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1 | INTRODUCTION

| Daniel Cao Labora®! | Rosana Rodriguez-Lépez>!

In this paper, we consider a class of nonlinear second-order functional dif-
ferential equations with piecewise constant arguments with applications to a
thermostat that is controlled by the introduction of functional terms in the tem-
perature and the speed of change of the temperature at some fixed instants.
We first prove some comparison results for boundary value problems associ-
ated to linear delay differential equations that allow to give a priori bounds for
the derivative of the solutions, so that we can control not only the values of the
solutions but also their rate of change. Then, we develop the method of upper
and lower solutions and the monotone iterative technique in order to deduce
the existence of solutions in a certain region (and find their approximations)
for a class of boundary value problems, which include the periodic case. In the
approximation process, since the sequences of the derivatives for the approxi-
mate solutions are, in general, not monotonic, we also give some estimates for
these derivatives. We complete the paper with some examples and conclusions.
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In the study of nonlinear differential equations, the existence of solutions is sometimes achieved through the development
of the method of upper and lower solutions, and the approximation of the extremal solutions in the functional interval
defined by those functions is performed by the monotone iterative technique. A fundamental reference on monotone
method is Ladde et al' (see also previous works?-%). To mention some other related works, the application of the mono-
tone method to functional differential equations can be found in Nieto et al,” and second-order periodic boundary value
problems were considered in Cabada and Nieto.?
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The existence of solution to second-order functional differential equations with a functional dependence given by a
piecewise constant argument has attracted the attention of many authors. We cite, for instance, previous works.’-!3 For
the mentioned works, the delay is given by the integer part function but the nonlinearity in the equation is independent
of x'.

Chen and Sun'* considered a class of linear boundary value problems for nonlinear second-order impulsive func-
tional differential equations with continuous delay function, and they applied the upper and lower solutions method
and the monotone iterative technique to obtain the existence of solution. However, the nonlinearity in the equation is
also independent of the derivative of x. On the other hand, the class of functional differential equations considered in
Corduneanu?®® presents a linear dependence on x’. Some other recent works include a nonlinearity depending on x’ but
avoid the introduction of delay in the equation.

In Guo and Guo,!¢ the authors studied the existence and multiplicity of periodic solutions for a class of second-order
delay differential equations with no explicit dependence on x’. More recently, some results based on Avery-Peterson fixed
point theorem were provided in Shen et al'” for a thermostat model including the first-order derivative in the nonlinearity.

Other references relevant to the topic are, for instance, the article by Henriquez and Hernandez,'® which was devoted to
the analysis of the approximate controllability of control systems given by second-order semilinear functional differential
equations with infinite delay; the work by Sakthivel et al,'® which is focused on the study of the exact controllability
of certain second-order nonlinear impulsive control differential systems; the study of Shoukaku,?® about the oscillatory
behavior of certain hyperbolic equations with continuous distributed deviating arguments; or Liu and Huang,?! where the
coincidence degree theory was applied to obtain results on the existence and uniqueness of T-periodic solutions for a class
of second-order neutral functional differential equations. The same approach, coincidence degree theory, was applied in??
to analyze the existence of periodic solutions for higher-order differential equations with deviating arguments. In this last
case, the dependence on the different derivatives x'¥ is linear.

In particular, in Zhang,'* the authors considered the following periodic boundary value problem for second-order
functional differential equations:

=x"(t) = f(t, x(@),x([t]), t € J =[0,T],
x(0) =x(T), x'(0)=x'(T),

while previous studies?>** were focused on the analysis of similar problems for the case of first-order differential
equations.

On the other hand, Nieto and Rodriguez-Lopez?® presented some results on the study of the existence of solution to
second-order functional differential equations with piecewise constant arguments of the type

xX"(t) + ax'(t) + bx(t) + X' ([t]) + dx([t]) = 6(t), t € J = [0, T],
x(0) = x(T), ®
X' (0)=x'(T)+ A,

by proving the existence of solutions to the following linear impulsive periodic boundary value problems:

x"(t) + ax'(t) + bx(t) + cx'([t]) + dx([t]) =0, t € R,
x(0) = x(T),
x'(07) =X/ (T"),
X' (st =x'(s7)+1,

()

wheres € J,a,b,c,d, A € R, T > 0 and ¢ is a piecewise continuous function. More specifically, it was illustrated how
the solution to (1) can be obtained by means of a Green's function which is given by the solution of (2) (see also Yang
et al?®). Further, in Buedo-Fernandez et al,?” conditions were provided in order to prove the existence of solutions to (1)
with a constant sign, deducing comparison results which will be useful to prove in this paper the existence of solutions to
nonlinear second-order functional differential equations with piecewise constant arguments, for which the nonlinearity
depends on the x’ term and the delay is also introduced in the derivative.

Our main motivations for the study of this problem are, on one hand, its applicability to the modeling of a thermostat
including the dependence on the first-derivative of the state variable, similarly to the one considered in Shen et al,'” but
controlled through the introduction of functional terms in x and x’, and on the other hand but also related, the need of
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determining the behavior of the solutions for such models controlled by the temperature and the speed of change of the
temperature at some fixed instants.

Some other models for thermostats have been studied in previous studies?®?° (see also the study in Webb?°). For some
models with this type of applications from the perspective of fractional calculus, we refer to previous works,>!-*? and also
Rezapour et al®? as example of variable order fractional thermostat models.

The paper is organized as follows. In Section 2, we present the problem of study and recall the comparison results for
second-order functional differential equations extracted from Buedo-Fernéndez et al?’ that will be useful to our purposes,
and then, in Section 3, we provide results on the existence of solution for nonlinear second-order functional problems
with boundary value conditions by using the upper and lower solutions' method. In Section 4, we include the develop-
ment of the monotone iterative technique, and finally, in Sections 5 and 6, we present, respectively, some examples and
conclusions.

2 | PRELIMINARIES

We consider the problem

x(0) = x(T), (3)

x"(t) = g(t, x(t), x' (1), x([t]), X' ([t])), t € ] = [0, T],
X(0) = X' (T) + 4,

where 1 € R,and g : J x R* - Ris continuous on (J\{1,2, ... ,[T]}) x R* and such that the following limits are finite:
tlim gt,x,y,u,v), gn,x,y,u,v) = tlim g(t,x, y,u,v), ne{l,2,...,[T]}.
—n- —nt

This kind of problems is useful in the study of phenomena which are self-regulated at fixed equidistant instants, for
instance, at the positive integer numbers. Note that the consideration of this problem allows to consider functional
dependence on the derivative x’, hence the context is more general than that in other previous works.

We denote by C(J) the space of continuous functions defined on J

C(J)={u :J - R : u continuous},

furnished with the supremum norm.

Definition 1 (Definition 2 of Nieto and Rodriguez-Lopez2®). Consider the spaces
A :={y:J— R : ycontinuouson J\{1,2, ... ,[T]}, and thereexist y(n") € R, y(n*) = y(n), vn € {1,2, ... ,[T]}}

and
E:={x:J—->R : x,x arecontinuous and x” € A}.
Definition 2. A function x is a solution to (3) if x € E and satisfies the conditions in (3).

Definition 3 (Nieto and Rodriguez-Lopez??). Similarly, a function x is a solution to (1) if x € E and satisfies the
conditions in (1), where x"(n) = x"(n*), Vn € {0,1,2, ... ,[T]}.

In the sequel, I denotes the identity mapping,

[ m®@ h) ) G C
HR) := <h,1(z) hi(2)> ,for z € [0,1], and C:=HQ1)= <C} C% >

1 72
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where h;(s) is given by

l—C—is+%(1—e“”), if b=0, a #0,
a a

)(1+%s>e'§s—g, if b#0, a®> = 4b,

b
ﬂeas_aeﬂs B C_i
f—a b’

a 2 2
1+C—l e 2’ cosy/b—a—s+LSin - Ly —g, if b#0, a® < 4b,
b 4 5 /b_a_z 4 b
4

and h,(s) is given by

if b#0, a®> > 4b,

l(1—6“”—cs+£(1—e““)>, if b=0, a #0,
a a
s— <52 ifb=0,a=0,

2
¢3S [% (1+%s>+s]—%, if b#0, a® = 4b,
pe _ s _ ac) ps
<b l)e“+<1 b)e

<
p—a b’
¢3S _COS\/b——s+ \/b—zs —g if b0, a® < 4b.

Here, for b # 0, a® > 4b, we denote

if b#0, a®> > 4b,

\/_7_[, o \/7 @

Note that, according to the previous notation,

hy (T — [T]) hy(T - [T])
H(T -[T) = ( h’i(T —[TD hi(T ) > '

Theorem 1. (Theorem 3.2 of Nieto and Rodriguez-Lopez? ). If hypothesis
det (I—H(T - [TDC™) #0 (5)

holds, then problem (1) has a unique solution, for all 6 € A (see Definition 1) and A € R, which can be obtained by the
expression
T
x(t) = /K(t, s)o(s)ds + AK(t,0), t € J, (6)
0
where, for all s € J, K(-, s) is the unique solution to (2).

See Nieto and Rodriguez-Lopez? for the expression of the Green's function K in Theorem 1.
We also fix the notation N for the set of positive integer numbers and Z* = N uU {0} for the set of nonnegative integer
numbers.
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Moreover, the following comparison results are useful in the proof of the main results. Consider the set
S:i={x,y€eR® : x>0, y>-Mx},

where
hi(z)

220 ha(2)

Define also

#, if b=0, a #0,
z, if b=0, a=0,
ze 2%, if b#0, a? = 4b,
8() 1= e_”;::;“, if b # 0, a® > 4b, @)
a_ si b—ﬁ
e—zzs‘“f V% if b #0, a? < 4b.
b-%

Theorem 2 (Theorem of Buedo-Fernandez et al?’). Suppose that the hypothesis (5) holds. Assume that 6 € A is
nonnegative on J, A > 0, and that the following conditions hold:

(D hy(1) > 0,and h, > 00n(0,1).
(II) The vector V° given by
- 0
VO = [I-H(T-[T) c™]™ ( 1 ) (8)
satisfies that C* V° € S foreveryk = 0,1, ... ,[T].

(III) The function g given by (7) is nonnegative on (0, 1).
(IV) Foreach0 < s < Twiths € (n,n+ 1) for some n € Z*, the vector Vy 5 given, for T < n + 1, by

L -1 (8T —5s)
Vos i= [[ = H(T [T} C'] (g’(T - s>> »
and forn+1< T, by

Vo i= 1= = (1) ] er =7 o (800,

satisfies that C*Vy 5 € S, for everyk = 0,1, ... ,[T].
(V) Foreach0 < s < Twiths € (n,n+1)forsomen € Z*,if T > n+ 1, we also assume that the vector

Vls c= [Cn+1VOS+ <g(n+1_s) >

gd(n+1-5s) (with Vo5 given in IV),

satisfies that C*Vy 5 € S, foreveryk = 0,1, ... ,[T]—n— 1.
Then the unique solution to problem (1) is nonnegative on J.

