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Abstract. The present article is devoted to introduce, in a braided monoidal setting,
the notion of module over a relative Rota-Baxter operator. It is proved that there exists
an adjunction between the category of modules associated to an invertible relative Rota-
Baxter operator and the category of modules associated to a Hopf brace, which induces an
equivalence by assuming certain additional hypothesis. Moreover, the notion of projection
between relative Rota-Baxter operators is defined, and it is proved that those which are
called “strong” give rise to a module according to the previous definition in the cocommu-
tative setting.
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1. INTRODUCTION

An important issue in the field of mathematical physics consists in finding solutions
of the Quantum Yang-Baxter Equation (QYBE). The QYBE appeared in the 1970s
in the field of quantum and statistical mechanics (see [3] and [24]), and a complete
classification of its solutions has not yet been obtained at this stage. A solution of
such equation is an automorphism c¢: V® V — V ® V, where V is a vector space
over the field F and ® denotes the tensor product of vector spaces over [F, which
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satisfies the following equality:
(QYBE) (¢®idy)o(idy @c)o(c®idy) = (idy ®@c)o (c®idy) o (idy & c).

Applications of the QYBE are diverse and cover different areas of mathematics
and physics (to mention a few: knot theory, non-commutative geometry or quantum
groups, between others), which implies that its solutions have been studied hardly
and from different points of view.

The first method to systematically obtain solutions of the QYBE was proposed by
Drinfeld in [7]. He introduced the notion of quasitriangular Hopf algebra and proved
that their associated modules give rise to solutions of the QYBE. It is an important
result that if H is a Hopf algebra, the category of modules over its Drinfeld’s dou-
ble, D(H), which is a quasitriangular Hopf algebra, is equivalent to the category of
Yetter-Drinfeld modules over H, see [17], Theorem IX.5.2 and Section XIIL.5. So, as
a consequence of these facts, every Yetter-Drinfeld module over a Hopf algebra H
induce a solution of such equation.

Later, Bespalov, Majid and Radford in [4], [19] and [20], respectively, stated that
given a Hopf algebra H such that its antipode is an isomorphism, there exists a cate-
gorical equivalence between the category of Hopf algebras in £ YD and the category of
Hopf algebra projections over H, where EYD denotes the category of Yetter-Drinfeld
modules over H, and a Hopf algebra projection over H is a pair of Hopf algebra mor-
phisms f: H — B and g: B — H, satisfying that g o f = idy. Therefore, taking
into account the above mentioned results, to construct a solution of the QYBE it is
enough to have a Hopf algebra projection.

On the other hand, in [8] Drinfeld proposed to focus on the task of obtained set-
theoretical solutions of the QYBE, which are those, where a solution c is a linear map
induced by a mapping ¢: X x X — X x X, where X is a set (in this situation, V is
the F-vector space spanned by X). The study of this kind of solutions was pursued
subsequently by several authors, for example, Etingof, Schedler and Soloviev in [9] or
Gateva-Ivanova in [12]. With this aim, the notion of brace was introduced by Rump
in [21] and then generalized by Guarnieri and Vendramin in [16] for the non-abelian
setting obtaining the concept of skew brace. A skew brace is a pair of groups (G, *)
and (G, o) which satisfies the compatibility condition

(1.1) go(hxt)=(goh)xg 'x(got)

for all g, h,t € G and where g~! denotes the inverse of g with regard to the group
structure (G, *). In such paper the authors obtain that every skew brace induces
a set-theoretical solution of the QYBE not always involutive, i.e., the inverse of such

solution ¢ is not necessarily c.
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The quantum version of a skew brace is what is known by a Hopf brace, objects
introduced by Angiono, Galindo and Vendramin in [2]. Then, a Hopf brace is a pair
of Hopf algebras sharing the underlying coalgebra structure, H; = (H,1,-,&,A,)\)
and Hy = (H,1,,0,e,A,S5), which satisfy the following compatibility condition be-
tween the products:

(1.2) go(h-t)=(g1oh) Mg2)-(g3ot)

for all g, h,t € H. As it occurs with skew braces, the subclass of the cocommutative
Hopf braces also induces solutions of the QYBE, see [2], Corollary 2.4.

Recently, by combining the two previously mentioned approaches to obtaining
solutions for the QYBE, Fernandez Vilaboa et al. in [11] studied the theory of
projections in the Hopf brace setting, introducing the notion of Hopf brace projection,
a suitable definition for the category of Yetter-Drinfeld modules over a Hopf brace
and extending the correspondence of Radford-Majid-Bespalov to this framework.

Since the appearence of Hopf braces, another structures related with them have
emerged. The first ones we will mention are invertible 1-cocycles, which appeared
initially in Angiono’s et al. article, see [2]. Mixing Theorem 1.12 of [2] and Theo-
rem 3.2 of [15], it was proved that the categories of invertible 1-cocycles and Hopf
braces are equivalent. Also, Brzeziniski in [6] generalized the Hopf brace structure
by modifying (1.2) using a cocycle, which gave rise to the notion of Hopf truss. Be-
sides, recently in [18], Li, Sheng and Tang introduced the categories of post-Hopf
algebras and relative Rota-Baxter operators. Regarding post-Hopf algebras, Fernan-
dez Vilaboa, Gonzalez Rodrguez and Ramos Pérez proved in [10] that the category
of Hopf braces and a certain subcategory of post-Hopf algebras are isomorphic in
the cocommutative setting. On the other hand, relative Rota-Baxter operators are
a generalization of the notion of Rota-Baxter operator given by Goncharov in [13]
for cocommutative Hopf algebras. In Theorem 3.3 of [18] it was proved that there
exists an adjunction between the category of post-Hopf algebras and the category of
relative Rota-Baxter operators in a cocommutative context and, as a consequence
of the above mentioned isomorphism between Hopf braces and post-Hopf algebras,
this adjunction also holds between the category of Hopf braces and the category of
relative Rota-Baxter operators under cocommutativity.

Looking at all the background, it is not unreasonable to tackle the study of pro-
jections for the objects mentioned in the previous paragraphs and whose connection
with Hopf braces is strong. So, this paper is devoted to study the theory of modules
and projections for relative Rota-Baxter operators.

The paper is organized as follows: After the initial preliminary section, where
we are going to fix the notation and remember the basic necessary notions for the
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development of the article, Section 3 is devoted to introducing the concept of module
over a relative Rota-Baxter operator, see Definition 3.8. In this section, we will first
prove that such category is symmetric monoidal under cocommutativity conditions
and assuming that the base category is symmetric, see Theorem 3.10. Then, some
functorial results are proved in order to state a correspondence between the category
of modules over a certain Hopf brace and the category of modules over a relative Rota-
Baxter operator. Using such correspondence, in Theorem 3.18 it is shown that there
exists an adjunction between the category of modules over an invertible relative Rota-
Baxter operator and the category of modules over such Hopf brace, which induce an
equivalence by assuming some additional conditions, see Theorem 3.20. Section 4 is
devoted to introducing the category of projections for relative Rota-Baxter operators,
see Definition 4.3. As happens between the category of Hopf braces and relative
Rota-Baxter operators (see Theorem 3.7), in Theorem 4.13 we will see that there
also exists an adjunction between their respective projection categories. To conclude
the paper, we will define what a strong projection of relative Rota-Baxter operators
is and we will prove that every such projection in the cocommutative setting gives
rise to a module in the sense of Definition 3.8, as happens in the classical theory of
Hopf algebra projections.

2. PRELIMINARIES

From now, on C denotes a strict braided monoidal category with tensor product ®,
unit object K and braiding c¢. Considering that it is well known that every non-strict
monoidal category is monoidal equivalent to a strict one, we can assume without loss
of generality that the category C is strict and then we omit explicitly the associativity
and unit constraints. Thus, the results proved in this paper for objects and mor-
phisms in C remain valid for every non-strict braided monoidal category which would
include, for example, the category F-Vect of vector spaces over a field F, the cate-
gory R-Mod of left modules over a commutative ring R, or the category Set of sets.
If for all M, N € C the braiding satisfies that cy a0 ey, v = idprgn, where id de-
notes the identity morphism, we will say that C is symmetric. In what follows, for
simplicity of notation, given objects M, N, P in C and a morphism f: M — N, we
write P® f for idp ® f and f ® P for f ® idp.

Definition 2.1. An algebrain Cis a triple A = (A, 4, a), where A is an object
in the category C and n4: K — A (unit), ua: A® A — A (product) are morphisms
in C such that pa o (A®na) =ida = pao(Na®A), pao(A®pa) = pao(pna® A).
Given two algebras A = (A,na,pa) and B = (B,np, 4p), a morphism f: A — B
in C is an algebra morphism if ugo (f ® f) = foua, fona =ns.
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If A, B are algebras in C, the tensor product A ® B is also an algebra in C, where
Nagp = Na ®@np and pagp = (La @ up) o (A® cp.a ® B).

A coalgebra in C is a triple D = (D,ep,dp), where D is an object in C and
ep: D — K (counit), p: D — D ® D (coproduct) are morphisms in C such
that (€D®D)05D = idp = (D®€D)O5D, (5D®D)O5D = (D@(SD)OJD. If
D = (D,ep,0p) and E = (E,eg,dg) are coalgebras, a morphism f: D — E in C is
a coalgebra morphism if (f ® f)odp =dgo f,epo f=cp.

Given D, E coalgebras in C, the tensor product D ® F is a coalgebra in C, where
epeE ‘=¢ep@cp and dpge == (DR cpp @ E)o (dp ®Ig).

Definition 2.2. Let D = (D,ep,dp) be a coalgebra and A = (A,n4,p4) an
algebra in C. By Hom(D, A) we denote the set of morphisms f: D — A in C. With
the convolution operation f*g= 4o (f ®g)odp, Hom(D, A) is an algebra, where
the unit element is N4 oep =ep @ na4.

Definition 2.3. Let A be an algebra. The pair (M, p)) is a left A-module
if M is an object in C and ¢pr: A® M — M is a morphism in C satisfying ¢as o
(Ma®M) = idpr, orro(ARpnr) = earo(ua®@M). Given two left A-modules (M, par)
and (N, ¢y), f: M — N is a morphism of left A-modules if oy o (A® f) = fopar.
We will denote the category of left A-modules by 4Mod.

Let D be a coalgebra. The pair (M, 0ps) is a left D-comodule if M is an object
in Cand gop: M — D ® M is a morphism in C satisfying (ep ® M) o opr = idyy,
(D®om)oom = (6p®@M)opp. Given two left D-comodules (M, gpr) and (N, on),
f: M — N is a morphism of left D-comodules if (D ® f) o op = on o f. We will
denote the category of left D-comodules by ”Comod.

In a similar way we can define the notions of right A-module and right D-comodule.

Definition 2.4. We say that X is a bialgebra in C if (X,nx,ux) is an alge-
bra, (X,ex,0x) is a coalgebra, and ex and dx are algebra morphisms (equiva-
lently, nx and px are coalgebra morphisms). Moreover, if there exists a morphism
Ax: X — X in C, called the antipode of X, satisfying that Ax is the inverse of idx
in Hom(X, X), i.e.,

(21) ZdX*AX:nX OEX:)\X*idx,
we say that X is a Hopf algebra. A morphism of Hopf algebras is an algebra-

coalgebra morphism. Note that if f: X — Y is a Hopf algebra morphism, the
following equality holds:

(2.2) Ay o f=folx.
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With the composition of morphisms in C we can define a category whose objects
are Hopf algebras and whose morphisms are morphisms of Hopf algebras. We denote
this category by Hopf.

