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Abstract: In this paper the optimal design of a road joining
two terminals is investigated. A geometric model is proposed
including horizontal transition curves and vertical curves,
obtaining parametrizations for the central axis of the road
as well as for its entire surface. These parametrizations al-
low to express and compute, with great simplicity, the major
infrastructure costs, including land acquisition, clearance,
pavement, maintenance and earthwork, where multiple lay-
ers of materials with different costs can be handled. The road
design problem is formulated as a smooth constrained opti-
mization problem and a two-stage algorithm is suggested for
its numerical resolution. Finally, numerical results are pre-
sented in an academic test and in a case study that propose
designing a by-pass in a Spanish national road (N-640) to
avoid crossing Monterroso’s town center.

1 INTRODUCTION

Road design is a complex and deeply studied problem in
Civil Engineering. The basic idea, however, is very simple:
to join two points by means of a three-dimensional surface
(road) fulfilling a set of predefined requirements (constraints)
aiming at previously marked objectives. The natural formu-
lation of the problem is, therefore, framed into a constrained
optimization problem, and in this scope it has been studied
in the last decades by different authors. Thus, the funda-
mental elements are the design variables (determining un-
equivocally the layout), the mathematical model (providing
the alignment from those variables), the constraints (condi-
tions that any admissible route must fulfill), and the objective

functionals (measuring the achievement of those objectives).

The design variables depend on the specific problem and
on the mathematical (geometric) model. In this sense, works
published so far can be classified into three main groups:
those focusing on the horizontal alignment (Casal et al.
(2017), [Easa and Mehmood (2008)), [Lee et al.| (2009), [Mon-
dal et al.|(2015))), those centering their attention into the verti-
cal alignment (see Fwa et al.|(2002), Hare et al.|(2014), Hare
et al.| (20135), Beiranvand et al.| (2017)), and those studying
both alignments simultaneously (Bosurgi et al.|(2013)), |Chew
et al.| (1989), Hirpa et al.|(2016), Jong and Schonfeld| (2003)),
Li et al.| (2013)), Shafahi and Bagherian| (2013)). For each of
them, the chosen variables depend on the geometric model
used to define the layout: within the horizontal alignment it
is possible to consider, only main axes (Lee et al.| (2009)),
axes and circular curves (Hirpa et al.| (2016), [Mondal et al.
(2015), Jong and Schonfeld| (2003)), Shafahi and Bagherian
(2013)), or axes, circular curves and transition curves (Casal
et al.| (2017), [Kang et al.[(2012)); within the vertical align-
ment, vertical curves may be considered (Jong and Schonfeld
(2003), |Shafahi and Bagherian| (2013)), or may not (Hirpa
et al. (2016)). In addition, both the horizontal and vertical
transition curves can be modeled differently (Bosurgi and
D’ Andreal (2012)) and |Kobry1| (2017)), which also leads to
distinct design variables.

For the constraints, there are the mandatory ones, regard-
ing geometrical criteria depending on the road type (design
speed, one or two lines, etc.) which are given by each coun-
try’s legislation (AASHTO) (2011))), but there are also many
others, such as those concerning the topography (Li et al.



(2016)), environmental aspects (Bosurgi et al.| (2013) and
Davey et al.| (2017)), or measures to improve the road safety
(Easa and Mehmood! (2008)).

Objective functions may also be different, and in the lit-
erature (see, for instance, Jong and Schonfeld| (1999) or |JTha
et al.| (2006)) the major layout costs are classified into con-
structions costs, maintenance costs, user costs and social and
environmental costs. From the formulation point of view,
the main difference lies in whether all the considered costs
can be gathered into a single functional to minimize, leading
to a single-objective problem (see, for example, Chew et al.
(1989), Jong and Schonfeld| (2003)) or [Kang et al.| (2012)),
or if the goal is to minimize different functionals simultane-
ously, leading to a multi-objective problem (see Hirpa et al.
(2016)).

Finally, once the problem has been correctly stated, it is
necessary to employ a numerical method to solve it. The
search of suitable algorithms to solve these problems is an-
other current topic. [Kang et al.| (2012), and more recently
L1 et al.[(2016)), give a classification of the papers on this
topic, based on the optimization approach used. Nowa-
days, the most common are genetic algorithms (Kang et al.
(2012), |Davey et al.|(2017), L1 et al.[|(2017)), derivative-free
optimization algorithms (Mondal et al.| (2015), Hirpa et al.
(2016)), shortest path (Pushak et al. (2016)) and distance
transform methods (Li et al.| (2016)). In any case, the selec-
tion of a suitable numerical method must be done according
to the characteristics of the stated problem.

In conclusion, there is no uniformity in literature when it
comes to choosing the design elements, and authors adapt
the geometry of the model to their own needs and interests.
With respect to this point, in this paper we use a 3D geo-
metric model obtained by extension to three dimensions of
the 2D model proposed by the authors for a different prob-
lem, where the main objective was to develop a mathemat-
ical tool for designing horizontal alignments in road recon-
struction projects (Casal et al.| (2017)). The design variables
used and the 3D geometric model are detailed in Section 2.
It considers all road alignment elements, including horizon-
tal (clothoids) and vertical (parabolic) transition curves, and
provides an algorithm to obtain, from the design variables, a
parametrization for the road’s central axis and for the whole
road surface. In Section 2, typical constraints are also derived
from compliance of current legislation (taking as example the
Spanish standard (SMPW]| (2016))) and they are formulated
from design variables by using previous parametrizations.
The computational novelty of using these parametrizations
are showed in Section[3] where major infrastructure costs are
studied and formulated in a different mathematical frame-
work, which is so flexible and simple, allowing a quick math-
ematical analysis of the problem. This new formulation is es-
pecially useful for land acquisition costs (allowing to include
forbidden passage areas) and earthwork costs, which can be
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easily computed, and where sections with variable widths de-
pending on the terrain topography are included. Transition
cross-sections (hillside sections) are also taken into account
and additionally the possibility to deal with different mate-
rials, with different excavation costs, in earthwork is also a
notable advance. All this leads (Section[d) to a novel compu-
tational model for designing new alignments. It consists of
a single-objective, differentiable, non-linear and non-convex
optimization problem that is solved with a two-stage method,
combining global optimization techniques with a gradient
type algorithm. This method is used (Section [5) to solve an
academic problem and a case study consisting in designing
a by-pass layout in a Spanish national road (N-640) avoid-
ing Monterroso’s town center. The paper finishes (Section [6)
with some conclusions and future research proposals.

