ⊂ Cm

κ,ϕ(A), that is, such that there
exists a positive constant R for which ‖u‖κ,ϕ � R for every u ∈ B. We shall
prove that T (B) is relatively compact in Cm

κ,ϕ(A).
Reasoning as above, we obtain that given p ∈ Pm,

∣

∣

∣

∣

∂p

(

Tu

ϕ

)

(t)
∣

∣

∣

∣

�
∫

A

∣

∣

∣

∣

∂p

(

G(·, s)
ϕ

)

(t)
∣

∣

∣

∣

|f(s, u(s))| d s �
∫

A

Mp(s)ΦR(s) d s

for every t ∈ A and u ∈ B. Therefore, we deduce that T (B) is uniformly
bounded.

On the other hand, as we have shown in Step 1, for every fixed ε ∈ R
+

there exists δ ∈ R
+ such that if t1, t2 ∈ A, ‖t1 − t2‖ < δ, then

∣

∣

∣

∣

∂p

(

Tu

ϕ

)

(t1) − ∂p

(

Tu

ϕ

)

(t2)

∣

∣

∣

∣

� ε

∫

A
wp(s) f(s, u(s)) d s � ε

∫

A
wp(s) ΦR(s) d s,

and, since wp ΦR ∈ L1(A), we can ensure the existence of some constant c
such that

∣

∣

∣

∣

∂p

(

Tu

ϕ

)

(t1) − ∂p

(

Tu

ϕ

)

(t2)
∣

∣

∣

∣

< ε c for all u ∈ B.

Finally, consider x ∈ X \ κ(A) and p ∈ Pm. From (4.1) and (4.2), we
obtain that

∣

∣

∣

∣

lim
τ→x

κ∂p

(

Tu

ϕ

)

(τ) − ∂p

(

Tu

ϕ

)

(t)
∣

∣

∣

∣

=
∣

∣

∣

∣

∫

A

zx
p (s) f(s, u(s)) d s −

∫

A

∂p

(

G(·, s)
ϕ

)

(t) f(s, u(s)) d s

∣

∣

∣

∣

�
∫

A

∣

∣

∣

∣

zx
p (s) − ∂p

(

G(·, s)
ϕ

)

(t)
∣

∣

∣

∣

f(s, u(s)) d s

�
∫

A

∣

∣

∣

∣

zx
p (s) − ∂p

(

G(·, s)
ϕ

)

(t)
∣

∣

∣

∣

ΦR(s) d s.

Now, from (C2), we know that for every ε ∈ R
+ there exists δ ∈ R

+ such
that d(x, κ(t)) < δ implies that

|Γp (G(·, s)) (x) − Γp (G(·, s)) (κ(t))| < εwp(s), ∀ s ∈ A,

or, which is the same,
∣

∣

∣

∣

zx
p (s) − ∂p

(

G(·, s)
ϕ

)

(t)
∣

∣

∣

∣

< εwp(s), ∀ s ∈ A.

Consequently, since wp ΦR ∈ L1(A), there exists some positive constant c
such that

∣

∣

∣

∣

lim
τ→x

κ∂p

(

Tu

ϕ

)

(τ) − ∂p

(

Tu

ϕ

)

(t)
∣

∣

∣

∣

< ε c for all u ∈ B.

Thus, using Theorem 3.9, we conclude that T (B) is relatively compact
in Cm

κ,ϕ(A) and, therefore, T is a compact operator. �
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Remark 4.2. We must note that in the proof of the previous theorem it is
necessary to show that the operator T that we are considering has enough
regularity. In particular, we have proved that under hypotheses (C1)–(C4),
operator T maps the space Cm

κ,ϕ(A) to itself. This means that, given u ∈
Cm

κ,ϕ(A), we have proved two different things: first, the regularity of Tu, and,
second, the asymptotic properties of Tu.

