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We present a general framework to construct and systematically search for ring conformations based on Cremer—Pople
(CP) coordinates. To our knowledge, this is the first algorithm that provides reasonable ring geometries across different
ring sizes from arbitrary CP coordinates. A two-stage ring reconstruction algorithm (RRA) is proposed: (i) projecting
the molecule in the xy plane and enforcing ring closure while preserving bond lengths, and (ii) redistributing angular
distortions across the ring via constrained minimization to achieve chemically viable conformations. The approach is
extended to rings with rigid (multiple) bonds through a rigorous ring-reduction scheme that lowers puckering dimen-
sionality and incorporates local stiffness via adjustable parameters, allowing for straightforward recovery of the full
structure. In addition, the positions of the substituents attached to the ring are deduced from invariant local references.
To systematically explore the conformational space, we formulate a preconditioned sampling of CP amplitudes as a
function of hyperspherical coordinates. Additionally, the concept of basis conformations is examined to ensure the
unambiguous identification of conformers. Applications to saturated and unsaturated rings with up to eight atoms at the
®B97X-D/def2-TZVPP level demonstrate accurate recovery and classification of known conformers, including cor-
rect symmetry multiplicities. Overall, this framework offers a robust and general route to generate high-quality starting
geometries for subsequent electronic structure optimizations, while facilitating efficient exploration of puckering space.

I.  INTRODUCTION

Flexible molecules can adopt multiple conformations due to
high-amplitude internal motions and low potential energy bar-
riers. These motions arise from rotations about single bonds
and from puckering in flexible rings.!™ The generation of dif-
ferent conformations in acyclic molecules with internal rotors
is relatively straightforward because there is a direct relation-
ship between torsion in a single bond and the dihedral angle,
which typically varies between 0 and 360°. By contrast, ring
puckering is a collective motion that cannot be directly asso-
ciated with any single dihedral angle. Consequently, changing
one dihedral within a ring without adjustments to other inter-
nal coordinates can produce geometries that compromise the
ring structure.

Kilpatrick, Pitzer, and Spitzer!® carried out a pioneering
work that provided the first mathematical representation of
ring conformations, specifically focusing on cyclopentane,
which is essential for understanding these complexities. Their
work established that cyclopentane can adopt envelope and
twisted-boat conformations, which interconvert via pseudoro-
tation described by a distortion amplitude and a phase angle.
This approach was extended to six-membered rings by Strauss
and Pickett,!! who highlighted the increased complexity and
variety of possible conformers. They emphasized the limita-
tions of using simple dihedral angles for cyclic systems and
explored symmetry coordinates and group theory methods to
analyze cycloalkanes.'?

A major advance came with the introduction of the
Cremer—Pople (CP) coordinates,'> which provide a general
mathematical framework for describing ring puckering in

rings of any size. CP coordinates define a mean plane and
express out-of-plane atomic displacements as a set of pucker-
ing amplitudes and phase angles, offering N — 3 independent
coordinates for an N-membered ring.'* They begin by defin-
ing a mean plane through the geometric center of the ring such
that the perpendicular distances of the N ring atoms balance
over the two faces of the plane. The puckering coordinates are
related to the displacements, z;, from the reference plane by

N
Gm COS Oy = \/EZchos(M:m(j— 1)/N) (1)
j=

N
Gm Sin Py = \/g Y zjsin2@m(j—1)/N), )
j=1

where m =2,3,...,.MuptoM = (N—1)/2if N is odd and up
toM = %N —lif Niseven, gy, > 01is the puckering amplitude,
i. e., the displacement of the nuclei from the mean plane, and
¢m = [0,27) is a phase angle associated with the point of the
ring where the distortion is centered. If N is even, there is an
additional puckering coordinate for the value m = N /2 which
defines a symmetric distortion

1 ¥ , 1 ¥ -
N2 = NFZIZJCOS[(J—U”]: Nj;(‘”j zi, ()

where gy /o is an amplitude that, in contrast to gm, can be
negative or positive, and is associated with alternating pos-
itive and negative signs in adjacent out-of-plane coordinates
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(Fzj = £zj+1). The puckering coordinates of Egs. 1 and 2
(plus eq 3 for N even) can be employed to describe the confor-
mation of any ring. The inverse relation between coordinates
is exact and is given by

M
zj:\/gz_’zqmcos((j)m—}—Zﬂm(j—l)/N); Nodd (4)

2 M
Zj Z\/; Z,zqmcoswm +27m(j—1)/N)

+\/§CIN/2(_1)j_l§ N even ®

By orthogonality of the trigonometric basis, the total puck-
ering amplitude Q is given by

N
=Yam=Y 7 (6)
m j=1

The total number of puckering coordinates is N — 3, so four-
membered rings have only one puckering coordinate, which
is given by the amplitude g, of Eq. (3). In this case, only
the last term on the right-hand side of Eq. (5) contributes, and
71 = —2» = z3 = —24 and the substitution into Eq. (3) leads to
g>» = £2z;. For a five-member ring, there is just one set of two
amplitude-phase coordinates (g2, ¢»). These equations can be
used as a first step in conformational searches. The procedure
of obtaining the CP coordinates from a given structure, mod-
ifying their values, recovering the new z;, and setting up the
Cartesian coordinates seems to be an ideal way to generate
different conformations of a cyclic molecule.

Nevertheless, reconstructing chemically meaningful Carte-
sian coordinates from a modified set of CP coordinates is non-
trivial because CP coordinates provide information only on
the out-of-plane elevations (or, equivalently, of the pucker-
ing subspace), i.e., on N Cartesian coordinates or N — 3 inter-
nal coordinates, whereas a full 3D ring geometry requires 3N
Cartesian coordinates or 3N — 6 internal degrees of freedom.
In practice, specifying a new set of z; values (via the inverse
CP relation) does not uniquely define the in-plane x;,y; co-
ordinates, and attempting to retain the original ones distorts
bond lengths and bond angles, or even compromises the ring
integrity. This underdetermination is the main obstacle to us-
ing CP coordinates as reconstruction variables for conforma-
tional searches.

This issue was noticed by Petit ef al.,'> who argued that
transforming between CP and Cartesian coordinates can dis-
tort bond lengths/angles; Cremer replied'® that while CP co-
ordinates are mathematically rigorous descriptors, the recon-
struction problem requires additional constraints. Cremer sub-
sequently proposed a procedure that uses bond lengths and
angles from a reference geometry to rebuild a ring from a tar-
get set of {z;} values.!” However, because the distortion is
concentrated on a limited subset of internal angles, the result-
ing in-plane geometry can be quite heterogeneous when the
new CP coordinates differ substantially from the reference. In

these cases the method may yield unrealistic angles and, for
sufficiently large distortions, it may fail to produce a closed
ring.

Prior to the work of Cremer and Pople, other significant
contributions to the field include the work of Geise et al.'®
and Altona et al.,'” who developed methods for describing
ring puckering in fused and substituted rings, emphasizing
the importance of considering the interactions between adja-
cent rings and substituents. Altona and Sundaralingam? fur-
ther refined the analysis of five-membered rings, developing
improved methods for calculating puckering coordinates and
demonstrating their relevance in nucleosides and nucleotides.
However, their approach relies on a truncated Fourier series
approximation using a single cosine function, which is not
exact. Consequently, the distortion amplitude is dependent
on the atom numbering in the ring, potentially affecting the
accuracy of the conformational representation.

Continuing in the framework of CP coordinates, Boeyens
and Evans?!=23 extended the work of Pickett and Strauss,!?
exploring symmetry coordinates and group theory approaches
to ring analysis in cycloalkanes, providing alternative math-
ematical perspectives. Zefirov, Palyulin, and coworkers?*%
recommended a set of coordinates that also define pairs of
amplitude-phase coordinates, and sometimes offer advantages
in specific contexts.”® The difference lies in the fact that
these coordinates do not describe out-of-plane movements but
rather changes in dihedral angles. Their method substitutes
the elevations in the plane with the sine of half the torsion an-
gle. In some cases this is a fairly good approximation, but the
error increases with the amplitude of the distortion.

Alonso-Gil?” designed an algorithm and its code, Monte-
Carbo, to study five- to seven-membered rings. The method
employs a combination of generalized internal coordinates to
define the geometry and uses a pseudo-random number gen-
erator for the conformational search. However, the program
lacks an internal mechanism to assess the physical reliability
of generated structures or to prevent chemical changes during
the optimization process. Therefore, a post-analysis is nec-
essary to verify and eliminate any incorrect configurations.
Other authors?®2?° have directly used CP coordinates for small
member rings or employed conformational sampling schemes
based on canonical conformations.? Zou et al.3! incorporated
ring puckering and deformation coordinates along with ana-
lytical gradients,!” which may improve the efficiency of ge-
ometry optimizations. All this previous research has signifi-
cantly improved our understanding of ring flexibility and has
provided a solid foundation for precise conformational analy-
sis in computational chemistry.

However, despite substantial progress in describing and
analyzing ring puckering, a general constructive algorithm
that maps arbitrary CP coordinates to chemically viable
Cartesian structures across ring sizes has not been avail-
able. Here we present, to our knowledge, the first general
algorithm that generates chemically consistent conformations
for any reasonable set of CP coordinates, preserving struc-
tural integrity while systematically exploring the puckering-
coordinate phase space.

