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Abstract A rescaling of the SU(2) isospin triangles constraining φ2 (α) that relies on measurements of the experimentally cleaner
relative branching fractions, as opposed to those absolute, is proposed. Paving the way towards more systematically sustainable
analysis, this method promises to eliminate a dominant systematic at Belle II amongst others, namely the uncertainty on the number
of B B̄ pairs in data. Furthermore, a φ2 constraint in the B → ρρ system at LHCb that is more independent of Belle II input is shown
to become viable even without a measurement of CP violation in B0 → ρ+ρ−.

1 Introduction

Violation of the combined charge-parity symmetry (CP violation) in the Standard Model (SM) arises from a single irreducible
phase in the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing matrix [1, 2]. Various processes offer different yet complementary
insight into this phase, which manifests in a number of experimental observables over-constraining the Unitarity Triangle (UT).
The measurement of such parameters and their subsequent combination is important as New Physics (NP) contributions can present
themselves as an inconsistency within the triangle paradigm.

Decays that proceed predominantly through the b → uud tree transition (Fig. 1a) in the presence of B0–B0 mixing are sensitive
to the interior angle of the UT, φ2 � α ≡ arg(−VtdV ∗

tb)/(VudV ∗
ub), which can be accessed through mixing-induced CP viola-

tion observables measured from time-dependent, flavour-tagged analyses. This quark process manifests itself in multiple systems,
including B → ππ [3–9], (ρπ)0 [10–12], ρρ [13–19] and a±

1 π∓ [20–22], where the angle φ2 has so far been constrained with an
overall uncertainty of around 4◦ [23–26]. With the dubious honour of being the least known input to the UT now falling to φ2, there
has never been better motivation to improve its experimental precision.

One significant limitation hindering this endeavour is the presence of dominant irreducible systematic uncertainties plaguing
absolute branching fraction measurements of the decay processes involved during the procedure to remove bias induced by amplitudes
competing with the primary tree diagram. In consequence, current procedure would negate the vast improvement in statistical
precision expected over the coming years at Belle II as an undesirable side effect. Furthermore, LHCb inherits the total uncertainties
on normalising branching fractions from Belle II as their baseline, rendering their φ2 programme noncompetitive from the onset.
Through a reexamination of the isospin triangle relations that constrain φ2, this paper demonstrates how to eliminate this issue from
consideration.

I open in Sect. 2, with a description of the SU(2)-based approach for controlling distortions in experimental φ2 measurements
arising from the ever-present strong-loop gluonic penguin processes. Following this, I introduce in Sect. 3 a rescaling of the isospin
triangle argument, improving overall experimental precision in φ2 and relieving LHCb of their dependency on Belle II. The impact
of this modification at Belle II is studied for the B → ππ system, then for the B → ρρ system at LHCb before finally, conclusions
are drawn in Sect. 4.

2 Strong-penguin containment in φ2 constraints

In general, the extraction of φ2 is complicated by the presence of interfering amplitudes that distort the experimentally determined
value of φ2 from its SM expectation and would mask any NP phase if not accounted for. These effects primarily include b → duu
strong-loop decays (Fig. 1b), although isospin-violating processes such as electroweak penguins, π0–η–η′ mixing, ρ0–ω–φ mixing
[27], the finite ρ width in B → ρρ [28] and neglected systematic correlations arising from the ρ pole parameters [29] can also play
a role.
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Fig. 1 Leading-order Feynman
diagrams shown producing
B0 → π+π− decays, though the
same quark transition can also
produce B0 → ρ±π∓, ρ+ρ− and
a±

1 π∓. a Depicts the dominant
(tree) diagram while b shows the
competing loop (penguin)
diagram. In the penguin diagram,
the subscript x in Vxb refers to the
flavour of the intermediate-state
quark (x � u, c, t)
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Fig. 2 Complex isospin amplitude
triangles from which Δφ±

2 can be
determined
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2.1 Original SU(2) approach

It is possible to remove the isospin-conserving component of this contamination by invoking SU(2) arguments. The original method
considers the three possible charge configurations of B → ππ decays [30]. Bose-Einstein statistics rules out a total isospin I � 1
contribution, leaving just the I � 0, 2 amplitudes remaining. Strong penguins then only have the possibility to contribute an I � 0
amplitude, since the mediating gluon is an isospin singlet. However, in the specific case of B+ → π+π0, the further limiting
projection I3 � 1 additionally rules out I � 0, thereby forbidding strong penguin contributions to this channel.

