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1. Introduction

Variational methods are frequently employed in the study of ordinary or partial differential
equations with discontinuous nonlinearities, see for instance [3–5,9,12,15] and the references
therein. These existence results are mainly based on critical point theory for nonsmooth
functionals, which allow to obtain weak solutions. There is another significant line of research
in the study of discontinuous differential equations in which the solutions are given in the
sense of set–valued analysis, as Filippov solutions, see for example [1, 6].

Here we consider a general problem with discontinuous nonlinearities and we develop a
technique which allow us to localize the critical points of the energy functional in bounded
sets. We achieve the existence of classical solutions to this class of problems. Obviously,
it is necessary to impose a transversality condition on the set of discontinuities, which in
our case is given by a countable number of time–dependent curves, following the technique
in [10, 14, 17, 21, 22]. We highlight that our transversality condition is more general than
similar assumptions employed in the related literature [3,4], as discussed in Remark 4.1, and
no monotonicity conditions are imposed on the nonlinear parts of the considered problems,
cf. [8, 16].

We study the existence of solutions for an operator problem of the form

(1.1)

{
Lu = f(t, u) for a.a. t ∈ (0, 1) ,
u ∈ D (L) ∩ B,

where the set B ⊂ C [0, 1] incorporates “boundary conditions”, L : D (L) ⊂ C [0, 1] → L2(0, 1)
is an operator whose restriction toD := D (L)∩B is an invertible operator, and f : I×R → R
is a function which may be discontinuous with respect to the second variable. Any function
u ∈ D with f (·, u) ∈ L2 (0, 1) and (Lu) (t) = f (t, u (t)) for a.a. t ∈ (0, 1) is called a classical
solution of problem (1.1).
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Then the problem is equivalent to the fixed point equation

u = N(u),

where N = L−1Nf and Nf (u) = f (·, u) is the Nemytskii operator associated to f. A fixed
point approach to the general problem (1.1) has been considered in [21].The aim of this paper
is to present an alternative variational approach. We shall succeed this in the framework
of nonsmooth analysis having as key ingredient the relationship of the Clarke generalized
gradient associated to f with the multi-valued Nemytskii operator of the regularization of f
(Lemma 3.2 below). We believe that this variational approach could further be developed
to implement for discontinuous problems many other techniques of solution localization and
multiplicity, already known in the continuous case [20].

Notice that, in particular, problem (1.1) can be a two-point boundary value problem for
a differential operator of a given order. Thus our result on the general problem (1.1) can be
applied to many concrete boundary value problems. Two such examples are presented in the
last section.

This paper is organized as follows. In Section 2, we present some concepts and properties
from nonsmooth analysis about the generalized gradient in the sense of Clarke. In Section
3, we give the variational framework of the problem (1.1) based on the variational theory of
positive-definite symmetric linear operators. Also the main existence result, Theorem 3.4, is
stated and proved. Finally, in Section 4, two examples of application of the general theory
are included: second-order problems with Dirichlet boundary conditions and fourth-order
boundary value problems with cantilever boundary conditions.

2. Preliminaries

Here we introduce some concepts of nonsmooth analysis that we use throughout the text.
For more details about generalized gradients we refer to [11] or [19, Ch. 3].

Let X be a real Banach space and X ′ its dual. We say that a given functional ϕ : X → R
is locally Lipschitz if, for each u ∈ X, there exists an open neighborhood U ⊂ X of u and a
positive constant k > 0 such that

|ϕ(v)− ϕ(w)| ≤ k ∥v − w∥ for all v, w ∈ U.

For such a function ϕ, the generalized directional derivative at u ∈ X in the direction of
v ∈ X is defined by

ϕ0(u; v) = lim sup
w→u, t↓0

ϕ(w + tv)− ϕ(w)

t
.

Moreover, the generalized gradient (in the sense of Clarke [11]) at u ∈ X of ϕ is the subset
∂ϕ(u) ⊂ X ′ defined by

∂ϕ(u) = {ξ ∈ X ′ : ϕ0(u; v) ≥ (ξ, v) for all v ∈ X},
where (·, ·) stands for the duality pairing between X ′ and X.