We observe that the general hypotheses that we have asked the kernel
to satisfy in order to prove the regularity of Tu might be too restrictive or
too difficult to check in practice. In this sense, we must take into account the
fact that in many examples it will be possible to prove directly the regularity
of Tu, even if hypotheses (C1)–(C4) are not satisfied. This will be the case,
for example, of integral equations whose origin is a differential equation, as in
this case it is clear that the inverse operator of a differential one will always
have enough regularity. In fact, this will be the case that we will consider in
our example in the last section of this paper.

Now, following the line of [14], we will consider an abstract cone in the
space Cm

κ,ϕ(A) defined by

Kα =
{

u ∈ Cm
κ,ϕ(A) : α(u) � 0

}

,

where α is a continuous functional α : Cm
κ,ϕ(A) → R satisfying the three fol-

lowing properties:
(P1) α(u + v) � α(u) + α(v), for all u, v ∈ Cm

κ,ϕ(A);
(P2) α(λu) � λα(u) for all u ∈ Cm

κ,ϕ(A), λ � 0;
(P3) [α(u) � 0, α(u) � 0] ⇒ u ≡ 0.

In order to choose a cone Kα such that T maps the cone into itself, we
will require functional α to satisfy the following condition:
(C5) For all u ∈ Kα, Tu ∈ Kα.

Now we will use the well-known fixed point index theory to prove the
existence of a fixed point of operator T . In order to do so, we will define some
suitable subsets of the cone Kα and give some conditions to ensure that the
index of these subsets is either 1 or 0.

Let us consider the following subsets:

Kβ,ρ
α = {u ∈ Kα : β(u) < ρ}

and

Kγ,ρ
α = {u ∈ Kα : γ(u) < ρ},

where β and γ are two continuous functionals β, γ : B → R, with Cm
κ,ϕ(A) ⊂ B

and
∫

A
|G(t, s)|d s ∈ B, satisfying the following conditions:

(C6) For every u ∈ Kα and λ ∈ R
+ it holds that β(λu) = λβ(u) and if

u, v ∈ Kα are such that u � v, then β(u) � β(v).
(C7) For every u, v ∈ Kα and λ ∈ R

+ it holds that γ(u + v) � γ(u) + γ(v),
γ(λu) = λ γ(u) and

γ(Tu) �
∫

A

γ(G(·, s)) f(s, u(s)) d s.
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(C8) β(G(·, s)), γ(G(·, s)) ∈ L1(A) are positive for every s ∈ A.
(C9) There exists e ∈ Kα \ {0} such that γ(e) � 0.

(C10) At least one of the following functions:

b : R+ −→ R

ρ �−→ b(ρ) := sup{β(u) : u ∈ Kα, γ(u) < ρ}
or

c : R+ −→ R

ρ �−→ c(ρ) := sup{γ(u) : u ∈ Kα, β(u) < ρ}
is well defined, that is, the set on which the supremum is taken is
nonempty for every ρ and the supremum is finite.

The next lemma compiles some classical results regarding the fixed point
index formulated in [22, Theorems 6.2, 7.3 and 7.11] in a more general frame-
work.

In particular, given X a Banach space, K ⊂ X a cone and Ω ⊂ K
an arbitrary open subset, ∂ Ω will denote the boundary of Ω in the relative
topology in K, induced by the topology of X. Moreover, let us denote by
Fix(T ) the set of fixed points of T .

Lemma 4.3. Let X be a Banach space, K ⊂ X a cone and Ω ⊂ K an arbitrary
open subset with 0 ∈ Ω. Assume that T : Ω → K is a compact and compactly
fixed operator such that x �= T x for all x ∈ ∂ Ω.

Then the fixed point index iK(T ,Ω) has the following properties:

1. If x �= μ T x for all x ∈ ∂ Ω and for every μ � 1, then iK(T ,Ω) = 1.
2. If Ω is bounded and there exists e ∈ K \ {0} such that x �= T x + λ e for

all x ∈ ∂ Ω and all λ > 0, then iK(T ,Ω) = 0.
3. If iK(T ,Ω) �= 0, then T has a fixed point in Ω.
4. If Ω1 and Ω2 are two open and disjoint sets such that Fix(T ) ⊂ Ω1∪Ω2 ⊂

Ω, then

iK(T ,Ω) = iK(T ,Ω1) + iK(T ,Ω2).