The complex B → ππ and B̄ → ππ decay amplitudes obey the isospin relations

A+0 � 1√
2
A+− + A00, Ā+0 � 1√

2
Ā+− + Ā00, (1)

respectively, where the superscripts refer to the combination of pion charges. The decay amplitudes can be represented as triangles
in the complex plane as shown in Fig. 2. As B+ → π+π0 is a pure tree mode, its amplitude in isospin space is identical to that
of its CP-conjugate and so these triangles lose their relative orientation to share the same base, A+0 � Ā+0, allowing the shift in
φ2 caused by strong penguin contributions Δφ±

2 ≡ φ±
2 − φ2, to be determined from the phase difference between Ā+− and A+−.

These amplitudes can be constrained by seven mostly independent physical observables for a twofold discrete ambiguity in the
range [0, 180]◦, which are related to the decay amplitudes as

1

τ
i+ j
B

Bi j �| Āi j |2+|Ai j |2
2

,

Ai j
CP �| Āi j |2−|Ai j |2

| Āi j |2+|Ai j |2 ,

S i j
CP � 2
( Āi j Ai j∗)

| Āi j |2+|Ai j |2 , (2)

where B, ACP and SCP are the branching fractions, CP violation in the decay and mixing-induced CP violation parameters,
respectively. The mixing-induced CP-violating parameter implicitly assumes the mixing phase is absorbed into the decay amplitude
and that there is no CP violation in mixing, |q/p|� 1. The superscript ij, represents the charge configuration of the final state pions
and τ

i+ j
B is the lifetime of the B+ (i + j � 1) or B0 (i + j � 0). Naturally for B+ → π+π0, CP violation in the decay is forbidden
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by the isospin argument and mixing-induced CP violation is not defined. The ambiguity in φ2 is also increased to eightfold if S00
CP

of the colour-suppressed channel is not measured as is currently the case for B → ππ decays. This approach can also be applied
to the B → ρρ system analogously, substituting the ρ meson in place of each pion.

2.2 Next-generation approach

However, the B → ρρ system presents a greater theoretical and experimental challenge over B → ππ . It has already been
pointed out that isospin-breaking (I � 1) ρ-width effects can be controlled by reducing the ρ analysis window of B0 → ρ+ρ− and
B+ → ρ+ρ0 according to the method outlined in Ref. [31]. An open question to be studied is the extent to which this is systematically
feasible in the presence of interfering and non-interfering backgrounds.

I espouse an alternate viewpoint in which the possibility to exploit the multi-body final state through directly modelling the
structure of ρ0–ω mixing and I � 1 finite ρ-width effects is acquired in exchange for greater analysis complexity. To that end, I have
already outlined the amplitude analysis framework by which this can be achieved, replacing the measured CP-violation observables
from Eq. 2 by

|λi jCP |�
∣
∣
∣
∣

Āi j

Ai j

∣
∣
∣
∣
, φ

i j
2 � arg( Āi j Ai j∗)

2
, (3)

where λ
i j
CP is a CP-violation parameter and φ

i j
2 is its effective weak phase. As these quantities are now related to the isospin triangles

at amplitude level, the solution degeneracy in φ2 for the range [0, 180]◦ is resolved [32] and as an added incentive, the eightfold
solution degeneracy in B0 → a±

1 π∓ can also be lifted for the same range in the SU(3) approach with the added possibility to directly
constrain non-factorisable symmetry-breaking effects [33].

2.3 Statistical method

In this paper, I employ the frequentist approach adopted by the CKMfitter Group [24] where a χ2 is constructed comparing theoretical
forms for physical observables expressed in terms of parameters of interest, μ, with their experimentally measured values, x. The
most general form,

χ2 ≡ (x − μ)TΣ−1(x − μ), (4)

is necessary here, where Σ is total covariance matrix composed of the statistical and systematic covariance matrices as Σ ≡
ΣStat + ΣSyst. The statistical covariance matrix comes directly from the function minimisation procedure during the nominal fit
to a sample, while the systematic covariance matrix is manually derived. Parameter variations are generated according to their
uncertainties and the fit is repeated for each set of variations. Over N fits, the covariance between a pair of physical observables is
given by

Σx,y ≡
N

∑

i�1

(xi − x̄)(yi − ȳ)

N
, (5)

where the barred quantities representing the means are obtained from the nominal fit.
A scan is then performed, minimising the χ2 to determine μ for each value of φ2 fixed across a range. The value of Δχ2 from

the global minimum is finally converted into a p-value scan, assuming it is distributed with one degree of freedom, from which
confidence intervals can be derived.