Note that

∂(λϕ)(u) = λ∂ϕ(u)

and

(2.1) ∂(ϕ+ ψ)(u) ⊂ ∂ϕ(u) + ∂ψ(u)

for any locally Lipschitz functionals ϕ and ψ, any λ ∈ R and any u ∈ X. The equality in
(2.1) holds if one of the sets ∂ϕ(u), ∂ψ(u) is a singleton. If ψ is Fréchet differentiable in a
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neighborhood of u ∈ X, then ∂ψ(u) = {ψ′(u)}. Hence, if ψ is Fréchet differentiable and ϕ is
locally Lipschitz, then

∂(ϕ+ ψ)(u) = ∂ϕ(u) + {ψ′(u)}
for any u ∈ X.

Moreover, if ϕ is locally Lipschitz, then ∂ϕ : X → P(X ′) is an upper semicontinuous
mapping with respect to the weak∗ topology on X ′. This implies that its graph, Gr(∂ϕ), is
closed.

A point u0 ∈ X is said to be a critical point of ϕ if 0 ∈ ∂ϕ(u0), or equivalently

ϕ0(u0; v) ≥ 0 for all v ∈ X.

In particular, a point of local minimum is a critical point.

3. Main results

We begin by given the variational form of the problem (1.1). To this aim we use the
variational theory of positive-definite symmetric linear operators (see [13], [18, Ch.4], [24, Ch.
5]) adapted to our problem (1.1).

In addition to the assumption that D ⊂ C [0, 1] and L is invertible as an operator from D
to L2(0, 1), hence

(3.1) L−1
(
L2 (0, 1)

)
= D,

we assume the following condition:

(H1): L : D ⊂ L2 (0, 1) → L2 (0, 1) is a linear densely defined operator, symmetric and
positive-definite.

Note that L is symmetric if (Lu, v)L2 = (u, Lv)L2 for every u, v ∈ D, and positive-definite
if there exists a constant c > 0 such that

(Lu, u)L2 ≥ c2 |u|2L2 for every u ∈ D.

For such a linear operator, we endow the dense linear subspace D of L2 (0, 1) with the bilinear
functional

⟨u, v⟩ := (Lu, v)L2 (u, v ∈ D) .

The completion of (D, ⟨·, ·⟩) is denoted by X and is called the energetic space of L. By the
construction, we have D ⊂ X ⊂ L2 (0, 1) with dense inclusions. We use the same symbol

⟨·, ·⟩ to denote the extended inner product on X. The corresponding norm ∥u∥ =
√

⟨u, u⟩
is called the energetic norm associated to L. If u ∈ D, then in view of the positivity of L,
one has the Poincaré inequality

|u|L2 ≤ c−1 ∥u∥ for every u ∈ D.

By density, the above inequality extends to the whole X. Let X ′ be the dual space of X.
We shall identify L2 (0, 1) to its dual via Riesz’s representation theorem, and then from
X ⊂ L2 (0, 1) , we have L2 (0, 1) ⊂ X ′. According to Riesz’s representation theorem one
can define the operator S : X ′ → X by

⟨Sh, v⟩ = (h, v) , v ∈ X,

where the notation (h, v) stands for the value of the functional h ∈ X ′ on the element
v. Note that if h ∈ L2 (0, 1) , then (h, v) is the inner product in L2 (0, 1) of h and v. It is
easy to see that S is a bounded linear operator which realizes an isometry between X ′ and
X, and whose inverse S−1 : X → X ′ extends L from D to X and is called the Friedrichs
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extension of L. We use the same symbol L to denote this extension of L to X, and then
S = L−1. For the given h ∈ X ′, the element u := L−1h ∈ X is said to be the weak solution
of the equation

(3.2) Lu = h.

Hence u ∈ X is a weak solution of equation (3.2) if the following identity holds:

⟨u, v⟩ = (h, v) , v ∈ X.

In case that the weak solution u belongs to D, equivalently h ∈ L2 (0, 1) , we say that u is a
classical solution of equation (3.2).

Analogously, by a weak solution of problem (1.1) we mean a function u ∈ X such that
f (·, u) ∈ X ′ and u = L−1f (·, u) , that is the following identity holds:

(3.3) ⟨u, v⟩ = (f (·, u) , v) , v ∈ X.

