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1. Introduction

Einstein metrics are central in geometry and physics. Being critical for the
Einstein—Hilbert functional EH : g — EH(g) = [ v Tg dvoly subject to a volume
constraint, they provide optimal metrics in the sense that the scalar curvature
7 is more evenly distributed about the manifold. Since the space of scalar cur-
vature invariants of order one is generated by the scalar curvature, in the search
of optimal metrics on a given manifold, it is natural to consider other functionals
defined by integrating polynomial curvature invariants of higher order. The space
of scalar curvature invariants of order two has dimension at most four and it is
generated by {72, ||p||?, ||R]|?, A7}. In dimension three, the curvature tensor R is
totally determined by the Ricci tensor p and || R||? = 2||p||* — 472. Thus, the space
of quadratic curvature functionals in dimension three is generated by

S:g»—»/ ngdvolg and T:g»—>/ g ||? dvol,, .
M M
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Hence, every quadratic curvature functional can be expressed as a multiple of S or
Fy =T +tS, for some t € R.

There are many special cases of the functionals F; that can be found in the
literature. We cite just a few examples. The functional defined by the L2-norm
of the curvature tensor corresponds to F_; /4. For t = —% one has the functional
defined by the norm of the trace-free Ricci tensor pg = p — %Tg. The norm of the
Schouten tensor S = p— 7g is given by [|S||? = [|p||* — %72, thus defining the
functional F_5,16. The functional corresponding to ¢ = —% is equivalent to the
functional o : g — | 1 02(8y) dvoly defined by the second symmetric elementary
function of the eigenvalues of the Schouten tensor (see [15]).

Some of these functionals also play a role in relativistic physics. The functional
F_3/8 appears in three-dimensional massive gravity, which is a correction to Ein-
stein’s theory of gravity based on the equivalent functional EH — #.7:,3 /8, Where
m is the relative mass parameter [3]. Other critical gravity theories complement
the Einstein—Hilbert functional with a conformally invariant term (as is the case of
conformal gravity) or with a term that extends topological invariants which depend
on the dimension (as in the Lovelock theory). The Branson Q-curvature gives rise
to higher-curvature theories of gravity whose action is given by a series of dimen-
sionally extended conformal invariants. The @-curvature of a three-dimensional
manifold is defined by (see [4]) @ = —1A7 —2||p||* + 2372. Hence the functional
defined by the total Q-curvature is equivalent to F; for ¢t = 72—2 and the correspond-
ing theories are based on the functional EH — 13 F_ 23,64 (see [11] and references
therein).

Euler-Lagrange equations characterizing critical metrics for quadratic curvature
functionals subject to a volume constraint were given in [2]. For the functional S
and dimension three the equations read

2V — %ATQ — 27 (p — %Tg) =0. (1.1)
Critical metrics for the functional 7 in dimension three are those satisfying
— Ap+ V27 —2(R[p] = 3lpl* 9) =0, (1.2)

where R[p] denotes the action of the curvature tensor on the Ricci tensor. From (1.1)
and (1.2), the Euler-Lagrange equations for the functionals F; have the expression

— Ap+ (1+2t)V?r — 2tA7g — 2(R[p] — L|pll* ) — 2tr(p— 27g) = 0.  (1.3)

Although the functionals S and 7 were initially introduced in the compact setting,
one extends them to non-compact manifolds as long as the integral exists. Alter-
natively one works on compact subsets K C M and the investigation focusses on
the restriction of the metric to those subsets, considering variations with constant
volume vanishing at the boundary. Variations of metrics with compact support and
constant volume result in the Euler-Lagrange equations (1.1) and (1.2), which can
be analysed without the compactness assumption [15].

It follows directly from equations (1.1), (1.2) and (1.3) that, if a metric is critical
for two different quadratic curvature functionals, then it is critical for all quadratic
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curvature functionals. Einstein metrics are critical for all quadratic curvature func-
tionals in dimension three, but there are also non-Einstein pp-waves which are S
and Fy-critical for all ¢ € R (see [6]).

The purpose of this work is to investigate three-dimensional Lorentzian critical
metrics for quadratic curvature functionals with a high degree of symmetry. Hence
we focus on the homogeneous and the 1-curvature homogeneous settings. Thus, we
classify homogeneous metrics which are critical for quadratic curvature functionals
defined on the whole space of metrics (not necessarily homogeneous) restricted
to constant volume over compact subsets of M. In § 2 we consider the case of
1-curvature homogeneous spaces and show that they are Fy-critical if and only
if t = —% (in which case the underlying structure is a Brinkmann wave and the
energy of the functional vanishes), or ¢ > —% (in which case there is a single Ricci
curvature which is a double root of the minimal polynomial of the Ricci operator).
Furthermore the energy of the functional is negative, zero or positive depending on
the value of ¢.

We collect some basic facts about three-dimensional homogeneous Lorentzian 3-
manifolds in § 3 and, following the work [9], reduce the analysis to the context of
left-invariant metrics on Lie groups. Three-dimensional Lie groups naturally split
into the unimodular and the non-unimodular ones.

In § 4 we describe all the critical metrics on Lorentzian 3-dimensional Lie groups.
In the unimodular case we obtain that the possible unimodular Lie groups admitting
left-invariant Fi-critical metrics are the following (modulo isomorphism):

e The Heisenberg group, which only admits non-Einstein left invariant F;-critical
metrics for the value t = —3.

e The Poincaré group E(1, 1), which admits non-Einstein F;-critical metrics for
all t € R.

e The Euclidean group E(2), which only admits non-Einstein left-invariant F-
critical metrics for the value t = —1.

e The Lie group SL(2, R), which admits non-Einstein F;-critical metrics for all
teR.

e The Lie group SU(2), which admits non-Einstein Fj-critical metrics for ¢ €
(_37 _%)

While unimodular Lorentzian Lie groups were fully described by Rahmani in [20],
the description of the non-unimodular ones given in [12] is not complete. This leads
to new situations in the non-unimodular case that were not considered previously in
the literature. On a non-unimodular Lie group, let A denote the matrix associated
to the characteristic endomorphism of the unimodular kernel (see § 3.2.2). The
analysis in§ 4 shows that the Lorentzian signature framework is much richer than
the Riemannian one, where Lie groups with A normalized by tr A = 2 admit critical
metrics only if det A < 1 (see [5]). Assuming the normalization tr A = 2, results for
non-unimodular Lie groups can be summarized as follows:

https://doi.org/10.1017/prm.2022.44 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.44

4 M. Brozos-Vizquez, S. Caeiro-Oliveira and E. Garcia-Rio

e Lie groups with det A = 0 admit critical metrics so that the restriction of the
metric to the unimodular kernel is Lorentzian (theorem 4.12-(2)), Riemannian
(theorem 4.16-(1)) or degenerate (theorem 4.20-(1)).

e Lie groups with det A < 1 admit critical metrics whose unimodular kernel is
Lorentzian (theorem 4.12-(1)), Riemannian (theorem 4.16-(2), with sectional
curvature K = 1if det A = 1), and degenerate (theorem 4.20-(2), with sectional
curvature K = 0 if det A = 1).

e For any value of det A there exist non-unimodular Lie groups that admit critical
metrics such that the unimodular kernel is Lorentzian (theorem 4.12-(3)).

Finally, § 5 is devoted to analyse some special families of F;-critical metrics in
more detail. Finally a relation is shown between algebraic Ricci solitons and critical
metrics with zero energy.

2. Three-dimensional curvature homogeneous Lorentzian spaces

A Lorentzian manifold (M, g) is said to be k-curvature homogeneous if for any
pair of points p, g € M there exists a linear isometry ®,, : T,M — T, M satisfy-
ing @;qvqu = V'R, for all 0 < i < k. Clearly any locally homogeneous Lorentzian
manifold is k-curvature homogeneous for all £ > 0. However, the converse does not
hold in general. A three-dimensional Lorentzian manifold is O-curvature homoge-
neous if the Ricci operator has constant eigenvalues and the corresponding Jordan
normal form does not change from point to point. In dimension three, 2-curvature
homogeneity guarantees local homogeneity (see [14]), but there are exactly two
classes of 1-curvature homogeneous Lorentzian manifolds which are not locally
homogeneous. Attending to the Jordan normal form of the Ricci operator, these
classes are described as follows [7].

