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Abstract Sediment transport can be modelled using hydrodynamic models
based on shallow water equations coupled with the sediment concentration con-
servation equation and the bed conservation equation. The complete system
of equations is made up of the energy balance law and the Exner equations.
The numerical resolution for this complete system is done in a segregated
manner. First, the hyperbolic part of the system of balance laws is resolved
employing a finite volume scheme which is based on the Q-scheme of van Leer
for computing the numerical flux also the numerical flux is computed by us-
ing an HLLCS approximate Riemann solver. As well, the hyperbolic system
of balance laws is solve taken into account a non conservative form. The dis-
cretization of the source terms is carried out according to the numerical flux
chosen. In the second stage, the bed conservation equation is resolved by using
the approximation computed for the system of balance laws. The numerical
schemes have been validate making comparison between the obtained numeri-
cal results and the experimental data for some ones physical experiments. The
numerical results show in good agree with the experimental data.
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1 Introduction

The mathematical modelling of sediment transport has become more impor-
tant subject as of extreme hydrological events intensify and increase in num-
bers, as a result of climate change, see [8]. According to [23], the mathematical
models proposed can be classified as fully coupled models (FCM), partially
coupled models (PCM) and decoupled models (DM). The main difference be-
tween them is the manner in which they deal with the interaction between
water flux, sediment transport and bed evolution. The FCM take into account
the hydrodynamic and both the suspended load and the bedload transport. In
these models, the bed evolution is modelled using the Exner equation (see [16,
17]) with source term. The PCM consider the hydrodynamic and suspended
load sediment transport. In this kind of model, the bedload transport is not
taken into account for modelling the bed evolution. The DM compute the
sediment transport using the shallow water equations coupled with the bed
conservation equation. In this kind of model the suspended load sediment
transport is neglected.

Another difference between the models is the way as each one them consider
the interaction between the flux, sediment transport and the morphological
evolution inside the structure of mass conservation equation and momentum
conservation equation. The FCM can have up to two additional terms on the
right hand side of mass conservation equation. These terms quantify the rate
of water entrainment (e.g. rainfall, infiltration, etc.) and the bed deformation.
On the right hand side of momentum conservation equation two additional
terms are added, which measure the effects of variable sediment concentration
and momentum transfer due to sediment exchange between the water and
movable bed ([8]). Examples of FCM can be found in [8,23,27,3]. These models
consider hydrostatic pressure. Unlike them, in [7] a non-hydrostatic system is
used, in this kind of approach, special focus must be put in the appearances
of numerical instabilities which are given by the non-hydrostatic distribution.

The PCM do not consider these additional terms in the shallow water equa-
tions because the sediment conservation and bed conservation are computed
with the information provided by the hydrodynamics of clear water. Therefore,
the interaction that may exist between the flux and sediment is ignored for
the hydrodynamic equations. Examples of this kind of model can be found in
[9] and [29]. In order to compute the morphological evolution, the majority of
PCM do not take into account the bedload transport, although in works such
as [36,29], it is included.

The DM use the shallow water equations coupled with the bed conserva-
tion equation for modelling the sediment transport flux. The bed conservation,
in this kind of model, presents a convective term that quantifies the bedload
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transport. Examples of these models have been used in [1,10,31,24]. A sum-
mary of these different kinds of models can be seen in Table 1.

The first equation to model the bed balance was proposed by Felix Exner
in his studies river morphology, [16,17]. In this equation, the sediment flux
was approximated through flux velocity. In the currently literature different
formulations are used to compute the bedload flux, for instance [30,14,21,40].

The majority of formulations proposed consider the critical Shields pa-
rameter, [35], to control the bed movement, nevertheless, the Grass law for
bedload transport [21] does not consider this parameter, bed movement starts
when the flux velocity is different to zero. The Grass law also allows measure if
the interaction between bed and flux is strong or weak. In [10], a formulation
where some bedload transport models are rewritten in analogous form to law
of Grass, is proposed.

In order to solve numerically the sediment transport problem, several nu-
merical strategies have been proposed. The majority of them are based on
the finite volume numerical schemes, other strategies are based on cellular
automata, although the use of cellular automata for modelling the sediment
flux is a field that have been few explored, such as is pointed in [23]. As well,
recently, the finite elements framework has been employed to compute the
numerical solution of the sediment transport on shallow water equation, for
instance [15,2,18] have employed this technique. Up to our knowledge the ex-
tension of approximate Riemann solvers is the most suitable option for the
numerical resolution of the sediment transport, some one of them are exposed
in [38] and [25].

In order to solve the complete system for sediment transport modelling,
there are two means found in the literature, regardless of whether the model
is FCM, PCM or DM. In the first one, the hyperbolic system of balance laws
is solved through an approximate Riemann solver scheme. Then, the bed con-
servation equation is solved by using the information provided by this scheme.
This method has been used in works like [8,23,31,24]. In the work [13] is
discussed that this way to solve the sediment transport can fail due to the
characteristic velocity related to the bedload is not taken into account for to
solve the hydrodynamics of water sediment mixture. The second method com-
putes the solution in coupled form, as in [27,3,28,29,33]. In order to compute
the depth of bed together with the other variable the bed conservation equa-
tion is rewritten introducing a new conservative variable, which depends on
the depth of bed and the suspended load.

According to Cao [8], the water flux, sediment transport and morpholog-
ical evolution of the bed are strongly coupled. The rate of deformation can
be significant in comparison with the flux evolution, then the use of a fully
coupled model that takes into account all conservation laws is needed. In this
paper, a FCM is considered, which takes into account both the suspended load
sediment transport and the bedload sediment transport. The structure of this
work is as follows: in section 2 the mathematical model is presented and the
employed formulations for erosion and deposition are described. In section 3 a
general compact formulation will be presented, as well as an alternative way
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to write the model considering the presence of non conservative product ([10,
11]) and the study of the hyperbolicity of the model. The numerical schemes
to be used will be shown in section 4, as well as the steady stationary solution
which we want to preserve. Finally, in section 5 we validate the mathematical
model and the numerical schemes by carrying out several numerical experi-
ments and making comparison with between the obtained numerical results
and the experimental data.

2 Mathematical model

In this work, an one-dimensional shallow water flow, over an erodible bottom
composed of uniform, non-cohesive sediment, is analysed. This phenomenon is
depicted in Figure 1.

hpx, tq

zpx, tq

upx, tq

Suspended

load

Bed

load

Rolling

Sliding
Jumping

Suspended particle

���
Epx, tq

@@RDpx, tq

Free surface of water

Fig. 1 Sketch of bedload and suspended-load sediment transport.

The dynamics of the movable bottom as a result of hydrodynamic be-
haviour can be modelled by using the system of balance laws made up by
the mass conservation equation, the momentum conservation equation, the
sediment conservation equation and the bed conservation equation, namely,

Bh

Bt
px, tq `

Bhu

Bx
px, tq “

Epx, tq ´Dpx, tq

1´ p
, (1)
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Bphuq

Bt
px, tq `

B
`

hu2 ` 1
2gh

2
˘

Bx
px, tq “ ghpx, tq

ˆ

´
Bz

Bx
px, tq ´ S

f
px, tq

˙

´ δ
pρs ´ ρwqgh

2px, tq

2ρpx, tq

Bc

Bx
px, tq

´
pρ0 ´ ρpx, tqqpEpx, tq ´Dpx, tqqupx, tq

ρpx, tqp1´ pq
,

(2)

Bphcq

Bt
px, tq `

Bphucq

Bx
px, tq “ Epx, tq ´Dpx, tq, (3)

Bz

Bt
px, tq `

1

1´ p

Bqb
Bx
px, tq “

Dpx, tq ´ Epx, tq

1´ p
, (4)

where

– hpx, tq is the depth of water (m),
– upx, tq is the averaged-flux velocity (m/s),
– cpx, tq is the averaged-flux volumetric sediment concentration (kg/m3),
– zpx, tq is the depth of bed (m),
– ρpx, tq is the density of water-sediment mixture (kg/m3),
– Sf px, tq is the friction slope computed by using equation (8)),
– g is the gravitational acceleration (m/s2),
– p is the bed sediment porosity,
– Epx, tq is the sediment entrainment (m/s) (see [8]),
– Dpx, tq is the sediment deposition (m/s) (see [8]),
– ρw is the water density (kg/m3),
– ρs is the sediment density (kg/m3),
– ρ0 is the saturated bed density (kg/m3),
– qbpx, tq is the bed-load discharge (m2/s) (see [21]).
– δ is defined as

δ “

"

1 if θ ě θc,
0 if θ ă θc,

(5)

where θ and θc are the Shields parameter and Critical Shields value, re-
spectively. These values are defined in section 2.1.