A Hopf algebra is commutative if pux o cx x = px and cocommutative if
cx,x 00x = 0x. In both cases, Ax o Ax = idx and also, by Corollary 5 of [22], the
identity
(2.3) cx,x °ocx,x = tdxgx
holds.

If X is a Hopf algebra, we have the following relevant properties of its antipode Ax:
It is antimultiplicative and anticomultiplicative

(2.4) Ax OMX:MXO()\X®/\X)OCX,X7
(2.5) dx o Ax = cx x o (Ax ® Ax) o dx,

and leaves the unit and counit invariant, i.e.,

(2.6) Ax °onx =1x,
(27) EXO)\XZS-ZX.
So, it is a direct consequence of these identities that if X is commutative, then \x is

an algebra morphism and if X is cocommutative, then Ax is a coalgebra morphism.
In the following definitions we recall the notion of left (co)module (co)algebra.

Definition 2.5. Let X be a Hopf algebra. An algebra A is said to be a left
X-module algebra if (A,¢4) is a left X-module and 74, pa are morphisms of
left X-modules, i.e.,

(2.8) pao (X ®na)=cex ®na,
(2.9) A0 (X @A) = HAOPARA,

where 9494 = (Pa®pa)o (X Rcx a®@A)o(0x ®A®A) is the left action on A® A.
On the other hand, A is said to be a left X-comodule algebra if (A4, 04) is a left
X-comodule and 74 and p4 are morphisms of left X-comodules, i.e.,

(2.10) 0A0MA =1Nx ®Na,
(2.11) 0a0pa=(X®pa)ooaga,

where paga == (ux QAR A)o(HRcy x @ A)o(ps® pa) is the coaction on A® A.
Equivalently, (A, 04) is a left X-comodule algebra if and only if o4 is an algebra
morphism.
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Definition 2.6. Let X be a Hopf algebra. A coalgebra D is said to be a left
X-module coalgebra if (D, pp) is a left X-module and ep, dp are morphisms of
left X-modules, in other words, the following equalities hold:

(212) EpoyYp =¢ex QeEp,

(2.13) ép o¢p =¢pgp° (X ®dp).

Equivalently, (D, ¢p) is a left X-module coalgebra if and only if ¢p is a coalgebra
morphism.

Finally, a coalgebra D is said to be a left X-comodule coalgebra if (D, op) is a left
X-comodule and p and dp are morphisms of left X-comodules, i.e.,

(2.14) (X ®ep)oop =nx ®ep,
(2.15) (X ®0p)oop = 0pap ©dp.

Example 2.7. Every Hopf algebra X in C has a structure of left module algebra
over itself with the so called adjoint action

0¥ = px o (ux ® Ax) o (X @ ex,x) o (0x @ X).

If X is also cocommutative, then (X, 3d) is a left X-module algebra-coalgebra.
Moreover, X is a left X-comodule coalgebra with the adjoint coaction ¢3d :=
(bx ® X)o (X ®ex x)o(0x ®Ax)odx.

3. RELATIVE ROTA-BAXTER OPERATORS AND THEIR MODULES

The present section of this paper is devoted to introducing what a module over
a relative Rota-Baxter operator is. Relative Rota-Baxter operators have been in-
troduced considering the underlying category C = F-Vect by Li, Sheng and Tang
in [18] as a generalization of Rota-Baxter operators defined by Goncharov in [13] for
cocommutative Hopf algebras.

First of all we start by remembering the notion and basic properties of relative
Rota-Baxter operators, as well as the strong relationship between these structures
and Hopf braces, and we show that the category formed by this objects is symmetric
monoidal.

After that we will focus on the study of modules over a relative Rota-Baxter
operator, giving a definition that allows us to show that there exists an adjunction
between the category of modules over a Hopf brace (using the definition of these
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objects introduced by Gonzlez in [14]) and the category of modules over an invertible
relative Rota-Baxter operator assuming cocommutativity. The section will finish by
proving that, under certain additional hypothesis, the previous adjunction gives rise
to an equivalence of categories.

Definition 3.1. Let H=(H,nu, iu,cn,0m, \ir) and B=(B,np, tB,€B,08, \B)
be Hopf algebras in C such that (H,¢g) is a left B-module algebra-coalgebra. We
will say that a coalgebra morphism 7: H — B is a relative Rota-Baxter operator if
the following condition holds:

(3.1) upo(T'®@T)=Tougo(H® (pgo(T®H)))o (ég @ H).

H
In what follows we will denote relative Rota-Baxter operators by ( T | ,¢n )
B

H A

If (T 1 ,¢H> and | L | ,pa | are relative Rota-Baxter operators, a morphism
B D

between them is a pair (f,h), where f: H — A and h: B — D are Hopf algebra

morphisms and the following conditions hold:

(3.2) Lof=hoT,
(3:3) foon=pac(h®f).

Considering the natural composition of morphisms, relative Rota-Baxter oper-
ators give rise to a category that we will denote by rRB. Moreover, we will de-
note by rRB* the full subcategory of rRB whose objects are relative Rota-Baxter

H

operators <T i ,@H) such that H is cocommutative, and by coc-rRB to the full
B
subcategory of rRB* satisfying that both Hopf algebras involved, H and B, are co-

commutative. The objects constituting the latter subcategory will henceforth be
called cocommutative relative Rota-Baxter operators.

An important property of relative Rota-Baxter operators is that they preserve the
unit. This will be proven in the following result.

H
Lemma 3.2. If (T 1 ,@H) is a relative Rota-Baxter operator, then
B
(3.4) ng =1 ong.

Proof. By (3.1), the condition of morphism of left B-modules for 7y, the con-
dition of coalgebra morphism for 7" and the (co)unit property, we obtain that

(3.5) i o (Tonm) ® (Tong)) =T ong.
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Then we have that

ng =ngoepoT ony (by the condition of coalgebra morphism for T and (co)unit

properties)

= upo(\® B)odgoT ony (by (2.1) for B)

=pupo(Ap®B)o(T®T)o (ny ®ny) (by the condition of coalgebra
morphism for T" and ng)

— 50 (Ap @ B) o ((T'omir) @ (s o (T o mir) @ (T'o 1)) (by (3.5))

=ppo((upo(Ap®B)odpoT ony)® (T ony)) (by associativity of up and
the condition of coalgebra morphism T and ng)

=T ong (by (2.1) for B, the condition of coalgebra morphism for 7" and
(co)unit properties).

O

If C is symmetric, rRB admits a structure of symmetric monoidal category as can
be seen in what follows.

Theorem 3.3. Let us assume C to be symmetric. The category of relative Rota-

Baxter operators is a strict symmetric monoidal with tensor functor

®: rRB x rRB — rRB

H A H®A
T \l/ s PH 3 L \Ir ; PA = T®L \l’ ?@%@A )
B D B®D

K
where ¢l 4 = (pr®pa)o(B®cp,p®A), unit object (idK i ,idK> and symmetry
given by K

H® A AQH
17,1 :=(cua,cp): | T®L 4 s Poa | 2| LT { s P
B® D D®B

Proof. When C is symmetric, if H = (H,ny,pg,e5,0m, ) and A =
(A,na,14,64,04, 4) are Hopf algebras in C, then H ® A = (H ® A,ng ® na,
UHoA,EH QEA, OHoA, \H @ Aa) is also a Hopf algebra in C.

Moreover, (H® A, orea) is a left B® D-module algebra-coalgebra. Indeed, on the
one side, the left module axioms are straightforward thanks to naturality of ¢. On
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the other side, it is easy to prove that (ptH®A o(BRD®Ny®NA) = epRep @y @na
and the condition of morphism of left B ® D-modules for pgg4 follows by

e © (Plga ® Plga) © (B® D ® cpep,nea ® H® A)

0(lpegp RHRXARH® A)

=((puo(pr®@pu)o (BRcpn@H)o(0p@H @ H))® (a0 (pa®pa)
0o(D®cpa®A)))o(B®(H®cpu®@D®A)o(cpucp,u®A)
o(DRcpp@H®A) o (bp@H®capn)) @A)
(by naturality of ¢ and C symmetric)

= ((pa o (pr ®pn)o (B®cpy @ H)o (0p ® H®H)) @ (pao(pa®pa)
o(D®cpa®A)o(6p®A®RA)))o (B ((H®cpu®A)
o(cp,u ®cam)) ®A) (by naturality of c)

=((pro(B@pun)) @ (pac(D®@pa))) o (B (H®cpn @A)
o(epg ®cam)) ®A) (by the condition of morphism of B-modules for pp
and the condition of morphism of D-modules for 14)

= SOtH®A o (B®D ® puga) (by naturality of ¢).
In addition, (eg ®€4) 0 go'}{®A =epRep ey ey is straightforward while

SH®A© Coa = (Phoa ® Chga) 0 (BOD® cpgp Hos @ H® A) o (0pgp @ dnga)

follows by

SreA © Piga = (H®cra® A)o (((pr ® pr) o (B cpn @ H)o (65 ® 0x))
@ ((pa®@pa)o(D®@cpa®@A)o(dp®da)))o(BRcpu @A)
(by the condition of coalgebra morphism for ¢ and p4)
= (Ploa ® Pga) 0 (B® D ® cpap,Hea @ H® A)o (dpap ® duga)
(by naturality of ¢ and C symmetric).
Also note that, considering the standard structure of tensor coproduct if 7" and L
are coalgebra morphisms, then T'® L is also a coalgebra morphism. Therefore, to

conclude the monoidal character of rRB we only have to compute that (3.1) holds.
Indeed,

(T®L)opngao(H®A® (Phygac(T®L®H®A)))o(Onea® H A)
= ((Topno(H®(puo(T®H))) o (6y ®H))
®@(Lopsgo(A® (pao(L®A)))o(da®A)))o(HRcanu®A)
(by naturality of ¢ and C symmetric)
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=((upo(T®T))®(upo(L®L)))o(H® cAH® A) (by (3.1) for T and L)
= upgp ° (T'® L) ® (T'® L)) (by naturality of c).

On the other hand, 77 is a symmetry for rRB because when the base cate-

H®A
gory C is symmetric, (ci, 4, cp, p) is a morphism in rRB between <T®L L ohga )
B®D

ARH
and | LeT | ,ohen |- O
D®B

After proving these general properties which relative Rota-Baxter operators sat-
isfy, we will see that under suitable conditions there exists a functorial link between
relative Rota-Baxter operators and Hopf braces. First we will remember the defini-
tion of Hopf brace and its main properties.

Definition 3.4. Let H = (H,ey,0n) be a coalgebra in C. Let us assume that
there are two algebra structures (H,nk, u};), (H,n%, 1u%) defined on H and suppose
that there exist two endomorphisms of H denoted by A} and A%. We will say that

(H? n}{au}{anzv/’(‘%a‘EH76H7 )‘}{; )\%J)

is a Hopf brace in C if:

(i) Hy = (H,n},pt, en,dm,\L) is a Hopf algebra in C,
(ii) He = (H,n%,1%,cm,0m, %) is a Hopf algebra in C,
(iii) the following equality holds:

ph o (H @ py) = pg o (g ©Tw,) o (H@ cmm @ H) o (6n @ H® H),
where
Ta, = ppr o (A @ pFy) o (0n @ H).
For any Hopf brace nl; = 1% holds and therefore, because of this property, the
expression of a Hopf brace is reduced to

(H7 77H7M}{7M§—]75H76Ha)‘11r—[7 A?—I)

In the following lines, a Hopf brace will be denoted by H = (Hy, Hs) or in a simpler
way by H.

