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ABSTRACT. We classify polar actions on complex hyperbolic spaces up to orbit equivalence.

1. INTRODUCTION AND MAIN RESULTS

A proper isometric Lie group action on a Riemannian manifold is called polar if there
exists an immersed connected submanifold that meets every orbit orthogonally. Such a
submanifold is then called a section of the action. In the special case where the section is
flat in its induced Riemannian metric, the action is called hyperpolar. In this article, we
classify polar actions on complex hyperbolic spaces.

The motivation for our work can be traced back to the work of Dadok [13], who classified
polar representations on Euclidean spaces, and the paper of Palais and Terng [32], who
proved fundamental properties of polar actions on Riemannian manifolds. Several years
later, the problem of classifying hyperpolar actions on symmetric spaces of compact type
was posed in [20]. Hyperpolar actions on irreducible symmetric spaces of compact type
have been classified by the third-named author in [22]. The classification of polar actions
on compact symmetric spaces of rank one was obtained by Podesta and Thorbergsson [33].
This classification shows that there are finitely many examples of polar, non-hyperpolar
actions on each compact symmetric space of rank one.

After having completed the classification of polar actions on irreducible Hermitian sym-
metric spaces of compact type, Biliotti [12] formulated the following conjecture: a polar
action on an irreducible symmetric space of compact type and higher rank is hyperpolar.

The third author proved that the conjecture holds for symmetric spaces with simple isom-
etry group [23], and for the exceptional simple Lie groups [24]. In recent work, Lytchak [28]
obtained a decomposition theorem for the more general case of singular polar foliations
on nonnegatively curved, not necessarily irreducible, Riemannian symmetric spaces. In
particular, his result shows that polar actions on irreducible symmetric spaces of higher
rank are hyperpolar if the cohomogeneity is at least three. Kollross and Lytchak [26] then
completed the proof that Biliotti’s conjecture holds and hence, that the classification of
polar actions on irreducible symmetric spaces of compact type follows from [22] and [33].
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Note that the classification of polar actions on reducible symmetric spaces cannot be ob-
tained from the corresponding classification in irreducible ones. However, by the structural
result [27, Theorem 5.5], it now only remains to classify nondecomposable hyperpolar ac-
tions on reducible spaces in order to obtain a complete classification of polar actions on
symmetric spaces of compact type up to orbit equivalence.

But while polar actions on nonnegatively curved symmetric spaces are almost completely
classified, the situation in the noncompact case remains largely open. Wu [37] classified
polar actions on real hyperbolic spaces and showed that, up to orbit equivalence, they are
products of a noncompact factor (which is either the isometry group of a lower dimensional
real hyperbolic space or the nilpotent part of its Iwasawa decomposition) and a compact
factor (which comes from the isotropy representation of a symmetric space). In particular,
there are only finitely many examples of polar actions on a real hyperbolic space up to
orbit equivalence. Berndt and the first-named author obtained in [6] the classification of
polar actions on the complex hyperbolic plane CH?, showing that there are exactly nine
examples up to orbit equivalence. No other complete classification of polar actions was
previously known for the symmetric spaces of noncompact type. In this paper we present
the classification of polar actions on complex hyperbolic spaces of arbitrary dimension. It
is a remarkable consequence of Theorems A and B below that the cardinality of the set
of polar actions on a complex hyperbolic space CH™, n > 3, is infinite, and hence the
methods used in [6] cannot be applied in this more general situation.

An important fact to bear in mind here is that, in general, the duality of Riemannian
symmetric spaces cannot be applied to derive classifications of polar actions on noncompact
symmetric spaces from the corresponding classifications in the compact setting. Neverthe-
less, there are certain situations where duality can be used to obtain partial classifications.
The first and the third authors derived in [17] the classification of polar actions with a
fixed point on symmetric spaces using this method. They have shown that a polar action
with a fixed point in a reducible symmetric space splits as a product of polar actions on
each factor. The third author explored this idea further and obtained a classification of
polar actions by algebraic reductive subgroups [25].

Berndt and Tamaru [9] classified cohomogeneity one actions on complex hyperbolic
spaces, the quaternionic hyperbolic plane, and the Cayley hyperbolic plane. The clas-
sification remains open in quaternionic hyperbolic spaces of higher dimension, where the
first and second authors have recently obtained new examples of such actions [16], and in
noncompact symmetric spaces of higher rank. See [10] for more information on cohomo-
geneity one actions on symmetric spaces of noncompact type.

A polar action on a symmetric space of compact type always has singular orbits. Mo-
tivated by this fact, Berndt, Tamaru and the first author studied hyperpolar actions on
symmetric spaces that have no singular orbits [8] and obtained a complete classification.
It was also shown in this paper that there are polar actions on symmetric spaces of non-
compact type and rank higher than one that are not hyperpolar, unlike in the compact
setting. This classification has been improved in complex hyperbolic spaces, where Berndt
and the first author classified polar homogeneous foliations [7]. The main result of this
paper contains [6], [7] and [9] as particular cases.
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Let CH" = G/K be the complex hyperbolic n-space, where G = SU(1,n) and K =
S(U(1)U(n)) is the isotropy group of G' at some point o. Consider the Cartan decompo-
sition g = € & p with respect to 0. Choose a maximal abelian subspace a of p and let
=02 DI oD gD ga D gon be the root space decomposition with respect to a. Set
to = tNgo = u(n—1). Since £, acts on the root space g,, the center of £, induces a natural
complex structure J on g, which makes it isomorphic to C*~!. On the other hand, we call
a subset of g, a real subspace of g, if it is a linear subspace of g,, where g, is viewed as a
real vector space. Assume g, is endowed with the inner product given by the restriction
of the Killing form of g. A real subspace to of g, is said to be totally real if to L J(1v).

In this paper, we prove the following classification result:

Theorem A. For each of the Lie algebras by below, the corresponding connected subgroup
of U(1,n) acts polarly on CH™:

(i) b =q®so(1,k) C u(n—k)dsu(l,k), k € {0,...,n}, where q is a subalgebra of u(n—k)
such that the corresponding subgroup Q of U(n — k) acts polarly with a totally real
section on C"*,

(i) h=q®bB WD goy C su(l,n), where b is a linear subspace of a, to is a real subspace
of 9o, and q is a subalgebra of €y which normalizes vo and such that the connected
subgroup of SU(1,n) with Lie algebra q acts polarly with a totally real section on the
orthogonal complement of 10 in g,.

Conversely, every nontrivial polar action on CH™ is orbit equivalent to one of the actions
above.

We say that an action is trivial if it fixes all points. Transitive actions are not considered
trivial in this paper. Taking for example q = €y, b = a and to = g, in Theorem A (ii), we
obtain a transitive action on CH™.

In case (i) of Theorem A, one orbit of the H-action is a totally geodesic RH* and the
other orbits are contained in the distance tubes around it. In case (ii), if b = a, one H-orbit
of minimum orbit type contains a geodesic line, while if b = 0, any H-orbit of minimum
orbit type is contained in a horosphere.

We would like to remark here that Theorem A actually provides many examples of polar
actions on CH". Indeed, for every choice of a real subspace tv in g,, there is at least one
polar action as described in part (ii) of Theorem A, see Section 3.

With the notation as in Theorem A, we can determine the orbit equivalence classes of
the polar actions given in the theorem above.

Theorem B. Let Hy and Hy be two subgroups of U(1,n) acting polarly on CH™ as given
by Theorem A, and let b1 and by be their corresponding Lie algebras. Then the actions of
H, and Hy are orbit equivalent if and only if one of the following conditions holds:

(a) b; = q;®s0(1, k), i € {1,2}, and the actions of Q, and Qy on C"~* are orbit equivalent.

(b) b =q; D b; D10; D goa, © € {1,2}, by = by, there exists an element k € Ky such that
we = Ad(k)wq, and the actions of Q; on the orthogonal complement of w; in g, are
orbit equivalent for i € {1,2}.
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By means of the concept of Kahler angle, we can give an equivalent way of characterizing
the congruence of subspaces of g, by an element of Kj stated in Theorem B(b). A subspace
to of g, = C" ! is said to have constant Kahler angle ¢ € [0, /2] if for each nonzero vector
v € to the angle between Juv and tv is precisely ¢. In Subsection 2.3 we show that any real
subspace 1 of g, admits a decomposition w = @ cot0,, into subspaces of constant Kahler
angle, where ® is the set of the different Kahler angles arising in this decomposition, and
v, has constant Kahler angle ¢. This decomposition is unique up to the ordering of the
addends. Two subspaces 0 = @yca,01,, and vy = Dyca,W2, of g, are then congruent
by an element of Ky = U(n—1) if and only if &; = @3 and dimtv; , = dim o, , for each ¢.

It follows in particular from Theorems A and B that the moduli space of polar actions on
CH™ up to orbit equivalence is finite if n = 2, cf. [6], and uncountable infinite in case n > 3.
Indeed, in dimension n > 3 the action of the group U(n — 1) on the set of real subspaces of
dimension k of C"!, with k € {2,...,2n — 4}, is not transitive. The orbits of this action
are determined by the decomposition of a real subspace into a sum of spaces of constant
Kéhler angle, and the latter are parametrized by the set [0,7/2], which is uncountable
infinite. As a consequence, there are uncountably many polar, non-hyperpolar actions on
CH"™, n > 3, up to orbit equivalence.

This paper is organized as follows. In Section 2 we review the basic facts and notations
on complex hyperbolic spaces (§2.1), polar actions (§2.2), and real vector subspaces of
complex vector spaces (§2.3). The results of Subsection 2.3 will be crucial for the rest of
the paper. Section 3 is devoted to present the new examples that appear in Theorem A.
We also present here an outline of the proof of Theorem A. This proof has two main
parts depending on whether the group acting leaves a totally geodesic subspace invariant
(Section 4) or is contained in a maximal parabolic subgroup of SU(1,n) (Section 5). We
conclude in Section 6 with the proofs of Theorems A and B.

2. PRELIMINARIES

In this section we introduce the main known results and notation used throughout this
paper. We would like to emphasize the importance of Subsection 2.3, which is pivotal in
the construction and classification of new examples of polar actions on complex hyperbolic
spaces.

As a matter of notation, if U; and U; are two linear subspaces of a vector space V,
then U; & Uy denotes their (not necessarily orthogonal) direct sum. We will frequently use
the following notation for the orthogonal complement of a subspace of a real vector space
endowed with a scalar product, namely, by V' & U we denote the orthogonal complement
of the linear subspace U in the Euclidean vector space V.

2.1. The complex hyperbolic space. In this subsection we recall some well-known facts
and notation on the structure of the complex hyperbolic space as a symmetric space. This
will be fundamental for the rest of the work. As usual, Lie algebras are written in gothic
letters.
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We will denote by CH™ the complex hyperbolic space with constant holomorphic sec-
tional curvature —1. As a symmetric space, CH" is the coset space G/K, where G =
SU(1,n), and K = S(U(1)U(n)) is the isotropy group at some point o € CH". Let
g = £ &® p be the Cartan decomposition of g with respect to o, where p is the orthogonal
complement of £ in g with respect to the Killing form B of g. Denote by 6 the correspond-
ing Cartan involution, which satisfies 6|, = id and 6|, = —id. Note that the orthogonal
projections onto ¢ and p are (1 + ) and $(1 — ), respectively. Let ad and Ad be the
adjoint maps of g and G, respectively. It turns out that (X,Y) = —B(0X,Y) defines a
positive definite inner product on g satisfying the relation (ad(X)Y,Z) = —(Y,ad(0X)Y)
for all X, Y, Z € g. Moreover, we can identify p with the tangent space T,CH"™ of CH"
at the point o.

Since CH™ has rank one, any maximal abelian subspace a of p is 1-dimensional. For each
linear functional A on a, define gy = {X € g : ad(H)X = AH)X for all H € a}. Then
a induces the restricted root space decomposition g = g 2, ® 9-o D 90 D ga P 924, Which
is an orthogonal direct sum with respect to (-,-) satisfying [gx, 9,] = a1, and g, = g_».
Moreover, gy = €y @ a, where ¢, = go N ¢ = u(n — 1) is the normalizer of a in €. The root
space g, has dimension 2n — 2, while go,, is 1-dimensional, and both are normalized by €.