The right-hand site of the mass conservation law for the water sediment
mixture (1), is significant for processes where the sediment transport and the
morphological evolution are active (see [8]). The second term on the right-hand
side of the momentum conservation equation (2), measures the effects of the
variable sediment concentration on the flux direction. In [29] is pointed out
that non-uniform sediment concentration over irregular bottom in quiescent
water may cause perturbation of water at rest state, in order to deal with this
issue, the second therm on the right hand is taken into account from the mo-
ment that the flux can move the bottom, it is mean, when the Shields param-
eter is greater than Critical Shield parameter. The third term represents the
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momentum transfer due to the exchange between the water and the erodible
bed, [8]. Equation (3) is the suspended sediment conservation equation. The
morphodynamics are well-modelled by the Exner equation (4), which states
that the time variation of the sediment layer, in a certain volume, is due to the
net variation of the solid transport through of the boundaries of the volume,
[16,17]. The formulation of the bed load discharge qbpx, tq can be based on
empirical laws, some of these most often used were proposed in [30], [21] and
[40]. In order to compute the bed load discharge, the law of Grass [21] was
chosen for this work

qbpx, tq “ Agu
3px, tq, (6)

where Ag is a constant value that takes into account the diameter of the
particle and the kinematic viscosity, usually it is obtained experimentally. The
values for Ag range from zero to one, so that if Ag is close to zero, then the
model shows a weak interaction between the sediment bottom and fluid. On
the other hand, if Ag is close to one, then the interaction between the sediment
bottom and fluid is strong, [10].

2.1 Morphological conditions

The density of the water-sediment mixture, ρ, and the density of the saturated
bed, ρ

0
, are computed as

ρpx, tq “ ρ
w
p1´ cpx, tqq ` ρ

s
cpx, tq and ρ

0
“ ρ

w
p` ρ

s
p1´ pq. (7)

The friction term is computed using the following formula

S
f
px, tq “ cfupx, tq|upx, tq|, (8)

where cf is computed as

– cf “
η2

hpx, tq
4
3

, being η the dimensionless Manning coefficient.

– cf is the friction coefficient.

The sediment exchange between the bed and the water column is deter-
mined through the sediment entrainment due to turbulence, Epx, tq, and the
sediment deposition due to gravitational action, Dpx, tq, (see [8]). The sedi-
ment entrainment is given by

Epx, tq “

$

’

&

’

%

ϕ
pθpx, tq ´ θcqupx, tq

hpx, tqd0.2
if θpx, tq ě θc,

0 else,

(9)

the sediment deposition reads

Dpx, tq “ αcpx, tqω
0
p1´ αcpx, tqqm, (10)

where:
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– ϕ is a constant dimensionless value determined by

ϕ “ φ
560p1´ pqν0.8

3psgq0.4θc
. (11)

This expression was deducted following to [8].
– φ is a dimensionless value that depends on phenomenon to recreate,
– ν is the kinematic viscosity of the fluid (m2/s),

– s “
ρs
ρw
´ 1 is the submerged specific gravity of the sediment (kg/m3),

– θc is the dimensionless critical Shields parameter which indicates the
start of sediment movement.

– The dimensionless Shields parameter or mobility parameter is computed
using the formula

θpx, tq “
u2˚px, tq

sgd
, (12)

where
– d is the diameter of the particle (10´3 m),
– u˚px, tq is the friction velocity (m/s), that is given by the relation

u˚px, tq “

d

τpx, tq

ρ
,

- τpx, tq is the threshold stress of bottom computed using the follow-
ing expression

τ “
gρη2upx, tq|upx, tq|

hpx, tq1{3
.

– The drop velocity ω
0
(m/s) is computed using the formulation proposed in

[42]

ω
0
“

d

ˆ

13.95ν

d

˙2

` 1.09sgd´
13.95ν

d
, (13)

– m is an exponent computed by using the Reynolds number of the particle,
see [26].

m “ 4.45R´0.1 where, R “
ω0d

ν
. (14)

– α is the nonequilibrium adaptation coefficient of suspended load, [41]. Fol-
lowing the work [8], this coefficient is defined by α “ min t2, p1´ pq{cu.
This relation holds that near-bed supend-load concentration αc must be
smaller than the bed material concentration 1´ p, [41].

In Table 1 are shown the different kinds of models which have been dis-
cussed in section 1, where the one dimensional shallow water equations are
give by



8 González-Aguirre, J. C. et al.

Bh

Bt
px, tq `

Bhu

Bx
px, tq “ 0, (15)

Bhu

Bt
px, tq `

Bhu2 ` 1
2gh

2

Bx
px, tq “ ´gh

Bz

Bx
px, tq. (16)

Table 1 Model summary.

Model Equations Remarks
FCM (1), (2), (3), (4) Complete model used in this work
PCM (15), (16), (3), (4) Bedload discharge is neglected
DM (15), (16), (4) RHS of (4) is neglected

3 Problem statement

In order to write the mathematical model (1)-(3) in a compact manner the
following notation is employed

– Conservative variables,
– w1 “ hpx, tq is the depth of water (m),
– w2 “ hpx, tqupx, tq is the unit discharge (m2/s),
– w3 “ hpx, tqcpx, tq is the suspended sediment concentration (kg/m2),
– Wpx, tq :“ pw1, w2, w3q

t is the vector of conservative variables.
– Physical flux,

FpWq “

¨

˚

˚

˚

˚

˚

˝

w
2

w2
2

w1

`
1

2
gw2

1

w
2
w

3

w1

˛

‹

‹

‹

‹

‹

‚

. (17)

– Source term,

Spx, t,Wq

“

¨

˚

˚

˚

˚

˚

˚

˝

E ´D

1´ p

´gw1

ˆ

Bz

Bx
` Sf

˙

´
pρs ´ ρwqgw

2
1

2ρ

B

Bx

ˆ

w
3

w1

˙

´
ρ

0
´ ρ

ρ

E ´D

1´ p

w
2

w1

E ´D

˛

‹

‹

‹

‹

‹

‹

‚

.

(18)
The source term, S px, t,Wq, is split into four parts: bed slope, S1 px, t,Wq,
friction slope, S2 px, t,Wq, sediment entrainment and sediment deposi-
tion process, S3 px, t,Wq, and volumetric sediment concentration slope,
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S4 px, t,Wq, so that:

Spx, t,Wq “

4
ÿ

K“1

Skpx, t,Wq,

where

S1px, t,Wq “

¨

˚

˚

˚

˚

˝

0

´gw1

Bz

Bx
px, tq

0

˛

‹

‹

‹

‹

‚

, (19)

S2px, t,Wq “

¨

˚

˚

˚

˝

0

´gw
1
Sf px, tq

0

˛

‹

‹

‹

‚

, (20)

S3px, t,Wq “

¨

˚

˚

˚

˚

˚

˝

Epx, tq ´Dpx, tq

1´ p

´
ρ

0
´ ρpx, tq

ρpx, tq

Epx, tq ´Dpx, tq

1´ p

w
2

w1

Epx, tq ´Dpx, tq

˛

‹

‹

‹

‹

‹

‚

, (21)

and

S4px, t,Wq “

¨

˚

˚

˚

˚

˝

0

´gw2
1

pρs ´ ρwq

2ρpx, tq

B

Bx

ˆ

w3

w
1

˙

0

˛

‹

‹

‹

‹

‚

. (22)

Using this notation, the equations (1)-(3) can be rewritten in vectorial form
as

BW

Bt
px, tq `

BFpWq

Bx
px, tq “ Spx, t,Wq, (23)

for x P r0,Ls and t P r0, T s, where L is the length of channel.

