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Polarization in debates and social networks is a phenomenon clearly present in modern societies that strongly
modifies the way we relate as communities. Regardless of the importance of this phenomenon, there is not a clear
explanation yet for its emergence or a suitable parameter to quantify it. Here, we present a methodology based
on the Turing instability, a frequent mechanism in Nature which explains differentiation processes, that maps the
conditions needed for a given network to undergo polarization of opinions. From this mapping, we measure the

likelihood of the system’s nodes to differentiate each other or, in other terms, the degree of polarization of the

network.

1. Introduction

Someone said that the face is the mirror of the soul, in this manu-
script we try to address the question: is the social network the mirror of
our society? Or, in other words, can the network structure give infor-
mation about the type of society we live in? and can we quantify those
differences with a limited set of measurable parameters?

Nowadays, most of our communications, somehow, end up in a so-
cial network, if you do not contribute to the network, it is almost as if
you do not exist. Thus, it just seems straight forward that understanding
how the network works may help to control the opinion of such society.
Proof of this is the large number of studies [1] devoted to this topic and
even the growing interest of contemporary politicians to understand and
control the network as a key to win elections.

Within this context, it is of high interest the concept of opinion po-
larization [1], the intrinsic property of a topic to reach a state where the
opinions about it are equally distributed in opposing positions. In
particular, the study of political polarization has been the focus of
research for plenty of decades [2-6] and in the debate on whether po-
larization levels have been increasing or not, scientific literature sug-
gests that they do [7-10]. On many occasions any issue (sometimes even
trivial ones) triggers a polarized response and the opinion splits equally
into two opposing factions.

The role of the social networks in this increasing degree of polari-
zation is highly difficult to measure and many books and articles point
towards their influence [11-13], although a recent study shows that
there is not a clear association between faster growth in political

polarization and greater internet use [14]. It is clear though, that the
boom of social media has broken the boundaries of physical distances
and increased the social interaction rates. Daily discussions on multiple
topics compete for the attention and engagement of individuals [15,16],
creating datasets of rich and complex networks that can be thoroughly
analyzed in the search and measure of polarized structures [17-19].
Attempts to understand these opinion formation processes through
mathematical modelling have been many and they are usually focused
on how the network structure affects the opinion dynamics. A seminal
work by DeGroot [20] showed with a simple model how the averaged
interaction of agents with different initial opinions tends to decrease the
overall disagreement reaching a consensus. This is not a very realistic
scenario, however, but introducing the innate belief of the agents (a
persistent state of mind) with a set of weights in the averaging process
that accounts for the network influence suffices to allow for disagree-
ment states [21]. Going further, it has been shown that homophily [22],
the tendency of individuals to connect with other individuals of similar
thinking, results in a natural mechanism that can lead to polarized
structures [23,24], but it is not always a sufficient condition for it [25].
Another empirical observation found in several polarized social net-
works is the existence of echo chambers [26-29], a reinforcement of
one’s opinions in time by other individuals or any kind of media.
Modelling echo chambers in combination with homophily [30] does
seem to lead to a more robust model, where metastable polarized states
can be reached from a situation of global consensus. Alternatively, other
routes to polarization include the idea of bias assimilation [25,31], link
recommender systems [32,33] and the importance of the topic’s
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controversy [34,35].

On the other hand, the Turing instability [36] has been known to
provide a mechanism for spontaneous diffusion-induced symmetry
breaking that has been widely used to explain pattern formation
mechanisms in Biology [37] and, lately, to explain some phenomena in
the context of bilingualism dynamics [38]. In this paper we aim to relate
the ability of a system to exhibit Turing instability with the study of
opinion polarization. Since rumor spreading and opinion formation are
in nature diffusive phenomena, it is reasonable that the Turing insta-
bility could help to better understand these processes.