We define n = g, @ g2n, which is a nilpotent subalgebra of g isomorphic to the (2n — 1)-
dimensional Heisenberg algebra. The corresponding Iwasawa decomposition of g is g =
£ ® a ®n. The connected subgroup of G with Lie algebra a & n acts simply transitively
on CH". One may endow AN, and then a @ n, with the left-invariant metric (-,-) an
and the complex structure J that make CH™ and AN isometric and isomorphic as Kéahler
manifolds. Then (X,Y)an = (Xq, Ya) + 5(Xu, Ya) for X, Y € a @ n; here subscripts mean
the a and n components respectively. The complex structure J on aé®n leaves g, invariant,
turning g, into an (n — 1)-dimensional complex vector space C"~*. Moreover, Ja = gaq.

Let B € a be a unit vector and define Z = JB € ga,. Then (B, B) = (B, B)ay = 1 and
(Z,7) =2(Z, Z) sy = 2. The Lie bracket of a @ n is given by

b 1
[aB4+U+xZ,bB+V +yZ] = —§U+gv+ (—bx+ay+§<JU,V>) Z,

where a, b, x, y € R, and U, V € g,. Let us also define p, = (1 — 6)g,, the projection
onto p of the restricted root spaces. Then p = a @ p, P pan. If the complex structure on p
is denoted by 4, then we have that 2iB = (1 — 0)Z, and i(1 — 0)U = (1 — 0)JU for every
U € ga-

We state now two lemmas that will be used frequently throughout the article.

Lemma 2.1. We have:

(a) [0X,Z] = —JX for each X € g,.
(b) (T, (1+0)[0X,Y]) =2([T, X]|,Y), for any X, Y € go and T € ¥,.

Proof. See [7, Lemma 2.1]. O
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Lemma 2.2. The orthogonal projection map %(1 —0): a®ga D goa — D P, D Pa, defines
an equivalence between the adjoint Ky-representation on a @ go D goa and the adjoint Kq-
representation on p = a @ P, B P2o. Moreover, this equivalence is an isometry between
(a® ga D G20, (- )an) and (p, (-,-)), and 5(1 — 0): go — pa is a complex linear map.

Proof. The first part follows from the fact that 6 is a K-equivariant, hence Ky-equivariant,
map on g. The other claims follow from the facts stated above in this subsection. 0

2.2. Polar actions. Let M be a Riemannian manifold and (M) its isometry group. It
is known that (M) is a Lie group. Let H be a connected closed subgroup of I(M). The
action of H on M is called polar if there exists an immersed connected submanifold ¥ of
M such that:

(1) ¥ intersects all the orbits of the H-action, and
(2) for each p € X, the tangent space of ¥ at p, 7,2, and the tangent space of the orbit
through p at p, T,(H - p), are orthogonal.

In such a case, the submanifold ¥ is called a section of the H-action. The action of H is
called hyperpolar if the section ¥ is flat in its induced Riemannian metric.

Two isometric Lie group actions on two Riemannian manifolds M and N are said to
be orbit equivalent if there is an isometry M — N which maps connected components of
orbits onto connected components of orbits. They are said to be conjugate if there exists
an equivariant isometry M — N.

The final aim of our research is to classify polar actions on a given Riemannian manifold
up to orbit equivalence. In this paper we accomplish this task for complex hyperbolic
spaces. See the survey articles [34], [35] and [14] for more information and references on
polar actions.

Since CH" is of rank one, a polar action on CH" is hyperpolar if and only if it is of
cohomogeneity one, i.e. the orbits of maximal dimension are hypersurfaces. Conversely,
any action of cohomogeneity one on CH™ (or any other Riemannian symmetric space) is
hyperpolar. Cohomogeneity one actions on complex hyperbolic spaces have been classified
by Berndt and Tamaru in [9].

From now on we focus on polar actions on complex hyperbolic spaces and recall or prove
some facts that will be used later in this article. We begin with a criterion that allows us
to decide whether an action is polar or not. The first such criterion of polarity is credited
to Gorodski [19].

Proposition 2.3. Let M = G/K be a Riemannian symmetric space of noncompact type,
and let X be a connected totally geodesic submanifold of M with o € X. Let H be a closed
subgroup of I(M). Then H acts polarly on M with section 3 if and only if T,% is a section
of the slice representation of H, on v,(H - 0), and (h,T,% & [1,2,T,%]) = 0.
In this case, the following conditions are satisfied:

(a) T,X @ [ho,&] = vo(H - 0) for each regular normal vector £ € v,(H - 0).

(b) ToX & [ho, TLX] = vo(H - 0).

(¢) Ad(H,)T,X = v,(H - 0).
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Proof. Follows from [6, Corollary 3.2] and from well-known facts on polar representations
of compact groups [13]. O

If N is a submanifold of CH", then N is said to be totally real if for each p € N the
tangent space T,V is a totally real subspace of T,CH", that is, JT,N is orthogonal to 7, N.
See §2.3 for more information of totally real subspaces of complex vector spaces. The next
theorem shows that sections are necessarily totally real.

Proposition 2.4. Let H act nontrivially, nontransitively, and polarly on the complex
hyperbolic space CH™, and let ¥ be a section of this action. Then, X is a totally real
submanifold of CH™.

Proof. Since the action of H is polar, the section Y is a totally geodesic submanifold of
CH™, hence X is either totally real or complex. Assume that ¥ is complex.

Since all sections are of the form h(X), with h € H, and the isometries of H are holo-
morphic, it follows that any principal orbit is almost complex. It is a well-known fact that
an almost complex submanifold in a Kéhler manifold is Kéhler.

Since every H-equivariant normal vector field on a principal orbit is parallel with respect
to the normal connection [4, Corollary 3.2.5], then this principal orbit is either a point or
CH™ (see for example [2]), contradiction. Therefore ¥ is totally real. O

Finally, we prove a general result that will help us to decide when two actions are orbit
equivalent.

Lemma 2.5. Let H C H be connected groups of isometries of a complete connected Rie-
mannian manifold M acting properly on M. Assume the following conditions are satisfied:

(i) There exists 0 € M such that H-o0= H - o.
(ii) The principal orbits of the slice representation of H at o are orbits of the slice repre-
sentation of H at o.

Then H and H act on M with the same orbits.

Proof. For any regular vector £ € v,(H - 0) = v,(H - 0) of the slice representation of H
at o, the codimension of an orbit of H (resp. of H) through exp, (&) coincides with the
codimension of the orbit of the slice representation of H (resp. of H) through £. Since
the orbits of H are contained in the orbits of H, we have that the principal orbits of the
H-action on M are also orbits of the H-action on M.

Now let H - ¢ be any orbit of the H-action on M, not necessarily principal. Fix a
principal H-orbit H - p that is also a principal H-orbit; this is possible since the union of
all principal orbits of the proper action of H (and also of H ) is an open dense subset of
M. Let n be the H-equivariant normal vector field along the principal orbit H - p whose
exponentation gives the orbit H - ¢, i.e. H - q = {expy,n : h € H}, which exists by [4,

§3.1h]. Since the orbit of H through p is principal, the vector 7, extends in a unique way

to an H-equivariant normal vector field along H - p = H - p. This normal field is also
H-equivariant since H C H, and thus it must coincide with 7. Again by [4, §3.1h], the
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exponentiation of 7 produces the H-orbit through ¢, that is, H - ¢ = {expppym: h € I:I}
But then H-¢=H - q. O

2.3. The structure of a real subspace of a complex vector space. Let us denote
by .J the complex structure of the complex vector space C". We view C" as a Euclidean
vector space with the scalar product given by the real part of the standard Hermitian
scalar product. We define a real subspace of C" to be an R-linear subspace of the real
vector space obtained from C" by restricting the scalars to the real numbers. Let V be a
real subspace of C". We will denote by 7y the orthogonal projection map onto V.

The Kdhler angle of a nonzero vector v € V with respect to V' is defined to be the
angle between Jv and V' or, equivalently, the value ¢ € [0, 7/2] such that (my Ju, 7y Jv) =
cos?(p){v,v). We say that V has constant Kdhler angle o if the Kahler angle of every
nonzero vector v € V with respect to V is . In particular, V is a complex subspace if
and only if it has constant Kahler angle 0; it is a totally real subspace if and only if it has
constant Kéhler angle /2.

Remark 2.6. If {e1,...,e,} and {f1, ..., fn} both are C-orthonormal bases of C", then the
real subspace V,, of C*" = C" @ C" generated by

{cos(%)er+sin(5)J f1, cos(5)Jer+sin(E) f1, . .., cos(5)en+sin(£)J fn, cos(5)Jep+sin(%) fr}

has constant Kéhler angle ¢ € [0,7/2). Conversely, any subspace of constant Kéhler
angle ¢ € [0,7/2) and dimension 2n of C*" can be constructed in this way up to a trans-
formation in U(2n), see [3]. In particular, it follows that two real subspaces of C" with the
same dimension and the same constant Kéhler angle are congruent by an element of U(n).

For general real subspaces of a complex vector space, we have the following structure
result.

Theorem 2.7. Let V' be any real subspace of C*. Then V can be decomposed in a unique
way as an orthogonal sum of subspaces Vi, i =1,...,r, such that:

(a) Each real subspace V; of C" has constant Kdhler angle ;.

(b) CV; L CVj, for everyi#j, 1,5 € {1,...,r}.

(€) p1 <o <+ < Q.
Proof. The endomorphism P = 7y o J of V is clearly skew-symmetric, i.e. (Pv,w) =
—(v, Pw) for every v, w € V. Then, there exists an orthonormal basis of V' for which
P takes a block diagonal form with 2 x 2 skew-symmetric matrix blocks, and maybe one
zero matrix block. Since P is skew-symmetric, its nonzero eigenvalues are pure imaginary.
Assume then that the distinct eigenvalues of P are +i)q, ..., £i\, (maybe one of them is
zero). We can and will further assume that [A;| > -+ > |\

Now consider the quadratic form U: V — R defined by ¥(v) = (Pv, Pv) = —(P%v,v)
for v € V. The matrix of this quadratic form ¥ (or of the endomorphism —P?) with
respect to the basis fixed above is diagonal with entries A\?,... A2, For each i = 1,...,7,
let V; be the eigenspace of —P? corresponding to the eigenvalue A?. Let v € V; be a unit
vector. Then

(my. Jv, my, Jv) = (Pv, my, Jv) = (Pv, Pv) = U(v) = A},
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where in the second and last equalities we have used that Pv € V;. This means that each
subspace V; has constant Kahler angle ¢;, where ¢; is the unique value in [0, 7] such that
A2 = cos?(p;).

By construction, it is clear that V; L V; and JV; L JV; for ¢ # j. Since for every v € V;
and w € Vj}, i # j, we have that (Jv,w) = (Pv,w) = 0, we also get that JV; L V; if i # j.
Hence CV; L CVj if i # j.

Property (c) follows from the assumption that |A;| > -+ > |\,|, and this also implies
the uniqueness of the decomposition. Il

It is convenient to change the notation of Theorem 2.7 slightly. Let V' be any real
subspace of C", and let V = @w@ V., be the decomposition stated in Theorem 2.7, where
V,, has constant Kéhler angle ¢ € [0,7/2], and ® is the set of all Kéhler angles arising in
this decomposition. Note that according to Theorem 2.7, this decomposition is unique up
to the order of the factors. We agree to write V,, = 0 if ¢ ¢ ®. The subspaces Vj and Ve
(which can be zero) play a somewhat distinguished role in the calculations that follow, so
we will denote ®* = {p € ® : ¢ # 0,7/2}. Then, the above decomposition is written as

V=V, % (@ V¢> @ Vy/a-

ped*

For each ¢ € ®* U {0}, we define J,: V, = V,, by J, = @(WVW o J). This is clearly
a skew-symmetric and orthogonal endomorphism of V,, (see the proof of Theorem 2.7).
Therefore (V,,, J,) is a complex vector space for every ¢ € ®* U {0}. Note that Jy = J|y.
Let U(V,) be the group of all unitary transformations of the complex vector space (V,, J,,),
that is, the linear transformations of V,, that leave the Hermitian product (v, w) := (v, w)+

i(v, Jow) invariant, or equivalently,
UV,) ={A e GLr(V,) : AJ, = J,A, (Av, Aw) = (v,w), Vv, w € V,}.

Lemma 2.8. Let V' be a real subspace of constant Kahler angle ¢ # 0 in C". Then the
real subspace CV oV of C" has the same dimension as V and constant Kdhler angle .