3 Rescaled isospin triangles

In the current paradigm, absolute branching fractions provide knowledge on the base length of the isospin triangles to constrain
Δφ±

2 , which could be considered a nuisance parameter for the purpose of measuring φ2 and in subsequent fits of the CKM matrix.
As only two independent parameters are required to constrain a triangle, a rescaling to share a base length of unity is envisioned
as shown in Fig. 3, reminiscent of the treatment of the UT. This reduces the number of required observables also by one and the
experimentally cleaner ratio of branching fractions may instead be used in the constraint. While theoretical uncertainties arising from
isospin-breaking effects should not be adversely impacted through the constraint of amplitude ratios, the question if any significant
improvements are possible through this approach is left to the theoretical community.

Once again following the parametrisation from the CKMfitter Group, the isospin triangle amplitudes may be conveniently
composed as

A+0 � μei(Δ−φ2), Ā+0 � μei(Δ+φ2),

A+− � μa, Ā+− � μāe2iφ±
2 , (6)
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Fig. 3 Rescaled complex isospin
amplitude triangles from which
Δφ±

2 can be determined
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Table 1 Projections for B → ππ

physics observables with 50 ab−1

adapted from Ref. [36] where the
first uncertainty is statistical and
the second is systematic

Parameter Belle II projection

B+−/B+0 0.860 ± 0.005 ± 0.004

B00/B+0 0.224 ± 0.005 ± 0.001

A+−
CP +0.33 ± 0.01 ± 0.03

S+−
CP −0.64 ± 0.01 ± 0.01

A00
CP +0.14 ± 0.03 ± 0.01

where μ is now fixed to unity and only a, ā, Δ and φ±
2 are free parameters of the model. To constrain these parameters, the two

necessary experimental observables related to the branching fractions become B+−/B+0 and B00/B+0, constructed as

τB+Bi j

τB0B+0 � | Āi j |2+|Ai j |2
| Ā+0|2+|A+0|2 , (7)

while the measured CP-violating parameters remain as per their usual construction given in Eqs. 2 or 3.

3.1 B → ππ at Belle II

An immediate benefit at Belle II would be the elimination of an otherwise irreducible systematic uncertainty related to the number
of BB pairs produced at e+e− machines operating at the Υ (4S) resonance, NBB , which was found to exceed 1% at both BaBar and
Belle. This quantity enters the absolute branching fraction calculations in B → ππ decays through

Bi j � Ni j

εi j NBB
, (8)

where Ni j is the extracted signal yield and εi j is the reconstruction efficiency of that mode. As an aside, although equal production
of B+ B− and B0 B0 pairs is implicitly assumed here for simplicity, this will need to be evaluated at Belle II without bias [34] as
the current uncertainties on their rates [35] would otherwise constitute the dominant systematic instead of those arising from NBB .

To illustrate the potential improvement through the measurement of relative branching fractions, I repeat the φ2 projection for
50 ab−1 at Belle II, comparing with the current approach based on absolute branching fractions and the enhanced approach of Ref.
[29], where systematic correlations in NBB are taken into account. Input is borrowed from Ref. [36] and manipulated to instead
provide a projection on the ratio of branching fractions as given in Table 1. To facilitate a fair comparison between all 3 approaches,
it will be assumed that the systematic uncertainty is wholly due to the uncertainty in NBB . This means that in the rescaled approach,
the systematic uncertainty now derives from the statistical uncertainty of B+0, also requiring both ratios of branching fractions to be
fully systematically correlated.