With a suitable dynamical model and network diffusion in it, we map
the parameter space in which the opinion formation process undergoes
the instability from a neutral stable state (consensus) to another differ-
entiated stationary state, where nodes acquire a different opinion and, if
the dynamical parameters are adequate, leave the system in a polarized
state. We must remark here that our model differs from others that study
polarization dynamics in the sense that the opposing opinions do not
exist in the absence of diffusion and it is only possible because of it. Our
model considers then a more relaxed definition of polarization in which
nodes don’t end up occupying opposing opinions known beforehand, for
example 1 and — 1, and rather examines the onset of the polarization
itself. In other words, we believe that the Turing instability could help to
explain why in the presence of the network the consensus is broken and
locate the conditions needed for it. To quantify this feature, we measure
the size of the parameter space for different network topologies and
propose it as a quantitative indicator of the onset of polarization for each
one. Besides, since this parameter space is obtained through analytical
computations based on linear stability analysis, our descriptor does not
require to perform extensive simulations and is computationally
affordable and efficient. However, this implies some limitations too. On
one side, since it does not know the final state of the system, it cannot
distinguish if one of the opposing opinions is much more populated than
the other and therefore does not give a measure of how much polarized
the state is. Thus, it reduces mainly to describe whether the differenti-
ation of opinions will occur or not (the onset to break consensus)
because of the network structure. Also, since the computations of the
descriptor rely on a fixed adjacency matrix that describes the said
structure, the networks considered here are static. Or, in other words,
the observation times considered are short compared with the times
needed for a network to significantly evolve. We are aware that the
opinion formation process is best described through an adaptive
network scheme [39] that could be able to incorporate all the previously
mentioned approaches that lead to polarization. However, rather than
studying the opinion formation process in itself, our aim focuses on
characterizing the potentiality of polarization of a given network in a
specific moment in time. If one were to know the evolution of the ad-
jacency matrix in time, the descriptor could be computed for each
known time step to study if this polarization potential shows certain
temporal patterns.

Our results show that the connectivity distribution and specially its
dispersion are key in the differentiation process, as a previous work had
already observed for the general case of Turing patterns in other bio-
logical models [40]. In this context, our descriptor shows that a network
model with scale-free distribution presents a more continuous and
extensive transition to the differentiated state, in which nodes become
polarized in an orderly fashion attending to their connectivity. Nodes
with larger connectivities become polarized in a broader region of
parameter space, and although do not leave the whole network in a
polarized state they induce some noise in it. This could be interpreted as
these highly connected nodes participating more in the conversation
because they have something different to say, trying to spread their
views to the whole network. On the other hand, for networks with finite,
small dispersion in their connectivity distribution, the Turing instability
region is less accessible in the parameter space but their Turing patterns
reflect clearer polarized structures where almost all nodes differentiate
into two extreme opinion clusters. To contrast the results of our
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descriptor, we also carried out extensive numerical simulations and
measured the degree of polarization with the index proposed by [19].
We found that our descriptor clearly outlines the region in the parameter
space in which consensus is broken and nodes start to differentiate, and
measured then how different topological features of the networks
affected our results.

In the following, we describe our model and our stability descriptor
in Section 2, the results we obtain for different network topologies in
Section 3 and some final conclusions in Section 4.

2. Model

Let us define a system of N interacting individuals where we intro-
duce the competition of two opposing ideas or opinions, u and v, that are
able to diffuse across the links of a complex network. The innate belief of
the individuals evolve in time according to the functions f(u;,v;) =
ui(ay — by — cv;), and g(w;,vi) = vi(az — bavi + c u;), with the dynam-
ical parameters controlling how they grow (a), decrease (b) and
compete (c) inside each individual. These set of dynamics were previ-
ously used for studying how different network topologies affect the
coexistence of two languages [38], where one of them is favored by the
sign of the competition term. Let us define now the adjacency matrix of
the network Ay, and the Laplacian matrix L; = A; — dyk;, with k; =
ZJNAij, the connectivity of node i. Thus, the individuals will update their
opinions based on their neighbors as ¢3"Ayd(y; — ;) = €3'Lyd u;,
with d being the diffusion coefficient according to Fick’s law and ¢ the
influence that the network exerts on the innate beliefs. In this sense, the
latter can be understood both in terms of a network influence or in how
appealing or engaging is a certain topic to the individuals. Finally, it is
also described in several works [38,41-44] that for some reactive-
diffusion models the addition of cross-diffusion into the system is
essential for the emergence and control of spatial and spatiotemporal
structures. It represents a mechanism by which the concentration
gradient of one variable induces an opposite gradient from the other, a
feature that makes it very suitable for modelling competing species. In
our case, it translates to the opinion variables diffusing to where the
concentration of the opposing opinion is lower, favoring the commu-
nication flows and clusters of like-minded individuals. In this sense,
could the system accounts for the concept of homophily from the point
of view of opinion dynamics, rather than from the network structure.
The cross-diffusion is then both a necessary condition and a control
parameter of the Turing instability, given by the parameters d, and d,.
To sum up, the time evolution of the opinions is governed by the
following equations,