If u is a weak solution and f (·, u) ∈ L2 (0, 1) , then from assumption (3.1), one has u ∈ D,
and identity (3.3) gives

(Lu, v)L2 = (f (·, u) , v)L2 , v ∈ D,

which in virtue of the density of D in L2 (0, 1) implies the equality Lu = f (·, u) in L2 (0, 1) ,
i.e., u is a classical solution of (1.1).

A sufficient condition under which weak solutions reduce to classical solutions is the fol-
lowing growth property of f guaranteing that the Nemytskii operator Nf associated to f
maps L2 (0, 1) into L2 (0, 1) .

(H2): f : [0, 1]×R → R is such that the composed function f(·, u(·)) is measurable for
every u ∈ L2 (0, 1) and there are a constant a ≥ 0 and a function h ∈ L2 (0, 1;R+)
with

(3.4) |f (t, τ)| ≤ a |τ |+ h (t)

for all τ ∈ R and a.a. t ∈ (0, 1) .

We associate to problem (1.1) the energy functional

E : X → R, E (u) =
1

2
∥u∥2 −

∫ 1

0
F (s, u (s)) ds,

where F (t, τ) =
∫ τ
0 f(t, s) ds. The functional E can be expressed as

E (u) =
1

2
∥u∥2 − J(u),

where J : L2(0, 1) → R is given by

J(u) =

∫ 1

0
F (s, u (s)) ds.
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Note that J is locally Lipschitz both on L2(0, 1) and X. Indeed, for every bounded set
U ⊂ L2 (0, 1) and any u, v ∈ U, by (H2) and Hölder’s inequality, one has

|J(u)− J(v)| ≤
∫ 1

0

∣∣∣∣∣
∫ u(s)

v(s)
f(s, τ) dτ

∣∣∣∣∣ ds ≤
∫ 1

0

∣∣∣∣∣
∫ u(s)

v(s)
(a |τ |+ h(s) ) dτ

∣∣∣∣∣ ds
≤

∫ 1

0

(a
2

∣∣u(s)2 − v(s)2
∣∣+ h(s) |u(s)− v(s)|

)
ds

≤
(
a sup
w∈U

|w|L2 + |h|L2

)
|u− v|L2 .

Also, if U is bounded in X, then for every u, v ∈ U, one has

|J(u)− J(v)| ≤ 1

c

(
a sup
w∈U

|w|L2 + |h|L2

)
∥u− v∥ .

In the sequel, let XR denote the closed ball of X centered at the origin, of radius R > 0,
and let ∂XR be its boundary.

Lemma 3.1. Under assumptions (H1) and (H2), the functional E is bounded from below on
each ball XR of X. If in addition a < c2, then

(3.5) inf
XR

E < inf
∂XR

E

for every R > 2c |h|L2 /
(
c2 − a

)
.

Proof. From (3.4), we have

|F (t, τ)| ≤ a

2
τ2 + h (t) |τ |

for all t ∈ [0, 1] and τ ∈ R. Then for any u ∈ XR, one has

E (u) =
1

2
∥u∥2 −

∫ 1

0
F (t, u (t)) dt ≥ −

∫ 1

0
F (t, u (t)) dt

≥ −a
2
|u|2L2 − |h|L2 |u|L2 ≥ − a

2c2
∥u∥2 − 1

c
|h|L2 ∥u∥

≥ − a

2c2
R2 − 1

c
|h|L2 R > −∞.

Thus, for any R > 0, E is bounded from below on XR.
Let a < c2 and R > 2c |h|L2 /

(
c2 − a

)
. For any u ∈ ∂XR, we then have

E (u) =
1

2
∥u∥2 −

∫ 1

0
F (t, u (t)) dt ≥ 1

2
∥u∥2 − a

2
|u|2L2 − |h|L2 |u|L2

≥ 1

2

(
1− a

c2

)
∥u∥2 − 1

c
|h|L2 ∥u∥ =

1

2

(
1− a

c2

)
R2 − 1

c
|h|L2 R

> 0 = E (0) ≥ inf
XR

E,

which proves (3.5). �

Our second condition on L is a compactness hypothesis guaranteeing the Palais-Smale
condition.