Definition 3.5. If H is a Hopf brace in C, we will say that H is cocommutative
if 0y = cy, g odm, ie., if Hy and Hy are cocommutative Hopf algebras in C.
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Definition 3.6. Given two Hopf braces H and D in C, a morphism z in C between
the two underlying objects is called a morphism of Hopf braces if both x: H; — D;
and x: Hy — D5 are Hopf algebra morphisms.

Hopf braces together with morphisms of Hopf braces form a category which we
denote by HBr. Moreover, cocommutative Hopf braces constitute a full subcategory
of HBr, which we will denote by coc-HBr.

Moreover, in our braided context Lemma 1.8 and Remark 1.9 of [2] hold and then
we have that the algebra (H,ngy, ,u}{) is a left Hs-module algebra with action I'p,
and p2, admits the following expression:

(3.6) ph =pgo(HeTh)o (6g @ H).

In addition, by Lemma 2.2, of [2], T'y, is a coalgebra morphism when H is cocom-
mutative.

The following result is the braided monoidal version of the result proved by Li et al.
in Proposition 3.2 and Theorem 3.3 of [18] for Hopf braces in the category of vector
spaces over a field F. We do the proof in detail to clarify certain properties and
notations that will be very useful in the rest of the paper.

Theorem 3.7. There exists a functor F: coc-HBr — rRB* defined on objects by

H,
F(H)={idg | ,Tg
H,

and on morphisms by F(z) = (z, z).
Moreover, there exists a functor G: rRB* — coc-HBr defined on objects by

H
G T | y PH =H,
B

where H = (H, H) is the Hopf brace with H = (H,ng,liy,€H,08, \gr) the Hopf
algebra whose product and antipode are given by

Ap =pro(H® (puo(T'®H)))o (dn ® H),
A i=ppo((AgoT)® Ag)odm,

and on morphisms by G(f,h) = f.
In addition, F is left adjoint to G and also F(H) € coc-rRB for all H € coc-HBr.
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Proof. First of all, let us see that F is well-defined. If H = (Hy, H>) is a cocom-
mutative Hopf brace in C, then we already know that (Hy, T, ) is a left Ho-module
algebra and, thanks to the cocommutativity, I'y, is a coalgebra morphism, i.e.,

(Hy,Tp,) is a left Hy-module algebra-coalgebra. Moreover, (3.6) implies that (3.1)
H,
holds. Therefore, (z’dH 1 ,Tu, | is a relative Rota-Baxter operator. In addition,

H
if D is another cocommutative Hopf brace and xz: H — D is a morphism of Hopf

braces, then the pair (x,z) is a morphism of relative Rota-Baxter operators be-
H1 Dl
tween | idg | ,Tm, | and ( idp | ,Tp, ) Indeed, it is straightforward to compute

H2 D2
that (3.2) holds and (3.3) follows by

zoly, =pho((xodly)® (vopu%)) o (6 ® H) (by the condition of algebra
morphism for x: Hy — Dy)
=uhoAb @ u%)o(((x®@x)ody)®x) (by (2.2) and the condition
of algebra morphism for z: Hy — D>)

=Tp, o(z®x) (by the condition of coalgebra morphism for x).

H
Now, let us prove that G is well-defined. On the one hand, consider (T 1 ,¢H>
B

a relative Rota-Baxter operator such that H is cocommutative. Let us show that H
is a Hopf algebra. At first, note that it is straightforward to prove that ny is the
unit for &y and the associativity of @y follows by

Hpo(hy ®H)

=puoH®(pro(T®H)))o (ke ®pr)o (H@chyn®H)
°o(0n®(pr®pu)o(B@®cpu@H)o(T'®T)ody)®dn)))) ®H)
o(0g ® H® H) (by the condition of coalgebra morphism for g, ¢y and T)

=ugo(HQp)o (g @ Toliyg) @H) o (HRcuu®@H)o (6 ®0n)) @ H)
(by the cocommutativity and coassociativity of é and naturality of c¢)

=puo (g @ (pro((upo(T@T))@H)))o (H&cuu@H)
o (6n ®6m)) ® H) (by (3.1))

=pgo(H® (nugo(pag®@¢m)o(B®cpn®H)o(0p®H® H)))
c((H®T)odu)®@((H® (pro(T®H)))o (6g ® H))) (by module axioms
for (H, ), coassociativity of 0z, the condition of coalgebra morphism for T'
and associativity of pp)

=Tig o (H ®7iy) (by the condition of morphism of left B-modules for ).
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Moreover, note that

dpofig=(un @pm)o(H®cya®H)o(0n @ ((pr ® pH)
o(BRegu®@H)o((T®T)ody)®dy))) o (dy ® H) (by the condition
of coalgebra morphism for ug, gy and T)
=((pr o (H® (pr o (T ®H)))) @ (nm o (H @ (pu o (T ® H)))))
o(H® (H®cap @ H) o (cap @ cap)) @ H) o ((0g ®0p) 0dp) ® 0x)
(by naturality of c¢)
=g @)oo (H®cgpg®H)o(0g ®dm) (by cocommutativity and

coassociativity of dg)

and, by the condition of coalgebra morphism for pg, ¢y and T and the counit
property, the equality ez o Jiyy = ey ® ex also holds. Thus, to conclude that H
is a Hopf algebra, it only remains to prove that Ay is the inverse of idy for the
convolution in Hom(H, H), operation that we will denote by *. Firstly,

idpFig = pr o (H @ (pm o (((idp * Ap) o T) @ Agr) 0 7)) 0 67 (by the
coassociativity of §y, module axioms for (H,¢p) and the condition
of coalgebra morphism for T")
=idy * Ag (by (2.1) for B, the condition of coalgebra morphism for T
the counit property and module axioms for (H, ¢ ))

=ecy ®@nu (by (2.1) for H).

Note also that Ay satisfies the following property: Ag is a coalgebra morphism
because

0 odg = (g @ @g)o (B@cpa®@H)o(dpoApoT)® (dgoAm))odu
(by the condition of coalgebra morphism for @)
= (pn @¢u)o(B@cpu®@H)o(Ag®@Ap)o(T®T)ochmodn)
® (Mg @Ag)ocymodn))ody (by (2.5), the condition of coalgebra
morphism for 7" and naturality of c)
=((pa o ((ApoT) @A) @ (pr o ((ApoT)®An))) o (H®cuy @ H)
o(6g ®dg)ody (by cocommutativity of 0y and naturality of ¢)

= (A ® A\gr) o dg (by coassociativity and cocommutativity of dzr)

and
EH O AH = €H,
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follows by the condition of coalgebra morphism for g and 7', (2.7) and the counit
property. As a consequence,

Agodg =Tigo((nmoen)® Ay oty))ody (by the (co)unit property)
=g o (g o(H®XAg)ody)® (AuwoAu))odu (by iduFhg = e @ 1)
=figo(H® (igo Mg ® (Agodg))ody))ody (by coassociativity
of i and associativity of i)
=iy o (H® ((idg¥Ag) o Ag)) o 6 (by the condition of coalgebra
morphism of \zr)
=idy (by idg*\yg = ey ® ng, the condition of coalgebra morphism

of Mgy and the (co)unit property).
Therefore,

XH¥Z'dH == ﬁH o (XH ® (XH OXH» o 6H (by XH OXH == ZdH)
= (idg*Agr) o Mg (by the condition of coalgebra morphism of \fr)
=ey ®@ny (by idg*Ay = ey ® Ny and the condition of coalgebra

morphism of ).

So, to conclude that H is a Hopf brace it is enough to see that (iii) of Definition 3.4
holds. Indeed,

(3.7) Ty=yuo(T®H)
follows by

Ty =pgo((Ag*idg)® (pgo (T ® H)))o (g @ H) (by the coassociativity
of g and associativity of ppr)

=g o (T'® H) (by (2.1) and the (co)unit property).
Then,

o (g ®@Tu)o (H®cyn @ H)o (6y © H® H)

=pgo(H® (pro (o @pu)o(BRcpuy @ H)o((dpoT)® H® H)))
o(dg ® H® H) (by (3.7), coassociativity of dp, associativity of pp,
naturality of ¢ and the condition of coalgebra morphism for 7T')

=Tig o (H ® pp) (by the condition of morphism of left B-modules for ).
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H
On the other hand, if (f,h) is a morphism in rRB* between (T 1 ,¢H> and
B

A _ _
(L L ,ea ), then f is a morphism of Hopf braces between H and A. Indeed,
D

folig=pao(f@(fopgo(T®H)))o(dg ® H) (by the condition of algebra
morphism for f)
=pao(f@(paoc((hoT)® f))) o (6n ®H) (by (3.3))
=pao(A®(pac (L@ A))o((f®f)odn)® f) (by (3.2))
=7y 0 (f® f) (by the condition of coalgebra morphism for f).

To prove that F is left adjoint to G, it is enough to consider the bijection

|HI@L: Homcoc—HBr(H = (I{hI{2)7K = (sz))

H, A
— HoerB* Zdl"] \lf y Iﬂl"h ) L \lf ) PA
Hy D
given by "Or(y) = (y,Loy) and ("Or)"(f,h) = f for all H € coc-HBr and
A
<L¢,¢A)€rRB*. O
D

Taking into account the previous considerations, in the following definition the
notion of module over a relative Rota-Baxter operator is introduced.

H
Definition 3.8. Let (T 0 ,<pH) be a relative Rota-Baxter operator. We will
B
say that a 6-tuple

(M7N7¢M790A17¢N37)

H
is a left module over (T 1, on ) if the following conditions hold:

B
(i) (M, ¢nr) is a left H-module and (M, ) is a left B-module such that the
equality

(38)  wmo(B®onm)=d¢mo(pr@pu)o(BRcpuy@M)o(dp®@H® M)

holds,
(il) (N, ¢@n) is a left B-module,
(iii) v: M — N is a morphism satisfying that

(3.9) ono(T®y)=vodmo(H (pyo(T®M)))o (b @ M).
Let (M,N,¢um,oum,¢n,7) and (P,Q,ép,¢p,9q,0) be left modules over
H
<T + MPH)-
B
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H
We will say that a pair (r, s) is a morphism of left modules over | T | ,¢n ) between
B

(M,N,pn, om,¢on,7) and (P,Q, ¢p,op, ¢q,0) if the conditions
(i) r: (M,¢p) — (P,¢p) is a morphism of left H-modules,

(ii) r: (M, on) — (P, ¢p) is a morphism of left B-modules,

(iii) s: (N,on) — (Q, @) is a morphism of left B-modules,

(iv) soy=0or

hold.