du; N
d_’; = f(u;,vi) + EZ L; [uj(d + duvv,) }
=
(@)
dv; ul
o = Sl vi) +e Z Ly[v;(d + dyt;) |

=

In absence of diffusion, each individual i will evolve its opinion until
it reaches one of the fixed points of the system (u°,v°), which can be
computed analytically as those points where u; =v; = 0. When diffusion
is turned on, the system will either return to one of the previous fixed
points, simulating the reach of a consensus, or achieve a new stationary
state where individuals in the network adopt new extreme positions by
means of the Turing instability. In the end, we have an internal process
whose natural tendency is to return to equilibrium while a tunable
network influence tries to disrupt this state. Note that our model does
not distinguish between intrinsic preferences so the emergence of po-
larization is purely a collective phenomenon where social connectivity
(and therefore diffusion) is crucial.

In this way, the Turing instability exemplifies the ability to break the
system’s homogeneity and, consequently, introduce polarization or, at
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least, differentiation in a natural way. Both the dynamical parameters
and network topology strongly affect the model capability to undergo
the instability and, thus, the region in the control parameter space where
it is found. In order to inspect the instability, we carry out a linear sta-
bility analysis of the stable stationary state with respect to non-uniform
perturbations. Expanding over the set of Laplacian eigenvectors ®@ =

<¢<1“) , ...,¢1(\§’> ), with @ =1,...,N the Laplacian modes, we can write

these perturbations as su;(t) = 22’ exp(/l(,t)¢§a) [45]. The stability of the
system is then determined by the exponents 4,: if their sign is negative,
the perturbation will decay and the state will remain stable. On the
contrary, if one of the 1, are positive, it is a sign that the state has
become unstable and the perturbation grows exponentially in time.
Thus, these exponents are usually denoted as the linear growth rates of
the system [40,45], and we present their analytical derivation in the
Supplementary Information section S1. They depend mostly on the Lap-
lacian eigenvalues A, and the network influence ¢, and since both of
these parameters control the degree of diffusion the resulting positive
growth rates can be used as a trace of the instability region. We will use
the size of this region as a quantitative value of the degree of polariza-
tion, meaning that the larger the region, the more prone to polarization
the network will be. Note that this method allows us to characterize if a
given network is capable of sustaining different opinions (expressed
with different stationary states) and a non-homogeneous distribution of
them along the network.

We will also consider the polarization index proposed by [19] to
contrast our results and analyze the polarized structures given by our
model. Given the previous definition that a polarized state is that in
which the opinions are equally distributed in opposing positions, we
need to measure both the population of individuals in each position and
the ideological distance between them. As we mentioned, if the network
undergoes the Turing instability, the new ideological positions will
appear above and below the fixed point of the system u° Thus, we define
N~ as the relative population of individuals with opinions below the
fixed point (; < u®) and N* the relative population of individuals above
it (; > u®). The normalized difference in population sizes will then be
given by

INT —N|

AN =
N

(2)

Similarly, to measure the distance between the opinion clusters we
start by considering the difference between the average value of each
opinion cluster, divided by the difference of the maximum values in the
opinion distribution:

g ) =)

UMax — Uin

3

Finally, we can use these two equations to measure polarization as a
function of the population differences and the distance between them,
writing the polarization index as [19].

u=(1—-AN)q @

with 0 <y <1. When the resulting opinion distribution is clearly
bimodal, equally populated and with each opinion center located at each
extremal value, the polarization index will be equal to 1. On the other
hand, ¢ will be zero or near zero when opinions do not differentiate or,
even if they had acquired new extremal values, one of the clusters is
more heavily populated than the other.

