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Abstract

In this work we obtain an existence result for a generalized extensible
beam equation with critical growth in RY of the type

APy — M(/ |Vl da )Au +u=Af(u)+ \u|2**72u in RY,
RN

where N > 5 and A > 0. The functions M : [0,+00) - Rand f: R — R
are continuous. Since there is a competition between the function M and
the critical exponent given by 2** = %, we need to make a truncation
on function M. Using the size of A, we show that each solution of auxiliary
problem is a solution of original problem. Our approach is variational and

uses minimax point critical theorems.
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1 Introduction

In this work we deal with questions of existence of solutions for a generalized
extensible beam equation of the type

A%y — M / \Vul? de ) Au+u=Af(u)+ [ul* ~2uin RY
RN (Pr)
u € HX(RYN),

where A is a real positive parameter and M : [0,+00) — R, f : R - R

are continuous functions that satisfy conditions which will be stated later. Here

2% = % with N > 5 and A? is the biharmonic operator, that is,

9 N 64 N 84
Ay = ZTﬁUJFZ 78:1:2:132“
i=1 i#£j )

Before stating our main result, we need the following hypotheses on the
function M : RT — R :

(My) The function M is increasing.
There exists 0 < mg such that

(M>) M(t) > mo = M(0), forall teRT.

M(t)

(Ms3) The map ¢ € (0,00) — — is nonincreasing.

A typical example of a function satisfying the conditions (M7)— (M3) is given
by
M(t) = mq + bt

with b > 0 and for all ¢ > 0, which is the one considered in the equation

2 EI o4 H EA 2
(WE) St /I e )08~
ot? p Ozt 2pL Ox?

that was studied in 1950, by Woinowsky-Krieger [19] in a bounded domain.

The parameters in equation (WK) have the following meanings: L is the
length of the beam in the rest position, E is the Young modulus of the material,
I is the cross-sectional moment of inertia, p is the mass density, H is the tension
in the rest position and A is the cross-sectional area. This model was proposed



to modify the theory of the dynamic Euler-Bernoulli beam, assuming a nonlinear
dependence of the axial strain on the deformation of the gradient.
However, our hypotheses about the function M include other functions, such
k

as M(t)=1+0bt+ Y bit¥ with b; >0 and d; € (0,1) for all i € {1,2,... k}.
i=1
We assume the following growth conditions on function f at the origin and
at infinity:

@)
lim —* =0
(F1) ts0 ]
and there exists g € (2,2**) verifying;
0 _

(f2)

[t|—oo |E]71

In this article, we use the Ambrosetti-Rabinowitz superlinear condition.
There is 6 € (2,2**) such that

(o). 0<0F() =0 [ J(€)ds <150 forall 1] £ 0,
(fa) The map t€ R — @ is increasing for t # 0.

The main result is given by

Theorem 1.1. If (M) — (M3) and (f1) — (f4) hold, then there is a positive
constant \* such that problem (Py) has a nontrivial solution, for all A € (\*, +00).
Moreover, if uy is a solution of problem (Py), then uy € Cp*(RN) and

lim |lux|l = 0.
A——+oo

Owing to its importance in engineering, physics and material mechanics, since
that the model for the beam equation was proposed, this class of problems there
have been many researches focused on the properties of its solutions, as can be
seen in [3], [4], [6] and [15] and references therein. More recent references with
important details about the physical motivation of the (WK) problem can be
seen in [2], [8], [11], [12], [13], [14] and [16].

Only recently the generalized version of the beam equation began to be
studied in bounded domain. The case N > 5 in bounded domain was studied
by [17] and [18]. The existence of few results for the case N > 5 is, possibly,



because there is a competition between the operator M and the nonlinearity in
the case bounded domain. In [18] the author overcome this difficult making M
uniformly bounded. The difficult caused by growth of function M was overcome
in [18] making M (t) = mg + bt with mg and b small.