As can be seen from the results shown in Fig. 4a, the leading edge of the solution consistent with the SM is seen to improve
by 0.4◦ for the correlated systematics approach with absolute branching fractions and a further 0.02◦ when working with the
relative branching fractions. These are striking improvements within the context of the sub-degree precision anticipated at Belle II,
although this should be considered an idealised scenario. In reality, the cancellation or reduction in other leading detection efficiency
systematics from the common pion in each ratio is conceivable, while others may be completely uncorrelated. While improvements
with the rescaled approach should be marginal over accounting for just the NBB systematic correlations with absolute branching
fractions at Belle II, these differences can only become more pronounced when considered in light of a potential upgrade. Assuming
an order of magnitude more data in a hypothetical Belle II upgrade scenario, all variances are scaled accordingly save for those
relating to the irreducible NBB systematic, the results of which can be seen in Fig. 4b. As considering systematic correlations in the
absolute branching fractions approach can never completely remove their impact in the presence of other uncertainties, the rescaled
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Fig. 4 p-value scans of φ2 under
a Belle II conditions and b with
10 times more data, where the
horizontal dashed line indicates
the 1σ bound. The dashed red
curve shows the original approach
conducted with absolute
branching fractions, the dotted
magenta considers systematic
correlations in NBB , while the
solid blue relies on measurements
of the ratios of branching fractions
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Table 2 Total uncertainty
projections for B → ρρ physics
observables with Run 3 and Run 5

Parameter Central value [13, 15, 17] Run 3 uncertainty Run 5 uncertainty

B+−/B+0
1.12 [1, 10]% [0.5, 2]%

B00/B+0
0.03 [1, 10]% [0.5, 2]%

|λ00
CP | 0.82 0.04 [32] 0.01

φ00
2 (◦) 80.9 2.0 [32] 0.5

A+−
CP − 0.01 – [0.04, 0.14] [39]

S+−
CP − 0.17 – [0.04, 0.16] [39]

proposition should ultimately be preferred as it provides superior performance in the long term, creating experimental conditions
more conducive towards systematically sustainable analysis.

3.2 B → ρρ at LHCb

While this improvement naturally applies to the B → ρρ system at Belle II in addition, a more intriguing implication arises at
LHCb, opening an opportunity to extend their physics reach outlined in Ref. [37]. Clearly, branching fractions measured relative
to B+ → ρ+ρ0 negates the need to borrow a normalisation channel from Belle II, removing the stifling propagation of their total
uncertainties that this entails. Moreover, there are additional competing pressures. While LHCb has long been able to handle π0

reconstruction albeit with more difficulty, the long-standing consensus is that even if reconstruction with two neutral pions were
to succeed, a subsequent need for the relatively inefficient flavour tagging in an hadronic initial-state environment to obtain the
CP-violation parameters of B0 → ρ+ρ− lands the knockout blow.

However, it is important to remember the history of the B → ρρ constraint on φ2. Recall that despite no measurement of CP
violation in the decay of B0 → ρ0ρ0 from Belle for which flavour tagging would have been required, a good constraint on φ2 is
nevertheless achieved [14]. This is due to its small branching fraction relative to the colour-favoured processes which renders the
isospin triangles essentially flat, limiting the impact of a CP-violation measurement for this channel in the first instance. Therefore,
given isospin triangles of the same orientation, the converse of this scenario must also be true. If the CP-violation parameters of
B0 → ρ0ρ0 could be precisely determined as would be the case at LHCb, then the CP-violation parameters of B0 → ρ+ρ− are
likewise unnecessary, removing the penalty from their flavour-tagging performance. In such a scenario, sensitivity to φ2 derives
purely from the measurement of S00

CP as opposed to S+−
CP in the original approach.

The limiting factor at LHCb will obviously come from the yield of B0 → ρ+ρ−. As an estimate of the B+ → ρ+ρ0 yield is
formally unavailable at this time, a scan of the potential total error space in B+−/B+0 and B00/B+0 is performed to understand the
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Fig. 5 p-value scans of φ2 for the
a worst and b best-case scenarios
in Run 3. In the worst case, the
horizontal dotted blue line shows
the 1σ bound, while for the best
case, it is more instructive to show
the 3σ and 5σ bounds as the
blue-dotted and red-dashed lines,
respectively
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Fig. 6 a Zoomed in p-value scan
of φ2 for the Run 5 best-case
scenario without CP-violation
input from B0 → ρ+ρ−, while
b tracks the φ2 uncertainty as a
function of B00/B+0
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feasibility of this approach. Input for this study is based on the final BaBar results [13, 15, 17] and for simplicity only assumes the
longitudinal polarisation as recorded in Table 2. Uncertainties are considered with 23 fb−1 and 300 fb−1 to be collected by LHCb
after the Run 3 and Run 5 data taking periods, respectively. The total uncertainties on the ratios of branching fractions correspond
to an effective yield range in the least known channel from as little as 100 events to a more ambitious 10 000 in Run 3, while
for Run 5, the relative branching fractions are assumed to be systematically limited at best, for a total uncertainty of 0.5% taken
from a high-statistics LHCb analysis performed with 3-body charmless hadronic final states [38]. Given that roughly half a million
four-charged-pion events are expected to pass selection in Run 3 alone as estimated in a previous study [32], itself based on Ref. [19],
the worst-case effective yield for B0 → ρ+ρ−, which has a similar branching fraction, seems very reasonable. The CP-violation
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Fig. 7 Projections of φ2 precision
as a function of the total
uncertainty in the B+−/B+0 and
B00/B+0 relative branching
fractions for a Run 3, b Run 5 and
c Run 5 with a time-dependent
CP-violation measurement in
B0 → ρ+ρ−