3. Results

First, we describe the behavior of the model as a function of the
control parameters that best trigger the instability: the competition rate
¢, the cross diffusion coefficient d,, and the network influence e. First,
we show a glimpse of the simulations and the parameter-dependence of
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the Turing instability through Fig. 1. We integrate Eq. (1) for a system of
N = 1000 nodes initialized around the fixed point of the system (u°,1°)
with a small random perturbation. For low values of the network in-
fluence (see upper part of panel (a)), the model with nodes connected
following an Erdos-Renyi (ER) network [46] does not undergo the
instability and every node returns to the fixed point, reaching what we
could identify as a consensus state. On the other hand, in a Barabasi-
Albert (BA) network [47], we observe that a few nodes with the high-
est connectivities have adopted new differentiated positions that induce
a small noise in the rest of the network (which remains around the
consensus value), outlining the onset of polarization. If we increase now
the network influence sufficiently, to ¢ = 0.5, both networks exhibit two
differentiated states non-homogeneously distributed along the network
nodes and achieve near perfect polarization on almost every node (see
lower part of panel (a)), jumping to either the state at u; ~ Umq, = 25 or
U; ~ Upin = 0. Attending now to the respective growth rate distributions
in panel (b), we can understand in each case why the networks under-
went or not the instability. The opinion differentiation starts at a certain
critical eigenvalue A, , from which the growth rates become positive,
and panel (b) clearly shows that in the case of the ER with low network
influence this eigenvalue is not reached. As we shall explicit later on, if
we increase the average connectivity of the ER, this would lead also to
an increase in the eigenvalues and therefore it would also be possible for
this topology to surpass the critical threshold. In the case of the BA
network, the scale-free property [48] and the spread distribution of
connectivities allows the existence of larger Laplacian eigenvalues that
overcome the critical threshold even for small values of the network
influence. For the sake of comparison and conceptual highlighting, our
networks have been built with a fixed average connectivity of (k) ~ 10
and, unless stated otherwise, the reaction and diffusion parameters of
Eq. (1) are fixed to a; = ay = 2.0,b; =0.08, b, =0.3 and d = 0.001.
With the growth rates (GR) as a tracer of the Turing instability, we
measure region in the parameter space where their value is positive and
characterize the networks’ capability to induce opinion polarization. We
will consider now systems of N = 5000 nodes and besides the BA and ER
models, we will also consider the Watts-Strogatz (WS) topology [49]
because of its even lower connectivity dispersion and its capability to
tune the average path length of the graph from the probability of
random shortcuts in the network. Since the average path length # is the
average distance between all pairs of nodes, the larger it is the longer
will take the diffusion process. Considering the total number of per-
formed simulations (covering the whole parameter space), we define the
Turing area of the network as the fraction of these simulations where the
Turing instability appeared. Panels (a to c¢) of Fig. 2 clearly shows that
the capability to destabilize the system can be easily mapped with this
measure and used to distinguish between different network structures.
The larger dispersion in the connectivity of the scale-free topology given
by the BA model plays a crucial role in the appearance of the Turing
instability [40], finding that for small values of the network influence
(¢ =0.1) it is considerably larger than for the ER and WS. For these
cases, whose connectivity follow a Gaussian distribution with small
dispersion, their spectrum of eigenvalues is more compact and their
eigenvectors are more delocalized, having their normalization weights
distributed uniformly. Thus, the critical mode here is only reached when
the dynamical parameters of the model are high enough, or the network
influence is significantly increased (panels g-i). This is directly related to
the eigenvalues and eigenvectors of the Laplacian matrixand their
dependence on the network connectivity. The connectivity distribution
of the scale-free topology allows for a wider spectrum of eigenvalues,
which makes it easier to reach the critical mode a. and the positive
solutions of the GR. On the other hand, the eigenvectors associated to
nodes with higher degrees have their normalization weights concen-
trated on a small subset of their components (they are “localized”), and
this property is what makes these nodes to differentiate faster [40].
Attending now to the polarization index x computed as in Eq. (4),
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Fig. 1. Turing instability for two different topologies, the Erdos-Renyi (ER) in blue, and the Barabasi-Albert (BA) in red, with size N = 1000. In panel (a), two
different values of the network influence are considered, ¢ = 0.1 and ¢ = 0.5. Right sub-panels represent the histograms of each distribution. Panel (b) shows the
growth rate distribution associated to each configuration of panels in (a). For these simulations, ¢ = 0.27, dy, = 0.0 and d,, = 0.17. Both networks have a mean
degree of k ~ 10 and the nodes are shown in a decreasing order of their connectivity value. The black dashed line in panel (a) represents the fixed stable point of the
system for the given parameters, u® = 0.62, while in panel (b) is a visual aid to see when the growth rates become positive. (For interpretation of the references to