Lemma 4.4. Assume T : Cm
κ,ϕ(A) → Cm

κ,ϕ(A) to be well defined, continuous
and compact, that hypotheses (C5)–(C6) and (C8) hold and let there exist
some ρ > 0 such that

0 < fρβ

(∫

A

|G(·, s)| d s

)

< 1, (I1ρ)

where

fρ = sup
{

f(t, u(t))
ρ

: t ∈ A, u ∈ Kα, β(u) = ρ

}

.

Then iKα
(T,Kβ,ρ

α ) = 1.

Proof. Let us prove that Tu �= μu for all u ∈ ∂Kβ,ρ
α and every μ � 1.

Suppose, on the contrary, that there exist some u ∈ ∂Kβ,ρ
α and some μ � 1
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such that μu(t) = Tu(t) for all t ∈ A. In such a case, taking β on both sides
of the equality and using the fact that

Tu(t) =
∫

A

G(t, s) f(s, u(s)) d s � ρ fρ

∫

A

|G(·, s)| d s,

we obtain that

μ ρ =μ β(u) = β(μ u) = β(Tu) = β

(∫

A

G(t, s) f(s, u(s)) d s

)

=ρ fρ 1

ρ fρ
β

(∫

A

G(t, s) f(s, u(s)) d s

)

= ρ fρ β

(∫

A

G(t, s)
f(s, u(s))

ρ fρ
d s

)

�ρ fρβ

(∫

A

|G(·, s)| d s

)

< ρ,

which is a contradiction. Thus, iKα
(T,Kβ,ρ

α ) = 1. �

Lemma 4.5. Assume T : Cm
κ,ϕ(A) → Cm

κ,ϕ(A) to be well defined, continuous
and compact, that hypotheses (C5) and (C7)–(C9) hold and let there exist
some ρ > 0 such that

Kγ,ρ
α is bounded and fρ

∫

A

γ(G(·, s)) d s > 1, (I0ρ)

where

fρ = inf
{

f(t, u(t))
ρ

: t ∈ A, u ∈ Kα, γ(u) = ρ

}

.

Then iKα
(T,Kγ,ρ

α ) = 0.

Proof. Let us prove that u �= Tu + λ e for all u ∈ ∂Kγ,ρ
α and every λ > 0,

where e is given im (C10). Suppose, on the contrary, that there exist some
u ∈ ∂Kγ,ρ

α and some λ > 0 such that u(t) = Tu(t) + λ e(t) for all t ∈ A. In
such a case, taking γ on both sides of the equality, we obtain that

ρ = γ(u) = γ(Tu + λ e) � γ(Tu) + λ γ(e)

�
∫

A

γ(G(·, s)) f(s, u(s)) d s � ρ fρ

∫

A

γ(G(·, s)) d s > ρ,

which is a contradiction. Thus, iKα
(T,Kγ,ρ

α ) = 0. �

Finally, we will give an existence result. We note that, although we
will formulate sufficient conditions to ensure the existence of one or two fixed
points of operator T , it is possible to give similar results to show the existence
of three or more fixed points.

Theorem 4.6. Let (C1)–(C10) hold. Then, we observe the following:
1. If the function b given in (C10) is well defined and two constants ρ1, ρ2 ∈

(0,∞) with ρ2 > b(ρ1) such that (I0ρ1
) and (I1ρ2

) hold, then T has at least
a fixed point.

2. If the function c given in (C10) is well defined and two constants ρ1, ρ2 ∈
(0,∞) with ρ2 > c(ρ1) such that (I1ρ1

) and (I0ρ2
) hold, then T has at least

a fixed point.
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3. If the functions b and c given in (C10) are well defined and three con-
stants ρ1, ρ2, ρ3 ∈ (0,∞) with ρ2 > b(ρ1) and ρ3 > c(ρ2) such that
(I0ρ1

), (I1ρ2
) and (I0ρ3

) hold, then T has at least two fixed points.
4. If the function b and c given in (C10) are well defined and three constants

ρ1, ρ2, ρ3 ∈ (0,∞) with ρ2 > c(ρ1) and ρ3 > b(ρ2) such that (I1ρ1
), (I0ρ2

)
and (I1ρ3

) hold, then T has at least two fixed points.