– Initial conditions:

Wpx, 0q “ W0pxq, and zpx, 0q “ z0pxq, x P r0,Ls.

In practice, the initial values for averaged depth of water h0pxq, averaged
flux velocity u0pxq, averaged flux volumetric sediment concentration c0pxq
and depth of bed z0pxq, are known.

– Boundary conditions:
Conditions at the left end of the channel are detailed and the conditions
of the right end are similar
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– Inflow (w2p0, tq ą 0): w2p0, tq “ qlptq,
– Outflow (w2p0, tq ă 0): w2p0, tq “ qlptq,
– Wall w2p0, tq “ 0,
– Either inflow or outflow or wall: w1p0, tq “ hlptq and w3p0, tq “ hlptqclptq,

where qlptq, hlptq, hlptqclptq are the unit discharge, the depth of water and
the suspended sediment concentration at time t, respectively, at left end of
domain.

3.1 Hyperbolic character of the system

The balance law (23) can be written in quasi-linear form as

BW

Bt
px, tq `ApWpx, tqq

BW

Bx
px, tq “ Spx, t,Wq, (24)

where ApWpx, tqq is the Jacobian matrix of the physical flux FpWpx, tqq,
which is given by

ApWpx, tqq “

¨

˚

˚

˚

˚

˚

˚

˝

0 1 0

gw
1
´
w2

2

w2
1

2
w

2

w
1

0

´
w

2
w

3

w2
1

w
3

w
1

w
2

w
1

˛

‹

‹

‹

‹

‹

‹

‚

. (25)

The eigenvalues of this matrix written as function of physical variable take the
form:

λ1 “ u´
a

gh, λ2 “ u, λ3 “ u`
a

gh,

and the corresponding eigenvectors are:

v1 “

¨

˝

1
λ1
c

˛

‚, v2 “

¨

˝

0
0
1

˛

‚, v3 “

¨

˝

1
λ3
c

˛

‚.

3.2 Non conservative system

Due to that the derivative of conservative variables appears inside the source
term S4 px, tW, q, then this source term can be seen as a non conservative
product, [10]. Taken into account this fact, the hyperbolic system of conserva-
tion laws can be rewritten as

BW

Bt
`ApWq

BW

Bx
`BpWq

BW

Bx
“

3
ÿ

k“1

Skpx, t,Wq. (26)
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The effects of the variable sediment concentration are taken into account
in the third term on left-hand side of (26), also called the non conservative
product. The matrix BpWq takes the form

BpWq “

¨

˚

˝

0 0 0

´gw1
ρ´ ρw

2ρ
0 gw1

ρs ´ ρw
2ρ

0 0 0

˛

‹

‚

. (27)

3.2.1 Quasi linear form and hyperbolic character

The system of balance laws (26) can be written in quasi linear form as

BW

Bt
`ApWq

BW

Bx
“

3
ÿ

k“1

Skpx, t,Wq, (28)

where

ApWq “ ApWq `BpWq (29)

and its eigenvalues are given by

rλ1 “ u´
a

gh; rλ2 “ u; rλ3 “ u`
a

gh,

and the associated eigenvectors are read

rv1 “

¨

˚

˚

˚

˝

1

rλ1

c

˛

‹

‹

‹

‚

, rv2 “

¨

˚

˚

˚

˚

˝

1

rλ2

ρw ` ρ

ρw ´ ρs

˛

‹

‹

‹

‹

‚

, rv3 “

¨

˚

˚

˚

˝

1

rλ3

c

˛

‹

‹

‹

‚

,

Hence the system of partial differential equations (26) is strictly hyperbolic.

4 Numerical solution

In order to carry out the numerical resolution of the stated problem we need
to solve numerically the hyperbolic system of balance laws (23) using a well
balanced numerical scheme. Moreover, the posed problem involves to solve
numerically the morphological evolution modelled by equation (4).
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4.1 Problem discretization

We shall consider a uniform finite volume mesh over the interval r0,Ls “
rx0, xN s, this mesh is shown in Figure 2. The i-th finite volume is denoted by

Ci “

´

xi´ 1
2
, xi` 1

2

¯

“

ˆ

xi ´
xi ´ xi´1

2
, xi `

xi`1 ´ xi
2

˙

, i “ 1, . . . , N ´ 1,

where

xi “ i∆x, and ∆x “
L
N
,

the boundary finite volumes are C0 “

´

x0, x 1
2

¯

and CN “

´

xN´ 1
2
, xN

¯

.

x0 xN

x0` 1
2

C0
� -

CN

� -

x
N ´ 1

2

xi´1 xi xi`1

xi´ 1
2

xi` 1
2

Ci� -

Fig. 2 Finite volume mesh: interior finite volume Ci, boundary finite volumes C0 and CN .

In order to get an approximate solution Wpx, tn`1q of the exact solution
Wpx, tq at time tn`1, we integrate (23) over arbitrary space-time rectangle
Ci ˆ rtn, t

n`1s:

ż

Ci

Wpx, tn`1qdx “

ż

Ci

Wpx, tnqdx´

ż tn`1

tn

`

FpWpxi`1{2, tqq

´ FpWpxi´1{2, tqq
˘

dt`

ż tn`1

tn

ż

Ci

Spx, t,Wpx, tqqdxdt.

(30)
We shall denote by Wn

i the averaged approximate solution on the cell Ci at
time tn:

Wn
i –

1

∆x

ż

Ci

Wpx, tnqdx, (31)

then equation (30) takes the form

Wn`1
i “ Wn

i ´
1

∆x

ż tn`1

tn

`

FpWpxi`1{2, tqq ´ FpWpxi´1{2, tqq
˘

dt

`

ż tn`1

tn

Spxi, t,W
n
i qdt,

(32)

where

Spxi, t,W
n
i q :“

1

∆x

ż

Ci

Spx, t,Wpx, tqqdx. (33)
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4.2 Extension of the Q-scheme of van Leer

In this section we shall describe briefly the extension of the Q-scheme of van
Leer, put forward in [5], in order to resolve (23).

4.2.1 Numerical flux

Due to the solution Wpx, tnq is defined by a piecewise function tWn
i u

N
i“1 then

at the boundary of each finite volume cell, the values of the approximate
solution are not well defined, so the integral of the physical flux cannot be
computed at these points. For this reason, an approximation of the integral of
physical flux, given by a function Φ, also called numerical flux is needed, so
that

1

∆t

ż tn`1

tn
FpWpxi`1{2, tqqdt « Fn

i` 1
2

:“ ΦpWn
i ,W

n
i`1q, i “ 1, . . . N ´ 1,

and

1

∆t

ż tn`1

tn
FpWpxi´1{2, tqqdt « Fn

i´ 1
2

:“ ΦpWn
i´1,W

n
i q, i “ 1, . . . N ´ 1,

being ∆t “ tn`1 ´ tn the time step.

For the Q-scheme of van Leer the numerical flux Φ, takes the form

ΦpU,Vq “
1

2
pFpUq ` FpVqq ´

1

2
|Q pU,Vq| pV ´Uq, (34)

with

QpU,Vq “
BF

BW

ˆ

1

2
pU`Vq

˙

.

The absolute value of a diagonalizable matrix Q is defined as follows: let
Q “ XΛX´1 where Λ is the diagonal matrix of the eigenvalues of Q. Then
|Q| “ X|Λ|X´1 where |Λ| is the diagonal matrix of the absolute value of the
eigenvalues of Q.

In order to avoid the loss of viscosity in the numerical scheme, the absolute
value of the eigenvalues is redefined by using the Harten regularization, [22].