color in this figure legend, the reader is referred to the web version of this article.)

panels (d-f) show that the region of positive GR indeed outlines the onset
of polarization. As we saw in Fig. 1, for ¢ = 0.1 only nodes with large
connectivities in the BA network had started to adopt new opinions, but
since the overall opinion distribution remains practically unimodal, the
polarization index is considerably small, around ¢ = 0.25. It is inter-
esting to see, however, that in the ER network the colored region with
non-zero polarization index is smaller than the BA but higher in value,
reaching y = 0.5. This feature is highlighted in the bottom panels with
e = 0.5, where u can reach the unity in the WS network but not in the
BA. Again, this is related to the connectivity distribution and its
dispersion, being in some way the opposite case of what we had earlier.
Now, the less connected nodes of the BA are the last to adopt one of the
extreme opinions and they are still in the fixed point, contributing to the
noise of the opinion distribution and decreasing the distance between
the opinion clusters. For the ER and WS networks, if the network in-
fluence is large enough so the mean connectivity of the network is above
a critical value, almost all nodes will adopt one of the extreme opinions
leaving as a result a clear bimodal distribution, which in turn result in a

higher polarization index. In the case of the WS, since the dispersion in
connectivity is even smaller (see Supplementary Information Fig. S1), the
dispersion in the opinion clusters is also smaller and thus the distance
between them is maximal. Besides, the color patterns of panels k and [
reflect mainly on whether the opinion clusters are equally populated or
not, with the cross-diffusion parameter d,, acting as a driving force that
makes one of the opinion clusters bigger than the other.

Going back to the Turing patterns, Fig. 3 collects several panels in
which we study the effect of different model parameters on the size of
the Turing area measured at the parameter space in Fig. 2. First, we
examine its growth as a function of the network influence ¢, where we
see how in the BA it grows faster and saturates earlier around the value
of 0.65, the one previously shown in Fig. 2g. For the ER and WS, we also
examine its growth over the network average connectivity (with fixed
e =0.1) and see that the region with positive GR in the WS model is
slightly smaller than in the ER and that it also grows slower with the
network influence ¢. As we mentioned earlier, these two parameters
interplay with each other in the sense that ¢ modifies the threshold for
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Fig. 2. Maxima of the growth rates Amq (a-c and g-i) and polarization index y (d-f and j-1) in the parameter space of the model for ¢ = 0.1 and ¢ = 0.5, for three
different network topologies. BA accounts for Barabasi-Albert, ER for Erdos-Renyi and WS for Watts-Strogatz. Here, network size was fixed to N = 5000 for all panels
because of size effects (see panel 3a). Note that in panels (d-f) the colormap was adjusted between y = 0 and y = 0.5 to zoom in the values of panels d-e.