Proof. See for example [5, page 135]. O

Let V+ = C" © V, where as usual © denotes the orthogonal complement. Then,
Lemma 2.8 implies that the decomposition stated in Theorem 2.7 can be written as

Vi=Vio <EB Vj) @ VWL/Q, where CV, =V, ® V; for each ¢ € ®* U {n/2}.

ped*

We define m, = dimV,, and mé = dim Vj. For every ¢ # 0 we have m, = mé by

Lemma 2.8, but Vy and Vj" are both complex subspaces of C", possibly of different dimen-
sion.
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Lemma 2.9. Let V be a real subspace of C". Let U(n)y be the subgroup of U(n) consisting
of all the elements A € U(n) such that AV = V. Then, we have the canonical isomorphism

Uy = | [ UMW) | x OVag) x UV,
ped*U{0}

where we assume that V,,, ¢ € ®* U {0}, is endowed with the complex structure given

by J, = @(WW o.J), and that Vg is endowed with the complex structure given by the

restriction of J.

Proof. Let A € U(n) be such that AV = V. Then A commutes with J and my and hence
leaves the eigenspaces of —P? invariant (see the proof of Theorem 2.7). Thus AV, = V.
Since we also have AV+ = V+ it follows that AVWL = V;.

Let ¢ € ®* U {0}. Since AV, = V,, and AV" = V- we have ACV, = CV,. Clearly,
Aomy, |y, = my, o Aly,, and Aoy, [crey, = 0 = 7y, 0 Alcney,. Hence, Aomy, = my, o A.
Since AJ = JA as well, we have that Ao J |y, = J,0Aly, on V,, and thus, Aly, € U(V,,).
If ¢ = 7/2 then we have AV, 5 = V)5, and clearly, Aly, ,, 1s an orthogonal transformation
of Vz /2. Moreover, we have Aly. € U(V;"). We define a map

F:Uny = | [ UWp)| x O(Vap) x UVE)

ped@*U{0}

by requiring that the projection onto each factor is given by the corresponding restriction,
that is, the U(V,,)-projection of F'(A) is given by Aly,, the O(V3)-projection of F'(A) is
Aly, ,, and the U(Vg")-projection of F(A) is Aly..

Since every element in U(n)y leaves the subspaces V,,, ¢ € ®, and V- invariant, the map
thus defined is a homomorphism. Let us show injectivity and surjectivity. Let A, € U(V,,)
for each ¢ € ®*U{0}, let A, /5 € O(Vy)2), and let Az € U(ViH). If A € U(n)y and v € JV,,
for p € @, then Av is determined by A, and v, since Av = —AJ?v = —JAJv = —JA,(Jv).
Since we have the direct sum decomposition

Pcv,

ped

C" = @VbL’

it follows that the unitary map A on C" is uniquely determined by the maps A, ¢ € @,
and Ay . This shows injectivity.

Conversely, let A € T co-uq0y U(Vw)] X O(Vyj2) X U(VgH), and denote by A, the U(V,,)-
projection, by A,/ the O(Vy/2)-projection, and by Ay the U(Vj")-projection. Then, we
may construct a map A € U(n)y be defining A(v+ Jw) = Ay,v + JA, w for all v, w € V,,,

p € ®, Av = Agv for v € V', and extending linearly. For the map A thus defined we have
Aly, = A, for ¢ € ©, and Aly1 = Ay This proves surjectivity. O
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Remark 2.10. Let V and W be two real subspaces of C"™ whose Kahler angle decompositions
have the same set of Kahler angles ® and the same dimensions, that is, the decompositions
given by Theorem 2.7 are V = ®gcaV, and W = D caW,, with dimV,, = dim W, for
all ¢ € ®. Then, it follows from the results of this subsection that there exists a unitary
automorphism A of C" such that AV, = W, for all ¢ € ®, and in particular, AV = W.

3. NEW EXAMPLES OF POLAR ACTIONS

We will now construct new examples of polar actions on complex hyperbolic spaces. We
will use the notation from Subsection 2.1.

Recall that the root space g, is a complex vector space, which we will identify with C*~!.
Let to be a real subspace of g, and

o — @‘% — 1oy @ (@ m¢> D 10,2
ped ped*

its decomposition as in Theorem 2.7, where ® is the set of all possible Kéhler angles of

vectors in w, ®* = {¢ € ¢ : ¢ # 0,7/2}, and w,, has constant Kahler angle ¢ € [0,7/2].

Similarly, define ! = g, © v and let

L—wia (@ v > @i,
ped*

be the corresponding decomposition as in Theorem 2.7. We define m, = dimw, and

mé = dim mt, and recall that m,, = mé if ¢ € (0,7/2]. Recall also that K, the connected

subgroup of G = SU(1,n) with Lie algebra £y, is isomorphic to U(n — 1) and acts on

go = C" ! in the standard way. We denote by N, (to) the normalizer of tv in Ky, and by

ng, (1) the normalizer of tv in €. We know from Lemma 2.9 that

(1) Nio(0) 2= | [T Ulro,)| x Oltor2) x Ulrog).

ped*U{0}

This group leaves invariant each to, and each mj, and acts transitively on the unit spheres
of these subspaces of constant Kihler angle. Moreover, it acts polarly on ', see Re-
mark 3.2 below.

The following result provides a large family of new examples of polar actions on CH™.

Theorem 3.1. Let v be a real subspace of g, and b a subspace of a. Leth = qBbD oD gaa,
where q is any Lie subalgebra of g, (0) such that the corresponding connected subgroup
Q of K acts polarly on w' with section s. Assume s is a totally real subspace of g..
Then the connected subgroup H of G with Lie algebra b acts polarly on CH™ with section
Y =exp,((a0b)®(1—0)s).

Proof. We have that T,Y = (a ©b) ® (1 — 0)s and v,(H - 0) = (a© b) ® (1 — §)rot. Since
s C tot, it follows that 7,2 C v,(H - 0). The slice representation of H, on v,(H - 0) leaves
the subspaces a &b and (1 —60)w™ invariant. For the first one the action is trivial, while for
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the second one the action is equivalent to the representation of Q on tot (see Lemma 2.2),
which is polar with section s. Hence, the slice representation of H, on v,(H - 0) is polar
and T,X is a section of it. Let v, w € s C ro. We have:

(1 —=0)v,(1—0)w] = (1+0)v,w] — (14 80)[fv,w] = —(1+ 0)[0v,w].

The last equality holds because v and w lie in s, which is a totally real subspace of g,
and then [v,w] = 3(Jv,w)Z = 0. Since v, w € g, then v € g_, and [fv, w] € go. Hence
—(1+0)[0v,w] € tg. Let X =T +aB+U+zxZ € b, where T € q, U € v and a, x € R.
Since € is orthogonal to a & g, ® g2., We have:

<[(1 - 6)“?(1 - Q)w]7X> = _<<1 +(9)[(9U,UJ],T> - - <[T,’U],U)> - - <[T7 U]7w>AN = O?

where in the last equality we have used that the action of () on to is a polar representation
with section s. If b = a, the result then follows using the criterion in Proposition 2.3.

If b # a then b = 0. In this case, let v e sand X =T +U +xZ € bh, where T € q,
U €, x € R. Then:

(1B, (1= 6)0], X) = (14 6)[B,o], X) = (14 6)0,U) =0

Since [B, B] = 0, by linearity and the skew-symmetry of the Lie bracket, it follows that
([T,%2,T,%],h) = 0. Again by Proposition 2.3, the result follows also in case b # a. O

Remark 3.2. In the special case () = Nk, (), we obtain a polar action on CH", since
the whole normalizer Ng,(t0) acts polarly on to*. Indeed, let s, be any one-dimensional
subspace of mé if m$ # 0, and define s = @¢e<1>u{o} 5,. Then s is a section of the action

of Ng, () on wt. The cohomogeneity one examples introduced in [3] correspond to the
case where ! has constant Kéhler angle, b = a and Q = N, (tv).

Remark 3.3. It is straightforward to describe all polar actions of closed subgroups @ in
Theorem 3.1 up to orbit equivalence. In fact, the action of the group Nk, (tv) is given
by the products of the natural representations of the direct factors in (1) on the spaces
mé. By the main result of Dadok [13], a representation is polar if and only if it is orbit
equivalent to the isotropy representation of some Riemannian symmetric space. Therefore,
we obtain a representative for each orbit equivalence class of polar actions on to given by
closed subgroups of Ng,(tv) in the following manner. Given to, for each ¢ € PU{0} choose
a Riemannian symmetric space M, such that dim M, = dim mi. In case /2 € ®, choose
the symmetric spaces such that all of them except possibly M/, are Hermitian symmetric;
in case 7/2 ¢ &, choose all these symmetric spaces to be Hermitian without exception.
Then the isotropy representation of [] g0y M, defines a closed subgroup of N, (1),

which acts polarly on o’ with a section s, which is a totally real subspace of g,, see [33].
This construction exhausts all orbit equivalent classes of closed subgroups in K leaving to
invariant and acting polarly on to+ with totally real section.

Remark 3.4. There is a curious relation between some of the new examples of polar actions
in Theorem 3.1 and certain isoparametric hypersurfaces constructed by the first two authors
in [15]. The orbit H - o of any of the polar actions described in Theorem 3.1 with b = a is
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always a minimal (even austere) submanifold of CH™ that satisfies the following property:
the distance tubes around it are isoparametric hypersurfaces which are hence foliated by
orbits of the H-action. Moreover, these hypersurfaces have constant principal curvatures
if and only if they are homogeneous (i.e. they are the principal orbits of the cohomogeneity
one action resulting from choosing q = ng, () in Theorem 3.1); this happens precisely
when the real subspace o of g, has constant Kihler angle. See [15] for more details.

The rest of the paper will be devoted to the proof of the classification result stated in
Theorems A and B. In order to justify the content of the following sections, we will give
here a sketch of the proof of Theorem A, and leave the details for the following sections.

Assume that H is a closed subgroup of SU(1,n) that acts polarly on CH™. We will see
that H leaves a totally geodesic proper subspace of CH" invariant or it is contained in a
maximal parabolic subgroup of GG. In the first case, H leaves invariant a lower dimensional
complex hyperbolic space CH*, k € {0,...,n — 1}, or a real hyperbolic space RH". The
first possibility is tackled in Subsection 4.1, and it follows from this part of the paper that,
roughly, the action of H splits, up to orbit equivalence, as the product of a polar action on
the totally geodesic CH*, and a polar action with a fixed point on its normal space. Hence,
the problem is reduced to the classification of polar actions on lower dimensional complex
hyperbolic spaces, which will allow us to use an induction argument. The second possibility
is addressed in Subsection 4.2 where we show that the action of H is orbit equivalent to the
action of the connected component of the identity of SO(1,n), which is a cohomogeneity
one action whose orbits are tubes around a totally geodesic RH™. Finally, assume that
H is contained in a maximal parabolic subgroup. The Lie algebra of a maximal parabolic
subgroup is of the form [ = €, & a® g, D @24, for some root space decomposition of su(1,n)
(see §2.1). We show in Section 5 that the Lie algebra of H (up to orbit equivalence) must
be of the form q& b ® 1w & go,, with q C &, b C a, and w C g,, or of the form q & a, with
q C €. A bit more work leads us to the examples described in Theorem 3.1. Combining
the different cases, we will conclude in Section 6 the proofs of Theorems A and B.

4. ACTIONS LEAVING A TOTALLY GEODESIC SUBSPACE INVARIANT

The results in this section show that in order to classify polar actions leaving a totally
geodesic complex hyperbolic subspace invariant it suffices to study polar actions on the
complex hyperbolic spaces of lower dimensions. We will also show that actions leaving
a totally geodesic RH" invariant are orbit equivalent to the cohomogeneity one action of
S0°(1,n), the connected component of the identity of SO(1,n). Note that if an isomet-
ric action leaves a totally geodesic RH* invariant, it also leaves a totally geodesic CH*
invariant.

The following is well known. Let H be closed connected subgroup of SU(1,n). If the
natural action of H on CH" leaves a totally geodesic proper submanifold of CH" invariant,
then there is an element g € SU(1,n) such that gHg ™! is contained in one of the subgroups
S(U(1,k)U(n —k)) or SO°(1,n) of SU(1,n).
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4.1. Actions leaving a totally geodesic complex hyperbolic space invariant. Let
L=SU1,KkUMn-k) cCG=SU(,n), ke {l,...,n—1}. Let M; be the totally
geodesic CH* given by the orbit L - 0. Let M, be the totally geodesic CH™* which is
the image of the normal space v,M; under the Riemannian exponential map exp,. Let
H be a closed connected subgroup of L. Then the H-action on CH" leaves M; invariant
and the H-action on CH™ restricted to the isotropy subgroup H, leaves M, invariant. Let
m: L — U(l,k) and my: L — U(n — k) be the natural projections.