(H3): The set Σ := {u ∈ D : (Lu, u)L2 = 1} is relatively compact in L2 (0, 1) .
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This condition implies that the embedding X ⊂ L2 (0, 1) is compact, and in consequence,
the embedding L2 (0, 1) ⊂ X ′ is also compact. Indeed, if (vn) is any bounded sequence in X,
there is (un) a sequence of elements from D such that ∥un − vn∥ → 0. Then |un − vn|L2 → 0

too. Clearly this implies that (un) is bounded in X. Let ρn = ∥un∥ = (Lun, un)
1/2
L2 . Passing

if necessary to subsequences, we may assume that (ρn) is convergent to some ρ. One has
un/

√
ρn ∈ Σ. Then from (H3), up to a subsequence, un/

√
ρn → u in L2 (0, 1) . As a result,

un → ρu in L2 (0, 1) . This together with |un − vn|L2 → 0 implies vn → ρu in L2 (0, 1) . Thus
we have proved that any bounded sequence in X has a convergent subsequence in L2 (0, 1) .

Since f may be discontinuous in the state variable, we will consider the regularization

given by the multivalued function f̃ : [0, 1]× R → 2R defined as

f̃(t, x) =
[
f(t, x), f(t, x)

]
,

where

f(t, x) := lim inf
y→x

f(t, y) and f(t, x) := lim sup
y→x

f(t, y).

Observe that f̃(t, x) = {f(t, x)} provided that f(t, ·) is continuous at x.
Note that if f satisfies (3.4), then f̃ also has this property.

Define the Nemytskii operator associated to f̃ by

N
f̃
(u) = {v ∈ L2(0, 1) : v(t) ∈ f̃(t, u(t)) for a.a. t ∈ (0, 1)}.

We have the following computation of ∂J, see [12] or [15, Theorem 6.3].

Lemma 3.2. Assume that f satisfies (H2) and f(·, u(·)), f(·, u(·)) are measurable for every

u ∈ L2(0, 1). Then

∂J(u) ⊂ ∂xF (·, u(·)) = f̃(·, u(·)).

The following local property of L together with a transversality condition on f are the
key ingredient to prove that the fixed points of L−1N

f̃
are in fact fixed points of L−1Nf .

Note that in particular, the local property holds in case of differential operators, think for
example to the operator Lu = −u′′. Also note that the transversality condition was previously
employed in [21,22] and it is based on the assumptions used in the earlier paper [10].

(H4): If u, v ∈ D(L) and u (t) = v (t) for all t in some set I ⊂ [0, 1] of positive measure,
then (Lu) (t) = (Lv) (t) for a.a. t ∈ I.

(H5): There is a countable number of functions γn ∈ D(L) and a countable number
of subintervals In ⊂ [0, 1] such that

(3.6) {(Lγn) (t)} ∩ f̃(t, γn(t)) ⊂ {f(t, γn(t))} for a.a. t ∈ In,

and

f(t, ·) is continuous on R \
∪

{n: t∈In}

{γn(t)} for a.a. t ∈ [0, 1].

Lemma 3.3. Let conditions (H1), (H2), (H4) and (H5) hold. If u ∈ L−1N
f̃
(u) , then

u = L−1Nf (u) .
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Proof. Let u ∈ X be such that u ∈ L−1N
f̃
(u). Then, since by definition N

f̃
(u) ⊂ L2 (0, 1) ,

one has u ∈ D and

(3.7) (Lu) (t) ∈ f̃(t, u(t)) for a.a. t ∈ (0, 1) .

Consider the sets
An := {t ∈ In : u(t) = γn(t)}.

If the measure of An is positive, then according to (H4) we have (Lu) (t) = (Lγn) (t) for a.a.
t ∈ An and thus

(Lγn) (t) ∈ f̃(t, u(t)) = f̃(t, γn(t)) for a.a. t ∈ An.

This in virtue of (3.6) implies that (Lγn) (t) = f(t, γn(t)) for a.a. t ∈ An, equivalently,

(Lu) (t) = f(t, u(t)) for a.a. t ∈ An.

Hence, u satisfies the equation Lu = f(t, u) a.e. in A =
∪

nAn. For t ∈ [0, 1] \ A, we have

f̃(t, u(t)) = {f(t, u(t))} and then (3.7) is (Lu) (t) = f(t, u(t)). Thus Lu = f (t, u) a.e. in
(0, 1) , that is u = L−1Nf (u) . �

Now we are in a position to state and prove our main result.