(A) Diagonalizable Ricci operator. Let {uy, us, uz} be a pseudo-orthonormal local
frame field satisfying (uy, u1) = (u2, ug) = 1. The brackets given by

[ur, ug) = —k ug, [ur,uz] = —2ug + K uz, [ug,uz] = =2k uy + V2 ug,
(2.1)

where k € R and ® is a function satisfying uy(®) = k® and ux(P) = —gb,
b € R, define 1-curvature homogeneous manifolds with Ricci tensor of the
form

p=—-2r%ut@ul +2bu? @ ud.

(B) Non-diagonalizable Ricci operator. Let {u1, us, usz} be a pseudo-orthonormal
local frame field satisfying (uy, u1) = (ua, usz) = 1. The brackets

[ur,us) = (@ = Bug, [u1,us] = —Pus — (a + Bug, [uz,uz] =0, (2.2)

where a, B €R, a # (3, 8#0 and ¥ is a function satisfying u; (V) = 2¢ —
2(a + B)¥ and uz (V) = 0, €2 = 1, define 1-curvature homogeneous manifolds

https://doi.org/10.1017/prm.2022.44 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.44

Curvature homogeneous Lorentzian critical metrics )

with Ricci tensor given by
p=-20%u' @u' —48% v @ u® — 2eu® @ ud.

Any k-curvature homogeneous manifold has constant scalar curvature, so equation
(1.1) reduces to 7(p — $7g) = 0. Therefore, for any k > 0, a k-curvature homoge-
neous metric is S-critical if and only if it is Einstein or its scalar curvature vanishes.
Equation (1.3) also simplifies if 7 is constant and a k-curvature homogeneous metric
is Fy-critical if and only if it satisfies

Ap+2(R[p] — 5lpl? 9) + 2t7(p — §79) = 0. (2:3)

We classify F-critical metrics which are 1-curvature homogeneous but not homo-
geneous as follows.

THEOREM 2.1. Let (M, g) be a 1-curvature homogeneous Lorentzian manifold which
1s not locally homogeneous. Then g is Fi-critical for some t € R if and only if it
satisfies one of the following assertions:

(1) (M, g) belongs to the class (A) above with kK =0 and b # 0. In this case, g

is Fi-critical for t = —%.

(2) (M, g) belongs to the class (B) above. In this case, g is Fi-critical for t =
a2+aﬁ*ﬁ2 > _ 5
32 Z 12
Proof. Following [7], since (M, g) is a non-homogeneous 1-curvature homogeneous
manifold, it either belongs to class (A) or class (B). Assume first that (M, g)
belongs to class (A) and let {u1, ug, us} be a pseudo-orthonormal local frame sat-
isfying (u1, u1) = (ug, uz) = 1 with Lie brackets given by (2.1). A straightforward
calculation shows that

Rlp] = —20k* u' @ u' + 2(b% + bk? + 2r%) u? @ P,
Ap=—4k(b+26*) {ku' @u' —ku* @ u® +2u° @u’}.

Hence, from equation (2.3), Ap(us, uz) = —8k(b+ 2k?) = 0. So b = —2x2 or k = 0.
In the former case the metric is Einstein, so it is locally homogeneous and must be
excluded. If & = 0, then equation (2.3) reduces to 3b%(1 + 2t)(u' ® u' — u* ® u®)
0. Henceb=0ort = f%. If b = 0 the manifold is Einstein, so we conclude t = —
This corresponds to assertion (1).

Now we assume that (M, g) belongs to class (B). A straightforward calculation

shows that

N[ ”

Rlp] =28 {26°u' @ u' + 48> v* @ v’ + cu® @ U’}
Ap = —4(20% + 203 — B*)eu® @ u’.
Hence, equation (2.3) reduces to 8{a?+ af — (1 + 3t)5%*}eu’ ® u® = 0. Since

e, B # 0, we conclude that ¢t = %, which corresponds to assertion (2). O
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REMARK 2.2. Manifolds in theorem 2.1-(1) admit a parallel null line field £ =
span{us}, so they are Brinkmann waves, but not pp-waves (see § 3.3). Since, more-
over, they have non-vanishing constant scalar curvature, they are a particular family
of the metrics described in theorem 5.1 of [6].

REMARK 2.3. The Ricci operator of manifolds in theorem 2.1-(1) takes the form
Ric = diag|0, b, b]. Note that, since these metrics are Fi-critical for the value ¢ =
, the functional has zero energy: [p||*> — 172 = 0.

On the other hand, the Ricci operator of mamfolds in theorem 2.1-(2) has a single

eigenvalue \ = —2ﬁ2, which is a double root of the minimal polynomial. This family
of manifolds provides F;-critical metrics for all ¢t > — ﬁ Moreover, the energy of
the F; functlonals is glven by lpll? +tr2 = (12 + 36t)3%, so it is positive if t > —
negative if —55 <t < —3, and zero if £ = —g.
REMARK 2.4. A three-dimensional Lorentzian manifold is locally conformally flat
if and only if the Schouten tensor is Codazzi (i.e., VxSyz = VySxz) or, equiv-
alently, if the Cotton tensor vanishes. A straightforward calculation shows that a
three-dimensional non-homogeneous 1-curvature homogeneous Lorentzian manifold
is locally conformally flat if and only if it corresponds to class (B) with 8 = —2a,
in which case the metric is F;-critical for t = —15—2. An immediate calculation from
the expression of ¢ in theorem 2.1-(2) shows that a Lorentzian three-dimensional
1-curvature homogeneous (non-homogeneous) manifold is locally conformally flat if
and only if it is F; critical for t = —15—2.
REMARK 2.5. Any locally conformally flat three-dimensional O-curvature homo-
geneous Lorentzian manifold that is not l-curvature homogeneous admits a local
pseudo-orthonormal frame {uy, ug, ug} with (uq, u1) = (us, ug) = 1 so that (see
10))

[Ul, UQ] = 0, [ul, Ug] = —(I)Ul — E’LLQ + \IJ’U,3, [UQ, 'LL3} = —S\I/U1 — TUQ,

where &, U, = T are smooth functions satisfying

up (V) =292 + (ks +¢), us (V) =0,
u1(Z) = uz(®) + &Y — ®2 — U= + 2¢, uz(2) = uz (V) — 307,
up(T) =uz(E) + U, us(Y) = 4 (k +e) — 52,

where €2 = 1. A straightforward calculation shows that the Ricci operator has a
single eigenvalue k + €, which is a double root of the minimal polynomial. Thus, it
is given by

p=(k+e){u' @u' +u® ®@u®+u® @ u?} — 2eu® @ U’
Moreover
Rlp] = (s +e)*{u' @ u' +v* @ u® + v’ @ v’} — (k4 )u’ @ u?,
Ap = —3e(k + e)u® @ u?,

and thus equation (2.3) reduces to e(k + ¢)(12t + 5) = 0. Hence, either k +¢ =0
and (M, g) is critical for all quadratic curvature functionals or, otherwise, it is
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Fy-critical for t = —1—52. Note that there exist locally conformally flat homogeneous
metrics whose Ricci operator has complex eigenvalues which are not critical for any
quadratic curvature functional F;. This analysis is carried out in § 5.2.

REMARK 2.6. A Lorentzian manifold is said to be semi-symmetric if the curvature
tensor satisfies R(X, Y) - R = 0 for all vector fields, where R(X, V) acts as a deriva-
tion on R. Equivalently, the curvature tensor at each point coincides with that of a
symmetric space (but possibly changing from point to point). Hence, if a non-
homogeneous O-curvature homogeneous Lorentzian manifold is semi-symmetric,
then the Ricci operator is two-step nilpotent, as in Cahen—Wallach symmetric
spaces, or Ric = diag[0, A, A], as in direct products R x N(c¢) with N a surface of
constant Gauss curvature. As a consequence, the only semi-symmetric 1-curvature
homogeneous Lorentzian manifolds which are not locally homogeneous correspond
to class (A) with k = 0 and b # 0. This shows that a Lorentzian three-dimensional
1-curvature homogeneous (non-homogeneous) manifold is semi-symmetric if and
only if it is Fi-critical for t = —%. Note that there exist F_; o-critical homoge-
neous metrics whose Ricci operator has complex eigenvalues and thus they are not
semi-symmetric (see § 5.3).