Theorem 4.1. Assume the H-action on CH™ is nontrivial. Then it is polar if and only
if the following hold:

(i) The action of H on My is polar and nontrivial.
(ii) The action of H, on My is polar and nontrivial.
(iii) The action of m (H) x m(H,) on CH™ is orbit equivalent to the H-action.

Proof. Assume first that the H-action on CH" is polar and ¥ is a section through o. Let
YJ; be the connected component of >N M; containing o for + = 1,2. Obviously, the H-orbits
on M intersect ¥ orthogonally. Let p be an arbitrary point in M;. Then the intersection
of the orbit H - p with ¥ is non-empty. Let ¢ € (H - p) N . Since H leaves M; invariant,
we have that ¢ € M;. Both the Riemannian exponential maps of M; and of X at the
point o are diffeomorphisms by the Cartan-Hadamard theorem. Hence there is a unique
shortest geodesic segment (3 in ¥ connecting o with ¢ and there is also a unique shortest
geodesic segment v in M; connecting o with ¢. Since both X and M; are totally geodesic
submanifolds of CH™ it follows that 8 and ~y are both geodesic segments of CH™ connecting
the points o and ¢ and must coincide by the Cartan-Hadamard theorem. Hence g = ~
both lie in ;. This shows that ¥; meets the H-orbit through p (namely, at the point q)
and that the action of H on M; is polar.

Obviously, the H,-orbits on M, intersect Yo orthogonally. Since T,Ms; is a submodule
of the slice representation of H, on v,(H - 0), the linear H,-action on T,M, is polar with
section T,%,. The map exp,: T,My; — M, is an H,-equivariant diffeomorphism by the
Cartan-Hadamard theorem. In particular, it follows that ¥, meets all H,-orbits in M,
since 1,9 meets all H,-orbits in T, M,. Thus the action of H, on M, is polar.

Consider the polar slice representation of H, at T,CH™ with section T,%. By [13,
Theorem 4], it follows that 7,2 = T,3; & T,%. Note that by Proposition 2.4, T,3 is
totally real, which implies that the actions of H on M; and of H, on M, are nontrivial.
We have shown that (i) and (ii) hold.

Let now g = ¢ @ p be the Cartan decomposition of g = su(1l,n) with respect to the
point 0. We know that p can be identified with the tangent space T,CH"™. We consider the
following Lie algebras: h the Lie algebra of H, h = m1(h) & ma(h,), and b = m,(h) & m(h),
where we have also denoted by m;, ¢ = 1,2, the projections onto u(1,k) and u(n — k),
respectively. Note that h, = h N €. In what follows we show that the connected subgroups
H, H and H of U(l,k) x U(n — k) whose Lie algebras are b, 6 and 6 respectively, have
the same orbits in CH™. R

First observe that H-0o= H -0 = H - 0, since mo(H) C K.
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Claim. For any regular vector £ € T,X of the slice representation of H at o, we have

[60,5] = [6075] = [ho, €], where 60 = 6 N ¢ and 60 = 6 Nne.

Since the orbits through o of the groups H, H and H are the same, their isotropy groups
at o stabilize v,(H - 0). This already implies [§,,&] C vo(H - 0), [f)o,f] C v,(H - 0) and
(5o, &] C vo(H - 0).

Note that [h,,&] is precisely the tangent space of the orbit through £ of the slice rep-
resentation of H at o. Since £ is regular (that is, it lies in a principal orbit of the slice
representation of H at o), it follows that [h,,&] = v,(H - 0) © T,3.

Let X € b, and 17 € T,% be arbitrary. We have to show that ([X,€],n) = 0. We write
X = Xj + Xo, with X; € m(h) and also & = & + &, n = n1 + 12, where &, n; € T,%;.
Note that X, Xy € £, so X; € ¢ and thus [X, &] € Ri&y; since sections are totally real by
Proposition 2.4, we get ([X1, &), m2) = 0. Then ([X,&],n) = ([X1,&], m) + ([ X2, &, n2).

First, X; € m1(h), so there exists Yo € u(n — k) such that X; + Y5 € h. Hence, using
Proposition 2.3 and the fact that & € p, we get

<[X17§1]7771> = <[X1 + }/2751];771> - _<X1 +Y2, [51,771]> =0.

Similarly, Xy € my(h), so there exists Y7 € u(1,k) such that Y} + X5 € h. Again, by
Proposition 2.3 and the fact that & € p we get

([X2, 8], m2) = ([Y1 + X2, 8], m2) = — (Y1 + Xo, [§2,m2]) = 0.

Altogether this implies [60, ¢] Cv,(H -0) & T,%, and since b, C b, the equality follows.

Now we show [60,5] = [h,,&]. We can use the same argument as above to prove that
60, €] C vo(H - 0) © T,%. The equality will follow after proving that b, C b,. Hence take
X €bh,=hnNet Since h C u(l,k) ® u(n — k), there exist X; € u(l,k) and Xy € u(n — k)
such that X = X; + X,. Since u(n — k) C ¢ this implies that X; € €. Thus, X, € m(b,)
and X; € m(h,) C m1(h) as we wanted to prove. This completes the proof of the claim.

Now note that the H-action is proper. Indeed, since U(n — k) is compact, m(H) is
closed. As H, is compact, mo(H,) is also closed. Therefore, H is a closed subgroup of the
isometry group of CH™, and hence its action on CH" is proper.

The claim above 1mphes that the tangent spaces at ¢ of the orbits of the slice represen-
tations of H and H at o coincide for any H-regular vector & € T,%. Since H C H we
conclude that the principal orbits of the slice representation of H at o are orbits of the
slice representation of H at o. Similarly, the claim also shows that the principal orbits of
the slice representation of H at o are orbits of the slice representation of H at o. Now, if
we replace H = m(H) x my(H) by its closure in U(1, k) x U(n — k), the closed orbits of its
slice representation at o remain unchanged, in particular those which agree with the prin-
cipal orbits of the slice representations at o of H and H. Thus, we can apply Lemma 2.5
separately to H and the closure of H, and to H and the closure of H. We conclude in
particular that the actions on CH™ of the closed subgroups H and H of U (1,n) have the
same orbits. Altogether this proves (iii).
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Now let us prove the other direction of the equivalence in Theorem 4.1. Assume H C L
is a closed subgroup such that (i), (ii) and (iii) hold. Because of (iii) we may replace H by
m(H) x mo(H,). Let ¥y be the section of the H-action on M; and let 35 be the section
of the H,-action on M,. Since both actions are nontrivial, by Proposition 2.4 the tangent
spaces T, and T, are totally real subspaces of T,CH"; moreover, CT,%; 1L CT,X,.
Thus the sum 7,3, & T,%, is a totally real Lie triple system in T,CH". Let ¥ be the
corresponding totally geodesic submanifold.

Using Proposition 2.3, we will show that the H-action on CH™ is polar and X is a
section. Consider the Cartan decomposition g = € @ p with respect to o € CH". We have
p =T,M; ®T,M,. Furthermore, the direct sum decomposition

(2) vo(H - 0) = (v,(H - 0) N T, M) & T,M,

holds. The slice representation of the H-action on M; at the point o is orbit equivalent
to the submodule v,(H - 0) N T,M; of the slice representation of the H-action on CH"
at 0. The slice representation of the H,-action on M, at the point o is orbit equivalent
to the submodule T,M; of the slice representation of the H-action on CH™ at o. By [13,
Theorem 4], we conclude that the slice representation of H, on v,(H - 0) is polar and a
section is T,X = 1,5 & T,%,. We have to show ([v, w], X) = —B([v,w],8(X)) = 0 for all
v, w € T,X C pand all X € h. We may identify the tangent space T,CH" = p with the
space of complex (n + 1) X (n + 1)-matrices of the form

02z Zn

21 0 0
(3) | .

zn |l 0 ... 0
The subspace T,M; is given by the matrices where z;,; = ... = 2, = 0. On the other
hand, T, M, consists of those matrices where z; = ... = 2z, = 0. Let v,w € T,X;. Then

[v,w] is a matrix all of whose nonzero entries are located in the (k4 1) x (k+ 1)-submatrix
in the upper left-hand corner, and it follows from (i) and Proposition 2.3 that all vectors
in h are orthogonal to [v,w]. Now assume v, w € T,%,. Then [v, w] is a matrix all of whose
nonzero entries are located in the (n — k) X (n — k)-submatrix in the bottom right-hand
corner. It follows from (ii) and Proposition 2.3 that all vectors in b are orthogonal to
[v,w]. Finally assume v € T, and w € T,%,. In this case, the bracket [v,w] is contained
in the orthogonal complement of the Lie algebra of L in su(1,n); in particular, [v,w] is
orthogonal to h. We conclude that the H-action on CH™ is polar by Proposition 2.3. [

4.2. Actions leaving a totally geodesic real hyperbolic space invariant. Now we
assume that the polar action leaves a totally geodesic RH™ invariant. We have:

Theorem 4.2. Assume that H is a closed subgroup of SO°(1,n) C SU(1,n). If the H-
action on CH™ is polar and nontrivial, then it is orbit equivalent to the SO°(1,n)-action
on CH™; in particular, it is of cohomogeneity one.

Proof. This proof is divided in three steps.
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Claim 1. The group H induces a homogeneous polar foliation on the totally geodesic
submanifold RH™ given by the SO°(1,n)-orbit through o.

Let M, be the totally geodesic RH™ given by the SO°(1,n)-orbit through o. Obviously,
the H-action leaves M, invariant. Assume the H-action on M; has a singular orbit H - p,
where p = g(0) € M;. Consider the action of H" on CH", where H’ is the conjugate
subgroup H' = gHg™! of SU(1,n). The action of H' is conjugate to the H-action on CH™,
hence polar. We have the splitting (2) for the normal space of the H’-orbit through o as
in the proof of Theorem 4.1, where in this case M, is the totally geodesic RH™ such that
T,My = i(T,M;). Since o is contained in a singular orbit of the H’-action on M, the
slice representation of H) on V = v,(H' - 0) NT,M, is nontrivial. The space T,M; consists
of all matrices in (3) where the entries z1, ..., z, are real. Consequently, the space iV is
contained in the normal space v,(H' - 0) and it follows that the slice representation of H
with respect to the H'-action on CH"™ contains the submodule V @iV with two equivalent
nontrivial H-representations and is hence non-polar by [22, Lemma 2.9], a contradiction.
Hence the H-action on M; does not have singular orbits, i.e. H induces a homogeneous
foliation on M;.

Claim 2. The homogeneous polar foliation induced on the invariant totally geodesic real
hyperbolic space consists of only one leaf or all the leaves are points.

Consider the point o € M; as in the proof of Claim 1. The tangent space of M; at o
splits as
ToM, =T,(H -0) ® (v,(H - 0) N T, My).

The action of the isotropy group H, on T,M; respects this splitting. Moreover, the action
is trivial on V' = v,(H - 0) N T,Mj, as this is a submodule of the slice representation at o,
which lies in a principal orbit of the H-action on M;. It follows that the action of H, on
1V is trivial as well and the only possibly nontrivial submodule of the slice representation
at o is iW, where we define W = T,(H - 0). It follows that the action of the isotropy group
H, on iW is polar by Proposition 2.3. Let ¥’ be a section of this action. Let 3 be a section
of the H-action on CH". Then we have

T.>=VoiVey.

By Proposition 2.4, ¥ is either totally real or ¥ = CH". In the first case, V must be 0, so
the action of H on M, is transitive. In the second case, the action of H on CH™ is trivial.

Claim 3. The H-action on CH" is orbit equivalent to the SOY(1,n)-action.

Assume the H-action is nontrivial and polar with section ¥. We will use the notation
of Subsection 2.1. By Claim 2, H acts transitively on M; = RH™. By Lemma 2.2, the
tangent space T,(H - 0) = T,M; coincides with a @ (1 — 0)g®, where g¥ is a totally real
subspace of the root space g, satisfying Cg® = g,. Moreover v,M; = i(T,M;). The action
of the isotropy subgroup H, = H N K on v,M; by the slice representation is polar with
section T,X. Since B € v,M;, by conjugating the section with a suitable element in H,
we can then assume that :B € T,>.
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According to [8, Proposition 2.2], the group H contains a solvable subgroup S which
acts transitively on M; = RH™. Since S is solvable, it is contained in a Borel subgroup
of SO°(1,n). As shown in the proof of [7, Proposition 4.2], we may assume that the Lie
algebra of such a Borel subgroup is maximally noncompact, i.e. its Lie algebra is t® a® g&,
where t is an abelian subalgebra of £ N so(n) such that t @ a is a Cartan subalgebra of
50(1,n), see [30]. Note that the Cartan decomposition of so(1,n) with respect to the point
o€ M; =RH"is s0(1,n) = (ENso(l,n)) ®p¥, where p® =ad (1 —0)g® = T,M;, and g&
is the only positive root space of s0(1,n) with respect to the maximal abelian subalgebra
a of p®, for a fixed order in the roots.