Theorem 3 (Theorem 10 of Buedo-Fernandez et al?”). Suppose that the hypothesis (5) holds. Assume also that the con-
ditions (I)-(V) in Theorem 2 are satisfied. If o € A is nonpositive on J and A < 0, then the unique solution to problem (1)
is nonpositive on J.

Remark 1 (Remark 6 of Buedo-Fernandez et al?”). Condition (I) in Theorems 2-3 is satisfied under the following
circumstances:

Caseb=0,a#0:1- S + (%(1 —e~%) > 0, and one of the following conditions holds:

% ¢=0;0r
x* c#0,anda+c<0;or
* c;éO,a+c>O,and(a+ci%20;or

* c¢o,a+c>o,<"+c>aﬂ<o,and§(1—e—a—c+§(1—e—“)>zo.
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Casea = b = 0: d < 2, and one of the following conditions holds:

* ¢<1;or
* ¢>1,andc < 2.

Case b#0, a? =4b: (1 + % (1 + %) e s — % > 0, and one of the following conditions holds:

* %+c51;or

a

* 5+c>1,ande_3[

Case b#0, a’ > 4b: <1+g )
\Vaz — 2 .

* a+2c < Va 4b(1+em_1>’or
Z_1)er+(1-% )ef

* a+2c> \/a2—4b(1+ 2 >,andm_

<
p—a b

> 0.

Caseb+#0, o’ < 4b: (1 + g) e {cosf{ + % sinf?} - % > 0, and one of the following conditions holds:

=

x* R< and%+c§0;or

*

NIN DY

=

< ,and0<%+c§fecot(A
(i

); or
* ) < 0;o0r

SRR

<ﬁ<n,andg+c§ﬁcot

*
Q

a N 1+%£ 0 . . . .
—3 { % COSR + sz st} - % > 0, and one of the following restrictions holds:
_= a .
=7 and2 +c¢> 0;or

z
2

=

*

=

* andg+c>fecot(f€);or

<
c

=

ﬂ],andg+c>0;or

%
=

(E’
€ (n,%),and0<%+c§Rcot(R);or

3

B

2R2n,and%+c<0;or

RIN |

* <R<n,and0>§+c>i€cot(i&);

+ oA . I
RZb sin Rs; } - % > 0 and one of the following restrictions holds:

« e 2% {%cosf{sl+
* Re (n,%’”),andg+c>1§cot(ﬁ) > 0; or

* R:%”,and§+c>0.

K]

" %+c=0,andf€§
where R := /b — % > 0.
Remark 2 (Remark 7 of Buedo-Fernandez et al.?”). Condition (III) in Theorems 2-3 is satisfied if one of the following

conditions holds:

e« b=0.
« b#0, a’? > 4b.
« b#+0, a®<4b,and R < x.

We present a new comparison result which will also be useful in the proof of the main results.
Lemma 1. Suppose that x € C([0, T]) satisfies that x' € A and

xX'(t) + Lx(t) + Fx([t]) £ o(b),

x(0) < x(T), ©
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where L # 0, F € R, and assume that
els — %(1 —e 5 >0,Vse(0,1], (10)

and [Tl
(er-=en)) (eHmm =g (-erm)) <1 v

Then, fort € [m,m+1)N [0, T], withm =0, ... ,[T], we get

- - A
x(f) < — Zl <e—L _ % (1 - e—L)> /O.(S)eL(S-j)dS (e—L(T—[T]) _ % (1- e—L(T—[T])))
J= i1
T
L(s—T _L F _L m _L(t— F (-
+/a(s)e(s )ds <e _f(l_e )) (e t '")—f(l—e @ m)))
[T]

J

+ i <e‘L - % (1-et) )m_j / o(s)e" ds (e‘L(“m) - % (1- e‘L(“m))>

Jj=1 -1

t
+ / o(s)e" s ds,

here A = (e L E 1 —L i —-L(T-[T]) _ E 1 —L(T-[TD
where A = (et -2 (1-e™) e -7 (1-e ) )-
Proof. Forte[j,j+1),j=0,...,[T], we have

X' (t) + Lx(t) + Fx(j) < o(2),

which implies that
()Y < (a(t) — Fx( e,

Then, by integrating between j and ¢, we have, fort € [j,j+ 1), j =0, ... ,[T],

t
x()et =) —x(j) < / (o(s) — Fx(j))ets=ds;
J

thus, we obtain
t

t
x(t)e"') < x(j) — Fx(j) / e~ ds + / o(s)e ) ds
J J

and
t

x(t) < x(J) (1 - % (e — 1)) e L=n 4 / o(s)eFt=0ds.
J
In particular, for j =0, ... , [T], by the continuity of x,
j+1
j i F —L (s—j-1)
x(]+1)Sx(J)<1—Z(eL—1)>e + [ o(s)e* ds.

J

95UB017 SUOWIWIOD BA 11810 3|qeot (dde auy Aq pausenob e Sapolie YO ‘8SN JO S8|nJ 10} ARIq1T8UIUO /8|1 UO (SUOTPUOO-PUR-SLUIBYWIO A8 |1 Ale.q 1Bul [Uo//Sdy) SUOTIPUOD pue swie 1 8y} 88s *[£202/90/ST] Uo Ariqiauluo 8|1 episodwog ap ofienues ap speps.eAIUN AQ 8288 WILL/Z00T 0T/I0p/L0o" A3 1M AeIq1jeul|uo//Sdny woy pepeojumod ‘0 ‘9.7T660T



8 BUEDO-FERNANDEZ ET AL.
WILEY

By using the estimate on the constants, taking j = 0, we get

1

x(1) < x(0) (1 _ % (¢ - 1) > oLy / o(5)e6-1 ds,

0
andforj =1,

2
x@ <x) (1-F (e -1)) et + / o(5)eX5- ds

1

1 2
< x(0)<1 - % (eh-1) >Ze_2L + (1 - % (eh-1) > el / o(s)e"SVds + / o(s)e" 2 ds.
0 1
By induction, it is easy to check that, fork =1, ... ,[T],
x(k) < x(O)(l -7 (eh - 1)) ek 4 ,Zl (1 -7 (e — 1)) e~ (k=nL / o(s)eF 6= ds
j-1
. F )\ . . _F 1\ j (s=J)
:x(O)(e —Z(l—e )) +j:1 (e —Z(l—e )) /o-(s)eL ds.
j-1
Hence,
(T)) < (0)< 1. F (1 _L)>[T] E( . F (1 _L)>[T]—j] ( )eL(S_j)d
X <x(0)e " —=(1-¢ + e ——=(1-e o(s N
L & L /,

and for t € [[T], T], we obtain

t

x() (TP (12 2 (o — 1) ) / o(s)eHo ) ds

(1]
t

=x([T]) <e_L(t_[T]) - % (1- e‘L(t_[T]))) + / o(s)e" ™0 ds.
[T]

This proves that
T

X(T) < x(T] (€40 = 2 (1 - MDY ) o / o(s)eH5=D ds,
[T]

Therefore,
x(0) < x(T)

<5 (e = £ (1= e)) " (et Ly - g )

7] T |
+ Z; (e—L - % (1- e—L)> / o(s)etds (e—L(T—[T]) - % (1- e—L(T—[TJ)))
J= 7
T
+ / o(s)e" "D ds.
(7]
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By recalling the expression of A, the previous inequality implies that

1 F - , F
(1-Ax(©) < ) (e—L -=(1- e—L)> / o(s)ets)ds (e—L<T—[TD -=(1- e—W—[TD))
j=1 L J L
j-1
T
+ / o(s)el=Dds.
[T]
Since condition (11) is written as A < 1, then, form =0, ... ,[T]and t € [m,m + 1) N [0, T], we obtain

t

x(t) < x(m) (e‘“"’”) - % (1- e‘L“—m))) + / o(s)et 0 ds

., F N e F i
Sx(O)(eL—Z(l—eL)> (eL(‘ )—Z(l—eL(‘ ))>
F = ; F
+ el-—(1-¢* / o(s)es D ds (e L= — — (1 — L™
N o )
t
+ / o(s)el=0ds
<1 [ZT‘]‘ (e‘L _E (1-e") )[TH ] o(s)e"sds (e‘L(T‘[T]) _E (1- e‘L(T‘[TD))
“1-A ~ L 7 L
T
+ / a(s)e"c~D ds <e‘L - Ig (1- e‘L)> (e‘L(t"") - Ig (1- e‘L(t""))>
[T]
m o
F mej | F
+ el——(1-¢t / o(s)eFCds (e L= — — (1 — g7Lt=m
Z(tr-g=e)f S ()

t
+ / o(s)e" D ds.

O

Remark 3. The proof of Lemma 1 has been written by assuming that T ¢ Z, so that [T] < T. However, there is
no contradiction with the case [T] = T, where the inequalities are deduced on each interval [m,m + 1), for m =
0, ... ,[T] — 1. Itis obvious that, if T € N, condition (11) is reduced to

[T]
A= (e‘L— IZ: (1—e‘L)> <1.

Remark 4. 1t is easily checked that condition (10) is satisfied for F + L < 0. Besides, (10) is valid for F + L > 0, by
assuming that

. F _
eL—Z(l—eL)>0,

that is, (10) holds if

Eler-
F+L>0, L( 1)<1
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Remark 5. Estimate (11) is trivially valid if L + F > 0. Indeed, the function

F>F
L

F
. —Ls —Ls —Ls
@S =e ——(1-¢ =e (1+_

is decreasing on [0, 1], since ¢'(s) = —(L+F)e~* < 0 and ¢(0) = 1. On the other hand, (11) is not fulfilled for L+ F < 0.

3 | UPPER AND LOWER SOLUTIONS METHOD

Definition 4. We say that a function « € E is a lower solution to (3) if the following conditions are satisfied

a(0) = a(T), (12)

o’ () < g(t, a(t), o (t), a([t]), &' ([£])), t € T = [0, T,
a'(0) <o/ (T) + A

Similarly, a function § € E is an upper solution to (3) if

£(0) = (1), 13)

{ g () > g(t, p@o), p' (1), LD, B/ ([1]), t €T = [0, T1,
p'(0) > p'(T) + 4.