This objective is organized throughout the manuscript as
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follows: the methodology section introduces an approach for
constructing rings based on specified CP coordinates, repre-
senting a generalization of the algorithm developed by Cre-
mer.!” It also details how this method can be adapted to in-
clude partially unsaturated (rigid-bond) rings. Once the de-
sired conformation is established, we outline the process for
placing substituents to facilitate subsequent electronic struc-
ture optimization. Finally, we propose a preconditioned sam-
pling of the conformational space using hyperspherical coor-
dinates. This methodology is applied to various ring systems
in the results section, followed by a conclusion that summa-
rizes our findings.

1. METHODOLOGY
A. Ring condition equation

To set up the problem, an initial or reference geometry is
considered, with coordinates labeled by a superscript o to dis-
tinguish them from the newly generated geometry. This ref-
erence geometry can be a previously optimized conformer or
any ring structure with reasonable geometric parameters for
the system under study. The first step involves removing all
substituents from the ring, leaving just the closed structure
composed of N atoms (or nodes) numbered consecutively as
j=1,2,3,...,N. The reference bond lengths r;? correspond
to the distances between atoms j and j— 1, except for r{,
which is the distance between the first atom (j = 1) and the
last atom (j = N). The reference bond angles 6?9 involve
atoms j—2, j—1, and j, with 67 and 65 defined by atoms
(N —1,N,1) and (N,1,2), respectively. Finally, the refer-
ence dihedrals (p;? involve atoms j—3, j—2, j— 1, and j,
with @7, @3, and ¢ defined by atoms (N —2,N —1,N, 1),
(N —1,N,1,2), and (N,1,2,3), respectively. For the con-
struction of the ring or any other chemical structure 3N — 6
of these internal coordinates are needed, for instance N — 1
bond lengths given by the set {r}[j =2,3,...,N}, N—2bond
angles given by {ij-’|j =3,4,...,N}, and N — 3 dihedral an-
gles given by {(p]‘?|j =45... N}

A possible construction of the ring geometry could be to
place the first atom at the origin, the second atom is placed
in the positive direction of the x axis, so the position vector,
rg, is a three-dimensional column vector with the distance rg
as the first element and zero on the others. The third atom is
placed relative to atom j = 2 and rotated about the z axis by
the supplementary angle of the bond angle, i.e., §§’ =7r—05.
The rotation can be achieved using the matrix

cos(0;) sin(6;) 0
Z:(0;) = | —sin(6;) cos(6;) 0 )
0 0 1

and taking into account that

%z(éj) = '@z(n_ 9]') = [%z(ej)]T%z(n)v (®

where ( )T denotes the transpose of a given vector or matrix.
The position vector RS, of atom j = 3 is given by

S =%.(69)r5+ RS )

0 __ 30
where RS =r3.

FIG. 1. Construction of a four-membered ring employing internal
coordinates.

The atom j = 4 should be rotated about the z axis first and
then an angle @y with respect to the x axis (shown in Figure 1).
The rotation matrix in this case is

1 0 0
Zx(9j) = | 0 cos(¢;) —sin(¢y) (10)
0 sin(¢;) cos(¢;)

and the position vector is
§ = R:(05)7:(00) 7:(67)r + RS, (1D

Extending Eq. (11) to the last atom of the ring, we obtain
that

N
N =Z( ;)H%x«p;'))%z(ef)r?"'l(&—l- (12)
j=4

By definition the above internal coordinates form a ring,
and therefore

(RY)'RY = (7). (13)

It can be shown that the combination of Eqs. (12) and (13)
leads to

N i—1 i
(r?)zzi(r?)2+2):(r3)T< I1 Mk) 0, (14)
j=2

i=2 k=j+1

where My, is

15)
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Taking into account that the vectors r? only contain the
bond distance in the first element and the other elements are
zero, Eq. (14) can be written as

() =

M=

i=2

i—1 i
(ry)2+222r§r?Tr <P1 I1 Mk>, (16)
J=

k=j+1
where
P, =eje] 17

is a projection matrix, e; is the column vector with eT =
(1,0,0), and Tr( ) denotes the trace of the matrix, which in
this case is the scalar equal to the (1,1) element of the matrix
product.

Equation (16) establishes the ring-closure condition and
serves as the basis for our search over conformations. The clo-
sure constraints induce strong coupling among internal coor-
dinates, making naive modifications of torsions likely to break
the ring or yield unrealistic structures.

B. Ring reconstruction algorithm (RRA)

The reference geometry contains a set of bond distances,
bond angles, and dihedral angles {r?,67,¢¢} that can be
transformed into a set of projected bond distances, angles,
and elevations {s}, 7,2} }, as the values of z§ can be obtained
from the distances to the mean plane.

The mean plane for any ring geometry {r;, 6;,¢;}, whose
geometrical center lies in the origin of coordinates, and with
a set of position vectors {R;}, which is not necessarily the
reference geometry, can be determined from the cross product
of the vectors

N .
R =) R;sin <2”(jvl)> (18)
=

and
N .
2r(j—1)
R"=Y Rcos ( ) (19)
Specifically, the unit vector perpendicular to the mean plane
is

. R’ xR”
"= R RT 20)

and the values of z; are simply
zj=R; A, (21)

The projected internal coordinates {s;, ; } relate to the un-
projected quantities {r;, 0;} by

si=/rF = (zi—zj-1)% (22)

and

2rj_yrjcos(0;) +¢;

cos(aj) = 2515,
J—15j

(23)

where
8= (=22~ (21— (g1 —z2)% @9

Note that the three-dimensional ring structure can be re-
oriented so that the xy plane coincides with the mean plane.
Consequently, the condition of Eq. (16) is also satisfied by the
projection onto the xy plane, as the reference geometry can be
recovered by adding back the z values. The projected version
of Eq. (16) is

N i—1 i
gla®) = Z:(sf’)2 +2 Z s(}s? tr <P1 H S,‘é) (s‘l’)2 =0,
i—2

i=2 j= k=j+1
(25)
where
S = [%-(of)]" Z(m), (26)

and a® = {@}|j = 3,4,...,N}. Here, we have employed
Eq. (8) but for the in-plane angles, instead of the bond angles.

When the elevations are modified relative to the reference
geometry to generate a different conformation, the distances
and angles must adjust to accommodate the new values of z;.
In this new scenario, the in-plane angles and the bond-length
projections shift from the reference values. When the new
sets of a = {aj|j =3,4,...,N} and {s;,z;} are substituted
into Eq. (25), the closure condition is no longer satisfied, and

g(a) #0. 27

The RRA algorithm keeps the set of distances {r}} invari-
ant with respect to the reference values while changing the
bond angles. That is, the new ring conformation will be de-
scribed by the set {s;,c;,z;}. Notice that, even if the dis-
tances are invariant, the projections of the bond distances s;
differ from those in the reference s‘; because of the new set
{z;} which is different from {z;°} by virtue of Equation (22).
This is easily shown in cyclobutane (Appendix B).

As a first step, the new values of the set & should be chosen
to either find the roots of Eq. (27) or minimize the squared
function

N i—1 i 2
[g(a)]2 = [Z(Si)2+2 ;SjSiTl‘ (Pl H Sk) — (SI)Z] .

i=2 = k=j+1
(28)

We found that a much better initial guess for a° is not the
in-plane angles of the reference geometry, but rather the set
of angles of a regular N-gon, i.e. those given by a® = {Ot;? =

W | j=3,4,...,N} . The initial structure with these in-

plane angles is always an open ring. Equation (28) always
exists provided that |z; —z;—1| < r} and ensures that at the
end of the minimization the ring is closed, although this first
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minimization procedure may lead to some odd in-plane an-
gles. This optimization step can be carried out employing a
gradient descent algorithm.3%33

As a second step, the optimal values of a; obtained in the
first step are transformed into three-dimensional 6; angles,
which are then used as initial input. The new objective is to
ensure that the bond angles remain close to their reference
values, maintaining bond lengths and elevations constant.

One way to achieve this is by minimizing the quadratic
(harmonic) function

N
F0)=1161(8) - 6712 +1[6:(6) — 657+ Y 7; (6, - 69)°,

Jj=3

(29)
where ¥; acts as a force constant associated with the stiffness
of each bond angle. To obtain a reasonable structure, the func-
tion to be minimized should include all N bond angles, i.e., 6y,
6y, and @ ={0; | j =3,4,...,N}, although 6; and 6, are not
independent since both depend on the 6;. In fact there is an
additional dependent angle, which can be any of the remain-
ing 6; because all the bond distances are known. The same
also holds for , oy, which are function of c. In particular,

oy () = arccos {

S1SN

(30)

k=j+1

and

o (o) = arccos {

1
52) 24 Z 528 Tr <P1 HSk>] 515 }
B 31)

where Sy, is given by Eq. (26) but for the angles obtained in the
first step of the optimization. We can still employ the in-plane
angles to minimize the function of Eq. (29), which is a func-
tion of the three-dimensional angles, because of the relation
among them given by Eq. (23) is

Z,Yj,]Sj COS(OCJ') — Cj

cos(0;) = 2,

(32)

Using Eq. (32) to express each 6; in terms of &;, and then
incorporating them into Eq. (29), one obtains

N 2
= Z Y [arccos <2s.,s.,1c;)s0(a]) C]) - 9101 )
= errjf1
(33)
where a; = a;(a) and 0p = () are given by Egs. (30)
and (31), respectively. Equation (33) can be approximated
under the assumption that the terms &§; = (6; — 67) are small.
Specifically, if we consider that

cos(0;) = cos(@}’ +&j) ~ cos(G})) —¢§; sin(Bj(»’) (34)

and equate Eq. (34) to Eq. (32), the function of Eq. (33) be-
comes

N cos(67)  2s;s; 1 cos(a;) — ’
; (Sm e i (35)

ool i) )

This is a reasonable approximation because the deviation with
respect to the reference angle changes slowly as shown in Fig-
ure 11.