Therefore, with the obvious composition of morphisms, left modules over the
H
relative Rota-Baxter operator <T L, eon ) constitute a category that we will denote

bY (1., Mod. B

H
Example 3.9. Note that given (T 1 ,<pH) a relative Rota-Baxter operator,
B
(H,B, pim, pu, B, T) is an object in (7, Mod. Moreover, (K, K,eq,ep,€p,idk)

H
is called the trivial left module over any relative Rota-Baxter operator (T L, eon )
B
H
Theorem 3.10. Let us assume that C is symmetric and let (T ! ,eu | be an
B
object in coc-rRB. Then, the category (r,,,)Mod is monoidal with unit object
(K,K,em,ep,ep,idk) and tensor functor defined by
®: (1,pmMod X (7,5, )Mod = (7.4,,,)Mod
((MaNa¢]\/Ia§0M7%0N7fY)’(P5Q7¢P7%0P7()0Q79))
= (M ®P,N®Q,dmapr, PMap, PNeQ, T © 0).

Moreover, (r,,,,)Mod is symmetric with symmetry isomorphism given by
TN ),(PQ.6) = (Car,P, EN.Q)-

Proof. Consider (M,N,énm,¢om,en,7) and (P,Q,¢p,pp,pqg,0) objects in
(Tpr)Mod. Then let us see that (M ® P,N ® Q, ¢mepr, PMaP, PNeQ, Y ® 0) is also
an object in (7, )Mod. Indeed, note that, due to the monoidal character of the
module categories yMod and gMod, the only facts that remain us to compute are
that (3.8) and (3.9) hold. At first, we have that

brepr o (pr @ puep) o (BRcgg @M@ P)o (g @ H® M ® P)
= (¢ @ ¢p) o (H®cum @ P)o(((pur @ pu)o(B@cpy®H)
0 (6 ®dr)) @ ((pm ® ¢p) o (B®cpy @ P)o (g @ M @ P)))
o(Bcpg®@®M@P)o(dp®@H®M® P)

(by the condition of coalgebra morphism for ¢g)
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= ((¢rr o (pr @ pm) o (BRepu @ M)o (6 ® H®M))® (¢p o (pr ®¢p)
o(B®cpg®@P)o(bp@H®P)))o(B®((H®cpm®H)
o(ep,u®cum)) ®P)o(dp®dy @ M ® P) (by naturality of c,
symmetrical character of C and cocommutativity of d)

= ((prr 0 (B oum)) @ (ppo(BR¢p))) e (B ((H®cpm®H)
o(cpH®@chm)) ®P)o(dp®@dy ®M@P) (by (3.8))

= nmgp o (B® dpgp) (by naturality of ¢),

so (3.8) holds and, on the other side,

(y®8) o dmap o (H® (pugp o (T'® M@ P)))o(6y @ Mo P)

= ((yoomo(H & (pro(T®M)))@(00¢po(H(ppo(T®P))))
o(HR(H®cupm®@H)o(cunu®cum)) P)
o(((6g ®dp) 0dy) ® M ® P) (by naturality of ¢ and the condition
of coalgebra morphism for 7'

= ((yodm o (H® (pn o (T ®M)))o (6 ® M))
®@oppo(H®(ppo(T®P)))o(dg®@P)))o(H®cymu®P)
o (dg ® M ® P) (by coassociativity and cocommutativity of dp
and naturality of ¢)

— ((pn 0 (T @) & (9 o (T ©6))) o (H & cps ® P)o (5 @ M & P)
(by (3.9))

= pneg o (T'®v®0) (by naturality of ¢ and the condition of coalgebra

morphism for T'),

which implies that (3.9) holds.

On the other hand, the symmetric character of (7, )Mod follows by the fact
that when C is symmetric and H and B are cocommutative Hopf algebras, the pair

(em,p,cn,@) is a morphism in (7, )Mod. O
H A

Theorem 3.11. If (f, h): (T 1 ,w{) — (L 1 ,g;A) is a morphism of relative
B D

Rota-Baxter operators, then there exists a functor

R(f,h): (LM,A)MOd — (T,goH)MOd
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acting on objects by

R(f,h)((M7N7¢Ma(phfa<pN77>) = (MaN7¢]1\:[ =oéM O(f®M),(pTM
=g o (h®M), ¢y =¢no(h®N)7)

and on morphisms by the identity.

Proof. Let us show that it is well-defined on objects. First of all, note that it is
straightforward to prove that (M, ¢T,) is a left H-module and (M, ¢¥,) and (N, p%)
are left B-modules. Thus, it only remains to see that equalities (3.8) and (3.9) hold.
Then

d1r 0 (o @ ¢hr) o (B@cpu @ M)o (0p® He M)
= om0 (pa®@pum)o(D@cpa®@M)o(dp®A®M)o(h® f® M) (by (3.3)

for (f,h), naturality of ¢ and the condition of coalgebra morphism for h)

= pir o (B® djy) (by (3.8)),
i.e., (3.8) holds, and also

Yo ol o (H® (¢h o (T @ M)))o (55 & M)
— o g o (A (g o (Lo M) o ((f @ f)odu) @ M) (by (32) for (f,h))
=vyo0dyo (AR (paro (L@ M)))o((6a0f)® M) (by the condition of
coalgebra morphism for f)
=pno((Lof)®7y) (by (3.9))
= ¢n o (T ®7) (by (3:2) for (f,h)),

which implies that (3.9) holds. O

Let us recall the notion of module over a Hopf brace introduced in [14] and some
results related with this concept which can be consulted in [11].

Definition 3.12. Let H = (H;, Hz2) be a Hopf brace. We will say that a triple
(M, ¥}, 43,) is a left module over H if (M,1,) is a left Hj-module, (M,?,) is
a left Hy-module and the following compatibility condition holds:

(310) ¥ 0 (H® k) = ¥y o (uh & Tar) o (H & en ® M) o (0 @ H @ M),

where
T =) 0 (A ® ¥3y) o (6 © M).
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If (M,¢},,%2%,) and (N,v¢},%%) are modules over the Hopf brace H and f:
M — N is a morphism between them, we will say that f is a morphism of left
H-modules if f is a morphism of left Hi-modules and left Ho-modules.

Then, with the obvious composition of morphisms, modules over H constitute
a category that we will denote by yMod.

Remark 3.13. Let (M, 9},,732,) be a left module over a Hopf brace H. By com-
posing on the right-hand side of (3.10) with H ® ni ® M, we obtain that the equality

(3.11) Wi =i o (H@T ) o (6g @ M)
holds.

The proof of the following result can be seen in Lemma 2.11 of [11].

Theorem 3.14. Let H be a Hopf brace and (M, 3},,%3,) a left module over H.
The equality

(312) Tyo(H@vy) =vs ol @Ta)o(H®cgg®M)o (0yg ® H® M)

holds and (M,Ty) is a left Ho-module.

Taking into account the previous results, in what follows we are going to construct
two functors that set a relationship between the category of modules over a Hopf
brace and the category of modules over a relative Rota-Baxter operator.

Theorem 3.15. Let H be a cocommutative Hopf brace. There exists a functor

Wy: yMod — (idH,FHl)MOdv

Hy
where (idy, Ty, ) denotes the relative Rota-Baxter operator F(H) = (idH (S >
Hy
introduced in Theorem 3.7, which acts on objects by

WH((M7¢11\@¢12\/1)) = (M7M7¢]1\4aFM7w12\/IaidM)

and on morphisms by Wy (f) = (f, f)-

Proof. At first we are going to prove that if (M, 4}, 43,) is a left module
over the Hopf brace H, then the 6-tuple (M, M, v}, Tar, 13, idyr) is a left mod-
ule over the relative Rota-Baxter operator F(H). Indeed, on the one hand, (3.8) fol-
lows by (3.12) and, on the other hand, (3.9) follows by (3.11). Therefore, W is
well-defined on objects.
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On the other hand, if f: (M,v},,v3,) — (N,v¥k,v%%) is a morphism of left
H-modules, then (f, f) is a morphism in (idg Trr, )Mod between the following tuples
(M, M, Tar, b3, idar) and (N, N, bk, T, %, idxn), which follows by the fact
that f: (M,Tp) — (N,T'y) is a morphism of left Hs-modules, which is straightfor-
ward to show. (|

H

Corollary 3.16. Let (T 1 ,<pH) be a relative Rota-Baxter operator in rRB*. If
B

T: H — B is an isomorphism, then there exists a functor

\7 WMOd — (T#PH)MOd’

_ H
where H = G <<T L, on )) is the Hopf brace introduced in Theorem 3.7.
B

Proof. Note that when 7 is an isomorphism, then (idg,T~!) is a mor-

H
phism in the category of relative Rota-Baxter operators between | T | ,¢ H) and

B
H

idg | Tu® ono(TeH) ) Therefore, we can define V as the following composition

of funf:{tors: If Riqy;, 71y is the functor introduced in Theorem 3.11, then
V= R(idH,Tfl) o W,
which is defined on objects by
V(Mg Ban)) = (M, Mg, Tag o (T4 & M),y 0 (T71 @ M), idar)

and on morphisms by V(f) = (f, f). O

H
Theorem 3.17. Let (T ! ,¢H> be a relative Rota-Baxter operator in rRB*.

. B
There exists a functor

U: (T,goH)MOd — ﬁ'\/'OC'7

_ H
where H = G <<T 1 on >> is the Hopf brace introduced in Theorem 3.7, defined on
B

objects by
U((M7N7¢]\/I7<)OM7§0N57)) = (M7¢Ma¢M)7
being @, := daro(H@ (pprro(T@M)))o(dg ®M), and on morphisms by U(r, s) = r.
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Proof. Consider (M, N, ¢nr, on,¢nN,7) an object in (7,,,)Mod and let us show
that (M, ¢ar,P,,) is a module over the Hopf brace H. At first, we will see that
(M,%,,) is a left H-module. Indeed, it is straightforward to show that @,, o
(ng ® M) = idy; and also

Py o (H®Py)

= b0 (H & (61 0 (o (T @ H)) & (par o (T'® (a7 0 (T @ M)))))
c(H®cauag@HOM)o (g @H®H®M)))o (6g ®0x @ M)
(by (3.8), the condition of coalgebra morphism for T and naturality of c)

— par o (i © (par 0 (s o (T O T)) ® M) o (H @ e © H)
o(0g ®0p)) ® M) (by the module axioms for (M, ¢pr) and (M, par) and
coassociativity of 0z )

=omo(He(ppo(T@M)))o (g ®@Fy)e(H®cnn©H)
°(0n ©6m)) @ M) (by (3.1))

=Py o (g ® M) (by the condition of coalgebra morphism for iy ).

So, to conclude that U is well-defined on objects we have to see that the triple
(M, ¢rr, P ) satisfies (3.10). Note that, in this situation,

(3.13) Ty =pmo(T®M)
as we will prove in what follows:

Tar = oaro (Mg xidy) @ (par o (T ® M))) o (6 @ M) (by coassociativity of 6
and module axioms for (M, ¢pr))

=@p o (T® M) (by (2.1) and (co)unit properties).
Then, (3.10) follows by

dro (i @Ta) o (H@ ey ®M)o(6y ®H® M)

= oy o (H& (dmo((pro(T®H)) @ (pumo(T®M)))o(H®cyn M)
o(dg@H®M)))o (dg ® H® M) (by (3.13), module axioms for (M, ¢pr)
and coassociativity of dp)

=¢mo(H®(pmo(pr ®pm)o(B@cpu®@M)o((dpoT)® H® M)))
o (g ® H® M) (by naturality of ¢ and the condition of coalgebra

morphism for 7T')

=P o (H® ¢n) (by (3.8)).
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On the other hand, to show that U is well-defined on morphisms it is enough to
see that if

(ry8): (M,N,én, oM, 0n8:7) = (P,Q, 0P, 0P, 0q,0) € (., Mod,
then r: (M, %,,) — (P,$p) is a morphism of left H-modules. Indeed,
rogy =¢po(H®(ropyo(I'®M)))o (dg ® M) (by the condition of
morphism of left H-modules for f: (M, ¢nr) — (P, dp))
=pPpo(H® f) (by the condition of morphism of left B-modules for
ri (M, om) = (Pep)).
U

H
Theorem 3.18. Let (T 1 ,WH) be a relative Rota-Baxter operator in rRB* and

B
assume that T: H — B is an isomorphism. Under these hypothesis, the functor V
is a left adjoint of U.