2 MATHEMATICAL MODEL FOR A 3D ROAD
ALIGNMENT. DESIGN VARIABLES AND
CONSTRAINTS

The main goal of this work is the design of a road joining two
given points a = (X4, v4,24) € R and b = (x3,yp,25) € R,
Geometrically, a road is a 3D surface fulfilling a set of
requirements. We devote this section to set the variables
determining that surface (design variables) and to give an
algorithm providing, for each set of values of those vari-
ables, a parametrization of the corresponding surface. This
parametrization will be the key point in writing and comput-
ing, in Section[3] the cost function to optimize.

A road path is completely defined giving the horizontal
alignment, the vertical alignment and the cross-sections. In
the following, a deep analysis of each of them is performed.

2.1 HORIZONTAL ALIGNMENT
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Figure 1: Horizontal alignment (C27) connecting two termi-
X
nals a*? and b?P,
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Let us consider the points a*? = (x,,y,) € R? and *P =
(xp,yp) € R?. The horizontal alignment is a 2D curve formed
by a suitable combination of straight segments, circular
curves and transition curves, joining *” and b*P. Taking
clothoids as transition curves, if the path consists of N + 1
tangents, the horizontal alignment is unequivocally deter-
mined by the vertices (v; = (x;,¥;), i = 1,...,N) where these
tangents intersect, the radii (R; > 0,i=1,...,N) and the an-
gles (w; > 0,i=1,...,N) of circular curves, (see Figure 1).
Thus, for each N € N we denote

XN = (x1,y1,R1, 01,...,.xn, 3, Ry, o) € R*Y,

the vector of the horizontal design variables and by C2{ C R
the 2D curve (horizontal alignment) determined by xV. This
curve can be expressed in terms of the arc length parameter.
If L(x") denotes the length of the horizontal alignment cor-
responding to xV, this parametrization is given by function

o 15 € [0,L(x")] — 620 (s) = (01(s), 02(s))

detailed in|Casal et al.|(2017). For self-containedness, the al-
gorithm to compute 03/\,3 is described in Appendix A. Other
parametrization of the horizontal alignment in terms of dif-
ferent design variables can be seen, for example, in [Lovell
(1999).

The horizontal design variables should verify some con-
straints to guarantee that the corresponding curve Ci,’vj is an
appropriate horizontal alignment (Casal et al.|(2017))). More-
over, each country usually has legal constraints over the ele-
ments of the layout: bounds over the length of the clothoids
and/or straight segments, proper relationship between radii
of two consecutive curves, etc. (see, for example, AASHTO
(2011)). As an example, in this paper we consider the con-
straints that are collected in the following admissible set:

xV € R* such that Ry < R;,0 < @,

XN =S o <o), L6, <LS(xN) < LS ,

a ‘min ‘max >
LT

‘min < Lz (XN) < Lrj;lax

where 6;(x") is the difference of azimuth between tangents i
andi+1, LiC (xN) is the length of each clothoid in turn i, and
LT (x") is the length of straight segment j (see Appendix A).

2.2 VERTICAL ALIGNMENT

Lets suppose that we have a vector xV € R* giving the hor-
izontal alignment between points a*” € R? and b*P € R?.
The aim is to define a z-coordinate to get a 3D curve prop-
erly linking points a € R3 and b € R®. Consequently, we seek
for a function

03:5€[0,L(x")] € R+— 03(s) €R,

verifying 03(0) = z4, 03 (L(x")) = z;, whose graphic is a con-
catenation of straight segments joined by parabolic curves

(see Figure 2(a)) such that in each polygonal vertex (S;,Z;),
the input and output tangents (S;” and S‘J’-”’ , respectively),
hold

Sj— S =8%—35;.
Thus, once the horizontal distance between the input and out-
put tangents Lf > ( has been set, it must satisfy that

LS LS
in __ ¢._ _J out _ Q. J
S =S;—5, SM =S+ (1)

The computation of vertical alignment involves to obtain the
parabolic arc connecting two consecutive straight segments,
each is determined by the tangents (given by vertex (S;,Z;)
and slopes m; and m ;1) and the two tangency points (given
by S"]?’ and S;’»“’ ). These parabolic curves obey
fils) = ajs2 +bjs+cj, s€ [Si-”,S;?”’],

where the coefficients a;, b;, and c¢; are determined, from
problem data, as follows:

1. In tangency points, the slope must match with the cor-

responding vertical segment, therefore,
fiSPy=mj, £i(S") =mjp,
leading to
s
5)bj=mj,
LS

2a;(S;+ 7]) +bj=mj1,

2a(S; -

and, consequently,

Mmj+1—mj

- - 2
aj ZL}S‘ ( )
mjcitmj  Si(mji1 —mj)
h: = J — ) 3
/ 2 LS )
J
2. Parabolic curves must go through tangency points,
hence,
4 LS
fi8]) = 2= mj,
LS
Fi(S7") = Zj+ Smjsa,
and, taking into account (2) and (3),

(L})?
cj=2; — a,<55+ i —b;S; 4

S
L; (mjr1—mj)
4
According to what we have just seen, once the number M €
N of slope changes has been set, the vertical alignment is

unambiguously determined by the following vector, called
vector of the vertical design variables,

M M
y¥ = (s1,m1, Ko, spr,mu, Kypp) € RPY

where (see Figure 2):
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Figure 2: (a) Vertical alignment with M = 3 vertices. (b) Parameters defining the vertical alignment around vertex j.

- 0< s <...<sy <1 are the values that, once multi-
plied by the length of the horizontal alignment, provide
the coordinates in s of the vertical alignment vertices,
i.e., §ji= Sj/L(XN).

- mj € R is the slope of the j-th straight segment in the
vertical alignment. It should be noted that, although the
vertical alignment consists of M + 1 straight segments,
only the first M are controlled, since the latter is fully
determined by the height in both ends (z, and 7).

LS
- K, = - J
Imjs1 —mj|
length of the parabolic section and the difference be-

> 0 gives the ratio between the

tween two consecutive uniform slopes.