In the sequel, we consider the following hypotheses:

(H;) There exist a, € E, respectively, lower and upper solutions to problem (3), with « < gon J.
(H,) There exist constants a, b, ¢, d € R such that

g(t, ), B/, BALD, F' (D) — g(t, a(®), @’ (), a([L]), ' ([1]))
> —a(f'(t) — o' (1) = b(A(®) — a(D) — c(B'([£]) = &' ([1])) = d(B((]) = a([t]), t € J.

(H3) The constants a, b, ¢, d € R are such that the hypothesis (5) and conditions (I)-(V) in Theorem 2 hold.
(Hy) A, u € R are fixed with A < pu.

Theorem 4. Suppose that there exist a, f € E such that condition (H,) holds. Assume also that the hypotheses (H3), and
(Hy) arevalid. If x fulfills

X"(6) + ax'(t) + bx(t) + o' ([t]) + dx([£]) = 6,(t), t €T =[0, T},

x(0) = x(T), xX'(0) =x'(T) + 4,
and y satisfies
Y'(®) +ay (&) + by(®) + ¢y’ ([t + dy([t]) = op(t), t €T = [0, T],
y0)=y(T), V() =)y (T)+p,
where
oa(t) 1= g(t, a(t), a' (t), a([t]), ' ([t) + aa’ () + ba(t) + ca’([t]) + da([t]),

and
op(t) 1= g(t, (), B'(0), BULD, A/ ([t]) + ap’ () + bA(t) + cf'([£]) + dp([t]),

thenx < yonl.
Proof. Letw :=x—y € E. Then, by using (H,), it is easy to check that, for t € J,

w' (@) + aw' () + bw(t) + ew'([t]) + dw([t])
=g(t, a(t), &' (), a([t]), &' ([t]) + aa’ () + ba(t) + ca’([t]) + da([t])
— g(t, ), B (1), BLD), B'([1]) — af'(t) — bB(t) — cf'([t]) — dp([t]) < 0.
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Besides,
w(0) = w(T), WO =xX'(T)+ A=Y (T)—u=w(T)+i—u <w(T).

Hence, by hypothesis (H3) and the application of Theorem 3, we deduce that w < 0 on J, and thus, x < y on J. O

We remark that, in this last theorem, g, @ are not required to be, respectively, upper and lower solutions.

Lemma 2. Assume that hypotheses (H,) and (H;) are valid. Suppose also that there exist L # 0, R > 0 such that
R+L=a,LR=b,Rc<d,

c+L>0, and e‘L—%(l—e‘L)ZO, (14

and define the functions
ki(t) :=a'(t) + R(a(t) — (1)) — K, t € [m,m + 1),

kx(t) 2= B'(t) = R(a(®) = B(D) + Kin, L € [m,m + 1),

where
K, = (d —Ro)
1-A
(7] L e o\ j - o o
X ;(6 —z(l—e )) /(ﬂ([s])—a([s])) ds(e _Z(l_e ))
Jj-1
T
+ /(ﬂ([S]) — a([s]))e"Dds (e_L _ % (1- e—L)> <e—L(t—m) _ % (1- e—L(t—m))>
[T]
m o
> (e‘L - (1-e™) )m_j / (d — Re)(A([s]) — a([s]))e o~ ds (e—w—rm _fa- e—m-m))
i L /| I
P

+ [ (d=Ro)(B([s]) — a([s])e™ds,

3~ -

form =0,1, ... ,S* with S* being the greatest nonnegative integer less than T (that is, S* = [T]if T ¢ Z,and S* = [T]-1
if T € Z), and A being provided in the statement of Lemma 1 taking F = c.
Then K, > 0, for every m, and ky < k, on J.

Proof. Letx(t) := o' (t) — f'(t) + R(a(t) — B(1)), then

x(0) = a'(0) = f'(0) + R(a(0) = f(0)) < &'(T) + A = f'(T) = A+ R(a(T) = f(T)) = x(T),

and
X'(t) + Lx(t) = o’ (t) — p”'(t) + R’ (t) — RF'(t) + Lo’ (t) — LF (1)
+ LRa(t) — LRA(t) = ' (t) — "' (t) + ad’(t) — af’(t) + ba(t) — bp(t), t € J.
Besides,
") = () < gt, a(t), a' (1), a([t]), &' ([1]D) — g(t, W), B (1), BLLD), B ([£]))
<a(f'(t) = o' () + b(BW®) — a(®) + c(B'([£]) — &' ([tD) + d(B([L]) — a([L])).
Hence,

X' (8) + Lx(t) + ex([t]) < a(B'(t) — o' () + b(B(t) — a(t)) + c(B'([t]) — ' ([t])) + d(B([t]) — a([t]))
+ ad'(t) — ap’(t) + ba(t) — bB(t) + ca’([t]) — cf'([t]) + cR(a([t]) — A([t]))
=(d = cR)(B([t]) — a([t])), t € J.
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By Lemma 1, we deduce that x(t) < K, for t € [m, m+ 1), that s, o’(t) — f'(¢) + R(a(t) — f(t)) < Kp, for t € [m,m+1),
in consequence, for t € [m, m + 1),

ki(0) = kx() = o' (£) = f'(D) + 2R(a(t) = p(1)) — 2K,
< R(a(t) - 1)) — Kin <0,

since it is clear that the constants K, are nonnegative. O

Remark 6. According to Remarks 4 and 5 and independently of the value of T > 0, estimates in (14) represent
necessary and sufficient conditions for the validity of

e Ls _ %(1 —e >0, Vse(0,1],

simultaneously to

L ¢ (7 c
A= (et =€ me) " (e & (1 gy <,
L L
Remark 7. In the hypotheses of Lemma 2, it is satisfied that k; < ¢’ and ' < k, on J.

Theorem 5. Suppose thatg : J X R* — R is continuous on (J\{1,2, ... ,[T]}) x R* and such that the following limits
are finite

Jim g(t,x, y, u, v), 8(n.x, y,u,v) = lim gt, X, y, u, v).
—n- —n

Assume that condition (Hy) holds. Suppose, further, that the following condition is satisfied: (Hs) There exist constants
a,b,c,d € R, L+#0,andR > 0satisfyingthat R+ L=a, LR=b,Rc <d,

c+L>0and et - % (1-e) >0,
such that

gt x, y,u,v) — g(t, a(t), &' (), a([1]), &' ([£])) = —a(y — &' (D) — b(x — a(t)) — c(v — &' ([£])) — d(u — a([t])

and

g(t, pQ), B'(0), BALD, B/ (D) = g(t,x, y,u,v) = —a(f' (D) — y) — b(AW) —x) — c(f'([1]) = v) — d(B([1]) — w),

fort€J, and a(t) < x < (1), ki(t) < y < kD), a([t]) < u < (L)), ki ([£]) < v < ka([£]), where ki (t) and k(t) are given
in the statement of Lemma 2.

Assume also that the constants a, b, c,d € R in (Hs) are such that the hypothesis (5) and conditions (D—(V) in
Theorem 2 hold (see condition (Hz)).

Then there exists (at least) one solution u to the second-order differential Equation (3) such that a < u < f and
ki <u <kyonl.

Proof. We consider the following modified problem:

x(0) = x(T), (15)

X(£) + ax' () + bx(t) + ex' ([1]) + dx([£]) = ox(0), t € T = [0, T),
{ X(0) = x'(T) + 4,
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where
ox(t) :=g(t, p(t, x(1)), q(t, X' (), p([£], x([£])), q([£], X' ([t])))
+aq(t,x'(t)) + bp(t, x(t)) + cq([t], x' ([]) + dp([£], x([£])),
a(t), if x < a(t),
p(t,x) := max{a(t), min{x, f(t)}} = { x, if a(t) <x < BD),
B, if x> p(1),
and

ki(0), if y < ks (D),

q(t,y) :=max{ki(t), min{y, kx()}} = { s if ki(f) < y < ka(0),
kz(t), if y> kz([).

Ifx € Eissuch thata < x < pand k; < x’ < k; on J, then x is a solution to (3) if and only if it is a solution to (15).
We prove that problem (15) is solvable and that every solution to (15) satisfies that « < x < pand k; < x’ < k; onJ.
Indeed, take x € E a solution to (15), then we check that « < xand k; <x’. Letw :=a —x € E. Then

w(0) = a(0) = x(0) = a(T) — x(T) = w(T),
Ww(0) = a'(0) = X'(0) < &/(T) + A= X'(T) — A = &(T) = X'(T) = w(T),

that is, w'(0) = w'(T) + w'(0) — w'(T), where w'(0) — w'(T) < 0. Further, by using (H,), (Hs), and taking into account
that a(t) < p(t,x(t)) < (1), ki(t) < q(t, X' (1)) < ka(8), a([t]) < p([£], x([t])) < B(E]), ka([£]) < q([£]. X' ([£]) < ka([2]), for
teJ, weget

w’ (@) + aw’ () + bw(t) + ew'([t]) + dw([¢])
< gt at),d ), a([t]), «'([t]) + aa’(t) + ba(t) + ca’([t]) + da([t])

— 8(t, p(t, x(0)), q(t, x' (1)), p([£1, x([£1)), q([£], X' ([11)))
— aq(t,x' (1)) = bp(t, x(t)) — cq([t],x'([t)) — dp([£], x([¢])) < 0.

By the comparison result Theorem 3, w < 0, thus @ < x on J. Similarly, we obtain thatx < fonJ. Takew :=x—f € E,
then

w(0) = x(0) — p(0) = x(T) — A(T) = w(T),

w'(0) =x'(0) = f'(0) <X(T) + A= f'(T) — A =w/(D),

and by using (Hs),

w’ (£) + aw'(t) + bw(t) + ew'([t]) + dw([t])
< g(t, pt, x(1)), q(t, x' (1), p([t], x([t])), q([£], X' ([£])))
+aq(t,x' () + bp(t, x(t)) + cq([t], x'([t])) + dp([¢], x([£]))
= g(t, B(), B' (1), (LD, B’ (L)) — ap'(t) — bP(t) — cf'([t]) — dp([t]) <0, t € J.