Therefore, the problem reduces to minimizing the function
of Eq. (35) subject to the constraint imposed by Eq. (25) but
with angles @ instead of o?. This is equivalent to minimize
the Lagrangian

L) = fla)+1 g(a), (36)

where A is a Lagrange multiplier and g(a) = 0 is the con-
straint. The minimum of function f(«) can be achieved by
solving the following system of equations

07
A g(a) =0
(37)
0.
Taj 0 ’ J:3747 7N

Equation (37) can be solved using a sequential least squares
programming (SLSQP) algorithm as implemented in SciPy.>*
Once the optimal in-plane angles are obtained, the three-
dimensional ring geometry is readily obtained by adding the
z;j Cartesian coordinates to the planar structure.

C. Rings with rigid bonds

Cremer—Pople coordinates retain limited structural infor-
mation about the molecule and were not designed to han-
dle rigid bonds within the ring. Applying them directly in
molecules with multiple bonds tends to distort the structure of
the rigid region. To address this, we adopt a ring-reduction
strategy that lowers the puckering dimensionality while incor-
porating local stiffness.

When a double bond connects atoms 1 and 2, as in Fig-
ure 2, this pair is replaced by its midpoint m. This reduces
the ring size by one atom and decreases the number of CP
coordinates by one, consistent with reported behavior of cy-
cloalkenes (e.g., cyclopentene acting as a four-membered ring
and cycloheptene as a six-membered ring).3>-38

For cyclohexene, the midpoint substitution yields a
pentane-like reduced structure with reference distances rg,,
and r); (together with 7§, r2, and rg). The reduced CP co-
ordinates (g2, ¢,) are obtained as described previously using
these geometric references.

To preserve the double-bond environment during optimiza-
tion, we fix rg, . 05, and the angle 6¢, ;. RRA supports fixed
distances and can penalize angular changes by adjusting the
coefficient y in Eq. (29). If all atoms in the ring are equivalent
the value of 7y is arbitrary, for instance y; = 1 may correspond
to standard flexibility of a single bond, while ¥ > 1 indicates
increasing stiffness; we find that ¥ = 10 reproduces the rigid-
ity of double bonds well. Combined with the reduced ring
dimensionality, this induces a block-like motion of atoms 6
and 1-3 during puckering. After modifying the reduced CP
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FIG. 2. Definition of coordinates around the double bond in cyclo-
hexene.

coordinates, the original cyclohexene structure is recovered
for electronic-structure optimization.

If a slight variation of O3 is allowed (by taking 7 closer to
one), the final distance r3¢ may differ from its reference 5.
In that case, reconstruction from the pentane-like form while
keeping r{, r5, and r§ is achieved by applying Eq. (16) to the
four involved atoms. Given r3¢, the unknowns are the small
distortions & and &3 of the angles 65 and 6. The geometric
relation is

(R4 097 + 09 -

— 21015 cos (05 + &) —2r5r§ cos (05 + &3)
+2r0r5 cos (05 4+ &) cos (65 + &3)

— 2191 sin (65 + &) sin (05 + &3) cos @3 = 0.

(38)

Assuming small distortions and & = & = &, linearization
leads to

A
= —— 39
E=-%, (39)
with
A= (R + (8> +(r8)* —r3 (40)
—2r{r5cos 65 —2r3r5 cos 65
+2rr3 [ cos 65 cos 65 — sin 65 sin 6 cos @3 |
D =2rr3sin 65 + 21915 sin 65
—2r{r3sin(6; + 65)[1 +cos ¢5].
With this correction, the double bond is reconstructed straight-

forwardly, and the full cyclohexene geometry is recovered af-
ter placing substituents as described below.

D. Substituent positioning relative to ring conformation

The spatial orientation of atoms directly bonded to the ring
depends on the specific conformation adopted by the cycle,
and the repositioning of ring substituents following modifi-
cations of the CP coordinates may be challenging. For ex-
ample, during the inversion motion of a chair conformation,

j+1
FIG. 3. Definition of vectors for substituent positioning.

substituents initially occupying axial positions transition to
equatorial positions, and vice versa. In this regard, Cremer>’
performed an analysis of substituent positions based on their
angular relationships relative to the mean plane of the ring,
revealing characteristic patterns associated with distinct ring
conformations. Nevertheless, such analysis proves to be more
applicable after full conformational optimization rather than
for the initial placement of substituents.

At this stage, a more practical approach is to position the
substituents so that their relative placement remains essen-
tially unchanged regardless of the ring conformation. This
is important because RRA works on a molecule from which
all substituents have been removed, and the objective is to re-
cover the position of the substituents relative to the atoms to
which they are bonded, rather than relative to the overall ring
conformation, to facilitate subsequent electronic structure op-
timization.

To achieve this, the following procedure is applied: the sub-
stituent atom bonded to atom j is labeled as j, and its position
is defined with respect to the plane formed by atoms j— 1, j,
and j+ 1, as well as the normal vector to this plane in the
reference geometry (see Figure 3). The following vector def-
initions as a function of the position vectors of the atoms are
useful

IIZRJ;]—RJ‘, VZRj+1—Rj, W:Rj/—Rj. 41)

The equations of this section refer to the reference geom-
etry, but for simplicity, we have removed the o superscript.
The position of j' with respect to the atom j is calculated as
the angle between the normal to the plane and vector w. In
particular,

B. = arccos (m) , (42)

where 1 is the unit vector normal to the plane. The bisector
unit vector that starts at the position of atom j is
- a+v
b= ——", (43)
[a+9]]
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where @t and Vv are unit vectors in the direction of u and v,
respectively. The projection of w onto the plane is

wp =w— (W-n)i, (44)

and B is the angle between w;, and the bisector

B = arccos (wp .b> . (45)

Wl

Angles B and f3; are employed to find the coordinates of
atom j attached to atom j once the minimization procedure
for the new CP coordinates is finished (see Figure 3). Now the
input variables are the two angles and the new position vectors
R;_1, R}, and R, |, which allows finding the new coordinates
of atom j’

R; =R;+|/w|| (Wpsinf, +hicosp ), (46)
where
Wp = BCOSBH + (A xb) sin 47)

and ||w/|| is the distance between atoms j and j in the refer-
ence geometry. In general, substituents lie approximately in a
plane perpendicular to the local ring plane and along the bi-
sector direction. Therefore, atom j’ will have a direction close
to that of the bisector vector but with opposite orientation, so
B ~ &, and Eq. (46) simplifies to

Ry ~R;+|w| (hcosf, —bsinf,). (48)

Equation (48) is very simple but provides a good starting
point for placing the substituents for the subsequent electronic
structure optimization.

E. Conformational search

Equation (37) defines the geometry of the ring based on
given CP coordinates. However, it is essential to perform a
preconditioned search over different values of the CP coordi-
nates to systematically explore various conformations. For in-
stance, in acyclic molecules, this process resembles initiating
a conformational search around a single carbon-carbon bond
torsion, considering the two gauche and anti conformations.
In molecular rings, however, identifying a suitable set of pre-
conditioned CP coordinates is more complex, requiring a thor-
ough exploration of the puckering coordinate phase space to
uncover diverse conformational possibilities. Thus, systemat-
ically exploring the puckering coordinate phase space is our
second goal.

Since these coordinates depend on the atom numbering in
the ring, we consistently follow IUPAC conventions in this
manuscript to ensure consistency and support future compar-
isons.*

For a five-membered ring where the CP coordinates are the
pair (g2, ¢2), the amplitude g, controls the degree of pucker-
ing but does not affect the conformation of the ring, whereas

the phase ¢, determines the type of conformation. Therefore
all conformations can be obtained just by varying the phase.
For cyclopentane, any symmetry-equivalent conformation is
obtained by

_ o, T _ _
¢2fﬁ:<¢2+Nk), k=0,...2N—1, (49)

where ¢§ sets the phase for a given conformation. For in-
stance, ¢§ = 0 leads to an envelope representative conforma-
tion 'E and (])g = 1/10 to a twist representative conformation
I'T,. Figure 4 illustrates these conformations.

Notice that E and T are the only cases where all symmetry-
equivalent conformations can be generated using only the plus
sign in Eq. (49); mapping any other conformation requires
also the minus sign. Therefore, there are ten symmetry-
equivalent E conformations and ten symmetry-equivalent T
conformations (altogether twenty special cases), whereas any
other conformation has twenty symmetry equivalents. In
particular, every E conformation is followed by another
symmetry-equivalent E conformation every A¢, = 7/5 radi-
ans, and halfway between them a T conformation appears as
indicated in Table L.

TABLE I. Values of ¢, for a total amplitude Q and their relation to
the hyperspherical angles yi,y, for N =5 — 8. For cases with a
single nonzero amplitude g,,, the table lists representative conforma-
tions at phases ¢ . The corresponding pair of basis conformations
is obtained from Eq. (C1) using ¢, = ¢ and ¢, = ¢ + /2.