Now assume the H-action on CH" is not of cohomogeneity one. Then 7,>% C v,M;
is a Lie triple system containing ¢B and a nonzero vector ¢w such that B, 1w € p are
orthogonal. By Lemma 2.2, there is a vector W € g& such that w = (1 — §)W. Then,
using Lemma 2.1(a), we have

(0B, iw] — %[(1 —0)Z,(1— 0)JW] = %(1 +0)[0JW, 2] %(1 + o)W

Since T,(S - 0) = T,My, it follows that the orthogonal projection of the Lie algebra of S
onto p is p* = a® (1 — O)g®. This implies that a ® g¥ is contained in the Lie algebra of S,
and hence, also in h. But then W € § and

1
2
so we have arrived at a contradiction with the criterion for polarity in Proposition 2.3. [J

(B, ], W) = 3 (1 4+ OW, W) = LW, W) #0,

5. THE PARABOLIC CASE

As above, let G = SU(1,n) be the identity connected component of the isometry group
of CH™, and K = S(U(1)U(n)) the isotropy group at some point o. Let g = ¢ @ p be the
Cartan decomposition of the Lie algebra of G with respect to o, and choose a maximal
abelian subspace a of p. As usual we consider n = g, @ g2, where « is a simple positive
restricted root. Recall from Subsection 2.1 that £, normalizes both a and n. Then ;@ a®n
is a maximal parabolic subalgebra, and a maximal parabolic subgroup can be written as
the semi-direct product KyAN.

The aim of this section is to prove the following decomposition theorem.

Theorem 5.1. Let H be a connected closed subgroup of KoAN acting polarly and non-
trivially on CH™. Then the action of H is orbit equivalent to the action of a subgroup of
KoAN whose Lie algebra can be written as one of the following:

(a) q @ a, where q is a subalgebra of €.
(b) g ® a® o ® gon, where w is a subspace of g, and q is a subalgebra of €.
(€) q @ o@D gon, where w is a subspace of g, and q is a subalgebra of €.

Recall that an isometric action on a complete connected Riemannian manifold by a
closed subgroup of its isometry group is a proper action. In particular, this implies that
isotropy groups are compact, orbits are closed, and the orbit space is Hausdorff. One can
then talk about types of orbits: two orbits have the same type if the isotropy groups at
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any given points of these orbits are conjugate. The set of conjugacy classes of isotropy
groups of orbits is a partially ordered set by inclusion. For a proper action there is always
a maximum orbit type, that is, a type of orbit whose isotropy groups are contained, up to
conjugacy, in the isotropy groups of any of the other orbits. Orbits belonging to this type
are called principal orbits. They have the maximum possible dimension, and their union
constitutes an open dense subset of the ambient manifold. Orbits that are not principal
but have maximum dimension are called exceptional. The rest of the orbits are said to be
singular. For proper isometric actions on Hadamard manifolds there is also a minimum
orbit type.

Proposition 5.2. Let M be a Hadamard manifold and H a closed subgroup of its isometry
group acting on M. Then, there is a minimum orbit type, that is, there is an orbit type
whose isotropy groups contain, up to conjugation in H, the isotropy groups of any other
orbits.

Proof. Let () be a maximal compact subgroup of H. Any two maximal compact subgroups
of a connected Lie group H are connected and conjugate by an element of H [31, p. 148-
149]. By Cartan’s fixed point theorem, () fixes a point p € M, and hence () = H,, the
isotropy group of H at p. If ¢ € M, then H, is compact, and since all maximal compact
subgroups of H are conjugate it follows that there exists h € H such that H, C hQh™'.
Thus, the orbit through p is of the minimum orbit type. [l

Coming back to the problem in CH™, consider from now on a connected closed subgroup
H of KyAN acting polarly and nontrivially on CH". Proposition 5.2 and its proof assert
that there is a maximal compact subgroup ) of H with a fixed point p € CH™. The
orbit through p is of minimum type, and ¢) = H,. Since AN acts simply transitively on
CH™, we can take the unique element g in AN such that g(o) = p, and consider the group
H' =1,.(H) = g 'Hg, whose action on CH" is conjugate to the one of H. Moreover,
Q' = 1,-1(Q) = g~' Qg fixes the point 0. Since a @ n normalizes & @ a® n, we get that AN
normalizes € ® a @ n. In particular, Ad(g~!)h C € @ a @ n, and therefore H' C KyAN.
Since we are interested in the study of polar actions up to orbit equivalence, it is not
restrictive to assume that the group H C KyAN acting polarly on CH™ admits a maximal
connected compact subgroup () that fixes the point o, and hence ) C K,. We will assume
this throughout this section.

As a matter of notation, given two subspaces m, [, and a vector v of g, by my (resp. by
v) we will denote the orthogonal projection of m (resp. of v) onto [.

The crucial part of the proof of Theorem 5.1 is contained in the following assertion:

Proposition 5.3. Let H be a connected closed subgroup of KoAN acting polarly on CH™.
Let @ be a maximal subgroup of H that fixes the point o € CH™. Let b be a subspace of a,
10 a subspace of go, and v a subspace of gan. Assume that 6 =qdbBrwdr is a subalgebra
of &g & adn, and let H be the connected subgroup of KoAN whose Lie algebra is 6 If
Baon = 0 B 10 B ¢, then the actions of H and H are orbit equivalent.

The proof of Proposition 5.3 is carried out in several steps. We start with a few basic
remarks.
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Since a and gs,, are one dimensional, b is either 0 or a, and v is either 0 or go,. Moreover,
if v = 0 then v has to be a totally real subspace of the complex vector space g, = C" 1,
that f) is a Lie subalgebra. Using the properties of the root space decomposition, it is then
casy to check that h = q@® b @ 1o @t is a subalgebra of & @ a ® n if and only if [q, w] C .

Let X be a section of the action of H on CH"™ through o € CH", and let T, be
its tangent space at o. The normal space of the orbit through the origin is v,(H - 0) =
(@0 b)® (pa © (1 —0)10) B (p2a © (1 — O)r). Since [E, a] = [£, g2a] = 0, [€0, §a] = gu, and
Vo(H -0) = T,X @ [q, T,%] (orthogonal direct sum of vector subspaces) by Proposition 2.3,
it follows that a © b C T, and pa, © (1 — O)r C T,3. Moreover, since sections are
totally real by Proposition 2.4, we can write the tangent space at o of any section as
T,2=(a6ob)® (1 —60)s® (p2a © (1 —6)r), where s is a totally real subspace of g,, with
§ C go © . Furthermore, the fact that T,X is totally real, and ia = py, (where i is the
complex structure on p), implies that a© b = 0 or py, © (1 —0)r = 0, or equivalently, b = a
or t = ga, (that is, a C hagn Or G20 C Hagn)-

Let T'+ aB 4+ U + xZ be an arbitrary element of h, with 7" € b,, U € tv, and a,z € R.
Let &, n be arbitrary vectors of s. By Proposition 2.3, and since s is totally real, we have,
using Lemma 2.1(b):

0=(T+aB+U+zZ[(1-0)¢ (1= 0)n)) =—(T,(1+0)[0¢,1]) = —2([T, ], m),

from where it follows that [be,,s] C go © 6.

Moreover, if T' € q and Sy € by, U € o are such that Sy +U € b, then |
[T, Sy + U] €b,so[T,U] € w. In particular, if £ € s, then 0 = ([T, U], ¢
which proves [q,s] C g, © (10 & 8).

Summarizing what we have obtained about sections we can state:

T, U] [T>U]:
) = —([T.¢,U),

Lemma 5.4. If ¥ is a section of the action of H on CH" through o, then
TN =(acb) @ (1-0)s& (paa © (1 - 0)v),

where s C g, © W s a totally real subspace of g,, and b = a or v = go,. Moreover,
[bey, 8] C 9o © 5, and [q,5] C go © (W B 5).

We will need to calculate the isotropy group at certain points.

Lemma 5.5. Let & € g, and write g = Exp(X\), with A € R. Then, the Lie algebra of the
isotropy group H, of H at p = g(0) is b, =hN Ad(g)t = gNkerad().

Proof. First notice that h N Ad(g)¢ is the Lie algebra of H, = H N I,(K). Let v be the
unique element in p = T,CH™ such that exp,(v) = p. We show that the isotropy group
H, coincides with the isotropy group of the slice representation of @ at v, @Q,. By [36,
§2] we know that the normal exponential map exp: v(H - 0) — CH™ is an H-equivariant
diffeomorphism. Let h € H,. Since exp,(v) = p = h(p) = hexp,(v) = expy, (h.ov), we
get that h(o) = o and h,,v = v, and hence, h € Q,. The H-equivariance of exp also shows
the converse inclusion. Therefore H, = @,.

We can write v = aB + b(1 — 0)¢ for certain a, b € R. In fact, Exp(A\)(0) belongs to
the totally geodesic RH? given by exp,(a® R(1 —6)&), and b # 0 if A # 0. Then, the Lie
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algebra of H, = Q, is {T' € q : [T,aB+b(1 —6){] =0} ={T € q: [T,¢] = 0}, which is
q N kerad(). O

By definition, we say that a vector & € s is regular if [q,£] = g © (0 & s). We have
Lemma 5.6. The set {£ € s : & is reqular} is an open dense subset of s.

Proof. An element of T,% can be written, according to Lemma 5.4, as v = aB+ (1 —0)¢ +
(1 —0)Z where a, x € R, and £ € s. We have [q,v] = (1 —0)[q,¢] and v,(H -0) ©T,% =
(1-0)(go© (v @s)). An element of T,% is regular (that is, belongs to a principal orbit of
the slice representation @ X v,(H - 0) — v,(H - 0)) if and only if [q,v] = v,(H - 0) © T,X.
The previous equalities, and the fact that (1 —6): g, — P, is an isomorphism implies that
v is regular if and only if [q,£] = g, © (10 & s). Since the set of regular points of a section
is open and dense, the result follows. U

Lemma 5.7. For each regular vector £ € s we have [by,,&] = 9o © (0 D 5).

Proof. Let £ € s be a regular vector, that is, [q,&] = go © (0 @ 5). In order to prove the
lemma, it is enough to show that [be,,&] C g © W, since q C b, and, by Lemma 5.4,
[h90>£] C 8. O5.

First, consider the case v = 0. By Lemma 5.4, 7,2 = (1 — 0)s & R(1 — 0)Z for each
section Y through o, where s is some totally real subspace of g,. By Proposition 2.3 we
have v,(H -0) = Ad(Q)(T,X) and, thus, for any n € g, ©w we can find a section ¥ through
o such that n € s by conjugating by a suitable element in ). Then using Lemma 2.1, we
have that (1 +6)Jn = [(1 — 0)n, (1 — 0)Z] € [T,5,T,%]. Let W € w and Ty € by,
be such that Ty + W € bh. Since by Proposition 2.3 we have (b, [T,%,T,%]) = 0, then
0= (Tw +W,(1+6)Jn) = (W, Jn). We have then shown that J(g, © w) is orthogonal to
1o, that is, g, © v is a complex subspace of g,. Since to is totally real, we deduce v = 0.
But then [be,, €] C go © 0 holds trivially.

For the rest of the proof, we assume that v = ga,.

Let Ts € bg, and a € R such that T + aB € . Note that, if b = 0, then a = 0,
Ts € q and there is nothing to prove. For each U € w take an Sy € by, with Sy + U € b.
Then [T, Sy| + I, U]+ U = [Is + aB, Sy + U] € b, so [T, U] + 5U € w, from where
[Ts,U] € w. Hence, ([Ts,¢],U) = — (&, [TB,U]) =0, so we get [T5,&] € go © 10.

Now let Ty € by, and x € Z with T, + xZ € h. For each U € tv take an Sy € b, with
Sy+Ue€hn. Then [Ty, Sy|+ [Tz, U] =[Tz+ Z,Sy+ U] € b, s0 [Tz,U] € . As above, we
conclude [Tz, &] € g, S 0.