In the RY case, besides the previously mentioned difficulties, there is the lack
of compactness. When M = 1, this difficult is overcome showing that the weak
limit of a Palais-Smale sequence (u,,) is a weak solution of our problem. When M
is a general function, the weak limit is a weak solution of the problem

A%y — aAu+u = Nf(u) + [u)>” 2w in RV,
u € H?(RVN),

where v = lim M ( Vu,|? dx). To overcome these difficulties we adapt some
n—oo RN

arguments that can be found in [1] and [7].

This work is, possibly, the first that treat on the generalized version of the
beam equation in RY.

The plan of this paper is as follows. In section 2 it is presented an auxiliary
truncated problem, for which the existence of solution is deduced by means of a
variational approach. Section 3 is devoted to prove the existence result.

2 The auxiliary problem and variational
framework

Since we are intending to work with NV > 5, we use a truncation argument. Here
we are assuming, without loss of generality, that M is unbounded. Otherwise, the
truncation of the function M is not necessary. We make a truncation on function
M case as follows:

From (M), there is g > 0 such that

0
mo < M(to) < §m0, (2.1)

where 6 is the positive constant that appear in the hypothesis (f3).

Now we set o), it
L M(1), if 0<t<t,
Mo(t) = { M(to) if to < t.

For all t € R, from (M) and (Ms) we get

mo < M()(t) < gmo. (2.2)



The proof of the Theorem 1.1 is based on a careful study of solutions of the
following auxiliary problem

A2y — My (/ |Vul? do )Au +u=Af(u)+u "2uin RV,
RN
u € H*(RY),

(1)

where IV and A are as in the introduction.
We say that u € H?(RY) is a weak solution of the problem (T}) if it verifies

Aul¢ dx + My (/ |Vul? dx)/ VuVe dz —|—/ ug dr
RN RN RN RN

= A (u)p dac—i—/ lu> "2ug da,
RN RN

for all ¢ € H%(RN).
We will look for solutions of (T3 ) by finding critical points of the C''-functional
Iy : H?>(RY) — R given by

1 1~ 1
Iy(u) = 7/ |Au|? dx + = My / \Vu|?dx Jrf/ lul? dx
2 RN 2 RN 2 RN
1 -
- A F(u) doe — / lul*" da,
RN 2%* JpN
. ¢ t
where My(t) = [ My(s) ds and F(t) = [ f(s) ds.
0 0
Note that

I (u)é . AulA¢ dx + My (/]RN |Vu|2dac> /]RN VuVedx + /]RN u¢p dx

R
_ _ 27 —2
)\/RN f(u)¢ dzx /RN [ul u¢ dz,

for all » € H?(RY). Hence critical points of I are weak solutions for (7}).
Firstly one proves that functional I has the geometry of Mountain Pass
Theorem.

Lemma 2.1. For each A > 0, the functional I satisfies that I,(0) = 0 together
with the following conditions:
(i) There exist r = r(\), p > 0 such that:

In(u) > p with ||ul| =r.

(it) There exists e € BE(0) with Iy(e) < 0.



Proof: i) By (f1) and (f2), given € > 0 there exists a positive constant C, such
that

FO! < elt] + Ceftr. (2.3)

Using (M) and (2.3) with 0 < € < 1, we obtain

2 dx

)

k g 1
L) > Mz / F(u) dz / u
2 q RN 2** RN

where kg = min{1—\¢, mo} and |Jul|? = / |Aul? der/ |Vul? d:z:+/ lu|? d.
RN RN RN

By Sobolev’s embedding, there exist positive constants C7,Cs and C3 such
that

In(w) 2 Cillull® = ACqlull* — Cslul*".

Since that 2 < ¢ < 2**, the item (¢) is proved.

ii) From (f3), there exist Cy, Cs5 > 0 such that
F(t) > Cyt? — Cs, Vt> 1.

Thus, fixing ¢ € C(RY) with ¢ > 0 on RV, ||¢|| = 1 and using (2.2), we
get
kyt?