Na ¢35 g4 vi ¥ ¢ description

5Q — — — — 0 envelope (E)
5Q — — — —  wm/10  twist(T)

6Q 0 — m/2 — 0 boat (B)

6Q 0 — m/2 — /6  skew (S)

6 0 £Q — 0, — undefined chair (C)

7Q 0 — 7w/2 — 0 boat (B)

7Q 0 — m/2 — m/14 twist-boat (TB)
70 Q — 0 — 0 chair (C)
70 Q — 0 — m/14 twist-chair (TC)
8Q 0 0 =mnm/2mxm/2 0 boat-boat (BB)
8Q 0 0 =m/2m/2 =m/4 twist-boat (TB)
80 Q 0 0 =2 0 long-chair (L)?
80 Q 0 O =m/2 =x/8 chair(C)

8 0 0 Q0 0 0,7 undefined crown (W)

2 Cremer? indicated that ¢3 = 0 and ¢3 = 7/2 correspond to different
conformations. However, for cyclooctane both structures are equivalent.

Throughout this work, representative conformations are the
chemically labeled landmark listed at the conventional phases
¢Y in Table 1. By contrast, for a fixed mode m with a sin-
gle nonzero amplitude g, (all other amplitudes set to zero),
the two basis conformations associated with a representative
phase ¢,9, are the structures generated by Eq. (C1) at ¢,,, = ¢,9,
and ¢, = (]),9, + /2. This use of ‘representative’ is indepen-
dent of the reference geometry employed by the reconstruc-
tion algorithm.

Any intermediate conformation (I) is a linear combination
of the two basis functions C; and S, (see Appendix C), so the
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FIG. 4. Conformations of cyclopentane with representative conformers labeled; atoms 1 and 2 shown in red (larger size) and cyan, respectively.
Note that to definitively establish the conformation, the numbering of the atoms should be in a clockwise direction.

projection coefficients are

PE = <Z(I)7CZ> = qzCOS‘PZv (503)
pr = (z(I),82) = —qgasingy, (50b)

where z(I) is given by the set of N equations given by Equa-
tion (C1). The percentage of each conformation is simply

2

%E = 100 —2E— = 100 cos® ¢, (51a)
Pt PT
2
p .
%T = 100 ——L— = 100 sin® 9. (51b)
Pg TPt

To employ the projection formulas consistently, the phase
should be scaled by (7/2)/(A¢2/2), and therefore

%E = 100 cos*(5¢2), (52a)
%T = 100 sin*(5¢»). (52b)

For cyclohexane, identical conformations appear at inter-
vals of

¢2:i<¢§+21\7;k); k=0,...,N—1. (53)

In this case there are two amplitudes: g, which has an as-
sociated phase, and g3, which is phase-independent. If g3 =0
the most notable ring structures correspond to the boat con-
formation (B) when d)g = 0 and the skew conformation (S)
when ¢§ = 7/6. The chair conformations (C) appear when
g2 = 0 and g3 = £Q, where Q is the total amplitude. For six-
membered rings the two amplitudes can be transformed into a
type of ‘spherical-like’ coordinates (Q, y) given by

0=\/a3+4, Qel0,)

(54)
Y = arccos (%3) . yelo,n

and ¢, as the azimuthal angle. With this representation, B and
S conformations are located in the equator (¢o = Q, ¥ = w/2)
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FIG. 5. Main cyclohexane conformations labeled, displaying the Northern hemisphere (top) and the Southern hemisphere (bottom); atoms
1 and 2 are colored red (larger size) and cyan, respectively. Conformations B and S are located at the equator g, = Q, while E and H
conformations appear at go = +¢3, and C conformation when g3 = +Q (plus sign for Northern and minus sign for Southern hemispheres,
respectively.
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and C conformations in the poles, i.e., (g3 = Q, ¥ = 0) in the
North Pole and (g3 = —Q, ¥ = 7) in the South Pole. Inter-
mediate structures between the poles and the equator can be
obtained with ¢, = Q/ V2 and g3 = +Q / /2. These corre-
spond to ¥ = /4,371 /4 and to the half-boat or envelope (E)
((])g = 0) and half-chair (H) (q)g = 7/6) structures. Figure 5
illustrates these structures.

The half-boat conformation has 50% of chair and 50% of
boat conformations, whereas the half-chair one has 50% of
chair and 50% of skewed conformations. The percentage of
chair of a given conformation I is simply

2
q3
%C=100x ( L) | 55
x(Q) 43

whereas the percentage of boat conformation is
2
%B = 100 x (‘g) cos?(3¢2), (56)

and the percentage of the skewed conformation is

2
%S = 100 x <qQ2> sin(3 ¢») (57)

Equation (54) shows that Q is the total amplitude, that is the
radius of the sphere, and y fixes the position along a merid-
ian. Then for each value of (Q,y), the phase of Eq. (53)
indicates the corresponding parallel on the sphere. The nat-
ural extension of Eq. (54) to more dimensions is the hyper-
spherical coordinates, which relate the amplitudes to a set of

{Q,¥1,¥2,...,¥g_2} given by the relation

Or=1\/1k 2q%: 0O=0x

v = arccos (q3/Q3)
v, = arccos (q4/Q4) (58)

Wk—2 = arccos (gk / Q) ,

where K =M if N is odd and K =M + 1 if N is even. The
inverse transformation is given by

gk = Qcos(yk_2)
gx—1 = Qsin(yk_2)cos(yk3)

gx-2 = Qsin(Yk-2)sin(Yk-3) cos(Yk—4)
. 59)

g3 = Qsin(Yk—2) sin(Yk—3) -+ sin(y2) cos(y1)
q2 = Qsin(Yk—2) sin(Yk3) -~ sin(yx) sin(y).

The total amplitude Q takes values in the range [0, o), and
each angle y; takes values in the range [0, /2] except Wk_»
that ranges over [0, 7] if N is even. This is because all values
of g, are positive except when N is even for which gy, can
be negative.

These new coordinates facilitate the mapping of the confor-
mational space, because it is straightforward to explore several

phases within the same hypersphere. Table I lists the values
of the hyperspherical angles for the representative conforma-
tions.

For seven-membered rings (Q, ¥) coordinates are similar as
for the six-membered ring but y takes values in the range [0,
7/2]. For each mode, m = 2,3, the two basis conformations
are obtained by applying Eq. (C1) at ¢,, = ¢2 and ¢,, = ¢° +
7/2 to this case, as shown in Table I. A recent and extensive
discussion of the ring conformations of cycloheptane, based
in the work of Bocian et al.*! can be found in Ref. 42. It is
also possible to represent the basis conformations of seven-
membered rings by pairs (g2, ;) and (g3, ¢3) as indicated in
Ref. 43.

For an eight-membered ring of indistinguishable atoms,
when g3 = g4 = 0 the phases ¢, = 0 and ¢, = 7/2 span
the m = 2 subspace and thus constitute a basis in the linear-
algebraic sense. However, the two geometries are symmetry-
equivalent [both correspond to the boat-boat (BB) conforma-
tion], so they are not distinct conformers. The structure at
¢, = /4 leads to a twist-boat (TB) conformation and can be
regarded as the most contrasting geometry relative to BB, i.e.,
a representative conformation, but it is not a basis conforma-
tion in the sense of orthogonality; therefore, projection-based
formulas such as Eq. (52) do not apply here. For N =8 an
approximate way of giving the percentage of BB of a given I
conformation is

2
%BB = 100 (‘Z) (1 - g\q)z(TB) _ ¢2(1)|) . (60)

where ¢, (TB) is given by the closest phase of a TB conforma-
tion to ¢»(I). Symmetry-equivalent structures are generated
by
o 4rm N
@_i<¢2+Nk), k—07...,2 1. (61
For g3 = Q with ¢» = g4 = 0, the representative confor-
mation at ¢3 = 0 has the shape of a long-chair (L). The phases
¢3 = /4 and ¢3 = /2 generate structures that are symmetry-
equivalent to ¢3 = 0; the most contrasting geometry occurs at
¢3 = /8 and is a chair (C). The difference between L and C
conformations is that L contains six atoms in the mean plane
(e.g., for ¢3 =0, atom j = 1 is above the plane and atom j =5
below it and the other six are in the mean plane), whereas C
only contains four atoms in the mean plane (e.g., for ¢3 = 7 /8,
atoms j = 3,4 are above the plane and atoms j = 7,8 below
it). The percentage of L of a given conformation is

%L=100(‘15)2(1—’§|¢3<c>—¢3<1>|). ©2)

The family of symmetry-equivalent conformations is given
by

2
¢3:i<¢§)+;k>, k=0,...N—1. (63)

Finally, for g4 = £0Q with g» = g3 = 0, the conformation
is phase-independent and corresponds to the crown confor-
mation (W), and the percentage of W in a conformation I is
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simply

2
BW — (q“) % 100. (64)
0

The concept of basis conformations introduced by Cre-

er’? allows a systematic classification of conformations, de-
spite the impossibility of finding an orthonormal basis for
N = 8 with two distinguishable structures (a situation that
also arises for N = 12 when g3 = Q). In all other cases up
to N = 15, any conformation can be classified as a combina-
tion of basis conformations in the same manner described in
this section.

If symmetry is ignored, the number of calculations required
to determine all conformations listed in Table I is 4N for
N=5,2N+2for N =06, 8N for N =7 and 3N +2 for N = 8.
However, a search based solely on one amplitude different
from zero may overlook important conformations, especially
in rings containing heteroatoms. Therefore, we propose a pre-
conditioned search that, in addition to phases with the initial
values of ¢ discussed above, also considers pairs with ampli-
tudes ¢, = q,w = Q/ /2 and all other g¢,,» = 0. For example,
for N = 8, these pairs include (g2,43), (¢2,94), and (g3,94),
which correspond to the hyperspherical angles (yi,y») of
(m/4,m/2), (r/2,7m/4), and (0, 7/4), respectively.