If we take for the 3D layout the decision variable given by

NM _ (XN,yM) c R4N+3M

vector u , then the vertical align-

ment is given by function
O3yV.M © S € [O,L(XN)] —— O3,N.M (s) =03 (S)

whose definition is detailed in the following algorithm,
where computations of its first derivative are also included:

Algorithm 1: Computation of 3,v. (s) and 63y (s)

e Initial data: Compute Sy =0, S§" =0, Zy = Z,.
e For j=1,...,M

— Parameters definition:
* Compute §; = SjL(XN), Zi=Zi 1+mj(S;—
ijl)~
* If j =M compute

Zy—Zm

my+1 = m

S _
* Compute Lj =K, j[mj1 —mj|,

LS LS
in _ ¢._ _J t_ ¢y _J
Sj=Sj——, Sj=8i+5-

— Straight segment: 1f s € [S‘jfﬁ’l,Sé”), compute

G3(S) =Zj erj(S*Sj,l),

— Parabola: 1f s € [S;”,S‘;”’), compute
o3(s) = a;s* +bjs+cj,
o3(s) =2a;s+b;.
where a;, b; and c; are given by (2), (3) and ().

e Last straight segment: 1f s € [S L(x")], compute

03(s) = Zyr +myr11(s — Sur),

G_o/, (S) =mpy1-

In order to have a truly vertical alignment o3,nx(s) given
by the previous algorithm it is mandatory to fulfill, for j =
2,...,M,

Si >0, Sy <L(xN), s> (5)

These constrains can be easily expressed in terms of the
problem decision variables, requiring that the values giving
the horizontal distances between vertical curves, functions
L3P (u"M), must be positive. Those are given by

K. —

- L?D(uN’M) :SIL(XN)— V1|m§ ml‘,

- LP@M) = (s = 5;-DL(Y)
7va|mj+1 7mj‘|+va,1|m]'7mJ‘,1|

b}

for j=2,....M,
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K. —
L) = (1 L) Rl =]

and, obviously, (3] is equivalent to
LPM)y>0 forj=1,.. M+l (6)

In addition, slopes must be upper and lower bounded and, in
order to ensure appropriate sight distances, the values of K, ;
must be greater than a lower threshold. This leads to define
the following admissible set of vertical design variables

yM € R3M such that K,,,,;, < Ky ;
YM={ 0<si<...<sy<l,
Mypin < |m/‘ < Mgy

Joining these restrictions with the horizontal design variables
constraints and with the requirement of a minimum value for
the horizontal distance between two vertical curves, the fol-
lowing admissible set of design variables is obtained:

u¥'M = (xV yM) such that
xXVexlV, yMerM
LD, < L3P (¥,

‘min =

Ut =

2.3 ROAD CROSS-SECTION

Fixed N, M € N, in previous sections we have seen how to

NM .
compute, for each WM ey d function

o0y 1s€[0,L(x")] € R— o0 (s) €R?,

defined by 620, (s) = (01(s),02(s),03(s)).  This func-
tion gives a parametrization of the road central axis (curve
Cfﬁ » € R¥). Our ultimate goal is to obtain a complete
parametrization of the road surface (Syvu € R3) and, to do
so, we will see how to parametrize all of its cross-sections.
To lighten notation, even if there is dependence on uVM
from now on, we will omit that subscript.

z IS~

T4(5,0) =045, i NG

w,(s) W.(s)

-Wis) t 0 Wis) ot

Figure 3: Transition (cut and fill) cross-section of a road pro-
file.

For each s € [0,L] (with L = L(x")), the cross-section at
point 3P (s) is defined as the intersection between the road

and a vertical plane, orthogonal to the horizontal alignment
at point 62 (s). A road surface parametrization is a function

T: (s,t) € [0,L] X [-Wi(s),W,(s)] —> T(s,1) € R?,

with 7(s,t) = (11(s,t),T2(s,1), 13(s,t)). The definition of 73
is obtained from Figure 3. In fact, for every s € [0,L], we
have:

- Ifr e [-W,-W,],
73(s,1) = 03(s) — Cals, —We,) — tan(By) (1 + We, ).
- Ift e (W, W,,),
73(s,1) = 03(s) — Cy(s,1),
- Ift € [W,,, W],

%5(s,1) = 03(5) — Cals, ~Wp,) + tan(B,) ¢t — W, ).

where:

o Bi(s), B:(s) € (—m/2,m/2) are, respectively, the left
and right side slope angles (positive angles for cut and
negative for fill).

o W, (s), W, (s) > 0 width of left and right road pave-
ment, respectively.

o W, (s), W, (s) > 0 width of left and right side slope, re-
spectively.

o Wi(s) =W, (8) + Wi, (5), Wy (s) = W, (5) + W, (s).

o Cyuls,.) 1t € [-W(s),W,,(s)] — Cals,) € R function
giving the distance between the height of the road at
point ¢ and the height of the road central axis (r =
0). Explicitily, C,(s,t) = |t|tan(y(s)), where y(s) €
(—m/2,7/2) represents the superelevation (or crossfall)
of the cross-section, which, in turn, depends on the ra-
dius of curvature of the central axis.

On the other hand, v¢(s) = (o[ (s),05(s)) is the tangent unit
vector to the horizontal alignment at point 62 (s). There-
fore, vo(s) = (—05(s), 0] (s)) is the orthogonal unit vector at
that point, and hence, (see Figure 4),

71(s,t) = o1(s) +105(s), @)
To(s,1) = Oa(s) — 107 (s). (8)

3 COST FUNCTIONS

Many cost components affect the construction of new roads.
In literature (see, for instance, |Chew et al.| (1989), Jha et al.
(2006), Kang et al.[(2012))) major costs are classified in: con-
structions costs (earthwork, pavement, right-of-way, struc-
tures), maintenance costs (pavement moving, lighting), user
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Figure 4: Road surface parametrization.

costs (fuel, travel time, accident risk) and social and envi-
ronmental costs (noise, air pollution, loss of environmentally
sensitive areas, loss of social-economic areas). Within these
costs there are some which are purely economic and can be
added on and brought all together into a unique functional
to minimize, but there are also costs that include many other
different aspects (social, environmental, travel time, accident
risk, ...), which can not be combined and they give a strong
multi-objective character to the optimization problem. In this
work focus is set only on economical objectives, postpon-
ing to forthcoming research the multi-objective problem ap-
proach.