The comparison result Theorem 3 provides that w < 0 on J; thus,x < fon J.
Next, we prove that k; < x’ on J by using Lemma 1. Let L # 0, R > 0 be satisfying the conditions in the statement
of the theorem and consider y(t) := o'(t) — X'(¢) + R(a(t) — x(t)), t € J, then, by using (H;) and (Hs), we have
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YO +Ly(t) = " () = X" (t) + R(&'(t) = X' (1)) + L(a'(t) = X' (£)) + LR(a(t) — X(t))
=o' (t) — g(t, p(t, x(1)), q(t. X' (1)), p([t], x([£])). q([£]. X' ([£])))
—aq(t,x'(t)) — bp(t, x(t)) — cq([t],x'([t])) — dp([t]. x([t]))
+ ax'(t) + bx(t) + X' ([t]) + dx([t])
+ Ra/(t) = RX'(t) + Lo’ (t) — Lx'(t) + LRa(t) — LRx(t)
<g(t, a(t), a' (), a([t]), &' ([t])) — g(t., p(t. x(1)), q(t. X (1)), p([£]. x([£])). q([£]. X' ([£])))
— aq(t, X' (£)) — bp(t, x(t)) — cq([t],x'([t])) — dp([t], x([t]))
+ X' ([£]) + dx([t]) + R’ (t) + Lo’ (¢) + LRa(t)
<a(q(t,x'(t)) — o' (t)) + b(p(t, x(t)) — a(t))
+ c(q([t]. X' ([t])) — & ([£]) + d(p([t], x([£])) — a([¢]))
— aq(t,x' () = bp(t, x(t)) — cq([t],x'([t])) — dp([¢], x([t]))
+ o ([t]) + dx([t]) + aa’(t) + ba(t)
=c(X'([t]) — &' ([t])) + dCx([t]) — a([t]), t € J,

and hence, fort € J,

Y'(&) + Ly(®) + cy([t]) < e ([£]) = & (1) + de([£]) = a([t]) + ¢ (&' ([]) = %' ([£]) + R(a([]) — x([])))
= (Re — d)(a([t]) — x([t])) = o(D).

Besides, since a/(0) < «/(T) + 4, X' (0) = x/(T) + 4, and o’ (0) — x'(0) < a/(T) + A — X'(T) — A, then
¥(0) = a’(0) — x'(0) + R(a(0) — x(0)) < &'(T) — x'(T) + R(a(T) — x(T)) = w(T).

By using Lemma 1, we obtain that, for t € [m, m + 1),

oy < 8D

X E]: <e—L _< (1- e_L))[T]—j ](a([s]) — x([s]))e ds (e—L(T—[T]) _< (1- e—L(T—[T])))

Jj=1 L ) L

-

T
+ /(a([s]) — x([s]))e~6~D ds (e—L _ % (1- e—L)) (e—L([—m) _ ]% (1- e‘L("m))>

(7]

m o
+ Z (e—L _< (1—e™) >m—, /(Rc — d)(a([s]) — x([s]))e~C~ ds (e—L(t—m) _c (1- e—L(t—m)))

Jj=1 L o L

t
+ / (Re — d)(a([s]) = x([s])e" " ds,

where A is given in the statement of Lemma 1 with F = ¢. Note that conditions e~% — f (1-ef)>0andc+L >0
imply that function ¢(s) := e — %(1 — e71%) is decreasing on [0, 1] and nonnegative; hence, ¢(T — [T]) > 0 and
¢(t — m) > 0. Besides, since a(s) — f(s) < a(s) — x(s) < 0, for every s € [0, T], and Rc — d < 0, we have that
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(Rc—d)
W< ——
N\ (or_ C -y )" j L1 g LTI _ € ~L(T-IT)
x J;(e ~T(1-e )) /(a([s])—ﬂ([s])) ds<e -f(1-e ))
i1

T
+ / (a([s]) — A(Is])e"~D ds (e—L - % (1- e—L)> (e—L“—m) - % (1- e—L“—"”))

m . ‘I
m—j .
+y (e—L - % (1- e—L)) / (Re — d)(a(ls]) — A([s])e 6~ ds (e‘m_’") - I% (1- e-L“—'")))
j—-1
+ / (Re — d)(a([s]) — B([s])e*eDds, for t € [m, m + 1),

that is,

y(t) =o' () — X' () + R(a(t) — x(t)) < Ky, for t € [m,m+1),

which implies that
ki(t) = o/ (£) + R(a(t) = f() — Ky < &' () + R(a(t) — x(1)) — K < X'(0),

for every t € [m, m + 1) and every m.
To prove that x’ < k, on J, we apply Lemma 1 again to the function

y(6) :=X'(O) = B'(6) + RO(t) = B(D)), L €T,
which satisfies
¥(0) = x'(0) = '(0) + R(x(0) = f(0)) < x'(T) + 4 = f'(T) = A+ RX(T) = A(T)) = y(T).
Moreover,

Y (® +Ly(t) =x"(t) = p"() + R(=p'() + X' (£)) + L&' (t) — p'(£)) + LR(x(t) — (1))

< —ax'(t) = bx(t) — o' ([£]) — dx([t]) + g(t, p(t, x(t)), q(t, X' (1)), p([£], x([£])), q([£], ' ([£])))
+aq(t,x' (1)) + bp(t, x(t)) + cq([t], X' ([t])) + dp([£], x([¢]))
— g(t, B), B (1), B, B'([1]) — RP'(t) + RX(t) + Lx'(t) — Lp'(t) — LRA(t) + LRx(t)

< —ax'(t) = bx(t) — o' ([t]) — dx([t]) + a(f'(t) — q(t. X' (1)) + b(B(t) — p(t. x(t)))
+c(B'([t]) — q(e]. X' ([£]))) + d(B([t]) — p([£], x([£])))
+aq(t, X' (1)) + bp(t, x(1)) + cq([t], x'([t])) + dp([t], x([t]))
—RA'(®) + RX'(t) + LxX'(t) — Lp'(t) — LRP(t) + LRx(t)

=c(f'([t]) — X' ([t]) + d(B([t]) — x([t])), t € J;

hence,

Y + Ly(®) + ey([t]) < c(B'([£]) = x'([£]) + d(B([t]) — x([£]))
+ex'([t]) = ¢f'([£]) + cRx([£]) — cRA([t]) = (d — cRY(B([£]) — x([1])).
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By applying Lemma 1, we get, for t € [m,m + 1),

vy < 8280
5 L_¢ o\ ! s e .
% ;(e -7 (1-e )) j/_l(ﬂ([SD_X([SD) ds(e ~f(-e )>
/ m
+ 4(ﬂ([s]) — x([s))e"*" " ds (e‘L - % (1- e—L)> (e—L(t—m) _ % (1- e—L(f—m))>

Jj=1

" o
+y (e-L - % (1- e-L)> ! / (d = Re)(B([s]) — x([s]))e"~ ds (e-”f-m) - % (1- e-LU-m)))
i1

+ [ (d=Ro)(B(Is]) — x([s]))e"*~" ds.

3~ -

Since all the coefficients in the last expression are greater than or equal to zero and
0 < B(s) — x(s) < B(s) — a(s), for every s € [0, T1,

we obtain that

y(t) =x'(t) = B'(t) + R(x(t) — B(t)) < Ky, for t € [m,m+1);

therefore,
x'(t) < B'(t) — R(x(t) — (1)) + Ky < B'(£) — R(a(t) — (1)) + Ky = ka(1),

forevery t € [m,m+ 1) and every m = 0,1, ... ,S*, where S* is given in Lemma 2.

Finally, we prove that problem (15) is solvable.

Note that, due to the properties of functions a, f§, k1, k», g, and the definition of the operators p and g, it is deduced
that function o,(f) € A, for every x € E. Hence, problem (15) can be written equivalently (see Theorem 1) as

T

x(t) = /K(t, s)ox(s)ds + AK(t,0), t € J,

0

where for each s € J, K(-,s) is the unique solution to an auxiliary problem of the type (2). We define the mapping
B : CYJ) - CY(J) given by

T

[Bx](t) := /K(t, S)ox(s)ds + AK(t,0), t € J,
0

in such a way that the set of solutions of the modified problem (15) is the set of fixed points of 5.
Let M > 0 be such that |a(t)| < M, |f(t)| < M, |&'(t)| < M, |f'(t)| £ M, for every t € J (it is possible since a, § € E).
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On the other hand, fort € [m,m+1), m=0,1, ... ,S*%,

k()] =o' (D) + R(a(t) = B(t)) = K| <M +2RM + |Kpn|

d—-R
<M+2RM+ G
1-A
0 c e c
—L —L S—j —L(T-[T —L(T—-[T
% _fn- > eL<f>d< -1y _ € (1 _ ([J))
Z; <e I (1-e*) / s(e I (1-e )
J= i-1
T
4 [ et g <e—L _c (1- e‘L)>m (e_L(t_m) _c (1- e—L(t—m)))
L L
7]

o
+2M(d - Rc)zm: (e‘L - % (1 — e—L) )m_’ / oL dg (e—L(t—m) _ % (1 _ e—L(l—m)))
j-1

Jj=1

t
+2M(d — Re) / el ds = M.

Similarly,
lky(D)| <M, t€[mm+1), m=0,1, ... ,S"

This proves that ||k;|| = sup,c;|ki()] < M; and ||k,|| < M;. Consider the compact set in R®
D :={(tx.y.zw) €R’ : t€[0,Tla(t) <x < ), ki(t) <y < ka(t), a([t]) <z < B(LD), ka([£]) < w < k(D))
By the hypotheses on g, it is possible to choose N > 0 such that
le(t,x, y,z,w)| <N, forevery (t,x,y,z,w) € D.
Let 4 € (0,1) and x be such that x = u/Bx.
Ixllcrn = wllBxllcrny = pdIBx| + 1(Bx)])).

From the expression of Bx, we deduce that

T

(Bx)'(t) = / a%K(t, $)ox(s)ds + A%K(t, 0), teJ.

0

Note that, by definition, p(t,x(t)) is between a(t) and A(t) and q(t,x'(t)) is between ki(t) and k,(t). Hence,
(¢, p(t, x(0)), q(t, X' (1)), p([t], x([£1)), q([£], X' ([¢]))) € D, for every ¢, and

lox (D] = 1g(t, p(t, x(), q(t, X' (), p((£], x([£]), q([£], X' ([£])))
+aq(t,x' (1) + bp(t, x(6)) + cq([t],x'((t)) + dp([£], x([¢])]
<N+ |a|M; + |bIM + [c|M7 + |[d|]M = N + (|a| + |c[)M;1 + (|b] + |d|)M.

This proves that

T

1Bx|l < (N + (lal + [chDMy + (Ib] + |d])M) sup /K(I,S)dS+ |4 sup K(t,0),

te(0,T] te[0,T]

95UB017 SUOWIWIOD BA 11810 3|qeot (dde auy Aq pausenob e Sapolie YO ‘8SN JO S8|nJ 10} ARIq1T8UIUO /8|1 UO (SUOTPUOO-PUR-SLUIBYWIO A8 |1 Ale.q 1Bul [Uo//Sdy) SUOTIPUOD pue swie 1 8y} 88s *[£202/90/ST] Uo Ariqiauluo 8|1 episodwog ap ofienues ap speps.eAIUN AQ 8288 WILL/Z00T 0T/I0p/L0o" A3 1M AeIq1jeul|uo//Sdny woy pepeojumod ‘0 ‘9.7T660T



18 BUEDO-FERNANDEZ ET AL.
WILEY

and

ds+ |A| sup
1€[0,T]

2K(t, 0)‘ .
t€[0,T] ot

T
(Bl < (N + (la] + [chMy + (Ib] + [d)M) sup /‘%K(LS)
0

Furthermore, K and %K are bounded, since their expressions depend on the functions hy, h, and function g in
Buedo-Fernandez et al?’ and their respective derivatives, which are obviously continuous and hence bounded on [0, 1].
We remark that the nonnegative character of functions K(-,0) and K(-, s) for almost every s € (0, T) is guaranteed by
the conditions in Theorem 2 (see Buedo-Fernandez et al??).