3. Three-dimensional homogeneous Lorentzian spaces

The set of three-dimensional homogeneous Lorentzian manifolds splits into two
categories as follows.

THEOREM 3.1 [9]. Let (M, g) be a three-dimensional connected, simply connected,
complete homogeneous Lorentzian manifold. Then, either (M, g) is symmetric,
or it is isometric to a three-dimensional Lie group equipped with a left-invariant
Lorentzian metric.

The previous result is also true at the local level, therefore a locally homogeneous
Lorentzian 3-manifold is either locally symmetric or locally isometric to a Lie group
with a left-invariant Lorentzian metric.

3.1. Symmetric manifolds

Indecomposable but not irreducible Lorentzian symmetric spaces are locally iso-
metric to Cahen—Wallach symmetric spaces and, hence, they are a particular family
of plane waves [8]. Otherwise, three-dimensional symmetric Lorentzian manifolds
are of constant sectional curvature or (locally) a product of the form R x N(c),
where N(c) is a Riemannian or a Lorentzian surface of constant Gauss curvature.

Since manifolds of constant sectional curvature are Einstein, they are critical for
all quadratic curvature functionals. It has been shown in [6] that Cahen—Wallach
symmetric spaces are also critical for all quadratic curvature functionals, whereas

1

products of the form R x N(c) are critical for t = —3.

3.2. Lie groups with left invariant metric

We work at the Lie algebra level. Let g be a three-dimensional Lie algebra
endowed with a non-degenerate scalar product (-, -) :gxg—R. Let x :gxg—g
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Table 1. Unimodular Lie algebras

Type Brackets Conditions
Ia (e1,e1)=(ea, ea)=—(e3, e3)=1
le1, e2]=—Azes, [e1, e3]=—Aze2, [e2, e3]=A1e1

(e1,e1)=(e2, e2)=—(e3, e3)=1

Tb [e1, e2]=—Bea—aes, [e1, es]=—aea+fe3, [e2, es]=Ae1 p#0
(u1, uz2)=(us, uz)=1 _
II [u1, uz]=Xaus, [u1, ug]=—A1u1 —eua, [uz, uz]=A1uz e =zl
111 (u1, ug)=(usz, uz)=1
[ui, us]=ui+Aus, [u1, uz]==Au1, [uz, uz]=Auz+us

Table 2. Non-unimodular Lie algebras

Type Brackets Conditions

V.1 —(e1, e1)=(e2, e2)=(es, e3)=1 a+d5£0

le1, e2]=0, [e1, es]=ce1+Be2, [e2, es]=ve1+5e2

V.2 {er ex)=lea, ea}=—{es, es) =1 a+8#0

le1, e2]=0, [e1, es]=ae1+Pea, [e2, es]=ve1+Fea

IV.3 (w1, u1)={(usz, uz)=1 w540

[ug, u2]=0, [u1, ug)=aui+pPusz, [uz, ugl=yui+ous

be the cross product satisfying (e; x e;, ex) = det(e;, e;, ex) for all orthonormal
bases {e1, e, e3}. The endomorphism L determined by L(e; X e;) = [e;, €], 1 <
1, j < 3, is referred to as the structure operator of g.

3.2.1. Unimodular Lie groups Three-dimensional unimodular Lie groups are char-
acterized by the self-adjointness of the structure operator L [19, 20]. Attending to
the Jordan normal form of L, Rahmani showed in [20] that unimodular Lorentzian
Lie algebras (g, (, )) are equivalent to one of the four types given in table I, where
{e1, €2, e3} and {uqy, ug, ug} are orthonormal and pseudo-orthonormal bases as
specified in each case.

3.2.2. Non-unimodular Lie groups The Lie algebra of a non-unimodular Lie group
is a semi-direct product g =u xR, where u= {z € g; trad(z) = 0} denotes the
unimodular kernel, which is an abelian ideal of g containing the commutator
ideal [g, g] (see [19]). These semi-direct products are determined by the endomor-
phism — ad(e3), which does not depend on the choice of e5 ¢ u. Thus, for a basis
{e1, ea} of u, the endomorphism — ad(es) is given by — ad(es)(e1) = ae; + Bes and
—ad(esz)(e2) = ye1 + dea. Let A denote the matrix associated to —ad(es).

The study of Lorentzian non-unimodular Lie algebras splits into three different
situations depending on the restriction of the scalar product (, ) of g to the uni-
modular kernel u, namely the cases in which (, )|, , is Lorentzian, Riemannian or
degenerate. In each of them there exists an adapted basis so that the Lie algebra
is given as in table II.

By rescaling {e1, ea, e3} one may assume that trad(es) = 2 and thus one works
with a representative of the homothety class of the initial metric. Moreover, for

https://doi.org/10.1017/prm.2022.44 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.44

Curvature homogeneous Lorentzian critical metrics 9

type IV.3 Lie algebras, taking u; = uq, us = O%r‘suQ and Uz = %Mui% one has that
trad(ug) = 2 and the new basis is still orthonormal, so one remains in the same
isometry class.

In the Riemannian situation (see [19]) one may rotate the orthonormal basis
{e1, ea} so that ad(esz)(ey) is orthogonal to ad(e3)(e2). A straightforward calculation
shows that such normalization remains valid in case IV.2 (when the restriction of the
inner product to the unimodular kernel is positive definite). Hence one may assume
that the structure constants satisfy ay + 3 = 0 and a4+ § = 2 in this case. This is
due to the fact that the self-adjoint part of the endomorphism ¢ is diagonalizable,
a fact that cannot be assumed in the other two cases. The explicit calculations in
§ 4.5 (remark 4.15) and 4.7 (remark 4.23) show that the analogous normalizations
considered in [12] for cases IV.1 and IV.3 impose restrictions in the corresponding

families of metrics.

3.3. Homogeneous pp-waves

In the subsequent analysis of homogeneous critical metrics, we will see that
some of the families that show up admit a parallel null line field, as occurs in
theorem 2.1-(1). More specifically, some of these examples are pp-waves. Apart
from Cahen-Wallach symmetric spaces (CW;), there are other two families of
homogeneous pp-waves. A three-dimensional homogeneous pp-wave admits local
adapted coordinates (u, x, y) where the metric is given by g(9y, 0,) = —2f(z, v),
9(0y, Ou) = g(0y, 0) = 1. The function f determines the type of space, which is
locally isometric to one of the following models [13]:

e N, is defined by taking f(z, y) = b~2eb®, with b # 0,
e P, is defined by taking f(z, y) = %xza(y), with o/ = ca®/? and o > 0,
e CW. is defined by taking f(z, y) = e2?, with ¢ = £1.

The geometries P, and CW, are plane waves and, jointly with N3, cover all possible
homogeneous pp-wave classes.

THEOREM 3.2. Let (M, g) be a three-dimensional homogeneous pp-wave. Then one
of the following holds:

(1) If (M, g) is a plane wave modelled on CW. or P, then it is critical for all
quadratic curvature functionals.

(2) If (M, g) is a pp-wave modelled on Ny then it is S-critical but not Fy-critical
for any t € R.

Proof. For metrics that belong to the families P, and CW, a direct calculation
shows that Ap, R[p], ||p|| and 7 vanish identically. Hence, equation (2.3) holds for
all t € R and these metrics are critical for all quadratic curvature functionals.

For manifolds modelled on AN, the terms R[p], ||p|| and 7 vanish, but
Ap(dy, 8,) = b%eb™ £ 0, since b # 0. Therefore, equation (2.3) is not satisfied for
any t. O
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- 1 1 5
t —1—(,0\5 fl —3 E —J1+<,0

la: (1) S | |
(2) — | f
Ib: (1) A | }
9) | e I I I
IL: (1) o I ¢ I
(2) ° | : : :
” | | | | I
(3) o : I ¢
III' | | | | I

Figure 1. This diagram shows the values of ¢ for F;-critical metrics in each type of uni-

modular Lie groups. ¢ = 1+2‘/5 is the golden number. The different cases in types Ia, Ib,

IT and III correspond to theorems 4.1, 4.4, 4.7 and 4.10.