Finally, we have to prove that for each U € tw, if Ty € by, is such that Ty + U € b, then
[T, €] € go © 1. This will require some effort.

Let U € w and T}, € by, with 7, + U € h. By Lemma 54, [T},,¢] € g. ©5 =
W@ (g, © (v ds)). Since [q,&] = go© (0 Ds), we can find an S € q so that [T}, +5,&] € .
Thus, if we define Ty = T}, + .5, we still have Ty € by, and Ty +U € b, but also [Ty, €] € to.
Therefore we can define the endomorphism of to

ng w—tw, U~ [TU,éL where Ty € []go, Ty +U €b, and [TU,S] € 1.



22 J. C. DIAZ RAMOS, M. DOMINGUEZ VAZQUEZ, AND A. KOLLROSS

The map F¢ is well-defined. Indeed, if Ty, Sy € by, U € w0, Ty + U, Sy +U € b, and
[TU,g], [SU,f] € 1, then Ty — Sy € g, so [TU,g] — [SU,g] = [TU — SU,g] € g, O (m @5),
and [Ty, €] — [Su,&] € w. Hence [Ty, &) = [Su, &]. It is also easy to check that F¢ is linear.

Furthermore, F¢ is self-adjoint. To see this, let Ty, Sy € by, U, V € to, with Ty + U,
Sy +V e b, and [Ty, £, [Sv, & € w. Then we have

0={[Tv +U,5v +V],§) = ([Tv, V],§) = (9, U], §) = =V, [T, &) + (U, [Sv, €])
_<F§(U>’V> + <F5(V), U>

Assume now that F # 0. Then F; admits an eigenvector U € to with nonzero eigenvalue
A€ R: Fe(U) =AU # 0. We will get a contradiction with this.

Let g = Exp(—if), and consider Ty € by, such that Ty + U € h and F¢(U) = [1y,&] =
AU. We also consider an element S € b, such that S+ 7 € b and [S, £] = 0; this is possible
because [S,£] € g, © (v D s) = [q,] and q C b. If we define R =Ty — 5(JE U)S € by,
then we have

1 1
Ad(g)R = e 3 MOR Ty, — X[&TU] +

Sal6 (6. Tull - T 4IE 1)
= (T +U) 576, U)(S + Z) € h 0 Ad(g)(@).

However, Ad(g)R ¢ qNkerad(§). By virtue of Lemma 5.5, this gives a contradiction. Thus
we must have F¢ = 0, from where the result follows. Il

Lemma 5.8. The subspace by, is a subalgebra of €y and [by,, w] C to.

Proof. U T +aB+U+2x2Z, S+b0B+V +yZ e b, withT, S € b, U,V €0, and a, b, z,
y € R, then the bracket [T"+aB+ U +2Z,S+bB+V +yZ] =[T,5|+ [T, V] —[S, U] +
4V — LU 4+ (3(JU,V) + ay — bx) Z belongs to h. In particular [T, S] € bg,, so by, is a Lie
subalgebra of £,. Taking U =0, a = b =z = y = 0 we obtain that [q, ] C to and hence
(4, 90 © 0] C go O 1.

Now let X € g, © tv. For any section through o we have Ad(Q)(T,X) = vy(H - 0) =
(acb)®(1—-0)(ga ©w) & (1 —0)(g2e © 1), and (a S b) & (1 = 0)(ga © ) C ToX by
Lemma 5.4. Hence, for (1 —0)X € (1 —60)(g, © w) we can find a section ¥ such that
(1-0)X € T,% (after conjugation by an element of @ if necessary). Then, if X is regular,
Lemma 5.7 implies [he,, X] C go © to. Since the set of regular vectors is dense, X can
always be approximated by a sequence of regular vectors, and hence, by continuity we also
obtain [bg,, X] C g, ©w for non-regular vectors. Therefore, [he,, go O 0] C g, O . Finally,
the skew-symmetry of the elements of ad () implies [bg,, o] C rv. O

We can now finish the proof of Proposition 5.3.

Proof of Proposition 5.3. The fact that h = q@bdt @ ris a subalgebra of €) & a & n,
and Lemma 5.8, imply that h = be, @ b B 10 @ v is a Lie subalgebra of g that contains b
and h Let H be the connected subgroup of G whose Lie algebra is f) Since T,(H - 0) =
T,(H -0) = T,(H - 0)=b®&(1—-0)wd(1-Ffrand H C H, H C H, the orbits through
o of the groups H, H, and H coincide. The principal orbits of the slice representation of
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H at o are orbits of the slice representation of H at o. Indeed, for a section ¥ through
oand v = aB + (1 —0) +x(1 — 0)Z € T,% with £ € s regular, Lemma 5.7 implies
[Be0,&] = 90 © (0 @B 5) = [q,&]. Thus, the tangent spaces at v to the orbits of the slice
representations of H and H through v coincide, and since H C H, both orbits coincide.
Then, Lemma 2.5 guarantees that the actions of H and H on CH"™ have the same orbits.
Similarly, an analogous argument with H instead of H allows to show that the actions of
H and H on CH™ have the same orbits, and this completes the proof. O

We now proceed with the proof of Theorem 5.1.

Let H be a closed subgroup of the isometry group of CH" acting polarly on CH"™, and
assume that the Lie algebra of H is contained in a maximal parabolic subalgebra £, @& a®n.
As we argued at the beginning of this section, there is a maximal compact subgroup @
of H, and we can assume that o € CH" is a fixed point of (), that is, the isotropy group
of H at o is (). We are now interested in hyq,, the orthogonal projection of h on a & n.
It is clear that hug, can be written in one of the following forms: to, R(B + X) @ to,
R(B+X+zZ)@®w (withe #0), v ®@RY +2),or R(B+ X) @w & R(Y + Z), where
v C go, and X, Y € g,.

In order to conclude the proof of Theorem 5.1 we deal with these five possibilities sepa-
rately.

Case 1: Hagn = 0, with w0 a subspace of g,.
Here b is in the hypotheses of Proposition 5.3, and it readily follows from Lemma 5.4
that this case is not possible.

Case 2: Bagn = R(B 4+ X) @ 1o, with w a subspace of g, and X € g, © .

Assume first that X # 0. Then, v,(H-0) = R(—|| X |]?B+(1-0)X)®(1—0)(g.S0) Bpaq.
Let ¥ be a section through o. Since T,X C v,(H - o), [q,—[|X|*B + (1 — 6)X] C pa,
[q,P20) = 0, and [q, pa] C pa, we get that [q, T,X] is orthogonal to a and pa,. As v,(H -0) =
1,5 @ [q,T,%] (orthogonal direct sum) by Proposition 2.3, we readily get that py, C T,X.
Moreover, let T' € by, be such that T+ B+ X € b; then T+ B+ X is orthogonal to [q, 7,],
and since [q, T,X] C p, we obtain that X is orthogonal to [q,7,X]. The fact that the direct
sum v,(H - o) = T,% & [q,T,Y] is orthogonal implies that —|| X||?B + (1 — )X € T,X.
However, since T, is totally real we have

0= (i(—[|X[*B+(1-0)X), (1-0)Z) = <—%HXH2(1—9)Z+(1—0)JX, (1-0)z) = =2|IX|*,

which is not possible because X # 0.

Therefore we must have X = 0, and thus b, = a & . Note that the fact that b is
a subalgebra of £, @& a @ n implies that 1 is a totally real subspace of g,. We are now in
the hypotheses of Proposition 5.3 and, as shown in the proof of Lemma 5.7, o = 0. We
conclude that the action of H is orbit equivalent to the action of the group H whose Lie
algebra is h = q @ a. This corresponds to Theorem 5.1(a).
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Case 3: hagn = R(B 4+ X + xZ) ® w, with w a subspace of go, X € go © 10, and x € R,
x #0.

Let g = Exp(zZ) € G, and let T+ r(B + X + 2Z) + V be a generic element of b, with
V € w, r € R. Clearly, since g € AN we have Ad(g)(h) C &y @ a ® n. Then, it is easy to
obtain

Ad) T +r(B+X +22)+V)=T+r(B+X +22)+V —raZ =T +r(B+X)+V.

Hence (Ad(g)(h))aen = R(B + X) & w, and Ad(g)(q) = g. Since @ is a maximal compact
subgroup of I,(H) = gHg™ !, and the orthogonal projection of the Lie algebra of I,(H)
onto a @ n is R(B + X) & w, the new group [,(H) satisfies the conditions of Case 2
Therefore, the action of H is orbit equivalent to the action of the group H whose Lie
algebra is h = q @ a. This also corresponds to Theorem 5.1(a).

Case 4: Bagn =0 O R(Y + Z), with vw a subspace of go, and Y € g, © 1.

Assume that Y # 0. Then, v,(H-0) = a®(1—0)(g.OW)BR(2(1-0)Y — ||V ]*(1-60)2).
Let 3 be a section through o. Then, by Proposition 2.3 we have v,(H -0) = T,X @ [q, T,X]
(orthogonal direct sum). Since [q,2(1 —0)Y — [|[Y||*(1 —6)Z] C pa, [9,a] =0, and [q, pa] C
Pa, we get that [q,T,%] is orthogonal to a and py,. Then, a C T,X. On the other hand,
if T € by, is such that T +Y + Z € b, then T + Y + Z is orthogonal to [q,T,%] C
Vo(H - 0), and since [q,T,X] C p, we also obtain that Y is orthogonal to [q,7,%]. Thus,
2(1—-0)YY — ||[Y]*(1 — 0)Z € T,X. But, since T,X. is totally real, we get

0=(B,i(2(1 - 0)Y — [[Y]*(1 - 0)2)) = (B,2(1 - 0)JY +2|Y|*B) = 2| Y%,
which contradicts Y # 0.

Therefore we have Y = 0, and thus, hegn = 0 @ g2 We are now in the hypotheses of

Proposition 5.3, and we conclude that the action of H is orbit equivalent to the action of the

connected subgroup H of the isometry group of CH™ whose Lie algebra is h = qD 1w D gaa,
with to a subspace of g,. This corresponds to Theorem 5.1(c).

Case 5: Daen = R(B+ X) @ dR(Y + Z), withw C g,, and X, Y € g, © 1.
This final possibility is more involved.
Our first aim is to show that Y = 0. So, assume for the moment that Y # 0.

Lemma 5.9. We have X =~Y + ﬁJY, with v € R.

Proof. Assume that X and Y are linearly dependent, that is, X =AY, with A € R. Then,
Daon = R(B+ AY) @ w & R(Y + Z), and there exist T', S € by, such that T+ B + \Y,
S+Y +Zeh. Then,

1
T.S]+[T.Y] = AS, Y]+ 5V + 2= [T+ B+AY,S+Y + 7] €.

Since [T,Y] — A[S,Y] € go © RY by the skew-symmetry of the elements of ad (), we get
3Y + Z € Bagn, which is not possible.

Therefore, we can assume that X and Y are linearly independent vectors of g,. In
particular, X # 0. Take and fix for the rest of the calculations 7', S € b, such that
T+B+X,S+Y+Zeh.
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In this case, the normal space to the orbit through the origin o can be written as
1
Vo(H -0) = R(—||X||*?B+ (1 — )X — §(X, Y)(1-0)Z)® (pa© (1 —0)(rv & RX ®RY))
1
OR(—(X,Y)B+(1-0)Y — §HY||2(1 —0)7).
Let ¥ be a section of the action of H on CH" through the point o € CH™. By Propo-
sition 2.3 we have v,(H - 0) = T,X & [q,T,%] (orthogonal direct sum). In particular the
vectors T+ B+ X and S+ Y + Z are orthogonal to [q,7,%] C p, (because [t,a] =
[0, 92o] = 0). This implies that X and Y are already orthogonal to [q,7,], and thus, so

are —|| X||?B+ (1 —0)X — %(X, YY1—-60)Z and —(X,Y)B+ (1—-0)Y — %HYHQ(l —-0)Z.
Hence, they are in T, and we can write

.Y =R(—||X|’PB+(1-6)X — %(X, Y)(1—-6)2)
& (1—80)s & R(—(X,Y)B+ (1 —0)Y — %HYHQ(l _0)7),

where s C g, © W is totally real, and CX @ CY is orthogonal to s (because sections are
totally real). The fact that T,% is totally real also implies

0= G(-IIXI?B + (1~ 0)(X — L(X.¥)2)), ~(X,V)B+ (1= 6)(Y — L |V|"2)

@ =(a- 9)(—%HXHQZ +JX) + (X, Y)B), (X, Y)B + (1 - 0)(Y = |[V[*2))
= | X[PIY]PP = (X, Y)* +2(JX,Y).
Now, using Lemma 2.1(a), and (4), we compute
FIXIPB+ (1= 6)(X — L(X,)2),~{X,Y)B+ (1) — [[V]*2)
= 1(1 +0) (200X, Y]+ (X, )X — | X|PY — [|[Y|*JX +(X,Y)JY — (JX,Y)Z).