The total number of calculations for an eight-membered
ring molecule using the mapping described above, without
accounting for any symmetry, is 26 when just one amplitude
gm # 0, plus the combinations of pairs that amount to 8x 16
+ 8x2 + 16x2 = 176. Thus, the overall total of calculations
is 202. This search can be easily extended to other ampli-
tudes or hyperspherical coordinates. For instance, exploring
the hypersphere with (y; = 7/4,y, = n/4) corresponds to
values of g = g3 = Q/2 and g4 = +Q/+/2. A complete ex-
ploration with steps for ¢, and ¢3 every /4 and /2 radians,
respectively, involves 8 x 16 conformations for each hemi-
sphere. However, our findings for cyclooctane indicate that
such exhaustive search was unnecessary.

Note that in many cases, applying symmetry can substan-
tially reduce the number of calculations required. However,
in this manuscript, we focus on the performance of the algo-
rithm and its ability to locate all conformations, even if some
of them are equivalent. In a forthcoming work, we will ana-
lyze the impact of symmetry on the number of conformations
to be evaluated, specifically for intermediate-sized rings (from
9 to 14 members).

Finally, there is an issue related to the initial value of the
total amplitude. From a practical standpoint, the algorithm
performs better if the starting or reference geometry is already
an optimized conformer. For the generation of a geometry
with new CP coordinates, we choose the bond lengths and
bond angles from the closest optimized geometry, along with
the total amplitude. To identify this optimized structure, the
distance between hyperspherical angles and CP phases of the
two geometries is computed. The chosen optimized structure
from which the geometric parameters are taken is the structure
that minimizes

K-2 ) M 2
a = [ Y (wvi—vg)" + Y (dn—03)", (65
k=1 m=2

where the angles of the reference geometry are denoted with
the superscript o.

I1l.  APPLICATIONS

Electronic structure calculations, linked to RRA, were em-
ployed to find the conformations of several rings contain-
ing up to eight atoms, including cycloalkanes, five-membered
heterocycles, and cycloalkenes, along with a comparison be-
tween RRA and Cremer’s method. All geometries were op-
timized with the @B97X-D* DFT method and the def2-
TZVPP basis set* employing Gaussian16.*® The RRA pro-
cedure was implemented in an in-house code; a public release
is planned in the near future. The geometries of all conformers
discussed in this section are available on Zenodo.*’

A. Cycloalkanes

The first test for RRA involved the study of cycloalkanes
in rings containing 5 to 8 members. At the ®B97X-D DFT
level the minimum of cyclopentane is at 14.6°, which does
not correspond to any representative conformation, although
the structure is more similar to a twisted conformation. In this
case, there are 20 equivalent conformers.

TABLE II. Cycloalkanes with their corresponding CP coordinates.
The values neq/PG indicate the number of equivalent structures and
the point group symmetry of each conformation, respectively. The
relative energy differences between conformations, AE, are given in
kcal mol~!. All structures were optimized at the @B97X-D/def2-
TZVPP level of theory.

Molecule CP coordinates . neq /PG AE
4

@ ¢ g3 03

Cyclopentane 0.406 14.6 20/Cy 030
Cvelohexane 0.000 0.0 +0.563 2/ D34 0.00
y 0.771 30.0 0.000 6/D;, 6.30
Cvcloheptane 0.525 12.9 0.643 64.3 14/C, 0.00
YCIONEPRANe 4 149 0.0 0.014 180.0 14/C, 3.40
1.031 90.0 0.585 45.0 —0.343 16/Cs 0.00
0.000 0.0 0.000 0.0 £0.805 2/Dy4y 1.60

Cyclooctane

0.721 45.0 0.815 225 —0.225 16/C; 1.80
1.552 153 0.000 0.0 0.000 8/S4 3.30

For cyclohexane, it is well known that the conformers cor-
respond to chair and skew structures.*® Each skew conformer
has a phase given by Eq. (53) and correspond to each of the
six S structures of Figure 5.

Cycloheptane also presents two conformers in which the
twist-chair (TC) is considered to be the absolute mini-
mum.3!14950 However, the CP coordinates for this structure
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shown in Table II indicate that the most stable conformer is
a combination of TB and TC conformations. The value of
q2» =0.525 A and q3 = 0.643 A correspond to a total ampli-
tude of QO = 0.830 A . These values of ¢» and g3 agree well
with the ones of Zou ef al.3' which amount to 0.547 A and
0.649 A, respectively. The phases of ¢, = /14 = 12.9° and
¢3 = 5m/14 = 65.3° correspond to pure TB and TC confor-
mations, respectively. Therefore the percentage of each of the
conformations is given by the value of the amplitudes, which
amounts to 40% TB and 60% TC. The other conformer, which
is less stable by 3.4 kcal/mol is a B conformer.

In the case of cyclooctane, the most stable conformer (with
16 equivalent structures) is composed of approximately 70%
BB, about 20% L, and 10% W. Despite the high BB contri-
bution, the resulting structure resembles a boat-chair (BC),
which is how it is described in the literature.>!° The min-
imum twist-chair-chair reported by Zou et al.! at the MP2
level was not found at the @B97X-D level, a situation that also
occurs at the B3LYP level.®® Another minimum corresponds
to the W conformer, which at the ®B97X-D level is slightly
more stable than the twist-boat-chair (TBC) by 0.20 kcal/mol.
The highest-energy conformer corresponds to a slightly dis-
torted BB structure (¢, = 15.3°) with S4 symmetry. The pure
BB structure, for which ¢, = 0, is a transition state with Dy,
symmetry.

B. Comparison of RRA with Cremer’s method

At this point, it is worthwhile to compare RRA with Cre-
mer’s method!” (see Appendix D). Both approaches aim to
generate new conformations of molecular rings while preserv-
ing structural integrity, although they differ significantly in
methodology. Our algorithm systematically transforms refer-
ence coordinates into projected coordinates, maintaining bond
lengths and allowing for controlled angle adjustments. In con-
trast, Cremer’s method projects internal coordinates and con-
structs the ring through geometric steps, focusing the distor-
tion of the ring on three specific angles. While it preserves the
overall ring structure, Cremer’s method can yield highly het-
erogeneous angle distributions when the reference and target
conformations differ substantially, and in such cases it often
fails to reconstruct the ring.

Figure 6 shows the projected ring structures obtained by
Cremer’s method and RRA for the reconstruction of the BB
conformation, employing the crown optimized geometry from
Table II as reference. For this reference, r‘]? =1.530 A and
67 =118.1° for j=1,...,N, with g4 = 0.805 A.In Cremer’s
method, the angles associated with the reconstruction of the
triangle are too large, specifically angles 65, 84, and 67, and at
g2 = 1.6 A, it is not possible to reconstruct the ring using this
method. In contrast, RRA redistributes the distortion across
all angles, providing a more realistic initial geometry for any
value of g;.

To compare both reconstructions quantitatively, we evalu-
ate: (i) the root-mean square (RMS) deviation of bond angles
from the reference values, ABrys.
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FIG. 6. Projection onto the mean plane of the resulting structures ob-
tained by the Cremer’s method (blue) and RRA (orange) after recon-
structing a new conformation of cyclooctane with g, > 0, ¢, = 0°
and g3 = g4 = 0 (BB conformation) using the crown conformer as
representative. Atoms are numbered clockwise starting with the
dot (atom 1). The resulting eight bond angles (in degrees) are 6;
(atoms 7-8-1, top-left), 6, (atoms 8-1-2, top-right),...,0; (atoms 5-6-
7, bottom-left), and O (atoms 6-7-8, bottom-right).

Specifically, if AB; = 6; — 67 then

ABrms = (66)
and (ii) the maximum deviation
ABpax = max |A6;|. (67)
1<j<N

TABLE III. Quantitative reconstruction metrics for two cyclooctane
representative conformations (BB and C) employing as reference the
crown optimized geometry (see text and Figure 6). Angle deviations
are relative to the reference angles {9;’} in degrees.

Cremer RRA (This work)

AGRMS |A9|max AGRMS |A9|max
0.6 239 51.8 14.7 15.5
0.8 20.8 46.5 12.8 14.1

Conformation Q (A)

BB 1.0 169 392 10.3 12.0
12 121 293 7.0 8.7
14 59 14.9 29 3.8
1.6 — — 2.0 2.7
04 199 370 13.6 14.0

C 06 133 237 9.5 10.5
0.8 438 9.1 4.4 6.2
1.0 — — 5.6 8.1
1.2 — — 14.2 20.1

Table III complements Figure 6 and quantifies the differ-
ences between the RRA and Cremer algorithms. For the BB
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conformation, Cremer’s method fails precisely for the ampli-
tude with the smallest RMS deviation with respect to the ref-
erence geometry. For the C conformation, both methods yield
the smallest RMS at O = 0.8 A; however, Cremer’s method
fails when Q is increased only slightly beyond this optimum
value. This combination of failures at some Q values and large
deviations at others makes Cremer’s approach less robust than
RRA and of limited usefulness for automated sampling.

Cremer’s method can be regarded as a specific case of our
algorithm, and its RMS deviation is always equal to or larger
than that of RRA. In fact, RRA provides the same result if,
rather than minimizing across all angles, one solves the sys-
tem formed by Egs. (28), (30), and (31) while holding all an-
gles fixed except 6,, 04, and 6;. Equivalently, this corresponds
to solving the Lagrangian in Eq. (37) with large y; values as-
signed to all remaining angles, thereby concentrating the dis-
tortion on those three.