Iy(tg) < == —-XCyt? | ¢°dz
2 RN

2" .
FACalsuppol = op [ 1o da,
RN
where k1 = max{1, §m}. Since 2 < § < 2**, there exists = £(\) > 1 such that
e = t¢ satisfies I (e) < 0 and |[e]| > p.
|

From Lemma 2.1, we can conclude that there exists a sequence (u,) C
H?(RY) such that

In(u,) — ey and |15 (uy)|| = 0 in H*(RNY, (2.4)
where
= inf 1 t)) >0
ox = inf max A(n(t))
and

I':={n e C([0,1], H) : n(0) = 0, Ix(n(1)) < 0O}.



~

Moreover, arguing as in [1, Lemma 2.3], we obtain ¢y = d = d, where

d= max IA(tu)}

inf {
ue H2(RN)\{0} | ¢>0
and

d= inf I\
ulél/\/lA

Here
Mz{ueHQ(RN)\{O}:If\(u)u:O}. (2.5)

Such sequence is called Palais-Smale sequence for the functional Iy and c) is
its mountain pass level. From now on, we shall obtain an estimate for ¢y involving
the best constant of the Sobolev embedding H?(RY) — L2**(RY) given by

S = inf{/ |Au|? dx :u € H*(RY), /\u|2** dx = 1}.
RN

This estimate is important to prove that each sequence that satisfies (2.4),

also converges in L? ~(RM).

Lemma 2.2. If the conditions (My) — (Mz) and (f1) — (f3) hold, then there exists
2
A« > 0 such that cy € (0, NSN/“) for all X\ > \*.

Proof: From Lemma 2.1, there exists t) > 0 verifying I)(tx @) = T&g{IA(t ?),

where ¢ is the function given in the second part of the Lemma 2.1 agai_n.
Hence, from inequality (2.2) we get

By >\ / Fbrd)tad da + 82 / 6 do > 2 / 6P de,
RN Q Q

which implies that (¢)) is bounded. Thus, there exists a sequence \,, — +00 and
Bo > 0 such that ty, — Sp as n — +oo. Consequently, there is D > 0 such that

t3 k1 <D Vn €N,

and so

/\n/ fta, ®)tr, ¢ da < )\n/ fta, O)tr, ¢ dz + 13 / || dx < D VneN.
RN RN Q

If By > 0, the last inequality leads to

)\n/ f(tr, ®)tr, ¢ dr = 400,
RN



which is an absurd. Thus, we conclude that 5y = 0. Now, let us consider the path
7«(t) = te for t € [0,1], where e is the function given in the end of prove of the
Lemma 2.1. From direct calculation we have that . belongs to I' and

1
0 < L. (8)) = I(tx0) < =kqt2.
<CA_;§8L,}§] A(7(1)) (A¢)—21)\

In this way, there exists A* > 0 such that ¢ € (0, SN/4) for all A > A*. ]

Remark 2.3. Note that, from lemma above, if A — oo, then ¢y — 0.

Lemma 2.4. Let (u,) C H*(RY) be the sequence given in (2.4). Then, forn € N,
we have
[lun|® < to.

Proof: Assuming, by contradiction, that, for some n € N we have ||u,|? > to.
Thus, from (f3) and since My(t) < M (to), we get

1 1
ex = Iv(up) — =1 (up)u,  +  op(1) > (1 -3) / |Auy, [2dx +/ |, |2da
0 AV -
1~ 1
+ fMo(/ IV [2dz) — fM(to)/ IV [2d + 0n (1),
2 RN 9 RN

Thus, from (Ms) we obtain

1
ey > f—a ( | Aty dm+/ |un|2dac>
1 1
6

+ (gmo— M) [ | [Vufdr+ o)
ko ko
> lugl? > = .
> B 0u)) 2 Bt 01, (26
where kg = min{f — 2, (§mo — 2M (to))}. But by Remark 2.3, this last inequality
is an absurd. Hence (u,,) is bounded in H?(R") by constant /%g. ]

Lemma 2.5. Let (u,) C H*(RY) be the sequence given in (2.4). Then,
Uun = u in L2 (RY),
for some u € H*(RY).
Proof: By Lemma 2.4, there exists u € H?(R") such, up to a subsequence,
u, —u in H*RY).
We may suppose that
|AuL > = |Auf> + 5, [Vug|? = [Vu]? + o

and  |u,|?” — [u)* +v  (weak*-sense of measures).