Leaving aside the structures (whose costs could be char-
acterized similarly as done in[Li et al.|(2016)), the economic
costs (construction and maintenance, mainly), can be gath-
ered into three different types: location dependent costs,
length-area dependent costs and earthwork costs (see, for
instance, Jong and Schonfeld| (1999), Jong and Schonfeld
(2003)). As we will next see, parametrizations obtained in
previous section allow to formulate and compute those three
costs in an accurate and simple way.

3.1 LOCATION DEPENDENT COSTS

Land acquisition and also the preference/appropriateness for
crossing or avoiding certain areas are included in this type
of costs. If the horizontal layout is carried out on a domain
Q C R?, we require a function p : (x,y) € Q — p(x,y) €R
gathering up the price for crossing through point (x,y). Ini-
tially we can think that we have a p,(x,y) ([€/m?]) function
giving the land acquisition price, and set p = p, (function p,
can be obtained thanks to a geographic information system
(GIS), depending on the current land purpose). In addition,
if the road has to avoid a particular region R C €, then we

should re-define function p, as p = p, + Xr, where xg is the
characteristic function for region R, given by

0 if(x,y) € Q\R,
pr if (x,y) €ER,

AR(X,y) = {

being pr >> 0 a very large value in comparison with the land
acquisition price. Function y is clearly discontinuous but it
can be replaced by any smooth approximation (see Vazquez-
Meéndez and Casal| (2016))) if continuous rather than discrete
algorithms are going to be used.

Once p is defined, it is also required to purchase w, meters
on both sides beyond the road limits and this acquisition is
computed on the horizontal projection. In this case, location
dependent costs will consist of the sum (integral) over the
horizontal alignment (curve Ci,f,) ) of function g compiling the
cost of every cross-section, given by

Wi (s)+wq
ﬂ@:/

p(11(s,1),7a(s,2)) dt.
~Wi(s)—wa

Thus, taking into account that 627 (s) = (01 (s), 02(s)) is the
parametrization of Cff,) with respect to the arc-length param-
eter (hence o7 (s)% + 05 (s)? = 1), the localization costs turns
out to be

/L(xN) (/W,(s)era
0 —Wi(s)—wa

3.2 LENGTH-AREA DEPENDENT COSTS

p(T1(s,1),72(s,2)) dt> ds.

By means of the appropriate curve or surface integral, de-
pending on each case, the following costs are obtained:
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1. Clearance cost: Since computations are on the horizon-
tal projection, this cost is given by

Je(@¥M) = p, x Clearance Area =

xV)
Pd/OL (Wi(s) + Wy (s)) 1/ 1+ 05(s5)%ds

with py ([€/m?]) the price for ground preparation.

2. Pavement cost: Neglecting superelevation and crossfall,
this cost is given by

Jp(u¥M) = p, x Pavement Area =

(x")
po [ )4, 60T 040,

with p, ([€/m?]) paving price (including sub-grade
preparation).

3. Maintenance cost:

JM(uN’M) = pm, % Length of the road +

, X Pavement Area =

pml/ \/1+G§(s)2ds)+
Doy /0 (WC, (5) + We, ()11 + 6}(s)2 ds,

where p,,, ([€/m]) and p,, ([€/m?]) are estimated
road maintenance prices. These values should include
preventive maintenance costs (as repairing pavements,
guardrails, ...) and road rehabilitation costs. The road
life at an appropriate interest rate should be also taken

into account (see Kang et al.[(2012)).

3.3 EARTHWORK COSTS

Earthwork cost is one of the major outlay in road construc-
tion. Currently, optimization research taking into account
these expenses use approximations derived from the compu-
tation of the road central axis (see, for instance, [Chew et al.
(1989), Hirpa et al.| (2016), [L1 et al.|(2016)). These types of
approximations may be useful for achieving an optimal de-
sign, but they turn out to be inaccurate in comparison with
those where the shapes of each cross-section are taken into
account. We present below an approximation of the earth-
work obtained from the central axis of the road (useful for ap-
proaching the optimal alignment) and a more accurate com-
putation, using the parametrization of the road surface given
in Section In both cases, we have not consider material
transportation costs (these costs are deeply study, for exam-
ple, in Hare et al.|(2014)) or Beiranvand et al.|(2017).

3.3.1 Earthwork over the road axis

As a first approximation, taking into account that the road
cross-sections are the intersections between the road and the

vertical planes, orthogonal to the horizontal alignment, we
assume that, at each point, the earthwork is directly related
to the height difference between the road central axis and the
terrain. Under this hypothesis, the use of the road surface
parametrization can be avoided, and the earthwork costs can
be approached by

Jjapp (llN’M)

EW = PEW )

(xN)
[ 0006+ W5 o3(6) — H(o(5), 02060 .

where ppw ([€/m?%]) is the estimated price for earthwork,
and function H (x,y), set in Q C R?, gives the terrain height.
This rough approximation can be improved as in [Hare et al.
(2015) at the cost of an increased number of the variables.
However, in this paper we do not use that technique to keep
the number of variables as low as possible in order to speed
up the global search.

Remark 1 Earthwork is realized in each cross-section (all
defined in a vertical and orthogonal plane in relation to the
horizontal alignment). This leads to establish its value as the
integral given in (I§|) and not as a line integral over C3NM €
R3 (see|Chew et al.| (1989)).

3.3.2 Earthwork over the cross-section

Taking into account the parametrization of the road surface
given in the previous section, we compute:

1. The cut volume:

V.(u NM) (10)

T

where (.)4 positive part function given as (x); =
max(x,0).

H(ti(s,1),T2(s,2)) — 13(s,t))+ dt ds.

If additional information about ground composition is
available, the cut volume can be classified according to
the different encountered materials. Lets suppose that
we have m different materials and that functions 0 =
Hy(x,y) <H(x,y) <...<Hp(x,y) = H(x,y) are giving
the height distribution for those different appearances,
where material i is located between H; and H; ;| (see

Figure 5). Fori =1,...,m, we define

Vi NM) = (11)

T

and the cut volume for material i is given by

5,8),To(s,1)) — 13(s,1))+ dt ds,

Vl(uN7M) — Vl, Vl(llN‘M) — Vl—V171

c c



Material 3

Material 2

Figure 5: Material height distribution in a cross-section.

2. The ground fill volume is given by:
Vi(uM) = (12)

L(xN)  +W(s)
[ s~ Hm(sa), () dids.
0 ~W(s)

3. The ground cut volume that can be re-used for filling
UL .
V,(u"M) = min | V, Zc,-r,'VLf ,
i=1

where ¢; € [0,1] is the efficiency (percentage of ex-
ploitable material i) and r; > 0 is the shrinkage parame-
ter of each material.