4. Critical metrics on Lorentzian Lie groups

Based on the classification given in § 3.2, we study Lie groups which admit
Lorentzian metrics that are critical for quadratic curvature functionals.
Surprisingly, the Golden number ¢ = # plays a distinguished role in describ-
ing F-critical unimodular Lie groups of types Ia, Ib and II. The golden ratio appears
not only in the description of left-invariant metrics, as in theorem 4.1 and theorem
4.7, but also on the range of the real parameter ¢, as in remark 4.5 (see also Fig. 1).

4.1. Type Ia critical metrics

G is unimodular and there exists an orthonormal basis {e1(+), ea(+), es(—)}
such that the structure constants of the Lie algebra g are given by

le1,e2] = —Azes, [e1,e3] = —Xaea, [ez,e3] = e, (4.1)

with A1, A2, A3 € R. The Ricci operator is given by 2Ric = diag[(Ay — A\3)? —
A2, (A — A3)% = A3, (M1 — A2)? — A3], hence Einstein metrics in this family are
those that satisfy Ay = Ao = Ag or \; = A\; and A\, = 0 for {3, j, k} = {1, 2, 3}. The
scalar curvature for a metric given by (4.1) is 7 = ’\; + ’\73 + ’\73 — M2 — A3 —
A2A3. Note that, although this situation is very close to that discussed in [5], since
the vector e3 is timelike, it is not interchangeable with e; and es as in the positive
definite case.

THEOREM 4.1. Let G be a type Ia Lie group with a mnon-Einstein left-invariant
metric. Then g is Fy-critical if and only if it is homothetic to a metric given by
(4.1) with structure constants as follows:

(1) (A1, A2, Ag) = (1, A, A) or (A1, Ao, Az) = (A, A, 1), with A # i, 1. In this case

the metric is critical for t = f’ljfi‘)\ and T = % —2\.
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(2) ()\17 >\27 )\3) = (17 a, B) or ()\13 )‘27 )‘3) = (OZ, 57 1)’ with o 7é /8 given by

K k(K2 +Kk—1) K k(K2 +Kk—1)
“T3 2% and =5 F 2% ’
where k € (—p, 0) U (971, 00), k & {1, 93, —p~3}. The corresponding metric
is critical for the value t = % and the scalar curvature is given by
__(s=1)?
T = T

Proof. Motivated by equation (2.3), we define the (0, 2)-tensor field F* = Ap +
2(R[p] — 3lpll2g) + 2t7(p — 57g). Thus, §* vanishes if and only if g is Fy-critical. On
the pseudo-orthonormal basis {e1, ez, ez}, F* is given by the following non-vanishing
expressions:

330 = 2B+ AT =51+ DA + A3) + (L+ DA (Mg — A3)? (A2 + A3)
— (A2 = A3)2((B+ A3 +2(1 — ) hadz + (3+1)A3)
+A((1438)A3 +2(1 + ) A3 + (14 3t)A3),

385 = —(3+ AT+ (L+ A3 (\g +4)3)

+ A3 ((1+36)A3 — (1 +t)AA3 — 2(1 + 31)A3)

— (L4 8)A1 (A2 — A3)(BA3 + 3A2)s + 4A3)

+ (A2 = A3) (23 + A3 + 2002 + (3 4+ 1)A5 + (1 — 3t)A2)3),
Fa3 = S11 + Fho-

Since equation (2.3) is invariant under homotheties, we normalize the constants
(A1, A2, A3) and divide the proof into the following cases, which cover all the non-
Einstein possibilities:

(1) Two constants are equal and the third one is nonzero:
(a) ()\1, /\27 /\3) = (1, 0, O) or ()\1, /\2, /\3) = (0, 0, 1),

(b) ()\1, /\27 /\3) = (1, )\, )\) or ()\1, )\2, /\3) = ()\, /\, 1), with A 7é 07 1.

(2) The three constants are different:
(a) (A1; Az, A3) = (0, a, B8) or (A1, A2, Az) = (a, B3, 0), with 0 # a # 3 # 0.

(b) ()‘17 A27 >‘3) = (la «, ﬂ) or (Ah >\27 >‘3) = (Oé, /6)7 1)7 Wlth 07 1 7£ « 7£ 6 7£
0, 1.

Case (1.a). We consider structure constants (A1, A2, Agz) = (1, 0,0) and
(A1, A2, A3) = (0, 0, 1). Then, we get, respectively,

2 2
=285, =284 = §(3+t) and 27, = 2F5, = by = _5(3 +1).

Therefore, these metrics are Fy-critical for t = —3.
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Case (1.b). For (A1, A2, A3) = (1, A, A) and (A1, Ao, A3) = (A, A, 1), with A #
0, 1, the expressions of gﬁj reduce, respectively, to

2
1= 285 = 28k = S (A~ DA =3+ (4A — 1)1), and

200 1)) = 34 (A — 1)1).

2351 = 2332 = 3’%3 = 3

Hence, since A # 1, these terms vanish if and only if \ # i and t = —31_4-241\A

Note that Case (l.a) corresponds to A =0 in case (1.b), so this two cases
constitute case (1).

Case (2). We work with structure constants (A1, A2, A3), all of them different to
each other. Then we compute

1

1 1
W U 8~ Gl S | = 40 e

Note that, if 7 =0, then the metric is not critical for any ¢, since §¢, = 0 implies
A1 = Ay = A3 = 0, contrary to our assumption. Hence, we have 7 # 0 and the value

AN
T

of t is given by t = 3, Taking the value of ¢ into account, the expressions

of F, reduce to

330 = (2A1 — A2 — A3) (A3 = A (A2 +A3) 2 = AT (A2 + A3) + (A2 — A3) 2 (A2 + A3)),
3%52 = ()\1 —2Xo + )\3)()\% -\ ()\2 + )\3) 2_ )\% ()\2 +A3) + (A2 — )\3) 2 ()\2 + )\3)).

Since the values of A1, Ay and A3 are all distinct, the first factors in these expressions
cannot vanish simultaneously. Hence, we have

A3 A3 = AoAZ = AsAZ — AZA — A2 — o2 — A2hs — 20 003 = 0. (4.2)

Note that this equation and the value of ¢ are symmetric in the \’s, so we work
modulo permutation.

Case (2.a). Assume that A\; = 0. Then (A2 — A3)%2(A2 + A3) =0, 50 Ay = —A3.
We have two homothety classes: (0, 1, —1) and (1, —1, 0). In both cases the corre-
sponding left invariant metrics are critical for t = —1 and the Ricci operator satisfies
Ric = diag[2, 0, 0] and Ric = diag[0, 0, 2], respectively.

Case (2.b). Now we consider the case A\; # 0. The obtained expressions coincide
with those studied in the Riemannian analogue in [5]. Rescaling the metric so that
A1 = 1 and setting Ay = % and \3 = H“gi_“?’, expression (4.2) reduces to

—u3+ (u3 — 2) pape +1=0.

Then, solving in u3, one has

ha =14 Ve (13 + p2 — 1)

H2

Note that us3 is well-defined if ps € (—¢, 0) or us > ¢~ '. Hence, set us = £ to see
that, for structure constants \; # A; if ¢ # j, the corresponding metric is F;-critical
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if and only if it is homothetic to a metric given by A\ =1,

K k(K2+Kk—1) Kk __ KR+ RE—1)

The structure constants (1, A2, A\3) are distinct except if K =1, k = 3 or Kk =
—¢~3. Note that for k = —1 we get that A3 = 0. Thus, this case includes case (2.a).