parameter uncertainties of B0 → ρ0ρ0 are taken from that same study and scaled to Run 5 as needed. With these levels of effective
yields, a rudimentary time-dependent analysis of B0 → ρ+ρ− with large uncertainties may become possible by the end of Run 5
and is included as a separate consideration. These CP-violation parameter uncertainties scale with the B+−/B+0 error based on a
Run 1 LHCb study of B0 → J/ψK 0

S with an effective yield which happens to have a similar uncertainty of order 1% [39].
A sanity check showing the φ2 constraint for the Run 3 best and worst-case scenarios corresponding to total uncertainties in the

relative branching fractions of 1% and 10%, respectively, can be seen in Fig. 5. With now only four physics observables to constrain
the isospin triangles and φ2, there are indeed no surprises found lurking in the range, [0, 180]◦. In principle, there should be a plateau
at the apex of these scans similar to that seen in the very first constraint at Belle [40], as it is impossible to resolve the space between
the fourfold ambiguity in triangle orientation that is present with this approach at LHCb.

Zooming in towards the apex with a high fidelity scan of 10−5 degrees for the more extreme Run 5 conditions with noCP-violation
measurement in B0 → ρ+ρ− as shown in Fig. 6a reveals that for the central values considered, the resulting plateau length of less
than 0.01◦ can be safely ignored. This begs the question on the point at which this effect should emerge. Clearly, this is dictated by
the central value of B00/B+0, so a scan is performed by steadily increasing its value to a worst-case B00/B+0 � 0.1 as can be seen
in Fig. 6b. As long as the ratio remains roughly under B00/B+0 ∼ 0.045 beyond which the plateau visibly emerges, this method
remains viable at LHCb assuming B+−/B+0 stays more or less unchanged.

Three additional scans of the two-dimensional relative branching fraction uncertainty space are produced in Fig. 7 showing the
potential to constrain φ2 in Run 3, Run 5 and Run 5 again, assuming a time-dependent analysis of B0 → ρ+ρ− becomes feasible.
From the almost vertical bands in each scan, it is clear that the primary driver of φ2 precision will be the uncertainty in B+−/B+0,
which makes sense as these sides of the isospin triangles are no longer the controlling lever arms. With an effective yield of only
500 events in B0 → ρ+ρ−, or in other words just 1% of 1% of the charmless four-charged-pion selection rate, the precision in
this approach already looks competitive next to the first-generation BaBar and Belle results. If a best-case 1% total uncertainty can
be attained by Run 3, the precision on φ2 will be roughly 3◦. By Run 5, this will be driven down to 1.4◦ and if a time-dependent
analysis of B0 → ρ+ρ− proves possible, an uncertainty of 0.8◦ can be achieved, rivalling the Belle II result.
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A new source of systematic uncertainty in the ratio of branching fractions will be the B0 to B+ ratio of fragmentation fractions,
fd/ fu . To date, this has always been assumed to be unity due to isospin symmetry and thus strongly motivates its future study.
It would also be prudent to survey the systematics landscape during Run 3, while there is still time to influence the design of the
upgraded LHCb electromagnetic calorimeter system (ECAL) which is expected to be installed for the Run 5 data taking period and
could prove critical in challenging the Belle II legacy.

4 Conclusion

A rescaling of the SU(2) isospin triangles constraining φ2 that relies on measurements of the experimentally cleaner relative branching
fractions is demonstrated to provide superior performance compared to the traditional approach relying on absolute branching ratios.
Systematic uncertainties that cancel in these ratios lead to a markedly improved precision at Belle II beyond current expectations,
while the possibility to provide a competitive measurement in the B → ρρ system at LHCb is enabled in consequence. An open
question that remains is whether there is any significant reduction in isospin-breaking effects to be had within this approach.
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