4. Material volume acquired for filling (borrow volume):

Vp(uVM) =V, —V,,

5. Ground cut volume to dump (waste volume):

R L .
(1—c;)s;V! +- (): ciriV! —V,) ,
i=1

+

Vw(uN’M) =

=

i=1

where s; is the swell factor for material i, and 7 and § are
mean values of parameters r; and s;, respectively.

From those volumes, the earthwork total cost is given by:

m
Jew (M) =Y pVitp Vet Vot puVis  (13)
i=1
where p; ([€/m?®]) is the digging price for material i,
pr ([€/m?)) is the filling price with re-used material, pj,
([€/m?)) is the filling price with borrowed material and p,,
([€/m?]) the price for ground waste management.

4 THE OPTIMIZATION PROBLEM. NUMERICAL
RESOLUTION

Now, we are in the position to formulate the problem for
road design minimizing construction and maintenance eco-
nomic costs. It consists of considering the objective function

Vdzquez-Méndez et al.

J:RWHM R defined by J = J4 +Jc +Jp + Ty + Jew,
solving the problem
min  J(uVM) (14)

N.M N.M
uVMeu g

for each N,M € N, and choosing the surface S vu corre-
sponding with the lowest value of the objective function J.

Remark 2 In a more complete formulation, variables N and
M should be also decision variables and the problem should
be studied in the framework of Mixed Integer Nonlinear Pro-
gramming (MINLP). If these variables have to take low val-
ues (as we are assuming) an exhaustive search can be carried
out on them. In this case, problem ([4) should be solved for
all possible combinations of N and M, and the solution cor-
responding with the lowest value of the objective function J
should be chosen. On the contrary, if these variables can
be high, an exhaustive search could require too much time
and a more sophisticate technique can be necessary. Even
s0, in this case the dimension of problem (I4) can be very
high (4N + 3M), and the main difficulty remains in obtaining
a computational efficient method to solve it.

For the numerical resolution of problem (T4), it is worth-
while to remark that if smooth approximations of functions
(.)+ and min(.,.) are taken, and if W;, W,, H; and p are
smooth too, then function J will also be, and gradient-type
algorithms can be used to solve the problem. On the other
hand, keeping in mind that (T4) is a non-convex problem,
and that many local minima are expected, the use of a global
optimization techniques becomes essential. Global optimiza-
tion algorithms often require a high number of evaluations.
In our cases, the most expensive calculation in order to eval-
uate functional J are all cross-section computations (espe-
cially the computation of width of side slopes, W, (s) and
W, (s)). Those computations can be avoided if we assume
constant width (W;(s) = W, € R, W,(s) = W, € R) and we
compute earthwork based on the central axis of the road, i.e.,
if we take Jupp =Ja +Jc+Jp+ Iy + J5 as objective func-
tion. This leads, once width W;, W, € R are fixed, to consider
the following approximated problem

uN,AEIélgli\;MJapp(uN,M). (15)

The computation of function J,,,(u""™) is fast (the road
surface parametrization is no needed) and problem (I3) can
be solved using global optimization techniques. In addition,
it is expected that solution of problem (I3 will be close to
the solution of problem (]E) and therefore, the latter can be
achieved employing a gradient-type algorithm using as initial
step the solution of the former. Following these ideas, in this
work we propose to solve problem (T4) into two stages:

e Stage 1: Consider constant width W;, W, € R and take
as uflv,;?,/l the solution obtained solving problem with
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Constraints Prices ‘ Other parameteres
Ruyin =250m (minimum radius) pa = 0.6€/m? Bi(s), Br( ) =0.78 rad if cut
mm =70m (minimum length for clothoids) pp =2Le/m* | Bi(s), Br(s) = —0.59rad if fill
max = 108m (maximum length for clothoids) my = 0€/m W, (s) =W, (s) =155m
mm =222m (minimum length for horizontal tangents) | py, = 1150?5 €/m* | y(s)=0
Ll =1321m (maximum length for horizontal tangents) =5€/m’ W, =3m
Mpin =0.5/100  (minimum slope) =2€/m’ Hi(x,y) =H(x,y) -3
Minax = 5/100 (maximum slope) pr=1.1€/m? c1 =0.97,¢c» =0.95
K, . =54 10®*m  (minimum value for K, parameter) =4.5€/ m rn=1rn=0.8
LB =225m (minimum horizontal distances between | p,, = 2.0€/m’ s1=s=125
vertical curves) pew = 20€/m3

Table 1: Constraints, prices and parameters used in the academic test (Section[5.1)) and in the case study (Section [5.2).

global optimization techniques. Different stochastic,
determinist or hybrid method can be used. In this work
we compare:

— The genetic algorithm (GA) included in the Global
Optimization Toolbox of MATLAB R2012a.

— The particle swarm pattern search method
(PSwarm) suggested in [Vaz and Vicente| (2009).
We have used the PSwarm MATLAB code,
freely available from the PSwarm Home Page
(http://www.norg.uminho.pt/aivaz/pswarm/).

— A multi-start application of NOMAD (Non-
linear Optimization with MADS) designed by
Audet and Dennis, Jr| (2000) and already
used in road alignment optimization by |[Mon-
dal et al| (2015). NOMAD is included into
the OPTI free MATLAB Toolbox, available at
https://www.inverseproblem.co.nz/OPTL/.

At this stage, the main difficulty is to generate the initial
population to start the algorithm (because random gen-
eration usually gives no admissible alignments) and this
fact is being subject of active investigation.

e Stage 2: Assume variable width and solve problem
by a gradient type method, taking the solution obtained
in Stage 1 (uflv,",z},/l) as initial seed. In this work we have
chosen the Sequential Quadratic Programming (SQP)
algorithm (see Nocedal and Wright| [2006), which has
been already successfully used by authors in horizontal
alignment optimization (see|Casal et al.[(2017)).

5 NUMERICAL RESULTS

Numerical results obtained by solving problem (I4) are
now shown with the methodology described in the previous
section, into two different situations. Firstly, in order to be
able to analyse the good behaviour of the obtained solution,

we will consider the academic example introduced in |Casal
et al.| (2017), where it is relatively simple to understand the
suitability of the layout. Secondly, we analyse a case study:
a project for a by-pass of a Spanish road (N-640) avoiding
the urban area and the industrial zone of Monterroso (small
town in Northwest Spain).