the positive growth rates 4., and for these two network models an in-
crease in the average connectivity conveys an increase in the maximum
growth rate A,qc. Thus, increasing any of these two parameters makes it
easier for these networks to reach the onset of polarization and enlarge
their Turing area. Besides, the difference among them can be closely
related to the average pathlength ¢ suggesting that the time scale of the
information flow, that is minimized in the BA model due to the presence
of hubs, is also one of the key features in the emergence of the Turing
instability and, thus, polarized non-homogeneous structures. Using the
WS model as a reference, we can increase the average path length of the
network by minimizing the number of existing shortcuts. In panel 3d, we
compare the size of the Turing region against the average path length for
WS networks and show that, in fact, there exists an inverse propor-
tionality between the two of them. This effect has been previously
observed in diffusing epidemics [50,51] and it is related to the fact that
decreasing the number of shortcuts halts the percolation of the system,
which in our case, relates directly with the effective diffusion coefficient
and so to the emergence of the Turing patterns. The effect of the network
size is also shown in panel 3c, with the outcome that only the BA
network experiences a significant change in the Turing region at small
sizes. This is again related to the connectivity in the largest hub: the
larger the network the bigger their hubs and therefore the more

accessible is the onset of polarization. The effect of other model pa-
rameters in the Turing area, such as the growth a, simple diffusion or
cross diffusion from u to v is left for the Supplementary Information
Fig. S2. From a certain value, well below the one used in our main re-
sults, increasing the growth a has no effect in the size of the Turing area.
On the other hand, increasing simple diffusion and cross diffusion d,,,
tends to stabilize the system and remove heterogeneities, thus inhibiting
the Turing instability for all three networks equally. We remind that we
are not intending to use the Turing stability as a direct explanation of the
polarization process but rather as a tool that could measure it, and so we
fixed these parameters at a certain value that allowed us to clearly
exemplify our method.

Finally, we pay some attention to show how the directionality of the
links affects our model and inspect further the connection between a
critical connectivity and polarizing effects. It is usual that users online
communicate unilaterally, following someone who do not follow back or
answering a post which do not receive another answer in return. We
have seen that the degree heterogeneity above a certain critical value is
anecessary condition for the polarization to occur, and our model is very
susceptible to the directionality of the interactions. Attending to Eq. (1),
node i modifies its opinion in function of those nodes that i is looking up
to, given by the rows of the adjacency matrix A; which represent the out-
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Fig. 3. Size of the Turing area in function of the network influence (a), average network connectivity (b), network size (c) and average path length # (d). For panels a,
b and d, network size was fixed at N = 5000, while for panels b, c and d network influence was fixed at ¢ = 0.1. Error bars in panel (d) account for multiple re-

1 Q)
Y R
=17 - starout .
—a— Star-in L
-40 -20 0
Na
1 d)
e *”"x
[ PR S
%
-11 BA-out ’%r
-~ BA-in i‘<
—100 =50 0
Na

Fig. 4. Effects of the link direction in the model. In star graphs (a) with k = 50, inward direction results in consensus while outward direction in polarization of the
central node when keenq is higher than a critical value. This can be extrapolated to BA directed networks (c), where hubs with outward connectivity larger than a

critical one become polarized while the rest of the nodes do not. Panels (b) and (d) show the growth rate distribution for each case. In all panels, ¢ = 0.1, while
network size is N = 50 for the star networks and N = 1000 for the BA networks.
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connectivity of i. Therefore, for each node, the opinion diffusion de-
pends only on its outwards connectivity. In turn, the sum of connections
that are following the opinion of node i and given by the columns of Ay,
account for the in-connectivity of the node and have no relevance in its
opinion value since they do not affect the equations. In the case of social
networks, this could represent a mechanism by which the opinion of a
given user would be purely affected by how much activity they engage
into rather than by the attention they receive. Using directed star net-
works, we can highlight the latter to find that the central node is always
potentially polarized (exhibits a differentiated state of opinion) when-
ever it is the out-connectivity the one higher than the critical threshold
(which is found near the critical value of the Laplacian eigenvalue,
ke ~ A.), while if the central node only possesses inward connectivity,
the polarization does not occur (see Fig. 4 panels (a) and (c)). The result
is that the outward star network always has a positive growth factor if
k > k. (green points) while the inward star graph does not (pink points).
This outcome extrapolates to directed scale free networks, as panels (c)
and (d) show. As in Fig. 1, the nodes in panel (c) are ordered in function
of their connectivity, in descending order. Here, hub nodes with high
out-connectivity are found polarized while nodes with small-to-none
out-degree are found at the fixed point without the slight dispersion
previously observed at in Fig. 1a). In the opposite case of a scale-free
graph with fixed low out-connectivity and a power law distributed in-
connectivity, the consensus remains and the network does not
polarize. Notice however that although here the outward’s is the pref-
erential direction predefined by the model itself, it could be arranged
otherwise so the preferential direction was the inward’s and the
outcome would be conceptually the same.