C. Heterocycles of five-membered rings

Another test was to find the conformers of all the five-
membered systems described by Paoloni et al.,”® which are
listed in Table IV. These authors employed a different DFT
method (B2PLYP-D3BJ), but the results agree very well with
our calculations for the amplitude and phase of the CP coor-
dinates. The presence of heteroatoms reduces the number of
equivalent structures. For tetrahydrofuran, the minima occur
when the oxygen lies on the mean plane (at 3Ty, ¢» = 18.0°
or in its reflection across the mean plane, at 4T3), or when its
amplitude is maximal (conformers IE and E)), as shown in
Figure 4. When the heteroatom is sulfur, only the twisted T4
and 4T conformations are conformers.

For 1,2-dioxolane and 1,2-dithiolane, the two conformers
are located on opposite sides of the mean plane and corre-
spond to IT, and 2T, structures. The molecule 1,3-dioxolane
presents a minimum close to a 'E conformation, with oxygen
1 having the maximum amplitude. There are four identical
conformers; one is the reflection across the mean plane with
¢ = 180.4° and has a structure very close to E;. The other
two equivalent conformers are very close to the *E and Ej
conformations (oxygen 3 has the maximum amplitude). In the
case of 1,3-dithiolane, the conformer with ¢, = 97.0° lies be-
tween the 3T, and E4 conformations. Its mirror image across
the mean plane lies between “T3 and “E. The other two equiv-
alent structures are at ¢ = 155.0° and ¢ = 335.0°.

In the case of 1,3-oxathiolane, there are only two conform-
ers (instead of the four in 1,3-dioxolane and 1,3-dithiolane)
because the two heteroatoms are different, so only reflection
across the mean plane is possible. The two conformers of this
molecule correspond to T for the phase ¢ = 162.0° and ' T
for the phase ¢, = 342.0°, respectively. The agreement is also
good for the chlorine-substituted molecules, yielding the same
number of conformers and similar CP coordinates.

TABLE IV. Same as Table II but for different five-membered rings.
The CP coordinates of Ref. 28 were recalculated to be consistent with
the JTUPAC atom numbering.

This work Ref. 28
Molecule /PG AE
! @ 0 @ ¢

0.370 90.0 0.378 90.0 2/C 0.00
0.367 0.0 0376 0.0 2/Cs 0.05(0.03)*

Tetrahydrothiofene 0.433 90.0 0.44 90.0 2/C; 0.00
1,2-dioxolane 0.437 18.0 045 18.0 2/(C, 0.00
1,3-dioxolane 0.344 0.4 0.357 356.2 4/C 0.00
1,2-dithiolane 0.645 18.0 0.66 18.0 2/(C, 0.00
1,3-dithiolane 0.512 97.0 0.519 995 4/¢C, 0.00
1,2-oxathiolane ~ 0.433 159.1 0.442 154.8 2/C 0.00
1,3-oxathiolane ~ 0.413 162.0 0.423 160.7 2/C; 0.00

3R,5S8-dichloro-  0.634 42.0 0.645 424 2/C 0.00
1,2-dithiolane 0.528 232.4 0.529 234.8 2/C; 0.89 (0.68)

38,58-dichloro- 0.541 51.3 0544 537 2/C; 0.00
1,2-dithiolane

Tetrahydrofuran

0.455 103.9 0.465 975 1/C 0.00
0.602 352.7 0.611 351.9 1/C; 0.18 (0.51)
0.654 212.2 0.668 212.1 1/C; 0.86 (1.28)

3S-chloro-
1,2-dithiolane

2 Energies in parentheses are from Ref. 28.

D. Cycloalkenes

Table V lists several cycloalkene conformers with one or
more double bonds, together with their CP coordinates and the
reduced CP coordinates obtained via the algorithm described
in the previous section.

The reduced coordinates are generated by renumbering the
atoms as follows: in cyclopentene and every structure contain-
ing a single double bond, atoms j = 1 and j = 2 are replaced
by their midpoint (now labeled as j/ = 1), and each remain-
ing atom is renumbered according to j/ = j— 1. In the case
of 1,3-cycloheptadiene, the new numbering is such that j' =1
for the midpoint of original atoms j = 1,2, j/ = 2 for the mid-
point of j = 3,4, and j' = j — 2 for all other atoms, as shown
in Figure 7.

Cyclopentene exhibits two envelope-type E4 and *E con-
formations in which the double bond is coplanar with the
two adjacent carbon atoms, while carbon four lies out of the
plane, as shown in Figure 4. This geometry corresponds to
that reported by Leong et al. at the MP2/6-31G* level.’8
From the standpoint of ring deformation, it behaves like cy-
clobutane [see Figure 7a)]. A similar situation occurs for 1,3-
cyclohexadiene, for which the ring puckering is restricted to
a single amplitude, with no additional deformation possibil-
ities. Shishkin’! indicated that 1,3-cyclohexadiene presents
two equivalent conformers with C, symmetry with a structure
which is between chair and half-chair, but the values of the
amplitude with ¢, > |¢3]| reveal that one conformation is be-
2ween skew 2S¢ and half-chair *Hg and other between °S, and

Hs.
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TABLE V. Same as Table II but for cycloalkenes. In bold the reduced CP coordinates.

CP coordinates

Molecul /PG AE
olectie 753 (073 q3 03 eq o

Cyclopentene 0.211/-0.205 108.0 2/Cs 0.00
Cvelohexene 0.377/0.480  30.0/90.0 ~0.307 2/C, 0.00
y 0.622/0.574 120.0/180.0 0.000 2/Cs 553

1,3-cyclohexadiene 0.359/-0.365 90.0 ~0.165 2/C, 0.00
0.303/0.067 128.6/180.0 0.627/-0.658 102.9 2/Cs 0.00

Cvelohentene 0.843/0.889  38.6/90.0 0.357/0.000 192.9 2/C, 115
yelohep 0.884/0.888 94.2/142.1 0.300/0.000 226.8 4/C, 3.03

1.083/0.957 128.6/180.0 0.005/-0.215 282.8 2/Cy 451

| 3-evelohentadione 0-397/0-533  25.7/108.0 0.380 128.6 2/Cs 0.00
2"CYCIONCPRAAIENE 4 937/0.804 115.7/198.0 0.145 218.6 2/C, 2.07
Ld-oveloheptadiene 0-672/0-652  16.4/84.8 0.315 165.2 4/C; 0.00
A-eyclohep 0.473/0.516 64.3/126.0 0.303 141.4 2/C, 005

0.875/0.687 107.1/134.8
1.342/1.310 4.3/52.0
0.847/0.668 108.1/155.0
0.386/0.526  38.5/50.1
0.248/0.150  90.5/97.1

Cyclooctene

0.821/0.314 135.0/210.0 0.493/-0.821

1.3-cyclooctadiene 71,1 089 94.2/162.1
1.228/1.117 82.5/143.4
1,4-cyclooctadiene  0.550/0.198 0.0/59.9

1.170/1.062  22.3/81.9

1.182/1.046 100.0/139.1
0.819/0.661 135.0/180.0

1,5-cyclooctadiene 0.000/0.000 0.0/0.0

0.685/0.787 148.7/213.3 0.287 4/C; 0.00
0.269/0.118 181.9/31.7 —0.155 4/C; 1.88
0.355/0.720 47.8/114.8 —0.514 4/C; 3.38
0.873/0.775 126.0/190.9 0.093 4/C; 6.19
0.422/0.446 107.6/158.5 —0.132 4/C; 56.07

67.5 —0.408 2/C, 0.00

0.382/-0.178 168.2 0.050 4/C; 045
0.345/0.064 190.2 -0.042 4/C; 0.00
0.784/0.829 270.0 0.185 2/Cs 043
0.121/0.111 180.0 —0.315 4/C; 221
0.000/0.000 0.0 -0290 4/C, 0.00
0.559/0.519 2925 0.000 4/Cs 2.00
0.883/0.834 2925 0.000 2/Cy, 2.35
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FIG. 7. Numbered ring structures of the lowest-energy conformers
of (a) cyclopentane and (b) 1,3-cycloheptadiene. Midpoint of the
double bonds are indicated by a hollow-red circle. Rings (a’) and
(b’) correspond to the structures retained to compute the reduced CP
coordinates.

The systems of Table V which behave as cyclopentane
from the point of view of deformation are cyclohexene,
1,3-cycloheptadiene,’>>* and 1,4-cycloheptadiene.’>>3 Cy-
clohexene presents two different conformers, the most sta-
ble is a conformation close to a half-chair and the other is

a boat >°B conformation in agreement with the results of
Jensen and Bushweller.>* In the case of 1,3-cycloheptadiene,
the most stable conformer with Cy symmetry has CP reduced
coordinates that correspond to a E4 conformation [see Fig-
ure 7b)], whereas the other conformer with conformation 2T
and C, symmetry, is less stable than the former one by 2.07
kcal/mol. Saebg and Boggs’? identified two conformers of
1,4-cycloheptadiene corresponding to the twist and envelope
conformations, with the former being significantly more sta-
ble than the latter (e.g. by 10.2 kcal/mol). At the @B97X-D
level the envelope conformer vanished, leaving one twist con-
former with C, symmetry and a > T4 conformation. The global
minimum, however, is a conformer close to the 3T, conforma-
tion in reduced CP coordinates. This structure was described
in Ref. 53 as ‘biplanar’, although our calculations indicate that
the conformer exhibits a slightly twisted structure.