To solve both problems we have developed an own MAT-
LAB script where Algorithm A (Appendix A) and Algorithm
1 (Section[2.2)) are implemented. In this script, for each input
vector uMM € U,,, the parametrization (for the central axis
of the road or for its entire surface) is computed and, from it,
the value of the objective function (J,p,(u) or J(uM))
is also computed by means of numerical integration. Taking
this script as the core, problem has been solved with a
global optimization technique (Stage 1), and the obtained so-
lution has been taken as seed to solve problem with the
SQP method (Stage 2), computing the gradient by a finite-
difference approximation, by using the Optimization Tool-
box of MATLAB R2012a. All calculations were carried out
with an Intel(R) Core™ i5-7200U CPU 2.50GHz PC.

5.1 AN ACADEMIC EXAMPLE

We take the following academic example: a 2D domain Q =
[—1,6] x [—2,6] where the topography, given by a known
function H (x,
Iytic description of function H can be found at Appendix A
of |Casal et al.[(2017)). The aim is to look for the cheap-
est alignment connecting two terminals a=(0.25,1,H(0.25,1))
and b=(4,2,H(4,2)), taking into account restrictions corre-

y), can be seen in Figure 6(a)-(b) (the ana-

sponding to a 80 km/h speed project road and prices shown in
Table 1. We will assume (for sake of simplicity for the anal-
ysis of the obtained solution) that the land acquisition price
has a constant value (p,(x,y) = 7€/m?).

In this situation, taking N = 3 turns and M = 4 slope
changes, the problem has been solved by the two-stage
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‘ Optimization Method ‘ Jopt (€) ‘ Comp. Time (s) ‘

two-stage methods

GA+SQP 3.848.263 1.250
PSwarm+SQP 3.627.956 1.023
NOMAD+SQP 3.628.025 4.036
Multi-start applications on problem 1}

NOMAD 3.924.969 6.094
SQP 3.689.451 4.956

Table 2: Numerical results and computation times for the dif-
ferent methods used in the academic example (Section [5.1).

method described in Section[dl In order to look for solutions
in different corridors, at Stage 1 we have considered seven
ad-hoc alignments to start NOMAD (a more general method
to generate dissimilar alignments can be seen in|Pushak et al.
(2016)) and a population of 20 individuals for executing GA
and PSwarm (the seven used in the NOMAD multi-start and
other thirteen random layouts). In this numerical experiment,
the combination of any of these three algorithms for solving
(15), with the SQP method for solving (T4), leads to the same
layout. To numerically analyze the value of the global min-
imum in this experiment, we also have solved directly the
problem with a multi-start application of NOMAD and
SQP methods. After larger computational times (see Table
2), SQP gives the same solution than our two-stage method,
while NOMAD (which does not use gradient information)
gives one slightly more expensive. The best solution, ob-
tained by the combination of PSwarm with SQP, is

ugﬁ, =(1.04,0.59,0.29,0.80,2.20,1.51,1.08,0.28,3.64,
1.93,1.03,0.0003,0.19,0.04,6.23,0.54,0.03,
5.78,0.64,0.009,14.45,0.90,-0.015,37.63),

and the corresponding layout is shown in Figure 6 (the hor-
izontal alignment is detailed in Figure 6(b) and Figure 6(c)
shows the vertical alignment vs. the terrain height on the road
central axis). The cost breakdown for this route is detailed in
Table 3.

Taking into account that land acquisition price is constant,
the cheapest alignment should be a short path and suitable
for the land topography. In the absence of being able to prove
that the obtained solution is the global optimum (due to the
non-convexity of the problem), Figure 6 seems to show that
it provides a suitable layout according to those two aspects.

5.2 CASE STUDY

In this section, we deal with the project for a by-pass road
in N-640 avoiding the urban area and the industrial zone of
Monterroso (Spain). We consider a square domain of about
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‘ Length of the layout 4.187m
Land acquisition cost(J4) 798.089 €
Clearance cost (J¢) 53.361 €
Pavement cost (Jp) 2.302.758 €
Maintenance cost (Jyy) 418.683 €
Cut volume cost (Y2, p;V}}) 37.228 €
Fill volume cost (re-used material) (p,V,) 15441 €
Fill volume cost (acquired material) (ppV}) 97 €
Waste volume cost (p,,V,,) 2.299 €
Total cost (J) 3.627.956 €

Table 3: Length and costs breakdown for optimal alignment
in academic example (Section [5.)).

16km? centred on Monterroso town (see Figure 7). The in-
tersections between the new detour and the existing road are
already fixed (points a and b are known by UTM coordinates
a =(593832,4738293) and b =(597295,4738941)). Terrain
(function H(x,y)) is obtained by numerical interpolation
from the contour grid lines data cut off every meter (see
Figure 7(b)). The land acquisition price is also derived by
GIS, by means of the plots rateable value. Function p,(x,y)
is an approximation (obtained by spline interpolation), of the
linear combination of characteristic functions corresponding
to different priced areas (see Figure 7(a)). In addition, we set
pr = 10*€/m? as a penalty cost associated to prevent the
layout crossing a restricted (urban or industrial) area. Other
prices and parameter values considered, including alignment
restrictions to fulfill Spanish road construction legislation
(see SMPW/| (2016)), can be seen in Table 1 (all used
data is public information and, if necessary, it is available
upon request). Finally, in the definition of the admissible
set X,; we include bound constraints for the North-South
coordinates of the horizontal alignment vertices (variables
yi, i =1,...,N, of the horizontal design vector x"), which
allow to choose whether the by-pass path will go North or
South of the current road.

We have used the two-step method (combining PSwarm
and SQP) to obtain a North and a South by-pass alternatives.
The horizontal alignment for both can be seen in Figure 7.
Notice that the North variant seems to try to minimize the
length, avoiding the urban area and a hill located between the
two restricted zones. The southern alternative gives a lengthy
detour to save the urban area and ends with a wide curve,
adjusting to the industrial zone. The graphical interpretation
is harder than in the academic example, but the initial detour
seems to be due to the different acquisition prices and to the
need to fit the terrain (see Figure 9). In any case, the ground
adaptation in either two variants is pleasantly surprising, as
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Figure 6: Optimal layout for the academic example detailed in Section [5.1} (a) 3D view of the road; (b) Horizontal alignment
and some contour lines of height H (x,y); (¢) Comparison between the vertical alignment (dashed) and terrain height on the road

central axis (solid).