Then, by Schauder's Fixed Point Theorem, there exists at least one fixed point x of B which is a solution to (15).
This solution x satisfies that « < x < pand k; < x’ < k, on J, and in consequence, it is a solution to (3) and the proof
is complete. O

4 | MONOTONE METHOD

In this section, we develop the monotone iterative technique for problem (3).

Theorem 6. Suppose thatg : J X R* — R is continuous on (J\{1,2, ... ,[T1}) x R* and such that the following limits
are finite

tlim gt,x,y,u,v), gn,x,y,u,v) = tlim g(t,x,y,u,v).
—n- —nt

Assume that hypothesis (H,) holds. Suppose that (Hg) There exist constants a, b,c,d € R, L # 0, and R > 0 with
R+L=a,LR=b,Rc<d,

c+L>0, and e’ - —(1-¢") >0,

Sle

in such a way that, for those values of a, b, c, d € R, the following inequality holds:
gt.x, y, u,v) — g(t. X, y,0,7) 2 —a(y — y) = b(x = %) — c(v — V) — d(u — ),
fort eJ, and
a) SX<x <P, ki) <,y <kao(®), a(lth) <@ <u < p(tD), k(1) <D,v < ka([2]),

where ki (t), kx(t) and Ky, m = 0,1, ... ,S* are given in the statement of Lemma 2, S* = [T]if T ¢ Z and S* = [T] - 1
ifT e Z.

Assume also that the constants a, b, c,d € R in (Hg) are such that the hypothesis (5) and conditions (D—(V) in
Theorem 2 hold (see condition (H3)).

Suppose that

a'(t) = f'(t) < R(B(H) — a(t)), VL, (16)
or, more generally,
a' () — B'(t) < R(P(t) — a(t)) + K, VL. 17)

Then there exist monotone sequences {ay }, { f,} in E such that oy = @, fo = f, and {a,}, {B,} areuniformly convergent
to p, vy, which are the extremal solutions to (3) in the set

{neC'(N|a<n<pand ky <y <k, on J}.

Furthermore, there exist subsequences {a;,k} - p, {ﬂ;lk} -7y, ask - +oo.
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Proof. For each n € C'(J), we consider the modified problem

x(0) = x(T), (18)

x"(t) + ax'(t) + bx(t) + ex'([t]) + dx([t]) = oy(), teJ=[0,T],
{ X' (0)=x"(T)+ A,

where o, (£) 1= g(t, n(0), n' (), n([t]), n'([£])) + an’ () + by () + cn' ([£]) + dn([t]), for £ € J.
Note that ¢, is continuous on J\{1,2, ... ,[T]}, and there exist o,(n”) € R, o,(n*) = o,(n), for every n €
{1,2, ... ,[T1}, hence 6, € A. We define the operator A as

T
(An) = /K(t, s)o,(s)ds + AK(t,0), t € J,

0

for n € CY(J).
We choose ay = « and «; the unique solution to (18), which exists since 6, € A and condition (5) holds. Hence,

T

ai(t) = /K(t, s)o,(s)ds + AK(t,0), t € J.

0

The sequences ay,, f, are defined as
Uy 1= A(Xn_l, ﬂn = Aﬂn—l, Vh > 1.

We check that {a,} is monotone nondecreasing and {f,} is monotone nonincreasing.
We proceed in different steps:

D) o', f @) € [k (D), ka(D)], VL €J.
(ii) o}/, B are bounded.
(iii) Ify € C'(J)issuch thata < 5 < B, and k; < 5’ < k; on J, then Az belongs to [«, #] and (A#)’ is between k;
and k,.
(iv) A is nondecreasing on the set
{(neC'(J)|la<n<pand ky <n' <k on J}.
(v) {ay} is uniformly convergent towards p and {$,} is uniformly convergent towards y. For the derivatives, we
only have convergence of a certain subsequence.
(vi) p, y are extremal solutions to (3) in
fneC(Nla<n<pand ky <y’ <k, on J}.
First, we prove (i). Note that, for every m,
ki(t) = o' (t) + R(a(t) — (1)) = K < &), t € [m,m + 1),

ka(t) = f'(t) — R(a(t) — p(t)) + Kpy > f' (1), t € [m,m + 1).
If o’ () < B'(t), then ky < a'(t) < B/ (t) < k», but if this condition does not hold, we deduce

o () + R(a(t) — B()) — K < (D),

and
a'(t) < B'(t) — Ra(t) — p() + K,
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for t € [m, m + 1), and every m, from hypothesis (16), or more generally, (17).
We check (ii). Indeed,

T

ay(t) = / %K(t, $)64, ,(s)ds + A%K(t, 0), t € J, (19)
0
and
T
() = ath d AathOt J 20
an()_ ﬁ (’S)O-Ll,l_l(s) S + ﬁ (7 )’ eJ, ( )
0
so that a)] € A, and similarly,
T

0? 0?

Wi

n (t) = / wK(t, S)O'ﬂn_l(S)dS + AﬁK(t’ 0), tel,
0

and hence, @) and g/ are bounded on each J; = [k, k + 1], and thus, bounded.

We prove (iii). Consider # € C*(J) such that @ < n < #, and k; < 5 < k, on J, then we prove that Az belongs to
[a, ] and (A#n)’ is between k; and k,. Note that .A# is the unique solution to (18). Consider m := « — Az, then, by
using thata <#n < B, ky <’ < k», and (Hg), we get, for t € [0, T,

m" (t) + am’(t) + bm(t) + cm’([t]) + dm([t])
=a”(t) + ad(t) + ba(t) + ca’([t]) + da([t])

— gt n(®),n' ), n([t), 7' ([tD) — an’ (&) = by(t) — en' ([t]) — dn([t])
<g(t, a(®), o (), a([t]), ' ([t])) + aa'(t) + ba(t) + ca’([t]) + da([t])

— gt n(®),n' ), n([tD), 7' (1)) — an’ (&) = by(t) — cn' ([t]) — dn([t]) < 0.

Moreover,

m(0) = a(0) — (An)(0) = a(T) — (An)(T) = m(T),

m'(0) = &' (0) = (An)'(0) < &' (T) + 4 = (An)(T) = A = m'(T).

By the comparison result Theorem 3, m < 0 on [0, T], hence a < Az onJ.
On the other hand, by taking m := An — f, we have

' (t) + am' (t) + bin(t) + e’ ([t]) + dm([t]) <0, t € [0, T,

and m(0) = m(T), m'(0) < m'(T), hence we deduce again, by the comparison result Theorem 3, that /2 < 0 on J, and
An < fonl.
Now, we prove that (An)" € [ky, k,] by using Lemma 1. We consider the function

y() 1= o' (®) = (An)' () + R(a(t) = (An)(®)), t €J,

and check that
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YO+ Ly =a" () = (An)" (1)
+ R(d'(t) = (An)' (1)) + L(a/ (t) = (An)' (1)) + LR(a(t) = (An)(t))
<gt, a(t),d @), a([t]), a'([t])) + Ra'(t) + Lo’ (t) + LRa(t)
— (An)" () = R(An)'(t) — L(An)'(t) = LR(An)(t)
=g(t, a(t), &' (1), a([t]), &' ([t]) + ad'(t) + ba(t)
= (An)" () — a(An)' () — b(An)(¢)
=g(t, a(t), &' (1), a([t]), &' ([1]) + ad'(t) + ba(t)
= gt n@, 0" (©), n([(£D), ' ([£1)) — an’(£) — by(®)
—cn' ([¢]) — dn([t]) + c(An)' ([£]) + d(An)([t])
< —cad'([1]) = da([£]) + c(An)'([£]) + d(An)([£])
= c((An)'([£]) = &/ ([£]) + d((A([LD) — a([t])), t €,
and
»(0) = a’(0) — (An)'(0) + R(a(0) — (An)(0))
<a'(T) + A= (An)(T) = A+ R(a(T) = (An)(T)) = (7).
This proves that

Y + Ly() + ey([t]) < (d = cR)((Am([E]) — a([1]) < (d = cR)(B([E]) — a([1])),

since (An) < g and d > cR. By Lemma 1, we get, for t € [m, m + 1), that

oy < 8229
S (et € ) j L)) gg ((@=L(T-ITD) _ € LT
x[;‘{ ) j[l(ﬁ([SJ)—a([S]))e ds (e - L(1-e ))
| m
+ 4 (B(Is) - a(lshyesPds [ (e = £ (1=e) ) (e = 2 (1= e0m) )

. o
+y (e—L - E (1- e—L)> ! / (d = RO(B([s]) — a([s])e" ds (e—L“—m) - % (1- e—L“—m)))

Jj-1

t
+ / (d = Ro)(B([s]) — a([s]))e"* " ds.