Molecules such as cycloheptene and 1,3-, 1,4-, and 1,5-
cyclooctadiene are considered ‘pseudo-six-membered’ rings
due to the stiffness of their double bonds. As a result, they can
be described using reduced CP coordinates associated with
six-membered rings. The most stable conformer of cyclohep-
tene is a chair conformation,$:53:55 followed by a conformer
with a skew ©S, conformation. At 3.03 kcal/mol above the
global minimum, there is a conformer with a shape close to
the 3S; conformation. The highest-energy conformer is near
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the '*B conformation.

For cyclooctadienes, the position of the second double bond
influences both the stability and the number of conformers. In
the case of 1,3-cyclooctadiene, two conformers with similar
energies have been reported in the literature.’®>’ The most
stable conformer has reduced CP coordinates close to a chair
conformation [e.g., 87% as calculated using Eq. (55)], while
the other conformer is close to a skew conformation. This
trend is reversed in 1,4-cyclooctadiene, which also exhibits
an additional conformer with a near-skew conformation. Fig-
ure 8 displays the three conformers of 1,5-cyclooctadiene.>®>°
The most stable conformer, characterized by g, > g4 and
g3 = 0, closely resembles a twist-boat (TB) structure. Ac-
cording to Table I, a pure TB form has g3 = g4 = 0 and
¢ = 90°, which in the reduced notation places it between
3B and ?S;. The second most stable conformer adopts a
biplanar (envelope-type) geometry, corresponding to the E4
reduced structure. This biplanar conformer is 0.35 kcal/mol
more stable than the chair form shown in Figure 8c.

: g
L]
RO
. 5
; 0
4 1
(o

"

_——":I 1

FIG. 8. Numbered ring structures of the three conformers of 1,5-
cyclooctane. Conformer (a), (b) and (c) correspond to the (a’)
skew, (b’) envelope, and (c’) chair conformations using the midpoint
(hollow-red circle in the left-side structures) and reduced CP coordi-
nates procedure described in the text.

For the case of cyclooctene, Neuenschwander and Her-
mans® described four different conformers using the
CCSD(T)/6-31G(d,p)//B3LYP/6-31G(d,p) level of theory.
The four lowest-energy structures indicated in Table V corre-
spond to those described in their article, maintaining the same
energy ordering and relative energy values similar to theirs.
In addition, we have found a conformer with a considerably
higher energy, lying 56.1 kcal/mol above the most stable one,
which had not been previously reported in the literature. This
conformation is quite flat with atom 5 pointing to the inner
part of the ring. From the point of view of thermochemistry,
at room temperature and well above it, the contribution of this
structure can be neglected.

Here, we have applied the midpoint reduction and reduced
CP coordinates to carbon-carbon double bonds, but the same
strategy extends unchanged to double bonds containing het-

eroatoms. The approach can, in principle, be generalized to
fused rings; in that case, however, the method must enforce
shared-edge constraints (e.g., on dihedrals and projected an-
gles) to ensure that local distortions remain compatible with
global ring closure across multiple cycles. A detailed treat-
ment of fused systems falls beyond the present scope and is
left for future work.

E. Heterocycles of six- to eight-membered rings

Finally, we test the method on a few molecules contain-
ing heteroatoms (oxygen in these examples) in six- to eight-
membered rings. The conformations of 1,3-dioxane are those
typical of six-membered rings. The most stable is the chair
conformer 2C5, followed by two skewed conformers 38, and
IS5 (see Table VI), in agreement with Ref. 61. Note that con-
former 3S; has the same energy as 'S3, and conformer !S5 has
the same energy as 6S,, 58, and 286.

TABLE VI. Same as Table II but for six- to eight-membered hetero-
cycles. The major component of the conformer is indicated in the Cf.
column.

CP coordinates

# Cf. o b g b Neq / PG AE
2Cs 0.011 60.0 0.546 2/ Cs 0.00

1 3s; 0.751 150.0 0.000 2/Cy 5.54 (4.98)°
IS5 0.721 30.0 0.001 4/Cy 6.02(6.36)
TC; 0.536 12.7 0.633 64.1 4/¢ 0.00
TC; 0.502 66.1 0.638 322.5 4/C; 0.56 (0.77)°

, TCs 04572257 0.654 14.4 4/Cy 1.06(1.62)
TC; 0.492 270.0 0.630 270.0 2/Cy 147 (2.49)
TBs 1.150 22.0 0.028 256.1 4/Cy 3.32(2.95)
TB; 1.117 90.0 0.015 270.0 2/C, 4.71(5.52)
5C  0.458 128.3 0.637 101.7 2/C 0.00
°TB 1.127 117.7 0.037 216.8 2/C; 3.00(2.25)4

3 TBs 0.838 42.7 0.385 192.5 2/C; 5.10(5.33)
TC; 0.567 196.0 0.650 241.8 2/C; 6.22(4.78)
3TC 0.552 242.5 0.643 143.3 2/C; 6.60(5.28)
3BC 1.027 180.2 0.574 88.1 —0.329 4/C; 0.00 (0.4)
IBC 1.014 0.0 0.569 0.0 —0.363 2/Cs 0.45(0.0)
4BC 1.001 86.5 0.595 314.6 0.338 4/C; 0.88(1.1)
W 0237 000.011 00 0792 2/C; 1.11(0.9)

4 “TBC 0.723 484 0.788 222 —0.236 4/C; 127(-)
OTBC 0.756 223.0 0.796 112.8 0224 4/C; 1.97(>)
8TBC 0.684 49.4 0.822 202.0 —0.236 4/C; 291 (>
IBB 1.510 0.0 0.025 180.0 —0.012 2/Cs 3.04(3.8)
SBC 0.946 0.0 0.628 180.0 —0.354 2/C, 3.33(0.9)
2TBC 0.691 225.0 0.804 2933 0215 4/C; 5.17(~)

2 1: 1,3-dioxane; 2: oxepane; 3: g-capralactone; 4: oxocane
® From Ref. 61.
¢ From Ref. 62.

4 From Ref. 43.
¢ From Ref. 63.

The first four conformers of oxepane are closely related to
the most stable conformer of cycloheptane, namely the TC/TB
character is about 60/40%. The presence of a heteroatom
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makes several of these structures distinguishable, whereas in
cycloheptane there are 14 indistinguishable structures.

In the ideal TC conformation, five atoms lie in a single
plane (though not the mean plane), while the remaining two
atoms form the chair ends. Here we adopt a nomenclature
similar to that of Jahn et al.*3. For example, in the numbering
sequence {1-2(e)-3-4-5(e)-6-7}, atoms 1 and 5 are the chair
ends (e). The conformation is identified by the central atom
of the three atoms between the two ends; in this case, that
atom is 7. The molecule is rotated such that the left chair-end
atom lies above the mean plane. The conformer is denoted
"TC (TC"* in Ref. 43) or TC; (TC”~ in Ref. 43), depending
on whether atom 7 lies on the front (number as superscript)
or back (number as subscript) side in the chosen view, respec-
tively (see Figure 9). These two structures are enantiomers; in
this notation, switching only the sign gives the mirror-related
conformer. Note that the ring atoms are numbered clockwise
and that atom 1 is oxygen. For TB conformations, the leading
atom is the one through which the C; axis passes in the sym-
metric case (for instance, the oxygen atom in the TB; confor-
mation in Figure 9), and the next atom in the numbering de-
termines the sign, i.e., positive if it lies above the mean plane
and negative otherwise.

3 6
2
TC, TC,
7 o 4 3 4 7
\
=] =]
TBs B,

FIG. 9. Numbered ring structures of the five oxepane conformers.
The structures correspond to the CP coordinates reported in Table VI.
Where conformations are mixed, the label reflects only the leading
conformation.

The oxepane conformers located in this work coincide with
those reported in Refs. 62 and 64, including their energetic or-
dering. The most stable oxepane conformer is sketched in Fig-
ure 9 and resembles a TC; conformation. The corresponding
pair (¢, #3) has phases (12.7, 64.1). Three additional struc-
tures are isoenergetic with this minimum, namely TTC, TC,,
and 2TC, which correspond to the phase pairs (192.7, 244.1),
(167.3, 115.9), and (347.3, 295.9), respectively. Conformers
7TC and TC; are indistinguishable, as are TC7 and 2TC. All
four isoenergetic structures were located by the RRA algo-
rithm.

The next three conformers on the energy scale also have
predominantly TC character and are labeled TC3, TCs, and
TC;. The first two each have three additional isoenergetic
structures, as in the case of TC;, whereas TC| has only its
enantiomer ' TC because these structures exhibit C, symmetry.

Similar considerations apply to the less stable TB structures.
Thus, TB5 has three additional isoenergetic structures, namely
STB, TB,, and 2TB, whereas TB; has only the enantiomer
ITB.

Another seven-membered ring molecule is €-caprolactone.
In this case, the symmetry is lower than in oxepane due to
the presence of a ketone group. As a result, each conformer
has an enantiomer obtained by reflection through the mean
plane, but there are no additional isoenergetic conformers.
This system has been studied previously by Jahn et al.*> and
by Groenewald and Dillen.>> The RRA algorithm finds the
same conformers as those reported in these studies, and the
CP coordinates are nearly identical to those given in Ref. 43
(see Table VI). The energetic ordering agrees for the two most
stable conformers but differs for the remaining three. Given
the close similarity of the geometries, this discrepancy is most
likely due to differences in the electronic structure methods;
Ref. 43 is expected to be more accurate because it includes
coupled-cluster calculations.