Horizontal alignments:

==xx: Current

= (Optimal (North
by-pass)

= = Optimal (South
by-pass)

Restricted areas:
Il Urban zone
- Industrial zone

Permitted areas:

[ ] Zonel: 4€m’
[ Zone2: 6€/m’
[ Zone 3: 8 €/m’
B Zone 4: 10 €/m’

(b)

Figure 7: 2D view of Case Study: (a) Land cost map distribution (b) Orthophoto including terrain topography. Highlighted the
computed horizontal alignment of both alternatives (North and South), the existing one (N-640) and Monterroso’s site (Spain).

it can be seen in Figure 8 and 9. Table 4 shows that such

good fitting generates very low earthwork costs in both cases,
resulting in the North variant being cheaper than the South

one.

6 CONCLUSIONS AND FUTURE WORK

In this paper we choose a set of design variables that unequiv-

ocally characterize the road alignment. From these design

variables an algorithm is proposed to compute, not only the
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Figure 9: Terrain fitting of optimal South alternative: (a) 3D view of the road; (b) Comparison between the vertical alignment

(dashed) and ground profile (solid).

parametrization of the road central axis, but also the road sur- topic, we highlight the following:
face parametrization. These are useful because they are the

fundamental basis for developing any layout software, but 1. Regarding the layout:

they are also very useful for expressing and computing, eas- e Clothoids are include as transition between tan-
ily, the major infrastructure costs. From those parametriza- gents and circular curves in the horizontal align-
tions, the optimal alignment design is stated as a constrained, ment

differentiable, non-linear and non-convex optimization prob-
lem. To solve it, we propose a two-stage algorithm, which
combines global optimization techniques with a classical dif-
ferentiable optimization method. The goodness of this algo-
rithm is tested on an academic problem where it is relatively
easy to understand the results. Finally, this methodology is
applied to a case study for designing a by-pass detour on a
Spanish national road, where it is noticed that the proposed
technology turns out to be a very useful tool in this type of e Detailed parametrizations of the road central axis
projects. In comparison with other recent works on the same as well as the whole road surface are given.

e Parabolic curves are included between uniform
slopes.

e Related to the cross-section, it should be noted that
superelevation and crossfall are allowed, transition
profiles (from cut to fill) are tolerated, and even the
cut or fill embankment angles may depend on the
soil material type.
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North South
detour detour
Length of the layout 3.990m 4.449m

Land acquisition cost (J4)
Clearance cost (J¢)

Pavement cost (Jp)

Maintenance cost (Jys)

Cut volume cost (21»2:1 piVh

Fill cost (re-used material) (p,V,)

Waste volume cost (p,,V,,)

Fill volume cost (acquired material) (p;Vj) 37.129 € 19.883 €

977.285€ 1.469.676 €
55473 € 63.704 €
2.194.500 € 2.446.929 €
399.000 € 444.896 €
179.275 € 311.704 €
60.351 € 92.521 €

7.818 € 10.714 €

Total cost (J)

3.910.831 € 4.860.027 €

Table 4: Length and costs breakdown for optimal alignments (North and South detours) in the Case Study (Section[5.2).

2. Regarding the optimization problem:

(a) Costs: Only one objective function, embracing the
main economic costs, is used. Working with a
multi-objective problem taking into account social
and environmental aspects, travel-time, accident
risk, vehicle-operating, etc., is one of the future
research lines.

Regarding the costs dealt in this work, we under-
line the following:

o Different acquisition price are admitted. In
particular, this allows to include restricted ar-
eas where the alignment cannot cross.

e Earthwork cost covers the possibility of dif-
ferent layer materials, with different dig-
ging prices. However, material transportation
costs have not been optimized. In a forthcom-
ing work, following the model of |[Hare et al.
(2014), we will try to complete our formu-
lation by including this type of costs in our
objective function.

e Structure costs such as tunnels, bridges or in-
tersection with existing roads were not taken
into account. They will be also included in a
forthcoming work.

(b) Constraints: Geometric restrictions over the el-
ements of both horizontal and vertical align-
ments are included. For instance, in addition
to bounds restrictions, also non-linear constraints
are included over minimal and maximal length of
clothoids, turns and tangents, as well as for hor-
izontal distances between vertical curves. Other
type of constrains (such as interrelations among
vertical and horizontal alignments specified by na-
tional geometric design standards, or minimum

distance to cross current existing infrastructures)
can be included in the model and it will be studied
in a further research.

(c) Resolution algorithm: A two-stage method,
combining global optimization techniques (to deal
with the non-convexity of the problem) with a
gradient type algorithm (to make the most of the
smoothness of objective and constraint functions)
is proposed. The obtained numerical results pro-
vide suitable layouts, but the generation of the ini-
tial population to start the global optimization is
not simple and it is being subject of actual inves-
tigation (see |Pushak et al.| (2016)). This encour-
ages searching ad-hoc methods preventing to sink
in local minima and explode the advantages of the
gradient type methods (see, for example, |Yu et al.
(2012)). The improvement and implementation of
this kind of methods will also be a further research
topic.
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APPENDIX A: COMPUTATION OF THE
HORIZONTAL ALIGNMENT

We introduce the following functions and notation (see Fig-
ure 10):
- Unit vector giving direction (and sense) of tangent j,

M) (%) =Xj-1,9) = Yj-1)
V= xjm)2 4 (v = yj-1)?

llj(X
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Figure 10: Naming convention of functions and variables in-
volved in the horizontal alignment.

- Azimuth of tangent j, ¢;(x") given by:
Iij —Xj-1 2> 0,

N Yi—Yi-1 .
¢;(x") acos<\/(xj—xj1)2+(}’j_YJ1)2)

Iij —Xj—1 < 0,

(xVY =27 — Yj—JYj-1 .
0;(x")=2x acos(\/(xjle)er(yjyjl)z)

- Difference of the azimuth between tangents i and i + 1,
6i(x") = |91 (x") — ¢ (x")] .
- Length of circular curve i,
LC(xY) = Riay. (16)
- Length of each clothoid in turn i,
LE(xM) = Ri(6:(x") — ). (17)

- Junction between the straight segment i and the begin-
ning of turn i,

1(x") = vi — (1 (x") + phi(x") + hvi(xV)) i (x").