Proof. The proof follows as a direct consequence of previous lemmas, taking
into account that Kβ,ρ

α ⊂ K
γ,c(ρ)
α and Kγ,ρ

α ⊂ K
β,b(ρ)
α , in case functions b

and/or c are well defined. �

5. An example

Let ϕ(x, y) = e− 1
2x2

for every x, y ∈ [0,∞). We will consider the following
hyperbolic equation:

∂2u

∂x∂y
(x, y) =

1
8
e−(x2+y2) + u(x, y)2, (x, y) ∈ R

+ × [0, 1]. (5.1)

We will look for a positive solution such that there exists

lim
(x,y)→(∞,y0)

u(x, y)
ϕ(x, y)

∈ R, ∀ y0 ∈ [0, 1]. (5.2)

In order to do so, we will consider A = [0,∞) × [0, 1] the space C0
κ,ϕ(A)

and κ : A → X := [0,∞] × [0, 1] where [0,∞] is endowed with the one
point compactification topology of [0,∞). We will also consider the Green’s
function

G(x, y; t, s) =

{

e−(x−t)2 , t ∈ [0, x], s ∈ [0, y],
0, otherwise.

Let f(x, y, u(x, y)) = 1
8e−(x2+y2) +u(x, y)2. It is clear that, if we define

Tu(x, y) =
∫

R2
G(x, y; t, s)f(t, s, u(t, s)) d t d s; x, y ∈ [0,∞)2,

we have that
∂2Tu

∂x∂y
(x, y) = f(x, y, u(x, y)).

Let us check that the operator T : C0
κ,ϕ(A) → C0

κ,ϕ(A) (defined as the
continuous extension of T ) is well defined, continuous and compact.

Step 1: Well-definedness:
If u ∈ C0

κ,ϕ([0,∞)2), we have that

Tu(x, y) =
∫ y

0

∫ x

0

e−(x−t)2
(

1
8
e−(t2+s2) + u(t, s)2

)

d t d s

=
πe− x2

2 erf
(

x√
2

)

erf(y)

16
√

2
+

∫ y

0

∫ x

0

e−(x−t)2u(t, s)2 d t d s,
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where erf denotes the error function

erf(z) =
2√
π

∫ z

0

e−t2 d t.

Now, for y0 ∈ [0, 1],

lim
(x,y)→(∞,y0)

Tu(x, y)
ϕ(x, y)

= lim
(x,y)→(∞,y0)

⎡

⎣

π erf
(

x√
2

)

erf(y)

16
√

2
+

∫ y

0

∫ x

0

e−(x−t)2u(t, s)2 d t d s

⎤

⎦

=
π erf(y0)

16
√

2
+ lim

(x,y)→(∞,y0)

∫ y

0

∫ x

0

e−(x−t)2u(t, s)2 d t d s.

Thus, taking into account that lim(x,y)→(∞,y0) u(x, y)/ϕ(x, y) = L(y0) ∈
R, for every ε ∈ R

+ there exist R, δ ∈ R
+ such that, if x > R and |y−y0| < δ,

then |u(x, y)2/ϕ(x, y)2 − L(y0)2| < ε. Now,
∫ y

0

∫ x

0

e−(x−t)2u(t, s)2 d t d s �
∫ max{y0+δ,1}

0

∫ ∞

0

e−(x−t)2u(t, s)2 d t d s.

On the other hand,
∫ y

0

∫ x

0

e−(x−t)2u(t, s)2 d t d s �
∫ y0−δ

0

∫ x

0

e−(x−t)2u(t, s)2 d t d s

=
∫ y0−δ

0

∫ ∞

0

e−(x−t)2u(t, s)2 d t d s −
∫ y0−δ

0

∫ ∞

x

e−(x−t)2u(t, s)2 d t d s.