Using the concentration compactness-principle due to Lions (cf. [10, Lemma
2.1]), we obtain an at most countable index set A, sequences (z;) C RV,
(14), (04), (v3), C [0,00), such that

v= vibe, u>Y pids, 0> oy, and SV <p, o (27)
i€EA 1EA i€EA

for all i € A, where ¢, is the Dirac mass at z; € 2.

Now we claim that A = (). Arguing by contradiction, assume that A # 0
and fix 7 € A. Consider ¢ € C§°(€2,[0,1]) such that ¢» = 1 on B;(0), ¥ = 0 on
Q\ B2(0) and |V¢|s < 2. Defining v,(x) := ¥((x — z;)/0) where o > 0, we have
that (¢,u,) is bounded. Thus I} (uy,)(You,) — 0, that is,

/ UnAu, A, dx—l—/ ¢Q|Aun\2 dx +/ |Un|2¢9 da
RN RN RN
+M, (/ |V, |2 dx)/ U Vup, Vb, dz

RN RN

= A Sy do s [ gl de+o,(1)

Since the support of 9, is Ba,(x;), we obtain

/ unAu, A, dx
RN

g/ | Ay ||unAth,| d.
sz X

By Holder inequality and the fact that the sequence (uy) is bounded in
H?(RY) we have

/ upAu, A, dx
RN

< C(/ | Ath,|? da)/2.
B2g(1i)

By the Dominated Convergence Theorem lunAtp,|? dr — 0 as
Bao(w:)
n — 400 and ¢ — 0. Thus, we obtain

lim[ lim unAu, Ath, dz] = 0.

o—0n—oo JpN

Using the same reasoning we obtain

lim[ lim / U Vu,Vip, dz] = 0.
RN

o0—+0n—oo

Since 0 < mo < Mo(t) < M(tp), for all t € R, we get

lim lim [Mo(HunHQ)/ Uy, Vu, Vip, dx] = 0.
RN

o—0n—o0



Moreover, with a similar reasoning we conclude

lim lim [ [ #,f(un)u, dz] =0

0—0n—o0 RN

and
. . 2 _
t Jim [ [ vl ] =0

Thus, we have

/RN odp < /RN wgdqumo/RN Podo < /RN b,dv + 0,(1).

Letting ¢ — 0, using standard theory of Radon measures and from (2.7) we obtain

Now we shall prove that the above expression cannot occur, and therefore the
set A is empty. Indeed, arguing by contradiction, let us suppose that p; > S™/4,
for some i € A. Thus,

1
e = Dv(up) — ng(un)un + on(1).

k%

2
Since My(t) < 5 Mo for all ¢t € R and (f3), we have that

2
> = Auy,|? de.
C)\_N/]RNlu‘ €L

Letting n — oo, we get
2 2 2
> = “ A 2 dr > 75«N/4
C*—z\f’“‘JFJ\f/RN“‘| =N
for all A > 0, which is a contradiction with the Lemma 2.2. Thus A is empty and
it follows that u, — u in L?, (RY). |

loc

Lemma 2.6. Let (u,) C H*(RY) be a sequence that satisfies (2.4) and X\ > \*.
Then, there exist a sequence (y,) C RN and constants R, n > 0 such that

n— oo

hminf/ lun|? dz >n > 0.
BR(yn)

10



Proof: Suppose that the lemma does not hold. Then, it follows from [9, Lemma
I.1] that u, — 0 in LY(RY), and thus, / flup)un = 0,(1). Recalling that
RN

I} (un)u, = 0,(1), we have, up to a subsequence that,

/ |Au,|? dm—i—Mo(/ |V, |? dx)/ (Vi |? dx—i—/ [un|? dz = Ly + 0,(1)
RN RN RN RN

and
/ lun)?" dz = Ly + on(1).
RN

for some L) > 0. Since ¢y > 0, we have that L) > 0. Using the best Sobolev
constant S, we get
Ly>S% vA>0.