Hence,
y(t) = o' (t) = (An) (t) + R(a(t) — (An)(t)) < K, for t € [m,m+1).
Therefore,
a'(O) = (An)' () + R(a(t) = f(t)) < Kin,
and in consequence,
ki(t) = o' (t) + R(a(t) = f(1)) = K < (An)' (1),

for every t € [m, m + 1) and every m.
On the other hand, to prove that (An)" < ks, take y(¢) := (An)'(t) — p'(t) + R((An)(t) — B(1)), t € J, and check the
hypotheses of Lemma 1. Indeed,

¥(0) = (An)'(0) = #'(0) + R((An)(0) - (0))
< (AN (T) + 4 = B'(T) = A+ R((An)(T) = (1) = ¥(T),
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and
Y (&) + Ly(t) = (An)"(t) = " (1)
+R((An)'(t) = B (1)) + L((An)'(t) = (1)) + LR((An)(t) = p(t))
= (An)" () = B"(t) + a(An)' (t) — ap'(t) + b(An)(t) — b(t)
<gt,n@®), 7' ®), n([tD, 0" (D) + an' (&) + bn(®) + ¢’ ([t]) + dn([t])
— c(An)' ([t — d(An)([t]) — g(t, (1), B (1), B((LD), B'([t]) — ap'(t) — bA(t)
< cf' ([t + dp([e]) — c(An)'([£]) — d(An)([£])
=c(B'([t]) = (An)'([tD) + d(B([t]) — (Am)([t]), t € J,
which implies that

Y () + Ly(®) + cy([t]) < (d — cR)(B([t]) — (An)([t])) < (d — cR)(B([t]) — a([t])), for t € [0, T].
Since the function ¢ is the same as in the previous case, then, by Lemma 1, we get
y(t) < Ky, for t € [m,m+1),

and
(An)'(t) = B'(t) + R(a(t) — (1)) < (An)'(t) — B'(t) + R(An)(t) — p(t)) < Ky, for t € [m,m+1),
thus
(An)' () < B'(t) + R(B(t) — a(t)) + K = ka(0),

foreveryt € [m,m+ 1) and everym = 0,1, ... ,[T], hence (An)’ <k, onJ.
To check (iv), consider that #, ¢ € C'(J) aresuchthata < # < & < f,and k; < ', & < k, on J, then An < A¢E,
which is deduced similarly to Theorem 4, since, by using (Hg), we get, for t € J,

oy () — oz (t) = g(t, n(®),n' ), n([t]), n' ([t]) + an'(t) + bn(t) + e’ ([£]) + dn([t])
—g(t, &), E' (1), E([tD), &' ([1]) — a&'(t) — bE(t) — c&'([t]) — dé([¢]) < 0.

Indeed, w := An — A€ satisfies that
w(0) = w(T), w'(0) = (An)' (0) = (A&)'(0) = (An)'(T) + 4 — (A& (T) — 2 = w'(T),

and
w'(@®) + aw' (&) + bw(t) + ew'([t]) + dw([t]) <0, t € J.

By the comparison result Theorem 3, we deduce that w < 0 and thus, Any < A& onJ.

Now, to prove (v), note that {a,} is nondecreasing, and {f,} is nonincreasing. Indeed, it is obvious (by iii)) that
a < Aa=a < f. ki < (Aa) =a] <kyanda < A = p < fand k; < (AP) = p] < k on J. By iv), we have
a, < py. By applying iv) recursively, we derive the monotonicity of the sequences {a,} and {f,}. On the other hand,

by the previous considerations, the integral expressions

T

an(t) = /K(t, 8)0,,_ (s)ds + AK(t,0), t € J,
0
T

Bu(t) = / K(t,s)op, (s)ds + AK(2,0), t € J,
0

imply that {a,}, {#,} C C(J) are uniformly bounded. We prove that these sets are equicontinuous. Consider the
expressions of the corresponding derivatives included in (19)
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T

al(t) = / %K(t, 5)64, ,(5)ds + A%K(t, 0), tel,

0

T
Br(t) = / ﬁK(t, s)og _(s)ds+ AiK(t, 0), tel.
ot ! ot

0

By using the compact set D defined in the proof of Theorem 5, we obtain that the set
{o,(5) : s€T,neCY(J) with a <n<p, and k; <% <k}
is bounded, where
0, () 2= g(s,n(s), 0" (), n([sD, 0’ ([s) + an’(s) + bn(s) + cn'([s]) + dn([s]), s € J;

hence, {a,} and {,} are equicontinuous sets on J. Hence, there exist p, y € C(J) and subsequences {a;, } — p, and
{Bn,} — v, uniformly as k — +co (moreover, we can affirm that there exist p, y € C'(J) and subsequences {an,} = p
and {f, } = yin| - |l1,as k = +oo, thatis, {a, } = p, {Bn,} = 7. {a;k} — p’,and {ﬁ,;k} — v uniformly on J).

Since {a,} and {f,} are monotone, then {a,} — p, and {f,} — v, asn — +oo.

Note that, obviously, « < p < y < f on J. Furthermore, since k; < (@) = (Aap-1) < kz, and k; < (B,) =
(APn,-1) < ky, forevery k, thenk; < p', ¥’ <k, onJ.

To prove (vi), we use that

T

an(t) = / K(t,5)0,,_,(s)ds + AK(t,0), t € J.
0

Since “',1;( is uniformly convergent towards p’, then, by taking the sequence

T

tp11(8) = / K(t,5)04, (s)ds + AK(1,0), L € J,
0

and by using that Oa,, () = g(t, an, (D), a;lk(t), an, ([1]), “;:k([t])) + aa,’lk(t) + bay, () + ca,’%([t]) + day,, ([t]), for t € J, is
uniformly convergent on J towards

o,(t) = g(t, p(t), p' (1), p([1D), P’ () + ap'(t) + bp(t) + cp'([t]) + dp([t]), for t € J,

we have
T
p(t) = /K(t, s)o,(s)ds + AK(t,0), t € J,
0
hence,
P (&) + ap'(t) + bp(t) + cp'([t]) + dp([t]) = o,(D),
which implies that

P () = g(t, p(t), ' (®), p([]), P'([1])), for t €T,

and besides, p(0) = p(T), and p’'(0) = p'(T) + A. Therefore, p is a solution to (3). A similar reasoning is valid for the
sequence {f,} and y.

WILEY——2
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On the other hand, if x € E is a solution such that « < x < fandk; <x' <k,onJ,thena; = Aa < Ax =x <
Ap = pand k; < (Aa), (Ax),(AB) < k, on J. By induction, we have a, < x < f, on J, for every n,then p <x <y
on J, and the solutions p and y are extremal in

(neC()|a<n<pandk; <n <k, on J}.

O

Remark 8. Once the condition « < g is satisfied on J, condition (16) is trivially valid at the points t, € J with a(ty) =
B(ty) and o' (ty) < B'(ty), which is consistent with the condition a < g (if a(ty) = (ty) and o' (ty) > p'(ty), then there
would exist a neighborhood where a > f). On an interval where « < f, condition (16) is equivalent to % <R,
and integrating, we get — In(f(t) — a(t)) < Rt + C, or f(t) > Ke ®* + a(t). Hence, if a(ty) < f(to), the validity of (16) for
t > to implies that g(t) > Ke™® + a(t) for t > t, (in particular, this implies that a(f) < f(t) for all ¢ > f,).

Condition (16) is equivalent to the differential inequality y’(¢) < —Ry(t), wherey = a — f < 0. If y(fy) < 0, it implies
that y(t) < 0, Vt > t,. If y(ty) = 0, we have y’(f,) < 0.

Remark 9. The constantsa, b, ¢, d € R must be chosen in such a way that there exist L # 0,and R > OwithR+L = a,
and LR = b # 0. From the relations specified, once calculated R, L is obtained as L = %. In consequence, R can be

chosen by solving the equation

b
R+— =a,
R a

which leads to the quadratic equation R?> — aR + b = 0. We easily derive two possibilities:

_axVa*-4b

R =
2

If a? — 4b < 0, there exists no R; hence, we must assume that a® > 4b. This expression is, in consequence, a restriction
on the choice of a, b.

If a? = 4b, we deduce that b > 0 (since b # 0), and hence, L > 0, and a > 0. In this case, we have only one possibility
forR = ‘2—1 (which is consistent with a > 0), and L = % =2

If a® > 4b, we have two possibilities for R, and we seek for a positive value of R. Note that, for at least one of those
values to be positive, we have to check a > —v/a? — 4b, which is trivial for a > 0. Hence, one choice is to assume that

a > 0andtakeR = ‘“%M’ > 0. This option is also possible ifa < 0and b < 0.

In the other choice, R = £¥£== ”;2_41’ is positive if and only ifa > V/a2 — 4b, which is obviously satisfied fora > 0, b > 0.
In summary, we have two options:

e a>=4b>0,R= gwitha>0,andL= %b > 0 (here, a, b > 0).
« a? > 4b, and two options for R, with the corresponding value of L:

a+Va2—4b b 2b . . .
= —— = - = — <
* R > >0,L Rl s (valid for a > 0 independently of the sign of b # 0, and for a < 0 and
b < 0). The sign of L is the sign of b.
— a=Val-4b —b__ 2 i
* R= > >0,L=¢ — > 0 (valid for a > 0 and b > 0).

Note that we need to impose additional restrictions on the constants L, R. These restrictions will give information
about the way of choosing the rest of the constants ¢, d € R. For instance, d — cR > 0 is written as

. a2 =4b:d—c§ > 0, that is, ca < 2d.
e a? > 4b:

% [fR= VI ”;Z_‘”’ > 0, such condition is written as ¢ (a + Va2 - 4b> <2d.
% JfR=4¥YED ”;2_4[’ > 0, such condition is written as ¢ (a - Va?- 4b> <2d.

Note that, taking into account the type of one-sided Lipschitz condition assumed, we are interested in the case b > 0
(hence, L > 0 and, therefore, a > 0).
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In general, the sequences {a,} and {f,} are not monotonic. If ' < p’ on J and the sequences {a},} and {g]} are
monotone, then we would deduce that {a,} — p' and {f,} — y’ uniformly on J, as n — +oo. Despite of this, we can
prove the following estimates for the derivatives {a},} and {5/ }.

Theorem 7. For the sequences given in Theorem 6, the following estimates are valid:

an(t) = R(aps1(8) = an(t)) = Tm(B — a, 1)
< an(t) = R(@n41(8) = an(t)) = Tin(S — an, ) (21)
< an(t) = R(an+1(8) = an(®) = U1 — an, 1) < oy, (0),

where S may be either p, y, or B, and

B (O < Ba(®) + R(Bu(®) = Pu1 (D) + DB — Bus, )
< Bn(®) + R(Bu(8) = Pr1 (D) + Tin(fr = S, ) (22)
< Ba(®) + R(Bn(8) = r1 (D) + Tin(f — @, 1),

where S may be either a, p, ory, fort € [ m,m+1),m=0,1, ... ,[T], with

T, t) := (Ci__ic)

%( Y L))[T]_j] (e d ( LI-T) _ € (1 _ prbar [T])))
X e ——=(1—e" u([sDe"Vds eV — = (1 — e

= L /) 7

T

(s=T) -L _C (1 _ L ML -m) _ € (1 _ ~Lt-m)

+/u([s])eL ds (e L(l e )) <e t L(l ekt ))

[T]

(1 et

el KoY

m o
+2 <e_L - % (1- e_L)) ’ / (d — Ro)u([s])e"*~ ds (e—L“—'") -
Jj-1

~

+ / (d — Re)u([s])e*c ds.

Proof. Hereafter, we will also consider a_; := « and f_; := f. Following the reasoning of Theorem 6, assume that n
is a nonnegative integer, and take

2(t) 1= ap(t) — ), (t) + R(an(t) — a1 (1), t €J.