Since the integrand is bounded, the last integral converges to zero when R
tends to infinity (as x > R), so we can assume that, if x > R and |y−y0| < δ,

∫ y

0

∫ x

0

e−(x−t)2u(t, s)2 d t d s �
∫ y0−δ

0

∫ ∞

0

e−(x−t)2u(t, s)2 d t d s − ε.

Thus, we conclude that

lim
(x,y)→(∞,y0)

∫ y

0

∫ x

0

e−(x−t)2u(t, s)2 d t d s

= lim
(x,y)→(∞,y0)

∫ y0

0

∫ ∞

0

e−(x−t)2u(t, s)2 d t d s = 0,

by the Dominated Convergence Theorem. Thus,

lim
(x,y)→(∞,y0)

Tu(x, y)
ϕ(x, y)

=
π erf(y0)

16
√

2
.

Hence, Tu ∈ C0
κ,ϕ(A).

Step 2: Continuity:
Observe that (C3) holds, as f is uniformly continuous and, for all r ∈

R
+, for all y ∈ R with |y| < r and a. e. t ∈ R

n we have that

f(x, y, zϕ(x, y)) =
1
8
e−(x2+y2) + z2e−x2 � 1

8
e−(x2+y2) + r2e−x2

:= Φr(x, y),

where Φr ∈ L1(A).
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Let (un)n∈N ⊂ C0
κ,ϕ(A) be a sequence which converges to u in C0

κ,ϕ(A)
and let us show that (Tun)n∈N converges to Tu in C0

κ,ϕ(A).
The convergence of (un)n∈N to u in C0

κ,ϕ(A) implies uniform conver-
gence and, from (C3), f((x, y), un((x, y))) → f((x, y), u((x, y))) uniformly
on (x, y) ∈ A. Take N ∈ N such that for n � N , |f((x, y), un((x, y))) −
f((x, y), u((x, y)))| < ε. Then, for n � N ,

∣

∣

∣

∣

Tun

ϕ
(x, y) − Tu

ϕ
(x, y)

∣

∣

∣

∣

� 2ε

∫

A

G(x, y; s, t)

ϕ(x, y)
d s = 2ε

∫ x

0

∫ y

0

e
1
2 x2−(x−t)2 d s d t

= ε
√

πye
x2
2 erf(x).

This way we have proved that (Tun)n∈N converges to Tu in C0
κ,ϕ(A).

Hence, T is a continuous operator.
Step 3: Compactness:
Let us consider a bounded set B ⊂ C0

κ,ϕ(A), that is, such that there
exists a positive constant R for which ‖u‖κ,ϕ � R for every u ∈ B. We shall
prove that T (B) is relatively compact in C0

κ,ϕ(A).
We have that

∣

∣

∣

∣

Tu

ϕ
(x, y)

∣

∣

∣

∣

=
∫ x

0

∫ y

0

G(x, y; s, t)
ϕ(x, y)

|f(t, s, u(t, s))| d sd t �
√

π

2
Mye

x2
2 erf(x),

for every (x, y) ∈ A and u ∈ B. Therefore, we deduce that T (B) is uniformly
bounded.

Now we want to show that for every (x, y) ∈ A and ε ∈ R
+ there exists

some δ ∈ R
+ such that

∣

∣

∣

∣

Tu

ϕ
(x, y) − Tu

ϕ
(t, s)

∣

∣

∣

∣

< ε,

if u ∈ B and (t, s) ∈ A is such that ‖(x, y) − (t, s)‖ < δ. Observe that
∣

∣

∣

∣

Tu

ϕ
(x, y) − Tu

ϕ
(t, s)

∣

∣

∣

∣

�

∣

∣

∣

∣

∣

∣

π erf
(

x√
2

)

erf(y)

16
√

2
−

π erf
(

t√
2

)

erf(s)

16
√

2

∣

∣

∣

∣

∣

∣

+
∣

∣

∣

∣

∫ y

0

∫ x

0

e
1
2x2−(x−τ)2u(τ, σ)2 d τ d σ −

∫ s

0

∫ t

0

e
1
2 t2−(t−τ)2u(τ, σ)2 d τ dσ

∣

∣

∣

∣

.