On the other hand, using (f3) and (2.2), we obtain

2 2 2
extou()z 3 [ JAuf doz SLy = L5V

]RN
which is a contradiction with the Lemma 2.2. [ ]

Lemma 2.7. If condition (f4) and (Ms) hold, then

sf(s) —2F(s)

and 1
M(s) — §M(S)S

are increasing for s # 0.
Proof: Supposing s < t, from (f4) we obtain

sf(s) = 2F(s) = @32 —2F(t)+2/ F(r)dr

< @32 —2F(t) + @(R —5%)
= tf(t)—2F(t).

Using condition (M3), this reasoning also proves the result involving the
function M and this proves the lemma. [ |

11



3 Proof of the Theorem 1.1

By Lemmas 2.1, 2.4 and 2.5, for all A > \*, there is a sequence (u,) C H?(RY)

such that, up to a subsequence, we have

u, —u € H*(RY),

U, - u €L} (RN), 1<s<2%*

loc

and
/ |Vu,|? de — o, in R,
RN

for some gg > 0.

From Lemma 2.4, we have that / |Vun|? de < to. Thus,
RN
Mo(/ Vup|? dz) = M(/ Vun? da).
RN RN

From continuity of function M and (3.3), we get

M(/ \Vu,|? dr) — M(oo) in R.
]RN

(3.1)

(3.2)

(3.3)

(3.4)

Without loss of generality, we can assume that u # 0, because by Lemma

2.6, there exist R,n > 0 and (y,) C RY such that

lim inf lun|* dz >n > 0.
n—roo BR(yn)

(3.5)

Considering v, (z) = u,(z — yn), we have that (v,) is also bounded in H?(RY)
and its weak limit denoted by v is nontrivial, because the last inequality together

Sobolev’s embedding implies that

/ [v|? dz > n > 0.
Br(0)

Furthermore, a routine calculus leads to

In(vy) — cx and I (v,) = 0, (1).

Now, for each 1 € C§°(RY) and using (3.1), (3.2) and (3.4) we obtain

AulAy dx—|—M(go)/ VuVy dm—l—/
RN R

RN N

= X[ flu dx+/RN Ju|?" ~2uy d.

RN

12

w dx



Since C§°(RN) = H?(R"), we conclude
/ AulA¢ dx + M(go)/ VuV¢ dx +/ ugp dx
RN RN RN
= A (u)g dx—i—/ lu* 2u¢ du,
RN RN

for all ¢ € H%(RN).
We claim that

M(go) = M( / VuP do). (3.6)

Considering this claim, (M) and arguing as [5, Theorem 2.1}, we have that
ux € CPY(RN) with a € (0,1) is a nontrivial solution of the problem (Py), for all

loc
A >\
Finally, by (2.6) and Fatou’s Lemma we conclude

ko 9
> = .
& 2 Soflual

By Remark 2.3 we get )\lim [lua]] = 0 and the Theorem 1.1 is proved.
— 00

To conclude our this section, we need to prove (3.6). We recall that from the
weak convergence

M(00) > M(/ |Vu|? dx).
RN
Supposing by contradiction that
Migo) > M([ |Vaf* do),
RN
it follows that I}(u)u < 0. Therefore, there exists ¢ € (0,1) such that tu € M,
with M defined in (2.5).

Combining this information with the characterization of mountain pass level,
we derive

_ _ 1., - -
ex < I(tu) = In(tu) — Elg(tu)tu.
From Lemma 2.7,
1,
ex < In(u) — §I>\(u)u.
On the other hand, by Fatou’s Lemma,

IO %If\(u)u < Iy(uy) — %If\(un)un +on(1).

13



Thus,

.. 1
ey < hnrglorolf {b\(un) — 2];\(un)un:| =cy,

which is an absurd. This way, M (g) = M(/ |Vul|? dz) and the proof of claim
RN
(3.6) is finished. n
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