If we choose to normalize A3 = 1, then we obtain another homothety family with
values for \; and Ay given by the expressions of Ay and A3 in (4.3). Also, for
appropriate k we recover the case A\; = 0. This concludes case (2). (]

REMARK 4.2. The family given in theorem 4.1-(1) provides critical metrics for
all t € R\ {—3}. Whereas the family given in theorem 4.1-(2) provides Fy-critical
metrics for t € (=1 — =5, —1)if K € (—p, 0)\{—p 3} and for t € (—1 + ¢°, +00)
if K € (p7', 00) \ {1, ¢?}. These values of ¢ are illustrated in figure 1.

REMARK 4.3. Lie algebras obtained in theorem 4.1-(1) are b3 if A =0 (case (1.a)
in the pI‘OOf)7 5[(2, R) if ()\1, )\2, )\3) = (1, )\, /\), A 7é 0, or (/\17 )\2, )\3) = (/\, )\, 1)
with A > 0, and su(2) if (A1, A2, Ag) = (A, A, 1) with A < 0.

Lie algebras obtained in theorem 4.1-(2) with one zero constant (case (2.a) in the
proof) are e(1, 1) if (A1, A2, Az) = (A, =X, 0) or e(2) if (A1, A2, Ag) = (0, A, =N).
This is in sharp contrast with the Riemannian setting, where the Euclidean group
does not admit any F-critical metric which is not Einstein.

In the theorem 4.1-(2) with no zero constant (case (2.b) in the proof) we have
that:

e The Lie algebra is sl(2, R) if (A1, A2, A\3) = (1, a, B) with «, 8 < 0, which
occurs if k € (—¢, —1), or if @ < 0, 8 > 0, which can occur if k € (—1, 0).

e The Lie algebra is su(2) if (A1, A2, A3) = (1, «, §) with a > 0, § < 0, which
can occur if k € (—1, 0).

e The Lie algebra is s[(2, R) if (A1, A2, A\3) = (e, 3, 1) with «, 8 > 0, which
occurs if kK > ¢!, or a and 3 have different sign, which occurs if x € (—1, 0).

e The Lie algebra is su(2) if (A1, A2, A3) = (a, 5, 1) with «, 8 < 0, which occurs
if Kk € (—p, —1).

4.2. Type Ib critical metrics

G is unimodular and there exists an orthonormal basis {e1(+), ea(+), es(—)}
such that the Lie brackets of the Lie algebra g are given by

le1,e2] = —fPes — aes, [e1,e3] = —aes + fes, [ea, e3] = Aeq, (4.4)

with «, 8, A € R, 3 # 0. Further observe that a replacement e; — —e; provides an
isometry interchanging («, 5, A) with (—«, —3, —\), whereas es — —eq or ez —
—eg interchanges (o, A\) with (—«, —\), hence one may assume 3 > 0.

Metrics defined by (4.4) are not Einstein and they have scalar curvature 7 =
2(A(X — 4a) — 45%). Hence they are S-critical if and only if A = 2(a £ y/a? + 32).
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THEOREM 4.4. Let G be a type Ib Lie group with a left-invariant metric g. Then g
is Fy-critical if and only if it is isometric to a metric given by (4.4) with structure
constants satisfying one of the following conditions:

(1) 8af? = A\ —2pa)(A+2¢p~ta), a#0. In this case, G is isomorphic to

SL(2, R) and g is Fy-critical for t = 8“3+Zf\°(‘i)f22?2>‘27)‘3.

(2) o= X=0. In this case, G is isomorphic to E(1, 1) and the metric g is Fi-
critical for t = —1.

Proof. A straightforward computation shows that the possibly non-vanishing terms
of § with respect to the basis {ey, es, €3} are the following:

1= —28% = 2855 = — 5 (20°X° = B+ A + (1 +0)(86" + ar(46” +5%))
—2a°(83% + (1 +2t)A?)) ,
Fhs =B (8a® = 8(1+t)Aa”® — 2(4(2+1)8% — (1 + 3t)A*)a + (1 + t)A(4B8% — N?)) .

We first consider the case in which the scalar curvature vanishes. If 7 = 4% + (4a —
M)A =0, then Fhy = —B(—8a® + 16a8% + 8\ — 432X\ — 2aA? + A3) and there are
two possibilities: either « = 0 and A = £28, or a = —%)\ and (= j:g)\. The term

t, is given by §i; = 803*/3 and F}, = 20483*/147, respectively. Hence §%; does
not vanish and these metrics are critical for S, but they are not critical for any F;
functional.

Now, if 7 # 0, a direct analysis of the expression of 5, shows that it vanishes if
and only if one of the following assertions holds:

D = 8a® —8a? A+462 A= 2\3+2a(\2—83%)
(1) - (2a—N\)T )

(i) « =A=0.

In case (i), one has (6 — 3N)Ft, = 4((a — X\)? + 82) (402X + 2(458% + \?) — A3).
Since 3 # 0, the only possibility for §4; to vanish is that 82 = 2= (A\? — 2aX — 4a?),

which corresponds to case (1) in the theorem.
In case (ii), §%; reduces to Fi; = —16(1 +¢)3*/3. Hence t = —1. This is case(2).
]

REMARK 4.5. The family shown in theorem 4.4-(1) gives critical metrics for all
t€ (=00, =1 — %) U (=1, =1 + ¢°). These values of ¢ are illustrated in figure 1.

REMARK 4.6. The Ricci operators of critical metrics in theorem 4.4-(1) have eigen-
values {A(« ﬁ), — (20— N)(20A £ /2aA (402 + 20X — A2))}. Note that, since

T da
al(4a? + 2a) — \?) = —8a?3? < 0, there are two complex conjugate eigenvalues.
In contrast, the Ricci operator of metrics in theorem 4.4-(2) is diagonalizable with

eigenvalues {0, 0, —23%}.
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4.3. Type II critical metrics

G is unimodular and there exists a pseudo-orthonormal basis {uj, us, us}, with
(u1, ug) = (ug, uz) = 1, such that the Lie brackets of the Lie algebra g are given by

[ur, u2] = Agug, [ur,us] = —Aiug —eug,  [ug,us] = Ajuo, (4.5)

with A1, A2 € R, ¢ = 1. These metrics are Einstein if and only if they are Ricci
flat, which occurs if and only if \; = Ay = 0. Furthermore, the scalar curvature is
given by 7 = %)\2 (A2 —4)\1), so metrics given by (4.5) are S-critical if and only if
)\2 =0or )\2 = 4)\1.

THEOREM 4.7. Let G be a type II Lie group with a non-Einstein left-invariant
metric g. If g is Fy-critical, then G is isomorphic to SL(2, R) and g is isometric to
a metric given by (4.5) with structure constants satisfying one of the following:

(1) A1 = Xy # 0. In this case, g is Fy-critical for t = %.
(2) M\t = —%@Xs #0. In this case, g is Fy-critical fort = —1— 75,
(8) M = 3o Ay # 0. In this case, g is Fy-critical for t = —1 4 ¢°.

Proof. We compute §' = Ap+2(R[p] — 5|pll%g) +2tr(p— 37g) in the basis
{u1, ug, uz}, which is determined by

Tl =8N —8(L +1)A3 Ny +2(1 + 3t) A A2 — (1 +1)AD),

1
12 =~ 58 = —3(\ = A2+ 4)A = B+ 1)).

Tt vanishes if and only if Ay =0, Ay = X\g or \g # 4\; and t = H.

If Ay = 0, then §¢; = 86)\?. Thus A\ = Ay = 0 and the manifold is Ricci-flat.

If A\; =)o, it follows that §t; = (1 — 3t)eA3. Hence, since A\; = Ay =0 corre-
sponds to an Einstein metric, we conclude that ¢ = 1. This is case (1).

Now, assume Mo 0, A\ # Xy and Ao #4)\,. If t = %, then §¢, =

2e(A1 — A2)(4AT 4 2X\1 A2 — A3). Hence 4A7 + 2X\1 X3 — A3 = 0, 50 Ay = —£ X5, which
corresponds to case (2), or A\; = —¢ )y, which corresponds to case (3). O
REMARK 4.8. Metrics given by (4.5) have Ricci curvatures a = —3A3 and b given

by b= —1A} in theorem 4.7-(1), b = 1©?A3 in theorem 4.7-(2), and b= 12\
in theorem 4.7-(3). Moreover, the eigenvalue b is always a double root of the
corresponding minimal polynomial.