Proof. Let (M, @}V[,ﬂif) be a module over the Hopf brace H. Moreover, let

H
(P,Q,¢p, P, pq,0) be amodule over the relative Rota-Baxter operator <T 1 ,<pH> .
B

—1 —2
We have to set a bijection M:¥ar¥a) A p g o) between

—1 2 _
HomﬁMod((M7 wMa 1/”%)3 (P7 ¢P7 SOP))
and
Hom(T,cpH)MOd((Mﬂ Ma E}Wan o (Til Y M)a@?\/l © (Til ® M)7idltl)v
(P7 Qv ¢P7 PP, PQ, 9))

On the one hand, take f: (M, @}\4,@?\4) — (P,¢p,Pp) € zMod and let us see that
(f,00 f) is a morphism in (7, Mod between (M, M,@}WfM o(T7'® M),E?w o
(T~'®@M),idy) and (P,Q, ¢p,op, pq,0). Then we have to show that f: (M,T 0
(T7t*® M)) = (P,op) and O o f: (M,E?M o(T™'® M)) — (Q, pq) are morphisms
of left B-modules, which follows by
folyo(T'@M)=d¢po(\u®(f OE?M)) o((0g oT 1) ® M) (by the condition

of morphism of left H-modules for f: (M, @}V[) — (P, ¢p))
=Tpo (T ' ® f) (by the condition of morphism of left

— —2

H-modules for f: (M,¢,,) = (P,%p))
—ppo((ToT )& f) (by (313))
=®pPo (B ® f)a
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and
fofo J?\/f o(T'@M)=00Fpo (T ' ® f) (by the condition of morphism of left
H-modules for f: (M, @?\/I) — (P, %p))
=pqo(ToT ) ® (00 f)) (by (3.9))
=pqo(B& (0o f)).

Therefore, let us define
BTN p g0 (f) = (£.00 ).
On the other hand, consider
(rys): (M, M,y Tag o (T @ M),y o (T4 @ M), idar) — (P,Q,¢p, 0P, ¢q,0)

a morphism in (7 ,,)Mod and let us prove that r is a morphism in FMod be-

tween (M, 1, 0ag) and (P,¢ép,Bp). To see this fact it is enough to compute that
r: (M, @?\4) — (P, ®p) is a morphism of left H-modules. Indeed,

Ppo(H®r)=¢po(H® (roly))o (g ® M) (by the condition of morphism
of left B-modules for 7: (M,Tp; 0 (T ® M)) — (P,¢p))
=ro J}\/[ o(H®Ty)o(6y ® M) (by the condition of morphism
of left H-modules for r: (M, E]lw) — (P, ¢p))
= 1ot (by (3.11)).

Then we define L
R —1
(M) N p o)) (rys) =1

So, (M ’E?W)A(RQ,(;) is a bijection because
—1 —2 —1 —1 —2
(((M7wM7¢M)A(P,Q,0)) o (MWMWM)A(P,Q,G)) (f)
—1 =2 —1
— ((MJZ)M»TZJM)A(P’Q’H)) (f,Hof) :'f7
and

—1 2 -1 —2 —1
(TN )0 (PTG .0) )
= (M’Eif’aif)[\(p,@,g)(r) =(r,0or)

= (r,s) (by condition (iv) of morphism in (7, )Mod).
O
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H
Definition 3.19. Suppose that (T il ,ng) is a relative Rota-Baxter operator.
B

We will define (TWH)Modiso as the full subcategory of (7, )Mod whose objects,
(M,N,or, 00, 9nN,7), satisfy that v: M — N is an isomorphism in C.

H
Theorem 3.20. Let <T lonm > be a relative Rota-Baxter operator in rRB* such
B

that T: H — B is an isomorphism. The categories (TWH)ModiSO and Mod are

equivalent.

Proof. Define the functor U’ as the restriction of U to (z,,,,)Mod™®. It is straight-
forward to show that
U oV = id_oq-

On the other hand, consider (M, N, ¢ar, s, on,7) i (7,4,) Mod'*°. We have that

(Vo U )((M,N,br, on:¢n,7))
=V((M, ¢, @0))=(M, M, ¢pr, 001, @ © (T~ @ M), idyy) (by (3.13)),

which is isomorphic to (M, N, ¢rr, oar,on, ) via (idp, 7~ 1). Indeed, to show that
(idpr,7~1) is a morphism in (7, )Mod it is enough to see that v~': (N,¢on) —

(M, %, 0 (T~! ® M)) is a morphism of left B-modules, which follows by

T ropn=7"topn o (T®y) o (T @y}
(by the fact that T" and v are isomorphisms)
=Py o (T @97 (by (3.9)).

As a consequence,
Vol ~id

(T»WH)MOdiso

which concludes the proof. O
Corollary 3.21. Suppose that H is a cocommutative Hopf brace. The category
(idH’le)Modi” is equivalent to yMod.

Proof. The proof is a direct consequence of the previous theorem taking into
account that (G o F)(H) = H, where F and G are the functors introduced in Theo-
rem 3.7. O
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4. PROJECTIONS OF RELATIVE ROTA-BAXTER OPERATORS

This section is devoted to the study of projections between relative Rota-Baxter
operators. A projection between this kind of objects involves projections of Hopf
algebras. Then, at the beginning of this section we will make a brief summary of
the basic theory linked to projections of Hopf algebras including the Yetter-Drinfeld
modules following [1], [19] and [20].

Definition 4.1. Let X be a Hopf algebra in C. We shall denote by XYD the
category of left Yetter-Dinfeld modules over X. More concretely, a triple M =
(M, o, on) is an object in YD if (M, ) is a left X-module, (M, ops) is a left
X-comodule and the identity

(4.1) (ux @ M) o (X ®@enx)o((omopm)@X)o (X ®@cexm)o(dx @ M)
=(ux Qpm)o (X ®ecx,x M) o (6x Q@ om)

holds. The morphisms in {YD are morphisms of left X-modules and left X-co-

modules.

For example, for any Hopf algebra X, (X, %, 0x = dx) and (X, px = ux, 053)
are left Yetter-Drinfeld modules over X. Also, any left X-module (M, ;) over a co-
commutative Hopf algebra X is a Yetter-Drinfeld module with the trivial left coac-
tion opr = nx ® M. Finally, the triple (M, op = ex @ M, o = nx @ M) is a left
Yetter-Drinfeld module for all Hopf algebra X.

The category XYD is strict monoidal with the usual tensor product in C, that is
to say, for M, N in §YD, M ® N is a left Yetter-Drinfeld module over X with the
tensor module and comodule structures given by

omeN = (M @ pn) o (X ®ex,m @ N)o (0x @ M @ N),
omenN = (Hx @M @ N)o (X ®cp,x @ N)o (om @ on).

If the antipode of X is an isomorphism, %YD is a braided monoidal category, where
the braiding ty, nv: M ® N =+ N ® M is given by

tun = (pn @ M) o (X ® cynv) o (o @ N).
It is immediate to see that ¢y n is natural and it is an isomorphism with inverse
tin =catnolen @M)o (A @ N @ M) o (cx'y ® M)o (N ® on).

Definition 4.2. A projection of Hopf algebras in C is a 4-tuple (X,Y, f,9),
where X, Y are Hopf algebras, and f: X — Y, g: Y — X are Hopf algebra mor-
phisms such that go f = idx.
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A morphism between projections of Hopf algebras (X,Y, f,g) and (X', Y’, f',¢)
is a pair (z,y), where z: X — X', y: Y — Y’ are Hopf algebra morphisms such that

(4.2) yof=flox, zog=goy.

With the obvious composition of morphisms we can define a category whose objects
are Hopf algebra projections and whose morphisms are morphisms of Hopf algebra
projections. We denote this category by P(Hopf).

It is obvious that there exists a functor Py, : Hopf — P(Hopf) defined on objects
by Puiv(X) = (X, X,idx,idx) and on morphisms by P(f) = (f, f).

Let (X,Y, f,g) be an object in P(Hopf). The morphism gy :=idy *(foAx og) is
idempotent and, as a consequence, there exists an object I(qy ), called the object of
coinvariants, an epimorphism py and a monomorphism 4y such that gy = iy o py
and py o iy = id,). As a consequence,

iy (Y®g)ody
I(gy) ————Y

Y®X

Y®nx

is an equalizer diagram and I(gy) is a left X-module algebra, where the algebra
structure is defined by

(4~3) Ni(gy) =Py ONYy, HMHi(gy) =Py O My © (iY by iY),

i.e., Nr(qy) is the unique morphism such that iy ony(4,) = 7y and piy(4,) is the unique
morphism such that

(4.4) iy O [if(qy) = My © (iy ®iy).

The action (g, ): X®I(qy) — I(qy) is ¥1(q,) = py opy o(f ®iy ), and then ¢4, )
is the unique morphism such that

(4.5) 1y © Vr(gy) = 0¥ o (f ®iy).
On the other hand,

pyo(Y®f)
_— >

Y ®X Y I(qy)

—_—
Y®ex

is a coequalizer diagram and, as a consequence, I(gy ) is a left X-comodule coalgebra
with

(4.6) El(gy) = EY Oly, O1(gy) = (Py @ py) 0 dy oiy
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and coaction g;(g,): I(qy) — X ® I(qy) defined by

01(qy) = (9 ® py) 0 by o iy.

In this case €74, ) is the unique morphism such that €;(,,) o py = €y, d1(qy) is the
unique morphism such that

(4.7) d1(gy) © Py = (py @ py) 0 dy,
and the coaction gy (4, ) is the unique morphism satisfying
(4.8) 01(ay) Py = (9 ®py) 0 G¥.

The algebra-coalgebra I(qy ), with the action 174, ) and the coaction g;(4, ), is
a Hopf algebra in YD with antipode

AMgy) = VI(gy) © (X @ (Py © Ay 014y)) 0 01(4y)-

Also, using that iy is an equalizer morphism and py is a coequalizer, we obtain
the following identities:

(4.9) pyopuyo(YQqy)=pyouy, (Y®qy)odyoiy =20dyoiy.
Note that iy is a coalgebra morphism if and only if
(410) <QY®Y)O(SinY :5y0iy.

If Y is cocommutative, condition (4.10) always holds. This fact was proved by
Sweedler in [23] for projections of Hopf algebras in the category of vector spaces. On
the other hand, there exist examples where iy is not a coalgebra morphism, see [5]
for the complete details. In any case, if iy is a coalgebra morphism, then we have
that I(qy) is a Hopf algebra in C because 974, is trivial.

Similarly, py is an algebra morphism if and only if

(4.11) pyopyo(gy ®Y) =py opuy.