It can be clearly seen that (regard [Vazquez-Méndez and!
Casal, 2016)),

959 72
tp; = / " cos | —— | dr
o 2R,LE ’

Vdzquez-Méndez et al.

_ Lf 72

;= sin | ——= | dt,
Pli /0 (2R,»L§?>
phi:pfitan( 12 l>,

= (R 2L ) G
COS( 12 l) T 1)

sin( %
- Junction between the end of turn i and the beginning of

the straight segment i + 1,
ci(x") = vi+ ((pi(x") + phy(x") + vy (x") ) wiy (x7).

- Length of straight segment j (oriented distance from the
end of turn j— 1 to the beginning of j),

Lj (") = r;(x").u;(x"),

where r; is the vector starting at point ¢;_1 and ending
at point ¢;.

The length of the horizontal alignment prior to the begin-
ning of turn j, is given by,

j—1
Li(x") = LT (x") + Y 27 (x") + LFC (") + L (),
k=1
and, consequently, the total length of the horizontal align-
ment verifies L(x") = Ly, 1 (x"V). The parametrization of the
horizontal alignment (curve C2{ C R?) in terms of the arc
length parameter is the function
o2 i€ [0,L(xV)] — 62(s) = (01 (5), 02(s)),

X

given by the next algorithm. Ingoing and outgoing clothoids
therein are computed by an alternative method based on
numerical integration (see |Vazquez-Méndez and Casal,
2016), which results more efficient than classical method
based on high degree Taylor’s expansions of functions sin
and cos. The greater computational efficiency lies in the fact
that the calculation of each point of the spiral is made from
the previous one, rather than evaluate those polynomials on
every points.

Algorithm A: Computation of 627 (s)

e Initial straight segment: 1f s € [0,LT], compute

o’ (s) = a+suy.

e For i=1,...,N

— Ingoing clothoid: 1f s € (L;,L; —i—Ll-C], compute

o”(s) =1+ /Ocos 2R,-Lic+ﬁi dr,

5 lﬂ'z
. N a
/0 o <2R,~L,¢ P ) T)

where
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* §=95— L,’,
* fB; € [0,27) is the angle between u; and OX™
(see Figure 10),

x A; € {—1,1} gives the orientation of the in-
going clothoid (the clothoid starting at ¢;):
A; = —1 if it is traversed in the clockwise di-
rection and A; = 1 in counter clockwise.

- Circular curve: 1f s € (L;+ LS, L; + LS + LE€),
compute
6*P(s)=0i+R; (COS (Ot,- + ) ,

)Li i o+ —
sin < + R1)>
where

* §=85— (L,‘JrLl-C), h; = Vi*Hl‘ui,fi = G(LiJr
Llc), W; = ﬁ, 0; = ﬁ + R;w;, and

* ; € [0,27) the angle between w; and OX*
(see Figure 10).

o B e

— Outgoing clothoid: 1f s € (L; + LS + LEC,L; +
2Ll(j + Ll-CC], compute

ol(s)=ci+ /hfcos —ﬂ+ﬁ- dt
=G 0 2RiLl~C i )
§ lﬂ'z
in{ — i | dT
) sm( 2R,~L,-C+ﬁ’) )

with § = L; + 2LE + L€ —s.

— Straight segment: If s € (Liy) — LiTH,LiH],
compute
o7 (s) = ci+ Suipy,

with § =s— (Lip1 — LT ).

APPENDIX B: LIST OF SYMBOLS

a, b: Initial and final points of the road.

a?P s b?P: Tnitial and final points of the horizontal alignment.
N: Number of curves of the horizontal alignment.

M: Number of slope changes of the vertical alignment.

vi, Ri, @;: Vertex, radius and angle of the horizontal circular
curve i.

xV, yM: Horizontal and vertical design variable.

CZ0: Horizontal alignment determined by x".

L: Length of the horizontal alignment.

O-,?ND : Parametrization of Czﬁ .

s: Arc length parameter.

6;: Difference of the azimuth between tangents i and i + 1.
L¢: Length of each clothoid in turn i.

LT Length of straight segment j.

(S;,Z;): Parabolic curve vertex j of the vertical alignment.
S;”, Sf;“’ : Junctions between the input, output, tangents and

the parabolic curve ;.

L}s . Horizontal distance between the input and output
tangents on the parabolic curve j.

m;: Slope of the straight segment j of the vertical alignment.
s;j: Coordinate in s of the parabolic vertex j divided by the
length of the horizontal alignment.

K,j: Ratio between the length of the parabolic section and
the difference of two consecutive slopes on vertex j.

uV'M: Design variable.

LiD : Horizontal distance between vertices j — 1 and j in the
vertical alignment.

XZXI, Y ‘% : Admissible sets of horizontal and vertical design
variables, respectively.

U;Vd’M: Admissible set of design variables.

Cfﬁ 4 road alignment determined by uV'M.
020y Parametrization of C37 .
Syva: Road surface determined by u™¥.

T = (71, T2, 73): Parametrization of S v.u.

Bi, Br: Left and right side slope angles.

We,» We,: Width of left and right road pavement.

W,,, W;.: Width of left and right slope.

Wy, W,: Width of left and right road surface.

C,: Distance between the height of the road and the height
of its central axis.

Y: Angle given superelevation or crossfall.

Pa: Acquisition price.

PR, Xr: Penalty price and characteristic function of region R.
wq: Extra width to be acquired.

J4: Location dependent cost.

Dd» Pp: Ground preparation and paving prices, respectively.
Dm,»> Pm,: Estimated road maintenance prices (per meter and
square meter, respectively).

Jc, Jp, Jy: Clearance, pavement and maintenance costs,
respectively.

JEhl: Approximate earthwork cost.

pew: Estimated price for earthwork.

H: Function giving the terrain height.

H;: Function giving the terrain height of material i.

Vj , V.i Cut volume for material i and total ground cut
volume.

V. Ground fill volume.

V,: Ground cut volume that can be re-used for filling.

Vj: Material volume acquired for filling (borrow).

Viv: Ground cut volume to dump (waste).

Jew: Earthwork total cost.

si, ¢i, rit Swell, efficiency and shrinkage parameters of
material i.

§, . Swell and shrinkage mean values.

J, Japp: Objective and approximated objective functions.
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