By the linearity of the integral, the continuity of e
1
2x2−(x−τ)2 and the bound-

edness of B, it is clear that we can bound the previous expression by ε for
(x, y) and (t, s) sufficiently close.

On the other hand, we also want to show that, for every y0 ∈ [0, 1] and
ε ∈ R

+, there exist some δ,M ∈ R
+ such that

∣

∣

∣

∣

lim
(x,y)→(∞,y0)

Tu

ϕ
(x, y) − Tu

ϕ
(t, s)

∣

∣

∣

∣

< ε,

if u ∈ B and (t, s) ∈ A is such that |s − y0| < δ, t > M .
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In this case, using the same arguments as in Step 1,
∣

∣

∣

∣

lim
(x,y)→(∞,y0)

Tu

ϕ
(x, y) − Tu

ϕ
(t, s)

∣

∣

∣

∣

�

∣

∣

∣

∣

∣

∣

lim
(x,y)→(∞,y0)

π erf
(

x√
2

)

erf(y)

16
√

2
−

π erf
(

t√
2

)

erf(s)

16
√

2

∣

∣

∣

∣

∣

∣

+
∣

∣

∣

∣

lim
(x,y)→(∞,y0)

∫ y

0

∫ x

0

e
1
2x2−(x−τ)2u(τ, σ)2 d τ d σ

−
∫ s

0

∫ t

0

e
1
2 t2−(t−τ)2u(τ, σ)2 d τ dσ

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

π erf(y0)
16

√
2

−
π erf

(

t√
2

)

erf(s)

16
√

2

∣

∣

∣

∣

∣

∣

+
∣

∣

∣

∣

∫ s

0

∫ t

0

e
1
2 t2−(t−τ)2u(τ, σ)2 d τ dσ

∣

∣

∣

∣

.

For t sufficiently big and s sufficiently close to y0, we have that
∣

∣

∣

∣

∫ s

0

∫ t

0

e
1
2 t2−(t−τ)2u(τ, σ)2 d τ d σ

∣

∣

∣

∣

<
ε

2
,

and
∣

∣

∣

∣

∣

∣

π erf(y0)
16

√
2

−
π erf

(

t√
2

)

erf(s)

16
√

2

∣

∣

∣

∣

∣

∣

<
ε

2
,

so we get the desired bound.
Thus, using Theorem 3.9, we conclude that T (B) is relatively compact

on C0
κ,ϕ(A) and, consequently, T is a compact operator.
In order to look for a positive solution we consider the cone

P = {u ∈ C0
κ,ϕ(A) : α(u) � 0},

where α(u) := inf u. α clearly satisfies the properties (P1) − (P3) and it is
obvious from the definition of T and the fact that f,G � 0 that T maps P
to P .

Now let β(u) = ‖u‖∞, γ(u) = 0. Observe that (C6) − (C10) hold. For a
given ρ ∈ R

+, ρ � fρ � (1/8 + ρ2)/ρ. It holds that
∫

A

|G(x, y; t, s)|d t d s =
1
2

√
π y erf(x) �

√
π

2
< 1

and, therefore,

0 < fρ β

(∫

A

|G(·, ·; t, s)|d t d s

)

< fρ � (1/8 + ρ2)/ρ. (5.3)

Moreover, if ρ ∈
(

1
4 (2 −

√
2), 1

4 (2 +
√

2)
)

, then

fρ β

(∫

A

|G(·, ·; t, s)|d t d s

)

< (1/8 + ρ2)/ρ < 1,
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so iKα
(T,Kβ,ρ

α ) = 1 and so, by Lemma 4.3, point 3, there is a solution of
problem (5.1)–(5.2) with ‖u‖ < ρ.
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