2
This vector is in [T,%, T, %], which is orthogonal to h by Proposition 2.3, so taking inner

product with S+ Y + Z, and using Lemma 2.1(b) and (4), we get 0 = —2([S, X],Y) —
HIY]2(JX,Y), which implies
1
We also have

1 1

which is in b, so taking inner product with —(X,Y)B+(1—6)(Y —1[|Y[?Z), and using (5),
we obtain
1 1 1 1
0= (1S, X1¥) + SV~ IVIP(+ (X)) = L [V[E(1+ £ (X, V).
Since Y # 0, we get (JX,Y) = —2 and thus (4) can be written as
IXIPIVI® = (X, V) =4 = (JX,Y)%
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Now put X =~Y 4+ JY + E with E orthogonal to CY, and 7, € R. Then, the previous
equation reads ||E||?||Y||* = 0, which yields £ = 0. This implies the result. O

Therefore the situation now is haen = R(B + 7Y + WJY) @wdRY + Z), with
CY C g, © . The normal space can be rewritten as
Vo(H -0) =R(—2B+ (1 —=0)JY)® (po© (1 —0)(ro & CY))
1
SR(ANYI*B + (1= 0)Y - S[IYII*(1 - 0)2),

and arguing as above, if ¥ is a section through o, then
1
6) T,E=R(—2B+(1-0)JY)S(1—-0)s ©R(—||Y|*B+ (1 -0)Y — §||Y||2(1 —-0)2),

where s C g, © (to ® CY') is a totally real subspace of g,.
Lemma 5.10. If S € by, is such that S+Y + Z € b then [S, JY] = 1||[Y|]?Y.

1
Proof. First of all, by the properties of root systems and the skew-symmetry of the elements

of ad(%), we have [S,JY] € g, © RJY".
Lemma 2.1(a) yields

2B+ (1 - 0)JY, |V ’B + (1= 6)(¥ — J][V]*2)

(7) 1 1
_ _ . 2 _ b 2 + 2
= (L+0)(=107Y, Y]+ (GIYIE = 1)y + JIVIPIY + 5|V]Z),

which is a vector in [T,%, T,X].

Take U € v, and let Ty € b, be such that Ty + U € h. Taking inner product with (7)
and using Lemma 2.1(b) we get 0 = 2([Ty, JY],Y). Using this equality and since b is a
Lie subalgebra, we now have

0= ([S+Y+Z,Ty+U], 2B+ (1—0)JY) = ([S, Ty]+[S, U] - [T, Y], JY) = ([S, U], JY),

and since U € v is arbitrary, [S, JY] € g, © (0 @ RJY).
Let £ € s. Proposition 2.3 implies

0=(S+Y +Z,[-2B + (1 - 0)JY, (1 - 0)¢]) = —(S, (1 + 0)[0TY, €]) = —2([S, JY], €).

Let n € go © (0 @& CY) be an arbitrary vector. Since Ad(Q)(1,X) = v,(H - 0) by
Proposition 2.3, we can conjugate the section 3 in such a way that n € s. (Note that
—2B+(1-6)JY and —||Y|?B+ (1—6)Y — ||Y|]>(1 - 6)Z always belong to T, by (6).)
Hence, the equation above shows that [S, JY] is orthogonal to g, © (to & CY'). Altogether
this implies [S, JY] € RY.

Finally, taking inner product of (7) with S+ Y + Z € h we get, using Lemma 2.1(a),
0=2([S,Y],JY) + £||Y||*, and hence [S, JY] = 1||[V[]*Y as we wanted. O

We define g = Exp(—4JY/|[Y||?). Recall that the Lie algebra of the isotropy group of
H at g(o0) is hyo) = Ad(g)(€) N h = gNkerad(JY), according to Lemma 5.5. Let S € by,
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be such that S +Y + Z € . Then, Lemma 5.10 yields

4

[JY,S] +

||Y||4[JY’ [JY, S]] =S+Y +Z e Ad(g)(t) Nb.
However, it is clear that S+ Y + Z & q N kerad(JY'), which gives a contradiction.

Therefore we have proved that Y = 0. Thus hygn = R(B+ X) @10 @ gao. If X =0 then
Baon = a D 10 D go,, and we are under the hypotheses of Proposition 5.3, which implies
that the action of H is orbit equivalent to the action of the group H whose Lie algebra is
h=q®adwd gs. This corresponds to Theorem 5.1(b).

For the rest of this case we assume X # 0. Note that the normal space to the orbit
through o is v,(H -0) = R(—[| X|*?B+ (1 - 0)X) ® (po © (1 — 0) (v ®RX)). If ¥ is a section
through o, since v,(H - 0) = T,X @ [q,T,%] (orthogonal direct sum), and [q, T,%] C pq, it
is easy to deduce, as in previous cases, that

T,X =R(—|X|*PB+ (1 -0)X) & (1—0)s,

where RX & s is a real subspace of g,.

We define g = Exp(2X). We will show (Ad(g)(h))aan = a P to & ga, and Ad(g)(q) = q,
which will allow us to apply Proposition 5.3. From now on we take T € b, such that
T+B+ X eb.

Let S € q. Then [S,T]+ [S,X] = [S,T + B+ X] € b, and thus [S, X] € w. Now
let U € to be an arbitrary vector, and let Sy € b, such that Sy + U € h. We have
0= {([S,Sy +U],—||X|?*B+ (1—-6)X) =—([S, X],U), which together with the previous
assertion implies [S, X] = 0. Then Ad(g)(q) = g. In particular this implies that @ is a
maximal compact subgroup of I,(H) = gHg ™.

Now we calculate [T, X|. Let U € o and Sy € b, such that Sy + U € h. Then, by the
skew-symmetry of the elements of ad(8) we have 0 = ([T + B+ X, Sy + U], —|| X||*B+ (1 —
NHX)=—(T,X],U), so [T, X] € g, ©10. Let now £ € 5. By Proposition 2.3 we get, using
Lemma 2.1(b), 0 = (T'+ B+ X, [-|| X|?B+ (1 - 0)X, (1 - 0)¢{]) = —(T, (1 + 0)[6X,&]) =
—2([T, X],&). Using again Proposition 2.3 we have v,(H - 0) = Ad(Q)(1,X), and thus, for
any 1 € g, © (w0 ®RX) we can find a section through o such that (1 — 6)n € T,% (note
that —||X||?B + (1 — )X € T,X for any section). Hence the previous argument shows
([T, X],n) = 0, and altogether this means [T, X] = 0. Therefore, Ad(¢)(T+B+X) = T+B,
so the projection of this vector onto a@nisin a C a® 1o P go,.

Fix U € to and Sy € b, such that Sy + U € h. We calculate [Sy, X|. For any £ € s, by
Proposition 2.3 and Lemma 2.1(b), we get 0 = (Spy + U, [ || X||*?B + (1 - 0) X, (1 — 6)¢]) =
—2([Su, X],£). As in the previous paragraph, one can argue that £ can be taken arbitrarily
in g,© (w®RX) by changing the tangent space to the section, if necessary, by an element of
Ad(Q). Hence [Sy, X] € to, which yields Ad(g)(Sy+U) = Suy+U —2[Sy, X]+3((JX,U) -
2(JX,[Su, X]))Z, and thus, its projection onto a @ n belongs to a @ 10 @ ga,-

Finally, let S; € b, such that Sy + Z € h. For each £ € s we obtain 0 = (S; +
Z,-IXI?B+ (1 —0)X,(1 —0)f]) = —2([Sz, X],£), and since £ can be taken to be in
0o © (W@ RX) by a suitable conjugation of the section by an element in Ad(Q), we deduce
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Sz, X] € 1. Hence, Ad(g)(Sz + Z) = Sz — 2[Sz, X| + (1 — (JX,[Sz, X]))Z, and the
orthogonal projection of this vector onto a & n belongs to a & 1w & go,.

These last calculations show that (Ad(g)(h))aen C a® 10D ga,. Since g € AN normalizes
to@adn, we have that Ad(g)(h) C €@ adn. Then the kernel of the projection of Ad(g)(h)
onto a@n is precisely Ad(g)(h) N&, which is a compact subalgebra of Ad(g)(h) containing
g = Ad(g)(q). By the maximality of q we get that Ad(g)(h) N €& = gq. But then by
elementary linear algebra

dim(Ad(g)h)aen = dim Ad(g)(h) — dim(Ad(g)(h) N o)
= dim h — dim q = dim hug, = dim(a @ 10 D go,).

All in all we have shown that the Lie algebra Ad(g)(h) of I,(H) = gHg ! satisfies
(Ad(g)(h))aan = a @ W B gao, and that @ is a maximal compact subgroup of I,(H).
Therefore, we can apply Proposition 5.3 to I,(H). This implies that the action of H on
CH™ is orbit equivalent to the action of the group H whose Lie algebra is 6 = qPBaPwdga,.
This corresponds to Theorem 5.1(b).

Altogether, we have concluded the proof of Theorem 5.1.

6. PROOF OF THE MAIN RESULTS

In this section we conclude the proof of Theorems A and B using the results of Sections 4
and 5.

Proof of Theorem A. The actions described in part (i) are polar by virtue of Theorem 4.1
and Theorem 4.2, whereas the polarity of the actions in part (ii) follows from Theorem 3.1.

An action of a subgroup H of the isometry group I(M) of a Riemannian manifold M
is proper if and only if H is a closed subgroup of I(M). Hence we may assume H C
SU(1,n) is closed. Since the polarity of the action depends only on the Lie algebra of H
by Proposition 2.3, we may assume that H is connected.

Thus, let H be a connected closed subgroup of SU(1,n) acting polarly on CH". Using
the Karpelevich-Mostow Theorem [21], [29], it was proved in [1, Theorem 6.2] that H fixes
a unique point in the ideal boundary of CH", or H has a totally geodesic orbit. The first
possibility is equivalent to saying that H is contained in a maximal parabolic subgroup
of G (see for example [18, §2.17]). In the second case, an orbit of H is a totally geodesic
CH* or a totally geodesic RH*, k € {0,...,n}.

Let k£ be the smallest complex dimension of a totally geodesic complex hyperbolic sub-
space left invariant by the H-action. If £ = 0, then the H-action has a fixed point. In this
case, it follows from [17] that H is a subgroup of S(U(1)U(n)) = U(n) that corresponds
to a polar action on CP"!, and therefore is induced by the isotropy representation of a
Hermitian symmetric space. This corresponds to case (i) with k& = 0 in Theorem A.

Let us assume from now on that £ > 1. Theorem 4.1 guarantees that the H-action is
orbit equivalent to the product action of a closed subgroup H; of SU(1, k) acting polarly
on CH*, times a closed subgroup H, of U(n — k) acting polarly (and with a fixed point)
on CH"*. By assumption, the H;-action on CH* does not leave any totally geodesic CH'
or RH! with | < k invariant. Hence, the H;-action on CHF is transitive, or has a totally
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geodesic RH* as an orbit, or H; is contained in a maximal parabolic subgroup of SU(1, k).
The first case corresponds to Theorem A(ii) with q = bho, b = a, and tv a complex subspace
of g, with dimension k£ — 1. In the second case, we have shown in Theorem 4.2 that the
Hi-action on the totally geodesic CH” is of cohomogeneity one and orbit equivalent to
the action of SO°(1, k); thus, this corresponds to part (i) with & € {1,...,n}. Note that
for Q = Hs, the Q-action on CH™* is determined by its slice representation at the fixed
point, so @ acts polarly with a totally real section on T,CH" ¥ = C"~*.