Equivalently, py is an algebra morphism if and only if ¢;(4,) = ex ®(qy), see [1].
Therefore, if py is an algebra morphism, then we have that I(gy) is a Hopf algebra
in C because (4, is trivial.
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Finally, if (XY f, g) is in P(Hopf) and Y is cocommutative, then the morphism gy
is a coalgebra morphism. Also, under these conditions, iy is a coalgebra morphism

and the following equality
(4.12) 1y O )‘I(qy) = Ay oly

holds, see [11].
In the following definition the notion of projection between Hopf algebras is
extended in order to introduce what a projection between relative Rota-Baxter

operators is.

H A
Definition 4.3. Let | T | ,@H) and <L 1 7§0A) be relative Rota-Baxter oper-
B D
ators. We will say that a 6-tuple

H A
T \I/ y PH ) L \I/ y PA ufahagul
B D

is a projection of relative Rota-Baxter operators if
(i) the 4-tuple (H, A, f, g) is an object in P(Hopf),
(ii) the 4-tuple (B, D, h,1) is an object in P(Hopf),

H A
(iii) the pair (f,h): (T 1 ,ng) — (L l ,L/JA) is a morphism of relative Rota-
B D
Baxter operators,
A H
(iv) the pair (g,1): <L ! ,@A) — <T ! ,<pH> is a morphism of relative Rota-
D B

Baxter operators.

f
)

T‘ L
h

idp C B D
1

Figure 1. Projection of relative Rota-Baxter operators.

Projections of relative Rota-Baxter operators give rise to a category whose mor-
phisms are defined as follows: We will say that a 4-tuple (z,vy, 2,t) is a morphism
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between the projections of relative Rota-Baxter operators

H A
T \Ir y $PH ) L \l/ y PA a.fahagvl
B D
H A
— T’ \L , PH! ) r \I/ y PA 7f/ah/ag/7l/
B’ D’

if the following conditions hold:
(i) The pair (z,y): (H,A, f,g9) = (H',A’, f’,¢’) is a morphism in P(Hopf).
(ii) The pair (z,t): (B, D,h,l) — (B’, D', h',l') is a morphism in P(Hopf).
H

H/
(iii) The pair (x,2): (T 1 ,¢H> — (T’ 1 ,WH,> is a morphism in rRB.

B B’
A A’

(iv) The pair (y,t): <L ! wm) =y ,@A,) is a morphism in rRB.
D D’

This category will be denoted by P(rRB).

f
idHC H A
g

T L
h Yy
idBC B D
/ T ’
’LdH/CH z A
T

’

g t
I

!
. ’ h ’
idp B D
l/

Figure 2. Morphism of projections of relative Rota-Baxter operators.

By P(rRB*) we will denote the full subcategory of P(rRB), where the involved
relative Rota-Baxter operators are objects in rRB*. Finally, P(coc-rRB) denotes the
full subcategory of P(rRB*), where the involved objects are cocommutative relative
Rota-Baxter operators.

Let

H A
T \I/ y $PH ; L \I( y PA af7hag7l
B D
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be an object in P(coc-rRB). Due to being (H, A, f,g) and (B, D,h,l) objects
in P(Hopf) with A and D cocommutative, we know that the respective objects of coin-
variants, I(g4) and I(¢qp), are Hopf algebras in C and also the equalizers, i4 and ip,
are coalgebra morphisms. Moreover, the morphism L o i4 factors through the
equalizer ¢p because

(D®1)odpoLoi,
=(L®(loL))odsoia (by the condition of coalgebra morphism for L)
=(L®T)o(A®g)odsoia (by (3.2) for the morphism (g,1))
= ((Loiag)® (T ong)) (by the equalizer condition for i)
= (T'oia) @np (by (3.4) for T).

As a conclusion, there exists a unique Lo: I(ga) — I(gp) satisfying that
(413) iDOLOZLOiA.

By composing on the left with the epimorphism pp and taking into account that
Pp ©ip = idy(q,), We obtain that

(4.14) Lo=ppoLoiga.
Also note that there exists an action

©1(qa): 1(ap) @ I(qa) — 1(qa),

which is obtained by factorization through the equalizer i4 of the morphism @4 o
(ip ®i4). Indeed,

(A®g)odaopao(ip®ia)
=(A®g)o(pa®pa)o(D®cpa®A)o((6poip)®(daocia))
(by the condition of coalgebra morphism for ¢ 4)
=(pa®en)o(D@cpa®@H)o(D®l)odpoip)®((A®g)odaoia))
(by (3.3) for (g,1) and naturality of c)
= (pao(ip®ia)) ® ng (by equalizer condition for ip and i4, naturality

of ¢ and module axioms).
Therefore, there exists a unique ¢;(,,y: I(gp) ® I(ga) — I(qa) satisfying that

(415) iAOQOI(qA):SﬁAO(iD ®ZA)
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Then, by composing on the left with p4 and using that paoia = idy(,,), the equality

(4.16) ©r(ga) =PAO@a© (ip®ia)
holds.
ia (A@g)O5A
Iga)) ————=A____ ~A®H
| ARnH
3% Lo L
\ in (D®l)odp
Ilgp) ———D_____ _D®B
D®ngp
in (A®g)od a
1(qa) A A® H
S~ - T AR®nu
. >~ o pao(ip®ia)
Feraa T~ _

I(gp) ® I(qa)

Figure 3. The construction of Lo and ¢r(g,)-

Theorem 4.4. Let

H A
T ~lf y PH ) L ~lf y PA afah7gal
B D

be an object in P(coc-rRB). Then if Ly is the morphism defined by (4.14) and @y, )
the action introduced in (4.16), we have that

I(qa)
LO \Jr ) @I(qA) 5
I(gp)

is a relative Rota-Baxter operator.

Proof. First of all note that (/(ga),¢r(q.)) is a left I(gp)-module algebra-
coalgebra. Indeed, module axioms are straightforward thanks to (4.15) and module
axioms for (A, ). Moreover, it is direct to compute that 77, is a morphism of
left I(¢p)-modules and

1A O Pr(qa) © (I(gp) ® IU’I(QA))
= @AO(D@MA)O (iD ®iA®iA) (by (415) and (44))
=pao(pa®pa)o(DRcpa®A)o((6poip)Ria®ia) (by the condition

of morphism of left D-modules for p4)
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=pao((pac(ip®ia)) @ (pao(ip ®ia))) o (I(qp) @ Cr(gp),r(ga) © 1(qa))
0 (01(qp) ® I(qa) ® I(ga)) (by the condition of coalgebra morphism for ip

and naturality of ¢)
=140 i1(ga) © (P1(aa) D P1(qa)) © (1(4D) @ C1(gp),1(04) © 1(4))
o (§I(qD) & I(qA) & I(qA)) (by (4.15) and (4.4)),

so (I(qa),®1(q4)) is a left I(gp)-module algebra. To finish, ¢, is a coalgebra
morphism because

0r(aa) © PI(aa)
= (pa®@pa)odaopao(ip®@ia) (by (4.15))
= (pa®@pa)o(pa®@pa)o(DRcpa®A)o((6poip)® (Jacia))
(by the condition of coalgebra morphism for ¢ )
= ((pacopao(ip®ia))® (paopac(ip®ia)))
o (I(qp) ® c1(gp).1(qa) @ 1(qa)) © (O1(4p) ® O1(qa))

(by the condition of coalgebra morphism for ip and i4 and naturality of ¢)

= (P1(g4) ® P1(q)) © (L(aD) @ C1(qp).1(qa) @ 1(qa)) © (O1(¢p) ® O1(q4)) (by (4.16)),

and

€1(ga) © PI(qa)
=cp0pa0(ip®ia) (by (4.6) and (4.15))

= ((epoip)®(cacia)) (by the condition of coalgebra morphism for ¢ 4)

= €1(gp) ®E1(qa) (by (4.6)).

On the other hand, let us see that L is a coalgebra morphism. Indeed,

0r(gp) © Lo
= (pp @pp)odpoLoiy (by (4.13))
= ((ppoL)® (ppoL))odsois (by the condition of coalgebra morphism
for L)
=((ppoLoia)® (ppoLoia))odyq,) (by the condition of coalgebra

morphism for iy4)

= (Lo ® Lo) 0 01(q,) (by (4.14)).
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So, the only condition that remains to compute is (3.1), which follows from:

ip © Lo o pyga) © (1(qa) @ (01(ga) © (Lo ® 1(qa)))) © (Or(ga) ® 1(qa))

= Loigo g o (I(qa) @ (pr(ga) © (Lo @ 1(g4)))) © (O1(qa) ® I(qa))
(by (4.13))

=Lopao(ia® (iao@rg) o (Lo®1(ga)))) o (6r(ga) ® I(ga)) (by (4.4))

=Lopao(A® (pac(L®A)))o(((ia®ia)obi(g,)) ®ia)
(by (4.15) and (4.13))

=Lopso(A®(pao(L®A)))o(da® A)o(is®ia) (by the condition
of coalgebra morphism for i)

=pupo((Loia)®(Loia)) (by (3.1) for <L 2 ,¢A)

=ip O fir(gp) © (Lo ® Lo) (by (4.13) and (4.4)).

O

Corollary 4.5. Under the conditions of the previous theorem, the pair (ia,ip)
is a morphism of relative Rota-Baxter operators between (Lo I(iA) PI(q A>> and
<Lf7<PA)' I(qp)

D
Proof. By (4.13), (3.2) holds and (3.3) follows by (4.15). O

Example 4.6. In [13], Goncharov proved that if X is a cocommutative Hopf
algebra, then

X
)\X \I/ ) ‘ng
X

is a relative Rota-Baxter operator. So, if H and A are cocommutative Hopf algebras
and (H, A, f,g) € P(Hopf), then

H A

AH i« 7()0%1 ; /\A \L a‘ﬂi}d 7f7f7gag
H A

is a projection of relative Rota-Baxter operators. As a consequence, by Theorem 4.4,
I(qa)

there exists a relative Rota-Baxter operator, (Lo L era ) , where Lo and @74 ,)
I(qa)

satisfy (4.14) and (4.16), respectively. Note that, due to A being cocommutative,

by (4.12),
LO :pAO)\AOiA = /\](qA).
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I(qa)
Then we obtain that (x\z(qA) RIICTY ) is a relative Rota-Baxter operator, where
I(ga)

Pr(qa) =Pa O 0 (ia ®ia).

i S
I(qa) ———=A__ " H_)
f
LO:AI(‘IA)\L lh\ l)\H
. ) L

Iga) —>——=A_____"H_)
f

Figure 4. Ap(,,) is a relative Rota-Baxter operator.

Corollary 4.7. There exists a functor
P: P(coc-rRB) — coc-rRB

acting on objects by

H A I(qa)
P T i« y PH ) L \L ) PA 7f7hag7l = Ly \lf y PI(ga)
B D I(qp)

and on morphisms by P((x,y, z,t)) = (yo, o), whereyo: I(qa) — I(qa-) is the unique
morphism satisfying that ixr oyo = yoia and to: I(¢p) — I(¢p’) is the unique mor-
phism such that ip otg =toip.

Proof. Functor P is well-defined on objects thanks to Theorem 4.4. Consider
(2,9, 2z,t) a morphism in P(coc-rRB) between

H A
T \I/ y PH ; L \I/ y PA af7hag7l
B D
and
H' A
T’ l/ y PH’ y L Jr ) A 7fl7hl7gl7l/
B’ D’

On the one hand, note that y oi4 factors through the equalizer 74/. Indeed,

(A ®@g)odaoyoin
y® (g’ oy))odaoia (by the condition of coalgebra morphism for y)

yR(xog))odaoia (by (4.2) for (x,y))
yoia)® (zomny) (by the equalizer condition for i4)

= (
= (
= (
= (yoia)®nu (by the condition of algebra morphism for x).
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Therefore, there exists a unique yo: I(ga) — I(qar) satisfying that
(4.17) 1A/ 0Yg=1YOina.