Theorem 3.4. If conditions (H1)-(H5) hold, then problem (1.1) has at least one solution
u ∈ XR0 which minimizes the functional E on XR0 , where

R0 =
2c |h|L2

c2 − a
.

Proof. Let R > R0 be arbitrary. By Lemma 3.1, E is bounded from below on XR. Let (un)
be any minimizing sequence in XR, that is,

E(un) → m := inf
XR

E.

Since the embedding X ⊂ L2(0, 1) is compact, passing to a subsequence we may assume that
un → u in L2. Then J(un) → J(u), as J is a locally Lipschitz continuous functional.

Moreover, (un) being bounded in X, we have that un ⇀ u weakly in X. Hence, ∥u∥ ≤
lim inf
n→∞

∥un∥, whence u ∈ XR and

1

2
∥u∥2 ≤ lim inf

n→∞

1

2
∥un∥2 .

It follows that

E (u) =
1

2
∥u∥2 −

∫ 1

0
F (s, u (s)) ds ≤ lim inf

n→∞
E(un) = m.

Therefore, E(u) = m. Since infXR
E < inf∂XR

E, u is interior to XR and then, as a minimum
point, u is a critical point of E in the sense of Clarke. Thus

0 ∈ ∂E(u) = Lu− ∂J(u).

By Lemma 3.2, ∂J(u) ⊂ N
f̃
(u). Hence, we have

0 ∈ Lu−N
f̃
(u),

or
u ∈ L−1N

f̃
(u),

that is, u is a fixed point of L−1N
f̃
. Finally Lemma 3.3 guarantees that u = L−1Nf (u),

that is u is a solution of (1.1).
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It remains to show that the same result holds inXR0 . To this aim, take R = Rn := R0+1/n.
As above, there is un ∈ XRn with

(3.8) E (un) = inf
XRn

E, 0 ∈ ∂E(un).

We may assume up to a subsequence that un → u0 in X. Indeed, one has un = L−1wn,
where wn = Nf (un) , and since (un) is bounded in X, it is also bounded in L2 (0, 1) , whence
(wn) is bounded in L2 (0, 1) . Now the embedding of L2 (0, 1) into X ′ being compact, (wn) is
relatively compact in X ′. Next

(
L−1wn

)
is relatively compact in X, finally, from un = L−1wn

it follows that (un) is relatively compact in X. From ∥un∥ ≤ Rn we have ∥u0∥ ≤ R0. Next
taking the limit in (3.8) by using that Gr(∂E) has closed graph we obtain

E (u0) = inf
XR0

E, 0 ∈ ∂E(u0).

Finally, u0 ∈ L−1N
f̃
(u0) and Lemma 3.3 implies that u0 is a solution of (1.1). �

The following remark is useful in order to check condition (3.6) in examples.

Remark 3.1. Condition (3.6) is satisfied if there exist δ, ε > 0 such that

(i) (Lγn) (t) + δ ≤ f(t, τ) for a.a. t ∈ In and all τ ∈ [γn(t)− ε, γn(t) + ε];

or

(ii) (Lγn) (t)− δ ≥ f(t, τ) for a.a. t ∈ In and all τ ∈ [γn(t)− ε, γn(t) + ε].

These conditions recall the notion of discontinuity admissible curves presented in [17].

4. Examples

4.1. A second-order problem with Dirichlet boundary conditions. As an application
of the previous theory, we study the existence of Carathéodory solutions to the two–point
boundary value problem

(4.1)

{
−u′′(t) = f(t, u(t)), t ∈ [0, 1],
u(0) = u(1) = 0,

where the function f : [0, 1] × R → R may have discontinuities with respect to the spatial
variable.

Here,

Lu := −u′′, D(L) = H2(0, 1), and B = {u ∈ C[0, 1] : u(0) = u(1) = 0}.
In this case, the energetic space is X = H1

0 (0, 1) with inner product and norm

⟨u, v⟩ =
∫ 1

0
u′(s)v′(s) ds, ∥u∥ =

(∫ 1

0
u′2(s) ds

) 1
2

.