For oxocane, as for cyclooctane, the three most stable struc-
tures are BC conformers. They are combinations of BB and
long-chair conformations and are therefore characterized by
a large value of ¢ and with g3 & g /2; moreover, ¢ should
be 0 or a multiple of 90°. On the other hand, ¢35 should be 0
or a multiple of 45°, as indicated by Egs. (61) and (63). The
most stable structure of oxocane is SBC, and it is shown in
Figure 10 (the label indicates the number of the end atom of
the boat, and superscript or subscript indicates if the end atom
points up or down, respectively).

3 6 7 o 3 5 4 o 5
4 5 2 5 /°
2 8 64 2 4 8 6
7
’BC w “TBC BB
FIG. 10. Numbered ring structures of the most stable conformer of
each type in oxocane. The structures correspond to the CP coordi-

nates reported in Table VI. Where conformations are mixed, the label
reflects only the leading conformation.

Yavari et al.%® performed semiempirical calculations and
found that the absolute minimum is 'BC (which exhibits C
symmetry); in our case, this conformer is the second-lowest
minimum. However, NMR experiments and the molecular
mechanics calculations of Meyer et al.> showed that *BC is
likely the absolute minimum, in agreement with our calcula-
tions. Conformer 3BC has three additional isoenergetic struc-
tures: 'BC, BC7, and BC3. The semiempirical calculations of
Ref. 63 do not report any TBC structure. These structures cor-
respond to amplitudes in which ¢, ~ g3 > ¢4 and phases given
by Egs. (61) and (63) for which ¢9 ~ 45° and ¢9 ~ 22.5°.
However, the molecular mechanics calculations of Meyer et
al.% correctly describe the four distinct types of TBC confor-
mations that can occur in this molecule. Thus, their reported
energies for *TBC (depicted in Figure 10), *TBC, 8TBC, and
2TBC are 1.10, 2.63, 3.94 and 4.86 kcal/mol, which is exactly
the energy ordering reported in this work. The RRA algorithm
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located all sixteen TBC conformers, which are indistinguish-
able in cyclooctane but form isoenergetic families of four in
oxocane.

The workflow presented in the above sections can be fully
automated. Starting from an input geometry, substituents are
temporarily removed and the bare ring is reconstructed by our
algorithm from a specified set of CP coordinates (or from a
reduced set when double bonds are present). Substituents are
then repositioned using the local plane-bisector scheme de-
scribed above, and the full structure is subjected to electronic-
structure optimization. This procedure is iterated over mul-
tiple puckering specifications to explore distinct minima. To
precondition the search and improve coverage of the confor-
mational space, hyperspherical coordinates are used to map
the CP amplitudes systematically, while phases are sampled.
This approach supports the efficient generation of chemically
reasonable starting geometries and the systematic identifica-
tion of new conformers.

IV. CONCLUSIONS

We introduced RRA, a general framework for construct-
ing and searching conformations resulting from ring puck-
ering directly in CP coordinates. It features accurate for-
ward and inverse relations to Cartesian coordinates, along
with a two-stage reconstruction that preserves bond lengths
and distributes angular distortions throughout the ring. This
approach yields chemically reasonable starting geometries for
electronic structure optimization, avoiding ring opening and
unrealistic angles.

The method extends naturally to rings containing rigid
(multiple) bonds via ring-reduction scheme through reduced
CP coordinates that lower the puckering dimensionality and
incorporate local stiffness through adjustable parameters. Full
structures and substituent positions can be recovered unam-
biguously from the reference structures.

A preconditioned exploration of conformational (pucker-
ing) space is formulated using hyperspherical coordinates
over CP amplitudes. We have analyzed the concept of ba-
sis conformations introduced by Cremer® in 1980 across ring
sizes (N = 5 — 8) providing a systematic method for classify-
ing ring structures while facilitating an efficient search over
phases and mixed-mode amplitudes. The procedure of tem-
porarily removing substituents, reconstructing the ring from
CP coordinates, repositioning substituents, and optimizing the
electronic structure can be easily automated with minimal user
intervention.

Applications to saturated and unsaturated rings reveal the
robustness and versatility of the algorithm, accurately repro-
ducing known conformers and equivalent structures.
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Appendix A: Summary of symbols (Notation)

For readability, we summarize the main symbols used
throughout the manuscript. The symbols described below also
apply to the reference geometry but with a o as superscript.

e N: number of atoms in the ring.

e j: atom index in the ring, j = 1,...,N, with cyclic in-
dexing (e.g., j—1 =N for j=1and j+1=1 for
Jj=N).

o {R; }ijzl : Cartesian position vectors of the ring atoms.

o {z j}];’zlz signed out-of-plane coordinates relative to the
mean plane.

e r;: bond length between atoms j and j— 1.
e r;: bond vector used in construction (with length 7).

e 0;: bond angle at atom j (formed by bonds (j— 1, )
and (j,j+1)).

e @;: dihedral (torsion) angle associated with consecutive
bonds around the ring.
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e {rj,0;,0;}: geometry of the ring in internal coordi-
nates. The geometry is fully determined (Z-matrix)
even if r1, 01,6, ¢1, @2, @3 are not specified.

e s;: projected bond length of 7; in the mean plane.
e «;: projected bond angle of 8; in the mean plane.

e {s;,aj,zj}: geometry of the ring in projected bond
lengths and bond angles plus out-of-plane Cartesian co-
ordinates.

e a=(03...,0p): vector of in-plane angles used as op-
timization variables.

e 6 =(65...,0y): vector of 3D angles used as optimiza-
tion variables.

e m: puckering-mode index in the CP coordinates.
e {gm,dm }: CP amplitudes and phases.

e (). total puckering amplitude, defined from the set

{am}-
o {y;}: hyperspherical angles.

e {O, Y, 0y} CP coordinates in hyperspherical coordi-
nates.

Appendix B: Amplitude and bond angles in cyclobutane

The effect of the amplitude of distortion over the bond an-
gles can be easily illustrated with cyclobutane, whose pucker-
ing is described solely by the amplitude ¢,. In a planar con-
figuration, the bond angles of this molecule are all 90°. When
the square is folded by an angle ¢ with respect to the xy plane,
the bond angle 6 between the atoms involved in the folding
also changes. The relationship between these two quantities
is given by:

6 = arccos {sin2 (g)} B1)

and shown in Figure 11.

It is clear that there is a variation of 6 with the folding.
However, Figure 11 also shows that if the folding is not very
large the variation of the angle is small. For cyclobutane, the
single puckering amplitude is related to the folding angle by
Eq. (6), which for the cyclobutane is

0 = \% sin g, (B2)

considering that the distance between bonded atoms is r. For
small amplitudes sin ¢ ~ ¢, and eq B2 is simply

P=—"=0. (B3)

Sl

..I:I z i a _-; i T

clradans)

FIG. 11. Variation of the bond angle 6 with the folding angle ¢
following Equation (B1).

Appendix C: Basis conformations

The concept of basis conformations introduced by Cre-
mer®® can be formulated in a rigorous mathematical way.
For cyclopentane, the cosine/sine components C, and S;
(envelope-like and twist-like families) serve as basis confor-
mations in that they are orthogonal with respect to the geomet-
ric (discrete inner-product) metric. For each mode with am-
plitude g, # 0 (with all other amplitudes set to zero), Eq. (4)
can be written as

2
zj= \/;‘Zm cos (P + ;) (C1)
= 4m {Cm(j) o8 O — S (j)sin @y |,

2

CulJ) =/ 5 cos9). (C2a)
2

Snli) =1/ sing;. (C2b)

and the angle @; = (2zm(j—1))/N. Thus, for N =5, taking
m =2 and atom j = 1: when ¢ = 0, z; reaches its maximum
amplitude, whereas for ¢, = /5, atom j = 2 reaches its min-
imum amplitude. Continuing this way, each of the five atoms
attains its maximum and minimum in turn, for a total of 10
envelope structures. The conformations orthogonal to the E
structures occur when the cosine coefficient vanishes and the
sine term is extremal, i.e., upon shifting the phase by /2.
Thus, for ¢, = /2, atom j =1 lies in the mean plane, and for
¢, = 7m/10, atom j = 2 does. In this way, the T conforma-
tions are generated and can be considered orthogonal to the E
ones, and the discrete inner-product

where

W

(C2,82) =) Ca(j)S2(j) =0 (C3)
j=1

vanishes by orthogonality of the basis functions. Notice also
that <C2,C2> = <52,S2> =1.
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Appendix D: Cremer’s method for ring reconstruction

Cremer proposed to begin with the set {r,6?,z;}, which
is transformed into the set {s%,a7,z;} following Egs. (22) to
(24). Figure 12 illustrates the steps to reconstruct a new con-
formation of cyclooctane with new Cremer-Pople coordinates
(CP coordinates) following this method.

FIG. 12. Steps in the construction of a geometry with specific CP
coordinates employing the method of Cremer. In this reconstruction
the initial and final conformations have the same CP coordinates.

The first step is to divide the hypothetical polygon of the
molecular ring into three sections S,, with p = 1,2,3, chosen
to be as similar as possible [Figure 12(1)]. The second step
is to take each of these three parts and project the reference
distances and angles {r?p7 9]‘-’[)} using the z; values. The result-
ing in-plane parts S, are then joined to close the polygons by
segments R, as shown in Figures 12(2a—c).

In the third step, the segments R, are joined to form a tri-
angle [Figure 12(3)], and in the fourth step, the three sections
are added to the triangle [Figure 12(4a—c)], forming a closed
in-plane ring. Finally, the z; values are incorporated into the
ring, recovering all the r§ and part of the 87 angles, specifi-
cally N — 3 of them.
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