As a consequence, if we compose on the left with p 4., then the following equality is
obtained:

(418) Yo :pA/OinA.

Note also that yo is a Hopf algebra morphism. On the one side, it is an algebra
morphism because

P47 O Y0 O Nr(qs) =Y O 1A O Ni(qa) (bY (417))
=yona (by the equality ia o n7g,) = 14a)
=14 (by the condition of algebra morphism for y)
=ias 011(q,,) (by the equality 74/ 0 ny(q,,) = 1a)

and also

147 O Yo O HI(qa)
=yoiac g (by (417)) =yopac(ia@ia) (by (4.4))
=pa o((yoia)® (yoia)) (by the condition of algebra morphism for y)
= prar o (iar ®iar) o (Yo @ yo) (by (4.17)) =iar o prq,,) © (Yo @ yo) (by (4.4)).

On the other side, e7(q,,) © Yo = €1(q,) follows by (4.17) and the fact that y
preserves the counit and

6I(qA/) © Yo
= (pA/ ®pA/) 00y 0 Yo A (by (417))
= (pa @pa)o(y®y)odsois (by the condition of coalgebra morphism for y)
= (Yo ® yo) © d1(q,) (by the condition of coalgebra morphism for i4 and (4.18)),
SO Yo is a coalgebra morphism too. Analogously, it is easy to prove that toip factors

through the equalizer ip/, and then there exists a unique to: I(gp) — I(gps) such
that the equalities

(4.19) iprotg=toip,
(420) tO = pPD OtO’L.D

hold and tg is a Hopf algebra morphism.
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Thus, to conclude the proof it is enough to see that the pair (yo,%o) satisfies

conditions (3.2) and (3.3). At first, (3.2) follows by

iproLyoyy=Loiaoyy (by (4.13)) =L oyoiy (by (4.17))
=toLoiy (by (3.2) for (y,t)) =toipo Ly (by (4.13))

= iD’ @) to o LO (by (419))

In addition, (3.3) is a consequence of

470 Y0 © Pr(qa) = YO ia 0 Pr(qa) (bY (417)) =yopao (ip ®ia) (by (4.15))

= a0 ((toip)® (yoia)) (by (3.3) for (y,1))

= par 0 (ipr ©iar) o (to @ yo) (by (4.17) and (4.19))

=14 0914, © (to ® yo) (by (4.15)).

Then P is also well-defined on morphisms.

ia (A®g)05A
I(qa) ———— A Ao H
I A®nH
| 3%y Y
\ ’ i l (A'®g')06 41
I(qa) ———— A’ A ®H
A/®’I]H/
- (D®l)odp
3
I(4qp) D _D®B
I D®np
13%¢ t
v i J, (D' @1 )08 s
I(qp/) ———— D’ _D'®B
D’®773/

Figure 5. The construction of yg and to.

0

In what follows we recall the notion of projection of Hopf braces introduced in [11].

Definition 4.8. A projection of Hopf braces in C is a 4-tuple (H,D,z,y),

where H, D are Hopf braces in C, z: H — D, y: D — H are morphisms of Hopf

braces in C and the equality y o z = idy holds.

A morphism between two projections of Hopf braces (H, D, z,y) and (H', D/, 2’,y")

is a pair (z,t), where z: H — H’, ¢t: D — D’ are morphisms in HBr and the following

equalities hold:
4.21 2oz=tox "ot=1z01.
y Y Yy
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With these morphisms and the previous objects we can define the category of pro-
jections of Hopf braces. We will denote this category by P(HBr). With P(coc-HBr)
we will denote the category of projections between cocommutative Hopf braces.

Remark 4.9. Following [11], if (H, D, x,y) is a projection of Hopf braces in C,
then we have two projections of Hopf algebras (Hy, D1, z,y) and (Ha, D2, x,y). Then
with ¢}, and ¢% we will denote the associated idempotent morphisms. Note that if
qh =i} opl and ¢ = i2, o p%, with p}, 0 i}, = idl(qb) and p% 0% = idl(q%), we
have that

i,B (D®y)odp
lah) —"—>D___ZDen
NH

is an equalizer diagram for k € {1,2} and, as a consequence, we can assume that
ip =1ip =ip and I(qp) = I(¢%) = I(gp). Then p}, 0ip = idy(g,) = p} © ip holds.

Just as there exists an adjunction between the category of relative Rota-Baxter
operators, rRB*, and the category of cocommutative Hopf braces, coc-HBr (see The-
orem 3.7), it seems reasonable to ask whether this adjunction carries over to their
respective projection categories.

Theorem 4.10. There exists a functor
Q: P(coc-HBr) — P(rRB*)
acting on objects by Q((H,D,z,y)) = (F(H),F(B),x,x,y,y) and on morphisms by
Q((z,t)) = (2,t,2,t), where F denotes the functor introduced in Theorem 3.7.

Proof. It follows by the fact that functor F: coc-HBr — rRB* introduced in
Theorem 3.7 is well-defined. t

Remark 4.11. Note that the image of Q is in P(coc-rRB). Then if I*:
P(coc-rRB) — P(rRB*) denotes the inclusion functor, we have that Q = I* o Q’,
where

Q’: P(coc-HBr) — P(coc-rRB)
is the functor defined as Q.

Theorem 4.12. There exists a functor

R: P(rRB*) — P(coc-HBr)
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acting on objects by

H
R T \L , PH y L xl/ y PA 7f7hag7l
B D

H A
GIlT 4 ,eml|,.GI|L 4 ,val,fi9]],
B D

where G denotes the functor introduced in Theorem 3.7, and on morphisms by

R((2,y,2,1)) = (z,y).

Proof. The proof is straightforward taking into account that functor G:
rRB* — coc-HBr is well-defined, as it is possible to consult in Theorem 3.7

O
Theorem 4.13. The functor Q is a left adjoint of functor R.
Proof. We have to show that there exists a bijection (Hﬂ’m’y)Z(T’L,f’g,h,l) be-
tween

X A
HomP(rRB*) Q((H7 D,m,y)), r |, X 1 L | YA afahagvl

B Y

H1 Dl

= HomP(rRB*) idy \L ) 1—‘H1 ;| idp \J/ ’ FDl YT, T, Y, Y |
H2 D2
X A
T J/ y PX ) L J/ )y PA >f7h7.g7l

B Y

and

X A
HomP(coc-HBr) (l]-l],[l]),x,y),R T L \L ) PA afv h,g,l
B Y

= HomP(COC—HBF)(([H]7 [Da z, y ’ (X K g

At first, counsider (a,b,c,d) a morphism of relative Rota-Baxter projections be-
tween

H1 Dl
ZdH \I/ 5 FHl 5 ZdD \I/ 3 I“D1 T, T,Y,Y
H2 D2
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and

X A
T \I/ y PX ) L \J/ y PA afahagvl
B Y

and let us show that (a,b) is a morphism in P(coc-HBr) between (H,D,z,y)
and (X,A, f,g). Indeed, we only need to show that a, b are multiplicative mor-
phisms. Then, on the one hand,

fix o (a®a)

=puxo(a®(pxo((Toa)®a)))o(dy @ H) (by the condition of coalgebra
morphism for a)

— px 0 (08 (px o (c® a))) o (6 © H) (by (3.2) for (a,0))

=pxo(a® (aoly,))o(dg ® H) (by (3.3) for (a,c))

=aopjo(H®Ty,)o(6g ® H) (by the condition of algebra morphism
fora: Hy — X)

= ao iy (by (3.6)),

and, on the other hand, 7i 4 o (b®b) = bo 2, following the same arguments as before.
Then we define
2N 1 1 g gn (a,b,e,d) = (a,b).

Now, let (z,¢) be a morphism of projections of Hopf braces between (H, D, z,y)
and (X, A, f,g). Then let us prove that (z,¢,T 0z, Lot) is a morphism of projections
of relative Rota-Baxter operators between

Hl Dl
ZdH \I/ 7FH1 5 ZdD \l/ 7FD1 L, T,Y,Y
H2 D2
and
X A
T \I/ y PX 5 L \L y PA af7h7g7l
B Y

By hypothesis, (z,t): (Hy,D1,z,y) — (X, A, f,g) is a morphism of projections
of Hopf algebras. On the other hand, (T' o z,Lot): (Ha, Dy, x,y) — (B,Y,h,l) is
a morphism of projections of Hopf algebras too. That is due to the fact that T o z
and L ot are Hopf algebra morphisms, which follows by

ppo((Toz)@(Toz))
=Tonyxo(z®z) (by (3.1) for T)
=T oz o u% (by the condition of algebra morphism for z: Hy — X)
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and

py o (Lot) @ (Lot)
=Lofigo(t®t) (by (3.1) for L)
= Lotopu? (by the condition of algebra morphism for t: Dy — A),

and also we have that

hoToz=Lo foz (by (3.2) for (f,h)) = Lotox (by (4.2) for (z,1)),
and

loLot=Togot (by (3.2) for (g9,1)) =T o zoy (by (4.2) for (z,t)).

Note also that (z,T o z) is a morphism of relative Rota-Baxter operators between

H, X
(idH ! ,FH1> and (T 1 ,@X) because (3.2) follows directly and
Hs B

zoly, =pxo((zoA) @ (z0u%)) o (6g @ H) (by the condition of algebra
morphism for z: H; — X)
=puxo(Ax®0yx)o(((®2)0dy) ®z) (by (2.2) and the condition of
algebra morphism for z: Hy — X)
= px o ((Ax #idx) ® (px o (T ® X))) o (6x ® X) o (2 ® 2) (by the
condition of coalgebra morphism for z, the associativity of ux and
coassociativity of dx)
=pxo((Toz)®z) (by (2.1) and the (co)unit property).
Following the same arguments, we can also show that (¢, L ot) is a morphism of

D, A
relative Rota-Baxter operators between (idD 1 ,Tp, ) and (L 1o A) so we define
D> Y

((H’D’I’y)E(T’L,f7h7g,l))71(2, t) = (z,t,T oz Lot).
Therefore, it only remains to prove that
WL pgny  and  (CPEITq pon )7t
define a bijection. Indeed,

T -1 T
(208 p pgnn) T 0 IV f o) (a,b,e,d)
- ~1
= ((H’D’ ’y)E(T,L,f,g,h,l)) (a,b) = (a,b,Toa, L ob)
= (CL, b7 & d)
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because T oa = ¢ and Lo b= d by (3.2) for (a,c) and (b,d), and also

T T -1
((H’D’ ’y)Z(T,L,f,g,h,l) ° ((H’D’ ’y)E(T,L,f,g,hJ)) )(z:1)
— (H’D’I’y)E(T,L,f,g,h,l)(Z? t,Toz Lot)=z,t).

O
The following result, proved in [11], asserts that every projection of cocommutative
Hopf braces give rise to a new Hopf brace in C.