REMARK 4.9. Left-invariant metrics given by (4.5) with A2 = 0 have a null parallel
line field £ = span{us} and two-step nilpotent Ricci operator. Hence they are pp-
waves and correspond to one of the cases in theorem 3.2. Since no non-Einstein
metric with Ay = 0 may be F;-critical by theorem 4.7, they correspond to metrics
in theorem 3.2-(2), so they are locally isometric to pp-waves in the family A.
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4.4. Type III critical metrics

G is unimodular and there exists a pseudo-orthonormal basis {uy, ug, us}, with
(u1, u2) = (ug, ug) = 1, such that the Lie brackets of the Lie algebra g are given by

[ul, ’LLQ] = uy + Aus, [ul, U3] = —Auq, [UQ, U3] = Aug + us, (46)

with A € R. There are no Einstein metrics in this family. Moreover, the scalar
curvature is given by 7 = —32A?, so metrics defined by (4.6) are S-critical if and
only if A = 0.

THEOREM 4.10. Let G be a type III Lie group with a left-invariant metric g. Then
g 1s Fy-critical if and only if G is isomorphic to E(1, 1) and g is isometric to a
metric given by (4.6) with A = 0. In this case, the metric is critical for all t € R.

Proof. With respect to the pseudo-orthonormal basis {uy, ug, us}, § is determined
by the following expressions:

Fho =62 —1H)A? and Fhy = (1 —3t)\%
Thus, §* vanishes identically if and only if A = 0. g

REMARK 4.11. Left-invariant metrics in theorem 4.10 have a null parallel line field
£ = span{u; }. Moreover, the Ricci operator is two-step nilpotent, and thus they
are pp-waves. Since no metric in theorem 4.10 is locally symmetric, they correspond
to metrics given in theorem 3.2-(1), so they are locally isometric to plane waves in
the family P..

4.5. Type IV.1: critical metrics with Lorentzian unimodular kernel

G is non-unimodular and the induced metric on the unimodular kernel u is
Lorentzian. Then there exists an orthonormal basis {e1(—), ea(+), es(+)} such that
the Lie algebra g is given by

le1,e2] =0, [e1,e3] = awer + Pea, [e2,e3] = ver + deq, (4.7)

with «, 3, v, § € R. We work with a representative of the homothety class so that
o+ 0 = 2. These metrics are Einstein for the following values of a;, § and ~:

(i) a=1and v =g,
(ii) f=+aand v = £(2 — a).

Note that the case A =ad(es) =1d is included in (7). Also, note that the struc-
ture given by (0, v) = (a, 2 — «) is isometric to (8, v) = (—«, o — 2) since the
replacement e; — —e; provides an isometric isomorphism interchanging (8, v)
and (—f3, —7). The scalar curvature has the expression 7 = §(—4(a — 2)ar + (8 —
7)? —16). Thus metrics given by (4.7) are S-critical if and only if a =14+
1/(B—~)? =12 or the manifold is Einstein.
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THEOREM 4.12. Let G be a type IV.1 Lie group. A non-FEinstein left-invariant
metric g on G is Fy-critical if and only if it is homothetic to a metric given by (4.7)
with structure constants as follows:

(1) a=1+%4(B—7). In this case, g is Fy-critical for t= —%(det A+

V1—det A) and det A < 1.

(2) det A = 0. In this case, g is Fy-critical for t = —%.
(8) The derivation ad(e3) is self-adjoint, i.e. = —v. In this case, g is Fy-critical

fort = 72:322‘2. Moreover, det A takes all possible real values and A realizes

all possible Jordan normal forms.

Proof. The symmetric (0,2)-tensor field §' = Ap+ 2(R[p] — |pll*g) + 2t7(p —
%Tg) is given, with respect to the basis {ej1, ea, e3}, by the following components:

= —2(8det A% + 4(6a — B + 437 + 57 — 12) det A
+ (6a— 3% + By +29° = 8)(3(8 + ) — 8)
+t((B+7)? +4(det A — 4))(2det A + 6cc — 52 + By + 29% — 8)),
12=—((@=2)8+ay)B3(B+7)* = 8) +4((3 - 2a)8 + (1 — 2a)y) det A
—t((a=2)B+an)((B+7)* + 4(det A - 4)),
by = (8det A — 4 (6a — 58 — 48y +7*) det A
—(B(B+7)%=8) (6a —26% — By +1* —4)
+t((B+7)%+4det A —16) (—6a + 2% + By —7° + 2det A + 4)),
53 = —5(4(det A = 1) + (B +7)?)
x (4(det A —2) +3(8 +7)* + t(4(det A — 4) + (B +7)?)).
A straightforward calculation shows that §4s vanishes if and only if det A =1 —

BH9* L4 — _ Aldet A=) 43(547)?
T Nl = T e A (BT
2
Firstly, we assume det A =1— @’ then o =1+ 1(3 7). Since (8, 7) —
(=3, —v) provides an isometry, we assume without loss of generality that o =

1+ 2(B8 — 7). The components of ' simplify to

=8l =8=—(2det A+ 6t+B8+7)(B+v—2)(B—").
If B =, then a =1 and the metric is Einstein. If v =2 — 3, then a = 8 and the
metric is also Einstein. Hence ¢t = —%(2 det A + B+ ), which corresponds to case

(1).
Secondly, we assume ¢ = —44((d (ﬁ;ﬁfz)f’((g:%);. The components of F reduce to

Fi = by =2det A(B+7)(B— 1), and Fiy = —4det A(B + 7)(a — 1).

Thus, the tensor § vanishes if det A = 0, which corresponds to case (2), if 3=
—~, which corresponds to case (3), or if « =1 and =+, which is an Einstein
metric. (]
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Figure 2. This diagram shows the values of ¢ for F;-critical metrics in each family of
non-unimodular Lie groups following the notation in theorems 4.12; 4.16, 4.20.

REMARK 4.13. Metrics in theorem 4.12 provide examples of F;-critical metrics for
values of ¢ in R\ {—1}. The attained values in each of the cases are illustrated in
figure 2 and are described as follows:

e Case (1) provides F;-critical metrics for t € (— <%, oo) with energy |[|p||? + t72 =

38 +7)(B+7 - 2).

e Case (2) provides F;-critical metrics for ¢ € (—oo, —3) U (=3, +00) with energy
lpll* + 7% = 6(8 + ).

e Case (3) provides F-critical metrics for all t € R\ {—1} with zero energy.

For any non-Einstein critical metric, observe that the energy of the corresponding
functional F; is zero if and only if g = —v.

REMARK 4.14. The Ricci operator of critical metrics in theorem 4.12 is determined
as follows:

e Critical metrics corresponding to case (1) have a single Ricci curvature equal
to —2, which is a double root of the minimal polynomial.

e Critical metrics in case (2) have diagonalizable Ricci operator with two-distinct
Ricci curvatures Ric = —diag[1(8+7)%, 4 — 2(8+7)%, 4 — 3(B+7)%.

e The Ricci operator of critical metrics corresponding to case (3) has eigenvalues
{—2(2 —det A), —2(1 £ v/1 — det A}, which may be real or complex depending
on the value of det A. Furthermore if det A = 1, there is a single eigenvalue
which is a double root of the minimal polynomial.

REMARK 4.15. Theorem 4.12 shows that the normalization ad(ez)(e1) L ad(es)(e2)
considered in [12] is not always possible. Indeed, left-invariant metrics in theorem
4.12-(3), where A is self-adjoint, satisfy the above normalization only if A diago-
nalizes. Thus, the cases with complex eigenvalues and a double root of the minimal
polynomial are missed if one assumes the possibility of normalizing as above. Indeed,
if one considers metrics given by (4.7) with ay — 36 = 0, no Fy-critical metric is

found with t € (-3, —3).
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4.6. Type IV.2: critical metrics with Riemannian unimodular kernel

G is non-unimodular and the induced metric on the unimodular kernel u is Rie-
mannian. Then there exists an orthonormal basis {e1(+), ea(+), es(—)} such that
the Lie algebra g is given by

le1,e2] =0, [e1,e3] = aep + fea, [ez,e3] = yer + dea, (4.8)

with «, 3, v, § € R satisfying o + § = 2. A direct calculation shows that these met-
rics are Einstein if and only if &« = 1 and v = —f (which includes the case ad(e3) =
Id). Moreover, the scalar curvature is given by 7 = £ (4(a — 2)a + (3 + 7)* + 16)
and satisfies 7 > 0. Hence the only S-critical metrics within this family are the

Einstein ones.