The operator L satisfies condition (H1). Indeed, if we integrate by parts twice, we obtain
that (Lu, v)L2 = (u, Lv)L2 for every u, v ∈ D, and thus L is symmetric. Moreover, if u ∈ D,
then

|u(t)| =
∣∣∣∣∫ t

0
u′(s) ds

∣∣∣∣ ≤ ∫ 1

0

∣∣u′(s)∣∣ ds ≤ (∫ 1

0
12 ds

) 1
2
(∫ 1

0

∣∣u′(s)∣∣2 ds) 1
2

=
∣∣u′∣∣

L2 ,

and thus
(Lu, u)L2 =

∣∣u′∣∣2
L2 ≥ |u|2L2 ,

so L is positive–definite.
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In addition, condition (H3) is easily deduced from the compactness of the embedding
H1

0 (0, 1) ⊂ L2(0, 1).
Next, we state a technical result (see [2, Lemma 5.8.13]), which is crucial to guarantee that

assumption (H4) holds.

Lemma 4.1. Let a, b ∈ R, a < b. If φ : [a, b] → R is almost everywhere differentiable on
[a, b], then to any null measure set A ⊂ R there exists a null measure set B ⊂ φ−1(A) such
that

φ′(t) = 0 for all t ∈ φ−1(A) \B.

As a consequence, if u, v ∈ H2(0, 1) ⊂ W 2,1(0, 1) and u (t) = v (t) for all t ∈ I ⊂ [0, 1], by
applying twice Lemma 4.1 to φ(t) := u(t)− v(t), we deduce that there exists a null measure
set B ⊂ φ−1({0}) such that

φ′′(t) = 0 for all t ∈ φ−1({0}) \B.

Hence, −u′′(t) = −v′′(t) for a.a. t ∈ I, as desired.
Now we are in a position to establish the existence of solutions to problem (4.1). By a

weak solution of (4.1), we mean a function u ∈ H1
0 (0, 1) such that∫ 1

0
u′(s)v′(s) ds =

∫ 1

0
f(s, u(s))v(s) ds for all v ∈ H1

0 (0, 1).

Clearly, in virtue of the equality L−1
(
L2 (0, 1)

)
= D, the weak solutions of (4.1) are also

classical solutions in the sense of Carathéodory.
Therefore, as an straightforward consequence of Theorem 3.4, we obtain the following

existence result for problem (4.1), which complements those in [17].

Theorem 4.2. Assume that f fulfills the following two conditions:

(h1) The composed functions f(·, u(·)), f(·, u(·)) and f(·, u(·)) are measurable for every

u ∈ L2 (0, 1) and there are a constant a ∈ [0, 1) and a function h ∈ L2 (0, 1;R+) with

|f (t, τ)| ≤ a |τ |+ h (t)

for all τ ∈ R and a.a. t ∈ (0, 1) .
(h2) There is a countable number of functions γn ∈ H2(0, 1) and a countable number of

subintervals In ⊂ [0, 1] such that

(4.2) {−γ′′n(t)} ∩ f̃(t, γn(t)) ⊂ {f(t, γn(t))} for a.a. t ∈ In,

and

f(t, ·) is continuous on R \
∪

{n: t∈In}

{γn(t)} for a.a. t ∈ [0, 1].

Then problem (4.1) has at least one solution u ∈ XR0 which minimizes the functional E
on XR0 , where R0 = 2 |h|L2 /(1− a).

We emphasize that (4.2) is related to other existent transversality conditions in the liter-
ature.

Remark 4.1. Note that if γn are constant functions, γn ≡ kn, then −γ′′n(t) = 0 and so
condition (4.2) can be rewritten as

0 ∈ f̃(t, kn) implies f(t, kn) = 0 for a.a. t ∈ [0, 1],
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which is basically condition (3.18) in [3]. A similar hypothesis is presented in [4, Theorem
3.3], but again no time-dependent discontinuities are considered.

Observe that in [3, 4] the set of discontinuities is a null measure set, while that in our
condition it is limited to a countable set. In the case of considering only constant functions γ
(as in [3, 4]), then our result can be easily improved, based on Lemma 4.1, in order to allow
a non countable number of discontinuity points, as done in [21, Theorem 3.5].