Theorem 4.14. If (H,D, z,y) € P(coc-HBr), then

l{gp) = (I(‘ID)’m(qp)7”}(qo)’”%(qnﬁsf(QD)’aI(QD)’ /\}(QD)’ )\%(QD))

is a Hopf brace in C, where

(4.22) M(qp) = Pb © D = Ph © N,

(4.23) Hi(gm) =P © tip © (ip ®ip) = ph o pp o (ip ®ip),
(4.24) I3(qp) = PD © 1p © (ip ® ip) = pp o pp o (ip ®ip),
(4.25) €1(qp) = ED ©iD;

(4.26) S1(ap) = (Pp @ pp) 0 6p 0ip = (p) © ph) 0 dp oip,
(4.27) A(gp) = PD © Ap 0D,

(4.28)

A%(qo) =phoA,oip.

Corollary 4.15. There exists a functor
P’: P(coc-HBr) — coc-HBr
acting on objects by P'((H,D,z,y)) = l(¢p) and on morphism by P’'((z,t)) = to,
where to: I(qp) — I(gp-) is the unique morphism verifying that ip otg =t oip.

Proof. Thanks to the previous theorem, functor P’ is well-defined on objects.
Let us show that it is well-defined on morphisms too. Take (z,t): (H,D,z,y) —
(H’, D', 2’,y") a morphism of projections of Hopf braces and note that ¢ o ip factors
through the equalizer ip/:

(D'®y')odprotoip

(t® (y' ot))odpoip (by the condition of coalgebra morphism for t)
(t®(zo0y))odpoip (by (4.21))
(
(

toip)® (zong) (by the equalizer condition for ip)

toip)®ny (by the condition of algebra morphism for z).
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Therefore, there exists a unique to: I(gp) — I(gp/) such that
(4.29) tprotg=toip,
which implies that
(4.30) to =ph otoip =p3 otoip.

i (D®y)odp
Ilgp)———D_____ _D®H

I D®nu
| 3° to t

Y ipr (D'®y")obp
Ilqp) ———— D’

D' o H'

D/®T]HI
Figure 6. The construction of tg.
Then, to conclude, it is enough to show that to: [(¢p) — [(gps) is a morphism of

Hopf braces. The condition of coalgebra morphism for ¢, follows by
0r(qpr)© to

= (phy @ ph/)odp otoip (by (4.29))

= ((phy ot) @ (phy ot)) 0 dp oip (by the condition of coalgebra morphism for )

= (to @ to) 0 d1(qp) (by the condition of coalgebra morphism for ip and (4.30)),

and also ¢y is an algebra morphism between I(¢p)r and I(gp )y for all kK = 1,2
because

. k

ipr © 1o © fy(qp)

—toipo by (by (429)) = to b o (ip @ip) (by (44))

=y o((toip)® (toip)) (by the condition of morphism of Hopf braces for )

= ppr o (i @ipr) o (to ® to) (by (4.29))

= ip © Hj(g,,) © (to ® to) (by (4.4)).

Theorem 4.16. The diagram of functors

P(coc-rRB) L S (coc-HBr)

ip \LP/
G
coc-tRB ——— = coc-HBr

where R’ is the restriction of the functor R: P(rRB*) — P(coc-HBr), introduced in
Theorem 4.12, to the subcategory P(coc-rRB), is commutative.
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Proof. We only detail that the previous diagram is commutative on objects
because the commutativity on morphisms is straightforward. Let

H, A
T \I/ y PH ) L \L y PA 7f7h7g7l
B D

be a projection of cocommutative relative Rota-Baxter operators. Therefore, we
have to show that the Hopf brace

I(qa)
G LO \l/ ) Sol(qA)
I(gp)

=0(qa) = (1(qa); M1(qa) 11(ga)s Fr(ga) E1(aa)> O1(ga)> M(ga)s M(ga))»

where 07(q.), B1(ga)> €1(qa)s O1(ga) @0d Af(q,) are the usual ones, while
(4.31) Tip(qa) = Hr(ga) © (1(qa) ® (€1(ga) © (Lo ® 1(ga)))) © (01(qa) ® I(qa)),
(4:32) Ar(ga) = #1(a4) © (A1ap) © Lo) @ Ar(ga)) © O1(g.):
is the same as the Hopf brace
P/(m7 Ka fa g) = H(QX) = (I(QA)v n[(qx)a M}(qﬁ)’ M?(qj)v 6I(qx)a 6I(qj)7 A}(qﬁ)’ A?(QK)L
where Nr(e) = Nr(qa)r Piqy = HMiaa)r Ellep) = El(aa) Oftep) = Oiqa) and
/\}(QZ) =A I(a5) while ,u%(qx) is the unique product satisfying that
(4.33) ig0 /’l’?(qK) =TJipo(ia®ia)

and )\ﬁ(qi) is the unique morphism which verifies that
A

’iA o) )\%(qj) = XA o iA.

Thus, to conclude the proof it is enough to show that iy, = ,u%(qx) which implies
that Xl(q ) = ’\%(q;) due to the uniqueness of the antipode for a bialgebra structure.
Indeed,

ia0 Pr(qa)
=pa o (ia® (ia 0 r(ga) © (Lo ®1(qa)))) © (Or(qa) ® I(qa)) (by (4.4))
— a0 (ia® (pa 0 ((ip 0 Lo) ©14)) © (Or(gn) @ I(1)) (by (4.15))
=pac(ia®(pao(L®A)))o(((ia®ia)odrg,)) ®ia) (by (4.13))
=Ti 0 (ia ®ia) (by the condition of coalgebra morphism for i4)

=40 M%(qj) (by (4.33)).

As a conclusion, due to the fact that i4 is a monomorphism, Fr(ga) = ui(%). O
A
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Theorem 4.17. The diagram of functors

P(coc-HBr) Y P(coc-rRB)

|

coc-HBr coc-rRB

is commutative.

Proof. Let (H,D,z,y) € P(coc-HBr). We have to show that the relative Rota-
Baxter operator

(PoQ)((H, D, z,y))

Hy D,
=P dg 4 ,Tw, |,|idp 4 ,Tp, |,2,2,9,9
H Dy
I(qp)
= idl(QD) 4 » PI(gp) | >
I(qp)

where ¢j(4,,) is the unique action satisfying that
(4.34) iD ©¥r1(qp) =I'py © (ip ®ip),

is the same as the relative Rota-Baxter operator

I(gp)
(F ° Pl)((Ha D,x,y)) = F(H(QD)) = Z-dI(QD) i ) FI(qD)l
I(gp)2

To finish the proof it is enough to see that ¢4,y = I'7(qp),, Which follows by (4.34),
by the equality ip oI';(,), = I'p, o (ip ® ip) and by the fact that ip is a monomor-
phism. O

To finish the article we will introduce the notion of strong projection of relative
Rota-Baxter operators in order to prove that any such projection gives rise to a mod-
ule in the sense of Definition 3.8 in a cocommutative setting.

Definition 4.18. A projection of relative Rota-Baxter operators

H A
T \I/ y PH ; L \I( y PA af7h7g7l
B D

Online first 45



is said to be strong when the following conditions hold:

(4.35) paopa=paopao(D®qa),
(4.36) 2o (f@ia)=pao(figa®Aa)o(A®caa)o((6a0f)@ia),

where A is the Hopf algebra introduced in Theorem 3.7.

Strong projections of relative Rota-Baxter operators constitute a full subcategory
of P(rRB), which we will denote by SP(rRB). When the relative Rota-Baxter op-
erators involved in the strong projection are cocommutative, they constitute a full
subcategory of SP(rRB) denoted by SP(coc-rRB).

Theorem 4.19. If
H A
T \I/ y PH ; L \I/ y PA ufah>gul
B D

is an object in SP(coc-rRB), then

(I(qa), 1(aD), Y1(qa)s P1(an)s Y1(an)s Lo)

H

is a module over the relative Rota-Baxter operator | T | ,eu ) , where Lg: 1(qa) —
B

I(gp) is the morphism defined by (4.13) and the actions are defined as follows:

Vr(ga) = PAkAC(f®ia), ©Pr1(qa) = Paopac(h®ia), Y1) = ppopco(h®ip).

Proof. By the general theory of Hopf algebra projections, it is well-known that
(I(ga),%1(qs)) is a left H-module and (I(qp),%1(qp)) is a left B-module. Let us
show that (I(qa),®r(q,)) is also a left B-module. Indeed, on the one hand, it is
straightforward to compute that ¢4, o (nB ® I(ga)) = id(q,) and, on the other
hand, we have that

P1(g4) © (B® @r1(g4))
=pacpac(h®(qaopac(h®ia))) (by ga =iaocpa)
=paopao(h®(pao(h®ia))) (by (4.35))
=paocpao((upo(h®h))®ia) (by module axioms for (A4, p4))
= @1(g4) © (B ® I(qa)) (by the condition of algebra morphism for h).
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To conclude the proof it only remains us to show that (3.8) and (3.9) hold. At
first, we have that
P1(ga) © (PH @ P1(qa)) © (B @ B @ 1(qa)) 0 (05 ® H © I(qa))
=pacpac((forn)®(paoc(h®ia)))o(B&cpu®@I(qa))
o (6p ® H®I(qa)) (by (4.9))
=paopaoc(pa®pa)o(D®cpa®@A)o((h®@h)odp)® f®ia)
(by (3.3) for (f, 7))
=pacpac(pa®pa)o(DRcpa®@A)o(lp@ARA)o(h® f®Ria)
(by the condition of coalgebra morphism for h)
=pacpaoc(h® (uao(f@ia)))
(by the condition of morphism of left D-modules for p4)
= Qr(qa) ® (B®VU1(gs)) (by (4.35)),
which implies that (3.8) holds. Let us define
K :ZLow%io(f@iA).
On the one side, it is obtained that

ip ° Yr(gp) © (I'® Lo)
=5 o ((hoT)® (ip o Lo)) (by (4.5))
=lo((Lof)® (Loia)) (by (4.13) and (3.2) for (f,h))
= x (by the condition of Hopf algebra morphism for L: A — D),

and, on the other side,

ip o Lootrga) o (H® (¢r(gq) 0 (T'®1(qa)))) o (6m ®1(ga))

=Loqaopuao(AQpa)o(((f@(hoT))ody)®ia) (by (4.9) and (4.13))
=Lopao(ua® (forgogopua))o(A®caa®A)o((da0f)

B(((pac(L®A)@(pac(LeA)))o(A®can®A)o((dacf)®@(0acia))))

o (dg ®1(ga)) (by (3.2) for (f, h) and the condition of coalgebra

morphism for pa, pa and L)
=Lopao(pa®(forgopm))o(A®cya®@H)o(((f®H)odn)

® (((pae((Lof)®A) @ (puo((loLof)®H))

o(H®cma®@H)o (6n®(A®g)odaocia))))e(0n ®1(qa))

(by the condition of algebra morphism for g, (3.3) for (g,!), naturality of c,

the condition of coalgebra morphism for f and go f = idy)
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=Lopgo(ua®(folu))o(ARcuH.a)
o (f ® H) 0 61) ® (pa o (Lo ) ®ia))) o (5 ® I(ga)) (by the equalizer
condition for i 4, the fact that ny is a morphism of left B-modules and
(co)unit properties)
=Lopao(ia®Aa)o(A®caa)o(ba®A)o(f®ia) (by (2:2), the
condition of coalgebra morphism for f, naturality of ¢ and

cocommutativity of §4)

= r (by (4.36)),

which implies that (3.9) holds and the proof is concluded due to the fact that ip is

a monomorphism. O
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