4.2.2 Numerical source terms

In this section is detailed the way as the approximation for the source term is
computed.
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Approximation of source terms: bed slope and sediment concentration slope
Firstly, the discretization of both the bed slope source term and the sediment
concentration slope source term, Sn

1,i and Sn
4,i respectively, are described. By

extending the ideas put forward in [5], these source terms are approximated
as

Sn
k,i :“ Ψl,kpxi´1, xi, tn,W

n
i´1,W

n
i q` Ψr,kpxi, xi`1, tn,W

n
i ,W

n
i`1q,

k “ 1 or k “ 4,
(35)

where

Ψl,kpx, y, t,U,Vq “
1

2
rI` |QpU,Vq|Q´1pU,Vqs pSkpx, y, t,U,Vq,

k “ 1 or k “ 4,

and

Ψr,kpy, z, t,V,Wq “
1

2
rI´ |QpV,Wq|Q´1pV,Wqs pSkpy, z, t,V,Wq,

k “ 1 or k “ 4,

with

pS1px, y, t,U,Vq :“

¨

˚

˚

˚

˚

˝

0

´g
hpx, tq ` hpy, tq

2

Bz

Bx

ˆ

x` y

2
, t

˙

0

˛

‹

‹

‹

‹

‚

(36)

and

pS4px, y, t,U,Vq

:“

¨

˚

˚

˚

˚

˚

˝

0

´δg

ˆ

hpx, tq ` hpy, tq

2

˙2
ρs ´ ρw

ρpx, tq ` ρpy, tq

Bc

Bx

ˆ

x` y

2
, t

˙

0

˛

‹

‹

‹

‹

‹

‚

.
(37)

Approximation of friction slope source term The compute of the friction term
is carry out as follows:

– Using a centred spatial discretization and an explicit time discretization,
thus

Sn
2,i “

¨

˚

˚

˚

˚

˚

˚

˝

0

´g
η2wn

2,i
|wn

2,i
|

pwn
1,i
qp7{3q

0

˛

‹

‹

‹

‹

‹

‹

‚

. (38)
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– Using a centred spatial discretization and a semi-implicit time discritization
so the friction source term reads

Sn
2,i “

¨

˚

˚

˚

˚

˚

˚

˝

0

´g
η2wn`1

2,i
|wn

2,i
|

pwn
1,i
qp7{3q

0

˛

‹

‹

‹

‹

‹

‹

‚

. (39)

Approximation of the sediment entrainment and sediment deposition processes
source terms Variables in the source term S3px, t,Wpx, tqq are evaluated point-
wise in the node i at time tn, therefore

Sn
3,i “

¨

˚

˚

˚

˚

˚

˚

˚

˝

En
i ´D

n
i

1´ p

´
ρ0 ´ ρ

ρ

En
i ´D

n
i

1´ p

wn
2,i

wn
1,i

En
i ´D

n
i

˛

‹

‹

‹

‹

‹

‹

‹

‚

, (40)

where En
i “ Epxi, tnq and Dn

i “ Dpxi, tnq whose expressions are given by (9)
and (10), respectively.

Therefore the extension of Q-scheme of van Leer to compute the approxi-
mate solution of the hyperbolic system of balance laws (23) takes the form

Wn`1
i “ Wn

i ´
∆t

∆x

´

Fn
i` 1

2
´ Fn

i´ 1
2

¯

`∆t
4
ÿ

k“1

Sn
k,i. (41)

where the numerical flux is defined by (34) and the source term discretizations
are given by (35), (38), (39) and (40).

4.3 HLLCS scheme

The second scheme to compute the numerical solution for the hyperbolic sys-
tem of balance laws (23) is the HLLCS approximate Riemann solver, [32]. This
scheme is based in the HLLC approximate Riemann solver [39], but the source
terms S1 px, t,Wq and S2 px, t,Wq are taken into account inside the numerical
flux.

4.3.1 Numerical flux

Borrowing from the work [32], in order to include the bed slope source term and
the friction slope source term inside the numerical flux, the Rankine-Hugoniot
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CiCi´1 Ci´1

F´

i´ 1
2

F`

i´ 1
2

F´

i` 1
2

F`

i` 1
2

Fig. 3 Numerical flux in the cell Ci for HLLCS scheme.

relation for steady shock, of shock speed S, at x “ 0 and t “ 0 is followed,
namely,

F`pWpxi`1, tqq ´ F´pWpxi, tqq ´
2
ÿ

k“1

S̄k

´

xi` 1
2
, t,Wpxi` 1

2
, tq

¯

“ S
`

W`pxi`1, tq ´W´pxi, tq
˘

“ 0,

(42)

where S̄k (k “ 1, 2), is the averaged approximated source term at x “ 0 and
t “ 0, so that

2
ÿ

k“1

S̄kpxi` 1
2
, t,Wpxi` 1

2
, tqq “

»

–

S̄1

S̄2

S̄3

fi

fl . (43)

Due to the source terms S̄1 px, t,Wq and S̄2 px, t,Wq are taken into account
inside the numerical flux, the hyperbolic system of balance laws (23) can be
solved by using the numerical scheme

Wpxi, tn`1q “ Wpxi, tnq ´
∆t

∆x

´

FHLLCS´
i` 1

2

´ FHLLCS`
i´ 1

2

¯

`∆t
4
ÿ

k“3

Sk pxi, tn,Wpxi, tnqq,
(44)

where FHLLCS˘
i˘ 1

2

are the numerical flows with the source terms inside it. The

contributions made by the numerical flux in the cells depends on the sign of
the eigenvalues at the boundaries, see Figure 3.

In order to define the numerical flux we need to have established values λi,
λi`1, and λ˘˚ , which represent a middle wave related to the source terms S̄1

and S̄2, see Figure 4. These values are given by expressions (49)-(53).
In order to compute the numerical flux, we shall extend for the bottom

variations the work done in [32], where the numerical flux is computed as:

– If 0 ď λi, then

FHLLCS´
i` 1

2

“ FpWpxi, tqq,

FHLLCS`
i` 1

2

“ FpWpxi, tqq `
2
ÿ

k“1

S̄kpxi` 1
2
, t,Wpxi` 1

2
, tqq.

(45)
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x

t

(a) Positive middle wave.

xi xi`1

S̄1 ` S̄2

∆t
Fi Fi`1

Wi Wi`1

W´
i

W`
i`1

W``
i`1

λi λ`
˚

λi`1

x

t

(b) Negative middle wave.

xi xi`1

S̄1 ` S̄2

∆t
Fi Fi`1

Wi Wi`1

W´´
i W´

i W`
i`1

λi λ´
˚ λi`1

Fig. 4 HLLCS numerical flux.

– If 0 ě λi`1, then

FHLLCS´
i` 1

2

“ FpWpxi`1, tqq ´
2
ÿ

k“1

S̄kpxi` 1
2
, t,Wpxi` 1

2
, tqq,

FHLLCS`
i` 1

2

“ FpWpxi`1, tqq.

(46)

– If λi ď 0 ď λi`1, then
– if λ`˚ ą 0, then

FHLLCS´
i` 1

2

“ FpWpxi, tqq ` λipW
´pxi, tq ´Wpxi, tqq,

FHLLCS`
i` 1

2

“ FHLLCS´
i` 1

2

`

2
ÿ

k“1

S̄kpxi` 1
2
, t,Wpxi` 1

2
, tqq,

(47)

where

W´pxi, tq “ W`pxi`1, tq ´ sH`

i` 1
2

,

sH`

i` 1
2

“ ´
S̄2

rλ1rλ2

¨

˝

1
0

cpxi, tq

˛

‚, W`pxi`1, tq “ w`1,i`1

¨

˝

1
λ`˚

cpxi, tq

˛

‚,

and

w`1,i`1 “

˜

pw1,iq pui ´ λiq ´ λi sH
`

i` 1
2 ,1

λ`˚ ´ λi

¸

.