Let us consider the final case, that is, H; is contained in a maximal parabolic subgroup
of SU(1,k), k € {1,...,n}. The Lie algebra su(1,k) can be assumed to be of the form
su(1l,k) = ' ®ad gl @ gan, where gl is a complex subspace of g, with complex dimension
k—1, and €' = £Nsu(l,k). Indeed, &' & a P gl & goo is an Iwasawa decomposition
of su(l,k) C su(l,n). Now, a maximal parabolic subalgebra of su(1, k) is of the form
t D adgl D gon, where 8 = u(k — 1) is the normalizer of a in €. Thus, assume that
hy C € D a® gl @ gon It follows that the Hj-action is orbit equivalent by an element of
SU(1,k) to the action of a closed subgroup Hj of SU(1, k) with one of the Lie algebras
described in Theorem 5.1: (a) q' @ a, (b) q' ® a & 10 & gaa, or (¢) q' B 0 D gon, where
to is a real subspace of g, and q' C £} normalizes tv. By conjugating by an element of
SU(1, k) we may assume that H; and H| have the same orbits in CH*. Let p € CH* be
an arbitrary point. Then, for each hy € H; there exists b} € Hj such that hy(p) = h}(p),
and thus, h;'h} is contained in the isotropy group of SU(1,k) at p. This implies that for
each n € v,CH* we have (hy'h}).n =n. Then, for each hy € H, C U(n — k) we have that

hiha(exp,(§)) = expy, () (h1xh2.&) = exppy ) (R, h2.8) = hiha(exp,(§)),

for each p € CH* and ¢ € I/pCHk. Hence, it follows that Hy x Hy and Hj x Hy act on
CH™ with the same orbits.

Finally we can define q = q' @ bo, which is a subalgebra of £;. Therefore, case (a) above
corresponds to the Lie algebra q @ a, which is a particular case of Theorem A(i) for k = 1,
while cases (b) and (c) correspond to the Lie algebras q® a® o @ go, and q@ 1w & ga,, which
in turn correspond to Theorem A(ii), where b = a and b = 0, respectively. Lemma 2.2,
Proposition 2.4 and the fact that the slice representation of a polar action is also polar,
guarantee that the action of g on the orthogonal complement of tv in g, is polar with a
totally real section. O

Before beginning the proof of Theorem B, we need to calculate the mean curvature vector
of the orbits of minimum orbit type.

Lemma 6.1. Let H be the connected Lie subgroup of SU(1,n) whose Lie algebra is h =
R(aB+ X) @ 10 @ gon, for some a € R, w subspace of go, and X € g, S0, a # 0, X # 0.
Then, the mean curvature vector of H - o is

3+ dimt

= ey B e

Proof. In order to shorten the notation, let us denote by (-, -) the metric on AN defined
in Section 2. Then, it is well known that the Levi-Civita connection of AN is given by (see
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for example [5] or [11])
1 1 1
Vasivsaz(DB+V 1yZ) = <§<U, V) + a:y) B3 (U +yJU +2JV)+ <§<JU, V) — bx) z,

wherea, b, z,y € R, U,V € g,, and all vector fields are considered to be left-invariant. The
normal space to the orbit H-o is given by the left-invariant distribution RE® (g, O (vdRX)),
where ¢ is the unit vector

£ =

_(IXIPB —ax).
[XNva? +[1X]]?
Then, the shape operator S, with respect to a left-invariant normal vector 7 is given by
the equation S,V = —(Vyn)', where (-)" means orthogonal projection onto b.
Bearing all this in mind and applying the formula for the Levi-Civita connection above
we get:

X
Se(aB+X)= ——21 (4B + X),
e ( ) 5 a2+HX|!2( )
X (JW, X)
S(W) = —— +a-———=7), for each W € tv,
U v s T U s o)
X a T
Se(Z) = — JX) +27).
el2) =3 a2+y|X|y2< ||X||2( ) )
This implies
3+ di X
r S — (2+ 2imm)H 2H_
a? + || X||

On the other hand, if U € g, & (o & RX) we have
1
SulaB +X) = S(JU,X)Z,

1
Sy(W) = §<JU, W)Z, for each W € 1w,

1
Sy(Z) = 5(JU)T.
Hence tr Sy = 0.
Altogether we have proved the lemma. U

We can also obtain easily the following result.

Corollary 6.2. Ifh = b D 1w @ gon, with b € {0,a} and vo a subspace of g, then the mean
curvature vector of H - o is

~J0, if b=a,
3@+ dimw)B, ifb=0.

Now we finish the proof of Theorem B.
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Proof of Theorem B. In the following we consider some orbits of minimum orbit type, as in
Proposition 5.2; some of them are also minimal submanifolds in the sense that their mean
curvature vector vanishes. If this is the case, we will say that they have vanishing mean
curvature in order to avoid confusion.

Let H; and Hs be two subgroups of U(1,n) acting polarly on CH", and assume that
these two actions are orbit equivalent. Let us denote by h; and hs the Lie algebras of H;
and Hy. We distinguish three main cases.

Case 1. First of all, assume that the actions of H; and Hj are given by Theorem A(i), that
is, h; = q; ® s0(1, k;), i € {1,2}. The group H; has a totally real, totally geodesic RH"* as
a singular orbit of minimum orbit type. This immediately implies ky = ky. If by = ko =n
then both actions are orbit equivalent to the action of SO°(1, n), according to Theorem 4.2,
and thus the isotropy actions of (); and (), are both trivial. Assume k1 = ky < n. It
follows from Section 4 that H; restricts to a cohomogeneity one action on the corresponding
totally geodesic CH" that contains this RH*:. It follows from Theorem 4.1 that the slice
representation of H; at o is polar and a section of this action is of the form ¢; ® X;, where
¢; is a line in T,CH" and ¥, is totally real in the complex subspace T,CH" & T,CH"*:. The
unitary representation of @); on the complex vector space T,CH" © T,CH" cannot have
trivial factors, since otherwise a maximal trivial factor would be complex, and therefore
the section would not be totally real. Hence, the only orbit of minimal dimension must
be the totally geodesic RH" . Since the actions of H; and H, are orbit equivalent, we
conclude that Hy - 0 must be mapped to Hs - 0. Now it is easy to deduce that the actions
of ()1 and ()2 must be orbit equivalent.

Case 2. Assume now that H; is given by Theorem A(i), and H, is given by Theorem A(ii),
that is, h; = q1 ® s0(1, k) and hy = q2 B b ® to P go,. By assumption, there is an isometry
¢ such that ¢(Hy - p) = Hy - ¢(p) for any p € CH™. We know that H; - o is a totally real,
totally geodesic RH*, and a singular orbit of minimum orbit type. Let g € AN be such
that ¢(0) = g(0) and define H, to be the connected Lie subgroup of SU(1,n) whose Lie
algebra is 62 =bBdga,. As ¢(H;-0) must also be an orbit of Hy of minimal dimension,
it follows that H, - g(0) = H, - g(o) since H, - g(o) has minimal dimension and contains
Hy - g(0). We have Hy - g(0) = g(g ' Hag) - 0 = g(I,-1(Ha) - 0), from where it follows that
H, - g(0) is congruent to the orbit of I,-1(H,) through o. Since g € AN, it is not difficult
to deduce from the bracket relations of AN that Ad(g_l)GQ = R(aB + X) © v & ga,
for some a € R and X € g, © to. The fact that Ad(gfl)ﬁg is totally real immediately
implies @ = 0, and thus b = 0. Moreover, X = 0 for dimension reasons, and to is totally
real. Then, Corollary 6.2 implies that Ad(g*1)62 = 10 P go, has mean curvature vector
H = %(2 + dimt)B # 0. In particular, Hs - g(0) cannot be totally geodesic. Therefore,

polar actions given by Theorem A(i) cannot be orbit equivalent to polar actions given by
Theorem A(ii).

Case 3. Finally, assume that H; and Hs are given by Theorem A(ii), that is, h; = q; ®
bi D 1; D g2a, 1€ {1, 2}
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Let by = a, by = 0. The orbit H; -0 is of minimum orbit type, and it has vanishing mean
curvature as Corollary 6.2 shows. This orbit must be mapped to an orbit of Hy of minimal
dimension. Let H, be the Lie subgroup of SU(1,n) whose Lie algebra is by = 05 @ oo
Assume H; -0 is mapped to Hs - g(0) with ¢ € AN. Since Hs -0 has minimal dimension, we
must have Hy-g(0) = Hy-g(0), as Hy-g(0) has minimal dimension and H,-g(0) C Hy-g(0).
We have H, - -g(0) = g(g " Hag - 0), and it is easy to show using the bracket relations of AN
that Ad(g _1)[)2 —hy =1y g2q- Corollary 6.2 then implies that Hs - g(0) = H, - g(0) has
non-vanishing mean curvature. This contradicts the fact that the mean curvature vector
of Hy - o0 is zero. Therefore b; = bs.

Assume that by = by = 0. Let ¢ be an isometry such that ¢(H;-0) = Hy - ¢(0), and take
g € AN such that ¢(o) = g(0). Let Hy be the Lie subgroup of SU(1,n) whose Lie algebra is
fy = 2B ga,, and recall that Ad (g~ )hQ = bz, and thus [, _1(H2) H,. Since H,- -g(0) must
be of minimal dimension, we have Hy-g(0) = Hy-g(0) = g(g~ " Hag-0) = g(H,-0) = g(Hs-0),
and thus, g7 '¢(H; -0) = g ' Hy - ¢(0) = g ' Hag-0 = Hy-0. By composing with an element
of Hy we can further assume that ¢(H; - 0) = Hy - o, and ¢(0) = o. In particular, we
have ¢*(T0(Hl ’ 0)) = TO(H2 ’ 0)? that iS, (b*((l - 9)(m1 S 9204)) = (1 - (9)(1‘02 S 9201)' We
have the Kéhler angle decompositions (see Subsection 2.3), tv; = @,ce,;,, and thus,
(1—-0)w; = Byep, (1 — )10, ,. Since ¢, maps real subspaces of constant Kéhler angle ¢ to
real subspaces of constant Kahler angle ¢, we must have ¢ := &, = &, and

d)*(l — 9)(?01,77/2 ©® QQa) = (1 - 9)(m2,w/2 S 9201)’ ¢*(1 - 9)(1%1#,) - (1 - 9)(m27<ﬂ)7

for all ¢ € @\ {7/2}. As a consequence, dimto; , = dimt,, for all ¢ € ®. It follows
from Remark 2.10 that there exists k € K, such that Ad(k)w,, = wy, for all p € P,
and thus Ad(k)(ro; @ gon) = 102 D gon. Let ﬁg = k~'Hyk. Obviously, the actions of H,
and H2 on CH™ are orbit equlvalent Indeed, f)g = (2 D ] P go, for some subalgebra qs
of &. Since the actions of H; and H, are orbit equivalent, their slice representations are
orbit equivalent and so are the actions of ()1 and Qg on the normal space of Hy -0 = flg o)
(note that the action of Ky on a is trivial). Therefore, H; and Hy are orbit equivalent if
and only if there exists k € K such that Ad(k)m; = vy, and the slice representations
Qi x (1 —0)w; — (1 —0O)w;, i € {1,2}, are orbit equivalent.

We now deal with the last possibility: b; = by = a. The proof goes along the lines of the
previous subcase, with some differences that we will point out. Let ¢ be an isometry such
that ¢(H; - 0) = Hy - ¢(0) and take g € AN such that ¢(0) = g(0). As before, we consider
H, the subgroup of SU(1,n) whose Lie algebra is hy = a P oy D O2q. Since Hj - g(o) is
of minimal dimension, H, - g(0) = Hy - g(0) = g(g " Hag - 0), so Hy - g(0) is congruent
to the orbit through o of the Lie subgroup of SU(1,n) whose Lie algebra is of the form
Ad(9)62 = R(aB + X) @ w3 @ ga,, for some a € R and X € g, © to. Since H; - o has
vanishing mean curvature by Corollary 6.2, according to Lemma 6.1 we must have that
X = 0. In this case we get Ad(g)h; = bhy. By composing with an element of H, we can
further assume that ¢(0) = o. Arguing as in the previous case, we have the Kahler angle
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decompositions tv; = @yep,; ,, and thus, it follows that ¢ := &; = ®, and

P(1=0)(a®Ww10B g2n) = (1 —0)(aP w30 P gon), ¢u(1—0)(101,)=(1—0)wsy,,

for all ¢ € @\ {0}. Again, by Remark 2.10, it follows that there exists k € K, such
that Ad(k)w,, = s, for all ¢ € @, and therefore, H; and H, are orbit equivalent if
and only if there exists k € Ky such that Ad(k)m; = s, and the slice representations
Q; x (1 —0)wit — (1 —0)wi, i € {1,2}, are orbit equivalent. O
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