We deduce that
Z/(t) + Lz(t)
=a,(t) — ay (1) + R(ay(t) — 0}, () + L(an(t) — a1 (1) + LR(an(t) — i1 (1))

= ay (1) + aap(t) + ban(t) — ay (1) — aa), () — by (b)

<8t ano1(8), @)1 (1), an1 ([1]), a1 ([E])) + aa;,_ () + ba_1(£)
+ cay,_, ([t]) + dap_1([t]) — cap([t]) — dan([t]) — g(t, (D), an (), an([t]), ay([t]))
— aay(t) — bay(t) — cay([t]) — dan([t]) + cay,, ([t]) + dan 1 ([£])

< — cap([t]) — dan([£]) + cajy,; ([t]) + datns1 ([£]).

The first of the previous two inequalities is in fact an equality in case n > 1, while, if n = 0, it comes from the properties
of a. We also recall that @_; = @y = a. Furthermore, the last inequality is an equality provided that n = 0, whereas for
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n > 1we have used thata < @y 1 <y, < f,and k; < @)
every n > 0, we can write

1» @, < k;. Hence, since an inequality eventually appears for

Z'(t) + Lz(t) + cz([t])
— day([t]) + dap1([t]) + Rean([£]) — Reay 1 ([£]) = (d — cR)(@n4 ([£]) — an([£]))
— cR)(p([t]) — an([t])) < (d — cR)(y([t]) — an([£]))

<
<
<(d = cR)(B([t]) — an([tD) < (d = cR)(B([t]) — a([2])),

d
d

and
2(0) = a,,(0) — a;,,1(0) + R(a,(0) — a+1(0))
<ap(T)+ A —a;, () — 2+ R(an(T) — a1 (1)) = 2(T),

where the last inequality is an equality if n > 1. Then, by using Lemma 1, we obtain

2(t) = an(t) — ;1 (8) + R(an(t) — app1(8)) < Tp(@ng1 — ¥, B)
STm(p—an, ) KTy — an, ) STp(B— an, D) S Tp(f — @, t),

forte[m,m+1),m=0,1, ... ,[T], which implies condition (21).
Now, for the sequence {f,}, consider

2(t) i = P (6) = Bu(®) + R(Bryr(t) — Pu(D), t EJ.
In a similar manner, we obtain

Z/() + Lz(t) = By, () + aB 1 () + bPurr(t) — By (£) — apy(t) — bB(t)
< g(t, Bu(t), Pr(t), Pa([£]), Pr([t])) + aBr(D) + bPa(t) + cfr([t]) + dBn([1])
—cf 1 (8D — dPnsr([t]) — &(t, Pu-1(D), By (1), Pua ([£]), By, _ ([E]))
—ap,_, () = bu-r(t) — cfy_; ([t]) — dBu_1([t]) + cBr([t]) + dPa([t])
< =B ([tD) — dBpaa ([t]) + chr([t]) + dBn([t]).

Regarding the latter two inequalities, analogous comments to the ones that we have done for « (subcases n = 0 and
n > 1) hold too. Thus,

Z'(t) + Lz(t) + cz([t])

< = dBpa([t]) + dPn((£]) + ReBpia ([£]) — Refu([t]) = (d — cRY(Ba([t]) = Prar ([1])
<(d = cR)(Bu([t]) — y([tD) < (d = cRY(Bu([t]) — p([])
< (d = cR)(Bu([t]) — a([t]) < (d — cR)(B([t]) — a([t]),

and, besides,
2(0) = f,,1(0) — B(0) + R(Bn41(0) — (0))
<Pi(T) 4 A= p(T) = A+ R(Bps1(T) — Bu(T)) = 2(T),

where the last inequality is a equality if n > 1. By Lemma 1, we have

2(t) = Py (O = Br(®) + R(Bpra1(£) = fu(D)
STm(Bn — Pra1, ) STm(Bn — 7, 8) S Ti(Bn — p, 0)
STn(Pn—a,t) STp(f —a,t).
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Corollary 1. In the conditions of Theorem 7, we obtain

an(t) = R(B(t) — a(0)) = Tn(f — a, 1)
< ap(t) = R(S1() — a(®)) = Tm(B — @, )
< an(t) = R(S1(8) = an()) = Dm(S2 = ap, )
< ap(t) = R(S1(8) = an() = Tin(@ns1 = an, 1) <y (0),

where Sy, Sp, may be either p, y, or f, and

Brsr () < fr(®) + R(Bu(t) = S1(0)) + Tin(Bn = P, 1)
< Bn(®) + R(Bu(®) = S1(D) + Tin(fn — S, 1)
< Ba(®) + R(B(E) = S1(0) + Tn(P — @, 1)
< Bu(®) + R(B(t) = a(0) + Tn(f — a, 1),

where Sy, S, may be either a, p,ory, fort € [ m,m+1), m=0,1, ... ,[T].

Proof. 1t is derived from Theorem 7 and the relation ¢ < a, < ay41 < p < ¥ < 1 < P < B, where n is any
nonnegative integer number. O

5 | EXAMPLES

We present here some examples of application of the main results.

Example 1. Consider the problem

X() = e + & cos(x(t) - 2x'(6) - dx(le) - 2, t € T = [0, ],
X(0) = X(2), 23)
X'(0) =x'(2),

whereg : JXR* > R, g(t,x, y,u,v) = e + % cos(x) — % y— %u - %v is continuous on J x R*. Note that the function g
satisfies a one-sided Lipschitz condition of the type

g(t’xsys u,\)) _g(t9i—75}7 a’f)) Z _a(y_ 5}) - b(x_-%) - C(V—ﬁ) - d(u - a)’

fort € J,X < x,and @i < u, and the value of the constantsa = ¢ = % and any arbitrary b > i d> % so that (H;) is
satisfied independently of the choices of «, . We fixa=c=d = %, b= %, and T = % With this choice, b # 0, and
a? = :1‘ = 4b, thus

hi(s) = <1 + C—l> (1 + %s) e — % =9 <1 + is) emit = 8,

b
hy(s) =€ 2 [% (1 + %s) +s] - % =i [8 <1 + is) +s] -8,
hi(s) = L <1 + %) se 2¥ = —%se"s, hy(s) = e 2" [—g—g ( + gs> — %s+ ;—Z + 1] =e [1 — s] ,

and

—0.2482 0.5516

h(l)h(l) Bl-1_g 19,1 g

1 1 2 e e 0.9353 0.3837

HT-1h=H(5)=| 32 Sr=( %, 5 2 z< )
1\ 2 2 5) ’

95UB017 SUOWIWIOD BA 11810 3|qeot (dde auy Aq pausenob e Sapolie YO ‘8SN JO S8|nJ 10} ARIq1T8UIUO /8|1 UO (SUOTPUOO-PUR-SLUIBYWIO A8 |1 Ale.q 1Bul [Uo//Sdy) SUOTIPUOD pue swie 1 8y} 88s *[£202/90/ST] Uo Ariqiauluo 8|1 episodwog ap ofienues ap speps.eAIUN AQ 8288 WILL/Z00T 0T/I0p/L0o" A3 1M AeIq1jeul|uo//Sdny woy pepeojumod ‘0 ‘9.7T660T



28 BUEDO-FERNANDEZ ET AL.
WILEY

It is obvious that the function a € E defined by a(t) =0, t € [O, %], is a lower solution to (23). On the other hand, the

nonnegative function g € E given by f(¢) =7, t € [0, %], is an upper solution to (23) since

§'(0) =0 2 g(t. (O, B0, BULD. F'([ED) = 8(07.0.7,0) = ¢ + < cos(7) — 2, te T = [0.3].
Then the hypothesis (H;) holds.
We must also select L # 0, and R > Osuch thatR+ L = %, LR = % R<1,

1 1
~+L>0, andef——(1-¢1) >0,
2 ZL( )

Taking into account that a? = %

of the conditions mentioned are fulfilled since

= 4b, according to Remark 9, we can take R : = g = %, and L := %b = i > 0, and all

e_L—ﬁ(l—e_L) — e} _2(1_e—%) =375 — 2~ 0.3364 > 0.

Consider the functions defined in the statement of Lemma 2:
’ 7 1
ki(t) = @'(0) + R@(®) = f0) ~Ko = =7 ~Ko, t€[0.5),

ka(t) 1= B'(t) — R(a(t) — p(D) + Ko = 2 +Ko te [o, %) ,

where

and A is defined in the statement of Lemma 1 taking F = c, that is,
c (7] c _1 _1 _1
A= (e—L e _e—L)) (e—L(T—[T]) ~fa- e—L(T—[T]))) _ (e ) <1 —e 8)) =3¢ -2,
L L

so that

1
2 t

3, -1
=7e s
Ky 1= 2—n /ej?sds <3e_3?t—2)+%e_3?t/eisds=

0 0

(3e‘i‘ - 2) + % (1 - e‘i‘) ,

Besides, the choices of the constants are such that the hypothesis (5) and conditions (I)-(V) in Theorem 2 hold.
Indeed, (5) is reduced to

[\SRIEN

81 -1 19 _1
1 9-——es ——e s +8 0.064719 —0.383721
— — — 8 2 ~ —
det <I H(2)> = det< ! 1 ) ~ det < 0248202 0.448439 | = 0.1243 # 0.

S_d_ 35,7 _gn G4e=141
2—2 = 2e7i -8~ 0.7615> 0,and S+c = ;43 <

Condition (I) is satisfied, due to Remark 1, since (1 + % > (1 + g) e

1. Condition (IIT) is trivially valid due to Remark 2. In our case, since % is a decreasing function (see Figure 1), then
2

o) e iz
e M@ (1) -8
Tze0)) hy(z)  ze©)) e_iz [8 (1+lz>+z]—8 h,(1)
4

~ 1.3435,
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120 , : : : FIGURE 1 Graph of function Z— on [0,1]
100
80 |
60 f
40 t

20 1

FIGURE 2 Lower bound for the points in the set S

and the set

S:i={xy) eR*: x>0, y>-Mx},

is the set of points above the line represented in Figure 2.
For the validity of Condition (IT), we must check that V° given by

_[I_H 1 ]—1 0) _( 3.6088 3.0880\ (0 _ (3.0880
a (z) 1)\ -19974 05208 ) \ 1/ =\ 0.5208

belongs to the set S, but this fact is obvious since its components are positive. Concerning condition (IV), we must
prove that Vy, given by

-1 L 1-1 e_%(%_s> 1y
el B [ b | )

2 (l - ) 2 ~1G) (241
8\;~S e <8 + 4s>
o (24)
< 3.6088 3.0880> i) (% - S) ~1(3-s) | 36088 (% - ) +3.0880 (§ + is)
~ =e 4 )
—1.9974 0.5208 /| (1) (z N ls) ~1.9974 <1 ) +0.5208 (z + 1s>
8 4 2 8 4
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belongs to the set S for every 0 < s < % Indeed, the first component in each of these (approximated) vectors is given

by
i) (3.6088 <% - s) +3.0880 (% + %s)) ,

and the function ¢(s) := 3.6088 (— - s) + 3.0880 (% + %s), fors e (0, %) has negative derivative ¢'(s) = —3.6088 +

1
2
@, so that ¢(s) is greater than or equal to 3.0880 > 0. This proves that the first component of Vj ; is nonnegative for

every s € <0, %) On the other hand, to prove their inclusion in S, it suffices to check that, for each s € (O, %),

1 7 1 1 7 1
~1.9974 (— - ) 0.5208 (£ + 35) > ~1.3435 (3.6088 (— - ) 3.0880 (— Z ))
> S|+ 3 + 4S * > s)+ 3 + 4S
which is equivalent to the positive character of the function
1 7 1
w(s) :=(1.3435 *x 3.6088 — 1.9974) <5 - s) + (0.5208 + 1.3435  3.0880) (g + ZS)

1 7 1
—2.8510 <— - s) +4.6695 <— + _s)
2 8 4

fors € <0, %) This is a decreasing function and its value at s = % is clearly positive, so the condition is satisfied.