– If λ´˚ ă 0, then

FHLLCS´
i`1{2 “ FpWpxi`1, tqq ` λi`1pW

`pxi`1, tq ´Wpxi`1, tqq,

FHLLCS`
i`1{2 “ FHLLCS´

i`1{2 ´

2
ÿ

k“1

S̄kpxi` 1
2
, t,Wpxi` 1

2
, tqq,

(48)
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where

W`pxi`1, tq “ W´pxi, tq ` sH´

i` 1
2

,

sH´

i` 1
2

“ ´
S̄2

rλ1rλ2

¨

˝

1
0

cpxi`1, tq

˛

‚, W´pxi, tq “ w´1,i

¨

˝

1
λ´˚

cpxi`1, tq

˛

‚,

and

w´1,i “

˜

w1,i`1 pui`1 ´ λi`1q ´ λi`1
sH´
i` 1

2 ,1

λ´˚ ´ λi`1

¸

.

The values λi, λi`1 are given by the following expression:

λi “

#

min
!

rλ1; ui ´
?
gw1,i; ui`1 ´

?
gw1,i`1

)

if |S2| “ 0,

rλ1 if |S2| ‰ 0.
(49)

λi`1 “

#

max
!

rλ2; ui `
?
gw1,i; ui`1 `

?
gw1,i`1

)

if |S2| “ 0,

rλ2 if |S2| ‰ 0.
(50)

The average values rλ1 and rλ2 are the Roe mean [34], with expressions (51)

ru “
ui
?
w1,i ` ui`1

?
w1,i`1

?
w1,i `

?
w1,i`1

(51)

and,

rλ1 “ ru´

c

g
w1,i ` w1,i`1

2
, rλ2 “ ru`

c

g
w1,i ` w1,i`1

2
,

Finally the values for λ˘˚ take the form

λ`˚ “
λiw1,i`1 pui`1 ´ λi`1q ´ λi`1w1,i pui ´ λiq ` λi`1pλi sH

`

i` 1
2 ,1
´S1q

w1,i`1 pui`1 ´ λi`1q ´ w1,i pui ´ λiq ` λi sH
`

i` 1
2 ,1

,

(52)
and

λ´˚ “
λiw1,i`1 pui`1 ´ λi`1q ´ λi`1w1,i pui ´ λiq ` λi`1pλi sH

´

i` 1
2 ,1
´S1q

w1,i`1 pui`1 ´ λi`1q ´ w1,i pui ´ λiq ` λi sH
´

i` 1
2 ,1

.

(53)
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4.3.2 Bed slope approximation

In order to get fully described the discretization of bed slope source term, we
shall follow to [32], where the approximation for the bed slope is given by

Bz

Bx
pxi` 1

2
, tnq «

g

∆x

ˆ

wn
1,j ´

|δz1|

2

˙

δz1, (54)

where

j “

"

i if δz ě 0,
i` 1 if δz ă 0,

and δz1 “

$

&

%

wn
1,i if δz ě 0 and di ă zni`1,

wn
1,i`1 if δz ă 0 and di`1 ă zni ,
δz else,

being δz “ zpxi`1, tnq ´ zpxi, tnq and di “ w1pxi, tnq ` zpxi, tnq.

4.3.3 Friction term approximation

The friction term is approximated by using the following relation, (see [32]).

ˇ

ˇ

ˇ

ˇ

Sf

g rw1
∆x

ˇ

ˇ

ˇ

ˇ

i` 1
2

“ min

ˆ
ˇ

ˇ

ˇ

ˇ

Sf

g rw1
∆x

ˇ

ˇ

ˇ

ˇ

,

ˇ

ˇ

ˇ

ˇ

ru
|umin|

2g

ˇ

ˇ

ˇ

ˇ

˙

i` 1
2

, (55)

where

|umin| “ min p|ui| , |ui`1|q, (56)

and Sf is computing using equation (8) by choosing cf as the friction coeffi-
cient.

4.3.4 Approximation of sediment concentration slope, sediment erosion and
sediment deposition process

The source terms S3px, tq and S4px, tq in the numerical scheme (44) are ap-
proximated as follows

4
ÿ

k“3

Sn
k,i “

¨

˚

˚

˚

˚

˚

˚

˚

˝

En
i ´D

n
i

1´ p

´δgw2
1,i

ρs ´ ρw
2ρi

cni ´ c
n
i´1

∆x
´
ρ0 ´ ρ

ρ

En
i ´D

n
i

1´ p
uni

En
i ´D

n
i

˛

‹

‹

‹

‹

‹

‹

‹

‚

. (57)
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4.4 Numerical scheme for the non-conservative system

In order to deal with the presences of non conservative products, a suitable
numerical treatment of them is needed. Following [10] the numerical solution
of (26) at cell Ci at time tn is computed using a numerical scheme of the form

Wn`1
i “ Wn

i ´
∆t

∆x

´

A`D
´

Wn
i´ 1

2

¯

`

Wn
i ´Wn

i´1

˘

` A´D
´

Wn
i` 1

2

¯

`

Wn
i`1 ´Wn

i

˘

¯

`∆t
3
ÿ

k“1

Sn
k,i,

(58)

where

A˘D
´

Wi` 1
2

¯

“
1

2

´

A
´

Wi` 1
2

¯

˘

ˇ

ˇ

ˇ
A
´

Wi` 1
2

¯
ˇ

ˇ

ˇ

¯

,

Taking into account the definition of A given by equation (29) the numerical
scheme (58) becomes in

Wn`1
i “ Wn

i ´
∆t

∆x

´

Gn
i` 1

2
´ Gn

i´ 1
2

¯

´
∆t

2∆x

´

B
´

Wn
i` 1

2

¯

`

Wn
i`1 ´Wn

i

˘

`B
´

Wn
i´ 1

2

¯

`

Wn
i ´Wn

i´1

˘

¯

`∆t
3
ÿ

k“1

Sn
k,i

(59)
where

Gn
i` 1

2
“

1

2

`

FpWn
i`1q ` FpWn

i q
˘

´
1

2

ˇ

ˇ

ˇ
A
´

Wn
i` 1

2

¯
ˇ

ˇ

ˇ

`

Wn
i`1 ´Wn

i

˘

. (60)

The discretization of the bed slope source term S1px, tq is carried out fol-
lowing the methodology explained in section 4.2.2, but in this case the upwind
process is done with regard to the eigenvalues of matrix A.

The source term, which contains the friction slope S2px, tq, is discretized
by using either, (38) or (39) while the source term that takes into account
the sediment entrainment and deposition processes S3px, tsq, is discretized by
using (40).

4.5 Morphological evolution

Exner equation (4) is not actually hyperbolic, however it is possible to write a

wave speed estimation rλb associated to sediment flux (see [24]), such that the
Exner equation becomes in

Bz

Bt
px, tq ` rλb

Bz

Bx
px, tq “

Dpx, tq ´ Epx, tq

1´ p
, (61)
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where
rλb “

1

1´ p

Bqb
Bz

, (62)

this wave speed is the basis to build an upwind strategy to solve the morpho-
logical evolution.

In order to solve the Exner equation (4), we integrate that equation over a
space-time arbitrary rectangle Ci ˆ rtn, tn ` 1s, as it was done in section 4.1.

zn`1
i “ zni `

∆t

1´ p
pDn

i ´ E
n
i q´

1

∆x

ż tn`1

tn

1

1´ p

´

qbpxi` 1
2
, tq ´ qbpxi´ 1

2
, tq

¯

dt.