Let us illustrate the previous result with a concrete example. We consider positive piecewise
continuous nonlinearities which are discontinuous over a convex time–dependent function γ.

Example 4.3. Consider the second–order problem (4.1) with

f(t, x) =

{
f1(t, x), if x ≥ γ(t),
f2(t, x), if x < γ(t),

where f1, f2 : [0, 1] × R → (0,∞) are continuous and bounded functions, and γ : [0, 1] → R,
γ ∈ C2[0, 1], such that γ′′(t) ≥ 0 for all t ∈ [0, 1].

First, observe one can easily verify that condition (h1) in Theorem 4.2 holds, since the
functions f1 and f2 are continuous and bounded.

Next, notice that

f(t, x) =

 f1(t, x), if x > γ(t),
min{f1(t, x), f2(t, x)}, if x = γ(t),
f2(t, x), if x < γ(t),

and

f(t, x) =

 f1(t, x), if x > γ(t),
max{f1(t, x), f2(t, x)}, if x = γ(t),
f2(t, x), if x < γ(t).

Hence, f̃(t, γ(t)) = [min{f1(t, γ(t)), f2(t, γ(t))},max{f1(t, γ(t)), f2(t, γ(t))}] and the fact that

f1 and f2 are positive and continuous functions implies f̃(t, γ(t)) ⊂ (0,+∞) for all t ∈ [0, 1].
For all t ∈ [0, 1], f(t, ·) is continuous on R \ {γ(t)} and

{−γ′′(t)} ∩ f̃(t, γ(t)) ⊂ {−γ′′(t)} ∩ (0,+∞) = ∅,

so condition (h2) is also satisfied and therefore Theorem 4.2 ensures the existence of a
Carathéodory solution.

For instance, we can choose f1(t, x) = e−x2
, f2(t, x) = 2− cos(x+ t) and γ(t) = −2t+ 1.

Note that the results can be easily adapted for the more general Sturm-Liouville boundary
value problem {

− (p (t)u′)′ + r (t)u = f(t, u(t)), t ∈ [0, 1],
αu′(0)− βu (0) = γu′(1) + δu (1) = 0,

where condition (H1) for the associated operator L holds (see [13, Example 3.2]) provided
that α, β, γ, δ are nonnegative constants such that α, β and γ, δ are not simultaneously zero,
respectively; p ∈ C1 [0, 1] , p ≥ 0 and 1/p ∈ L1 (0, 1) ; r ∈ C [0, 1] , r ≥ 0.
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4.2. A fourth-order boundary value problem. Consider the two-point boundary value
problem with cantilever boundary conditions

(4.3)

{
u(4)(t) = f(t, u(t)), t ∈ [0, 1],
u(0) = u′(0) = u′′(1) = u′′′(1) = 0.

Now,

Lu := u(4), D(L) = H4(0, 1), B = {u ∈ C3[0, 1] : u(0) = u′(0) = u′′(1) = u′′′(1) = 0}
and as shown in [7, 23],

X = {u ∈ H2(0, 1) : u(0) = u′(0) = 0}
with inner product and norm

⟨u, v⟩ =
∫ 1

0
u′′(s)v′′(s) ds, ∥u∥ =

(∫ 1

0

(
u′′(s)

)2
ds

) 1
2

.

It can be checked in a similar way than in the previous case that L is symmetric and
positive-definite with c = 1, so condition (H1) holds. Also condition (H3) is consequence of
Rellich-Kondrachov embedding theorem.

Therefore, Theorem 3.4 gives a sufficient condition for the existence of one weak solution in
the space X to problem (4.3). Note that if u is a weak solution, then the boundary conditions
u′′(1) = u′′′(1) = 0 hold (see [7] or [23]) and thus u is a solution in the Carathéodory sense.

A similar result can be established for the boundary value problem
m∑
k=0

(−1)k dk

dtk

[
pk (t)

dku
dtk

]
= f (t, u (t))

u(j) (0) = u(j) (1) = 0, j = 0, · · ·,m− 1,

for which condition (H1) is fullfiled (see [13, Example 3.6]) if pk ∈ Ck [0, 1] , pk ≥ 0 for
k = 0, · · ·,m and there exists k0 such that pk0 (t) ≥ ρ > 0 for all t ∈ [0, 1] .
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