4. Conclusions

We defined the size of the parameter space where the Turing insta-
bility takes place as a measurement of the potential of polarization of a
given network in the sense of exhibiting non-homogeneous opinions. For
this, we endowed the nodes with the dynamics of a simple model where
two opposing ideas compete for being the prevalent one and the system
can end up either in a consensus or in a differentiated state. The second
one appears only once the diffusion has been turned on in the system via
the Turing instability, and thus through the study of the instability
patterns we mapped the parameter space in which the network is sus-
taining the polarized state. Then, to exemplify our approach, we
considered different network models and checked the sensitivity of our
descriptor to topological variations in the network structure, showing
how intrinsic features such as the node degree or the average path length
affected our measurements. From this point of view, besides presenting
the method, our computations suggest that the more compact the
network is in terms of its average path length, the more accessible is the
polarized state. In this way, a network structure with a scale-free con-
nectivity distribution appears to be more prone to polarization because
of the presence of hubs, which acts as important shortcuts for informa-
tion diffusion and reduce drastically the average shortest path. On the
other hand, connectivity patterns also hold great importance, and we
show that both the average connectivity and its dispersion are key to
reach the onset of polarization and sustain clear polarized structures. As
we discussed in detail in the previous section, larger node degrees allow
for larger Laplacian eigenvalues and more localized eigenvectors, which
causes those nodes to differentiate faster. This is highlighted by speci-
fying the link direction, where we show that opinion polarization strictly
occurs in the direction where the exchange of opinions occurs and when
the outward connectivity of a given node is high enough to overcome a
critical threshold. With the help of star-shape and scale-free networks,
we show that the nodes with higher interactions pointing outwards
become rapidly polarized while the rest remain at their original
consensus state. In this sense, we see that it is the intrinsic features of the
node which drives them to become polarized, but from this state they
don’t seem to be able to polarize their low-activity neighbors. In other
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words, here the Turing instability detects which nodes have polarized in
the circumstances given by the network parameters, which will be those
that seem to have overcome the critical threshold in connectivity. A
suitable physical interpretation of this outcome could have been
empirically observed before, where highly active users, more engaged in
online discussions, are the ones that tend to present more extreme
opinions [30]. In what regards the Erdos-Renyi and Watts-Strogatz
network models, we see that although their Turing area is noticeably
smaller than in the BA, they reach higher values in the polarization
index proposed by [19]. The cause of this is again related to the con-
nectivity distribution and the small dispersion present in these two
network models. While Fig. 1 shows that the onset of polarization in the
BA occurs following a descending order in connectivity, in these other
two networks the instability affects all nodes equally forcing everyone to
adopt one of the new states, reducing the noise in the system and
increasing the distance between the opinion clusters. As a final note,
although our descriptor is limited in discerning how much polarized the
state is based on the previous definition, it does offer a suitable and
efficient tool to bound the onset of polarization in the parameter space of
the model without the need to perform any extensive simulation.

Our method and the Turing instability shows that a particular
network topology is no longer fitted to support a consensus state and,
thus, should evolve into a non-homogeneous configuration that we
associate with polarization. A possible extension of this method could be
envisioned to understand and describe the existence of multiple opin-
ions when a more complex dynamical model is considered allowing
multiple states.

It is important to note that here the Turing instability is not intended
as an explanation of the polarization dynamics (although it may) but as a
means to quantify topological differences between different networks
that describe different situations in real human relations. We believe
that our results may contribute to quantify this important magnitude
and help compare levels of polarization in different contexts. Future
work with online social networks is intended, hoping that our research
may contribute to understanding why the levels of polarization in our
societies seem to be steadily increasing.
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