(63)
Following the finite volume methodology, an approximation qn

b,i˘ 1
2

for the

integral of bedload discharge at the common boundary xi˘ 1
2

between two finite
volume cells, is needed, namely

qnb,i˘ 1
2
«

1

∆t

ż tn`1

tn

qbpxi˘ 1
2
, tqdt. (64)

Following [24], this approximation is defined as follows

qn
b,i` 1

2

:“

#

qbpxi, tnq if rλb,i` 1
2
ą 0,

qbpxi`1, tnq if rλb,i` 1
2
ă 0,

qn
b,i´ 1

2

:“

#

qbpxi´1, tnq if rλb,i´ 1
2
ą 0,

qbpxi, tnq if rλb,i´ 1
2
ă 0,

(65)

where

rλb,i` 1
2
“

1

1´ p

qbpxi`1, tnq ´ qbpxi, tnq

zpxi`1, tnq ´ zpxi, tnq
. (66)

Finally, the scheme to solve the Exner equation (4) reads

zn`1
i “ zni `

∆t

1´ p

ˆ

Dn
i ´ E

n
i ´

1

∆x

ˆ

qn
b,i` 1

2

´ qn
b,i´ 1

2

˙˙

. (67)

4.6 Numerical treatment of boundary conditions

The numerical methods described earlier are applied to internal cells, Ci, i “
1, . . . , N ´ 1. At the boundary cells we cannot use these methods because for
boundaries nodes xB “ x0 or xB “ xN , left or right neighbouring nodes, which
are necessary to define the numerical flux or upwind the source term, do not
exist.

So as to compute the values of conservative variables at the boundaries,
fictitious neighbouring nodes pxB (see [4]) or ghost cells CB , (see[25]), are in-
troduced, see Figure 4.6.

The values of the conservative variables in these cells are defined according
to the boundary conditions, which can be either inflow, outflow or wall. For
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-�
pxB

CB

x0

x0´ 1
2C0

Wn
0

pxB

CB

xN

xN´ 1
2

Wn
N

CN

xi

xi´ 1
2

xi` 1
2

Wn
i

CiFig. 5 Fictitious neighbouring nodes, pxB , and ghost cells, CB .

each case, the values of the conservative variables on fictitious neighbouring
nodes are:

– Inflow (w0,2 ą 0 or wN,2 ă 0)
– Left end: WppxB , tnq “ Wpx0, tnq, zppxB , tnq “ zpx0, tnq,
– Right end: WppxB , tnq “ WpxN , tnq, zppxB , tnq “ zpxN , tnq.

– Outflow (w0,2 ă 0 or wN,2 ą 0)
– Left end: WppxB , tnq “ Wpx0, tnq, zppxB , tnq “ zpx0, tnq,
– Right end: WppxB , tnq “ WpxN , tnq, zppxB , tnq “ zpxN , tnq.

– Wall (w0,2 “ 0 or wN,2 “ 0)
– Left end: w1ppxB , tnq “ w1px0, tnq, w2ppxB , tnq “ ´w2px0, tnq, w3ppxB , tnq “
w3px0, tnq, zppxB , tnq “ zpx0, tnq,

– Right end: w1ppxB , tnq “ w1pxN , tnq, w2ppxB , tnq “ ´w2pxN , tnq, w3ppxB , tnq “
w3pxN , tnq, zppxB , tnq “ zpxN , tnq.

The approximate solution at the boundaries is computed by using the values
of the conservative variables on ghost cells and either of the numerical schemes
described earlier.

4.7 Steady stationary solution

A numerical scheme is called well balanced if it can preserve a family of station-
ary solution. For that reason the study of the stationary solution is important.
In order to get the steady-stationary solution for the system of balance laws
(23) and (4), let us suppose that upx, tq “ 0, in this case θ ă θc, then the
system of balance laws reduces to

Bh

Bt
px, tq “

´1

1´ p
Dpx, tq, (68)

Bh

Bx
px, tq `

Bz

Bx
px, tq “ 0, (69)

Bhc

Bt
px, tq “ ´Dpx, tq, (70)
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Bz

Bt
px, tq “

1

1´ p
Dpx, tq. (71)

From equations (68) and (71) we can see that both, the depth of water
and the depth of the bottom may vary, but the free surface of water ςpx, tq “
hpx, tq ` zpx, tq stays constant with respect of time, namely

Bς

Bt
px, tq “

Bh

Bt
px, tq `

Bz

Bt
px, tq “ 0. (72)

Therefore, from (69) and (72) is concluded that the free surface of water is a
constant with respect of time and space.

From equation (70) and by using (68), we get

Bc

Bt
px, tq “

Dpx, tq

hpx, tq

ˆ

cpx, tq

1´ p
´ 1

˙

. (73)

This equation shows that the variation of the volumentric sediment concen-
tration over time is equal to zero if either Dpx, tq “ 0 then cpx, tq “ 0 or
cpx, tq “ 1´ p. Moreover if cpx, tq ă 1´ p then cpx, tq is a decreasing function
over time.

Definition 1 The steady stationary solution of balance laws system (23) and
(4) is given by the follows conditions

– The water free surface is a constant function, see equations (69) and (72).
– Null velocity in the whole domain, u “ 0.
– The variation of suspended sediment concentration over time is equal to

the opposite of deposition, see equation (70).

Proposition 1 Let us suppose that Wpxi, tnq and zpxi, tnq fulfill the steady
stationary solutions conditions, then the numerical scheme defined by equa-
tions (41), (34), (35), either (38) or (39), (40) and (67), computes the steady
stationary solutions conditions exactly, that is mean

– The free surface is constant.
– The velocity is null over whole domain.
– The suspended sediment concentration variation with respect to time is

equal to opposite of deposition.

Proof The values for the different variables at interface xi˘1{2 will be computed
as the arithmetic mean. Under water at rest hypothesis, the different elements
of numerical scheme take the following forms:
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– Convective discretization,
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– Discretization of bed slope source term,
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(75)
– Discretization of friction slope source term, Sn

2,i “ 0.
– Discretization of sediment entrainment and sediment deposition process

source term,
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– Discretization of sediment concentration slope source term,
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– Exner equation discretization,
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i be the approximation of the free surface of water computed by the

numerical scheme (41), therefore
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From (78) and taking into account that for this case δ “ 0, we get
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Bearing in mind that at time t “ tn the free surface is a constant function
with respect of x, then we can conclude that ςn`1

i “ ςni , which is mean that
the free surface is a constant function.
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The computed unit discharge by the numerical scheme (41) at time tn`1,
reads
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Taking into account that w1,i˘ 1

2
is the arithmetic mean between the states, as

well considering that δ “ 0, zni “ ςni ´ wn
1,i and ςnn`1 “ ςnn , the equation (80)

reads
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(81)
Straightforward computations allow us conclude that wn`1

2,i “ wn
2,i, which

means that the numerical scheme compute null velocity on whole spatial do-
main.

The suspended sediment concentration computed by the numerical scheme
(41) takes the form
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Considering that under water at rest supposition δ “ 0, zni “ ςni ´w

n
1,i and

ςnn`1 “ ςnn , equation (82) becomes in

wn`1
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“ ´Dn

i . (83)

From equations (79), (81) and (83) we can conclude the proof of proposition
1.
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A similar proof can be done for the numerical scheme (59) which implements
the non conservative form given by equation (28).

4.8 Wet-dry fronts

In shallow water flow simulations (e.g. floods, dam break, unsteady river flow)
wet-dry fronts appears, where a wet region of the spatial domain becomes dry
or vice versa. In these situations a boundary movement, defined by the wet-dry
front, is produced. In order to obtain accurate, consistent results a suitable
treatment is needed, [6].

On wet-dry fronts one or two conditions are imposed (see [12]). The first is
the bed slope redefinition, which is made to obtain the exact balance between
the wet-dry front and the pressure terms for the hydrostatic flux. If the bed
slope is not redefined then spurious waves can appear. The second condition
is of reflection.

In order to impose these conditions, a wet-dry parameter εwd is defined.
Let us suppose that Ci and Cj are the wet cell and dry cell, respectively.

The balance condition (see [6]), is verified if

p∆zqi,j “ ´

ˆ

p∆w1qi,j ` pw1qi,j

ˆ

ρs ´ ρw
2ρ

˙

p∆cqi,j

˙

. (84)

On wet-dry fronts this condition is not verified, see Figure 6, and therefore
the bed slope redefinition is needed, in order to do that, the rise of the bed is
redefined as follows.