THEOREM 4.16. Let G be a type IV.2 Lie group. A non-Finstein left-invariant
metric g on G is Fy-critical if and only if it is homothetic to a metric given by (4.8)
with structure constants as follows:

(1) det A = 0. In this case, g is Fy-critical for t = —%.
(2) The derivation ad(es) is self-adjoint, i.e. B = . In this case, g is Fy-critical

fort = —i:ggtﬁ and det A < 1.

Proof. On the pseudo-orthonormal basis {e1, €2, es}, the a priori non-vanishing
components of F* are given by the following expressions:

1= 2(8(det A)* + 4(6c + % + 4By — 5v° — 12) det A
— (6a+ % + By —29* = 8)(3(B —7)* + 8)
—t(2det A+ 6+ 5% + By — 292 — 8)(4det A — (8 — 7)? — 16)),
b, = B(8a® — 280 + a(99* +32) — 2(v* 4 8)) + 3(a — 2)5° — aB?y
+ay(da —3y? — 16 4+ 8det A) + t((a — 2)8 — ay)((B — v)* — 4det A + 16),
by = £(8(det A)* — 4(6cx + 50 — 48y — v°) det A
+(3(8 =) +8)(6a +28° — By —* — 4))
+t(4det A —16 — (B —7)*)(—6a — 267 + By +v* + 2det A + 4),
Fi3 = 3(4det A —4 — (B —7)?)
x (4det A—8 —3(8—7)? +t(ddet A — 16 — (B —)?)).

A straightforward calculation shows that g4, vanishes if and only if det A =1 +

4det A—8-3(8—7)% .
%(6—7)2 or t = —%. Since det A = —a? + 2o — 3y, the equation

detA=1+ %(6 — 7)? has real solutions only if 3 = —, in which case a = 1. Hence,
this condition leads to an Einstein metric.
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2
Hence, we assume t = —%. Simplifying the components of F*, we

get:

1= 8% = —2det A(B—)(B+),
32 =4det A(f — v)(a —1).

Thus the tensor ' vanishes if det A = 0, which corresponds to case (1), if 8 =7,
which corresponds to case (2), or if @« =1 and 8 = —v, which corresponds to an
FEinstein metric. |

REMARK 4.17. Notice that the family of metrics in theorem 4.16-(2) gives critical
metrics for all ¢t € (—1, f%) with zero energy, whereas the family of metrics in
theorem 4.16-(1) gives critical metrics for all ¢ € (-3, —%] with energy given by
|pl[* + t72 = —6(3 — ~)*. The value t = —3 for metrics with § =~ corresponds
to critical metrics which are Einstein (a« =1, =+ =0). These values of ¢ are

illustrated in Fig. 2.

REMARK 4.18. The Ricci operator of critical metrics obtained in theorem 4.16 is
diagonalizable with eigenvalues

(1) {4+3(8-)7% 4+ 5872 —5(8-1)%},

(2) {2(2 —det A), 2(1 — 1 —det A), 2(1 + /1 — det A)}
REMARK 4.19. The Lie algebra given by (4.8) corresponds to a semi-direct product
R x t2 where the metric restricted to t? has positive definite signature. Therefore,
the results are analogous to those obtained for three-dimensional Riemannian non-
unimodular Lie groups (cf. [5]).
4.7. Type IV.3: critical metrics with degenerate unimodular kernel

G is non-unimodular and the restriction of the metric to the unimodular kernel
u is degenerate. Then there exists a pseudo-orthonormal basis {uy, us, us} of the
Lie algebra, with (uy, u1) = (ua, ug) = 1, such that

[ul, UZ] = O, [Ul, Ug} = ouy + /B'UQ, [UQ, U3] = Yuy -+ 5&2, (49)

with a;, 8, v, § € R, and a + § = 2. These metrics are Einstein only if they are flat,
2
which occurs if v =0 and a =0, 1. Moreover, the scalar curvature is 7 = -, so

2
metrics given by (4.9) are S-critical if and only if v = 0.

THEOREM 4.20. Let G be a type 1V.3 Lie group. A mon-FEinstein left-invariant
metric g on G is Fy-critical if and only if it is homothetic to a metric given by (4.9)
with structure constants as follows:

(1) det A = 0. In this case, g is Fy-critical for t = —3.

(2) The derivation ad(es) is self-adjoint, i.e., v = 0. In this case, g is Fy-critical
for allt € R.
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Proof. The a priori non-vanishing components of the tensor field F are given, with
respect to the {uy, ug, usz} basis, by

h=36+07h §=-B+0a
ba=—3B+ 17", Ths =12(3a? — det A+ t(a? — det A)).

T4, vanishes if and only if v =0 or t = —3. If v =0, the tensor field vanishes

identically with independence of the value of ¢. This corresponds to case (2).
Now, we assume v # 0 and ¢t = —3. The only non-vanishing component is F4; =

2v2 det A, that vanishes if and only if det A = 0. This corresponds to case (1). O

REMARK 4.21. The Ricci operator of metrics corresponding to theorem 4.20-(1) is

diagonalizable with eigenvalues {—L;, g, 772} from where it also follows that the
energy vanishes in this case (||p||* — 372 = 0).

REMARK 4.22. Left-invariant metrics in theorem 4.20-(2) have a parallel degenerate
line field £ = spanf{us}. Moreover, the Ricci operator is two-step nilpotent, so they
are pp-waves. In the non-flat case, if a = 2, then they are locally symmetric and,
hence, a Cahen—Wallach symmetric space CW.. Otherwise, they are plane waves
P, (see theorem 3.2). Furthermore, since the Ricci operator is two-step nilpotent,
all functionals F; have zero energy in this case.

REMARK 4.23. The Ricci operator of any metric (4.9) satisfies

Ty
> Y
Ric=| ay % det A — a?
+2
0 0 —
2

with eigenvalues {fg, l;, g} Considering the subfamily given by a? = det A

one has that the minimal polynomial of the Ricci operator is (A + g)()\ — 772)

if ay =0, but it is (A4 “’2—2)()\ - 'Y2—2)2 if ay # 0. Hence there are metrics within
this subfamily which are not isometric to any metric obtained with the nor-
malization ay =0 proposed in [12]. Therefore, the normalization ad(es)(e;) L
ad(e3)(ez2) (equivalently ay = 0) in (4.9) cannot be applied if one intends to consider
representatives of all metrics.

5. Special cases

5.1. Critical metrics for the L2-norm of the curvature tensor

In dimension three a metric is critical for the curvature functional ¢ +—
Jas IRg||? dvoly if and only if it is Fy-critical for ¢ = —1. The first Riemannian
homogeneous example of a non-Einstein F_; /4-critical metric was given by Lam-
ontagne [17], and it was shown in [5] that no other possibilities may occur in the
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positive definite setting. The Lorentzian situation allows other non-Einstein exam-
ples which, in addition to plane waves given in theorem 4.10 and theorem 4.20-(2),
are homothetic to the following:

e The unimodular Lie group SL(2, R) with metric (4.1) given by (A1, A2, A3) =
(1, 1, %) or (A1, Ag, A3) = (%, 1, 1) as in theorem 4.1-(1). The Ricci operators
are Ric = —% diag[9, 9, 2] and Ric = —% diag[2, 9, 9], respectively.

e The unimodular Lie group SL(2, R) with metric (4.4) homothetic to a metric
given by a =1 and 2 = L(7A? + 4X\ + 16) where X is the only real solution
of 3A\% —20A% — 20\ — 32 =0 as in theorem 4.4-(1). The Ricci operator has
complex eigenvalues in this case as shown in remark 4.6.

e Non-unimodular Lie groups with Lorentzian unimodular kernel corresponding
to theorem 4.12 as follows:
The non-unimodular Lie group with Lie algebra determined by tr A = 2 and
det A = %(1 — 2v/2) equipped with a left-invariant metric are homothetic to
those given in theorem 4.12-(1) with 3+~ = 1 + /2.