Besides, condition V) is not required since T € (0, 1). Furthermore, the assumption (Hs) is trivially fulfilled.
In consequence, by Theorem 5, there exists (at least) one solution u to the second-order differential Equation (23)

suchthat 0 < u < 7andk; < u' < k,on [O, %] In Figure 3, we represent the above mentioned estimates for the

derivative of u.

Example 2. Consider the problem (23), for which g : [0, %] x R* — R is given by the continuous function

1 1 1 1
6x, y,u,v) =e' + —cos(x) — =y — =u— =v.
gt x, y,u,v) T () SY =43

From the information in Example 1, the functions «, § € E defined by a(t) =0, f(t) = 7, t € [0, %] are, respectively,

lower and upper solutions to (23), so that condition (H;) holds. The one-sided Lipschitz condition observed in Example
1 also guarantees the validity of (Hs) for the value of the constantsa = ¢ = d = % b= % R = i, and L = % > 0.
Again, the functions k; and k; defined in the statement of Lemma 2 are, respectively,

__7_ 7 1
k@ =-7 K. k() i= 7 +Ko. te[0,2>,

FIGURE 3 Functions k; and k,, which give, respectively, the

lower and upper bounds for the derivative of u 0 0.1 02 03 04 05
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where
Ko:i=21 <3e‘§f - 2) LA <1 - e‘§f> .
2 2
We have also checked that the choices of the constants are such that hypothesis (5) and conditions (I)~(V) in Theorem
2 hold.
Since R > 0, it is easy to check that the inequality (16) holds. Indeed,

()= () =0< - =R(B®) — a(t)), Vt.

RN

Then, by Theorem 6, there exist monotone sequences {ay}, {#,} in Esuchthatay =a =0, fp = f = 7,and {«, }, {fn}
are uniformly convergent to p, y, which are the extremal solutions to (23) in the set

{r/ecl([o,%b |0<y<7andk <y <k, on [0%]}

Furthermore, there exist subsequences {a,@k} - p' | ﬁ,’lk} —y',ask - +oo.

The iterative process can be developed in the following way: We define, for each n € C! ([0 %] > the auxiliary
function

3 (8) = gLt (@), O, () (D) + @' ©) + bn(®) + en/ (1£]) + dn([e]) = ¢ + 7= cos(n(e) + =n(o), for 1€ [0,3].

which clearly belongs to A. Since A = 0, the mapping .A that determines the successive iterations is defined as

1 1

(AnD) 1= / K(t,5)0,(s)ds = / K(t,s) (es + % cos(n(s)) + 1—16;1(s)) ds, t e [o, %] ,
0 0

forn € C* ( [0, %] > where the Green's function K is given by (see Nieto and Rodriguez-Lopez?>)

() ha(t) ) Vo te [0, %] N 1[0,s).
K(t,s) = 3
| (m® ) Vo, +g(t-9). 1€ [s, i]
( 9 (1 + %t) eit —8 emit [8 (1 + it)

=4
)

\<9<1+%t>e_§t—8 e_§’[8<1+}1t

being V; s the expression in (24), so that

s

+ t] -8 ) Vos. te [o, %] N [0,s),

-8t s v o]

( 1 _L1 1 7 .1
(9 (1 + Zt) eit = 8) <3.6088 <§ - s) +3.0880 <§ +1s
1
+ (e‘Z‘ [8 (1 + it) + t] - 8) (—1.9974 (% _ s) +0.520

1 _1 1 7 1
(9 (1 + Zt) e it = 8) <3.6088 <E —s) +3.0880 <§ + Zs)
8

+ (e‘i‘ [8 (1 n %t) n t] - 8) (—1.9974 (% - s) +0.520

00

K(t,s) ~ e_‘l‘(%_s> ]

The monotonic sequences {a,}, {#,} are defined as follows:

w®) =0, fol) =7, te [0, 1],
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an(t) 1= (Aap-1)(@) = /K(t, s) (es + 11_6 cos(an—1(5)) +
0

16an @)ds  telo %] nxl,

i) = O = [ K.9) (¢4 S cosa) + 1epoa0) ds t€ o

0

1],nZl.
2

This way, we have ag = 0, fy = 7, and, for instance, for t € [0, %]

a1(t) 1= (Aao)(t) = /K(t, s) <es + % cos(ap(s)) + 1—16ao(S)> ds = /K(t, s) (es + %) ds
0

0

1

z<9<1+it>e_%’—8>/e_i( )(36088(——s>+3.0880(§+%s>> <e5+%> ds

0

("‘[8(1+—t +t —8 /e_‘l* () 19974(%—s>+0.5208(%+%s)> <e5+1i6>ds

0

_ G S> =
/(t s)e” s 16) ds.

Similarly,

1

Bi(0) 1= (APo)() = / K(t.5) (es + %cos(ﬁo(s))+ %ﬁo(s)) ds = / K(t.5) (e + %003(7) + 1—) ds. te [o ;]

0 0

and so on.
For this example, by Theorem 7, we can deduce the following estimates:

(1) - i(“nﬂ(f) — () = To(7. )

<a(t) - i(anﬂ(r) — (1)) = ToS — . ) < ah(8) — i(anﬂ(t) — (1) = Toltnsr — . ) < (1),

where S may be either p, y, or f = 7, and

Brpr (D) < Ba(D) + %(ﬂn(t) = Puni(®) + To(Pn = Prs1s 1)

< BL(D) + %(ﬂn(t) — st (®) + To(Ba — S.0) < B0 + i(ﬁnm — Bt (D) + To(7. 1),
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6

where S may be either « =0, p,ory, fort € [0, %), and every n, with

1
2 t

To(u, 1) :=% /u([s])ei<s‘§>ds <3e‘5‘—2> +/§u([S])e§“‘”dS
8 (1 —e 8) 0 0
L t
___ WY /e‘l"(s_%>ds (3e_3'1 —2) +u(0)/§e3't(s—”ds
_1 8
8 (1 —e 8) 0 0

= @ (3ei-2)+ %u(O) (1-e¥) = w0

Therefore, the previous inequalities mean

) = @ ® — an(0) — 2
50 - e
2

@ (0) = an0) _

< al(t) - }l(anﬂ(t) — a(t) — ; <al (@,

<adl(t) - i(anﬂ(r) — an(t)) -

where S may be either p, y, or f = 7, and

Bn(0) — fn41(0)
2

(0) — S(0
< B+ 20 = ey + 2O

Bl (D) < (D) + %(ﬂna) — Ban (D) +

< Bl + %(ﬁn(t) P (D) + %

where S may be either « =0, p,ory, fort € [0, %), and every n.

| CONCLUSIONS

In this paper, we presented a study about boundary value problems for nonlinear second-order functional differential
equations with piecewise constant arguments of type (3), and obtained the following results:

We started the research work by recalling several preliminary notions about some suitable spaces of piecewise regular
functions, together with some results concerning the expressions of the solutions to the linearized versions of the
aforementioned problem (3). In these results, extracted from previous works,?>?’ the deviating argument was based on
the integer part function.

Then, after mentioning some useful results from Buedo-Ferndndez et al,”” we obtained some other new compari-
son results for boundary value problems associated to linear delay differential equations. These results were useful
to determine the adequate relation (in terms of order) between two functions and also between their corresponding
derivatives.

Moreover, the notions of upper and lower solutions (f and «) for the problem of interest were presented, and it was
proved that, under certain assumptions, the solutions to two comparable linear problems are also comparable.

Later, in Theorem 5, sufficient conditions were provided in order to prove that the boundary value problem (3) has at
least one solution in the functional interval determined by @ and f, and whose derivative lies on the functional interval
[k1, k] (see Lemma 2, which provided the development of the upper and lower method). The proof of this result was
based on the definition of truncation operators by using the functions a, f§ for the function x, and k;, k; for the derivative
X'. Afterwards, the definition of an integral map, whose kernel is given by solutions to linear problems, was a key point
to complete the proof by applying comparison-type results, as well as Schauder's Fixed Point Theorem.

Besides, in Theorem 6, we developed the monotone iterative technique for the nonlinear second-order functional dif-
ferential problem of interest, by considering certain constraints on the specific upper and lower functions considered.
In particular, we proved the existence of monotone sequences {f,}, {a,} starting at the upper and lower solutions and
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converging uniformly, respectively, to the maximal and minimal solutions to (3) in the region determined by « < x < f8
and k; <x' <k;.

« Finally, since the sequences of the derivatives for the approximate solutions are, in general, not monotonic, we can-
not deduce their uniform convergence towards the corresponding derivatives of the extremal solutions. However, in
Theorem 7, we obtained some estimates for these derivatives.

The main limitations of the study are the existence of different auxiliary expressions to be used depending on the values
of the parameters selected, and the consequent number of regions where it is guaranteed a suitable sign for the solutions to
some linear associated problems. Besides, we mention the complexity of the expressions for the solutions of the auxiliary
problems considered during the development of the monotone technique. Despite these obstacles, as some of the benefits,
we mention that the approach followed allows to present a wide and complete range of cases for the one-sided Lipschitz
condition of the nonlinearity to be satisfied in order to develop the procedure, and the use of suitable maximum principles
that allow to give a priori bounds for the derivative, so that we can control not only the values of the solutions but also their
rate of change. These results are applicable, for instance, to the study of a thermostat that is controlled by the introduction
of functional terms in the temperature and the speed of change of the temperature at some fixed instants.
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