– Q-scheme of van Leer (41), Numerical scheme for non-conservative form
(59).

∆z :“
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’

&

’

%

w1,i ´ w1,j `
w1,i ` w1,j

2

ρs ´ ρw
2ρi,j

pcj ´ ciq if w1,j ă εwd and

w1,i ´ w1,j ă zj ´ zi,
zj ´ zi else.

(85)
Generally, the velocity in neighbouring cells of the wet-dry front is different
from zero. In this situation the reflection condition imposes a unit averaged-
flux discharge equal to zero at the wet-dry boundary.

– HLLCS Riemann solver. Since the accurate behaviour is obtained a similar
way as the bed slope was approximated, (54), then a redefinition of rise of
the bed is not needed.

Regarding the morphological changes, since the water depth appears in
the denominator of the sediment entrainment formula, low water depth values
might cause great erosion without physical sense, which can cause numerical
instabilities, ([28]). The way to deal with this problem is the following:
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Ci CiCj Cj

∆w1 ∆z ∆w1
∆z

Fig. 6 Treatment of wet-dry fronts when both the scheme which implements the Q-scheme
of van Leer and the non-conservative system are used.

– Q-scheme of van Leer and scheme of non-conservative form. A threshold
value ε

ED
is defined, so that, if the water depth in the cell Cj is less than

ε
ED

, then the sediment entrainment is fixed at zero, [28].
– HLLCS Riemann solver. An interval of pH0,H1q is established, to ensure

that the volumetric sediment concentration always is analyzed in wet re-
gions. If the water depth ranges from H0 to H1, then the values for sedi-
ment entrainment Epx, tq and sediment deposition Dpx, tq are fixed at zero.
However if the water depth is less than H0, then the unit discharge is also
fixed at zero, see Figure 7. This interval improves the numerical stability,
but it can induce a reduction of the zones where the wet-dry front and the
bed evolution are approximated. In [19] is proposed that only values of the
characteristic speeds of wet cells are taken into account. This criteria is
written as follows.
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2
if w1,j ă H1,

λi`1 else.
(87)

5 Numerical Results

In order to measure the accuracy of the numerical schemes described earlier,
several numerical experiments were carried out. In the first test, the steady
stationary solution conditions are recreated. In the second test, a dam break,
when the whole spatial domain is wet, is reproduced. Finally, three experi-
mental dam breaks were reproduced and the numerical results were compared
with the experimental data.
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Fig. 7 Interval to treat the bed evolution close of wetting drying fronts when the HLLCS
approximate Riemann solver is used.

5.1 Parameters for the both mathematical model and the numerical model,
initial conditions and boundary conditions

The values for the physical parameters are shown in Table 2, while the values
for the numerical parameters, for each numerical scheme, are displayed in
Tables 3 and 4. The values for the dimensionless parameters are shown in
Table 5. The spatial domain for each numerical experiment can be seen in
Table 6, and the initial conditions are displayed in Table 7. Finally, in Table
8, the imposed boundary conditions are given. The numerical experiments
mentioned in these tables are as follows:

– Experiment 1. Compute of steady stationary solution.
– Experiment 2. Simulation of a dam break, described in [8].
– Experiment 3. Simulation of an experimental dam break carried out in the

Universitè Catholique of Louvain, and shown in [41].
– Experiments 4 and 5. Numerical simulation of conditions for a small-scale

laboratory dam break, as in [37].

Remark 1 The numerical scheme, where the source terms S1 and S4 are
discretised in upwind form, is denoted by QSVLUS1S4, while the numerical
scheme which implements the non-conservative system is denoted by QSVL-
NCP.
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Table 2 Physical parameters for numerical experiments.

Experiment ρs ρw s d ν
(kg/m3) (kg/m3) (kg/m3) (mm) (m2/s)

Experiment 1 2650 1000 1650 4 1.2ˆ10´6

Experiment 2 2650 1000 1650 4 1.2ˆ10´6

Experiment 3 1540 1000 1540 3.5 1.2ˆ10´6

Experiment 4 2580 1000 1580 3.9 1.2ˆ10´6

Experiment 5 2580 1000 1580 3.9 1.2ˆ10´6

Table 3 Numerical parameters for QSVLUS1S4 and QSVLNCP, pt0 “
a

hl{g.

Parameters CFL εHR εWD εED Tf (s) Nodes Ag
Experiment 1 0.5 0.0001 0.0001 0.0012 60 300 0.01
Experiment 2 0.7 10 0.001 0.001 120 1000 0

Experiment 3 0.3 3 0.005 0.001 10 pt0 300 0.008
Experiment 4 0.35 5 0.003 0.01 1.25 600 0.0025
Experiment 5 0.35 5 0.008 0.01 1.25 600 0.0065

Table 4 Numerical parameters for HLLCS approximate Riemann solver, pt0 “
a

hl{g.

Parameters CFL pH0,H1q Tf (s) Nodes Ag

Experiment 1 0.4 p0.01, 0.012q 60 5000 0.01
Experiment 2 0.4 p0, 0.001q 120 1000 0

Experiment 3 0.4 p0.05, 0.07q 10pt0 150 0.0011
Experiment 4 0.4 p0, 0.001q 1.25 600 0.0011
Experiment 5 0.4 p0, 0.001q 1.25 400 0.005

Table 5 Dimensionless values used in numerical experiments.

Parameters η θc φ p
QS HLLCS QS HLLCS QS HLLCS QS HLLCS

Experiment 1 0.02 0.02 0.045 0.045 10 10 0.4 0.4
Experiment 2 0.03 0.02 0.045 0.045 10 10 0.4 0.4
Experiment 3 0.03 0.02 0.045 0.045 4 0.4 0.4 0.4
Experiment 4 0.0165 0.009 0.047 0.047 2 0.5 0.47 0.47
Experiment 5 0.0165 0.009 0.047 0.047 1 0.2 0.47 0.47

5.2 Experiment 1

In Figures 8-11, we can see the numerical results given by three numerical
schemes. Figure 8 shows the comparison between the initial free surface and
the final compute free surface, from this figure we can see no one variations of
the final free surface with respect of the initial free surface. This fact is con-
firmed in Figure 9, where the error for compute free surface is shown. Notice

Table 6 Spatial domain for numerical experiments.

Experiment Exp. 1 Exp. 2 Exp. 3 Exp. 4 Exp. 5
Domain r´5, 10s r20000, 30000s r0, 2.5s r´3, 3s r´3, 3s
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Table 7 Initial conditions for the numerical experiments. Here Ωd “ r
3π
2
´ 6, 7π

2
´ 6s and

Ωw is the complement of Ωd.

Experiment zpx, t0q w1px, t0q upx, t0q cpx, t0q

sinpx` 6q ` 1 1.5´ zpx, t0q 0.3
Experiment 1 if x P Ωd if x P Ωw 0 x P Ωw

0 if x P Ωw 0 if x P Ωd 0 if x P Ωd
Experiment 2 0 40 if x P r20000, 25000s 0 0

2 if x P r25000, 30000s
Experiment 3 0 0.1 if x P r0, 1.25s 0 0

0 if x P r1.25, 2.5s
Experiment 4 0 0.35 if x P r´3, 0s 0 0

0 if x P r0, 3s
Experiment 5 0.1 if x P r´3, 0s 0.25 if x P r´3, 0s 0 0

0 if x P r0, 3s 0.1 if x P r0, 3s

Table 8 Boundary conditions.

Left end Right end
Experiment 1 Wall Wall
Experiment 2 Inflow Outflow
Experiment 3 Inflow Outflow
Experiment 4 Inflow Outflow
Experiment 5 Inflow Outflow

that the errors of the three numerical schemes are in the order of machine ep-
silon. As well, in Figure 8 it is observed that the depth of the bottom increases
as effect of the sediment deposition, as it was expected. Figure 10 shows that
the three numerical scheme compute null velocity over whole domain, because
the compute velocities are in the order of machine epsilon. From equation (73)
we have that the volumetric sediment concentration decreases as a function of
time, if cpx, tq ă 1´p. This fact is well recreate by our numerical scheme, as it
is depicted in Figure 11, where the absolute value of the difference between the
left hand site and the right hand site of (73) can be seen. Notice that the nu-
merical scheme are computing a difference in the order of 1ˆ10´15. Therefore
we can conclude that the numerical schemes presented in this work compute
correctly the steady solution, which is mean that our numerical schemes are
well balanced.