The non-unimodular Lie group with Lie algebra determined by tr A = 2 and
det A = 0 equipped with a left-invariant metric homothetic to those given in

theorem 4.12-(2) with 3+ = \%

The non-unimodular Lie group with a Lie algebra determined by tr A = 2 and
det A = % equipped with a left-invariant metric homothetic to those given in

: _ / 1
theorem 4.12-(3) with a =1+ /% — 3.

The Ricci operator corresponding to the above non-unimodular groups has been
discussed in remark 4.14.

Proceeding in an analogous way one may explicitly give all homogeneous metrics
which are critical for functionals with a geometric or physical meaning, such as
f—3/8 or f—23/64-

5.2. Locally conformally flat homogeneous critical metrics

Homogeneous locally conformally flat three-dimensional manifolds were classified
n [16], from where it follows that they are locally symmetric or, otherwise, they
correspond to one of the following homothetic classes:

A type Ib Lie group (4.4) with oo = —%, = ? and A = 1.

A type III Lie group (4.6) with A\ = 0.

A type IV.1 Lie group (4.7) with S+ v =1 and a = %(2 +0—=7),v# %

A type IV.3 Lie group (4.9) with vy =0 and « ¢ {0, 1, 2}.

Type Ib metrics above have Ricci curvatures {—2, 14 +/3y/—1}. Hence they are
S-critical, since the scalar curvature vanishes, but they are not critical for any
quadratic curvature functional F;. This is in sharp contrast with the curvature
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homogeneous case (see remarks 2.4 and 2.5). Type IV.1 metrics above are F_5/19-
critical and have a single Ricci curvature p = —2, which is a double root of the
minimal polynomial. Metrics corresponding to types I1I and IV.3 are critical for all
quadratic curvature functionals and have two-step nilpotent Ricci operator.

5.3. Homogeneous F_; /-critical metrics and semi-symmetric spaces

All symmetric spaces are critical for the functional F_;/, (see subsection 3.1).
These spaces are generalized by the so-called semi-symmetric spaces. They are man-
ifolds whose curvature tensor coincides with that of a symmetric space at each point,
where the symmetric model may change from point to point. Consequently, a uni-
modular Lie group is semi-symmetric if and only if it is symmetric or it corresponds
to a pp-wave locally modelled on A (of type II) or P, (of type III).

Results in § 4 show that a unimodular non-Einstein Lie group is F_; p-critical
if and only if it is of type III as in theorem 4.10 (and thus semi-symmetric) or it
is a type Ib Lie group determined by (4.4) with 3% = 2a® + a\ + %)\2 and 1603 +
1202 + 8aA? — X2 = 0. Furthermore, the Ricci operator has complex eigenvalues
in this case and, hence, it does not correspond to any semi-symmetric space.

A non-unimodular Lie group is semi-symmetric if and only if it is symmetric or
it corresponds to a type IV.3 Lie group given by (4.9) with v = 0 (in which case it
is a pp-wave modelled on P. or CW,). Moreover, results in § 4 show that a non-
unimodular Lie group is F_ jp-critical if and only if it is symmetric or type IV.3
given by (4.9) with v = 0.

A three-dimensional semi-symmetric homogeneous Lorentzian manifold which
is critical for a quadratic curvature functional is S-critical or F_y p-critical.
Conversely, any homogeneous F_y jo-critical metric is semi-symmetric unless it
corresponds to the type Ib Lie group above with complex Ricct curvatures.

5.4. Critical metrics and algebraic Ricci solitons

A Ricci soliton is a triple (M, (, ), X), where (M, (, )) is a pseudo-Riemannian
manifold and X is a vector field on M that satisfies the differential equation

£X<’>+p:M<>>’ (51)

where £ denotes the Lie derivative and p € R. Ricci solitons are not only gener-
alizations of Einstein metrics, but they correspond to self-similar solutions of the
Ricci flow. A Ricci soliton is said to be trivial if the pseudo-Riemannian metric g
is Einstein. In the context of Lie groups with left-invariant metric, a Ricci soliton
is said to be left-invariant if equation (5.1) holds for a left-invariant vector field
X. Moreover, (G, (,)) is said to be an algebraic Ricci soliton if the Ricci operator
satisfies Ric = pId +D for some derivation D of the Lie algebra (see [18]). This
condition for the Ricci operator implies that equation (5.1) holds (see [18]).

The aim of this section is to relate Lie groups endowed with a left-invariant
F-critical metric and those that are algebraic Ricci solitons. Following the classi-
fication in § 3.2 we consider unimodular Lie groups and analyse when Ric —p Id is
a derivation of the Lie algebra. After some straightforward calculations (we omit
details in the interest of brevity), we obtain the following (see also [1]).
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LEMMA 5.1. Let (G, (, )) be a three-dimensional unimodular Lorentzian Lie group.
If (G, (,)) is a non-Einstein algebraic Ricci soliton, then it is isometric to one of
the following:

(1) The Heisenberg group with Lie algebra (4.1) of type Ia given by
()\17 )\27 )\3) = (07 07 )‘)7 or ()‘17 )‘27 )‘3) = ()\7 07 0)

(2) The Euclidean group E(2) with associated Lie algebra (4.1) of type Ia given
by ()\h )‘27 >\3) = (Oa )‘a 7)‘)

(3) The Poincaré group E(1, 1) with
(a) A type Ia Lie algebra (4.1) given by (A1, Az, Az) = (A, —A, 0).

(b) A type Ib Lie algebra (4.4) given by « = X =0, or
(¢) A type III Lie algebra (4.6) with A = 0.
The corresponding analysis for the non-unimodular case gives the following.

LEMMA 5.2. A three-dimensional non-unimodular Lorentzian Lie group is an
algebraic Ricci soliton if and only if it is Einstein or the operator ad(es) is
self-adjoint.

REMARK 5.3. The classification of algebraic Ricci solitons in [1] misses some pos-
sibilities in the non-unimodular case due to the normalization problem already
pointed out in remark 4.15. Indeed, there exist algebraic Ricci solitons with non-
diagonalizable Ricci operator, which do not correspond to those listed in [1] (see
lemma 5.2 and remark 4.14).

The following result shows the relation between algebraic Ricci solitons and
critical metrics for quadratic curvature functionals.

THEOREM 5.4. Let (G, {(,)) be a three-dimensional Lorentzian Lie group with left
invariant metric. If (G, g) is an algebraic Ricci soliton, then it is critical for a
quadratic curvature functional with zero energy.

Conversely, if (G, (,)) is critical for a quadratic curvature functional with zero
energy, then it is an algebraic Ricci soliton, except if (G, {, )) is isometric to a type
1V.3 non-unimodular Lie group given by (4.9) with det A =0 and v # 0.

Proof. It (G, (,)) is Einstein, then it is a trivial algebraic Ricci solitons and,
moreover, it is critical for all quadratic curvature functionals.

For unimodular Lie groups, a direct analysis of the energy ||p||? + t72 of metrics
in theorems 4.1, 4.4, 4.7 and 4.10 shows that those with zero energy are precisely
the algebraic Ricci solitons given in lemma 5.1.

The same analysis is carried out for non-unimodular Lie groups. As a result,
all algebraic Ricci solitons in lemma 5.2 are critical for some functional with zero
energy. The converse is also true with only one exception: metrics in theorem 4.20-
(1). These metrics are critical for the functional F_3 = [(||p||* — 37%) dvol, with
energy ||p||> — 372 =0 (see remark 4.21). However, a straightforward calculation
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shows that Ric—uld acts as a derivation only if v =0 (see lemma 5.2), so they
are algebraic Ricci solitons only in this case, which is the intersection with the
subfamily in theorem 4.20-(2). O
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