5.3 Experiment 2

The dam break conditions shown in [8] were simulated in this numerical test.
Both the water free surface and the depth of bed at t “ 20 s are shown in
Figure 12. Note that the water free surface computed by the three numerical
schemes is an accurate approximation of the results shown in [8]. Regarding
the numerical results of the depth of bed, it can be seem that the HLLCS
scheme estimates more sediment entrainment where the dam break was cen-
tered, while the schemes QSVLUS1S4 and QSVLNCP accurately approximate
the morphological changes.
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Fig. 8 Free surface of water and depth of bed at t “ 60 s.

Fig. 9 Error in the compute of the free surface of water at t “ 60s.

Figures 13 and 14 show the results obtained for the velocity at t “ 20 s and
t “ 120 s, respectively. The results provided by the three numerical schemes
at t “ 20 s are very similar to the results of Cao. However, for t “ 120 s in the
region where the water front is computed, the computed velocity is less than
the of [8], but the approximation is correct.

Both the expansion wave and shock wave shown by Cao are recreated ex-
actly by the three numerical schemes. Likewise, the velocity and morphological
changes are estimated correctly. Thus, the three numerical schemes reproduce
accurately the numerical results of [8].
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Fig. 10 Velocity at t “ 60 s.

Fig. 11 Error for the compute of temporal evolution of volumetric sediment concentration
at t “ 60 s.

5.4 Experiment 3

In order to measure the accuracy of our numerical schemes, the experimen-
tal dam break flows carried out in Louvain-la-Neuve (Universitè Catholique
de Louvain [20]) were numerically simulated and the results obtained were
compared with the experimental data.

Figures 15 – 17 show the numerical results of the three numerical schemes
against the experimental data. The downstream free surface of water com-
puted by schemes QSVLS1S4 and QSVLNCP is greater than the water free
surface given for the experimental data in this region. However the approxi-
mation is sufficient. Moreover, the results provided by HLLCS scheme are an
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Fig. 12 Water free surface and bed the depth computed at t “ 120 s.

Fig. 13 Velocity computed at t “ 20 s.

accurate approximation for the downstream water free surface. It should be
noted that the up-stream numerical water free surface obtained is less than the
experimental data of the water free surface in this region, but the differences
are minor. The hydraulic jump observed in the experimental data is better
approximated by the HLLCS scheme. Regarding the water front advance, it
can be seen that the three numerical schemes are accurate.

Regarding the bed evolution, Figures 15 and 16, show that the up-stream
morphological evolution computed by the HLLCS scheme, at times 5pt0 and
7.5pt0, are less than the morphological changes observed in the experimental
data. On the other hand, the upstream morphological evolution computed by
both schemes QSVLS1S4 and QSVLNCP is in accordance with the experimen-
tal data. Furthermore at time 10 pt0 both schemes QSVLS1S4 and QSVLNCP
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Fig. 14 Velocity computed at t “ 120 s.

compute more upstream sediment entrainment than that observed one in the
experimental data, while the upstream sediment entrainment computed by the
HLLCS scheme fit better to the experimental data. The downstream sediment
entrainment computed by the three numerical schemes is greater than the
experimental data for every computed time, although the computed approxi-
mation is good enough.

Fig. 15 Water free surface and the bed depth computed at 5 pt0.
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Fig. 16 Water free surface and the bed depth computed at 7.5 pt0.

Fig. 17 Water free surface and the bed depth computed at 10 pt0.

5.5 Experiments 4 and 5

In these numerical experiments the conditions of small scale dam breaks, per-
formed in the Universitè Catholique of Louvain, were recreated. Both the val-
ues for physical parameter and the experimental data were obtained from [37].

The results computed in the fourth numerical experiment are shown in
Figure 18.

It can be seen that the downstream sediment entrainment computed by the
HLLCS scheme is greater than the downstream sediment entrainment provided
by the experimental data. However, the differences between them are small.
The upstream sediment entrainment computed by the HLLCS scheme is in
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accordance with the experimental data. The bed evolution computed by both
schemes QSVLS1S4 and QSVLNCP reproduce accurately the bed changes.

From Figure 18 it can be seen that the region where the hydraulic jump
took place is correct for the three numerical schemes, but the experimental
water free surface is not given correctly by the numerical results.

The downstream conditions for the water free surface are correctly repro-
duced by the numerical schemes because the numerical results and exper-
imental data have the same qualitative form. Notice that the downstream
free surface of water computed by both schemes QSVLS1S4 and QSVLNCP
is greater than the experimental water free surface although the adjustment
made is adequate. Moreover, the water free surface computed by the HLLCS
scheme fits accurately the experimental water free surface.

Regarding the water front advance, it can be seen that the results obtained
by the HLLCS scheme are faster than the experimental data while the results
provided by the other two methods calculated more accurately.

The numerical results of the fifth numerical experiment are shown in Fig-
ure 19. We can see that the hydraulic jump is only partially reproduced by the
three numerical schemes; there is a gap between the place provided by the ex-
perimental data and that calculated by the numerical schemes. The computed
water free surface after the hydraulic jump is in good agreement with the ex-
perimental data. Notice that the water front advance computed by the three
numerical schemes presents a gap in comparison with the water front advance
observed in the experimental data. Regarding the morphological changes, the
tendency observed in the experimental data is correctly represented by the
three numerical schemes. The HLLCS scheme produces more upstream sedi-
ment entrainment than that observed one in the experimental data, but the
differences are minor. The adjustment of the upstream bed evolution made
by the schemes QSVLS1S4 and QSVLNCP is satisfactory. The downstream
bed evolution computed by the three numerical schemes is in good agreement
with the experimental bed evolution. In these numerical tests small oscilla-
tions, are noticeable where the hydraulic jump took place, produced by the
HLLCS schemes while the results of QSVLS1S4 and QSVLNCP gives a smooth
tendency.

6 Conclusions

Three numerical schemes to simulate dam break flows with suspended load
and bedload sediment transport have been presented. Two of them implement
the Q-scheme of van Leer to compute the numerical flux and the other one
implements a HLLC Riemann solver. In one of the presented numerical scheme,
the source terms related to the bed slope and the sediment concentration
variations are discretised in an upwind way. In a second numerical scheme,
the bed slope source term is discretised in an upwind way but the source
term related to the variation of sediment concentration is treated as a non
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Fig. 18 Free surface of water and bed depth computed at t “ 1.25 s.

Fig. 19 Free surface of water and bed depth computed at t “ 1.25 s.

conservative product. The last one numerical scheme, the HLLCS Riemann
solver, take into account the bed slope source term inside of the numerical
flux whiles the sediment concentration variation is computed in a explicit way.

We have proved that the numerical schemes are well-balanced, by the nu-
merical results of the steady stationary solution test. The contrast made be-
tween the numerical results and the experimental data shows that the numer-
ical schemes accurately compute the water front advance. It can be seen that
the computed free surface of water recreates in successfully the free surface
of water of the experimental data. Regarding to bed evolution, we have seen
that the three numerical scheme compute a successful approximation for the
observed bed evolution in the experimental data. Due to that the Grass pa-
rameter is close to zero, the interaction between the flux and the bottom is
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weak for the physical experiments simulated in this work. From the different
numerical tests carried out, we can conclude that the computed water front
advance depends on the wet-dry parameter εWD, the threshold value for sed-
iment entrainment εED or the interval pH0,H1q. We have also seen that the
constant value φ, in the sediment entrainment formula, helps to improve the
computation of the water front advance. Therefore an interesting future work is
try to developed an uncertainty quantification study about these parameters.
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